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Abstract

We report on a systematic study of guest cation (i.e. Li, Na or Mg) diffusion
within spinel intercalation compounds, a promising class of materials for Li-, Na- and
Mg-ion batteries. Using kinetic Monte Carlo simulations, we identify factors that are
responsible for a strong concentration dependence of the cation diffusion coefficient.
We focus on spinels in which the guest cations prefer the octahedral sites and where
diffusion is mediated by vacancy clusters. Starting with Mg, TiS2, we predict an abrupt
drop in the Mg diffusion coefficient that spans several orders of magnitude around
y =~ 0.5 due to the onset of highly correlated Mg diffusion. The prediction is consistent
with previous experimental studies that are only able to achieve half the theoretical
capacity of Mg, TiS,. We next perform a parametric study of diffusion in spinels using
kinetic Monte Carlo simulations applied to lattice model Hamiltonians and identify
a critical topological weakness of the spinel crystal structure that makes it prone to
highly correlated cation diffusion at intermediate to high guest cation concentrations.
We find that the onset of this highly correlated diffusion becomes more pronounced as
the nearest neighbor repulsion between pairs of guest cations becomes stronger, since

this increases the dependence of long-range cation diffusion on triple-vacancy clusters.
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The results of this study provide guidance with which the concentration dependence
of cation diffusion coefficients in spinel can be tailored to reduce the onset of sluggish
diffusion at high cation concentrations. The conclusions drawn from this study also
apply to other close-packed anion hosts such as disordered rocksalt electrodes and

partially ordered spinels.

Introduction

The ability of intercalation compounds to host Li*t, Na*, K* and Mg?" ions has enabled
the development of a wide variety of rechargeable battery types that rely on the shuttling
of mobile cations between an anode and a cathode.!™'® The charge and discharge rate of a
rechargeable battery is often limited by the diffusion coefficient of the shuttled cation within
the electrodes.!® Cation diffusion coefficients are very sensitive to the crystal structure and

1,222 and much effort has been devoted to identifying in-

chemistry of the electrode materia
tercalation compounds with high guest cation mobilities.?328 Simple design principles have
proven invaluable in the search for new electrode chemistries with superior ion transport
coefficients.?® These design principles, however, are rooted in dilute diffusion theory. Un-
fortunately, the cation diffusion coefficient often exhibits a strong concentration dependence
and can change by orders of magnitude relative to its value in the dilute limit upon the
addition of guest cations to the host.?%3% It is, therefore, desirable to understand how in-
trinsic chemical and structural features of the host intercalation compound influence the
concentration dependence of the guest cation diffusion coefficient.

Today’s commercial Li-ion batteries primarily rely on dense transition metal oxides as
their cathodes. This includes layered intercalation compounds such as LiCoO, and its alloyed
NMC and NCA variants.?’ Disordered rocksalts are actively studied as promising alternatives
to layered compounds due to their higher capacities.*®** There has also been a revival of

interest in spinel based intercalation compounds, not only for Li ion batteries,*>**% but also

for Na and Mg-ion batteries.®” >3 The anions of most transition metal oxide and sulfide



electrode materials adopt a close-packed, face-centered cubic (fcc) lattice, with transition
metals filling a subset of their octahedral interstitial sites.3® The remaining octahedral and
tetrahedral interstitial sites can then be occupied by guest cations such as Li.

The topology of an fcc anion sublattice has important consequences for cation transport.
If the mobile cation prefers octahedral sites, it must migrate through a tetrahedral site, where

20,30,35,54 Since

it will usually thermalize, before continuing on to an adjacent octahedral site.
the intermediate tetrahedral site is coordinated by four octahedral sites, the barriers of cation
hops will be sensitive to the number of other cations in the surrounding octahedral sites. 35
Electrostatic and steric interactions make the the migration barrier strongly dependent on
the number of cations in surrounding octahedral sites as schematically illustrated in Figure
1. This leads to a diffusion mechanism that is mediated by vacancy clusters such as double

30,32

vacancies in layered materials and triple vacancies in spinels.?%3 Diffusion by means of

vacancy clusters results in highly correlated cation transport and a cation diffusion coefficient
that can vary by several orders of magnitude with concentration. 20:30:32:35,38

In this study, we systematically investigate cation diffusion in intercalation compounds
with an fcc anion sublattice, focusing in particular on spinel compounds in which guest
cations prefer octahedral sites. We use kinetic Monte Carlo simulations to calculate cation
diffusion coefficients and identify the crystallographic and chemical factors that are respon-
sible for the strong concentration dependence of the cation diffusion coefficient in spinels.
We start with a study of diffusion in the spinel form of Mg, TiS,, which exhibits a capacity
that falls short of its theoretical capacity due to sluggish Mg diffusion at high concentra-
tions. 385253 We next perform a parametric study of cation diffusion in spinel to determine
the interactions that play the most important role in producing a strong concentration de-
pendence of the diffusion coefficient. The results of this study provide fundamental insights

about diffusion in spinel and related disordered rocksalts that should guide the design of

electrodes with superior transport properties.
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Figure 1: Cation hops between neighboring octahedral sites within an fce anion sublattice
pass through an intermediate tetrahedral site. The intermediate tetraheral site shares faces
with four octahedral sites, which makes the migration barrier for a hop between octahedral
sites sensitive to the number of other occupied octahedral sites: a triple vacancy hop (a)
has a lower barrier than a double vacancy hop (b), which has a lower barrier than a single
vacancy hop (c). Purple circles are anions that form the fcc sublattice and green circles are
guest cations.



Mg diffusion in spinel TiS;: the curse of correlated dif-
fusion

We start with a study of cation diffusion in spinel Mg, TiSs since the concentration depen-
dence of its Mg diffusion coefficient is especially pronounced. The promise that Mg-ion
batteries can offer high energy densities and capacities due to the 2% oxidation state of
the shuttled Mg-ions!%1%5° has led to both theoretical and experimental interest in spinel
TiS, as a candidate electrode material.??°%°7 Figure 2 shows the experimentally measured
voltage curve of spinel Mg, TiSy*® and compares it to a voltage curve that was calculated
with Monte Carlo simulations applied to a first-principles cluster expansion of the Mg, TiS,
system at 333 K.?” The spinel form of TiS,, which belongs to the Fd3m space group, can
host Mg in both the 16¢ octahedral sites and the 8a tetrahedral sites. The cluster expansion
approach only accounts for configurational degrees of freedom ! arising from all the possible
ways of distributing Mg cations over the tetrahedral and octahedral sites of the spinel host.
The agreement between the measured and calculated voltage curves is very good. Mg pre-
dominantly occupies the octahedral sites, but exhibits some tetrahedral site occupancy at
intermediate concentrations.®?®” The smooth voltage curve indicates a solid solution without
any strong ordering tendencies. '

The experimental voltage curve only extends to y &~ 0.5. The calculated voltage curve, in
contrast, suggests that the Mg concentration can reach a value of y ~ 0.8 before the voltage
drops below zero. The limited experimental capacity has been attributed to a decrease in
the Mg diffusion coefficient at higher Mg concentrations.3® Figure 3a shows the self-diffusion

t 19,58)

coefficient (also referred to as the jump diffusion coefficien of Mg in TiS, as calculated

with kinetic Monte Carlo simulations at 333 K applied to the same cluster expansion Hamil-
tonian used to calculate the voltage curve in Figure 2. Migration barriers in the kinetic Monte
Carlo simulations were calculated by combining the cluster expansion energies of the end

19,30,59-61

points with a constant kinetically resolved activation (KRA) barrier. The barriers of
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Figure 2: A comparison of the calculated® (red) and experimental®® (green) voltage curve
of Mg, TiS,. Dark red in the calculated curve signifies octahedral occupancy by Mg, while a
lighter shade of red indicates that a fraction of Mg also occupies tetrahedral sites.

hops between octahedral and tetraheral sites are generally found to scale with the difference
in the octahedral and tetrahedral site energies.® The use of a constant KRA barrier of 0.5
eV was motivated by the results of several density functional theory (DFT) calculations of
migration barriers in spinel Mg, TiS, using the nudged elastic band method. %2

The calculated Mg self-diffusion coefficient in Figure 3(a) remains more or less constant
below y = 0.5, but then decreases by several orders of magnitude in a narrow composition
interval. The experimentally measured self-diffusion coefficient by Bonnick et al.?® exhibits a
similar variation with composition, although it exhibits a steeper decrease with concentration
at dilute Mg concentrations (between y = 0 and 0.2) when compared to the calculated diffu-
sion coefficient. Furthermore, the experimental diffusion coefficient only extends to y ~ 0.5
due to the onset of strong polarization at higher concentrations. Figure 3(a) clearly reveals
a large quantitative discrepancy between the experimental and calculated self-diffusion co-
efficients. This discrepancy can be attributed to a variety of factors. The extraction of

a diffusion coefficient from galvanostatic intermittent titration technique (GITT) measure-
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Figure 3: (a) The calculated and experimental® self-diffusion coefficients of Mg in Mg, TiS,.

(b) The calculated correlation factor of Mg in Mg, TiS,. (c¢) The fraction of tetrahedral sites
in Mg, TiS, that are surrounded by three or more vacancies (blue), two or more vacancies
(brown), and one or more vacancies (grey). The horizontal line is the percolation threshold
on the diamond network, the sublattice of the intermediate tetrahedral sites within spinel.
The color coding in (a) and (b) signifies the largest vacancy cluster type above the percolation
threshold. Yellow points indicate that triple vacancies, double vacancies, and single vacancies
are all below the percolation threshold.



ments requires an accurate estimate of the active surface area of the electrode particles,®
which is often clouded by much uncertainty. Hence the numerical values of reported diffusion
coefficients are less reliable than their variation with concentration. The experimental migra-
tion barriers as measured in Mg, TiS, are generally more consistent with barriers calculated
with DFT3%52 and, therefore, also more consistent with the lower diffusion coefficients calcu-
lated with kMC. Nevertheless, room temperature diffusion coefficients can be very sensitive
to errors on the calculated migration barriers, which are typically of the order of 50-100
meV, due to the exponential dependence of hop frequencies on migration barriers.? For the
purposes of the present discussion, however, only the qualitative variation of the diffusion
coefficient with concentration is of primary importance.

Insight about the origin of the sudden drop in the Mg self-diffusion coefficient around
y ~ 0.5 in Mg, TiS; can be obtained by an inspection of the calculated correlation factor,
shown in Figure 3(b). The correlation factor, f, is a measure of the degree with which
successive hops are correlated and is equal to 1 when cations perform an unhindered random
walk.' Any correlations between successive hops will lead to a correlation factor that is less
than 1. In general, the tracer diffusion coefficient will be proportional to the correlation
factor. Figure 3(b) shows that, similar to the self-diffusion coefficient in Figure 3(a), the
calculated correlation factor also decreases by almost four orders of magnitude in a narrow
concentration interval around y =~ 0.5.

The cause of the sudden onset of highly correlated diffusion can be traced to the diffusion
mechanism in Mg, TiS;. The kinetic Monte Carlo simulations predict that Mg diffusion in
spinel TiSy is overwhelmingly dominated by triple vacancy hops. The barriers of triple
vacancy hops are much lower than those of the double vacancy and single vacancy hops in
Mg, TiSs due to the strong repulsive interaction between a Mg*" cation in an intermediate
tetrahedral site and a Mg?* cation in any one of the surrounding octahedral sites that shares
a face with the tetrahedral site. Figure 3(c) tracks the fraction of tetrahedral sites with

different numbers of vacancies in their four surrounding octahedral sites. The blue curve



in Figure 3(c), for example, collects the fraction of tetrahedral sites that are surrounded
by 4 or 3 octahedral vacancies. As is clear in Figure 3(c), the fraction of tetrahedral sites
surrounded by 4 or 3 vacancies decreases rapidly with increasing Mg concentration. It is
these environments that play a crucial role in mediating Mg transport.

A comparison of Figure 3(b) and Figure 3(c) reveals that the drop in the correlation
factor occurs once the triple vacancy concentration dips below the percolation threshold
on a diamond network, shown by the horizontal line in Figure 3(c). The tetrahedral sites
that constitute the intermediate states between neighboring octahedral sites of the spinel
crystal structure form a diamond network.% The unhindered diffusion of Mg by means of a
triple vacancy mechanism requires a percolating network of quadruple and triple vacancies
over this diamond network of tetrahedral sites. Once quadruple and triple vacancies no
longer form percolating networks beyond y ~ 0.5, the self-diffusion coefficient drops very
rapidly and diffusion becomes highly correlated as is evident in Figure 3(a) and (b). Beyond
that composition, the kMC simulations predict that the overwhelming majority of Mg hops
continue to be mediated by triple vacancies, but the triple vacancies are disconnected and
Mg can only migrate back and forth along disconnected chains.

Similar phenomena were predicted for Li diffusion in spinel TiSs, however, the diffu-
sion coefficient decreases more gradually and at higher concentrations.®> A crucial difference
between Li and Mg diffusion in spinel TiS, is the difference in barriers between the triple
vacancy mechanism and the double vacancy mechanism. Due to the higher oxidation state
of Mg?" cations relative to that of Li™, the repulsion between two Mg ions occupying ad-
jacent tetrahedral and octahedral sites is larger than that between two Li ions. This leads
to double vacancy migration barriers that are significantly higher than those of triple va-
cancies in Mg, TiSs (roughly 300 meV). For Li the difference in barriers between triple and
double vacancy hops is less pronounced (roughly 120 meV). Hence, when the triple vacancy
concentration is below the percolation threshold, Li can still escape isolated networks of in-

terconnected triple vacancies with reasonable hop frequencies via double vacancy channels,



even if they constitute a very small minority of the hops. This behavior is also known to
occur in metallurgical alloys, where highly correlated diffusion sets in once the lowest barrier

hop environment no longer forms percolating chains. %

Parametric study of diffusion in spinel intercalation com-
pounds

The Mg, TiS, example highlights the crucial role that vacancy clusters play in mediating
guest cation diffusion within a spinel host. This is a direct consequence of the close-packed
anion sublattice of spinel, which constrains cation migration to hops between octahedral and
tetrahedral sites. Similar vacancy cluster diffusion mechanisms should, therefore, dominate
in other intercalation compounds with close-packed anion sublattices such as the disordered
rocksalts. To develop a more systematic understanding of diffusion mechanisms in these
hosts, we next perform kMC simulations using simple lattice models that capture the es-
sential thermodynamic and kinetic properties of intercalation compounds with close-packed
anion sublattices. We continue to focus on spinel, not only for its importance as a common
electrode crystal structure, but also because it serves as an idealized model of disordered

rocksalts.

Electrochemical properties of spinels

The spinel crystal structure has twice as many non-face sharing octahedral sites (16¢ sites
of the F'd3m space group) as non-face sharing tetrahedral sites (8a sites). The tetrahedral
sites form a diamond network while the octahedral sites reside between pairs of tetrahedral
sites. Each tetrahedral site is coordinated by four octahedral sites, while each octahedral
site is coordinated by two tetrahedral sites. The network of tetrahedral and octahedral sites
in spinel are shown in Figure 4.

Guest cations within spinel will generally have a preference for either the tetrahedral

10



Figure 4: The tetrahedral 8a and octahedral 16c sites of the spinel host, which has the Fd3m
space group. The corners of the yellow tetrahedra and the turquoise octahedra are anion
positions. The tetrahedral sites form a diamond network indicated by the black atoms and
bonds. Also shown are the pair clusters that appear in the lattice model Hamiltonian of this
study (orange-red balls define a nearest neighbor tetrahedra-octahedral pair, dark blue balls
define an octahedral-octahedral pair and light green balls define the tetrahedral-tetrahedral

pair).

site or the octahedral site. This site preference is determined by a difference in the energy
AFE,;_, between the tetrahedral and the octahedral site. A positive (negative) AF;_, signifies
an octahedral (tetrahedral) site preference. We can also introduce a nearest neighbor pair
interaction between an adjacent pair of octahedral and tetrahedral sites V;_,. This inter-
action, when positive, describes a repulsion between two guest cations when they occupy a
nearest neighbor pair of tetrahedral and octahedral sites. Additional interactions can further
refine the model, such as an interaction between nearest neighbor octahedral sites, V,_,, and
an interaction between nearest neighbor tetrahedral sites, V;_;, along with other multi-site
terms and longer range interactions. The interactions define a lattice model Hamiltonian

that can be written as

E:ZW0i+Z%0j+Z%_OOi0j+... (1)
i J 1,J
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where the o; and o; represent occupation variables assigned to each tetrahedral site ¢ and
octahedral site j within the crystal (o; is equal to 1 when a guest cation occupies site i
and zero when the site is vacant). The coefficients V, and V; are equal to the dilute site
energies of the octahedral and tetrahedral sites, respectively, with AFE;, , = V; — V,. The
simple lattice model Hamiltonian in Equation (1) lists the first few terms of a more general
cluster expansion Hamiltonian.1%%%66 A representative example of each of the three pair
cluster types of the Hamiltonian are shown in Figure 4. The expansion coefficients of a
cluster expansion can be trained to a database of first-principles energies for a large number
of different cation vacancy orderings. The resultant Hamiltonian then describes the energy
of a particular chemistry as a function of cation-vacancy orderings. %577 Instead of focusing
on a particular chemistry, we next study simple lattice model Hamiltonians parametrically to
understand how different interaction coefficients affect thermodynamic and cation-transport
properties.

To first order, only two independent interaction parameters are needed to predict com-
monly observed experimental voltage curves exhibited by spinel compounds. These are the
site preference energy parameter AFE;_, and the nearest-neighbor octahedral-tetrahedral pair
interaction V;_,. Figure 5 maps out the regions in AF;_, and V,_, space corresponding to
qualitatively distinct voltage profiles for the spinel host. The voltage curves were calculated
with grand canonical Monte Carlo simulations applied to the simple lattice model Hamilto-
nian over a grid of AFE, , and V,_, values. Four regions with distinct voltage profiles are
evident in Figure 5. The site occupancy is shown by the shade of color in the voltage curve,
with blue (red) reflecting tetrahedral (octahedral) occupancy and white signifying mixed
occupancy.

For positive AE;_,, where the octahedral sites are energetically preferred, cation insertion
is predicted to proceed through a solid solution, as reflected by the smooth sloping voltage
profile. ' The guest cations gradually fill the octahedral sites until they are completely filled

at y = 1. Thermal excitations will lead to some degree of tetrahedral site occupancy when
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Figure 5: A map of distinct spinel voltage curves as a function AF, ,, the difference in
energy between tetrahedral and octahedral occupancy, and V,_,, the nearest neighbor pair
interaction. The map is based on Monte Carlo simulations performed on a simple, two-
parameter lattice model. Rough estimate of where different spinel chemistries lie in this

map.
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AFE;_, is small but still positive, reflecting host and guest chemistries where tetrahedral and
octahedral sites are close in energy. The nearest neighbor V;_, interaction has little effect
on the voltage curves when octahedral sites are preferred.

Negative values of AF,_, correspond to a tetrahedral site preference. In this case, the
tetrahedral sites fill first until they are completely saturated at x=1/2. Beyond that point
the less favorable, but more numerous, octahedral sites must be filled. This leads to a voltage
step at y = 1/2, as a certain energy is needed to overcome AFE,; , before octahedral sites
can be filled. The qualitative shape of the voltage curve depends on the value of the nearest
neighbor V;_, pair interaction. When V;_, is small or negligible, guest cations will simply fill
the octahedral sites as a solid solution beyond y = 1/2 without displacing tetrahedral cations,
as the simultaneous occupation of nearest neighbor tetrahedral and octahedral sites is easily
tolerated. However, when V;_, becomes large and positive, nearest neighbor tetrahedral-
octahedral pairs become too costly for simultaneous occupancy and the filling of the more
numerous octahedral sites is accompanied by a displacement of tetrahedral cations. This is
predicted to occur through a two-phase reaction as is evident by the plateau in the voltage
curve between y = 1/2 and y = 1.

More complex insertion sequences emerge upon the addition of longer-range and multi-
site interactions to the lattice model Hamiltonian.3*3%5657.67°69 For example, the inclusion
of a strong repulsion between nearest neighbor octahedral sites, V,_,, when AFE;_, is posi-
tive but not too large will lead to an increase in tetrahedral site occupancy at guest cation
concentrations of y ~ 0.4. A mix of octahedral and tetrahedral occupancy at intermediate
concentrations allows for an increase in the spacing between cations, and thereby a mini-
mization of occupied nearest neighbor octahedral-octahedral pairs to avoid the repulsive V,_,
interactions. If the repulsive V,_, interactions are larger than AF;_,, then mixed occupancy
can be expected, as the penalty of occupying unfavorable tetrahedral sites is smaller than
having nearest neighbor octahedral-octahedral occupancy. This occurs in systems such as

Mg, TiSs,%? where the strong electrostatic interactions due to the high oxidation state of
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the Mg?* leads to a large V,_, pair interaction.®” Other examples of the effect of additional
interactions on the voltage profile and site occupancy are shown in supporting information.

Figure 5 also shows a first-order estimate of where we expect different spinel and guest
cation chemistries to fall in the low-dimensional AFE;_, and V,_, parameter space. The
placement of each chemistry in this map should be viewed as an approximate projection
from a much higher dimensional parameter space and was guided by the results of past
studies using density functional theory calculations.%” The smaller guest cations such as Li
and Mg tend to prefer tetrahedral sites in the more ionic oxide spinel hosts. Since Mg has
a higher oxidation state than Li, its nearest neighbor V;_, interaction coefficient will be
larger than that for Li. In a sulfide spinel such as TiSy, which is more covalent than the
oxide spinels, guest cations prefer the octahedral sites. The tetrahedral sites are penalized
when the guest cation is large, as is the case for Na. Na insertion into an oxide spinel,
therefore, results in a AFE;_, that is close to zero, with tetrahedral and octahedral sites
having similar energies. In the TiS, spinel, however, the energy of occupying a tetrahedral
site is significantly higher than in an octahedral site.

To capture many of the subtle nuances exhibited by each individual chemistry, it is
necessary to include many more interaction parameters that extend beyond the site and
nearest neighbor pair interaction.®” These additional interaction terms capture the effects of

56,70 and lattice parameter changes

rehybridization that accompanies transition metal redox
with guest cation concentration. Furthermore, a system such as MgCryO4 has a voltage
profile that is more complex than those of Figure 5 due to strong Mg-vacancy ordering
tendencies, which are only stabilized by long-range and multi-body interactions.% Other
spinels such as MgMn,O, are susceptible to site inversion, whereby Mn migrates to the
sites otherwise available for Mg, depending on its oxidation state. " This possibility is not
accounted for in the lattice model Hamiltonians used to construct the voltage map in Figure

5. Nevertheless, many of the essential features of the chemistries placed in Figure 5 are

already captured with a two-interaction parameter lattice model Hamiltonian.
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Guest cation diffusion in spinels

Having mapped out how the thermodynamic properties of spinel intercalation compounds
depend on the interaction coefficients of a simple lattice model Hamiltonian, we next explore
how guest cation diffusion is affected by the interaction coefficients. The Mg, TiS, example
shows that the self-diffusion coefficient drops by several orders of magnitude once the triple
vacancy concentration falls below the percolation threshold of the diamond network of tetra-
hedral 8a sites. This behavior is undesirable for battery applications. It occurs because the
migration barriers for double vacancy and single vacancy hops are significantly higher than
the barriers for triple vacancy hops. Once the concentration of triple vacancies falls below
the percolation threshold, the cations are trapped in disconnected chains of triple vacan-
cies. In order to escape, they must migrate into double vacancy or single vacancy clusters,
which will only occur to a sufficient degree if the barriers for these hops are not significantly
higher than those of hops into triple vacancies. To first order, the barriers associated with
different vacancy clusters can be tuned by varying V;_,, the interaction between nearest
neighbor tetrahedral and octahedral sites. We explored the effect of variations of the inter-
action parameters on diffusion coefficients with kinetic Monte Carlo simulations, calculating
barriers using a constant KRA of 0.5 eV and evaluating the energies of the end points of the
hops with the lattice model Hamiltonian of Equation (1). The concentration dependence of
the diffusion coefficient when normalized by the diffusion coefficient at y = 0 is relatively
insensitive to the value of the KRA as shown in Supporting Information.

We first consider a scenario where V,_, is zero and AE;_, > 0. Octahedral sites are then
favored, but the energy of the tetrahedral site is unaffected by the number of occupied near-
est neighbor octahedral sites. The migration barriers of the triple vacancy, double vacancy
and single vacancy hops are then all identical. The calculated self-diffusion coefficient and
accompanying correlation factor are shown in Figure 6(a) and (b). The self-diffusion coeffi-
cient D is normalized by the self-diffusion coefficient in the dilute limit D, (i.e. as y — 0).

The self-diffusion coefficient decreases with increasing cation concentration y at a rate that

16
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Figure 6: The self diffusion coefficient (also referred to as jump diffusion coefficient) and
the correlation factor as calculated with kinetic Monte Carlo for the two-parameter lattice
model Hamiltonian for different nearest neighbor pair interactions V;_,: (a-b)V;_, = 0 eV,
(c-d)V;—p = 0.1 eV, (e-f)V;_, = 0.25 €V, and (g-h) V,_, = 0.75 eV. Points are colored
depending on the largest vacancy cluster size above the diamond percolation threshold. In
all cases, AF;_, = 0.0625.
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is proportional to (1 — y) (i.e. the concentration of octahedral vacancies), as expected for
the self-diffusion coefficient of an ideal solid solution in which the migration barriers for each
hop environment are identical.”

Figure 6(c) and (d) show the calculated transport coefficients and correlation factor for
a slightly positive V;_,. In this case there is a difference between the triple-vacancy, double
vacancy and single vacancy migration barriers. The difference is not too large (relative to kT
where kp is Boltzmann’s constant and 7" is the absolute temperature), and double vacancy
hops are still accessible. While the majority of hops are mediated by triple-vacancies, once
the concentration of quadruple and triple vacancies falls below the percolation threshold,
cations are nevertheless still able to escape from isolated triple-vacancy chains by hopping
into double vacancies. Hence the correlation factor does not drop precipitously in a narrow
concentration interval and the diffusion coefficients do not vary more than one to two orders
of magnitude with concentration.

A significant concentration dependence in the self-diffusion coefficient emerges when V;_,
is positive and large. Figure 6(e)-(h) shows that the calculated transport coefficients then
decrease more significantly with increasing guest cation concentration y. The decrease is
especially pronounced in Figure 6(g) and (h) where the self-diffusion coefficient and the
correlation factor begin to drop by multiple orders of magnitude once the triple vacancy
concentration dips below the percolation threshold in spinel. The decrease, however, is not
as abrupt as predicted for Mg, TiS,.

We next explore the effect of adding a repulsive interaction between nearest neighbor
octahedral sites, V,_,. We consider two scenarios. The first is for a small AE;_, (0.0625
eV), which leads to a small difference in energy between tetrahedral and octahedral site
occupancy. In this case, a positive V,_, leads to some degree of tetrahedral site occupancy
between y = 0.3 and y = 0.6 as shown in Figure 7(a) and described in the previous section.
The second scenario is for a larger AE;_, (0.1875 eV), which is chosen sufficiently large

to suppress any appreciable tetrahedral occupancy even with a positive V,_, (Figure 7(b)).
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The calculated diffusion coefficients and correlation factors for both scenarios are shown in
Figure 7(c) - (f). In both cases, there is a dramatic drop in both the self-diffusion coefficient
and the correlation factor over a very narrow concentration interval, which is significantly
more pronounced than in the cases without a V,_, interaction. The curves for the two
scenarios with positive V,_, are very similar in spite of the fact that there is significant
tetrahedral site occupancy in the first scenario and almost none in the second (Figure 7(a) and
(b)). This suggests that the effect of tetrahedral site occupancy (to the extent predicted for
the first scenario) on transport coefficients is not especially large. Instead, it is a positive V,_,
that leads to an increase in correlated motion over a narrow concentration interval around
the percolation threshold of triple vacancies. A positive V,_, further constricts the diffusion
of cations as it will bias hops to octahedral sites that do not have occupied nearest neighbor

octahedral sites. These become increasingly rare with increasing cation concentration.

Discussion

The results of this study show that the guest cation diffusion coefficient of an intercalation
compound with a close-packed anion sublattice can drop abruptly at intermediate to high
cation concentrations, a property that is undesirable for battery applications. Cation dif-
fusion in a host with a close-packed anion sublattice occurs through a succession of hops
between octahedral and tetrahedral sites. When cations prefer octahedral sites, they must
pass through higher energy tetrahedral sites as they migrate through the crystal. In spinel,
these tetrahedral sites are four-fold coordinated. This topological feature of the close-packed
anion sublattice leads to a cation diffusion mechanism that is mediated by vacancy clusters,
primarily triple vacancies but also a small fraction of double vacancies. This is because the
migration barrier, which scales with the tetrahedral site energy, is strongly affected by the
number of other cations that occupy adjacent octahedral sites: The barrier to hop into a

triple vacancy is lower than that of hopping into a double vacancy, which is itself lower than
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Figure 7: Site preference, self-diffusion coefficients and correlation factors for as predicted
with a lattice model Hamiltonian with three parameters (AE;_,, V;_, and V,_,). The fraction
of tetrahedral sites for (a) a small AE;_, (0.0625 eV) and (b) a large AE;_, (0.1875 e¢V). The
diffusion coefficient for (c) a small AE;_, and (d) a large AF;_,. The correlation factor for
(e) a small AF;_, and (f) a large AE,_,. For all cases, V;_, = 0.75¢V and V,_, = 0.083eV
Points are colored based on the largest vacancy cluster that has a concentration above the
percolation threshold. Yellow points indicate no vacancy cluster is above the percolation

threshold.
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the barrier to hop into a single vacancy (Figure 1). The decrease in triple and double vacancy
concentrations with guest cation concentration, therefore, results in a decrease in the cation
diffusion coefficient.

Our kinetic Monte Carlo simulations on model spinel systems have revealed that the
degree to which the cation diffusion coefficient decreases with cation concentration y depends
on the strength of the nearest neighbor repulsion between guest cations. In the absence of
a nearest-neighbor repulsion (i.e. V;_, = 0), the migration barrier is independent of the
hop environment (i.e. the migration barriers for the triple vacancy, double vacancy and
single vacancy hops are all identical) and the self-diffusion coefficient scales as (1 —y). Once
a repulsion between cations in nearest neighbor octahedral and tetrahedral sites is turned
on, the migration barriers for triple vacancy, double vacancy and single vacancy hops begin
to differ. The stronger this nearest neighbor repulsion, the larger the differences between
the migration barriers of the triple, double and single vacancy hops. This results in a self-
diffusion coefficient that decreases more rapidly with y than (1 — y) as is evident in Figure
6(b)-(d).

While the concentration of vacancy clusters has an influence on the cation diffusion coeffi-
cient, the kMC simulations for spinel show that this influence manifests itself in a significant
way only after the concentration of diffusion mediating defects falls below the percolation
threshold of a diamond network, the network of the tetrahedral 8a sites in spinel. It is at this
point that the correlation factor can decrease by several orders of magnitude due to highly
correlated and, therefore, sluggish cation diffusion. When the nearest-neighbor repulsion is
large, the difference in the migration barrier of a triple vacancy and a double vacancy hop
is large and diffusion is dominated almost exclusively by triple vacancies. Once the fraction
of quadruple and triple vacancies surrounding tetrahedral sites falls below the percolation
threshold at approximately y = 0.5, cation diffusion becomes primarily restricted to dis-
connected chains of quadruple and triple vacancies. This severely reduces the mobility of

the guest cations, as manifested by a rapid decrease in the self-diffusion coefficient. The
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decrease in the self-diffusion coefficient becomes even more abrupt upon turning on a re-
pulsive interaction between nearest neighbor octahedral sites (V,_,) as this further restricts
the trajectories of cations, causing a sudden decrease in the correlation factor. In Mg, TiS,,
the effect is especially pronounced and leads to a four orders of magnitude drop in the
self-diffusion coefficient around y ~ 0.5. In contrast, when the barriers to hop into double
vacancies are not much larger than those of hopping into triple vacancies, diffusing cations
are more often able to escape disconnected chains of quadruple and triple vacancies, and the
decrease in the diffusion coefficient is not as severe. This appears to be the case for Li, TiS,,
where the decrease in the Li diffusion coefficient is not as sudden and dramatic as that of
Mg in Mg, TiS,.

We note that the general insights developed here have been distilled from simple lattice
model Hamiltonians. Due to their simplicity, they are unable to accurately describe changes
in interactions among guest cations that arise from rehybridization that occurs as a result
of TM redox and variations in lattice parameters with guest cation concentration.?®®7%™ In
general the addition of guest cations to a host material is accompanied by an increase in

20303235 This effect will partially

volume, which tends to lead to lower activation barriers.
counter act the predicted decreases in diffusion coefficients with guest cation concentration,
however, it is unlikely to significantly affect the concentration dependence of the correlation
factor.

Our results suggest ways in which the concentration dependence of the cation diffusion
coefficient can be tuned in hosts with close-packed anion sublattices. The key is to modify
the strength of the nearest neighbor repulsion between cations that simultaneously occupy
adjacent tetrahedral and octahedral sites. This nearest neighbor repulsion is strongly affected
by the oxidation state of the cation. For example, LiT and Mg*" have approximately the
same ionic radii but a different oxidation state, leading to different intercalation behavior

that arises from differences in the strength of repulsive interactions due to their oxidation

state.®”™ The study of Bonnick et al. of Li, TiS; and Mg, TiS, clearly showed a significant
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difference between the Li and Mg diffusion coefficients that is consistent with the predictions
of this work.3® The nearest neighbor repulsion can also be screened to some extent by using
larger and more covalent anions, such as sulfur instead of oxygen. Furthermore, the ionic
versus covalent nature of the close-packed anion host likely has an effect on the nearest
neighbor interaction and can be tuned with transition metal chemistry. "

Although we have only explicitly simulated diffusion in spinel hosts, many of the results
and conclusions are likely to be relevant for Li diffusion in disordered rocksalts, which also
have an fcc anion sublattice. There is currently much interest in disordered rocksalts as can-
didate electrodes for Li-ion batteries. 4?44 These have a chemical formula of Li,M;_,O where
M refers to a mixture of transition metals. Diffusion in disordered rocksalts is complicated by
the random distribution of transition metal cations of the octahedral sites of an fcc oxygen
sublattice.”® A key objective in the optimization of Li transport in a disordered rocksalt is to
maximize the number of fully percolating chains of tetrahedral sites that do not share faces
with transition metal cations.?®7 These tetrahedral sites, referred to as 0-TM sites, have
lower migration barriers than the tetrahedral sites that share faces with one or two transition
metal sites, labeled 1-TM and 2-TM sites, respectively. " Optimal Li transport occurs in
disordered rocksalts with transition metal compositions that ensure percolating networks of
0-TM, which requires a Li:TM ratio greater than 1:1.4°

The spinel host can be viewed as an idealization of the disordered rocksalts in that its
transition metal ordering over the octahedral sites of the fcc anion sublattice ensures fully
percolating 0-TM tetrahedral sites. Hence, in contrast to disordered rocksalts, the spinel host
does not suffer from a lack of fully percolating 0-TM tetrahedral sites. Nevertheless, spinel
does exhibit a strong concentration dependence in the cation self-diffusion coefficient that
is very sensitive to a second type of percolation threshold, that of the diffusion mediating
vacancy clusters. We expect that this second percolation threshold should also play an
important role in disordered rocksalts as it also has an fcc anion sublattice.

Similar to perfectly ordered spinel with octahedral site preference, we expect a decrease
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in the Li diffusion coefficient of a disordered rocksalt at high concentrations due to the onset
of highly correlated diffusion once the concentration of low barrier vacancy clusters fall below
a percolation threshold. The percolation threshold of disordered rocksalts, however, is likely
to differ from that of perfectly ordered spinel. The TM depletion of Li-excess disordered
rocksalts may open up more 0-TM tetrahedral sites and produce a more disordered sublattice
of 0-TM sites when compared to the diamond network of 0-TM sites in spinel. An increase
in the connectivity of the 0-TM network will lower the percolation threshold above which the
concentration of quadruple and triple vacancies must be kept to maintain fully interconnected
chains of favorable diffusion pathways. Generally the percolation threshold can be reduced
by increasing the coordination number of each site of a particular network. For example,
the percolation threshold of diamond, which has a coordination number of 4, is 0.4286,
while those of bce and fece, which have coordination numbers of 8 and 12, are 0.2458 and

4042 and disordered

0.1994, respectively.®® Hence, the cation disorder in disordered rocksalts
spinels*® may offer opportunities to introduce more interconnected networks of 0-TM sites
compared to that of perfect spinel, and thereby make it possible to avoid significant drops
in the diffusion coefficients at high Li concentrations. The disorder among transition metal
cations and the increased concentration of available octahedral sites in Li-excess disordered
rocksalts is also likely to affect the difference in migration barriers for triple, double and single

vacancy hops. The extent to which this is the case can be investigated with first-principles

electronic structure calculations.

Conclusion

We have systematically studied cation diffusion in intercalation compounds with an fcc
anion sublattice, with a particular focus on the spinel structure. An fcc anion sublattice
constrains guest cation diffusion to successive hops between octahedral and tetrahedral sites,

which leads to a diffusion mechanism that is predominantly mediated by vacancy clusters at

24



non-dilute cation concentrations. This type of diffusion becomes highly correlated at high
guest cation concentrations, especially when the concentration of the diffusion mediating
vacancy cluster falls below a percolation threshold. We have shown that the effect becomes
more pronounced as the difference in migration barriers between triple, double and single
vacancy hops increases. While our study explicitly focused on cation diffusion in spinel, these
insights should also apply to other compounds with close-packed anion-sublattices, including

disordered rocksalts and partially ordered spinels.

Methods

Density Functional Theory (DFT) as parametrized by Perdew, Burke and Ernzerhoff (PBE) 7
was used to calculate formation energies of Mg-vacancy orderings over the interstitial sites
of spinel TiSy. DFT calculations were performed using the Vienna ab-initio simulation pack-
age (VASP).™™ Projector augmented wave (PAW)®8! theory was used to treat the core
electrons. A plane-wave cutoff energy of 450 eV was used along with a k-point density of
32 A. Formation energies of Mg-vacancy configurations over the tetrahedral and octahedral
sites of spinel TiS, were used to train a cluster expansion Hamiltonian%%®? to predict the
energy of arbitrary configurations within spinel TiS,.%” The cluster expansion Hamiltonian
was used in grand canonical and kinetic Monte Carlo simulations to calculate room tem-
perature electrochemical properties, including open circuit voltage profiles, equilibrium site
occupancies, diffusion coefficients and correlation factors. The Clusters Approach to Statis-
tical Mechanics (CASM) software package®®3% was used to construct and parametrize the
cluster expansions and to perform the grand canonical and kinetic Monte Carlo simulations.
The migration barriers within the kinetic Monte Carlo simulations were calculated by com-
bining the cluster expansion for the end states of hops with a constant kinetically resolved
activation (KRA) barrier as described elsewhere. 93959 A KRA value of 0.5 eV was used,

which was motivated by calculations of barriers of dilute Mg configurations within a 2x2x2
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supercell of the primitive spinel-TiS, cell and by barriers calculated at non-dilute concentra-
tion.?? Transition state theory® was used to calculate hop frequencies within kinetic Monte
Carlo simulations. A vibrational prefactor of the hop frequency was set equal to 5 x 10'2
Hz. Kinetic Monte Carlo simulations were used to calculate Onsager transport coefficients,
self-diffusion coefficients and the correlation factor.’

Supporting Information: lattice model Hamiltonian parameters, corresponding diffusion
quantities for values of these parameters outside those shown in the main text, NEB barriers,

extra comparisons, and variation of diffusion quantities as a function of KRA,
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