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Hydrograph Separations” for Three-Component Mixing
Problems
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Abstract water mixing problems are common in hydrology. A 1998 paper describing uncertainty analysis
in tracer-based mixing problems is widely cited but does not present the equations needed for three-component
problems. This Commentary presents the equations needed to compute the uncertainties in the mixing fractions
for a three-component water mixing problem based on tracer data.

1. Commentary

Water mixing problems have long been studied in hydrology, and Genereux (1998) presents an approach that
is widely used to estimate uncertainty when chemical or isotopic tracers are used to quantify the mixing of two
different waters or “components” (e.g., Boithias et al., 2021; Fillo et al., 2021; Maier & van Meerveld, 2021;
Miller et al., 2021; Saiers et al., 2021; Zhou et al., 2021). In such two-component cases, Equations 1 and 2 in
Genereux (1998) are used to compute the mixing fractions f; and f, (i.e., the proportions of components 1 and 2
in the mixture), and Equation 4 is used to compute the uncertainty in the mixing fractions.

Genereux (1998) describes how equations analogous to Equation 4 could be derived for uncertainty analysis of
three-component water mixing problems, and shows results from applying those equations to a three-component
example problem, but does not explicitly present the full set of equations needed. This represents an important
gap for researchers needing to compute the uncertainties in mixing fractions for three-component problems.

This commentary fills that gap by providing the equations needed for uncertainty analysis in situations involving
mixing of three different waters.

For a mixture of three components, Equations 8-10 in Genereux (1998) are used to compute the mixing fractions
(f,» f>» and f;) from eight tracer concentrations: the concentrations of two different tracers in four different waters
(the three components and the mixture of the components). Quantifying the uncertainties in the mixing fractions
requires evaluating the partial derivative of each mixing fraction with respect to the eight tracer concentrations.
The 24 partial derivatives would be used in Equation 3 in Genereux (1998) to yield the equations needed to com-
pute the uncertainties in f), f,, and f;, as shown below.

Following notation in Section 4 of Genereux (1998), A and B are the concentrations of the two tracers needed
to solve a three-component mixing problem, and subscripts 1, 2, 3, and S indicate the three components and the
stream water, the latter being the mixture of the three components. Four variables useful in simplifying the pres-
entation can be defined from the eight tracer concentrations:

M, =AsB,—AsB3; + A2B3— A2 Bs + A3 Bs — A3 B, (1
M> = AsBs— AsBy + A1 Bs— A Bs + As B — A3 Bs )
M3 =AsB —AsB,+ A1B,—A1Bs + A2Bs— A2 By 3)
My = A1By—A\Bs + A2B3— A By + A3 B1 - A3 B, “

M, to M, are the numerators of Equations 8-10, respectively, in Genereux (1998), and M, is the denominator in
those same equations.

The 24 partial derivatives of Equations 810 in Genereux (1998) are:
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0fi _ My(Bs — By) - M, (B — By)
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0Bs M, ©
Oft _ M (4 — A7)
0B~ M 10
fi _ Mi(As — As) — My (A — A3)
38, I (11)
% M4(A2—A5)—M|(A2—AI)
0B, M2 (12)
dfa _ B3 — B
0As M, (13)
0fs _ My(Bs — B3) — M, (B, — B3)
A, Y (14)
dfs _ —My(B; — B))
o M (15)
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0fs _ My(As — A) — My (A2 — A)
3B, I (20)
ofs B —B,
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Finally, substitution of Equations 5-28 above into Equation 3 in Genereux (1998) gives the three equations need-
ed to compute the uncertainties in the three mixing fractions (one equation for each mixing fraction):

VVfl = \/(E5WAS)2+ (EﬁWA])2+ (E7WA2)2+ (EgWA3)2+ (EQWBS)2+ (E]0W31)2+ (E11W32)2+ (E12W33)2 (29)

Wi =\ (EWa) 4 (E W)+ EsWa) + (EWa) + (EnWa) + (EWa) + (W) + (E W)’ GO

Wy, = \/(Ezl WAS) + (Ezz WAI)Z + (E23 WAZ) + (E24 WA]) 4 (Ezs WBS) 4 (Eze WB])2 + (E27 WBZ) 4 (Ezs WB3) e

where W, refers to the uncertainty in parameter Y (e.g., Wy, = uncertainty in f;) and E, refers to the right-hand side
of Equation x above (e.g., Es = (B, — Bs) / M.). Equations 29-31 above are readily evaluated with data for the
eight tracer concentrations needed to solve a three-component mixing problem; results of this for a stream water
sample from Virginia are presented in Table 4 of Genereux (1998).
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