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SATO-TATE EQUIDISTRIBUTION FOR FAMILIES OF HECKE-MAASS

N

FORMS ON SL(n,R)/SO(n)
JASMIN MATZ AND NICOLAS TEMPLIER

ABSTRACT. We establish the Sato-Tate equidistribution of Hecke eigenvalues of the family of
Hecke—Maass cusp forms on SL(n, Z)\ SL(n,R)/SO(n). As part of the proof, we establish a uniform
upper-bound for spherical functions on semisimple Lie groups which is of independent interest. For
each of the principal, symmetric square and exterior square L-functions, we deduce the level dis-
tribution with restricted support of the low-lying zeros. We also deduce average estimates toward
Ramanujan, including an improvement on the previous literature in the case n = 2.
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Hecke-Maass cusp forms are certain eigenfunctions of the Laplace operator on the locally sym-
metric space SL(n, Z)\ SL(n,R)/ SO(n). Beyond the existence of such forms and structure theory,
we want to study spectral properties such as the Weyl’s law, the distribution of Hecke eigenvalues,
temperedness, and average behavior in families. Major difficulties in the analysis of the trace for-
mula arise when the space is not compact, and when the test function is not of compact support.
In this paper we deal with both difficulties together and solve a long-standing equidistribution
problem that generalizes some classical results of Selberg for n = 2.

Date: May 20, 2020.
Key words and phrases. Automorphic forms, L-functions.

1


http://arxiv.org/abs/1505.07285v8

Selberg [Sel56] introduced the trace formula and derived the Weyl’s law for SL(2,7Z), which
is an asymptotic count for the family of Hecke-Maass cusp forms on SL(2,7Z)\ SL(2,R)/SO(2),
ordered by the size of their eigenvalues. Much later, Sarnak [Sar87] observed that a variant of the
same argument can be used to establish a much more precise result concerning averages of Hecke
eigenvalues, namely the Sato-Tate equidistribution for the same family of Hecke-Maass cusp forms.
This entails to inserting test functions of varying support in the Selberg trace formula, such as a
Hecke operator T, with p growing arbitrary large, and estimating the geometric side in a concrete
way. Sarnak and Piatetskii-Shapiro [Sar87, §4] then raised the problem of generalizing this to
the family of Hecke-Maass cusp forms on SL(n,Z)\ SL(n,R)/SO(n) for an arbitrary n > 2. The
present paper solves this problem.

Arthur generalized [Art78] the Selberg trace formula to general reductive groups, by decomposing
the geometric side into coarse equivalence classes and constructing truncation operators. He further
introduced in [Art81] the weighted orbital integrals, which enabled him to develop in [Art86b] a fine
expansion of the geometric side. Especially important for our purposes are the splitting formulas
established in [Art81, §6], and the weighted measures constructed in [Art88a].

In addition to these fundamental results of Arthur, we use the recursive analysis by Lapid—
Miiller [LMO09] of the spectral side of the trace formula for GL(n), the method and results by Shin
and the second-named author [ST16] on uniform estimates of certain orbital integrals, and the
estimate by the first-named author [Matl5] of Arthur’s global coefficients. Then there are two
important novelties. We develop in Part 1 some uniform germ estimates for orbital integrals of
certain bi-SO(n)-invariant unbounded functions. This difficulty arises because the test function is
not of compact support, and our method is of independent interest, notably in view of the new
estimates on Harish-Chandra spherical functions. In Part 2, we establish uniform bounds for all
the terms that appear in Arthur’s fine geometric expansion for GL(n). This paper is also the first
to establish a remainder term in the Weyl’s law for SL(n,Z) when n > 3.

1.1. Main result. Let G = GL(n) and A = R x A, the ring of adeles of Q. Let K = K, - K;
the usual maximal compact subgroup of

G(A)' ={g € G(A), |det g|s =1}

given by K, = O(n) C G(R) and K; = G(Z) C G(Ay). Let K2 = SO(n) C K. be the identity
component of K. Let I (G(A)') denote the set of irreducible unitary representations 7 oc-
curring in the cuspidal part of L?(G(Q)\G(A)'). Such 7 can be uniquely extended to a cuspidal
automorphic representation of G(A) whose central character has finite order, and conversely. We
say that 7 is spherical (resp. unramified) if 7%= (resp. 7%7) is non-zero. Unramified represen-
tations 7 in Ileusp(G(A)Y) correspond to unramified cuspidal automorphic representation of G(A)
with trivial central character.

For 7 € Tewsp(G(A)Y) let A € ai/WV denote the infinitesimal character of the archimedean
component m,,. Here a is the Lie algebra of the subgroup A C G(R)! of diagonal matrices with
positive entries and W ~ &, is the Weyl group. For £ > 0 and a bounded open subset €2 C ia* let

2
Aalt) = 2v0l(G@NG(A) /W [ |0 o
i |€(A)
where ¢ denotes Harish-Chandra’s c-function for G(R)! := {g € G(R) | |det g|g = 1}, and p is the
half-sum of positive roots. It is of order t? as t — oo where d = dimg(G(R)!/K.,) = % — 1.

We define characters x4 : O(n)/{£1d} = PO(n) — {£1} as follows: y is the trivial character,
that is, x4 (k) = 1 for all k € PO(n), and x_(k) = det k if n is even and is the trivial character if
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n is odd. Note that the group PO(n) is disconnected if n is even in which case {det(£1d)} = {1}
while PO(n) is connected if n is odd in which case {det(£1d)} = {+1}. We view y. as unitary
characters on K, = O(n) which are invariant under O(n) N Z(R) = {£1d}, and which are both
trivial if n is odd. Here Z denotes the center of G.

If x € {x+,x_} then 7o, ® x defines another element in the unitary dual of G(R), and the set
of fixed vectors (7o ® x )%~ under K, is non-empty if and only if 7., has K. -type x, that is, if
one vector in 7., is y-invariant with respect to the K -action. If x = x, (7 ® x, )F= = 7f= £ 0
means that 7, is spherical.

Theorem 1.1. For any integer n > 3 there is an effective constant A > 0 depending only on
n, and for any non-empty W -invariant bounded open subset Q C ia* with piecewise C?-boundary
there is a constant ¢; > 0 such that the following holds. Let x € {x4+,x-} and let 7 : G(A;) — C
be the characteristic function of a compact bi-K ¢-invariant subset. Then

tliglo Ag(t)™? Z dim(7m ® x)E= trmp(7) = Z 7(7),

Wencusp(G(A)1)7 ’YEZ(Q)/{:EI}
Ar €82

where Z is the center of G. Moreover, for allt > 1 we have

Z dim(7e @ x) ™ tr (1) — Ag(t) Z T(7)] < 01||7||?1(G(Af))td_1/2~
T€llcusp(G(A)), Y€Z(Q)/{+1}
Ar €10
Example 1.2. If 7 = 79 is the characteristic function of Ky, then Theorem 1.1 is a Weyl’s law
with remainder term,

(1.1) \{w € Meusp(G(A)Y), Ar €19, (1o @ ) £ 0, 7,7 # 0}) — Ao(t) + O(t41/2),

which was also established in an unpublished manuscript of the second-named author. This is
new already for n = 3. The asymptotic Weyl’s law, i.e., without remainder term, was established
for SL3(Z) by Miller [Mil01], for SL,(Z), n > 3, by Miiller [Miil07], and for quasi-split reductive
groups by Lindenstrauss—Venkatesh [LV07].

Remark 1.3. Conditional on the assumption that the lattice G(Q)N K is neat, which is false in our
case since PSL(n,Z) is not torsion free, a stronger version of the Weyl’s law (1.1) with remainder
1 (log t)™>Gn) is due to Lapid-Miiller [LMO09].

1.2. Hecke—Maass forms. We can restate the result classically in terms of Hecke-Maass cusp
forms which are smooth functions f on

SLn(Z)\ SLa(R)/SO.(R) = G(Q\G(A)' /KL Ky

that are eigenfunctions of the Laplace operator, the Hecke operators and are cuspidal. Hecke—
Maass cusp forms can be divided into even and odd forms. Let W denote the Hecke operator
corresponding to the double coset SL,(Z)diag(—1,1,...,1)SL,(Z) = SL,(Z) diag(—1,1,...,1).
Then f is called even if W f = f and odd if Wf = —f. If n is odd, there are no odd Hecke—
Maass cusp forms so that all Hecke-Maass cusp forms are even. If n is even, asymptotically half
of all Hecke-Maass cusp forms are even and half are odd as follows from Theorem 1.1 and also
from [Miil07].
An even Hecke-Maass cusp form f generates a spherical unramified representation 7 in ey, (G(A)1)

and conversely, if 7 is spherical unramified, 7% is one-dimensional and f is a non-zero element in
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7K. If n is even, then the odd Hecke-Maass cusp forms f generate unramified representations 7
in ey (G(A)Y) of Koo-type x—. If conversely 7 is unramified with K,-type x_, the subspace of
7%s transforming under K., according to y_ is one-dimensional, and f is a non-zero element in
this subspace.

For every prime p we can attach the Satake parameter a;(p) € C*"/&,, to f which we denote in
coordinates as a;’ )(p). There is a Satake isomorphism between the algebra of symmetric Laurent

polynomials ClzT, -+ ,2¥]% and the algebra of bi-G(Z,)-invariant functions on G(Q,). If the

polynomial ¢ corresponds to 7,, then

o0y (). (p)) = Blay(p)) = trmp(m L),

where 1,.) denotes the characteristic function of Ky away from p.
f

Since the central character is trivial, oz;l)(p) . -agc") (p) = 1. Let p, be the unramified Plancherel

measure of PGL, (Q,). It is supported on the elements a € S'"/&,, such that a¥) ..o =1 and
for any corresponding pair ¢ < 7,

[ om=voz) ! [ n(as
S1i" /G, Z(Qp)

An exact formula for p, is given by Macdonald [Mac|. Our main theorem in classical terms is:

Theorem 1.4. Forn >3, and any ¢ € Clay,--- ,25|% with coefficients less than one, any prime
pand anyt > 1,

Z P(ar(p)) — AQ(t)/ bpy| < ¢ ptdes(9)4d—1/2

fr ApetQ SRVACH

where f runs through either even or odd Hecke—Maass cusp forms if n is even, and through all
Hecke—Maass cusp forms if n is odd. Here deg(¢) satisfies deg(xy---x,) = 0 and deg(e;) =1 for
all the other non-constant elementary symmetric polynomials 1 <1 < n — 1.

Proof. The first term agrees with that of Theorem 1.1. For the second term let 7, correspond to
¢ under the Satake correspondence. Then

> atgp)= > e =wl@) [ g
YEZ(Q)/{£1} 2€Z(Qp)/Z(Zp) Z(Qp)

For any & = (&,...,&,) € Z™ denote by e, ¢ the polynomial that correspond under the Satake
correspondence to the indicator function 7, on the double coset

K, p*K, = G(Z,) diag(p*', ..., p*")G(Z,),
see Section 9. The polynomials {e, ¢} form a basis of the symmetric polynomial algebra. We have

I7oellzr Gapy =< P&

which follows from [Gro98, Prop.7.4] where p is half-sum of positive roots. Then (£,2p) < (n —
1)?(max& — min¢). On the other hand we have deg(e,¢) = max{ — miné, since e,¢ is a linear
combination of monomial symmetric polynomials, which concludes the proof. O
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We now turn to Fourier coefficients which occur often in the study of Hecke-Maass cusp forms.
To obtain analogous results for the distribution of Fourier coefficients we shall simply insert Schur
polynomials for ¢ in Theorem 1.4 as we now explain.

Every Hecke-Maass cusp form f is generic. We denote the normalized Fourier coefficients as ay
with a;(1) = 1. We say that v = (v4,...,1,,) € Z" is dominant if vy > --- > v, > 0. For each
dominant v there is a Schur polynomial s, € Clxy,...,2,]°" and the Shintani/Casselman-Shalika
formula reads as(p”) = s,(as(p)). Precisely, for any v € Z"

sl,(agcl)(p), - agc") (p)) if v is dominant,
0 otherwise.

ap(p™,...,p") = {

The Schur polynomials form a basis of the algebra of symmetric polynomials.
It is traditional to consider the coefficients A; which are directly related to the a; by

Ap(my,...,my_1) = ap(mimg -+ -My_1,...,my, 1)
for all my,...,m,—1 € Z>;.
Theorem 1.5. For any integers mq,...,My—1 € Z=1 and any t > 1,

Z Ap(my, ... ;mpy) = Aa(t)y(ma, ... ,may) + O((my -+ -mp_y) 1 t7712).

f Hecke-Maass
)\f €t

Here v(my, ..., my,_1) is multiplicative in each of the n — 1 variables. Moreover for any prime p
and any v € 7" such that v, > ... > v, =0,

VPt pE ) = pm Ry (p)

where Py, is the Kazhdan-Lusztig polynomial with parameters 0,v in Z" viewed inside the affine
Weyl group of type A,.

Example 1.6. If v is a fundamental weight then [ s,u, = 0, see [Gro98] where it is furthermore
explained that the conceptual reason for this vanishing is that all the fundamental representations
of GL(n) are minuscule. Thus v(my, ..., m,_1) is zero if my - --m,_; is square-free and not equal
to one. For example if n = 3, then (1, p) = 0 which corresponds to the average of the coefficients

Ar(1,p) = as(p,1,1) = sa00)(as(p) = o () + P (p) + P (p).

More information on the polynomial P, can be found in the discussion following [FGKV9S8,
Prop.6.3].

Proof of Theorem 1.5. We only provide the details when the m’s are powers of a prime p, the
general case being similar. Since

ap(p™,...,p 1) = sy(agcl)(p), e oz;n)(p)),

and deg(s,) = v, Theorem 1.4 yields

Do Aprt g = Aa(t) / sulty + O(p™"t171%),

f Hecke-Maass S /Gn
)\f €t
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The integral against the Plancherel measure is equal to ~(p"»—',p" 271 ... p"~"?), so the
second assertion of the theorem follows from the formula

[ smmror
516,

which can be found in the work of S.-I. Kato [Kat82], see also [Gro98, Prop.4.4]. O

We note that it is not difficult to deduce a similar result for a product of Fourier coefficients
Ay. We insert a product of Schur polynomials in Theorem 1.4 in which case the main term can be
computed in terms of Littlewood-Richardson coefficients.

Example 1.7. If n = 2, then Theorem 1.5 is established by Sarnak [Sar87] and the analogous
results for holomorphic modular forms is established by Serre. For m € Z-; the Fourier coefficients
A¢(m) = ag(m, 1) coincide with the eigenvalues of the Hecke operator T,,, because f is unramified,
thus a newform. We have a* ~ R and without loss of generality we may choose 2 = (—1,1). The
condition Ay € {2 means that the Laplace eigenvalue of f is greater than i and less than i + 2
We have Aq(t) ~ t?/12 and for m = 1 the result reduces to the Weyl’s law established by Selberg.
For general m the main term involves

_1
v(m) = |m|™2 -0
where §,,— is one if m is a perfect square and zero otherwise.

For n = 2, related results with the added factor L(1,sym?f)~! are obtained via the Kuznetsov
trace formula by Bruggeman, Deshouillers—Iwaniec. For n = 3, there are results by Goldfeld—
Kontorovich and Blomer [Blo13| via a generalization of the Kuznetsov trace formula, again with
the addition of the arithmetic weights L(1, Adf)~!.

The method by Luo [Luo01] for removing weights is based on large sieve inequalities, and has
been employed in [LW11] to establish Theorem 1.1 for n = 2. For n = 3, after a version of the
present paper was posted on arXiv, Buttcane-Zhou [BZ] succeeded in establishing Theorem 1.1
in a similar way, using a new version of the Kuznetsov trace formula for SL(3,7Z) due to Blomer—
Buttcane.

1.3. Average bounds towards Ramanujan. The Plancherel measure p, on the unitary dual
of PGL,(Q,) is supported on the tempered spectrum. As a consequence of the Sato-Tate equidis-
tribution Theorem 1.1 for families we can deduce quantitative bounds towards Ramanujan.

Corollary 1.8. (i) There is an effective constant ¢ > 0 (depending only on n) such that for any
t>1, any 0 >0, and any prime p,

(1.2)

(4) 20 ,d—ch
{6 Il <t s og, o ()] > 6} < 0=

where f runs through Hecke—Maass cusp forms on SL(n,Z)\ SL(n,R)/SO(n), and the implied
constant depends on n only.
(ii) Moreover, the following stronger bound holds

() d—z| <0
< P
(13) Il < log, o )] > 6} < L2,
2logp . : c
where x := and L;J denotes the largest integer less or equal than <.

logt
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In words the corollary says that exceptions to Ramanujan for Hecke-Maass forms are sparse.
This generalizes a result obtained by Sarnak [Sar87, Thm.1.1] for n = 2 and p fixed and Blomer—

Buttcane-Raulf [BBR14, Thm.3] for n = 3. The LHS is zero for § > § — 5 (due to Luo-

Rudnick—Sarnak and Serre) and conjecturally for § = 0 (generalized Ramanujan conjecture).
If p is fixed, then the term p* can be dropped in (1.2) and the bound becomes < 4=, The
bound (1.2) is a simple version of the bound (1.3), using that = [£| > ¢ — z. The function

c
xX
Reo — [0,¢c], 2 — 2 Lﬂ is piecewise linear, with discontinuous jumps for every z that is an integer
fraction of ¢. It is equal to ¢ at x = 0. It is equal to 0 for every = > ¢, which means that the
bound (1.3) is trivial for p? > .

Remark. Independently, Lau-Wang [LW18, Thm.7.3] have obtained the same result as Corollary 1.8
with a different proof. Note that their bound is stated as <t~ which is incorrect since the
term p?? cannot be dropped in our bound (1.2) and the product x Lﬂ cannot be replaced by ¢ in
our bound (1.3) because Theorem 1.1 is trivial when p is large. The source of the error is that the
bound ||7,|| < TY*4 on the last line of page 788 of [LW18] doesn’t hold for p > T because it
implies h = 1, whereas ||7(|| is unbounded as the prime p grows.

We offer the following additional corollary which is non-trivial even in the region p > t%. Neither
Corollary 1.8 nor Corollary 1.9 implies the other. Both corollaries are obtained from applying
Theorem 1.4 in a situation where the main term and the remainder term are balanced (that is
we optimize the choice of degree of our test polynomials so that the two terms are close). For
Corollary 1.8 the main term is greater than the remainder term, whereas for Corollary 1.9 the
main term is smaller than the bound for the remainder term.

Corollary 1.9. (i) For anyt > 1, any 0 > 0, and any prime p > t2,
j _z(l_1_
(1.4) ‘{f, Al <2, 1I£1Jgg>%logp|a§cﬂ)(p)| > 9}‘ < 35—z -20)
(i) More generally, for anyt > 1, any 6 > 0 and any prime p,
j Ll e 1
(1.5) '{f, Al < 2, fgjzﬁl‘)gpmgg)(p” > 9}‘ < At £ [+ 0),

where again the implied constant depends on n only.

The bound (1.4) is a version of the bound (1.5) in the restricted range p > ¢, using that [ <] =0

for > ¢. Corollary 1.9 is worse than the trivial bound t¢ for p? > t¢/(1=2¢0),
The proofs of Corollary 1.8 and Corollary 1.9 are given in §3.1, where we obtain ¢ = 1/(2A4). We

shall construct test polynomials ¢ € Cla7,. .., 2F]% with uniformly bounded coefficients which

are optimal for establishing average bounds towards Ramanujan. Namely ¢(a) > |o|%5 ) when
evaluated on Satake parameters o« € (C*)"/&,, which are unitary in the sense that o = 1/a.
These polynomials are of independent interest, and the present paper seems to be the first to give

an optimal construction in higher rank.

1.4. Revisiting the case n=2. The Kuznetsov trace formula for SLy(Z) yields the best known
average bounds toward Ramanujan in the case n = 2. We have that

As(p) = as(p,1) = sy}’ (p), &P (p) = &}V (p) + P (p)
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is the normalized eigenvalue of f for the pth Hecke operator. Blomer-Buttcane-Raulf [BBR14,
p.902] have established the following. For any ¢,0 > 0, any ¢ > 1 and any prime p,

(L6) {F, Il <t 1450 > 27} < e Lo,

where the multiplicative constant depends on € only. In comparing notation with [BBR14], write

log ar/2 .
loga/2 -~ Ag hefore, since |4t | < 4lost
logp ) logp logp ’

a = 2p?, which is equivalent to § =
is that

a consequence of (1.6)

[, 1IN <t 1As ()] > 207} < p™ 827507

We shall make some improvements to the above bound (1.6). Since
[As ()l >’ +p™" = maxlog, o (p)| > 6,
we deduce that

[{F, IIM <t [As ()] > 20°}] < [{F. Mgl < ¢, maxlog, |o¥? (p)] > 6}|.
7j=1,2

We shall establish in (1.7) that the bound (1.6) holds for the latter quantity, by modifying the
combinatorics of Hecke eigenvalues in [BBR14, §2]. Again, a consequence is that for any €,6 > 0,
any t > 1 and any prime p,

{6 I <1, maglos, o ()] > 0)| < 5
In particular, if p is fixed then the term p% can be dropped and the bound becomes <, t2780+¢,
Additionally, we offer the complementary bound (1.8) which is obtained by increasing the degree
of the test polynomial: The bound (1.7) is obtained by rounding down the ratio 41‘? ' to the nearest
integer, whereas the bound (1.8) is obtained by rounding it up, see §3.2. Neither (1.7) nor (1.8)
implies the other.

Theorem 1.10. Suppose n = 2. For any €,0 > 0, any t > 1 and any prime p,

(17) (£, I <t o, [ ()] > 0} <. 2B L )ove
(19 . sl < o o )] > )| < LB e
]:7

where the multiplicative constants depend on € only.

An interesting feature of (1.8) is that it is non-trivial even in the region p > t*, where it becomes

< p%_29+5. In fact, it becomes trivial in the region p > AT
In the region p < ¢!, we may take the minimum of (1.7) and (1.8) to deduce the following
interesting bound.

Corollary 1.11. For any €,0 > 0, any integer m > 1, any t > 1 and any prime p with p < t¥™,
(1.9) {f, 1Al <t maxlogp|ozf (p)| > 0} | < t21+m)(1=48)/(AFm—40)+e

whrer the multiplicative constant depends on € only.



Examples. For m = 1, 2,4, the corollary specializes to the following bounds:
(i) For any ¢,60 > 0, and any p < t*,

{f, 1Al <t maxlogp|ozf (p)| > 0}] < t2(1740)/(1=20) e
(ii) For any €,6 > 0, and any p < 2,

{f, Al <t maxlogp|ozf (p)| > 0} <. {6(1=40)/(3=40)F¢

(iii) For any €,60 > 0, and any p < t,
(1.10) ‘{f, Il < 8, maxlog, o} (p)] > 9}‘ < 10010/ 10) e
j: b

Remark. The third region p < t had also been considered in [BBR14, Prop.1]. However there is an

41‘;} tJ is a priori smaller than 411°g ! in the exponent

inaccuracy due to not taking into account that {
of (1.6) (the same also affects [BBR14, Thm.l]). A remedy is to calculate that the infimum of

112?2 h})‘;gth for llzgzz € [0,1] is equal to 1 and attained as 12gp tends to £ . This yields a bound

< 12504 which is weaker than our bound (1.10).

1.5. Main ideas for the proof of Theorem 1.1. The main tool to prove Theorem 1.1 will be
Arthur-Selberg’s trace formula for GL(n) in which we insert a suitable family of test functions.
We are facing the two difficulties that the lattice subgroup SL(n,Z) is not cocompact, and that
the test functions are not of uniform compact support. Functions that are not of compact support
occur frequently for GL(2) and are more recent in higher rank [Blo13,ST16].

Since SL(n,Z) is not cocompact, there is a continuous spectrum which complicates the analysis
of the cuspidal spectrum. A lot of work has been done on this problem starting from the pioneering
works of Selberg and Langlands on Eisenstein series. Thanks to the description of the discrete
spectrum of GL(n) by Moeglin—Waldspurger, a satisfactory grasp of the spectral side of the trace
formula is achieved in [Miil07, LM09].

Our work then happens on the geometric side of the trace formula. As we shall explain now,
the approach is similar to that of [ST16], with several important additions. In the remainder of
this introduction we shall focus only on the trivial K -type x = x.. The global test functions
have the form (f - 7))y where 7 is as in Theorem 1.1 (a Hecke operator) and f is a smooth
bi- K -invariant function on G(R) compactly supported mod center. The support of the global test
function is not uniformly bounded because 7 is varying. To still make use of the Arthur—Selberg
trace formula, this demands a good understanding of the behavior of the orbital integrals over
G(A)-conjugacy classes of varying elements v € G(Q).

Arthur’s fine geometric expansion and splitting formula for (G, M )-families yield a decomposition
of global orbital integrals as a sum over certain Levi subgroups M, Lq, Ly containing M of products
of three terms

a™ (o, S)Jxf (0, 7)) I3 (v, 757,
where a (v, S) are certain global coefficients, f** is a function on L;(R) constructed from f, 74
is a function on Ly(Qg) constructed from 7, Jit (v, f*) is a weighted orbital integral on the L, (R)-

orbit of , and Ji?(v,75?) is a weighted orbital integral on the Lo(Qg)-orbit of v; see Section 11.
Here S is a ﬁmte set of primes such that 7 equals the unit element in the Hecke algebra at the
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primes outside of S. Our estimates need to be polynomial in S and 7, i.e., the remainder term
should be at most a power of ||7||.1(c(@y))-

We are going to estimate these three terms separately:
(i) The archimedean orbital integrals J1/ (v, f**) are the subject of Part 1. We establish an estimate
that is polynomial in v with a specific dependence on the function f, see the summary in the next
§1.6. A similar estimate was obtained in an unpublished manuscript of the second-named author
on the Weyl’s law with remainder term for SL(n,Z), however at the time without the polynomial
dependence on «, which we now achieve in this paper, notably thanks to Proposition 8.2.
(i) The first-named author [Mat15] has established an upper-bound for Arthur’s global coefficients
aM (v, 8) that is polynomial in v and S. Recent works of Chaudouard-Laumon [CL] and Chau-
douard [Chal5,Chal7] provide exact formulas, and logarithmic upper-bounds, however these cover
only a limited number of cases which is not sufficient for our purpose.
(iii) We establish in Part 2 uniform bounds for the non-archimedean orbital integrals J$ (7, 75) that
are polynomial in vy and 7, i.e., a power of D%(v,) (see below for a definition) and ||7s||11(c(0s))-
These bounds originate from the work of Shin and the second-named author [ST16, §7]. We
provide in this paper a complete treatment, which produces effective constants and is independent
of motivic integration methods [ST16, App. B].

1.6. Germ estimates for certain unbounded functions. Let G = GL,(R)! in this subsection.
Let Ty C G be the split maximal torus of diagonal elements. A Levi subgroup M C G is called
semi-standard if Ty, C M.

We want to estimate the weighted orbital integral J (v, f) in a uniform way in both v and f.
The uniformity in 7 is closely related with germ expansions. Germ expansions occur for example
when -~ is regular semisimple and approaches a singular element and have been first studied in the
work of Harish-Chandra [HC57]. The descent formulas apply to a fixed f, M = G and 7 a varying
semisimple element. An important result of Harish-Chandra, that we shall generalize, is that for
any f € C¥(G), there is a constant C'(f) > 0 such that for every semisimple element v € G,
|JS (v, )] < C(f). The dependence in f is studied by Duistermaat—Kolk—Varadarajan [DKV83],
also in the case M = G, but for v a fixed semisimple element.

Our main result is an estimate where both v and f vary. The uniformity in 7 is needed because
we consider varying Hecke operators 7 in Theorem 1.1. The uniformity in f is needed to take the
limit ¢ — oo in Theorem 1.1, because as is standard in the study [DKV83] of the spectra of locally
symmetric spaces, f depends on t.

The dependence on 7 is quantified by the Weyl discriminant

DY(v,) = |det(1 — Ad(va)lg/g)le = [ 11— pirj'le
1<i<j<n
PiFP;
for p1, ..., pn € C the eigenvalues of v, € G acting on R”. It is locally bounded and never vanishes,
however it becomes arbitrary small if v, is close to an irregular element (and is discontinuous at
these points).

Next recall that a is the Lie algebra of A C Tj, the connected component of the identity. We
identify a with the space of vectors (Xi,...,X,) € R® with X; +---+ X,, = 0. Let a* =
{(X1,...,X,) €a| Xy > ... > X,} be the positive Weyl chamber of a. Let K = O(n) be the
maximal compact subgroup of G. We then have a map

X:G—a"
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given by the Cartan decomposition, namely, for g € G the element X (g) € a™ is the unique element
such that g € KeXWK,

There are different ways to approach the dependence in f. We follow [DKV83] in using the
spherical Paley-Wiener theorem, however we then quickly differ from [DKV83], because we estab-
lish cancellations by integrating a different variable, see Section 8. Our approach naturally leads
to consider orbital integrals of functions of the form

g—= f@IX@I™, g€aq,

where f € C°(G) is fixed and n > 0. Note that the function is unbounded in a neighborhood of
K. In fact X(g) =0iff g € K.
Our first main result of Part 1 is the following:

Theorem 1.12. There exist constants n > 0 and B < oo depending only on n such that the
following holds. For any f € C(G) there is a constant C(f) > 0 depending only on n and f
such that for any pair (M,~) consisting of a semi-standard Levi subgroup M C G and an element
v € M with (M,~) # (G, +1),

| T3 (v FIX O < C(H D (7).

The theorem generalizes several previous results. Our starting point is Arthur [Art88b] who
showed that for any ~, the weighted orbital integrals f + J;(v, f) define smooth Radon measures
on G supported on the conjugacy class O;(7), the conjugacy class in G which is induced from
OM(y) = {ax7yx, x € M} in M (the unweighted case M = G is due to Rao).

Duistermaat—Kolk—Varadarajan [DKV83| studied in great depth the unweighted case M = G,
with ~ a fixed semisimple element, and f the zonal spherical function of spectral parameter u
multiplied by some characteristic function of compact support. Via the stationary phase method
and the study of singularity of the phase functions they are able to produce an asymptotic for
large frequencies (u — oo). Lapid-Miiller [LMO09] treated the weighted case M # G, with v = 1,
in a way similar to [DKV83]. This was extended by the first-named author [Matl17, §12] to the
case of split ~, using parabolic descent. Our present approach is completely independent, even in
the split case, and in fact we can recover the main results of [LM09, Mat17] from Theorem 1.12
and Proposition 8.2.

The other direction is if 7 varies. Our formulation allows a direct comparison with classical
germ expansions of Harish-Chandra [HC57] and Arthur [Art88b, §13] which correspond to n = 0
(then the test function f is smooth and bounded). The most recent result in this direction is
Arthur [Art16] who has generalized the descent formulas and germ expansions of Harish-Chandra
to the weighted case. If  is regular semisimple and n = 0, then it is shown in [Art16, §3] that the
bound J§ (7, f) < Cp(f)D% ()~ holds for any fixed B > 0 and that the constant Cz(f) can be
taken as a continuous semi-norm on C2°(G) that extends to the Harish-Chandra Schwartz space.

The relative position of K and O(7v) as submanifolds of G play a role in finding good bounds
for the weighted orbital integrals since f ~ J$ (v, f) is a distribution supported in the orbit
O(v) and the test function is unbounded in a neighborhood of K. If (M,v) = (G,+1), then
O(£1) = {£1} C K, and the test function f|| - ||~ is not defined on that point. The theorem
says that conversely the condition (M,~) # (G, =+1) is sufficient to obtain cancellations. Our
estimate is soft in the sense that the proof doesn’t require hard analysis estimates at the cost of
poor exponents (besides Arthur’s theory of weighted orbital integrals, our main analytic input is
a multidimensional van der Corput estimate with derivatives of order 2). From a representation-
theoretic perspective, the analysis in [Sar87] for n = 2 relies on the fact that Fourier transforms
of local weighted orbital integrals are explicitly known for the group SL(2,R).
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Remark 1.13. Tt is natural to ask whether the exponent 1/2 in Theorem 1.12 and Theorem 1.1 can
be doubled to match the bound of Selberg for SL(2). We will see in §8 below that the saving by
1/2 comes from our uniform estimate for zonal spherical functions, and as such it is sharp. There is
an additional saving by 1/2 to be gained in the orbital integral, via a geometric analysis of critical
manifolds. The idea is to combine our method in Part 1 with the final sections of [DKV83|.

To estimate the archimedean orbital integrals of (i) in §1.5, we eventually reduce with the help of
Theorem 1.12 to obtaining an estimate for zonal spherical functions ¢(g) that is uniform in both
A € ia* and g € G. This is achieved in Proposition 8.2 which is our second main result in Part 1.
It shows that the zonal spherical function ¢,(g) is uniformly small as soon as ¢ is away from the
identity at distance greater than the frequency |[A|[™!. Our proof is to apply a multidimensional
van der Corput estimate in combination with [DKV83]. Independently Blomer—Pohl [BP16] have
obtained the same estimate.

To gain further intuition of the role of the test functions f||X(-)||”" in the Weyl’s law it is
helpful to draw the analogy with Fourier analysis on R. Essentially the test function is the absolute
value of the sinc function whose Fourier transform is a rectangular pulse (the indicator function
in frequency of an interval [—¢,t]). Similarly f|X(-)||~" approximates the test functions whose
spherical transform capture the automorphic spectrum of Laplace eigenvalue less than ¢ and this
is how they appear in the proof of Theorem 1.1. See Section 8 for the exact formulas.

1.7. Convention. Throughout this paper the multiplicative constants in <, >, =, O() should
be understood to depend on n and could in principle be made explicit. Although we don’t pursue
this direction here, it would be interesting to understand the trace formula on GL(n) in the limit
as n — 0o, see e.g. [Mil02].

2. SYMMETRY TYPE OF FAMILIES AND LOW-LYING ZEROS

We fix a W-invariant non-empty bounded subset Q C ia* with piecewise C%-boundary. For any
n > 2, we define a family of even Hecke—Maass cusp forms §eyern, consisting of unramified spherical
representations with spectral parameter in the open cone R 2. Thus we let for all t > 1

Seven(t) := {7 € chsp(G(A)l), Ar € tQ, 77 # 0 and 7, spherical}.
If n is even we define similarly
Soaa(t) :={m € HCUSP(G(A)l), Ar € 1Q, 757 #£ 0 and 7, with K -type x_}.

In the sequel we let § be either Feyen Or Foaa. The Weyl’s law as in Theorem 1.1 and [Miil07] shows
that |§(t)| ~ Aq(t) as t — oc.

2.1. Principal L-functions. We attach to every representation 7 the principal L-function L(s, 7, std).
We denote by C(t) the average analytic conductor for m € §(t). We have C'(t) < t" as t — oo.
The zeros A(p, 7,std) = 0 are inside the critical strip, that is 0 < Rep < 1.

Theorem 2.1. Let k > 1 and @4, ..., P, be entire functions whose Fourier transforms are smooth
and have small enough support. The average k-level density of low-lying zeros

1 M g
(2.1) WWE%) 21: o, (% log C’(t)) Dy (ﬁ logC(t))

pj=5+i;
j=1...k

where the second sum is over k-tuples of zeros A(p;,m,std) = 0, converges ast — oo. The limit
coincides with the k-level density of the eigenvalues of the U(oco) ensemble if n > 3. If n = 2, the
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limit coincides with the k-level density of the eigenvalues of the SO(even) ensemble for § = Feven
and the k-level density of the eigenvalues of the SO(odd) ensemble for § = Foaa-

The sum (2.1) encodes deep information about the correlation of low-lying zeros of L(s, m,std).
The theorem is a partial confirmation of the Katz-Sarnak heuristics [KS99,SST16] for this family.
We emphasize that the result is entirely unconditional (and similarly for Theorem 2.4), for example
we do not need to assume the GRH because the functions ®; are entire.

If n = 2, that is for classical Hecke-Maass forms on SL(2), the same result recently appeared in
the work of Alpoge-Miller [AM15], and is also to be compared with [ILS] in the holomorphic case.

Example 2.2. If k£ = 1, the limit of (2.1) is fj;o Oy (x)dx. If k=2, the limit is

sin7(z — 22)]°

/R EACHLACH {1 | dmde

In general the k-level density of the U(co) ensemble is given by the determinant of the Dyson
kernel [KS99].

2.2. Functorial lifts. Next we want to consider more general L-functions. Since every 7 € § has
trivial central character, the L-group is SL(n,C). The symmetric square L-function L(s, ,sym?)
comes from the representation of SL(n,C) on Sym*C". It has degree n(n + 1)/2. The exterior
square L-function L(s,m, A%) comes from the representation of SL(n,C) on A?C". It has degree
n(n —1)/2. The adjoint L-function L(s,w, Ad) comes from the adjoint representation of SL(n, C)
on sl(n,C). It has degree n*> — 1. It is useful to note that L(s,m x 7) = L(s, m,sym?)L(s, 7, A?)
and L(s,m x m) = ((s)L(s, 7, Ad). All these L-series converge absolutely for Res > 1.

Example 2.3. For n = 2, L(s,m,A?) = ((s) because 7 has trivial central character, and also
L(s,m,Ad) = L(s,w,sym?). For n = 3, L(s,m, A?) = L(s,7,std). There are no other relations
between these L-functions for general representations .

The analytic continuation and functional equation of the exterior square are known from either
the Langlands-Shahidi method, or the Jacquet-Shalika integral representation, see [CM15] and
the references there. For the symmetric square it is known from either the Langlands-Shahidi
method or the Bump-Ginzburg [BG92| integral representation. For our purpose the choice of the
construction is irrelevant since it doesn’t change the location of the zeros inside the critical strip.!
The meromorphic continuation and functional equation of the adjoint L-function follows from
Rankin-Selberg theory for A(s,m x 7) and by quotienting by ((s). Thus, for each of the above
L-functions, we can speak of its zeros p; = % + 47y; and form the associated density statistics.

In each case we denote by Cyym2(t), Cr2(t) and Caq(t) the average analytic conductor for m € F(t).

n(n+1) n(n—1)

We have Cyme (1) <72, Crz(t) <t~ 2z and Caq(t) < "1 respectively as t — oo.

Theorem 2.4. The average k-level density of the low-lying zeros p; of the symmetric square L-
functions N(p;, m,sym?) =0 (resp. exterior square L-functions A(pj, m, A?) if n > 3, resp. adjoint
L-function A(p;, 7, Ad)) converges as t — oo if the Fourier transforms of ®q,..., @) are smooth
and have small enough support. The limit coincides with the k-level density of the eigenvalues
of the U(o0) ensemble for the symmetric square and exterior square if n > 3, and of the Sp(co)
ensemble for the adjoint.

'In both cases the local L and 4-factors are conjectured to agree at ramified places with those obtained by local
Langlands correspondence but we shall not need this.
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Example 2.5. For k = 1 and for the zeros of the adjoint L-function, the limit of (2.1) is

/OO O, (z) [1 - Sig 2”] da.

o T

In general the k-level density is given by the determinant of the Dyson kernel for Sp(co) [KS99].

2.3. Essential cuspidality. In establishing the above density statistics of the zeros, one needs
to control the poles. All of the representations std, sym?, A2 and Ad of SL(n,C) are irreducible.
Following [SST16] we say that each of the associated families are essentially cuspidal. Essentially
cuspidal families of L-functions are expected to have negligible number of poles on average which
we shall now verify for each family in turn.

The completed L-functions A(s, 7, std) are entire so there is nothing to verify for the family of
standard L-functions.

The completed Rankin-Selberg L-functions A(s, 7 x 7) have a simple pole at s = 1 and therefore
A(s, 7, Ad) is holomorphic at s = 1. The other possible? poles of A(s, 7, Ad) are the zeros of ((s)
inside the critical strip. Since these potential poles are fixed, thus independent of = € §(t), they
are negligible in the limit ¢ — oo of the average k-level density of the low-lying zeros. Indeed the
explicit formula for A(s, 7 x ) will capture the zeros of A(s, 7, Ad) while the extra zeros of ((s)
are negligible in the limit since @4, ..., ®; are of rapid decay.

For the symmetric square and exterior square L-functions we shall need the following result:

{7 € §(t), A(s,m,sym?) is entire}|

lim =1,

t=0 ()]
and similarly for A(s, 7, A?) for n > 3. Since L(s, 7 x ) = L(s, m,sym?)L(s, 7, A?), the representa-
tion 7 is self-dual if and only if the symmetric square or exterior square L-function has a pole. Thus
it is equivalent to establish that for n > 3, the number of self-dual automorphic representations in
§(t) is negligible as t — co. The precise statement is as follows:

Proposition 2.6 (Kala [Kal]). For every n > 3, the following upper bounds hold

7L2 n
{m e Ft), A(s,m,A\%) has a pole}| < t .
n271 . .
‘{ﬂ- = %(t)7 A(Svﬂ-usym2) hCLS a pOle}‘ < tn; an &) Odd;
s if n is even.

Proof. The assumptions in [Kal] are somewhat different, so we repeat the argument for the sake of
completeness. If T € F(t) is such that L(s,m, A?) has a pole, then Arthur’s classification says that
n is even, and that 7 descends to a cuspidal automorphic representation o of the split orthogonal
group SO, 1, see [CKPSS04, Thm.7.1] and [GRS11]. If 7 € () is such that L(s, 7, sym?) has
a pole and n is odd, then Arthur’s classification says that m descends to a cuspidal automorphic
representation o of the split symplectic group Sp,,_;, see [CKPSS04, Thm.7.2] and [GRS11]. If
7 € §(t) is such that L(s,7,sym?) has a pole and n is even, then since the central character of
is trivial, because 7 is spherical and unramified, Arthur’s classification says that = descends to a
cuspidal automorphic representation o of the split orthogonal group SO,,, see [CKPSS04, Thm.7.2]
and [GRS11]. (If the central character of m were non-trivial, then the descent would be to a quasi-
split orthogonal group.)

21t is conjectured that A(s,m, Ad) is entire, i.e., ((s) divides L(s, 7 x 7). This is known for n = 2,3,4,5 by the
works of Shimura, Ginzburg, Bump—Ginzburg and Ginzburg—Hundley respectively.
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The condition 7%/ # 0, equivalently that m, is unramified for every prime p implies that o, is
also unramified. This is established in [CKPSS04, Thm.9.2] via a case-by-case analysis.

There is a linear relation between the infinitesimal character A\, of 7, and the infinitesimal
character A, of 0, see [Kal, Thm.3.3.2]. In particular, the condition A\, € ¢ implies A\, € {2’ for
some open bounded (2.

The upper bound of Donnelly [Don82] towards Weyl’s law gives an estimate for the number
of automorphic representations o that satisfy the above conditions (that is, cuspidal, unramified,
and spherical with \, € ¢€’). Namely, the number of such representations is at most < %, where
d' is the dimension of the symmetric space of the corresponding (split) classical group, that is

d/ _ n%+2n n?—1

=, resp. d = "—, and d' = %2 in the respective three cases. This concludes the proof of

the proposition. O

2.4. Homogeneity type. As p — oo the Plancherel measure p, converges to the Sato-Tate
measure on S'"/&,, attached to the Haar measure on SU(n) by [ST16, Prop.5.3]. Theorem 1.1 is
the Sato-Tate equidistribution for the family §.

Following the terminology in [SST16] we can identify the respective homogeneity types by com-
puting the Frobenius-Schur indicators. The representations std, sym? and A? are non self-dual,
with the exception of std for n = 2 which is self-dual symplectic. (This case is already handled
in [AM15].) The representation Ad is self-dual orthogonal because it preserves the Killing form on
s[(n, C) which is bilinear symmetric and non-degenerate.

2.5. Proof of Theorems 2.1 and 2.4. This is similar to [ST16, §12], and combines the following:

e the Sato-Tate equidistribution Theorem 1.1 for the families Feven and Foqq, where the
exponent A determines the size of the support of the Fourier transform of the test functions
®q,..., Pk, and the homogeneity type is determined in §2.4;

e both Feven and Foqq are essentially cuspidal as explained in §2.3;

e both Feven and Foqq have rank zero in the sense of [SST16] because fsW/en by = O(%)

for each of the respective polynomial functions ¢(z) = tr(x), ¢(x) = tr(sym?(z)), ¢(z) =

tr(A?(z)) and ¢(x) = tr(Ad(z)). This is also established in complete generality in [ST16,

Lem.2.9] using combinatorial results from [Kat82].

We omit the details since they are rather standard and one of the purposes of [SST16] was to
organize the properties of families in such a way that a formal verification becomes straightforward.

2.6. The average root number. Let ¢ be the standard additive character on Q\Aq. Since both
7 and ¢ are unramified at all finite places we have €(3,7) = €(3, oo, Voo

If 7 is spherical then e(%,woo,@boo) = 1 while if 7o, has K, -type x_ then e(%,woo,woo) = —1.
Thus even (resp. odd) unramified Maass cusp forms have root number equal to 1 (resp. —1), which
in the classical language [Gol06, §9] is related to the W-eigenvalue as in §1.2 and equivalently to
the relation Ap(1,...,1,—1) = €(3, f). If n is odd then all Maass forms are even, while if n is
even we have seen that |Feven(t)| ~ |Toaa(t)| ~ Aq(t) as t — oo, and therefore the root number is
equidistributed between +1.

3. AVERAGE BOUNDS TOWARDS RAMANUJAN

3.1. Proof of Corollary 1.8 and Corollary 1.9. We shall apply the Sato-Tate equidistribu-

tion in the version of Theorem 1.4. For v € C™ write ||y = max |al)|. Choose symmetric
IIKN
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polynomials ¢y, ..., ®s as in Lemma 3.1 below so that
[do(@)[* + -+ + [¢s(a)* > |af2

for all @ € C". Form the conjugate Laurent polynomials
¢_¥(x17"'7xn) = ¢j(x_1_17"’7x_n_1)7 0<]<n7

and let ¢ := (¢odY)+- - -+ (¢s¢Y). In fact, Lemma 3.1 shows that we may arrange that deg(¢) = 2,
where deg(e;) = 1 for 1 < i < n— 1. For large k € N, to be chosen later, put ¢(z1,...,x,) =

(%, ... 2F) so that the degree of ¢ equals k deg(¢) = 2k, and the coefficients of ¢ are the same
as the coefficients of ¢, hence bounded by some constant a > 0 depending only on n. Note that
fSln/Gn dpp is bounded by sup, . |¢(a)] = supjy—; [p(a)] =: b > 0, which is also constant
indepent of k.

For any unramified irreducible unitary representation m of PGL,(Q,) with Satake parameter
€ (C*)"/6,, we have
¢la) = trm(r) = [do(@")] + - + |s(a®)* > |al,
where of = ((aM)* ... (a™)*). We have that « is unitary in the sense that
1 1
}.

(1 () —
a o« = .
{ b=A D

T am
This implies ¢ (a*) = ¢;(ak).
Denote by N the left-hand side of Corollary 1.8, that is, IV is the number of Hecke-Maass cusp
forms f with [[Af|| <t and [ay(p)|e = max |a§3)(p)| > p’. By the above inequality for ¢(a), we
IIIN
have

Np™ <Y glag(p)),
7

where now f runs through all Hecke-Maass cusp forms with |[Af|| < ¢. We apply Theorem 1.4,
together with the above properties of the function ¢ to conclude that this is bounded by

< bAg(t) + acy ™13,

where we recall that Aqg(t) ~ b,t? for some constant b;. We choose k := LJ&%J to be the largest

integer < 4,?1%2;;' We obtain

N < p_QL&%JG(bbltd + aclt%td—%) < t_$L§J9(6b1 + CLCl)td

with ¢ := 1/(2A), a constant depending on n, and z = %ggtp. This concludes the proof of Corol-
lary 1.8.
If instead we choose k := { Aﬂing + 1, then we obtain

N <p‘29(L5J+1)(bb1 _l_acl)p2A(|_§J+1)td—%.
This concludes the proof of Corollary 1.9.

Lemma 3.1. There exist symmetric polynomials ¢y, ..., ¢s € Clzy, ..., 2,]%" such that

max (|do(a)l, ..., [s(a)]) = |l

for all € C™. In fact, one can take s = n, and multiples the elementary symmetric polynomials
€0, €1, - - -, €y for the polynomials ¢y, . . ., ¢n.
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Proof. For an integer m € {0,...,n}, and z = (x1,...,x,) € C" let

m

¢m(x) = —' Z xo‘(l) Lt Zlfo—(m)

m! (n —m)! =

be a multiple of the elementary symmetric polynomial of degree m in n variables. In particular
¢o = 1. Let Tpax € {1,...,2,} be such that [Tyax| = |7] = maxicjcn |2;|. Let 2= € C"! be
the vector obtained from x by omitting the coordinate x,,.,. Then for every 1 < m < n

O (T) = 2ZmaxPm—1(27) + (7).

Hence we have either

(3.1) |9 ()] Z |Tmax||@m—1(z7)],
or
(3.2) |G (27)| 2 |Tmax||@m—1(z7)].
The inequality (3.1) holds for m = n. Hence we can let mg be the smallest m € {1,...,n} such

that (3.1) holds. For every 1 < m < mg — 1 the inequality (3.2) holds so that

N
|¢m0_1(17_)| = |xmaX||¢mo—2(I_)| Z .2 |ImaX|m0_1'
Therefore,
|Prmo ()] 2 [Tmax||Pmo—1(7)] 2 |Tmax| ™

Hence the lemma follows with s :=n 41 and ¢; :== ¢;_;, for j=1,...,n+ 1. 0J

We see that the constants in Corollary 1.8 depend on the choice of polynomials in the above
lemma which in turn depend on n only.

If 7 is an irreducible unitary representation of PGL,(Q,) then, the associated Satake parameter
o € C" is unitary and o) --.a(™ = 1. For the application to Corollary 1.8 it would have been
sufficient to establish Lemma 3.1 with these two extra conditions on o € C". This can be exploited
for n = 2 as shown below. For general n we have decided to establish the lemma in this stronger
form since the proof is essentially the same.

Example 3.2. For n = 3 consider the Schur polynomial s ). Blomer-Buttcane-Raulf [BBR14]
estimate the average of |[A;(p',1)|** = |s(,0,0)(«)|** in the Kuznetsov trace formula. The property
used there is that |s0)(e)| is approximately greater than |a|'s!(Jals — 1) for all unitary a €
(C*)3 /&3 such that aMa®a® = 1. Since |a|, may be arbitrary close to 1, this forces [BBR14]
to choose [ large enough depending on 6 which makes their final result less explicit than our
Corollary 1.8. The difference with our approach via Lemma 3.1 is that our test polynomials ¢
constructed above have stronger approximation properties. One could combine our construction
with the strong estimates for the Kuznetsov trace formula for SL3(Z) in [BBR14, BZ] to improve
on the average bound towards Ramanujan in [BBR14, Thm.2]. We haven’t pursued the details
here.

3.2. Proof of Theorem 1.10. Assume for the remainder of this section that n = 2. All unitary
a € (C*)?/6, with aMa® = 1 satisfy either that [aV)| = |a®| = 1 (tempered parameters), or
a® a® € R* (non-tempered parameters).

Let ey (x1,x2) = @1 + x2. The average bound towards Ramanujan in [Sar87], resp. in [BBR14],
is established by averaging A;(p)* = e;(as(p))* in Selberg trace formula for SLy(Z), resp. in
Kuznetsov trace formula for SLy(Z).
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Instead, following our construction above, we shall average

(P @) +aP @) = (A0~ A F ) = Agh 22 + A — 24,5 A (0), k> 2

in Kuznetsov trace formula. If k = 1, then we shall average (a} '(p) + a(z)( )= As(p)* Itk =0,
then we average (1 + 1)? = 4, which of course yields a trivial bound, though it is ok to include it
(this corresponds to that (1.7) is trivial in the region p* > t).

The approximation property we shall use is that ‘a(l)k + a(z)k’ > |a|® for every unitary a €

(C*)?/6&, with aWa® = 1 and every k > O The rest of the proof is identical to [BBR14, §2].
Note that u; in [BBR14] is our f, and A; = § + ¢ is our [|Az]|>. We obtain:

N < S (0P )+ aP)) < (24 ph)
IAsll<t

where N is the number of Hecke-Maass cusp forms f with ||[Af|] < ¢ and max|a V()| > p’.
i=

Choosing k = h};;gth , we have t2 > p2, and we deduce the estimate (1.7). Choosing k = Hl)‘;gp tJ +1,

we have ¢ < p2, and we deduce the estimate (1.8). O

3.3. Proof of Corollary 1.11. Fix 6 € [0,] and let = 21(1)‘?;. Taking the minimum of (1.7)
and (1.8), we need to study the function

r@):mm<2—xtﬂeﬂq;J+1X%—@).

It is not difficult to verify that r is function. We have r(£) = 2 — 8 for every integer m > 1.
Restricted to the subinterval x € (=55, 2], we have |2] = m, hence r(z) is the minimum of two
affine functions of z, which can be seen to increase from its minimal value r( ) =2 — 80 to its
maximal value
8 B 8mf  2(1+m)(1—40)
Q+m—w)__d+m—w_ 1+m—40

and then decrease from there to its same minimum value r(%) = 2 — 86. Since the sequence
2(1+m)(1—46)

is decreasing as the integer m increases, we deduce

14+m—40
2(1 1—40
max r(z) = max r(z)= (1 +m)( ),
0<e< g <e<E 1+m — 46
for every integer m > 1, which concludes the proof. O

Part 1. Local theory: Real orbital integrals

General (weighted) orbital integrals were defined and studied by Arthur in a series of papers on
establishing the trace formula for general reductive groups over number fields. In this Part 1 we
establish all the necessary estimates at the archimedean place for the group GL(n) over R.

The properties of orbital integrals are rather mysterious even in the unweighted case and the
weights introduce more difficulties. The literature contains some versions of germ expansions, and
descent formulas but they are not directly applicable. It seems that a direct approach only exists in
the unweighted and regular semisimple case which we present in Section 6. It would be interesting



19

to refine the existing framework even further along the lines of [Art16]. For example the local trace
formula at the archimedean place should come forth since it is implicit in what we are doing.

In the end we develop the material from the outset and shall rely in an essential way on Harish-
Chandra’s and Arthur’s theorems and on analytic techniques such as the multidimensional van
der Corput inequality. As mentioned in the introduction, we hope to return in a subsequent work
to establishing sharp estimates where the idea will be to replace the van der Corput inequality by
a combination of germ expansions and semiclassical estimates for Morse-Bott functions that vary
in families.

The most important step of our approach is contained in Section 8 with a uniform estimate
on zonal spherical functions which seems to have been missed despite their rather comprehensive
study since the 60’s.?

At a coarse level, Part 1 contains the main ingredients to establish the remainder in Weyl’s law
with respect to the spectral parameter, and Part 2 is concerned with the polynomial control of
the geometric side. We expect that Part 1 and therefore Theorem 1.12 extends to general groups.
Our argument is fundamentally different from [Mat17] who treats the case of GL,,(C). In Part 2,
there are obstacles to work with general groups, both of local and global nature, such as the global
Arthur coefficients, and bounds for the residual spectrum.

4. PRELIMINARIES

4.1. Notation. We work with the group G = Ag\ GL,(R), where Ag ~ R. is the group of scalar
diagonal matrices with positive real entries. We can identify

G =~ GL,(R)! = {g € GL,(R) | |det g| = 1}

which is convenient to write down explicit matrices and examples. Hence G can also be identified
with the R-points of an algebraic R-group. Let

Ge = GL,(C)' = {g € GL,(C) | | det g| = 1}

with | - | : C — Ry the usual absolute value. Let K = O(n) be the usual maximal compact
subgroup of G, and K¢ = U(n) C G¢ the usual maximal compact subgroup of G¢. (Note that K¢
is not the complexification of K.) Let K° = SO(n) C K be the identity component of K.

Let Ty be the diagonal torus of G and Py be the Borel subgroup of upper-triangular matrices
so that Py = TyUy for Uy the unipotent radical of F,. We call a parabolic subgroup standard
if it contains F,, and semi-standard if it contains Tj. Similarly, a Levi subgroup will be called
semi-standard (resp. standard) if it is the Levi component of some semi-standard (resp. standard)
parabolic subgroup. If M C @ is a semi-standard Levi subgroup, we denote by L£(M) the set of
all Levi subgroups in G containing M, by F (M) the set of all parabolic subgroups containing M,
and by P(M) the set of all parabolic subgroups with Levi component M. All these sets are finite.
If P € F(Ty), we denote by Up the unipotent radical of P, and by Mp the Levi subgroup of P
containing 7j.

Let W denote the Weyl group of the pair (Ty, G). If H C G is a Levi or parabolic subgroup, and
T C H a split torus, we denote by ®(T', H) the set of roots of T on H. We write & = ®(Ty, G),
and & = ®(Ty, Up) for the usual set of positive roots of To on G. Similarly, if M € L(T}), we put
M = ®(Ty, M) and M+ = &(Ty, Uy N M). Let Ag C ®T be the set of simple roots in ®F.

Let a := af = Lie A C g := Lie G, where A C G denotes the subgroup of all diagonal matrices
diag(ay,...,a,) with a;,...,a, € Rygand a; - ... a, = 1. We identify a with the subspace of R"

3This estimate has also been established by Blomer—Pohl [BP16], independently of our work, and for a different
purpose.
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consisting of all vectors X = (Xy,...,X,) with X; +...+ X, =0. Let || - || : R — R denote
the usual Euclidean norm. This then also defines a WW-invariant norm on a.

If P= MU € F(Ty), let Ay := A§;, € M be the identity component of the center of M, and
ay = ap = Lie Ay;. M then equals the direct product Ay, x M! where M! = N, ker [x| with x
running over all unitary characters of M. Hence we get a map

HPZG—>Clp

characterized by the property that ¢ = eP?@muk with m € M', w € U, and k € K. If P = P,
we write Hy = Hp,.

4.2. Distance functions on G/K. For any g € G, we define

£(g) = log (M) :

n

where g7 denotes the transpose of g. We have the Cartan decomposition G = K AK, and for any
g € G we denote by X(g) an element of a such that g € KeX@WK. Then X(g) is unique up to
Weyl group conjugation, and we can identify X (g) with an element in the quotient a/W. To make
choices definite we can take X (g) to be an element in the closure at of the positive Weyl chamber
at ={X €a|VaeAy: a(X)>0}. Then X(g) is unique.

Remark 4.1. (i) The mappings g — X(g) € at and g — £(g) € R, are specific to our choice of
maximal compact subgroup K and Cartan involution g — (g7)~!.

(ii) £ is a bi-K-invariant function.

(iii) For any g € G we have £(g) > 0 or, equivalently, tr(g7g)/n > 1. This is because tr(g¥g)/n =
(€14 ...+ &) /n > det(gTg)V/" =1, where &, ..., &, are the eigenvalues of g”g which are all
real and positive. There is equality £(g) = 0 if and only if ¢ € K (because this happens if
and only if & = - =&, =1).

(iv) £ has a canonical extension to G¢ which satisfies all of the above properties (with K¢ = U(n)
instead of K'). Namely, £(g) := log (tr ng/n) for g the complex conjugate of g.

Lemma 4.2. If B C G is a bounded set, then for any g € B we have the inequalities
X (9)]1* <5 £(9) < 2[|X(9)]]-

Proof. We use the Cartan decomposition g = kjeX@k,. Tt yields g7g = ky'e?*X@Wk,. Thus taking
traces we obtain
tr(ezx(g))
£(g) = log ——.
n

Since 1 < tr(e2X9)) /n < 21Xl the second upper bound of the lemma is clear.

For the lower bound we use a sharp version of the arithmetic-geometric mean inequality from [Alz97].
Write X(g) = (X1,...,X,) € R", X3 +...4+ X, =0. Then

1 1 1« _ .
—tr(e**@) — 1> " Z(“/’ZXZ —1)*>p ZXE = [|X(9)II",

= .
n 2 maXZ:l 7777 n 62XZ n i=1 i=1

where the second lower bound holds because the X; are bounded above and below (depending on
the choice of B). Hence, taking the logarithm, and using again that || X (g)|| is bounded above, we
obtain £(g) >5 || X (g)||*> which is the first inequality of the lemma. O
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Lemma 4.3. Let P = MU be any semi-standard parabolic subgroup in GG. Then for any g € G
£(g) = max (£(m), £(Id +m(u — 1d)))
for g = muk an Iwasawa decomposition of g with respect to P and K.

Proof. Let ¢ = muk be the Iwasawa decomposition with respect to P as in the lemma. There
exists € G such that P’ = 7! Px is a standard parabolic with Levi M’ = ! Mz and unipotent
radical U’ = 27 'Uxz. In fact,  can be chosen in the set of representatives of the Weyl group in K.
Let m; = 2 'ma € M’, and u; = v~ 'ux € U’. Then

£(g) = L(mu) = L(myuy) = L(my + (myug —my))

~log <tr mim, (miuy — my)T (myug —my)

m
+ 2tr —+
n n

+ tr

1 (mauy —ml))

= log <tr mle1 + tr (1w — ml)T(mlul — ml)) )
n

n

where we used tr(m?myu;) = trm?m; for the last equality. Since tr(m?m;) > n = tr(Id” Id), and
tr((myur — mp)T (myug —my)) = 0, we get £(g) = £(Id +my(u; — Id)) as well as £(g) = £(m;).
Using the definition of m; and u; and the bi- K-invariance of £, we can replace m; by m and u,
by u in these inequalities and obtain the assertion. 0

4.3. Weyl discriminant. Let D% be the Weyl discriminant, that is, if ¢ € G is a semisimple
element, let

D%(g) = det (1 — Ad(g); 9/g,) ,

where g, is the Lie algebra of the centralizer C(g). More generally, if g € G is arbitrary, and g
is the semisimple part of g in its Jordan decomposition, we also write D%(g) := D%(gs).

The relationship between the Weyl discriminant D%(g) and || X (g)]|, £(g), is less tight in general.
There is no hope for a lower bound for D%(g) if we let g vary over all of G. This is due to the fact
that the map g — D%(g) has singularities if g changes its “singularity type”, that is, if the rank
of the semisimple centralizer C;(gs) changes.

Lemma 4.4. For any g € G, |DG(g)|ﬁ < e*9) where the implied multiplicative constant
depends only on n. In particular |D%(g)| < "= DIX @I

Proof. We have that the absolute value |D%(g)| of the Weyl discriminant can be expressed as the
absolute value of some homogeneous polynomial of degree n(n — 1) in the (complex) eigenvalues
AL,y ..., A\p of g € G, with the polynomial depending on the singularity type of g. Indeed, we claim

that
D)l = T[T =N JT 1l
(2,5): 377, (2,5): 377,
Xi#N; X=X,

(For example if n = 3 and g has repeated eigenvalues A, Aj, Ay, then |A\;[2|A2] = 1, and |D%(g)| =
A1 — Xo|?|A1]2.) To establish our claim, write

Dwl= ] i

1- 2% =
A
(4,3): NN

IT =X I

TV (i) M (,9): Xi#X;
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and clear the denominators in the second product as follows:

I it =11 w11 = I
(4,9): AN (4,9): 37, (4.9):1#7 (4,9): 177,
Xi=X; Xi=X;
where we used for the last equality that [[, |\i| = |detg| = 1.

The Gershgorin circle theorem implies that the largest eigenvalue of a matrix is bounded by
the largest sum of absolute values of elements in a row. Since every element of g is bounded
in absolute value by tr(gg”)2, the largest eigenvalue of ¢ is bounded by n2e®@/2  and the first
assertion follows.

Lemma 4.2 then yields the second asserted upper-bound for |[D%(g)|. O
Example. The regular element g = diag(a,2a,---,(n — 1)a, W) is such that |D%(g)| <

2

a™™ Y and e*¥) < q? as a — oo. Hence the exponent n(n — 1) in Lemma 4.4 is sharp.

4.4. Norms on groups. We define a norm on G by setting

lg| = el Xl

where g = k1eX@Wk, € K exp(a)K is the Cartan decomposition of g as before. We extend the norm
on G¢ analogously to the real case: if g € G¢, we put |g| = elXll for g = k1eXky € Kcexp(a)Ke
the Cartan decomposition of g. We have the properties: |g| > 1, |g| = [¢7'|, and |g192] < |g1]]g2]-
This notation is well-defined if we consider g € G' as an element in G¢ since X(g) is the same in
the Cartan decomposition for G and for G¢.

1

n(n 1)

2
Lemma 4.5. For any g € G, || X(g)] < Ve L e etl9),

Proof. Write X (g) = (X1,...,X,) € R", Xj +...4+ X,, = 0. Then it is not difficult to verify that
IX(9)ll = (D X2)7 < v/nln — 1) max; X;,

with equality achieved for the vector (1,1,---,1,1 —n). On the other hand
logn + £(g) = log(z e**) > 2max; X,

which establishes the claim. U

(logn—i- £(g)). In particular, |g

Lemma 4.6. There exist constants c,ci,co > 0, such that if g = muk € G¢ with k € K¢ and

mu € P = MU for P a standard parabolic subgroup in G¢, then |m| < ¢|g|®, and |u| < ¢|g|®.

, Vn(n=1)
More precisely, we can take c =n"" 2 ' ,e=+/n(n—1), and co = \/n(n —1) + 1.

Proof. We can assume without loss of generality that £ = 1. Hence
2
|m| Ve - e®M L 9 Lo 2RI =gy [g)2,

where the first estimate is Lemma 4.5, the second inequality is Lemma 4.3, and the third inequality
is Lemma 4.2. This establishes the first estimate. For the second estimate of the lemma, we write

n(n—l)-{—l‘ 0

[ul = [m ™ mal < |mljmul < n

Lemma 4.7. Let ¢, c1,co be as in Lemma 4.6. Suppose g € G has Jordan decomposition g = g5,
with gs semisimple and g, € Cg(gs) unipotent. Then

9| < clg|®, and |gu] < clg]®
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Proof. There exists k € K¢ such that k~'gk is upper triangular, more precisely, k~! ¢,k is diagonal,
and k~'g,k is an upper triangular unipotent matrix. The assertion then follows from the previous
lemma and |g,| = |k~ g.k|. O

We note that there is a p-adic analogue of these norms, see e.g. [BT72, (4.4.4)] for the proof of
submultiplicativity, and [Art91, §4] for some other properties.

5. SETTING FOR THE MAIN ESTIMATE

This section is to set up the notation and give some preliminaries for the proof of Theorem 1.12
which will be given in Section 7.

5.1. Twisted Levi subgroups. For M € L := L(1}), consider the maximal tori contained in M,
not necessarily R-split. There are only finitely many M-conjugacy classes of such maximal tori.
We shall choose a finite set T of representatives T for these conjugacy classes such that the
minimal Levi subgroup L C G containing T is semi-standard, that is, L also contains the torus 7.

Such a set of representatives can be realized as follows. Let ri,ry € Zso with r + 2ry = n.
Consider the maximal torus 7}, ,, = (GL;)™ x (Resc/r GLl)T2 embedded diagonally in GL,,. Here

and in the following we identify (Resc/r GL;)(R) = GL;(C) with R*SO(2) € GLy(R). More

precisely, 7], . (R) consists of matrices of the form

. a ar, byr
(51) dlag (tla' <. 7t7“1’ (—111 21) yt (—be llri))

with t1,...,t,, € R* and (a1,b1),..., (an,b,) € R*\{(0,0)}. Let T, ., be the subset of all
elements ¢ € T, . with |dett| = 1. The minimal Levi subgroup in GL, containing 7 ,, is the

diagonally embedded (GL;1)™ x (GLg)™, which is standard. The same holds for 7, ,, C G, and
we can take

7:11Gax = {Trl,rz | r1,79 € Zg, T1 + 2ry = n}.

If M € L is arbitrary, it is conjugate by a Weyl group element w € W to the standard Levi
subgroup (GL,, X ... x GL,,) NG, for suitable integers ny,...,ns € Z=1, ny + ...+ ns =n. The
set TM can then be chosen to consist of tori which are w-conjugates of concatenations of elements
of the form (5.1) with overall |det | equal to 1.

A twisted Levi subgroup is an R-subgroup L C G such that Lc = L ®g C is a Levi subgroup
in Ge. For T € TM ‘let LM, (T) be the set of all twisted Levi subgroups in M containing 7" and
having the same R-rank as 7.

These can again be described in terms of restriction of scalars as follows. Any L € LG . (T}, )

is of the form (L1 x Resc/r L2) NG for some semi-standard Levi subgroups L' € £ ®) and L? €
LE%2(©) which both contain the maximal diagonal torus of GL,,(R) and GL,,(C), respectively.
(The reader may take this description as a definition because it is how these subgroups shall arise

in below). Both T, ,, and L have R-rank equal to r; + ro — 1. To be precise, we embed here
(Resc/r GL,,)(R) = GL,,(C) into GLgy, (R) by the map

a11 bii ... A1rqy blm
a1y + Zbll Ce A1ry + Zblrz _bll a1y Ce _blrz A1ry
Ary1 + b1 oo gy + by, Ary1 bry1 oo Qrgry gy

_szl Ary1 - - _br’zr’z Qrorg
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Since there are only finitely many ry,79 > 0 with 71 + 2r, = n and since the sets £ ®) and
LE%2(©) are both finite, it follows that LS. (T}, ) is finite. A description of LM, (T) for general
M e L and T € TX can be obtained by w-conjugation as above, in particular LM (T') is again
finite.

Lemma 5.1. For every M € L, and every semisimple element o of M, there exist an M -conjugate
o' of o, a torus T € TM , and twisted Levi subgroups L, € LM. (T) and Ly, € LG, (T) with
L, C Ly such that

(52) 0'/ c T, CM(O'/) = Ll, Cg(O'/) = Lg.

Proof. It is automatic that C(0’) is a twisted Levi subgroup because Cg(0') @r C = Cg.(0') is
a Levi subgroup of G¢. It follows from the other assertions that Cg(¢’) = Lo is an element of
L& . . (T). Thus we restrict to constructing 7" and L;. Without loss of generality we may then only
consider the case M = G.

We have that o is G-conjugate to ¢’ := diag(gi, .-, Grys Grit1s - - - Gritry) With 71 + 2ry = n,
Gri41s - -+ Grpam € R*SO(2) with irreducible characteristic polynomial, and g¢1,..., g, € R*, and
we can assume that equal g; occur in consecutive order. There exist partitions (sq,...,S,) of r;
and (t1,...,1t) of r9 such that the Levi subgroup M; in G corresponding to (s1, ..., Sq, 2t1, ..., 2tp)
is the maximal Levi in which o is elliptic. Let § = diag(1,...,1,dp,...,dp) with r;-many 1s, and
ro-many & = (% §). Let T to be the torus T,, », defined above, and let L; be the set of fixed
points of M; under conjugation by 6. Then T and L; satisfy (5.2). Moreover L, € LM. (T)
because Ly = (L' x Resc/r L?) N G where L' € L9 ®) is the standard Levi subgroup of type

(51,...,84) and L? € LG2(© is the standard Levi subgroup of type (t1, ..., ). O

5.2. Convention. We fix one of the finitely many triples of subgroups 7' C L; C L, as in
Lemma 5.1. In particular, T € TM L, € £M. (T) and Ly € LG (T). Then, we shall de-
note by M, the smallest Levi subgroup in G containing L,. Since T' C M,, we have that M, is
semi-standard. In establishing the main estimate in Section 7, we shall restrict to the semisimple
elements v, = 0’ € M satisfying (5.2). We are allowed to proceed in this way for the proof because

there are only finitely many possible choices of a semi-standard Levi subgroup M € £ and of a
triple T', Ly, L.

Remark 5.2. Arthur makes similar choices in his study of weighted orbital integrals, e.g. [Art86b,
p.183], [Art88b, p.230]. One subtle difference is that he has the flexibility to choose K within the set
of all maximal compact subgroups which are admissible relative to M (in the sense of [Art81, p.9]).
Our type of test functions depends by definition on the choice of K (since X (-) does) so that taking
K as the maximal compact subgroup to analyze the weighted orbital integrals is canonical in our
situation.

5.3. Measures. Let F' =R or ' = C. The measure dx on F' will be the usual Lebesgue measure
if F' = R, and twice the usual Lebesgue measure if F' = C. On F* as well as Ry we use the
multlphcatlve measure |r|z'dz where |x|g = |7 is the usual absolute value and |z|c = |7|? = zZ.
From this we obtain a measure on the unipotent radical U of any semi-standard parabolic subgroup
in GL,,(F) by identifying U with F4™V via the usual matrix coordinates. We also obtain a measure
on the split maximal torus 7} of diagonal matrices in GL,(F") by identifying 7 with (F'*)" via
the usual matrix coordinates again. On K =: Kg and K¢ we normalize the Haar measure such
that vol(K) = vol(K¢) = 1. The integration formula

/ flg) dg = / / F(tuk) dk du dt. f € C(GL,(F)),
GLn(F) ' Juo JKp
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1

then fixes an invariant Haar measure on GL,(F'). To fix a measure on GL,(F')", we use the short

exact sequence
1 — GL,(F)! — GL,(F) — Ryg — 1,

where the map GL,(F) — R.q is given by g — |det g|. In the same way, this fixes measures on
all semi-standard Levi subgroups.

For twisted Levi subgroups, the pullback under the restriction of scalars defines measures on the
twisted Levi subgroup as well as on all its (semi-)standard parabolic subgroups and their unipotent
and Levi parts.

5.4. Generalized Cartan and Iwasawa decomposition. To make integration over the quo-
tient Lo\G more explicit we use a mix of a generalized Cartan decomposition and the Iwasawa
decomposition. Let P be a parabolic subgroup with Levi component M, so that the Iwasawa
decomposition G = P, K = MyU; K holds. We then apply a generalized Cartan decomposition to
Ly\ M, as in [FJ80] as follows. First we need to identify Lo as a fixed point set of an involution of
M.

Lemma 5.3. Ly is the fixed point set in My of an involution o : My —> Ms. Moreover, o commutes
with the Cartan involution 0 : My —s M, defining KM? = K N M,. Hence o(K?) = KMz,
O(Ly) = Ly, and Ky := LY = Ly N K is a mazimal compact subgroup of L.

Proof. 1t suffices to consider the case My = G. Then Ly = G or Ly = (Resc/r GL,/2) N G. In the
first case we take o as the identity. In the second case (which can only happen for even n) put
§ = diag(dy, . .., d) € G with 6y = (% §), and define o(g) := 6~'gd for g € G. Tt is easily checked
that o satisfies the asserted properties. O

Let my denote the Lie algebra of My, my = [ & g2 the decomposition of my into the +1- and
—1-eigenspace under o, and my = £ @ po the decomposition of my into the +1- and —1-eigenspace
under 6. Let my = mj @& m, be the +1-eigenspace decomposition with respect to fo. Hence
mi = LNE S qeNpy, and my = [LNpy B L Nqe. Let by C ga Np be a maximal abelian subspace.
By construction we may assume that b, is a subspace of a.

Let @y, be the set of roots of (b, my), and fix a subset of positive roots @7, C ®p,. We denote
by by = {H € by | V3 € @ : B(H) > 0} the corresponding positive chamber in by. For § € @
let m§ denote the multiplicity of 8 when restricted to m¥. For H € by put

Ba(H) = T |Isinh B(H)|™ | cosh B(H)|™.

+
pedy

Proposition 5.4. We have
f(g) dg = / / / f(euk)BY(H) dk du dH
Lo\G bt JUs JK

for every integrable function f: Ly\G — C.

Proof. By definition of our measure on GG we have

i ) 40 = /L2\M2 /U 2 /K F(muk) dk du dm.
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The invariant measure on Lo\ M, is given by [FJ80, Thm.2.6], see also [HS94, p.110], and plugging
this into our integral, we get

f(g) dg = vol(K N M) / / / / f(ekyuk) By (H) dk du dky dH.
Lo\G o JEM2 JUy, JK

Since U, is normalized by K2 = KN M, and vol(K*2) = 1, we can absorb the variable ky; € K2
into the integration over k € K, which gives the assertion. 0

Example 5.5. Suppose that G = GLy(R)!. Suppose L, = SO(2) so that My = G, and o : My —

M, is given by conjugation with do = (% §). Then ¢ = @ coincides with the Cartan involution.

Hence the decomposition of my = g into +1-eigenspaces of ¢ is the usual Cartan decomposition of
g, and by = {H = (H,, —H,) | H; € R}. Therefore,

B (H) = |sinh(2H;)|.

Example 5.6. Suppose G = GL4(R)!, L; = {g = diag(ax,a'y) | z,y € SO(2),a € R*}
(diagonally embedded in G), and let L, be obtained from restriction of scalars of GLy(C)! so that
Ly is a maximal torus of Ls. Then My = G, and o : My — Ms is given by conjugation with
0= diag(éo,éo) for (50 = (_01 (1)> Further, bg = {H = diag(Hl, —Hl, Hg, —HQ)} ‘ Hl, H2 S R}, and
®y,, consists of the roots given by mapping H € by to £2H,, £2H,, or +H; £ Hy. We choose <I>;’2
to consist of the roots given by 2H,, 2Hs, and H; + Hs. Then
b;_ = {H = diag(Hl, —Hl,HQ, —Hg) ‘ H1 > H2 > 0},
and for H € b3 we get

Bol2(H) = |sinh(2H;) sinh(2H,) sinh(H; + H,) sinh(Hy — H,) cosh(Hy + Hs) cosh(Hy — Hs)| .
6. BOUNDS FOR SEMISIMPLE ORBITAL INTEGRALS

In this section we treat a particular (unweighted) case which will illustrate our strategy in the
general weighted case. Recall that J& (v, f) is the unweighted orbital integral

DO ()| / f(a " ye) d,

Ca(W\G

which is defined for any f € C°(G). The orbital integral without the normalizing factor | D% (v)|'/2

is denoted by OF(f), or O,(f). We shall be able to directly use results of Harish-Chandra on orbital
integrals and his descent formula.

Proposition 6.1. Let 0 < n < (n —1)/2 and f € CX(G). There is a constant c(f,n) > 0
depending only on n and f, such that the following holds.

(i) Suppose n = 3. For every reqular semisimple v € G,

|76 (v, FIX O] < e f,m).
(i1) For every semisimple v € G which is split and not central, that is, Cq(v) € G,

|76 (v, FIX O] < ef,m)-

We prove this proposition below.
We recall the definition of parabolic descent. Suppose f : G — C is an integrable function,
and ) = LV is an arbitrary semi-standard parabolic subgroup in G. The parabolic descent along

Q,
C(G) — C2(L), | [,
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is then defined by
(6.1) F@(m) = 5;/2(m)/ / f(k~'muk) dk dv, m € L.
VJK

Note that the dependency of f@ on @ € P(L) can be made explicit as follows: If Q' is another
parabolic subgroup with Levi component L, there is w € W with wQw ™! = @’ which preserves L.
Then f@(w'mw) = f@)(m)

If v € L is such that Cg() C L, the parabolic descent relates the (normalized) orbital integrals
on G and L. More precisely, for any f € C°(G) we have

(6.2) JE(r f) = T f9)
for any @ € P(L) provided that the measures on all involved groups are chosen compatibly. This
formula follows from the definitions or from the more general descent formula [Art94, (1.5)].

Lemma 6.2. Suppose QQ = LV C G 1is a proper semi-standard parabolic subgroup, and 0 < n <
(n—1)/2. Let f € C>X(G), and define F,, := f||X(-)||~".
(i) The parabolic descent FéQ)(m) converges absolutely for every m € L.
(i1) We have Fng) € C.(L).
(i) The descent formula (6.2) holds for F,, i.e., JS(v, F,) converges absolutely for any v € L
such that Ca(y) C L, and is equal to JF (v, F\?).

Remark 6.3. We shall apply the property in (ii) to more general weighted orbital integrals later.
This will simplify our analysis in several (but not all) cases.

Proof of Lemma 6.2. For the proof of the lemma it suffices to show that (ii) holds for f replaced
by its absolute value |f| in the definition of F,. We can further assume that f is K-conjugation
invariant.

Let C C G be a compact set containing the support of f. Note that F(@(m) = 0 unless m is
contained in a compact subset C* C L depending only on C. Since || X (g)||™7 < 2"L(g)™" for all
g € C by Lemma 4.2, we get

[ i) o <20 [ | |m) do
1% 1%
<L f / L(mv—m+1d)™" dv,
(m—1C)nV

where we used Lemma 4.3 for the second inequality. To bound this last integral we can clearly
assume that () is a standard parabolic subgroup so that L is of the form GL,, x... x GL,, for
some r and n; + ... +n, = n, and we can identify V with R¥™"V by using the matrix entries of
elements of V. Changing variables, the integral becomes

r dimV -1
1
det m; _("_"1_"'_"3')/ log {1+ — v? dv
j]:[l\ i ; ( =

i=1

where C' = (UmECL m‘IC) NV c R¥™V is a compact subset depending only on C. As m is
contained in CM, the product over the determinants is bounded by a constant depending only on
C. Using polar coordinates one sees that the last integral is finite for any n € [0,dim V//2). Note
that dim V' > n — 1. In any case, if the last integral is finite, its value depends only on C and 7,
therefore the claim follows by the dominated convergence theorem. 0
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Proof of Proposition 6.1. A result of Harish-Chandra [HC57, Thm.2] (cf. also [Art91, p.31], and
[HC70, Thm.14]) asserts that if H C G is a Cartan subgroup, C C H a compact subset, and G’ is
the set of regular semisimple elements in G, then for every f € C°(G) we have

sup [ JG (7, f)| < 0.

~ECNG!

Up to G-conjugation there are only finitely many Cartan subgroups in G, and the centralizer Cg(7)
of a regular semisimple element v € G’ is a Cartan subgroup. Hence if C C @ is a compact set
and f € C°(G), then there exists a constant ¢ = ¢(f,C) > 0 such that

|G (v, )] < ¢
for all v € C N G’. On the other hand, since f is compactly supported, there exists a compact
subset C; C G such that J& (v, f) vanishes for all v which are not conjugate to some element in
Cy.

To prove the first part of the proposition, first note that n > 3 and the regularity of v imply
that the centralizer Cz(7y) of v in G is contained in a proper parabolic subgroup @) = LV of G.
After conjugating v if necessary, we can assume that @) is standard. The parabolic descent (6.2)
implies that

|JE (v, )| = | TE (v, ESP)| < T (0, f)
where the last inequality follows from Lemma 6.2 with f = |F,§Q)| € C.(L). We then use Harish-
Chandra’s bound discussed at the beginning of the proof to uniformly bound JE(v, f).

The second part of the proposition is also an easy consequence of Lemma 6.2. We can assume
that Cg(7y) equals the Levi component L of a proper standard parabolic subgroup of G. Call this
standard parabolic () and define F}, as in Lemma 6.2. By the parabolic descent formula (6.2) we
get JG(v, F,)) = JE (7, Fng)). Let f be as in the second part of Lemma 6.2. As above we obtain
|JE(v. F)| < JE(7. ). Since now DH(y) = D9O(y) = 1 and JE (3, f) = O5(f) = 070 (f) =
f(7), the second assertion of the proposition follows. O

Example 6.4. Hence if () is a minimal semi-standard parabolic subgroup, f(?) is the Abel trans-
form of f, an archimedean analogue of the Satake transform. It is closely related to the spherical
transform, see [Gan71, Thm.3.5], and also [Hel, IV.§7],[LM09, Thm.1]. We shall return to this in
Example 8.6 below.

The following result shows that the parabolic descent, restricted to bi- K-invariant functions, is
continuous for the L'-norm. Thus, it follows from general principles that Fn(Q) € L'(L) because
X (g) is bi-K-invariant, and thus f||X(-)||™" € L'(K\G/K) for any f € C*(K\G/K) and 0 <
n < (n—1)/2. If f is right- K-invariant, write fx(g) = [ f(k~'gk)dk = [, f(kg)dk, which is
bi- K-invariant.

Lemma 6.5. Let Q = LV be a semi-standard parabolic subgroup of G and let K* := KN L, which

is a mazimal compact subgroup of L. If f € C*(G/K), then f@ = ff((Q) is bi-KT-invariant.

Moreover f + f@ extends from the dense subspace C°(G/K) to define a continuous map
LNG/K) — LNK\G/K) — LY(K"\L/K").

Proof. The assertion that f(@ = fl((Q) is clear, and thus without loss of generality we may assume
that f is bi-K-invariant. By the triangle inequality,

/L\f@’(m)\dmg/L/V/K(SQ(km>1/2|f(mv)\dkdvdm,
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where we extend dg to all of G via Iwasawa decomposition, dg(g) = dg(l) if g = vk’ € LVK.
Note that dg = 505;%130 with 5;&130 denoting the modulus function of Ty on L N Py. Let pf € a*
denote the element corresponding to dznp,, that is, p§ is the half sum of all roots of L N Py with
respect to Tj. Similarly, let py be the half sum of all positive roots of ) with respect to 7. Using
the bi- K-invariance of f we can write the last integral by [Kna96, Prop.8.44] as

/cb 9)| dg

with ¢, the zonal spherical function with spherical parameter A, see also Section 8. Let w; denote
the longest element in the Weyl group W of (Tp, L). Naturally W is a subgroup of W = W% so
that wy, € W. Then —pf = —%(po — wr,po) so that —p§ is contained in the closure of the convex
hull of the Weyl group orbit of po. Hence ¢_,z is a bounded function by [Hel, Ch. IV, Thm.8.1].
Let ¢ > 0 be an upper bound for ¢_, L (it can be shown that ¢ = 1). Then

J1r@mlan< [ o @il <e [ 1aldg<e [ |f)]dg <o

so that f(@ e LY(L).
Finally, for any k € KX and m € L we have

5Q(mk)_1/2f(Q)(mk) = /VfK(mkv) dv = /VfK(mvk) dv = /VfK(mU) dv = 5Q(m)—1/2f(Q) (m)

so that f(@ is also right K’-invariant. Similarly f(%) is left K “-invariant. O

7. WEIGHTED ORBITAL INTEGRALS

In this section we prove Theorem 1.12, that is, we are going to find an upper bound for the
weighted orbital integrals J (v, f|| X (-)|7"). It will be a consequence of Proposition 7.4 and
Proposition 7.7. We keep the notation as in §5.2, using that J§; is invariant by M-conjugation.
In particular, we fix a triple T" C Ly C Lo, and we restrict to those v € M such that v, € T,
Cr(7vs) = Ly and Cg(vs) = La.

7.1. Weighted orbital integrals: the semisimple part. We first provide a detailed description
of the distribution f +— J{ (v, f). By results of [Art88b], it can be defined as follows. For every
f € C°(G) and every v € M, one has [Art88b, Thm.8.5]

(7.1) IS4, f) = |DC ()| / U (B dy,
Lz\GRe]-'L2(L

where the function ®p, : Mp — C is defined by

Dp,(m) = dp(m)/? / F(y~ ek tmnky) v (ky) dn dk.
KL2 Ngr

Here Ng is the unipotent radical of R, and Mg the Levi component of R containing L;. Note that
Mg € LG, (T). Since f is smooth and compactly supported on G, so is ®p,, as a function on Mg.

The distribution ® — J % B (~,, @) is a weighted unipotent orbital integral which we will study in
§7.2 below.
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We now turn to the definition of the weight function,

vr(z) = Y (2
QEF(M):
Cq(vs)=R,aqg=ar
where for @ € F(M), the function vy : G — C is defined in [Art81, (6.3)]. It is expressed
in [Art86b, p.200] as

(7.2) vg(x) = / I'G(X, —Hg(z))dX
aQ
with
I'g:axa—C
given by
im AG ~
LG Y) = Y (~)"™ 053 (Xg)ie, (X = Y)a)),
QLEF(M):
QT
where X and (X —Y)g, denote the projection of X and X —Y onto agp and ag,, respectively.

Here Tgl and 7, are characteristic functions of certain cones in ag and ag,, respectively, defined

in [Art81, p.11].
For every ) € F(M), the function vy, is left Mg-invariant and right K-invariant. Hence in
particular, v’ is left M-invariant and right K-invariant for every R € FL2(L;).

Lemma 7.1. For every Q € F(M) and z € G,
[vpl)] < (1 + log ).
The multiplicative constant depends only on n.

Proof. For every x € G, the function Fg(X, —Hg(x)) has compact support in X € a by [Art81,
Lem.2.1]. More precisely, as explained in the proof of [Art81, Lem.2.1], X — Fg(X, —Hg(z)) is
the characteristic function of some compact subset contained in a polytope in a with sides given
by linear forms in Hg(z). Hence by the formula (7.2) for vf,, there exists some constant ¢ > 0,
depending only on n, such that

(73) [v()] < €1 + || Hola) ).

We then show that ||Hg(z)| < log|z| which will conclude the proof of the lemma. As explained in
[Kot05, §12.1], Hg(x) equals the image of Hy(x) under the orthogonal projection from a onto ag so
that [|[Ho(2)|| < ||Ho(z)]| (in [Kot05, §12.1] the group is assumed to be p-adic, but the arguments
are independent of the field). Recall that X(x) € a is such that z € KeX®@K. By Kostant’s
convexity theorem [Kos73], Ho(kieX®) lies inside the convex hull in a of the Weyl group orbit
of the point X (z). Since ||Hy(eX@®)|| = || X(x)|| = log|z|, the assertion therefore follows from
(7.3). O

Example 7.2. Suppose Ly = Ly € M and v = 7, is semisimple. The expression for the orbital
integrals then simplifies:

J5i(v, ) = DS ()| fla™ya)vy (z) do
L2\G

= | D% (7)|V? /+/ / fk ™ e ye uk)v), (u) B2 (H) dk du dH.
b2 Uy JK
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In this case the weight function v, is usually denoted by vy and equals the volume of a certain
convex set in a, see [Art88b, p.224].

7.2. Unipotent weighted orbital integrals. Let L; C Mg, and v, € L; be asin (7.1). Let O™
be the unipotent conjugacy class in L; generated by =,. There is a unique unipotent conjugacy
class OM= in Mp, induced by the conjugacy class O in L; ([Art88b, p.255]).

For a general unipotent conjugacy class, there exists [RR72] an invariant measure which can be
constructed with a parabolic associated to a suitable sly-triple. In our situation, O™* is Richardson,
namely there exists a parabolic subgroup LV C My such that OM= is induced by the trivial
unipotent class Id” in L. Conjugating by an element of Mg, we can assume that LV € FM&(T),
and hence that KM® LV = Mp. The invariant measure on Q™% admits the following expression

[ Ha) o= /K . /V FE~1ok) dv dk,  f € C=(My),

according to [How74, Prop.5] or [LM09, Lem.5.3]. It follows that the unipotent weighted orbital
integrals J K B (~u, f) can be written as

T (v, £) = Jpm(OF, f / /f (k™ vk)w oLl( v) dv dk
KMR
for a certain weight function w : V. — R, see [Art88b, p.256].

7.3. Absolute convergence. We define a modified integral J M(7 f) by setting

T.£) 1= 10900 | / [ T b B dk e a

ReFL2(Ly)
with
Opy(m) = 5R(m)l/2/ / | f(y™ k™ mnky)| Z v (ky)| dn dk
K2 JNg QEF(M):
Cq(ys)=R,ag=ar
for y € G, and

TR () 1= / / Bk okn)| | (0)] do dhg
K]VIR 4

for ® € CX(Mg). It follows from Arthur’s work [Art88b, §7] that JG (v, f) is well-defined and
finite for every f € C%°(G) and v € M. Also J$ (v, f) only depends on the M-conjugacy class of
7. Clearly, for every f € C*°(G),

T3 ] < T5r( f)
so that for our purposes it suffices to study J$ (v, f).

7.4. The support of the distributions. For a semisimple element oy € G, define A~ (o) by:

H max (1,]1 — a(5)[7")
acd:
a(6)#1
where 6 € G¢ is a diagonal matrix conjugate to oy in G¢. Hence ¢ is unique up to Weyl group
conjugation and the matrix entries of ¢ equal the complex eigenvalues of oy. Note that if o is
contained in a fixed bounded set C C G, then A~ (0y) < |D%(00)| 2.
Let U'2 denote the unipotent variety of Ly = Cg (o).



32

Lemma 7.3. Let C C G be a compact set. There exists ¢ > 2 depending only on n and C such
that the followmg holds. For every H € by, uecl,, and v € U™ such that u=te Hyweflu € C,
we have |(e"Hywell ) tu=t (e Hyweu| < ¢, and

] < \E lo5(A~ (1)

o] < A (y,)V?
where 9 is determined by Lo as in §5.1.
Proof. Throughout the proof we shall denote by a; > 2 suitable constants depending only on n

and C. Since the elements e #y,vefl € My, (e Hywell)u=t (e Hyvet )u € Us, and their product
belongs to the compact set C, Lemma 4.6 gives

(7.4) e ysve], (e ysve™) T e M ypve Jul < a,

which proves the first asserted inequality. The first term has Jordan decomposition e™7yvefl =

(e Hrefl) (e Hvell). Hence by Lemma 4.7 and the previous inequality we get

(7.5) le™ e, e vef| < ay

Conjugating v by some Weyl group element if necessary, we can assume that
Vs = diag (Y1, - s Ve Vrrt1s - - 5 Vritra)

with v1,...,7, € R* and 4, = (_ag, BJ) € GLy(R) with ; # 0. Accordingly,

H=(0,...,0,H,—Hy,...,H,.,,—H,,)

(the first 7| entries are 0). Writing e #~,ef = kjeXks, X € a, for the Cartan decomposition, X

equals (up to permutation of the diagonal entries)

diag(hl‘v M) |7T1|7 | det 77‘14-1‘1/2“417 | det 77‘1+1‘1/2A1_17 e ‘ det 7T1+7‘2|1/2AT27 ‘ det 7T1+7‘2|1/2Ar_21)
with A; > 1 satisfying
A2 —+ A._2 ~ 64Hj + 6_4Hj ~
(7.6) cosh(log A?) = % = df- + 5]2# = o?? + 5]2 cosh(4H;)

with &;| det,, ;"% = a; and B;|det y,, ;"> = ;. The first of the inequalities in (7.5) 1mphes

that |log|v;]] < logas for j =1,...,7y, and |log |det v, ;| +log A;| < logas for j = 1,.
Hence
log | det v, 4] <2logay and 0 <logA; < 2logas.

Since | det 75| = 1 we immediately get log|det y,,+;| = —2(n—2)logay for every j =1,..., 7y, and
log |v;| = 2(n~— 1)logay for every j =1,... 1.
Using &7 + (7 = 1, we deduce from (7.6) that

cosh(log A7) =1+ 2@2 sinh(2H,)?,
hence using the previous bounds on A; and det,,,; we have
|sinh(2H,)| < as|B;] "
Moreover, there exists £ € & with £(55) # 1 and

20851 = | det 45?1 = €(Fs)] = aull = ()
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We deduce
|sinh(2H;)| < as|1 — €(%:)| 7" < asA™ (%),
that is, |H;| < ag + 5 1og(A~(7s)). Therefore,

||H||2—2ZH5 2a6+log<A-<%>>)2,

which yields the second estimate. ThlS implies
o < [ef] -l vel| - [e7H] < ar A7 (75)V?7,
which establishes the third estimate. 0J

7.5. Weighted orbital integrals for unbounded test functions and non-central ~,. We
now study the weighted orbital integrals for certain unbounded test functions. More precisely, let
F,:=fIIX()|”": G — C withn > 0, and f € C>°(G). We show that J§ (v, F,) is finite if 7 is
small enough, which then implies that J$; (v, F,,) converges absolutely. We further give an upper

bound for J§ (v, F,) as ~y varies.
For the rest of §7.5 we assume that v, € Z(G), that is, s # £1. The case that 7, = 1 will be
treated in §7.6.

Proposition 7.4. Letn € [0,(n—1)/2). There exists co > 0 depending on n and n, such that the
following holds. For every f € C°(QG), there exists C(f,n) > 0 such that for every v = vysy, € M
with v # +1,

JM(’% ) (f> ) (’}/s)coa
where A~ (~y,) is defined in §7.4.

We need a few auxiliary estimates for the proof of this proposition. Recall from §5.2 and §5.4
the semi-standard Levi subgroup M,, and parabolic P, = MsUs,.

Lemma 7.5. Fix ¢,cy > 0, and define
(7.7) r(7s) = c+ crlog (A7 (7)) -

+
Let ]lif%) 1 by — R, resp. 192 : Uy — ]R, be the characteristic function of the set of all H € by
with ||H|| < r( 5) resp u € Uy with |u] <
For everyn € [0,(n —1)/2), vs € M wzth vs # 1, the integral

(7.8) /b+ /U S V)BY (V)1 (u) max (2(e ee?), £(u) " dudy

converges. Moreover, there exists ¢ > 1 depending only on ¢, ¢1, n, and n (and not on ~s), such
that it is bounded from above by ¢ A~ ()2, for some constant c; > 1 depending only on c¢q, n,
and 7.

Proof. Suppose first that U, is non-trivial, i.e., that My # G. Then (7.8) is bounded by
/ 1% (Y)BM:(Y)dY / 1% (1) £(u)™" du.
by ° Us

The first integral is obviously bounded by an exponential function in r(7,), which can be chosen
such that it only depends on n.
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For the second integral note that if we write u = I,, + (u;j)i<;, then

£(u) = log (1 + % Z U%) )

1<i<j<n

and
vne

[ 12 2 du < wolB ) [T og (142 /m) et ar

where dy = dimU, > n — 1, and vol(B%(1)) denotes the volume of the ball B%(1) of radius 1
around 0 in R? The last integral is finite if 5 € [0, d/2). To be more precise, it is bounded by a
constant depending on n, 7, and c.

Now if U, is trivial, i.e., if My = G, then 7, has to be elliptic. Since |det~ys|] = 1 but
vs € Z(G), we have v, = diag(d,...,d) with § = (fﬁﬁ), a? + 3% =1, 8 # 0. Hence
YV =W,-Y1,.... 0, —Y,0) €05, Y1 >Ys > ... >Y,, >0, and

9 n/2

Lle V) =1og [ 1 + — Zsmh2 (2Y;)

Hence (7.8) equals

N _
I ot | sinh (Y")|™# | cosh 5(Y)|"s
[ 0B s ey = [ 000
b ° b 3 (log(l—l— 45 > sinh®(2Y;)))"

Note that for each i € {1,...,n/2} there is §; € @, with 3;(Y) = 2Y; and mj = 1. Hence for Y’
close to 0, the integrand in the last integral is bounded by

(Y1 +...+Yn2/2)

which is integrable in a neighborhood of 0 if n € [0,n/2). The integral (7.8) can therefore be

bounded by an exponential function in 7(s) which can be chosen to depend only on ¢, ¢;, n and
7. O

Lemma 7.6. For s > 1 define ZF : M — R- by
(7.9) =R () = / 1.(mn) dn,
Nr

where 15 : G — {0,1} is the characteristic function of all g € G with |g| < s. There exist
constants c,c3 > 0 depending only on n, such that for every R € F*2(L;), s > 1, and unipotent
Yu € Ly, we have

JMR(%,H ) < s

Proof. The set FL2(L;) is finite so that it suffices to consider a fixed parabolic R € F2(L,).
Moreover, J B (~u, -) only depends on the Li-conjugacy class of =y, of which there are only finitely
many so that it suffices to treat the element =, as fixed. Again, during the proof we denote by
a; > 1 suitable constants depending only on n and the weight function (of which there are of course
only finitely many).
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Let OF be the unipotent conjugacy class in L; generated by 7, and let OM~ be the unipotent
class induced from O™ to My. Let LV € FM®(T) be a Richardson parabolic for O*%. Then

T (v, EF / / (k™ wk) [whf (v)] dvdk:/ v) [wiE (v)| do.
KMg Vv

By construction of the weight function [Art88b, §6], it suffices to bound integrals of the form

/V =R () Jlog p()|* do

for finitely many integers k£ > 0 and polynomial functions p : V. — R. (In [Art88b, §6], the
polynomial p is vector-valued, however the reduction to the scalar case is immediate, see e.g., the
proof of [Art88b, Lem.7.1]).

We may assume without loss of generality that LV equals the intersection of Mg with a standard
parabolic subgroup in G. Let v = I, + (vi;)i<; € V. If ZF(v) # 0, then HX( ) < a1 + ap logs by
Lemma 4.6. Hence the second inequality of Lemma 4.2 1mphes that 14 = Z < ass®. Thus
|vij| < ays for every ¢ < j. Hence for every v € V' we have

Ei(v) # 0= [p(v)] < azs™

Let C; C V be the compact subset of all v = (vj;)i<; € V with ).
any m € Mg we have

1<J ZJ

i<j vy, < nags®. Note that for

‘_ } < vol ({:c € R | 2? 2}d‘mNR) < simNg,
Hence we are left to estimate
| oglptw)* du.
Cs

We identify C, with the set of all x € RY¥™Y with ||z||*> < nass?, where ||z]| denotes the usual
euclidean norm. Write & = x/s and let C := { € R4V | ||z||? < nas} which is independent of s.
We can write p(x) = P*(Z) for some polynomial P* with deg P® = deg p whose coefficients depend
on s. More precisely, all coefficients of P* are bounded by an absolute multiple of s4°¢?. Hence
there exists ¢ > 0 such that for all # € C we have |P%(%)| < cs%8?. Applying [Art88a, Lem.7.1]
with ¢ = sV we find ¢ > 0 such that

/ |10g |p(l’)||k dr = SdimV/ |log|P8(a~7)||k di <<n,p S(t-i—l)dimV.
x€Cs Rdim V' xeé

(See also the proof of Proposition 7.4 below for a similar estimate). This completes the proof of
the lemma. m

Proof of Proposition 7.4. Let 0 <n < (n—1)/2 and F,, = f||X(-)[|7". Without loss of generality,
we assume that f(k1gks) = f( ) for every ki, ks € K and g € G (in fact we shall only use
f(k~'gk) = f(g)). Recall the definition of J§;(v, F,,) from the beginning of §7 3, namely J$G (v, F)
is the integral over H € b3 and u € U, and the sum over R € F%2(L;) of JL1 ' (Ya, Pr eHu>Bé‘;[2(H),
where

D ey (M) :5R(m)1/2/L / |, (ute gk mnke u)| Z vy (ke w)| dn dk,
K*2 JNpr

QEF (M)
Cq(vs)=R,ag=agr

forme Mg.
The integral J%R (Yu, @) is defined by integrating |®| over ky'v'kg, for o' € V and kp € KMz,
hence is supported on UME. We may therefore assume that m € YM=. Then the element v =
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k~'mnk belongs to 2. We may also assume that u~'e 7 ~v,ve’u belongs to the support of f. We
then deduce from Lemma 7.3 the following three estimates: ||H| < r(7s), where r(v;) is defined
by (7.7) with suitable ¢ > 1 depending on the support of f and ¢; = /22, also |v| < s, where

2 Y
s = cA~(7,)V?2, and finally
(7.10) imytumyu] < e,

where m; = e Hywefl € M,. Overall we obtain a bound

~ +
By oir(m) < 1% (H) / / 1 () 12 (my )| X (- )7
) r(7s) KLa Np

> v (ke )| dn dk.
QEF(M)
Cq(vs)=R.ag=ar
We next prove that |u| is bounded by some power of A~ (;). Lemma 7.1 implies that the weight
function |vj, (ke u)| is bounded above by a constant times (1+ || H ||+ log |u[)", which will therefore
be bounded by some power of log A~ (). Since ||H| < r(vs), it suffices to bound u; = efue
by some power of A~ (v,). Conjugating conjugating further (7.10) by eff, we have

|(sv) "M (rsv)un | < AT ()

Furthermore, in bounding w4, it suffices to work in the complexified G¢. After conjugation by some
element in M ¢ of size bounded by a polynomial in A~ (), we can assume ~,v is of the form tv,
with ¢ diagonal with centralizer in Gi¢ contained in M ¢, having the eigenvalues of v, as diagonal
entries, and v; € Mac NUpc. We denote the conjugated u; by uy which is an element in Us ¢, and
we obtain that |(tvy)'uy ' (tvy)us| is bounded by a power of A™(v,). Since |v| < s, we have that
|v1] is bounded by a power of A7 (7). Let ®* denote the set of positive roots corresponding to
(Toc, Upc). We have a strict partial order on &% given by 5 < « if and only if o equals the sum
of B and other positive roots. For each o € ®*, we write u, € C for the value of the matrix entry
of uy at a (since G¢ = GL,(C)' we make o correspond to matrix entries), which we refer to as
the a-coordinate of wus.

We now prove, inductively on « in this partial order, that wu, is bounded by some power of
A~ (vs) = A~ (t). Write v; = Id +X; with Id the n x n-identity matrix and X; a nilpotent matrix.
Similarly, write v;! = Id +X5. The matrix entries of both X; and X, are bounded by a power of
A~ (t). Then

(7.11) — t7 g tuy = (toy) rug (o ug + Xot T ug tug 4+t uy X ug + Xot T ug X us.

ue -

For each a € ®*, the a-coordinate of ¢~'u; 'tu, equals the sum of (1 — a(t))u, and a polynomial
in B(t)ug, ug with B < a. On the RHS, the a-coordinate of (tv;)~‘uy'(tv;)uy is bounded by a
power of A~ (), and the a-coordinates of the remaining terms are polynomials in §(t)us and ug
with § < «, and suitable matrix entries of X; and X,. Hence (7.11) implies that (1 — a(t))u, is
equal to a polynomial in S(t)ug, ug with 5 < o with coefficients bounded by a power of A~ (¢). It
thus follows inductively that all u, for a € ®* are bounded by some power of A~(t).

We next consider ng P Refy(m)du. We deduce from the previous inequality that jAGJ(% F,) is

bounded above by the integral over H € b and the sum over R € F2(L;) of the product of
~ - b+
JKR (Vus ‘I’R,eH)]lrf%)(H)Bé‘f?(H), where

Vg on(m) == /KL /N ]ls(mn)/U 1% (my ™ mgw) || X (w ™ maw) |77 du dn dk.
2 R 2
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Note that we have switched the order of integration, which is justified because the integrand is
non-negative.

The same argument based on (7.11) also implies that the inverse of the Jacobian determinant
of the diffeomorphism wuy +— (tvy) tuy ' (tv1)uy from U, e onto itself is bounded above by A~ (#).
Hence the inverse of the Jacobian determinant of the diffeomorphism u +— ml_lu_lmlu from U,
onto itself is bounded above by a power of A~ (t) = A~ (7).

We want to replace || X(-)[|~" by a suitable power of £(:) in the above integral. We have
my = e Tyvef € M,, hence by Lemmas 4.2 and 4.3, we find

2[| X (v 'maw)|| = L(u ' myw) = max (£(my), £0d +mq (my v myu — 1d))) |

since m;'u"'myu € U,. Using Lemma 4.3 again, we have £(m;) > £(e e, since m; =

_nyseHe_HveH.
The matrix entries of both m; and m;~ are bounded by A~(v)% for some ¢; > 0. The map
w > Id4+my(m7 u""'myu — 1d) is a diffeomorphism from U, onto Us, since it is the composition
of the diffeomorphism u + mj u"'myu and the diffeomorphism u + Id +m;(u — Id), and we
make this change of variable. The inverse of the Jacobian determinant is bounded by A~ ()¢ for
some cg > 0, since it is the inverse product of the Jacobian determinants of u ~ m; v~ 'myu and

u— Id +my (u — Id). This yields

U (m) <A™ (y) / / / s(mn)1%2(1d +my ! (u — 1d)) max (£(e ™), £(u)) ™" dn du dk
KL* JUs JNg

1

<A Z00m) [ 1) mae (2 "), £0)) 7

where Z is as in (7. 9).
We conclude that J§ (v, F,)) is bounded above by

A~ (78)66 Z JMR(’VuvH )
ReFL2(Ly)

times
]li%%)(H)Bé\fz(H)]lgi (70)°5 (u) max (S(e_HvseH), S(u))_" du dH.
b} JUs

These two terms are bounded above by Lemmas 7.6 and 7.5, respectively, which concludes the
proof of Proposition 7.4. O

7.6. Weighted orbital integrals for unbounded test functions and central v,. We now
turn to the remaining case that v; € {£1}, and take F,, = f||X(-)||~" as before.

Proposition 7.7. There exists n > 0 such that for every M, and v, € M, with (M,~.) # (G,1),
and every f € C°(Q), the integral J$(vu, F,)) is finite.

Proof. Let O™ be the unipotent conjugacy class generated by 7,, and let O be the class induced
from OM to G. Let LV be a Richardson parabolic for O%. We can assume that LV is a standard
parabolic subgroup of G. Without loss of generality we can assume that f is K-conjugation
invariant. Then we can write

T B) = | F@IXE i (o)] v



38

By construction of the weight function (see [Art88b, §5 and §7]) it suffices to consider finitely many
integrals of the form

/V 1(0)]|X (0) " log |p(0)]* do,

where p : V' — R is a polynomial function, £ > 0 a non-negative integer, and 1 : G — {0, 1} is
the characteristic function of a compact subset C in G (depending on the support of f).

Suppose first that p does not have a constant term. For ¢ > 0 sufficiently small let I'(¢) = {v €
V' NC||p(v)| < e}, and consider the dyadic decomposition

D(m,e) =T(27me) = T2~ ™), m e Zsy.

By Lemma 7.8 below we can find a constant ¢ > 0 such that if v € V' NC is such that if || X (v)]| <
c2, then v € I'(¢). In particular, || X (v)||~" and |log |p(v)|| are both bounded away from 0 on
(VNC)\I'(e). Since vol(V NC) < oo, the part of the above integral over (V NC)\I'(¢) is finite. For
the part of the integral corresponding to I'(¢) we follow [Art88b, pp.259-261] and get

/F 1X @)1 og p(0) | dv = / X (0)]|"] log p()] | do

m>0 F ma

<Y /F . 6)(2—m5)—2”| log(2~™tDe) ¥ dy

m=0

< 3" vol(T(m, ) (27™e) 7| log(2~ ™+ e) K,

m=0

where the first inequality follows from Lemma 7.8 below. Now by [Art88b, Lem.7.1], there exist
constants B,t > 0 such that vol(I'(¢)) < Be' for every € < 1. Hence

[ IX@I ok )l do < st 3 270 (G + 1) log2 + log e
I'(e)

m>=0

and this last sum is finite if n < ¢/2. Hence the assertion follows for p without a constant term.

If p has a constant term, and if € is sufficiently small, then || X (v)|| < e implies that ¢; < |p(v)] <
¢o for some constants ¢, co depending on p and €. Define I'V(¢) = {v € VNC | || X (v)| < €}, and
define IV(m, ¢) for m € Z- similarly as before. Then, proceeding as above

[ KOsl de =3~ [ X @) lpw)] o

m=0

Using the bound vol(I"(g)) < B'e’ for some B’,#' > 0 as before, this sum again converges if we
choose nn < t'. Further let I'(e) = {v € V.NC | |p(v)| < €}. The part of the integral corresponding
to I'(e) is bounded similarly as before. On (V N C)\(I'(e) UI"(¢)) the functions || X(-)||~" and
| log |p(v)|| are bounded away from 0 so that also the integral over (VNC)\(I'(e) UI"(¢)) converges.
This finishes the assertion for the case that p has a constant term. O
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Lemma 7.8. Let V be the unipotent radical of a semi-standard parabolic subgroup of G, and p :
V' — R a polynomial function without constant term. Then there exists a constant a = a(p) > 0
such that for every v € V and every 0 < e < 1, we have

IX()l <& = |p(v)] < ac'’?.

Proof. Without loss of generality we can assume that V' is the unipotent radical of a standard
parabolic subgroup. Let v = I,, + (v;;)i<; € V. By Lemma 4.2, we have

1 2
log(1+~ D w) = L(v) <2 X (v)] < 2¢ < log(1 + 7e).

1<j

Hence v < Tne for every 1 <17 < 7 < n, and the assertion follows. O

8. SPHERICAL FUNCTIONS AND ARCHIMEDEAN TEST FUNCTIONS

The purpose of this section is first to define a certain family of test functions which will be used
in Part 2 of this paper, and secondly, to prove an upper bound for the weighted orbital integrals
JS (v,-) over these test functions in Proposition 8.5. The key step is a new uniform bound for
spherical functions in Proposition 8.2.

8.1. Wave packets and a family of test functions. We want to study cuspidal automorphic
representations which have trivial O(n)-type, that is, which have a O(n)-fixed vector, or, if n
is even, which have O(n)-type x_. To isolate such representations in the Arthur-Selberg trace
formula we need to use test functions of a specific type. More precisely, to isolate representations
of trivial O(n)-type, the archimedean part of the test function has to be bi-O(n)-invariant. Such
functions can be described by the spherical Paley-Wiener theorem, see [Gan71, Cor.3.7]. To isolate
representations of O(n)-type x_, we essentially multiply the aforementioned test functions by x_.

Let A € af. The zonal spherical function ¢, : G — C of spectral parameter A can be defined
by

(8.1) or(g) = / (Ot Holke) .
K

where p is the half sum of all positive roots ®*, and we recall that K = O(n) and K° = SO(n).
The two families of test functions f{, pu € ia*, are built from the zonal spherical functions by
applying the inverse spherical transform to an arbitrary fixed function h € C>(a)":

where c()\) denotes the Harish-Chandra C—functlon which in our case is given by

(8.3) 12 H - 1))/2)

c(p) ‘2 M

We then put f*(g) = x—(k)f{(p) where g = pk is the Iwasawa decomposition with detp > 0.
Note that f* = f% if n is odd. Although the functions f} depend on h, we suppress h from the
notation since we shall fix one particular A. All multiplicative constants occurring in the sequel
will depend on this choice.

The function fY satisfies the following properties (see [Gan71], [Hel, Ch. IV, §7]):

e fit € C°(G); more precisely, if h is supported in the ball {X € a | || X|| < R} for some
R > 0, then f% is supported in the compact set of all g € G with || X (¢)| <
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e f! is bi-K-invariant;
e f"is bi- K°-invariant and satisfies f(kigks) = x_(k1ks) f*(g) for all g € G and kq, ks € K.

Note further that JG (v, f*) = J$ (v, ).

8.2. An upper bound for the spherical functions. Our strategy to bound the orbital integrals
JG (v, ) below is to unfold the integrals defining JG(v,-) and f%. We then need a good upper
bound on the spherical function ¢, at certain points determined by the support of the functional
J$ (7, ) and the support of f%.

Let U(£) be the universal enveloping algebra of the Lie algebra ¢ of K. Any D € U(®), induces
a right differential operator on smooth functions on K in particular we can form Hy(kg; D) € a,
that is, Ho(kg; D) denotes the value at k of the function we obtain by applying D to the function
k — Ho(kg). Let F'* be the filtration by degree on () and let Uy(€) be the subspace of operators
without constant term in the splitting U () = R & Uy ().

Lemma 8.1. For any k € K and g € K, the linear map F?Uy(€) — a induced by D — Hy(kg; D)
18 surjective.

Proof. This follows from the explicit formula of Hy(kg; D) in [DKV83, Lem.5.1], and the de-
termination of the Hessian at a critical point [DKV83, Cor.6.4]. In fact a stronger statement
holds [DKV83, Lem.5.9], namely that for any A € a*, the function k — (A, Ho(ak)) has clean

critical set in the sense of Bott, i.e., the Hessian is non-degenerate transversely to the critical
manifold. ]

We establish the following uniform pointwise bound for the zonal spherical function.

Proposition 8.2. Let C C G be a compact subset and A > 0. Then

(8.4) |0A(9)] Kac (14 [[Im A X (g)[])~>
for all g € C and X € af with |[Re \| < A.

We shall only need this proposition for A € ia*, i.e., for Re A = 0. In that case, |¢p,(g)| < 1 for
all g € G with equality obtained for g € K. So the result is qualitatively sharp in the sense that
the upper-bound is uniformly non-trivial as soon as X (g) is away from zero.

Proof. We deduce from Lemma 8.1 that uniformly for all A € af:, k€ K and g € C,
max __[(A, Ho(kg; D))| >c [l X(9)],

1<deg D<2
where we have fixed a basis of £ and D ranges over monomials in this basis of degree 1 and 2.
Indeed the uniformity in A follows by compactness, while the uniformity in X (g) follows from the
calculation of Hy(kg; D) in [DKV83, (6.4)] which involves only sinh(adX(g)).
We are in position to apply a multidimensional van der Corput estimate [Ste93, §VIII1.2.2] to
the integral (8.1) and conclude the proof of the proposition. O

Our method of proof should be applicable to other situations where the critical set can be more
complicated, for example when combined with [CCW99] which achieve multidimensional van der
Corput estimates with the best uniformity. Indeed in such situation one can establish a soft bound
by studying higher derivatives in F*U(£) in Lemma 8.1 and obtain a bound with a power saving
estimate that depends on k and the dimension.
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8.3. Comparision with previous results. If at least one of the parameters X(g) or A is
uniformly bounded away from the singular set, we can do better as follows. For w € W, let
YHC)={ae€dt |Vgel: (wa)(X(g))#0}. Then by [DKV83, Cor.11.2]

(8.5) @l <e S TI (+1Ba,N) "

weW qexif(0)

for all A € ia* and all g € C. Here B is the Killing form, and m(«a) denotes the multiplicity of
a (which is 1 for any « if G = GL,(R)'). However, this is not strong enough for us, as we need
to consider compact sets C containing a neighborhood of the identity. If C intersects K, then
YH(C) =0 for any w so that (8.5) only recovers the trivial bound.

It follows from the asymptotic expansion in [DKV83, Thm.9.1 and §11] that the exponents in
(8.5) are sharp if C is a compact subset of G such that the X(g), g € C, are equisingular. This
implies that the exponent 1/2 in (8.4) is optimal in this degree of uniformity, which can be seen as
follows. Fix any simple root a; € & of G = GL,(R)!. Let w; be the corresponding fundamental
weight so that a;(w)) = 1. Suppose that A # 0 varies in iRew;. Then, for a € ¢, B(a, \) # 0
only if a(wy) = £1, that is, if a; < @ or a; < —a where < denotes the usual ordering on the
root lattice. Suppose C is a compact subset of the set of g € G with X(g) € Rogww;. Let wy € W
be the simple reflection associated to ;. The only root in the set ¥} (C) which does not vanish
identically on A\ € iRwwy is ;. Hence the summand in (8.5) corresponding to w = w; equals the
single factor

(14 [Blag, N)|)"2™e)

More precisely, the asymptotic expansion in [DKV83, Thm.9.1] implies that there is a non-zero
function a : C — C such that

ox(9) = alg) ]I 737 + Oc (I -men 1)

for A € iR-gw;. This limits the decay of ¢,(g) to the rate specified in (8.4).
If B C ia* is a compact set bounded away from the singular set, then Marshall [Mar16, Thm.2]
showed that

Da(o) <se [T 0+ tla X (o))"

acdt

forall A\ € B, t > 1, and g € C. This however does not yield a good upper bound for f} because
the constraint A € B prevent us from performing the integration in the definition of f.

If G is a complex group, then there is an exact formula for the zonal spherical function, see
e.g. [CNO1, (2.2)]. It can be expressed in terms of basic functions, since then the hypergeometric
functions appearing can be given in a closed form. For any regular A € af and X (g) € a,

(8.6) g) = 21*71 H B snh Z sgn(w)eMX @)

acdt weWw

This formula allows for the following estimate by treating the sum over w € W trivially. If
we combine the formula with the spherical Plancherel density |cc(M)ec(p)™t|> for GL,(C), one
obtains the upper bound that for every ¢ in a compact set C C G and every \ € ia* is given by

(8.7) [D2(9)] lecN)| ™ < (1+ [[A)*r—t=D) II [{or, X ()|

acdt: (a,X(g))#0
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In comparison, one obtains, using the estimate from Proposition 8.2 that for every ¢ in a compact
set C C (G, and every \ € ia*,
2 1 1
A9 eI <e (L+[IAN* 2] X (g)] 2.

Thus the estimate (8.6) has a better exponent in A\. However, it is not sufficient for our purpose,
because (a, X(g)) can become arbitrary small for some o € ®*, which is an obstacle in estimating

fi(g) and J§ (v, f£).

As mentioned in the introduction, Blomer-Pohl [BP16] have obtained the same estimate as
Proposition 8.2, and their proof differs slightly from ours although it builds on the same idea of
applying a multidimensional van der Corput estimate. Finally we refer to [AJ99] for other known
properties of zonal spherical functions.

8.4. An upper bound for J§ (v, f). We will combine the upper bound for the spherical function
in Proposition 8.2, with the results from the previous Section 7 on J§, tested against functions of

the form f||X(-)[|™", f € C2(Q).
We first bound | f%| pointwise. The trivial bound is that for all ¢ € G and all i € ia* one has
(8.8) || < (L4 [lpl)

This follows immediately from the trivial bound |¢,(g)| < 1 which holds for all g € G and X € ia*,
and by the definition of f{ in (8.2). We deduce from Proposition 8.2 the following upper-bound
on fi which improves on the trivial bound provided that ¢ is bounded away from K.

Corollary 8.3. There exists a smooth and compactly supported function J?: G — R depending
only on n and h such that

(8.9) @)l < A+ ™2 f(9) | X (9)] 2

for every g € G — K and every p € ia*.

Proof. We need a bound for the Harish-Chandra c-function:

(8.10) e[ < (L[N

for all A € ia*. This follows from (8.3). The corollary follows by combining (8.10) and (8.4). O
Combining this with Lemma 6.2 we can also bound the parabolic descent of f/:

Corollary 8.4. Assume n > 3. Let Q = LV C G be a proper semi-standard parabolic subgroup.
Then there exists a compactly supported smooth function f : L — Rsq depending only on h and
@, such that for every p € ia* we have

(P9 ()] < (D (9) < A+ ()2 F(9),
for every g € L.
Our main result in this section is then the following.

Proposition 8.5. Assume n > 3. There exist ¢c; > 0 depending only on n and ¢ > 0 depending
only on n and h, such that the following holds.

(i) For every M € L, v € M such that vs # £1, and p € ia* we have

T — c —r—31
Tir(s f2) < e (r) (L ()2
In particular, this inequality also holds if we replace the left hand side by |J$ (7, f1)].



43

(i1) For every M € L, v € M, u € ia*, and every proper semi-standard parabolic subgroup
Q =LV C G with M C L, we have

i (1) 9) < A (1) (1 + [lul)* 3.
Again, the left hand side can be replaced by | (v, (/£)@)].

Proof. To prove assertion (i), we first note that by Corollary 8.3 we have

TG(r F1) < (L4 D=2 TS (r FIXC)I72),

because the intersection of the support of the functional jﬁ(v, -) with K has measure 0 as long as
(M,~s) # (G, £1). Hence applying Proposition 7.4 finishes the proof of (i).
Assertion (ii) follows from Corollary 8.4 and Proposition 7.4. O

Example 8.6. Let M = GG and v be a split reqular semisimple element. Without loss of generality,
we may assume that v € Ty. Then for any bi- K-invariant function f,

JG(v, f) = | DC () |}/ ; fu yu) du.

Changing variables from u to v := v 'u~!'yu we need to multiply the integral by the Jacobian
| D (7)|~1/250(7)"/? so that we obtain

JE( ) =0(7)" [ flyv)dv = fT)(y),

Uo

compare with Example 6.4. Specializing to f = f}, this is the inverse transform to (8.2), that is

JE(y, 1) = h(Ho(7))elHo)
and
JG (7, ) = sgn(det y)h(Ho(7))e#Ho).

Hence |J& (7, f£)] < ||h]|oo, for every u € ia*, and every split regular semisimple element ~.

8.5. Unipotent weighted orbital integrals. We establish now the estimates for unipotent
weighted orbital integrals as well.

Proposition 8.7. Let M € L and let v € M be unipotent such that (M,~) # (G,+1). Then we
have the following:

(i) There exists § > 0 depending only on n, such that

G0 2] < (L

(i1) For everyt > 2 we have

S, 11) du‘ < 111 (log £y s

Proof. The proof of assertion (i ) is the same as for Proposition 8.5 but we have to use Proposi-
tion 7.7 instead of Proposition 7.4. Assertion (ii) is [LMO09, §5]. O
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Part 2. Global theory: Weyl’s law and equidistribution

This Part 2 of the paper is about proving global results, namely Theorem 1.1. This will be done
by using the Arthur-Selberg trace formula for GL(n),q. The left-hand side and right-hand side of
the asymptotic of Theorem 1.1 will be identified as the main terms on the spectral and geometric
side of the trace formula, respectively. We take the approach of studying the geometric side of
the trace formula by reducing it to local problems. This involves using Arthur’s fine geometric
expansion, Arthur’s splitting formula for weighted orbital integrals, a careful study of the properties
of the equivalence classes o that contribute non-trivially, and a uniform description of the measures
on centralizers that appear locally and globally on the geometric side of the trace formula. For
these purposes, we build up in Section 10 some core material on centralizer subgroups which are not
easily accessible in the literature. In Section 11 we carefully summarize Arthur’s results, adding to
them some quantitative analysis, we recall the bound of the first-named author [Mat15] on Arthur’s
global coefficients, and we formulate our main estimate as Theorem 11.16. Then Section 12 finishes
the proof, namely it establishes a uniform upper-bound for non-archimedean orbital integrals. The
method of proof originates from the work of Shin and the second-named author [ST16]. However
we rework the whole argument in depth, first because we are treating the more delicate weighted
orbital integrals, and second because we take the opportunity correct an inaccuracy. Finally,
Section 13 handles the spectral side similarly as in the work of Lapid-Miiller [LMO09].

The writing of the present paper happened simultaneously with revisions of [Mat17], hence there
is some overlap in content with this Part 2. After the publication of [Mat17], some improvements
have been incorporated in the present paper. On the whole, we provide a streamlined treatment
which can be read largely independently of [LM09,ST16, Mat17].

Notation. From now on GG denotes the group GL(n) as an algebraic group over Q. Thus our
notation differs slightly from the notation of Part 1, where we worked with the group G(R)!.
Further Ty denotes the torus of diagonal matrices in GG, and P, the minimal parabolic subgroup
in G of upper triangular matrices both considered as Q-algebraic groups. Similarly as before, but
now in the category of Q-algebraic groups, we define the notions of (semi-) standard parabolic and
semi-standard Levi subgroups, and also define the sets £L(M), F(M), and P(M).

If v is a place of Q, we denote by |- |, the normalized absolute value on Q,. Let A be the adeles
of Q, and let | - |4 denote the adelic absolute value on A* which is the product of the | - |,. Then
G(A)! denotes the set of all g € G(A) with |det g, = 1.

9. SETUP FOR THE ARTHUR-SELBERG TRACE FORMULA FOR GL(n)

9.1. Maximal compact subgroups and measures. If p is a finite prime, we take K, = G(Z,)
as the maximal compact subgroup of G(Q,), and normalize the Haar measure dk on K, such that
vol(K),) = 1. Similarly, we normalize the Haar measures on Q, and Q) such that vol(Z,) = 1 =
vol(Z, ). We can identify Ty(Q,) with (Q,)" via the usual coordinates which then defines a Haar
measure on Tp(Q,). Similarly, if U is the unipotent radical of a semi-standard parabolic subgroup,
we identify U(Q,) with QI™ via the usual coordinates which then again defines a Haar measure
on U(Q,). From the integration formula

dg = uk) du dt dk, f e LY(G
L(Qp) f(g> g /Kp /TO(Qp) LO(Qp) f(t ) ¢ 7f€ ( (@p))u

we obtain a Haar measure on G(Q,). The analogue of this integration formula also defines Haar
measures on M(Q,) for any M € L(Tp).
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At the archimedean place we use the same maximal compact subgroup and the same measures
as in Part 1. Globally we take the product measures. On G(A)! we define a Haar measure via the
exact sequence

1 — GA) — G(A) — Ryg — 1,

where the map G(A) — R.q is given by g — | det g|a.

9.2. Test functions at the non-archimedean places. We are going to use elements of the
spherical Hecke algebra H, := C*(G(Q,)//K,) as our test function at p. For a tuple & =
(&1,...,&)) € Z™ we denote by p® the diagonal matrix diag(p®,...,p*), and define

e G(Qp) — {0, 1}

as the characteristic function of the double coset K,p*K,,. As a convolution algebra, H, is generated
by the functions 7, with £ running over all £ € Z" with & > ... > &,.

9.3. Family of global test functions. We construct our family of global test functions as follows:
Recall from §8.1 the family of test functions f§ € C°(G(R)'), indexed by p € ia*. We extend f}
to a function in C*°(G(R)), invariant under the subgroup Ag ~ R of scalar diagonal matrices
with positive entries. FEach f} is compactly supported modulo center and the support does not
change as p varies. We then take the global test function

Fi = (f - 7)icmy € C2(G(A)Y

with 7 € C2°(G(Ay)) a bi-Kp-invariant compactly supported function. We will consider factoriz-
able 7 = Hp <00 Tp With each 7, Tunning over a set of generators of the spherical Hecke algebra at
p. More precisely, for each p, we are given a tuple of integers & = (&7,...,&2) with & > ... > &
such that {7 = 0 for all but finitely many p. We then take 7, = 7,¢. Since F j is obtained by
restriction to G(A)! and f is invariant under Ag = R, we can assume without loss of generality
that &2 = 0 for all p.

This choice of test function is tailored to prove Theorem 1.1. Only unramified spherical (re-
spectively, of K. -type x_) representations with infinitesimal character close to p will contribute
to the cuspidal part of the trace formula if we use the test function FY (respectively, F*).

9.4. The trace formula. Arthur’s trace formula [Art78, (4)] is an identity of distributions

Jspec(f) = Jgeom(f)

of the geometric and spectral side valid for test functions f € C°(G(A)!). In Section 11 we
provide a detailed analysis of the geometric side. The strategy then is to consider the integrated
trace formula
/ JSpeC(Fj/;) dp = / Jgeom(Fj/;) dp.
) tQ

We shall identify the main terms as ¢ — oo on both sides as the main terms occurring in Theo-
rem 1.1, and estimate the remainder terms with a power saving in ¢ and a polynomial control in
the Hecke operator 7.

10. CENTRALIZERS OF SEMISIMPLE ELEMENTS

The purpose of this section is to describe the centralizers of semisimple elements in G(Q) in
a uniform way. This will allow us to formulate uniform estimates for orbital integrals in the
subsequent sections.
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10.1. Conjugacy classes and splitting fields. Let F' be a field. Let & = (E;, m;);er be a tuple
consisting of finite field extensions F; of F, and integers m; > 1, indexed by a finite set I. We
call n(&) := > ,c; my[E; : F] the dimension of £. For an integer n > 1, we let R be the set of all
such tuples £ of dimension n = n(€), up to isomorphism. Namely, we identify & = (E;, m;);e; and
&' = (B!, m);cp if there exists a bijection 7 : I = I’ such that my ., =m; and E7 , is isomorphic
to E; for every i € I.

We associate the following reductive group over F', using the functor of restriction of scalars

Mg = [ [ Resp,/r GLu, -
iel
Choosing an F-linear basis of E;, we can define an F-embedding of Resg,/r GL;,, into GLg,m,,
where d; = [E; : F]. Fixing an ordering I = {1,...,r}, we construct an F-embedding of M¢ into
G = GL, by embedding GLg,, X ... X GLg,.,, diagonally. The F-algebraic group Mg depends
only on &£ up to isomorphism, and furthermore the embedding Me < G is independent of the
choice of linear bases, up to conjugation by G(F'). In particular, the subgroup

Mg (F) = GLy, (Ey) % GLy, (E2) ... x GLo, (E,) € G(F),

is well-defined up to G(F')-conjugation, which is a variant of the Skolem—Noether theorem.
Let 0 € G(F') be semisimple. The characteristic polynomial decomposes as a product

Fp(X) = HPZ-(X)"“,

where P; are monic irreducible and pairwise distinct, and m; > 1. Put E; := F[X]/(P;(X)). We
obtain a map

(10.1) & : {semisimple conjugacy classes in G(F)} — R

.....

Lemma 10.1. Let 0 € G(F) be semisimple. The centralizer Cg(o) is connected and reductive.
The G(F)-conjugacy class of o is determined by P,, and we have an isomorphism

Mg(g) :> Cg(O') g G.

Proof. The centralizer Cg () is the open subset, defined by non-vanishing of the determinant, of
the set of the F-vector space consisting of matrices g € M, (F') that commute with o, i.e., that
satisfy the linear equation go = og. This implies that Cg (o) is connected.

Up to G(F)-conjugacy, o can be written in block diagonal form diag(o, ..., 0,) with g; elliptic
elements in GLg,,, (F') with distinct minimal polynomials P;(X), and characteristic polynomials
P;(X)™: and such that Cg(0) is contained in the Levi subgroup GLg,m, X ... X GLg, 1, , diagonally
embedded in GG. One can further conjugate o; to a block diagonal matrix diag(d;,...,d;) where
9; is a regular elliptic element in GL4, (F') with characteristic polynomial P;(X). Indeed, one can
simply construct J; as the companion matrix of P;, and this also implies that the G(F')-conjugacy
class of ¢ is determined by P,.

We also deduce that the centralizer Cqy, 0 (9;) is the elliptic torus Resg,/r G, and the centralizer
CarLg,m, (0;) is Resg,/r GLg,. The isomorphism follows. O

Example 10.2. (1) If 0 € G(F') is an F-split regular semisimple element, we have £(0) =

.....

(2) If o is regular, then Cg(0) is a maximal torus of G, and we have m; = 1 for all 1.
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(3) If o is F-elliptic, we have r = 1, and £(o) = (F, m) with F a field extension of degree d over
F with md = n. For example, if ¢ is regular then m = 1 and d = n, that is, £(¢) = (F, 1).
On the other extreme, if ¢ is central then m = n and d = 1, that is, (o) = (F,n).

(4) Let FF = R. Lemma 10.1 could be compared with the similar Lemma 5.1 for the Lie group
GL,(R)'. Using the notation from Section 5, we can identify 2R% with the set of pairs (7', Lo)

with T € Tl and Ly € EtGW(Et (T) up to conjugacy by the Weyl group of (T, G(R)').
Indeed, the tori T' correspond to pairs (r1,r2) of non-negative integers with r + 2ry = n,
and the twisted Levi subgroup L, correspond to partitions r = Y ., m;, ry = Z;zl k;,

and the corresponding tuple in R equals (R, my), ..., (R,my), (C, k1),...,(C, k)).

Remark 10.3. If F has characteristic zero, then the primitive element theorem implies that the
map & in (10.1) is surjective.

Lemma 10.4. Suppose that F' is the field of fraction of a unique factorization domain R, and
that o € M, (F) is semisimple and its characteristic polynomial P,(X) is in R[X]. Then o is
G(F)-conjugate to a matriz in M, (R).

Proof. By Gauss lemma, P;(X) is in R[X] for every ¢ € {1,...,7}. Let §; € My (R) be the
companion matrix of P;, and let o; := diag(d;, . . ., ;) with multiplicity m;. Then diag(oy,...,0,) €
M, (R) is semisimple, and its characteristic polynomial is equal to P,(X). Hence it is G(F)-
conjugate to o. 0

10.2. Discriminant bounds.
Lemma 10.5. Let 0 € G(Q) be semisimple, E(0) = (Ei,mi)icr and Py(X) =[] P(X)™
iel
(i) If P, € Z[X], then

[11De ™ < ] IDisc(P)

iel el

(ii) If P, € Z,[X] and |det(o)|, = |D%(0)|, = 1, then p is unramified in E; for everyi € I.

" < | det(o)["7H D% (o).

Proof. (i) It follows from Gauss lemma that each P;(X) has integral coefficients. As in the proof
of Lemma 10.1, we can find a G(Q)-conjugate o’ of o of the form

0':diag(él,...,51,52,...,52,...,5,,,...,57,),

where 0; € GL4, (Q) is regular elliptic and appears with multiplicity m; > 1, and its characteristic
polynomial is P;(X). Using the integrality of P;, we have

[T 1 det(8)|@m| DG (5,)|™ < | det(o)|" D% (o).

1<i<r
Since the field E; = Q[X]/P;(X) contains the order Z[X|/P;(X) ~ Z[J;], we deduce
D, | < | Disc(Z[5,])| = | Disc(P;)| = | det(6,)|" " [D 4 (5;)]

(ii) The same argument yields |Dpg,|, > |det(o)|7~'|D%(0)|, = 1. Hence |Dg,|, = 1, establishing
the assertion. 0

z_l)mi

Lemma 10.6. Let p be a prime, and o € G(Z,) be reqular semisimple. Then |D%(c)|, < p
where § is the length of the Z,-module Og/R, with E = Q,[X|/P,(X) and R = Z,[X]/ C,(X)
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Proof. We have | Disc(R)|, = | Disc(P,)|, = |[D%(c)|,. On the other hand, since p° is the index of
R inside the normalization O, we have

| Disc(R)|, = | Disc(Op)|,p™ < p~*,

which concludes the proof. O

10.3. Maximal compact subgroups. Let p be a prime and ¢ € G(Q,) be a semisimple ele-
ment. By Lemma 10.1, we have an isomorphism of groups [],.; GL,(E;) = Cg(0,Q,). The
maximal compact subgroups of [[,.; GLy,, (E;) are all conjugate to the standard maximal compact
[Lic; GLi, (Og,), and hence the same is true for Cg (o, Q,).

Lemma 10.7. Let o € G(Z,) be semisimple with good reduction (mod p), namely |D%(o)|, = 1.
Then Cg(o,Q,) N G(Zy) is a mazimal compact subgroup of Ca(o,Q,). If o' € G(Z,) is stably
conjugate to o, then o’ is conjugate to o under G(Zy).

Proof. This is [Kot86, Prop.7.1] which establishes the same assertion for an unramified reductive
p-adic group G. 0

Example 10.8. The condition in the lemma is necessary as the following argument shows. Let

(é 1=ip) (é 111) (é 1fip) (é __€_1)=

which is integral semisimple, but with bad reduction (mod p). Then

ceto@no@) = ((; ) me) (g 7)) )nee)
:{<g?f“%‘m)\%bezgﬁa—mpgp*}

This is strictly contained in the maximal compact subgroup of C¢(0,Q,), which is
-1
a p (CL - b) X
{(0 b )|a,b€Zp}.

We now establish a variant in the case of bad reduction. The proof is inspired from Eichler
theory of optimal embeddings of quadratic orders in quaternion algebras.

Proposition 10.9. (i) If § € G(Q,) N M,(Z,) is reqular elliptic semisimple, then Cq(0,Q)) is
an elliptic mazimal torus, and its maximal compact subgroup contains Cq (9, Q,) NG(Z,) with
indez at most |DC(8)|, /*| det 5|, " V/2,

(i1) If o = diag(éy1,...,01,...,0p,...,0,) where 6; € GL4(Q,) N My, (Z,) are regular elliptic
semasimple with pairwise distinct characteristic polynomials, then there exists a ma:mmal com-

pact subgroup of Cq(o,Q,) which contains with index at most |D% (o), 1/2| det o], (=172 4pe
open compact subgroup Ce(o,Q,) N G(Z,).

Proof. (i) Let P(X) € Z,[X] be the characteristic polynomial of §. Let R = Z,[0] ~ Z,[X]/P,
which is an order in E = Q,[d] ~ Q,[X]/P. We have the natural inclusions

of orders in £ C M,(Q,). Moreover Cg(d,Q,) = E*, and its maximal compact subgroup is Oj.
It suffices to bound the index [OF : R¥].
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Let § C Og be the conductor of R in O, that is, the largest ideal in O which is contained in R.
Suppose a,b € OF are such that a — b € f. Then a™'b,b~'a € 1 +§ C R and therefore a™'b € R*,
that is, aR* = bR* in O /R*. Hence [0 : R*] < [Og : ], cf. also the proof of [PMS02, Lem.2.9.5]
although the statement there seems to contain an inaccuracy, which we have corrected. Moreover
| Disc(P)|;! = |Dp|[Og : f]2. Hence [OF : R*] < | Disc(P)[, "> = [D(6)],"*| det 6], " /2.

(ii) Let o; = diag(d;,...,0;) € GLgm,(Q,) which is an m; x m; block diagonal matrix, with
0; € GL4,(Qp), such that o = diag(oy,...,0,) € G(Q,). By Lemma 10.1, we have

00(07 @P) = CGLdlml (01’ Qp) XX CGLdT-mT (UT’> @p)a

and similarly for Cs(0,Q,) N G(Z,). The integrality of the characteristic polynomial of o; implies
[det(0)" ' D(o)], < ] Idet(e)@VmDaimi (a)],,
1<i<r

so it suffices to give a sufficiently good bound for the case r = 1.

Thus let o = diag(é,...,d) € G(Q,) be an m x m block diagonal matrix, with 6 € GL4(Q,)
regular elliptic semisimple, with integral characteristic polynomial, and n = dm. We keep notation
as in the proof of (i). Using the special form of o, we have that Cg(o,Q,) is the unit group of
the matrix algebra M,,(F) inside M, (Q,), and that GL,,(Og), which is the group of units of
the ring M,,(Og), is a maximal compact subgroup of Cg(0,Q,). Moreover GL,,(Of) contains
Ce(0,Q,) NG(Z,). We have the natural inclusion of orders of M,,(E),

My (R) C My (E) N My(Z,) C My (Op).

Hence it suffices to bound the index of GL,,(R) in GL,,(Og). Let §f C Og be the conductor of R.
Then

O : f] < | Disc(P)|-Y2 = | DM (8)|71/2] det 6| @D/2 = | DY (o) |-1/2"| det o| - (4 D/2m,
p p p p p
Arguing as in the proof of (i) we get
(GLw(OF) : GLyu(R)] < [Min(OF) : My (f)].
Now [M,,(Og) : M,,(f)] < [OF : ﬂmz, SO
[GL(OF) : GLin(R)] < |D%(0)|,?| det | ;@ Hm/2)
and the assertion then follows. O

Remark 10.10. The assumption in (ii) could perhaps be relaxed, so as to obtain an assertion
valid for every integral semisimple o € G(Q,). The difficulty however is to find a suitable
representative in its G(Z,)-conjugacy class (as opposed to G(Q,)-conjugacy class). According
to [New72, Thm.I11.12] one can find a representative in upper block triangular form, with each
diagonal block regular elliptic semisimple. However, for example,

11\ (1 p /1 0\ (1 p\"
=0 1+p) " \0o 1 )\o 1+p)\0 1

cannot be brought into diagonal form by G(Z,)-conjugation.
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10.4. Localization. Let F' be a number field, and v an arbitrary place of F'. Let & = (E;, m;)ier €
Rp. Foreach i € I, let W;, be the set of places of E; above v. Then E; , = E;®QF, = Hwewz- : E; ,

where E; ., denotes the completion of E; at w. We write

Ev = (Biw, Mi)ier, wew,.,

which is an element of R7 . We therefore get a map R — Ry and the resulting diagram

{ss. conj.-cl. in G(F)} —— R}

! |

{ss. conj.-cl. in G(F,)} — RE,
commutes. Note that the set R% is finite.

10.5. Choice of measures. In the following sections we need to make a choice of measures on
Ce(0,Q,) for every semisimple o € G(Q) and every place v of Q. Globally on Cg(o, A), we then
take the product measure.

Let & = (Ej, m;)ier € RG. Then Mg(Q,) is a direct product of groups GLy, (Ei ), for i € I,
w € W;,. We fix measures on these groups and take the product measure on Mg, (Q,).

If v is non-archimedean, we normalize the Haar measure on each GL,, (Ej ) such that GL,,,(Og, )
has volume 1 with Op, , the ring of integers of Ej,,. At the archimedean place v = oo we choose
an arbitrary Haar measure on M¢(R) (for example one could normalize it as in §5.3).

This defines measures on the centralizers Cg (0, Q,) as well, thanks to Lemma 10.1 since C(0, Q,)
is conjugate to Mg(y)(Qy).

Similarly we can define measures on parabolic subgroups and their unipotent radicals in Cg (o, Q,)
by pulling them back to parabolic subgroups in Mg, (Q,) and defining measures on the parabolic
subgroups in Mg, as usual.

11. COARSE AND FINE GEOMETRIC EXPANSION

To handle the geometric side of the trace formula, we break it down into independent local
pieces. We shall use the coarse and fine geometric expansions, and Arthur’s splitting formula.

11.1. The coarse geometric expansion. Let v,v" € G(Q) with Jordan decomposition 7 = V47,
and 7' = .y, with 74, 7. semisimple and v, € Ca(7s, Q), 7., € Ca (7%, Q) unipotent. Then 7 and
v are called equivalent if v, and 7, are conjugate in G(Q). Let O denote the set of all such
coarse equivalence classes in G(Q). Hence O is in natural bijection with the set of semisimple
G(Q)-conjugacy classes.

If 0 € O is a coarse equivalence class, and o € o is a semisimple representative, then o is a finite
union of several G(Q)-conjugacy classes, the number of which equals the number of unipotent
conjugacy classes in the subgroup Cg(o,Q), that is, the number of orbits of the adjoint action of

Cg(0,Q) on U,(Q), where U, denotes the variety of unipotent elements in Cg(0).
Example 11.1. If o is reqular semisimple, then o as a set equals the G(Q)-conjugacy class of o.

For each 0 € O, Arthur [Art78] constructs a distribution J, : C2°(G(A)') — C such that

(11.1) Jeeom(f) =D Jo(f), VI € CZ(G(A)).

0cO
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All but finitely many of the terms J,(f) vanish due to the fact that f is compactly supported.
More precisely, the support of the distribution J,(+) is contained in

Ugau

geG(A)

where o € o is any semisimple representative for the coarse equivalence class o.

11.2. The fine geometric expansion. There is a description of the distributions .J,, the fine
geometric expansion, which will be more accessible to analysis. Arthur [Art86b, Thm.9.2] showed
that if S is a sufficiently large finite set of places containing oo, then there exist coefficients
a(v,S) e Rfor M € L, v € M(Q), such that one has

(11.2) =Y |WG‘|Za (7, 9) T3 (7, ),

MeL o

for any f € C°(G(A)) of the form (fs- f)c) with fs € C*(G(Qs)) and f° the characteristic
function of the standard maximal compact subgroup K*° C G(A?). Here ~ runs over a set of repre-
sentatives for the M (Q)-conjugacy classes in M(Q)No. By [Art86b, Thm.8.2], a (v, S) = 0 unless
7, is elliptic in M(Q). The value of a* (v, S) depends on the normalization of measures. We shall

quantify in Lemma 11.7 below how large S needs to be chosen for Arthur’s fine expansion (11.2)
to hold.

Remark 11.2. The assertion that the sum over v in (11.2) can be taken over M(Q)-conjugacy
classes is because G = GL(n). In general, one has to take v over a set of representatives for a
certain equivalence relation that depends on S.

Since J§; is given by an absolutely convergent integral [Art86a], it follows from the trivial
bound (8.8) that

(11.3) Teeom (2 - T0)lGay) <n (1+[[ul)™

where 7y is the characteristic function of K.

11.3. Arthur’s splitting formula for weighted orbital integrals. We have that J$/ (v, f) = 0
unless 7% € K% = [I,¢s Kp, in which case we have JG (v, f) = JS(vs, fs).  The distribu-
tions J$ (s, fs) are S-adic weighted orbital integrals. Their value depends only on the M (Qg)-
conjugacy class of v¢ € M(Qg). These are defined for any finite set S by Arthur [Art81] as a
special value of a certain (G, M)-family.

The archimedean weighted orbital integrals studied in Part 1 correspond to S = {oco}. Similarly,
by specializing to S = {p}, for a finite prime p, one obtains p-adic weighted orbital integrals, that
will be studied in the next Section 12.

Arthur established the splitting formula (11.4) below, by which it is enough to understand the
v-adic distributions for every v € S. In other words the S-adic distributions are finite sums of
factorizable distributions. Suppose that fg =[] ¢ fo with f, € C*(G(Q,)), and is such that the
restriction fg|g g is compactly supported. Then

(11.4) (s, fs) = ZdG ) [T 75 (v £9).
veS
where the notation is as follows:
e L := (L,),es runs over all tuples of Levi subgroups L, € L(M), v € S;
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e d§;(L) € R are certain coefficients satisfying d$;(L) = 0 if the natural map @, ay; —
a§; is not an isomorphism; they take values in a finite set that depends only on G;

e (), € P(L,) is a certain parabolic subgroup, and Fl@) ¢ C*(L,(Q,)) is the parabolic
descent of f, along @, (the p-adic parabolic descent is defined similarly to the one in the
archimedean case in Section 6); @), depends only on the Levi L, as a Q-group.

This splitting formula follows from a general splitting formula for (G, M )-families [Art81, §6], see
also [Art05, (18.7)]. The formula there is stated only in the case that .S is split into two non-empty
disjoint subsets S7,S;. The above version follows from repeatedly applying that formula to the
subsets S; and S, until one arrives at sets consisting of a single place each.

Lemma 11.3. The following holds:

(i) For any L such that d§; (L) # 0, there are at most dim a§, many places v € S such that
Ly, # M.

(ii) The number of L for which d$,(L) # 0 is bounded by ¢|S|%™ 5 with ¢ > 0 some constant
depending only on n.

Proof. For any L with d§;(L) # 0, the map @@, 4 ayy — a§; is an isomorphism. We associate to
L the multiset {L,, v: L, # M}. It is of the form {M, ..., M.} with My,..., M, € L(M)\{M}
such that @!_, ayy — a; is an isomorphism. Then r < dima§;, which implies assertion (i).
Furthermore the number of such multisets is finite, thus bounded by some constant ¢ depending
only on n, since the number of possible Levi M € L is finite. Assertion (ii) follows by counting
the number of L that give rise to a given multiset. 0

If v = p is non-archimedean, the parabolic descent of a Hecke operator in C*°(G(Q,)//K,) is
a compactly supported function on L(Q,) that is bi-invariant under K} = L(Z,), the standard

maximal compact subgroup in L(Q,). Similarly as in §9.2, we let T € CX(L(Q,)) denote the
characteristic function of the double coset Klfp“KIf.

Lemma 11.4. There is a constant ¢y > 0 depending only on n such that the following holds. Let
L be a standard Levi subgroup of G and Q € P(L). Let £ = (&1,...,&,) be a tuple of integers with
&12...26,20. Then
@ _ L
Tpe = Z ApTp,po

o p1<€n

where 1 = ({1, ..., ly) Tuns over all tuples of integers py = ... = p, = 0 with puy < &, and the
coefficients a, € Q satisfy |a,| < peL.

Proof. This is [ST16, p.69], or [Mat17, Lem.7.3]. O
Note the analogy between Lemma 11.4 and Lemma 6.5 in the archimedean case.

Example 11.5. If £ = 0, that is for 7, is the characteristic function of K, then TZE%) equals the
characteristic function of K.

We can now derive the following consequence of Arthur’s splitting formula.

Corollary 11.6. There exist constants c,cq > 0 depending only on n such that the following holds.
Suppose that fs = [[,cq fo € CX(G(Qg)), and for each finite place p € S, the function f, equals
the Hecke operator T,¢v associated to some &P € Z" with £ > ... = & > 0. Then for every
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vs € M(Qs),

T3 (s fs)) P& L §]dmel L max max Jve (Voor f JLp (Vo Tpopuv
M L D P p pu
peS\{oo} Lo <G pES\{oo}

For the definition of the functionals jff see §7.3 in the archimedean case, and §12.2 below in
the non-archimedean case.

Proof. If follows from the splitting formula (11.4) and Lemma 11.3 that

1m oo L
|JJ\G/[(’VSafS)| C|S|d aM mLaXJL 700> H J p 7p> pgp )
vES\{oo}

We deduce from Lemma 11.4 that for every p € S\{oo},
FLp » e 3L, v c1€P n Ly
IO @) <P Y0 T ) <pE(E) 1) max L7 (pertn). O

pe <&y
pP: ph<ed

11.4. Sufficient size of S. To state quantitatively how large the set S has to be for the fine
expansion for J, to hold, we proceed as follows.
For o € O with semisimple representative o € o, let

(11.5) S, := {primes p s.t. |[D%(c)|, # 1} U {oc}.

This definition is independent of the choice of o because the Weyl discriminant | DY(+)|, is invariant
by G(Q,)-conjugation.

Lemma 11.7. For every equivalence class o € O, and every finite set of places S containing S,,
Arthur’s fine geometric expansion (11.2) holds.

Proof. There are two cases. In the first case, the equivalence class o does not intersect K =
[I,gs Kp- Then Jo(f) = 0 for any f = (fs - %)y with [ the characteristic function of

K® c G(A®). Similarly J§ (v, f) =0 for any M € £, v € M(Q) No. Hence equation (11.2) holds
trivially, because both the left-hand side and right-hand side vanish.

In the second case, the equivalence class o does intersect K°. The fine geometric expansion
of J,(f) is established in [Art86b, Thm.8.1], and we need to compare S with the set of places
constructed in [Art86b]. Namely, we are going to show that for every p ¢ S the conditions (i)-(iv)
of [Art86b, p.203] are satisfied. Let

8(0) = 5(0’) = (Ei,mi)ie{l ..... r} c %&

The notation &(0) is justified because £(o) is independent of the choice of semisimple representative
o €o. Let d; = [E; : Q|, and recall that myd; + - - - + m,d, = n.

Fix a prime p §Z S. Since p € S,, we have |DG( )|, = 1, and since o intersects K, = G(Z,),
we have |det(o)|, = 1. It follows from Lemma 10.5.(ii) that p is unramified in E; for every
i € {1,...,r}. Condition (i) of [Art86b] is that |D%(c)|, = 1, which holds by construction.
Conditions (ii)-(iv) of [Art86b] are more subtle, and depend on a choice of a suitable semisimple
representative o € 0. Since P, € Z[1/5][X], Lemma 10.4 with F' = Q and R = Z[1/S] the ring
of S-integers, shows that we can choose o € 0 N K. Condition (iii) of [Art86b], which says that
oK,07' = K, then holds since o € K, = G(Z,).

Furthermore by the proof of Lemma 10.4, we can choose the semisimple representative o € 0N
K* in block diagonal form, that is o = diag(él, ey 01y ooy Opy .oty 0p), where each §; € My, (Z[1/5])
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is a regular elliptic matrix in GLg,(Q). Moreover, §; € GLy,(Z,) and |D i (6;)|, = 1 for every
i€{1,...,r}. Let M; be the standard Levi subgroup of type (di,...,ds,...,d,,...,d,) such that
o € M;(Q) is regular elliptic.

Condition (ii) of [Art86b] says that K, := K, N Cg(0,Q,) is a maximal compact subgroup of
Ce(0,Q),), which holds by Lemma 10.7, and also that it is admissible with respect to Cy, (0, Q)),
that is, K, , corresponds to a special vertex in the Bruhat-Tits building of Cz (o, Q,) and this vertex
belongs to the apartment associated to the maximal split torus of Cyy, (0, Q,), see [Art81, §1].

Let £/Q, be the splitting field of o, which is an unramified extension, in fact £ is the composite
of the completions E;,, for all i € {1,...r} and all places w|p. We have that §; is split regular
semisimple in GLg,(Og) with good reduction, namely | D% (§;)|z = 1. Hence the final assertion
of Lemma 10.7 implies that there exists k; € GLy,(Op) such that k;0;k; !is diagonal. We deduce
that k = diag(ky, ..., ki,...,kr, ..., k) € Mi(Op) is such that kok™ € Ty(E). This implies
kCyr, (0, E)k=! = Ty(E). The Levi subgroup Caer(kok™) is semistandard because it contains Ty,
hence it is of the form M ® E for some semistandard Levi subgroup M C G.

In summary, we have that the pair (Cy,(0) ® E,Cg(0) ® E) of a torus inside a Levi is split
and k-conjugate, for the above k € M;(Og), to the pair (Ty ® E, M ® F) of the maximal diagonal
torus Tp, and a semistandard Levi subgroup M C G.

Let Kp, := G(Op) N Cg(0,E). Then kKg k™' = G(Og) N M(E) = M(Og) because k €
M,(Og) C G(Og). Since M(Og) is an admissible maximal compact subgroup in M (E) with
respect to To(E), we deduce by k-conjugation that Kp, is an admissible maximal subgroup of
Cq(o, F) with respect to Cyy, (0, E'). The corresponding special vertex z of the Bruhat-Tits building
of Cg(o, F) belongs to the appartment associated to the maximal split torus Cyy, (o, E). Since
E/Q, is unramified, and by construction of buildings by étale descent, the Gal(£/Q,)-fixed points
of the Bruhat-Tits building of C¢(0, E) equals the Bruhat-Tits building of C (0, Q,). It therefore
follows that = is a special vertex in the Bruhat-Tits building of C¢ (o, Q,) and that it belongs to
the appartment associated to the maximal split torus of Cyy, (0,Q)). Since z is fixed by K,, =
Kg,NCq(0,Q,), we deduce that K, , is an admissible maximal compact subgroup of Cg (o, Q,)
with respect to Ciy, (0, Q,), as asserted.

Condition (iv) of [Art86b] says that for any y € G(Q,) and unipotent v € Cg(0,Q,) such that
ylovy € 0K,, we have y € Cg(0,Q,)K,. This holds because it is a special case of Lemma 12.2
below. Namely ¢ = 0 because 0, € K, and also |D%(c)|, = 1, thus there exists k € Cg(0,Q,)
such that |ky|g,) =1, i.e., ky € K,. O

Remark 11.8. For a given f € C°(G(A)'), only finitely many o contribute to Jyeom(f) so that the
fine expansions for each J,(f) could be combined. Assume that f = [], f, is factorizable, and
that S is a sufficiently large finite set with respect to the support of f, namely S should contain
all S, for all o contributing to Jeeom (f), and all places v where f, is not the characteristic function
of the standard maximal compact K,. Then

o Y M G
Jgeom(f)_ Z |WG| Za' (7>S)JM(7>f)a
{7}

MeLl

where 7 now runs over a set of representatives for the M (Q)-conjugacy classes in M(Q). For our
purposes, it will be however more direct to consider the fine expansion of J,(f) individually for
every contributing o.

11.5. Global coefficients. The global coefficients a™ (v, S) occurring in (11.2) are related to the
global geometry of the Hitchin fibration, see [HRV08] and [Chal5]. It seems that a* (v, S) can
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always be expressed in terms of derivatives of Artin L-functions, in which case precise estimates are
established in [ST16, §6.6]. However such formulas are not well-understood, except in some special
cases which we now describe. If 7 is semisimple and elliptic in M(Q), then by [Art86b, Thm.8.2]

M(y,8) = vol(Cu (7, Q\Cs (7, A)")

which is therefore independent of S, and can be expressed in terms of Tamagawa numbers and
special values of Artin L-functions. If the semisimple part ~y, is not elliptic in M(Q), then
M(~ S) = 0, again by [Art86b, Thm.8.2]. If the semisimple part 7, is elliptic in M(Q), then
M(,8) = g (Yu, S) by [Art86b, (8.1)]. Chaudouard [Chalb] treats certain types of unipotent
elements ,.
It is essential for us to treat a general v. We only require an upper bound for a* (v, S) and the
following result from [Mat15] will suffice for our purpose.

Proposition 11.9. There exist ¢, cgon > 0 depending only on n such that the following holds. If
v = YsYu € M(Q) has a characteristic polynomial with integral coefficients, then

(116) (3, 9)] < el det()" DS ma (logp)

Proof. Recall from Section 10 the map £ from semisimple conjugacy classes in G(Q) to Rf. Let
E(vs) = (Ei,m;)ier. Let P(X) be the characteristic polynomial of v and let P(X) = [[.., Bi(X)™
be its factorization into irreducible polynomials in Q[X]. Thus E; ~ Q[X]/P;(X). By Lemma 10.5,
we have

(11.7) [T Disc(

iel

Let My C M be the smallest Levi subgroup in which 7, is regular elliptic. Then M; ~ [[..,(GLg,)™.
Let 7,,; € GL4,(Q), @ € I, denote the elliptic elements corresponding to 75 under this isomorphism.
Then [],.; Disc(P;)™ = DMt () [T, det(7s,:)™ %=1, which coincides with the discriminant de-
noted disc™ (7,) in [Mat15].

By [Mat15, Cor.1.4], there exist ¢, ago, > 0 depending only on n such that

P)|™ < | det(vs)" " DY (7,) |-

(Sp (1

(11.8) ™ (7, 8)| < el det(v)" D () [ Y]] o)

(sv)ves pES\{oo}

where the sum runs over all tuples (s,)pes\{} Of non-negative integers with » s, < n — 1, and

G(s) = (1 —p~*)~! denotes the local Riemann zeta function, g,ﬁs*’) denotes its s,-th derivative. We
note that the normalization of measures in [Mat15] differs from our normalization by some power
.|. Since (P;)|, these factors have been absorbed in

the above exponent ago-
The number of the tuples (s,)pes\ ooy in (11.8) is less than |S|"~*. Also for each p € S\{oo}, we

have [(p () (1)¢,(1)7! < (log p)*» with implied constant depending only on n. Hence

()

o) < [S™' max (logp)™™
(s0)ves pES\{oo} %

peS\{oo}

which, together with (11.7) gives the assertion. O
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11.6. Contributing equivalence classes. We record in this subsection some properties of the
classes 0 € O that contribute to the geometric side of the trace formula. Since we are only
interested in the group G = GL,,, we take the opportunity to provide a shorter treatment compared
to [ST16, §8], and with improved estimates.

Lemma 11.10. Let p be a prime, and o be a semisimple element which is G(Q,)-conjugate to an
element of K,p*K,, with & > ... > &,. Then

(11.9) |DC ()|, < p" V&) and  pT < | det(o)|, < pTE

Proof. Let @p denote an algebraic closure of Q,. We extend | - |, to @ and denote the extension
again by |- |,. There exists a diagonal ¢’ = diag(t1,...,,) € To(Q,) which is G(Q,)-conjugate to
o. We have

D) =D%0")= J] (-ale)=][0Q-t"t).
acd: afo’)#0 ti#t;
Without loss of generality we may assume that &, = 0, the characteristic polynomial of ¢ has
integral coefficients, and all the eigenvalues ¢; are integral, hence

n

1D90)l, =TT #7011ty tdy < [l #6

j=1 ity Ft; j=1
Moreover, [ty -... t,|, = |det o|, = p~&1+~F8) > p=n& Using the integrality of the ¢;’s again, we
obtain
n
(g -1
DY), < [T 1], < prtv D8, O
j=1

Recall the function X : G(R)/Ag — a from Section 4.

Lemma 11.11. There is a constant ¢, > 0 depending only on n, and for every R > 1 a constant
¢ = 1 depending only on R and n, such that the following holds. For each prime p, let &P =
(&Y, ..., &) be a tuple of integers with & > ... > &2 > 0, and such that & = 0 for all but finitely
many p. Then the number of equivalence classes o € O whose orbit under G(A)-conjugation
intersects the subset

{9€ GR) | X(9)| < R} x ] K™K, € G(&),

p<oo

is finite and bounded by ¢ ] p& - Furthermore, for any such o, with semisimple representative

p<oo
o € 0, we have
(11.10) ]V < Do) r < o,
p<oo
and for every prime p,
(1111) —1 H q —n(n—1)& |DG( )| gpn(n—l)ff‘
q7#p,00

Proof. The Weyl discriminant is invariant under multiplication by the center, thus |D%(g)|g is
invariant under Ag. The upper-bound in assertion (11.10) follows from the compactness of the
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set {g € G(R) | || X(g9)]] < R}. Also the coefficients of the characteristic polynomial P(T") =
T" + a,T" ! + - - + a, of o satisfy

1 1 n D
11r£1;2u<>%|a|/]<c|det / <cl_[p6
p<oo
The assumption £ > 0 for every prime p, implies that a; € Z for every j. Since o is uniquely
determined by the coefficients of P(T), we deduce the bound on the number of equivalence classes,
with ¢y =n(n+1)/2.
The upper bound of (11.11) is Lemma 11.10. Since o is rational,

1D%(0)], = Do)z [ 1D (o)1, !
q#p
by the product formula. The implies the lower-bound of (11.11), and also the lower-bound
of (11.10). O

We refer to the equivalence classes 0 € O that satisfy the condition of the lemma as contributing
classes. This depends on a choice of R and {. As before, we assume that £ > ... > & > 0 for all
p, and & = 0 for all but finitely many p.

Corollary 11.12. There is a constant ¢ > 1 depending only on R and n such that for every
contributing class o € O, we have

11.12 max p<c n(n=1)&7
( ) jcnax | p II»
p<oo
and
(11.13) [T p<c][p™ s
pESo\{oo} p<o0

Pmof. Recall that S, is defined in (11.5). Let p € S,\{oco}. If £€¥ £ 0, we trivially have p < p(*—D&
o (11.12) holds. If & = 0, then by (11.11) we have |D(o)|, < 1, hence |D(0)|, < p~' because
p € Sy~ {oo}. Hence p <|D(0)|," <[] oo @™V )1 by (11.11) so that (11.12) follows.

If p&S,, then Lemma 11.10 yields 1 < |D(U)|;1p("2_")§f. The same argument as above, together
with Lemma 11.10 yields the inequality
p < |D(a)], "I,

for every prime p € S, \ {oo}. Thus the product formula yields

H »< H |D ‘ 1 (n —n)&y H |D(U)‘;lp(n2—n+1)£f

pESe\{oo} PESo PpESe\{oo}

o) ] o™

p<oo
This implies (11.13) in view of (11.10). O

Recall that for o € O, we write £(0) := &£(o) for some semisimple representative o € 0. The
characteristic polynomial of a contributing class o has integral coefficients, since K,p*" K, is a
subset of M, (Z,) for every prime p, because §, = 0. Hence, we can always choose a semisimple
representative o € o N M, (Z) for a contributing class o.
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Corollary 11.13. If o is a contributing class and E(0) = (E;, m;)er, then
H |DEZ|mZ < c H p"("—l)ﬁf
el p<oo
Proof. By Lemma 10.5, we have
11 0% <|det(o)[z" D% (0)lp.

iel
The assertion then follows from (11.9) and (11.10). O

Corollary 11.14. There is a constant c; > 0 depending only on n, and a constant ¢ > 0 depending
only on R and n, such that for any contributing class o and any v € o,

(11.14) @™ (v, Sou{p | € # 0D < e [ =4

p<o0
Proof. This follows from Proposition 11.9, combined with (11.9), (11.10), (11.13) and (11.12). We
can take co = n(n — 1)cglop- O

Lemma 11.15. For any contributing class o, and semisimple representative o € o

(11.15) A (o) <c[ o4,
p

with A~ defined as before Lemma 7.3.
Proof. By the product formula, we have

H max(1, H\l i)

i#], tiFt; p<oo
The proof is then similar to that of Lemma 11.10. ([l

Recall the definition of the archimedean and global test functions fY, F} from §8.1 and §9.3
respectively. We are interested in the equivalence classes 0 € O that contribute to the coarse
expansion of Jyeom(F); ), that is such that J,(FY) # 0. The support of fi € C*(G(R)/Ag) is
included in {g : || X(g)|] < R} for some R > 1, which is independent of u. Recall from §9.3
that FY' = (ff - [[, 7)) satisfies 7, = 7, ¢» for some &7 = (&7, ..., &) with §7 > ... > & > 0.
Hence all equivalence classes contributing to the coarse geometric expansion satlsfy the condition

of Lemma 11.11. All the properties established in this section apply to any contributing class o
such that J,(Fy) # 0.

11.7. Bounding the geometric side of the trace formula. We may now reduce the bound
of the geometric side of the trace formula to estimating local weighted orbital integrals. For
archimedean places, we solved this problem in Part 1, and for non-archimedean places, this will
be established in the next Section 12.

The following is the main technical result of the paper.

Theorem 11.16. Assume n > 3. There exists a constant cg3 = 0 depending only on n and a
constant ¢ > 0 depending only on n and the function h used to define f, such that the following
holds. For every tuple & = (£P), of integers with & > ... > &2, and every u € ia*,

— 1
geom F:I: Z '] F:I: < CHPCS(ﬁ) 5%)(1 + ||:uH)d 2

uUnIp. 0 p
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where o Tuns over the set of unipotent equivalence classes. We recall that FY = (f4 - 7¢)|cay -

Proof. Without loss of generality, we assume that (¢ = 0 for all p. From the coarse expan-
sion (11.1), we need to give an upper-bound for the sum over non-unipotent classes 0. The number
of contributing classes is bounded by Lemma 11.11. It then follows from the fine expansion (11.2)
that the left-hand side is

131 N
<o TL v mpsmpenas o 0 9175 s P29
p<oo

Note that S depends on the non-unipotent class 0. We choose S = S, U {p|¢P # 0} and use the
upper-bound (11.14) for a* (v, S). For the weighted orbital integral, we use Corollary 11.6, and
also (11.13) to bound |S], and obtain:

<ec | | p051 max max max JLm(yoo,fi Q°°)) | | jz\Lf(%,TIpr).
oM{y} L puuy<&y
p<oo PES,,0r EPFA0

for some absolute constant ¢ > 0.
For the archimedean weighted orbital integral we apply Proposition 8.5, together with (11.15)
to bound A~ () and deduce

T e, 12 < TL w0 1
p<oo
For the non-archimedean Weighted orbital integral, we apply Theorem 12.1 below to deduce
=L . C
H J p pry Pﬂp H p H P ol+b0151 H |DG( >| 017
pES,,or £EPF#D PES, £P£0 PESa,0r EPAD

where o = 74 is a semisimple representative for 0. The first product is bounded by (11.13). We
may extend the last product over all primes p as for p ¢ S, we have |D%(s)|, = 1. Hence by the

product formula, we get
5L,
H J 7;177 pul’ < H p02§1 |DG
PES,,or £PF0 p<oco

Cox

which by (11.10) is bounded by a constant multiple of Hp oo p& . Combining all the previous
estimates we conclude the proof of the theorem. O

11.8. Unipotent equivalence classes. We say that an equivalence class 0 € O is unipotent if
a semisimple representative ¢ € o is central, i.e, if 0 € Z(Q). Clearly o is unique, and unipotent
classes are parametrized by Z(Q). The unipotent class o corresponding to o € Z(Q) consists of
all elements ou, with u € U(Q), where U is the unipotent variety in G.

Proposition 11.17. There exists a constant cy = 0 depending only on n such that the following
holds.

(i) There exists 6 > 0 depending only on n, and ¢ > 0 depending only on n and the function
h, such that for every p € ia*, tuple (&P),, and unipotent equivalence class o with semisimple
representative o € Z(Q),

Jo(FL) = vol(GQN\G(A)) L) [ mer(0)| < e+ [lul)™=° [T o4,

p<oo p
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(ii) If Q C ia* is a W-invariant and bounded measurable set with piecewise C*-boundary, and if
h(0) = 1, there exists ¢ > 0 depending only on n, h,Q such that for every t > 2, tuple (£7),, and
unipotent equivalence class o with semisimple representative o € Z(Q),

/QJ(F:I: d/,l/ HTPSP
t

p<oo

Ctd_l (lOg t)max(3,n) H p04(§f—§£) .
p

Proof. Using (11.1), the main term in (i) arises from M = G and u = 1, and since we have

vol(G(Q\G(A)') = a%(0, 5), FL(0) = f£(0) Tl pco Tnt, (o), and using (8.2),
" c(p)
oy =10 = [ o |20 an
we obtain vol(G(Q)\G(A)') f£(1) [[,<o0 Tpier(0) as claimed.

Integrating f4(1) over pu € t£2, we obtain m[\g(t) as a main term for (ii) if A(0) =

More precisely,
AQ(t) d—1
Ji(C <t
/ ! 2vol(G(Q\G(A)Y)
by [DKV79, §8], [LMO09, ( . The remainder term for (ii) is the sum of

|3 aCtou )08 u 12 dn
8 fuy1
where {u} runs over a set of representatives for the non-trivial G(Q)-conjugacy classes in U(Q),

and of u
|W |/Z (ou, S)JS (ou, FY) dpu,

where {u} runs over a set of representatives of M (Q)-conjugacy classes in U (Q), and S = S,U{p |
&P # 0}. The global coefficients are bounded by (11.14). We have the factorization

T (ou, FE) = JG (u, f1) T J&(ou,me0)

p<oo

Mec, M;éG

for the unweighted orbital integrals. For the weighted orbital integrals J (ou, F}) we have a sim-
ilar decomposition into local terms for which an upper bound is given in Corollary 11.6. To obtain
an upper bound for those integrals we argue as in the proof of Theorem 11.16 but use Proposi-
tion 8.7.(ii) to bound the archimedean orbital integrals. For the p-adic integrals we can again use
Theorem 12.1. This establishes assertion (ii). The proof of (i) is similar, using Proposition 8.7.(i)
instead. O

Corollary 11.18. Assume n > 3 and h(0) = 1. Let 6(¢P) = 1 if &P is central and 6(€P) = 0
otherwise. Let FIif = (fi - 7¢)cy and Q C ia* be as before. There exists ¢ > 0 depending only on
n, h,Q such that for every t > 1, and tuple (&7),,

/ Jgeom(Fj: d,u AQ H 6 é“p <c H pC4§1td 1/2
tQ2

p<oo p<oo

Proof. The contributing unipotent equivalence classes correspond to elements o € Z(Q)N [ K,p* K,
p<oo

(see Lemma 11.11). Thus there are at most two contributing unipotent equivalence classes, and
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they differ by £1. Combining Theorem 11.16, integrating it over t€2, and Proposition 11.17.(ii),
we complete the proof. O

12. BOUND FOR p-ADIC WEIGHTED ORBITAL INTEGRALS

To complete the estimate of the global bound on the geometric side of the trace formula in
Theorem 11.16, we need an upper bound for the p-adic weighted orbital integrals |.J$; (7, f,)], for
v € M(Q,) and f, € H,. The following is the main result of this section.

Theorem 12.1. There exist effective constants ae, bei, Coi = 0 depending only on n such that the
following holds. For every prime p, tuple of integers & = (&1,...,&,) with & > ... =2 &, M € L,
and v € M(Q,), we have

j]Gw(,y’ Tp,g) < paoi+boi (61 _gn) |DG(f}/S) |;Coi’

where we recall that 7, € H, is the characteristic function of the double coset K,p*K,. The
integral is taken with respect to the measures constructed in §10.5.

We have J$ (v, Tpe) = JG (0, per), if € = (€1 — &, & — &y oo, En1 — &0, 0). Without loss
of generality, we may therefore assume that &, > 0, and shall do so whenever convenient.

12.1. Preliminaries. As in the archimedean case of Lemma 7.3, the condition 7,¢(y 'ouy) # 0
with y € G(Q,) and u € Cg(0,Q,) unipotent implies that y and w have to be contained in
certain subsets. To quantify this, we write |g|q,) = p™ ™ if ¢ € G(Q,) with g € K,p*K, and
A= (A, 0, ), Ay = ... = A\, compare with §4.4 in the archimedean case.

Lemma 12.2. There exist by,c; = 0 depending only on n such that the following holds. Suppose
that o € G(Q,)Np*" M,,(Z,,) is semisimple, y € G(Q,) is arbitrary, andu € Cg(0,Q,) is a unipotent
element such that y~‘ouy € K,p*K, with & > -+ > &,. Then there exists 6 € Cg(0,Q,) such that

16y|c(@y)s 1640 e, < P DE (o)

Proof. This is [ST16, Lem.7.9] in the case u = 1, and [Mat17, Cor.8.4] in general. The difference
of notation with [Mat17] is as follows: the norm ||{p||w there is dominated by &; —&,; the absolute
value |log, | D%(0)|,| there was unnecessary because | D%(o)|, < p""~DE1=¢) by Lemma 11.11; the
constant ¢ there has been absorbed in the constants by, ¢;, because if £ = &, and |D%(0)]|, = 1, then
the splitting field of o is tamely ramified (Lemma 12.3 below); finally the integrality assumption
on ¢ was missing in the formulation of [Mat17, Cor.8.4]. O

Lemma 12.3. For every semsimple o € K,, with |D%(a)|, =1,
(1) o splits over an unramified extension of Q,;
(ii) for every y € G(Q,), we have y~*oy € K, if and only if y € Cg(0,Q,) K,;
(iti) JG(0,7p0) = Op(Tpo) = 1.
Proof. (i) Let E(0) = (E;,m;)ie;- Then o splits over the composition of the fields E;. By
Lemma 10.4, 0 is G(Q,)-conjugate to
diag(él,...,51,52,...,52,...,57,...,&),

where §; € GLy,(Z,) is regular elliptic. We have |det(d;)|, = 1, and the characteristic polynomial
P, is in Z,[X]. Proceeding as in the proof of Lemma 10.5, there is a Z,-linear injection of Z,[d;] ~
Z,|X]/P; into Og,, and we deduce

[ IDisc(Or) > ] IDisc(P) > |D(0)], = 1.

1<ir 1<i<r
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Hence each FE; is an unramified extension of Q.
Assertion (ii) is a special case of Lemma 12.2, with u =1 and £ = 0. See also [Kot86, Cor.7.3].
We deduce from (ii) that O (7p0) = [i Tpo(k™'7k) dk = 1, which implies (iii). O

The following is a variant of the previous lemma in the split case.

Lemma 12.4 [Matl7, Prop.8.1, Cor.8.3]. There exist constants by, ¢y > 0 depending only on n
such that the following holds. Let p be a prime and E/Q, be a finite extension, Og the ring of
integers in E, and Kg := G(Og). Let 0 € Ty(E) be such that the centralizer G,(E) is the Levi
component M(E) of some standard parabolic subgroup P(E) = M(E)U(E). Suppose § € G(E) is
such that 5~ 1od € KELTJ%KE for some & = (&1,...,&,), &1 = ... = &,, where wg is a uniformizer.
Let 6 = muk denote the Iwasawa decomposition, with m € M(E), u € U(E), k € Kg. Then

[ulem) < P D (o) |5

12.2. Reduction to the semisimple conjugacy classes. The first step to prove Theorem 12.1
is to reduce the estimate of J§;(7,7,¢) to the semisimple and unweighted (i.e., M = G) case:

Proposition 12.5. There are constants c,ay, by, cy1,a2,bs,co = 0 depending only on n such that
the following holds. For every prime p, M € L, v € M(Q,), and every tuple & = (&1, ..., &) with
&L >...2&, >0, we have

j]\(;“[(% Tpe) < Cpa1+b1£1‘DG(%)‘;q u_rilafg, Jg(%u Tpu)s
sp1<éy

where & = ay + bs& — calog, |D(vs)|p, and the mazimum is taken over all tuples of integers
= (1, ..., M) satisfying & = p1 = ... = pn = 0. Further, if p > n, we can take a; = as = 0.

Proof. Write 7 = 7,¢. If H(Q,) C G(Q,) is a subgroup and 6 € H(Q,), we write Hs(Q,) for the
centralizer of § in H(Q,) instead of Cy(9,Q,). The weighted orbital integral can be written as
[Art86b, §7]

1
I (v.7) = |DC (1) / ST R (e, D) dy
GWS (QP)\G(QP) RE.FG'YS (M’YS)

where

(NI

Pry(m) = dr(m) / / 7(y sk i mnky) v (ky) dndk, m € Mp(Q,),
KP»’YS UR(QP)

FGs(M.,,) denotes the set of Levi subgroups in G, containing M,,, R = MgUp is the Iwasawa
decomposition of R € F%=(M,,), and dp denotes the modulus function for R(Q,). J ]]\\jf (Vs *)
denotes the weighted orbital integral inside of Mp(Q,) instead of G(Q,). Finally, v/} is a certain
weight function defined by

vy = Z Vg

QEF(M):
Q~vs=R,ag=0ag

with v, defined similarly as in the archimedean situation §7.1. The unipotent weighted orbital
integral inside the above integral can also be written as

JAA/;[Z (Yus Pry) = / / / T(y_l%k_lvnky)V}z(ky)wé/[]{}% (v) dn dk dv
V(Qp) J Kp,vs Y UR(Qp)

where
o OMw C M, (Q,) is the M, (Q,)-conjugacy class of v,,
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e U/ is the unipotent radical of the parabolic subgroup Q¥ = LV C My such that the
unipotent conjugacy class which is induced from O™ to Mg(Q,) is the Richardson orbit
of QF,

° w(]\o/[ﬁ% is a certain weight function on V(Q,) similarly as in the archimedean situation in

§7.2, see [Art88b, p.256].

The functional jﬁ[(% 7) is then defined by replacing 7, vy, and wMr

O by their absolute values so
that in particular [J§(v,7)| < JG (7).
The weight function vy, satisfies a similar estimate as its archimedean counterpart in Lemma

7.1: According to [Mat17, Cor.10.9],

(12.1) [vp(9)] <n (1 +log, gle@n)"”

for every Q € F(M) and g € G(Q,).

We can estimate jﬁ(% 7) by using the integral formulas above. Since 7 = 7,¢ and &, > 0, we
have that jAGJ(% T) is non-zero only if the characteristic polynomial of v has p-integral coefficients.
Both sides of the inequality in Proposition 12.5 are invariant if we replace v by a M (Q))-conjugate,
hence by Lemma 10.4 we can assume that v, € M, (Z,).

By Lemma 12.2 we know in a quantitative way that the variable y can not be too far away
from the centralizer C(vs, Qp), and that the unipotent variables v, n are similarly bounded away
from infinity. This allows us to separate the integration into a “semisimple part” and a “unipotent
part”. Moreover, using 12.1 we can bound each of the weights vj(ky). Write N := VUg. Then
N is the unipotent radical of a parabolic subgroup in G, such that its Richardson orbit equals
the unipotent conjugacy class induced from O to G.,,. We deduce that we can find constants
c,ay, by, c, as,ba, co = 0 such that

TG (7,7) < ep™THE| DG (y,)|5% max

,/ Tp,u(g_17sg>dg
pipn <€ G (Qp)\G(Qp)

Mg
- max w (n)| dn
RGJ:G’YS (M’YS) /N(Qp)mei ‘ O } ’

where &] is as deﬁne,d in Proposition 12.5, and B denote the set of matrices g = (gi5)i; € Mn(Qy)
such that |g;;|, < p* for all i, j.
Note that in the last integral, we extended w™E  trivially to all of N (Qp). By [Mat17, Lem.10.5],

OIW'YS
this last integral is < cpc555. This finishes the proof of Proposition 12.5 with a; := a} + ¢sas,
by :=b] + csbe, and ¢y 1= ¢| + c5bs. O

12.3. A bound for the unweighted semisimple orbital integral. In this section we prove
the uniform bound for unweighted p-adic semisimple orbital integrals O.(7,¢), that is, for M = G
and v = s, by using a modified version of the argument in [ST16, §7]. We aim to show that there
exist constants a,b,c > 0 depending only on n such that the following holds. For every p, every
semisimple v € G(Q,) and every tuple of integers £ = (£1,...,&,) with & > ... > &,

(12.2) D) 204(T.6) = JE (1, Tpe) < p™ O DY ()]

In view of Proposition 12.5, this will conclude the proof of Theorem 12.1. Recall that the measure
on G,(Q,), which enters in the definition of O.,, has been chosen as in §10.5.
We fix some notation. We define

X(7,€) == {2K, € G(Q))/K, | x_lfyx S KpPEKp}'
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Let E/Q, be a field extension of smallest possible degree over which v splits, and define similarly
Xp(7,€) = {zKg € G(E)/Kg | 7' yz € KpwyKg},

where wgp € O is a uniformizing element, and Kz = G(Og). The groups G,(Q,) and G,(E) act
by left multiplication on X (v, &) and Xg(v,&g), respectively. Let eg/g, be the ramification index
of E over Q,. Write {g := ep/g,&. The inclusion of buildings G(Q,)/K, C G(F)/Kg induces an
embedding X (v,¢&) = Xg(7,¢g)-

The first step to prove (12.2) is the following, which reduces the estimate to understanding the
G, (Q,)-orbits in X (v,£). This step is incomplete in [ST16, §7.3], because it was assumed that
Z(G)\G., was anisotropic, whereas [ST16, §7.1] only offered a reduction to the case that v was
elliptic, which is the weaker condition that Z(G)\Z(G.) is anisotropic, hence the assertion “I,(F')
is a compact group” on line 8 of page 74 of [ST16] is incorrect.

Lemma 12.6. For every prime p, every & = (&1,...,&) with & > ... = &, = 0, and every
semisimple v € G(Q,) N M, (Z,), which is block diagonal of the form diag(dy,...,0,) with each J;
reqular elliptic semisimple, we have
(12.3) O, (1) < |DG(”Y)|;1/2‘ detﬂ;(n_l)/z Z volg(g,) (KprKp),

TG (QpN\X (7,6)
where for every T, we choose an arbitrary representative x € G.(Q,)zK, of the corresponding
double-coset.

Proof. By definition of O,(7,¢) and X (v, §) we have

O, (Tpe) = Y. volggnae,) (G4(Q)TK,)
€ (Q)\X (7.€)

where volg_ (g,)\c(0,) denotes the volume with respect to the quotient measure on G (Q,)\G(Qy).
Applying Lemma 12.7 below with H := G,(Q,) acting by left translations on X := G(Q,), and
C:=HNK,and D :=zK),, we get
VOIGH,(QP)(C) . VOIG—Y(QP)\G(QP) (G’Y(QZJEKI)) < VOlg(Qp) (CIKP) .
By Proposition 10.9, C is contained in a maximal compact subgroup of G, (Q,) with index at most
| D () |;1/2| det 7|;("_1)/2. Thus, our normalization of measures in §10.5 implies that volg. (g,) (C) >
|D%(v) 4 ?| det 7\1(,"_1)/ ?. Moreover, we have that C C K, by construction, hence

volg(g,) (CxK,) < vola(q,) (Kprk)p) .

(Note that the volume of K,xK, depends on the choice of representative z, whereas the double-
coset G,(Q,)TK,, and a fortiori its volume, is independent of the choice.) O

Lemma 12.7. If H is a closed unimodular subgroup with Haar measure voly of the unimodular

locally compact group X with Haar measure voly, then for any two measurable subsets C C H and
D C X, we have

VOIH (C) : VOIH\X (H\H : D) < VOlX (C . D) .

Proof. Let xep : X — {0,1} and xpp : H\X — {0,1} be the characteristic functions of
C-DC X and H\H - D C H\ X, respectively. By definition of the quotient measure we have

volX(C-D):/XXCD(:):)dx:/H\X/Hch(h-a:)dhd:):.
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Since we have
/ xen(h - ) dh > voly(C)xun(), V&€ H\X,
H
the assertion follows. O

Example 12.8. If H is a finite group acting freely on a finite set X, and we use the counting
measures, then |C|-|H\H -D| < |C-D|.

Since O,(7,¢) depends only on the G(Q,)-conjugacy class of v, we can assume in establish-
ing (12.2) that v € M,(Z,) is block diagonal of the form diag(ds,...,d,) with each ¢; regular
elliptic semisimple, by Lemma 10.4. In this way Lemma 12.6 applies. The right-hand side of (12.3)
depends on the choice of a representative z € G,(Q,)ZK, of the double coset z. We now choose
an optimal representative Zyin € G(Q,)ZK), such that |Tmin|c(q,) = Mingeq., (©,)zx, |7]c@,). This
representative xp;, is in general not unique.

Lemma 12.9. There are constants c¢,by,cqy = 0, depending only on n, such that for every prime
p, every & > -+ > &, every semisimple y € G(Q,) N & Mo(Z,), and & € G(QN\X (7,€),
n2/4
VOIG(QP) (prminKp) < C‘xmin|G({Qp)v
and

(12.4) |Taminl gy < @™ @D (y)]

Proof. Inequality (12.4) follows from Lemma 12.2, with the same constants b;,c¢; > 0. Indeed,
starting with an arbitrary representative z € G,(Q,)zK,, there exists § € G,(Q,) such that
|0x|G(q,) satisfies the inequality, and we have |[Zuin|c(@,) < [02|c(q,) Dy construction of @yy.

Let v = (v1,...,v,) with 1y > ... > 1, be such that i, € K,p"K,. Then p"'™"" = |nin|c(,)
and volg(g,) (KpTmin ) = volg(q,) (Kpp” K)p) so that Lemma 13.7 below gives the first assertion.
0J

Recall that if ¢ € G(Q,) with g € K,p*K,, A = (A,...,\,) € Z", we write |glg@,) =
praxkAeming e Tf g € G(E), we define |g|g(p) similarly, namely if g € KpwpKp, then |glgm) =

. 1
maxy )\k—mlnk )‘k) — peE/Qp

(maxk >‘k —mink >‘k

_ ) .
|wE|E( . Note that |g|lee) = |9la@,) if 9 € G(Q,). We have

that for every g = (g;;) € G(E),

- L ming A\ 1 11 o
(12.5) 95|l <p “F/% < ldet(9)p - 9l Yii=1,...,n.

Lemma 12.10. There exist by, c; = 0 depending only on n such that for every & > --- > &, and
for every semisimple v € G(Q,) N p*» M,,(Z,,) with splitting field E/Q,, we have

(12.6)  # (G, (@)\X(,€) < #{u € UE)/U(E) N Kp | [uloum) < p™& ) DY(4)], .

Proof. We can find o € Ty(FE) and y € G(E) such that y~loy = 7. By changing y if necessary, we
can assume that G, (E) = M(E) with M the Levi component of some standard parabolic subgroup
P = MU C G. We get an injective map X (v,§) — Xg(0,€g) given by K, — yxKpg. It is
therefore equivalent to estimate the number of points in M (FE)\Xg(0,&E).

An element § € M(E)\Xg(0,£g) is uniquely determined by v € U(FE)/U(E) N Kg, which
appears in its Iwasawa decomposition 6 = muk. By Lemma 12.4, we have

[ul ey < P D (o) |5
Since |D%(0)|g = |DY(¥)|,, this proves the assertion. O
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Proof of (12.2). Without loss of generality we may assume that &, = 0. Lemma 12.6 implies

JE (1) < Idet()[; V2 Y volage,) (KpzmnK,y)
€6, @)\ X(7:6)

By Lemma 11.10, we have |det(y)[;* < p™'. Lemma 12.9 bounds the volume terms in the inner
sum, so that it remains to estimate the number of elements in the quotient G, (Q,)\X(7,¢). By
Lemma 12.10, it suffices to estimate the right hand side of (12.6). Since u € U(FE) satisfies
det(u) = 1 and |u|ge) < p"¢|D%(y)|,“, and the number of x € E/Op with |z|g < R is bounded
by a constant multiple of R, the asserted estimate follows from (12.5) and counting all the possible
matrix entries of w. O

12.4. Example: regular semisimple orbital integrals. For unweighted regular semisimple
orbital integrals one can give precise estimates as follows.

For G = GL(2) the orbital integrals can be computed explicitly for a general semisimple element,
see [Lan80, Kot05].

Lemma 12.11. For every prime p, every & = &, and every reqular semisimple v € GL(2,Q,),
Jg(% Tp,§> = ‘DG(/-V)‘;)/2O’\/(TP’5> < 4p51—§2'

Proof. Recall that 7,¢ € H, is the characteristic function of K, diag(p*, p*?)K,. Without loss of
generality, we may assume that v is GL(2, Q,)-conjugate to an element of K,p*K,,, since otherwise

Jg(% Tpe) = 0.
If v splits over Q,, that is, if its eigenvalues are elements of Q,, then by [Kot05, (5.8.4), (5.8.5)]

1 if § = &,
p§1—§2(1 — p_l) if 51 > 62.

If v does not split over Q,, there is a quadratic extension E/Q, over which v splits. Then

JE (1, pe) = 1D (]2 05 (16) = {

JE (1, 756) = 1D ()[04 (1) = vol(Z(Qu)\G4(Q) D ()1 /Z o )Tp,s(g_lw) dg,

and the latter integral equals by [Kot05, §5.9]

1/2
1+ 2% if £/Q, is unramified and & = &,

(1+p Hph=*  if E/Q, is unramified and & > &,
1/2
24 20l if £/Q, is ramified and & = &,
2psL—E2 if £/Q, is ramified and & > &.
The inverse volume vol(Z(Q,)\G~(Q,))~! equals the discriminant | Disc(Og)|, < 1 of E/Q,. The
lemma follows. Also the constant 4 is sharp, since it is achieved for & = & = 0, E/Q, ramified
quadratic extension, and v € OF C K,, with |D%(v)|, — 0. O

Example 12.12. If |[D%(v)|, = 1 and v € K, is semisimple, then F is either Q, x @, or an
unramified quadratic extension of Q, and O,(7,9) = 1 by Lemma 12.3. This is consistent with
the formulas given in the proof of the above lemma.

For general G = GL(n), and £ = 0, we deduce the following from results of Yun [Yunl3].
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Proposition 12.13. For every e > 0, there exists a constant c(n,€) > 0 depending only on n and
€ such that for every prime p and every v € G(Q,) semisimple, which is either reqular or splits

over Q,,
JE (4. p0) = [DE () 05(10) < e, )| DE ()],

where 1,0 € H, denotes the characteristic function of K,.

Proof. Let M C G be the smallest Q,-split Levi subgroup such that Cg(v,Q,) € M(Q,). Con-
jugating v by an element of K, if necessary, we can assume that M is a standard Levi subgroup.
By parabolic descent we have

T&(1100) = I (1:730)
for any P = MU € P(M). Now for any m € M(Q,) we have

7v0 (m) = dp(m)"/? / / 7ok~ muk) dk du = 6p(m)/? / 7 o(mu) du
v Ik, U(@)

p

_J1 itme K,nM(Q,) = K},
)0 else,

that is, ngf]) = TZ% is the characteristic function of KI],V[ . Here for the last equality we used that for

any u € U(Q,) we have 7, ¢(mu) = 0 unless m € K, N M(Q,).
By assumption, 7 is either regular elliptic or central in M(Q,). In the latter case, we trivially
have
TG (7, 100) = T (0, Tp0) = Too(7) = Tpo(7) < 1.

In the former case that v is regular elliptic in M(Q,), we apply Yun’s estimate on unweighted
regular semisimple orbital integrals [Yun13, Thm.1.5].
Without loss of generality, we may assume that v € K, is regular elliptic, so M = G. Let

R = Z,[X]/P,(X), and § denote the length of the Z,-module O /Z,[y]. We have p’ < \DG(W)\,Tl/z
by Lemma 10.6. In the notation of [Yunl3, §1.4], we have

O’y(Tp,O) < p_d(SM(S,r(pd)a
where d,r € Z=; are certain invariants of P,(X), and M;, is a polynomial of degree 6. We find
M;, (1) < My (x) < 20p(6)°

for every x > 1, where p(d) denotes the number of partitions of the integer §. Since p(d) <
exp(m4/20/3) < ¢(e) exp(ed) for every € > 0 and § € Z>; by the Hardy-Ramanujan asymptotic,
we deduce

JE (1. 70) < 26p(6) < 2e(2)" exp(ed) < 2¢(e)"|D(7)],
This concludes the proof of the proposition. .

13. SPECTRAL SIDE AND CONCLUSION OF PROOF OF THEOREM 1.1

13.1. Spectral side. Let Tlgs(G(A)!) (resp. Teusp(G(A)')) denote the set of irreducible uni-
tary representations occurring in the discrete (resp. cuspidal) part of L*(G(Q)\G(A)'). For
7 € Hyise (G(A)Y) with 74, spherical we denote by .. € ia* the infinitesimal character of 7.
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Proposition 13.1. Fiz h € C>°(a)". For every u € ia*,

(13.1) spee((£ - 70)lciay) = Jgeom ((f2 - 70)lcayr) <n (1+[pl)*,

where fY is defined in §9.3, and moreover

Jaise((F1 - 7o) laay) <n (1+ [|u]])?

Proof. The first estimate is (11.3), which is an improvement on [LM09, Prop.4.2] in that we have
removed the requirement on the small support of h. The second estimate follows from the first
estimate (13.1) in the same way as for the proof [LM09, Prop.4.3], via an inductive procedure on
the non-discrete spectrum which is established in [LMO09, §6], and [Miil07, §5], see also the proof
of Proposition (13.3) below. O

Proposition 13.2. For R € Ry, and p € a*, the number of spherical, everywhere unramified
7 € Maise(G(A)Y) with || M, — p|| < R satisfies

{7 € Maise G(A)), [Anee — pll S R, 7l #0, 7 # 0}‘ <R[ [(R+[{a, m))

a>0

where the implied constant is independent of R and u (it depends only on n), and the product runs
over all positive roots with respect to (Ty, Up).

Proof. We can directly use the results of [LM09] because we are free to pass to a principal con-
gruence subgroup K((3) C K; (since er{f #0 = wfe{f(?)) # 0), for which [LM09, Prop.4.5]
applies. Alternatively, one can verify that the proof of [LM09, Prop.4.5] only relies upon the above
bound (13.1) for Jpec, hence we could also repeat their proof in our present setting. O

We need to know how the spectral side of the trace formula behaves for our family of test
functions fi -7 from §9.3. We assume from now on that the fixed function h used to construct f%
in (8.2) satisfies h(0) = 1.

Proposition 13.3. There exists ¢ > 0 depending only on n and h such that for every T € H with
|7| <1, and every u € ia*,

Jopee (P Do) = D2 wrmlf )| < iy (L Il ™" (logs il
€M cusp (G(A)1)

where log, (z) := max(1,log ).

Proof. The method is to reduce to the (local) estimation of the operator norm of f¥ - 7 acting on
certain induced representations, and the (global) estimation of the discrete non-cuspidal spectrum
for the test function (f4-70)|ga): for 7o the characteristic function of the maximal compact subgroup
K. Up to some changes we shall follow the proof of [LM09, Prop.4.3], and of [Mat17, Prop.15.1
and Lem.16.2].

For a test function f € C®(G(A)') write Jyse(f) = > relign (G T T(f) for the contribution
of the discrete spectrum to the trace formula. By [MS04] the difference Jopec(f) — Jaise(f) can
be written as a finite linear combination of distributions Jys(f) with M € £(Tj) running over
all semistandard Levi subgroups # G, and s € M\Normg(M) with Normg(M) the normalizer of
M in G. We first show that for each such M and s the absolute value |Jy s(f4 - 7)| is bounded
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by 171y (1 + o) log, ||p||)™E™. If 7 = 75, this was proven in [LM09, §6] and we
generahze thelr argument. The absolute value |Jpss(f4 - 7)| is bounded from above by

(13.2) > /

me€llgisc (M(A

where L € L(M) is a certain Levi group (determined by M and s), P = MU € P(M), M, (P, 7, \)
and Mpp(0,s,m) are certain intertwining operators, and p(m,-) denotes the right regular repre-
sentations on the K -fixed part of the m-isotypical component in the space of automorphic forms
A (P) on U(A)M(Q)\G(A). Note that the image of p(m, ) consists only of K-invariant vectors,
i.e, p(m,7) = tr ok (1) (Il )| 4, (p) With Ilx the projection onto K-invariant vectors and 7 the
parabolic descent of 7 along P. Hence (13.2) is bounded from above by

Z ‘tl‘?TK‘X’(T(P))‘/
tar,

mEMqisc (M (A)!)

Since |tra®=(7")| < |I7||11(G(a,), and the integral over dX is bounded in [LMO09, (6.3)], the
asserted bound for |Jys(fY - 7)| follows.
To finish the proof we still need to show that

Jaise(fi - 71) — Z tro(fi-7) = Z tra(fi-T)

mE€lcusp (G(A)L) T€gise (G(A))\eusp (G(A)1)

h(A + Ao — ) tr (M (P, )\)Mp‘p(o,s,ﬂ')p(ﬂ',T))‘ A

RO A Ar — 1) tr (ML (P, 1, \) Mpyp(0, 5, 7) (T ) ) | A

is bounded from above by the right hand side given in the proposition.
In view of Proposition 13.6 below, we have

> o0 75 ()] [re = 10)] < 7l (1 + el
€M gise(G(A)1)\Teusp (G(A)1)

because for any integer N > 0 we have [h(v)| <y (1 + ||v]|)™. This proves that the discrete
but non—cuspidal automorphic representations only contribute to the error term given on the right
hand side of the displayed inequality in the proposition, and it therefore finishes the proof of the
proposition. [

Corollary 13.4. There exists a constant ¢ > 0 depending only on n, h, and Q such that the
following holds. For every T € H with || < 1, and every t > 1,

/m I spec ((fjE T)|G(a) ) dp — Z dim(7 ® Xi)KC"’ trmy(7)

7€M cusp (G(A))
ArELQ

< o7l td 1(logt)mx(?””).

Proof. We have that [, tr 7o (f%)dp approximates dim(mo ® x+)%> if A; € tQ by [LMO09, (4.6)]
so that the corollary follows from Proposition 13.3 by integrating its inequality over p € tQ2. [

Remark 13.5. On the spectral side we have a better control over the dependence on 7 compared to
the geometric side. This is due to the fact that the proof of Proposition 13.3 reduces to the (local)
estimation of the operator norm of p((f{-7)ga):) on certain induced representations (the Jacquet-
Shalika bound). We could establish an even better bound saving a power of ||7{|L1(G(a,)) by writing
down fully the Hecke eigenvalue of the block of the induced representations and applying bounds
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towards Ramanujan. For example for GL(2) the eigenvalues of Eisenstein series are units which
indeed is often useful in applications of the Selberg trace formula. Ultimately the best possible
bound could be deduced by induction on the Sato-Tate equidistribution for smaller groups. These
improvements are more complicated to implement so we have favored the present argument for
Proposition 13.3 which provides a straightforward separation of variables.

13.2. Bound on the number of residual representations. If 7 € [1gi.(G(A)') is spherical and
non-cuspidal, it is known, for example by the classification of the discrete spectrum of GL(n) by
Moeglin-Waldspurger, that 7, is non-tempered, that is, A, € afi~ia*. Moreover Im X\, € (a$;)*
for some semistandard Levi subgroup M # Ty by [LMO09, §3]. We deduce the following estimate
for the number of residual representations in balls of varying radius:

Proposition 13.6. For R € Ro; and p € ia*, the number of non—cuspidal, spherical, everywhere
unramified ™ € gse(G(A)Y) with || Mo, — pl| < R satisfies

{7 € Maiee G(A)) \ Teusp(G(A)Y), [Arae = pull < R, 7l 0, 77 # 0} < (R4 [|p))* " R
where the implied constant is independent of R and p (it depends only on n ).

Proof. For each semistandard Levi subgroup M, R > 1, and & € a* let SH () denote the set of
all non—tempered, spherical, everywhere unramified 7 € Tl (G(A)) with Im(\,) € (a§))* and
| Im(Ar.) — &]] < R. Since Im A, € (a%,)* for some M # Tp, we have

{7 € Maie(G(A)) \ HCUSP(G(A)1)7 Are — il < R, wl= #0, Wff(f # O}’ < Z #S;\%/[(Im:u)v
M#£Ty

where the sum runs over all semistandard Levi subgroups M # Tg.
Fix such a Levi subgroup M # Ty. We can find points &, . .., &x € (a$)* with K < Rimaf <
R and ||| < |||l + R such that

Sx (Imp) € (J 517(&)).

J=1

We bound the number of elements in S} (¢;) from above by the number of all spherical, everywhere
unramified 7 € Igisc(G(A)Y) with [ Im A, — &;|| < 1 using Proposition 13.2 (note that the real
part of A\, is uniformly bounded because 7., is unitary).

Since &; € (a§;)*, we have |[(a, ;)| = 0 for at least one positive root o.. Hence

#517(&) < L+ 1IN < (B A+ [|ul)™
Summing up, we obtain that
#Sk (Im ) < K(RA+ [|ul)™" " < (R+ )R,
which concludes the proof of the proposition. O

13.3. Hecke operators and a volume estimate. The L'-norm of a Hecke operator is equal to
the volume of a K, double-coset which can be estimated as follows.

Lemma 13.7. There exists a constant ¢ > 0 depending only on n, such that for every prime p
and every & = (&1,...,&,) with & = ... =2 &,

_ n2(€1—£0
pi 8 < volaqg,) (Kop*IG) = Imellie,) < ep™ @7/,
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Proof. 1t follows from [Gro98, Prop.7.4] that

#(G/P) (Fy)
volg(g,) (Kpp*k,) = mem’

with p the half-sum of all positive roots of Tj acting on the Borel F.
By a trivial bound on the dimension of cohomology, we deduce that the number of F,-points on
the partial flag variety G/ P satisfies

#(G/ Pe) (Fp)

pdim(G/Pe)

More precise upper-bounds can be obtained as follows. The above number of F,-points on G/ P
is a p-multinomial coefficient, by writing

#G(F,) =p™ [ 1 -p7).

1<i<n

1< < dim(H*(G/P)) < |[W| = nl

and similarly for # P (F,). We find

G/FP:)(F G/Py)(F .
HOITE) HGIME _(\ e [T <o o

2<i<n
Since (€,2p) = >, (& — &) = & — &y, the lower-bound follows. Conversely, we have
1<i<g<n
ni|rn
) = in—il(& —&.)< | =| |2 &),
> E@-g)= Y -6 -gn) < |3 [5] @ -6
1<i<j<n 1<i<n—1

Since |n/2] [n/2] < n?/4, the upper-bound follows. O

13.4. Conclusion of the proof of Theorem 1.1. If 7 is the characteristic function of a bi- K-
invariant subset as in the theorem, then 7=}, - 7¢ for some finite set = of tuples £ = (§7), with
§P = (&, ..., &h) such that &7 > ... > &, P = 0 for all but finitely many p, and 7 = [[, 7p.0. By
linearity it suffices to establish the estimate for a single 7.

Every term appearing in Theorem 1.1 is invariant if we replace 7¢ by 7z under the condition that
for every p, &P — ép = (ap, . .., a,) for some integer a, € Z, and thus we may assume without loss
of generality that ¥ = 0 for every p. Indeed, this invariance holds by combining the following:
tr my(7er) = trm,(7g) for every spherical unramified 7 € Ileus, (G (A)1), since the central character
of 7 is then trivial; [|7¢|lLyq@,) = I7ellzrGa,)) because of the invariance of Haar measures by

translation; finally, > /)y (V) = 2 cz0)/141) Te(a™'y) = > ez@)qany TE(Y) with a =
[[,p7 € Q" =~ Z(Q).

Globally we take the test function (f4 - 7¢)iga)y or (f* - 7¢)jaa)r, depending on whether x = x4
or x = x—. Corollary 13.4 relates the first term of Theorem 1.1 and [, Jspec((f£ - 7¢)jc(ay ), up to
a remainder term which is admissible.

Arthur’s trace formula is Jypec = Jgeom- We then apply Corollary 11.18, which relates fm Jgeom ([
7e)jaw)r) to Aa(t) [T, 0(€P), together with Lemma 13.7 to show that the remainder term is ad-

missible. Since
[Toen="> =,
p<oo v€Z(Q)/{*1}
we recover the second term of Theorem 1.1, which concludes the proof. O
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13.5. Local Weyl’s law. We record the following variant of Theorem 1.1.

Theorem 13.8. There exist 6 > 0 and A < oo, depending only on n, and ¢ > 0 depending only
onn and h such that for every T the characteristic function of a compact bi-K ¢-invariant set, and
every | € ia*,

Y twa(ftm) = 2vol(GQNGA)) L) TT €| < e+ [lu)™lIrlIE,

A€ cusp (G(A)) p<oo
where 6(EP) =1 if & = ... = &P, and 6(€P) = 0 otherwise.

Proof. Similarly as before, we reduce to the case 7 = 7¢, and ££ = 0. We apply Proposition 13.3 for
the spectral side. For the geometric side, we apply Theorem 11.16, Proposition 11.17.(i), together
with Lemma 13.7, and finally note that if z = diag(a,...,a) € G(Q) is central, (fi-7)(z) =0
unless &¥ = ... = &7 for every p. In the latter case, (f4 -7)(z) = 0 unless |a|, = p&' for every p in
which case (f%-7)(z) = fi(1). O
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