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We study theoretically AB-stacked honeycomb bilayers driven by light in resonance with an infrared phonon
within a tight-binding description. We characterize the phonon properties of honeycomb bilayers with group
theory and construct an electronic time-dependent tight-binding model for the system following photoexcitation
in resonance with an infrared phonon. We adopt an atomically adiabatic approximation [V. Mohanty and
E. J. Heller, Proc. Natl. Acad. Sci. 116, 18316 (2019)] to describe classically vibrating nuclei, but obtain
the Floquet quasienergy spectrum associated with the time-dependent model exactly. We introduce a general
scheme to disentangle the complex low-frequency Floquet spectrum to elucidate the relevant Floquet bands.
As a prototypical example, we consider bilayer graphene. We find that light in the low-frequency regime can
induce a band gap in the quasienergy spectrum in the vicinity of the K points even if it is linearly polarized,
in contrast with the expectations within the Born-Oppenheimer approximation and the high-frequency regime.
Finally, we analyze the diabaticity of the driven electron and driven phonon processes and find contrasting
effects on the autocorrelation functions at the same driving frequency: Driven phonons preserve the character of
the initial state while driven electrons exhibit strong deviations within a few drive cycles. The procedure outlined
here can be applied to other materials to describe the combined effects of low-frequency light on phonons
and electrons.
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I. INTRODUCTION

The study of periodically driven systems has led to the
prediction and discovery of unique phases of matter [1,2]. For
example, Floquet topological insulators [3,4], discrete time
crystals [5,6], hidden order phases [7], Kapitza pendulum-
like many-body phases [8], topological phases [9–11] such
as higher order Floquet topological phases [11–16], and
emergent Weyl semimetals and Fermi arcs [17–22]. Opti-
cal cavities provide another pathway to realize light-driven
phases of matter [23–25]. Experimentally, Floquet states
have been observed in driven topological insulators via time-
resolved photoemission spectroscopy [26,27], and the light-
induced anomalous Hall effect has been reported in graphene
[28,29]. Floquet states have also been reported in photonic
systems [30–35].

Many of the theoretical works have focused on the high-
frequency regime, where analytical tools are available to
derive effective models [36–42]. However, the low-frequency
regime is potentially more relevant for experimental applica-
tions since it allows driving without electron resonances with
high-lying states. Recent theoretical developments [43–45]
allow us to obtain nonperturbative effective Hamiltonians
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and construct Floquet states perturbatively. Studies in the
low-frequency regime have revealed breaking of Thouless
pumping [46], emergence of Weyl semimetal states [17,22],
and a plethora of large topological invariants [38,47–56].

When considering low-frequency light driving an elec-
tronic system, the light can be in resonance with a phonon,
which for materials typically possesses excitation frequen-
cies in the THz regime. However, the effect of the light
on phonons and electrons is usually not treated in a unified
fashion. Recently, phonons have been considered in a Floquet
picture revealing side-band structure in phonon-dressed states
in graphene [57], phonon-dressed spins carrying a net out-
of-plane magnetization in MoS2 [58], and phonon-induced
Floquet second-order topological phases [59].

In this paper, we study the effect of low-frequency light in
honeycomb bilayers, taking into account both the electronic
and phononic degrees of freedom within a time-dependent
and periodic tight-binding model. We characterize the lat-
tice vibrations using a group theory approach, and construct
the time-dependent model based on the symmetry-allowed
real-space lattice displacements corresponding to an infrared
phonon’s irreducible representation (IR). The direct interac-
tion of the electrons with the laser pulse is introduced via
minimal coupling.

In the derivation of our time-dependent tight-binding
model, we adopt the atomically adiabatic approximation in-
troduced in Ref. [60] to describe lattice vibrations in graphene
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FIG. 1. (a) Bilayer graphene lattice structure. The red lines in-
dicate the hopping between lattice sites. (b) Brillouin zone with a
highlighted high-symmetry path.

associated with thermal excitations. In this approximation, the
in-plane atomic orbitals follow the nuclei adiabatically, but the
pz orbitals are treated exactly within the tight-binding model.
The atomically adiabatic approximation is distinct from the
adiabatic Born-Oppenheimer approximation, which has been
shown to fail to describe electron dynamics in graphene
[60,61]. We note that since we do not consider the backaction
of the dynamical electronic states on the phonons, inelastic
scattering constitutes an important correction to the work here
presented.

As a prototypical example, we consider AB-stacked
bilayer graphene driven with infrared light in resonance with a
phonon. We show that the low-frequency Floquet quasienergy
spectrum develops a gap in contrast with the expectation from
an adiabatic Born-Oppenheimer approximation. The proce-
dure outlined here can be applied to other van der Waals
materials to describe the combined effects of low-frequency
light on phonons and electrons.

The remainder of the paper is organized as follows. In
Sec. II, we perform a group theory analysis of the lattice vibra-
tions, which applies to honey bilayers with D3d point group.
We discuss the symmetry properties of the lattice that allow
coherent photoexcitation. Based on the phonon properties, we
construct a tight-binding model that captures the lattice distor-
tions corresponding to an infrared Eu phonon mode in Sec. III.
In Sec. IV, we describe the laser excitation of the phonons and
derive the effective time dependence in the long-time limit. In
Sec. V, we apply our procedure to bilayer graphene, perform
first-principles calculations to determine the energy scales not
accessible from the symmetry arguments of group theory, and
solve the corresponding Floquet problem exactly. Finally, in
Sec. VI, we present our conclusions.

II. GROUP THEORY ANALYSIS OF THE LATTICE
VIBRATIONS

We start studying the group theory aspects of the lattice
vibrations. We assume that the honeycomb bilayer is AB
stacked and has D3d point group. In Fig. 1, we show the lattice
labeling the relevant hopping amplitudes and sublattices, and
the Brillouin zone (BZ). The matrix representation for the
12 symmetry operations of the space group are presented in
Appendix A. Since there are N = 4 atoms in the primitive unit
cell located at Wyckoff positions 2c ((0, 0, z), (0, 0,−z)) and
2d ((1/3, 2/3, z), (2/3, 1/3,−z)), we have 3N = 12 phonon
modes at the � point. The lattice vibration representation is
given by �latt.vib. = 2A1g ⊕ 2A2u ⊕ 2Eg ⊕ 2Eu, which we ob-

TABLE I. Displacements that block diagonalize the dynamical
matrix. The top row labels the Wyckoff position. The second row
indicates the carbon atom’s sublattice label. The vectors indicate the
direction of the displacements in Cartesian coordinates, with the x
axis along the a crystallographic axis. For the doubly degenerate E
modes, the other partner can be constructed by orthogonality.

2d 2c

A1 B2 B1 A2

A1g (0,0,1) (0, 0,−1) (0, 0, −1) (0,0,1)
A2u (0,0,1) (0,0,1) (0,0,1) (0,0,1)
Eg (−1, 0, 0) (1,0,0) (1,0,0) (−1, 0, 0)
Eu (−1, 0, 0) (−1, 0, 0) (−1, 0, 0) (−1, 0, 0)

tain using the Bilbao Crystallographic Server [62]. Six modes
are even under inversion (optical Raman active A1g and Eg

modes), and six modes are odd under inversion (A2u, Eu),
including three acoustic modes and three optical modes.

To determine the set of lattice vibrations that block di-
agonalize the dynamical matrix, we construct the projection
operators [63–65] P̂(�n )

kl = ln
h

∑
Cα

(D(�n )
kl (Cα ))∗P̂(Cα ), where

�n are the IRs, Cα are the elements of the group, D(�n )
kl (Cα )

is the irreducible matrix representation of element Cα , h is
the order of the group, and ln is the dimension of the IR.
The resulting vectors are shown in Table I, derived with
ISODISTORT [66]. We obtain that shear modes, where the
layers move uniformly in opposite in-plane directions, are
allowed by symmetry and possess IR Eg. Breathing modes
with IR A1g, where the layers move away and toward each
other, are also allowed. This mode can be constructed by
subtracting the carbon atoms at Wyckoff position 2c from
the 2d carbon atoms. Next, we will discuss the electronic
tight-binding Hamiltonian.

III. STATIC TIGHT-BINDING MODEL

The spinless tight-binding Hamiltonian for an undistorted
AB honeycomb bilayer can be written as [67]

H = −
∑

R

3∑
n=1

γ0
(
δ2

n,1

)
a†

1(R)b1(R + δn,1)

−
∑

R

3∑
n=1

γ0(δ2
n,2)b†

2

(
R

)
a2(R + δn,2)

− γ3

∑
R

a†
1(R)b2(R + δn,1)

− γ1

∑
R

a†
2(R)b1(R) + H.c., (1)

where only intralayer nearest-neighbor hopping with am-
plitude γ0 is considered. Here, γ1 describes the interlayer
tunneling amplitude from the atoms lying directly on top of
each other: A2 ↔ B1, and γ3 is the tunneling amplitude from
sublattices B2 ↔ A1. In principle, γ3 should be δ2

n,1 dependent
to treat it on the same level as γ0. However, γ3 is already small
compared with γ0, and the distortions are assumed to be small,
which leads to higher order corrections that we neglect.
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In Eq. (1), al (bl ) is the annihilation operator for electrons
on sublattice A(B) and layer l = 1, 2, and R labels the real
space positions of the lattice sites on sublattice A of each
layer. The nearest-neighbor vectors at site R for layer l can
be written as

δn,l = (−1)l aR
(

2πn

3

)
ŷ, (2)

which are labeled by the index n = 1, 2, 3; R(θ ) is a rotation
matrix with angle θ and a is the nearest-neighbor lattice spac-
ing. To be flexible enough to accurately describe distortions
to the lattice, we consider a distance δ dependent hopping
function modeled as [68]

γ0(δ2) = c1e−c2δ
2

, (3)

where the parameters ci can be found via a fit to a combined
set of first-, second-, and third-nearest hopping parameters
[69,70].

Now we analyze the changes for the case of the lattice
distortion induced by driving one of the in-plane IR phonon
modes with IR Eu, constructed as discussed in Sec. II. We may
choose a coordinate system where only the nearest-neighbor
vectors are affected, provided the shift is sufficiently small.
The shift then is in the direction �. Consequently, the nearest-
neighbor vectors become

δn,l (A) = (−1)l aR
(

2πn

3

)
ŷ + �

2
�̂, (4)

where � is the shift amplitude and the factor 1/2 was in-
troduced because the shift in the coordinate system, where
only the nearest-neighbor vectors change, is twice of the shift
of the Eu mode. Now we replace the new nearest-neighbor
vectors into the Hamiltonian Eq. (1) to find the single-particle
Hamiltonian

H =

⎛
⎜⎜⎜⎜⎝

0 f1(k,�) 0 γ3g∗(k,�)

f ∗
1 (k,�) 0 γ1 0

0 γ1 0 f2(k,�)

γ3g(k,�) 0 f ∗
2 (k,�) 0

⎞
⎟⎟⎟⎟⎠,

(5)
where the geometric factor for layer l = 1, 2 is

fl (�) =
3∑

n=1

γ0(δ2
n,l )e

ik·δn,l (�), (6)

and g(k,�) = ∑3
n=1 eik·δn,1(�). It is important to recognize that

introducing time-dependent lattice sites means that the tight-
binding model now implicitly works with a time-dependent
Wannier basis. This fact has important consequences.

We recall that to construct a tight-binding model, one usu-
ally works as follows. One starts from the full Hamiltonian
H and then chooses a set of Wannier orbitals to project onto
[71]. This procedure can be described by a projection operator
P. For the time-independent case, this makes it possible to
compute an effective tight-binding Hamiltonian HTB = PHP.

For the time-dependent case we recall that, in principle,
one has to project the full Schrödinger equation including

0 5 10 15 20
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FIG. 2. Quasienergy difference |ε(k) − ε(k + G1)| as a func-
tion of drive frequency for two lattice distortion amplitudes �/a.
For small-enough distortions, transnational symmetry in momentum
space is recovered in the low-frequency regime.

the time derivative, −i∂t . For the time-independent case,
this causes no problem because [∂t , P] = 0. For the time-
dependent case, however, one has to keep track of this term
and one finds a correction term HTB(t ) = i(∂t P)P + PHP,
which is similar to the result in Ref. [72].

One should recognize that for a Floquet system, this term
is relevant in the high-frequency regime. Neglecting it in
the high-frequency regime can lead to nonphysical results,
such as broken translation symmetry in momentum space. A
demonstration of this effect is given in Appendix C, where
we consider a simple dimer model which shows how this
effect unravels analytically. The same effect appears in the
high-frequency regime for our current model.

In the general context, to obtain a physical approxima-
tion, one must restrict to frequencies satisfying the condition
h̄� � W , where W is the bandwidth of the system. In par-
ticular, here we propose to diagnose the regime of validity
by comparing the quasienergies at a high-symmetry point in
the [BZ ε(k)] with the quasienergy at a momentum shifted
by a reciprocal lattice vector [ε(k + G1)]. This criterion for
validity is motivated by the observation that if this difference
is negligible, we have recovered translational symmetry in
momentum space. Translational symmetry is broken for high-
frequency regimes where our approximation is not valid. As
Fig. 2 shows for a representative set of parameters, as the
drive frequency decreases, the difference approaches zero for
small enough lattice distortions characterized by �/a. We
note that our estimates, as explained later in the text, sug-
gest that experimentally one can achieve �/a < 0.05 and the
phonon frequency is � ≈ 0.2 eV. Therefore, the conditions of
the phonon of interest in this paper are well approximated,
neglecting the time dependence of the projection operator.
This diagnostic procedure could be implemented in other non-
interacting Floquet systems with driven phonons to establish
the theory validity regime.

IV. EFFECT OF THE INFRARED LASER DRIVE AND
TIME-DEPENDENT HAMILTONIAN

When the laser is incident on the system normal to
the surface, the time-dependent Hamiltonian can be written
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as

H(t ) =

⎛
⎜⎜⎜⎜⎝

0 f1(k(t ),�(t )) 0 γ3g∗(k(t ),�(t ))

f ∗
1 (k(t ),�(t )) 0 γ1 0

0 γ1 0 f2(k(t ),�(t ))

γ3g(k(t ),�(t )) 0 f ∗
2 (k(t ),�(t )) 0

⎞
⎟⎟⎟⎟⎠, (7)

where k(t ) = k − A(t ), and A(t ) is the vector potential. This
form arises from coupling of the light with the electronics
degrees of freedom, valid for not-too-strong drives [73]. The
time-dependent model Hamiltonian Eq. (7) for both driven
electrons and phonons is the first result of this paper.

The time dependence of the lattice distortion �(t ) is de-
rived through the the potential functional governing the IR
phonon QIR dynamics after photoexcitation and is given by
[74,75]

V [QIR] = 1

2
�2

IRQ2
IR + Z∗ · E0 sin(�t )F (t )QIR, (8)

where E0 is the electric field amplitude and Z∗ is the mode
effective charge [74,76,77], which determines the coupling
strength of the IR modes with the laser [78,79].

In the most general case, the effective charge depends
on frequency [77,80], Z (ω) = Zst + Zdyn(ω). The first term,
Zst = V/(|e|)∂ �P/∂ �uI , corresponds to the static contribution
where V is the area of the unit cell, e is the electron charge,
�P is the dipole moment, and �uI is the ion displacement.
However, Zst is well-defined only for insulators. The second
dynamic contribution, Zdyn(ω), becomes relevant when the
electronic gap is smaller than the phonon frequencies such as
in bilayer graphene [77,81]. It originates from the polarization
of the valence electrons induced by the atomic displacements.
Zdyn(ω) can be calculated within advanced DFPT schemes
[74,77,80]. Alternatively, we could adopt experimental values.

In the following, we assume that the laser profile has
the Gaussian form F (t ) = exp{−t2/(2τ 2)}, where τ 2 is the
variance. The differential equation governing the dynamics
of QR(i) becomes ∂2

t QR(i) + η∂t QR(i) = −∂QR(i)V [QIR, QR(i)],
where η is a damping constant. To obtain the amplitude of the
displacement for a given applied laser, we solve the equation
of motion numerically. The normal mode QR(t ) is related to
the real-space displacement of atoms in the j direction via
� j (t ) = QIR(t )qj/

√
mC , where q j is the normalized dynam-

ical matrix eigenvector for the carbon atoms obtained from
first-principles calculations.

In the absence of damping, and for laser frequency in
resonance with the Eu modes, � = �IR, and �IRτ � 1, the
solution is given by

QIR(t ) =
√

2πZ∗E0τ/�IR cos (�IRt ) sinh[(�IRτ )2]e−(�IRτ )2

≡ Qmax cos (�IRt ), (9)

where we assume [82] QIR(−∞) = ∂t QIR(−∞) = 0, and
Qmax = √

2πZ∗E0τ/�IR sinh[(�IRτ )2]e−(�IRτ )2
as boundary

conditions. Therefore, the maximum amplitude of the phonon
scales linearly with the applied electric field.

For simplicity, we assume the long-time time-dependence
�(t ) = � sin(�IRt ). Furthermore, the sinusoidal time depen-

dence ensures that the undriven system is recovered for not
only � → 0 but also t → 0. For the electronic drive, we
consider the vector potential A(t ) = Ã�̂ sin(�IRt ), where Ã ≡
(e/h̄)aA = eE/(h̄�IR) is the dimensionless parameter that
defines the coupling strength with the electrons. The factor
�̂ arises from aligning the polarization with the phonon dis-
placement direction.

For periodically driven systems, H(t ) = H(t + 2π/�).
such as the one defined here, and we can employ Floquet
theory to study the system. The remaining discrete time-
translation symmetry allows one to use the Floquet theorem
[83] to write the wave functions as |ψ (t )〉 = eiεt |φ(t )〉, where
|φ(t + 2π/�)〉 = |φ(t )〉 and ε is the quasienergy. This wave
function obeys the Floquet-Schrödinger equation:

[H (t ) − i∂t ]|φ(t )〉 = ε|φ(t )〉. (10)

The exact solution can be written formally as UF =
T exp{−i

∫ 2π/�

0 H (s)ds} = e−iHF T . We employ the extended-
state picture which relies on an expansion of the steady
states in a Fourier series |φ(t )〉 = ∑

n ein�t |φn〉 which leads
to

∑
m(H (n−m) + δn,m�m)|φm〉 = ε|φn〉. The Hamiltonian

Fourier modes are given by H (n) = ∫ 2π

0 dτ/(2π )H (τ )e−iτn.
In the next section, we discuss the application to bilayer
graphene and discuss the effects in the electronic band
structure.

V. APPLICATION TO BILAYER GRAPHENE

Now, we apply the procedure discussed before to bi-
layer graphene, which belongs to the space group P3̄m1
(No. 164) with D3d point group at the � point [84]. Exper-
imental evidence indicates that the Frozen phonon picture
(adiabatic limit) fails to describe the phonon properties in
graphene as a function of the carrier density because the
electron relaxation time is larger than the phonon frequency
[61]. However, in bilayer graphene, time- and angle-resolved
photoemission spectroscopy experiments revealed carrier dy-
namics that were explained within the frozen phonon picture
[85]. Also, enhancement of the electron-phonon coupling in
bilayer graphene after phonon excitation has been reported
[86]. Theoretical studies in graphene [57] and transition metal
dichalcogenides [58] employing first-principles calculations
indicate that the electronic structure of phonon-driven sys-
tems can be captured with Floquet theory. In this section, we
analyze the electronic dynamics within our time-dependent
tight-binding model.

First, we calculate the phonon frequencies and eigenmodes
at the � point. It is enough to consider regions near the � point
because photons carry momentum that is small compared to
the size of the BZ. For this, we employ density-functional
perturbation theory (DFPT) [74], imposing the acoustic sum
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TABLE II. � point phonon modes for bilayer graphene
without SOC.

Frequency (THz) IR

1 0 A2u

2, 3 0 Eu

4, 5 0.581536 Eg

6 2.854691 A1g

7 26.045346 A1g

8 26.122256 A2u

9, 10 46.873384 Eg

11, 12 47.027640 Eu

rule to the dynamical matrix, as implemented in QUANTUM
ESPRESSO [87–89]. Table II shows the phonon frequen-
cies, while the lattice displacements are shown in Fig. 4.
The first observation is that the DFPT lattice displacements
are consistent with the group theory results. We also com-
pute the electronic band structure within density functional
theory (DFT). The details of the calculation are presented
in Appendix B. In Fig. 3, we show the bands along a high-
symmetry path with their corresponding IRs at the special
high-symmetry points �, K, and M obtained with IrRep [90].
We note that adiabatic and nonadiabatic phonon frequen-
cies can be computed following the approach introduced in
Ref. [91].

We will drive the Eu mode with frequency � = 0.2 eV,
with �̂ = �/|�| ≈ (0.049,−0.998). The next step is to
calculate the Born effective charges, which determine the
coupling strength between the phonon and the incident laser.
Here, we will adopt the value measured by Kuzmenko
et. al. in Ref. [92] for the Eu mode with frequency � = 0.2 eV,
Z∗ ≈ 0.25e/

√
mC , where e is the electron charge and mC is

the carbon mass, similar to the equivalent mode in graphite
[93]. With the Born effective charges for bilayer graphene,
we can compute the relative displacement induced for a given
laser peak electric field E0 and laser pulse width τ . Away

FIG. 3. AB-stacked bilayer graphene band structure with corre-
sponding irreducible representations at the high-symmetry points �,
K , and M. The symmetry analysis was performed with IrRep [90].

Eg Eg

Eg

Eg
A1g

A1g

A2u

EuEu

FIG. 4. Bilayer graphene �-point real-space lattice vibrations.
The low-frequency shear modes (top-left corner) are relevant
for the nonlinear phonon processes. These figures were created
with VESTA.

from the regime �IRτ � 1, we need to solve the equation
of motion derived from the potential Eq. (8) numerically. In
Fig. 5, we plot �/a as a function of the peak electric field E0

for several values of the laser pulse width τ . The maximum
amplitude still scales linearly with the applied electric field E0

in this regime. In particular, for τ = 0.8 ps and peak electric
field ∼1 MV/cm we can reach distortions of about 5% of
the carbon-carbon distance (�/a ≈ 0.05). We assume that
the effects of nonlinear phonon couplings [75,82,94–107] are
negligible.

In the tight-binding model, we use the nearest-neighbor,
next-nearest-neighbor and third-nearest-neighbor distances
a,

√
3a, 2a and we find the coefficients c1 ≈ 12 eV and c2 ≈

1.5a−2. For the interlayer tunneling, we use γ1 = 0.361 eV
and γ3 = 0.283 eV [108]. These parameters fully define the
time-dependent Hamiltonian. In the next sections, we discuss
a low-energy approximation for the tight-binding model and
solve the full model exactly within a Floquet scheme in the
extended space.

FIG. 5. �/a as a function of the laser pulse width τ and the peak
electric field E0, where a ≈ 0.142 nm is the interlayer carbon-carbon
distance.
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A. Low-energy approximation

Before we proceed with the solution in the low-frequency
regime, and to get intuition about the model, we consider

the Hamiltonian near the K point and for small lattice dis-
placements �. We find that the effective Hamiltonian is given
by

H (t ) ≈
(

h̄vF (k + B(t ) + A(t ))σ T (k + A(t ))
T †(k + A(t )) h̄vF (k − B(t ) + A(t ))σ

)
, (11)

where h̄vF = 3/2aγ0 = 3/2ac1e−a2c2 . The diagonal blocks
describe the graphene layers with linearized bands near the
K point. They include the usual electromagnetic vector po-
tential A(t ) introduced via minimal substitution as well
as an additional vector potential B(t ) = c2(�2,�1) [note
(�1,�2) = ��̂] induced by lattice distortion. The additional
vector potential B(t ) has different signs for different layers.
Lastly, the off-diagonal blocks

T (k) =
(

0 h̄v3(kx + iky)
γ1 0

)
, (12)

where h̄v3 = 3/2aγ3 describe the interlayer hopping includ-
ing trigonal warping. Now, we proceed with the solution of
the low-frequency Floquet problem.

B. Exact quasienergy spectrum

To study the effect of infrared light in bilayer graphene,
we solve the Floquet-Schrödinger equation in extended space
exactly. Within this approach, the low frequency regime in-
volves many overlapping Floquet modes, which leads to a
dense quasienergy spectrum with no easy comparison with the
original band structure. This, however, can be avoided if one
chooses to plot bands for judiciously chosen Floquet copies.
After all, only one Floquet copy is necessary to describe the
physical problem. Treating the driven problem for N Floquet
copies, we recall that one finds an eigenvector of the form
ψ = (ψ−N/2, ..., ψ0, ψN/2), where ψm is the wave function
corresponding to the sector of Floquet copy m.

For the undriven system, every solution ψ will have only
one of the ψm �= 0. In this case, the spectrum for Floquet copy
zero for a Hamiltonian of dimension d can be obtained if we

FIG. 6. Light-driven bilayer graphene exact quasienergies in the
vicinity of the −K point. The pulse duration is τ = 0.3 ps and
the frequency � = 0.2 eV. The peak electric field intensities E0 are
(a) 0.0, (b) 0.2,(c) 0.3, and (d) 0.35 MV/cm.

pick all d eigenvectors with spectral weight |〈ψ0|ψ0〉|2 = 1.
For the driven case, if the drive is sufficiently weak, the
spectral weight |〈ψ0, ψ0〉|2 will be especially large for d of
the eigenvectors. In this case, one may plot the quasienergies
corresponding to these eigenvectors and may obtain a band
structure that can easily be compared to the band structure of
the undriven system. This is similar to the approach taken in
Ref. [109], where instead of taking the d largest contributions,
contributions up to an arbitrary cutoff in the averaged density
of states were taken. Our approach is more robust and can be
used to check for convergence of the Floquet band structure.
All our results are converged with respect to the number of
Floquet modes N , and typically we require N � 20.

In Fig. 6, we plot the quasienergy spectrum in the vicinity
of the −K point for bilayer graphene driven with a laser pulse
of duration τ = 0.3 ps, � = 0.2 eV in resonance with the Eu

phonon mode, and a set of values of the peak electric field E0.
As E0 increases, the quasienergy gap shows a nonmonotonous
behavior. To elucidate the behavior of this gap as a function of
the peak electric field, in Fig. 7, we plot the quasienergies for
the two central bands at the −K and � points in panels (a) and
(b). At the −K point, the applied laser pulse induces a splitting
of the quasienergies as the peak electric field increases. On
the other hand, at the � point, it presents a negligible effect
(|ε(�)| ≈ 0.4812 eV). The quasienergy gap near the Floquet
zone center is shown in Fig. 7(c) as a function of the peak
electric field, where we consider the effect of driven phonons
and electrons. The behavior is nonmonotonic. For compar-
ison, in Fig. 7(d), we show the quasienergy gap obtained
when considering only driven phonons. For the short pulse

FIG. 7. Light-driven bilayer graphene quasienergy difference at
the (a) −K and (b) � points as a function of the peak electric field for
a pulse duration τ = 0.3 ps. The quasienergy gap when considering
both driven phonons and electrons is shown in panel (c), while
(d) shows the gap when considering only driven phonons.
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FIG. 8. (a) Overlap probability Pn(s) of the ABO approxima-
tion with the exact electronic state following laser excitation of the
phonons for E0 = 0.35 MV/cm and τ = 0.8ps at the −K point.
Gray and orange colors indicate bands n = 2 and n = 3, respectively.
The overlap probability for bands n = 1 and n = 4 remains zero.
(b) Autocorrelation function Ak (s) for the exact electronic state. In
panels (b) and (d), we show the corresponding probability Pn(s)
and autocorrelation for the case where electrons couple to the laser
directly.

considered, the change in the quasienergy induced by the laser
is dominated by the direct coupling with the electrons.

C. Diabaticity of the electronic dynamics

In the previous section, we discussed the exact solution
of the time-dependent Schrödinger equation, |ψα (t )〉, from
a Floquet perspective. In this section, we compare the ex-
act solution with the adiabatic Born-Oppenheimer (ABO)
approximation, |ψABO

α (t )〉, defined as the solution of the
eigenvalue equation

Ĥ (s)
∣∣ψABO

α (s)
〉 = Eα (s) |ψABO

α (s)〉 , (13)

where Eα (s) and |ψα (s)〉 are the instantaneous energies and
eigenstates for the rescaled time s = �t . Since momentum
remains a good quantum number in the presence of the
�-point phonon we consider in this paper, we will consider
as our initial state |ψ0〉 = |ψABO

α=−K,2(s = 0)〉. This corresponds
to a state with momentum −K and band index n = 2. In
the numerical calculations, we introduce an infinitesimal
symmetry-breaking term that allows us to unambiguously de-
fine the band index. The deviation of the ABO approximation
solution from the exact electronic wave function is quanti-
fied by the overlap probability Pn(s) = |〈ψ (s)|ψABO

n (s)〉|2. We
obtain the exact electronic wave function by solving the time-
dependent Schrödinger equation exactly within a numerical
approach. As an example, we consider the dynamics resulting
from a laser pulse with peak electric field E0 = 0.35 MV/cm
and duration of 0.8 ps. In Fig. 8(a), we show Pn(s) assuming
first that only phonons couple to the laser. In less than one
full cycle (s/(2π ) = 1) the probability Pn=2(s) deviates from
unity, and Pn=3(s) acquires nonzero values, indicating the dia-
batic nature of the exact electronic wave function |ψ(t )〉. This
result is expected from the previous section’s analysis, which
revealed the formation of an electronic gap in the quasienergy
spectrum.

FIG. 9. (a) Averaged overlap probability P̄n=2 map in the
Brillouin zone of the ABO approximation with the exact elec-
tronic state following laser excitation for E0 = 0.35 MV/cm and
τ = 0.8ps. (b) Averaged autocorrelation function Āk for the exact
electronic state.

Figure 8(b) shows the square modulus of the autocorrela-
tion Ak (s) = |〈ψ (s)|ψ0〉|2, which quantifies the preservation
of the electronic character, defined in Ref. [60]. For the first
five cycles (s/(2π ) = 5), the autocorrelation remains close
to unity, preserving the electronic state character for several
vibrational cycles. This behavior suggests a diabatic time
evolution of the electronic states following laser excitation,
when only the lattice vibrations are considered. This result is
expected following the study presented in Ref. [60], where
thermally excited phonons lead to a diabatic time evolu-
tion and preservation of the electronic initial state character.
Figures 8(c) and 8(d) show Pn(s) and Ak (s), taking into ac-
count the direct coupling of the electron with the laser. While
the ABO approximation also deviates from the exact elec-
tronic wave function, the exact electronic wave function does
not retain its initial state character, as shown by the devia-
tion of Ak (s) from unity in one cycle. Thus, although both
processes (driven electrons and driven phonons) occur at the
same frequency, their impact on the electronic dynamics is
completely different.

At the � point, the initial state |ψ0〉 = |ψABO
α=�,2(s = 0)〉

leads to probabilities Pn(s) ≈ δn,2, which supports an adi-
abatic time evolution for electronic states away from the
degeneracy points for both direct electronic and phononic
coupling with the laser. In Fig. 9, we show the diabaticity
maps across the whole BZ. Deviations are mainly obtained
only at the zone boundary due to the relative energy difference
between the bilayer graphene bands in equilibrium.

VI. CONCLUSIONS

In this paper, we derived a time-dependent tight-binding
model Hamiltonian for phonon- and electron-driven honey-
comb bilayers with point group D3d assuming an atomically
adiabatic approximation. We applied our model to AB-stacked
bilayer graphene driven with infrared light, and solved the
time-dependent model exactly, without invoking the adiabatic
Born-Oppenheimer approximation. We showed that the exact
electronic quasienergy spectrum develops a gap near the −K
point, in contrast with the expectation from the adiabatic ap-
proximation. We studied the behavior of the gap as a function
of the peak electric field in the laser pulse and compared the
effect of driving the electrons and driving the phonons. Within
our time-dependent tight-binding model, we find that the elec-
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tronic gap is dominated by the effect of the direct coupling of
the laser with the electrons and not by the vibrating nuclei. We
analyzed the diabatic nature and autocorrelation of the elec-
tronic dynamics for both driven electron and driven phonons
separately. In both cases, the adiabatic solution deviates from
the exact solution within one cycle. However, the electronic
autocorrelation showed contrasting behavior. When driving
only the phonons, the exact solution remains highly correlated
with the initial state. This result is in agreement with previous
studies on thermal phonons in graphene. When including the
effect of the laser on the electrons, the exact electronic wave
function quickly deviates from the initial state. The procedure
here detailed to derive time-dependent tight-binding models
for driven systems can be applied to other van der Waals
materials to uncover the interplay of driven phonons and
electrons in the low-frequency regime, accessible in current
experimental setups.
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APPENDIX A: ELECTRONIC BAND REPRESENTATIONS

Bilayer graphene corresponds to the space group P3̄m1
(No. 164). The symmetry operations in Seitz notation and in
the Standard setting are [111]

(1) {1 | 0} =
⎛
⎝1 0 0 0

0 1 0 0
0 0 1 0

⎞
⎠,

(2) {−1 | 0} =
⎛
⎝−1 0 0 0

0 −1 0 0
0 0 −1 0

⎞
⎠,

(3) {3+
001 | 0} =

⎛
⎝0 −1 0 0

1 −1 0 0
0 0 1 0

⎞
⎠,

(4) {−3+
001 | 0} =

⎛
⎝ 0 1 0 0

−1 1 0 0
0 0 −1 0

⎞
⎠,

(5) {3−
001 | 0} =

⎛
⎝−1 1 0 0

−1 0 0 0
0 0 1 0

⎞
⎠,

TABLE III. Lattice constant and distance between the layers
for bilayer graphene obtained with LDA and GGA approximations.
Experimentally, d = 3.35 (Å) for graphite [122].

LDA GGA LDA Ref. [121] GGA Ref.[121]

a (Å) 2.44 2.46 2.44 2.46
d (Å) 3.30 3.25 3.34 3.20

(6) {−3−
001 | 0} =

⎛
⎝1 −1 0 0

1 0 0 0
0 0 −1 0

⎞
⎠,

(7) {2110 | 0} =
⎛
⎝0 1 0 0

1 0 0 0
0 0 −1 0

⎞
⎠,

(8) {m110 | 0} =
⎛
⎝0 −1 0 0

−1 0 0 0
0 0 1 0

⎞
⎠,

(9) {2100 | 0} =
⎛
⎝1 −1 0 0

0 −1 0 0
0 0 −1 0

⎞
⎠,

(10) {m100 | 0} =
⎛
⎝−1 1 0 0

0 1 0 0
0 0 1 0

⎞
⎠,

(11) {2010 | 0} =
⎛
⎝−1 0 0 0

−1 1 0 0
0 0 −1 0

⎞
⎠,

(12) {m010 | 0} =
⎛
⎝1 0 0 0

1 −1 0 0
0 0 1 0

⎞
⎠.

The first three columns (from left to right) define the three-
dimensional rotation matrix. The last column corresponds to
translations. The � point possesses the 12 symmetries listed
above. The K point has symmetries 1, 3, 5, 7, 9, 11. Finally,
the M point possesses symmetries 1, 2, 11, 12.

APPENDIX B: BILAYER GRAPHENE BAND STRUCTURE
FROM FIRST PRINCIPLES

To determine the electron and phonon properties, we em-
ploy DFT [112] as implemented in QUANTUM ESPRESSO
[87–89]. We use two approximation schemes for the exchange
and correlation potentials: (1) the local density approximation
(LDA) [113] and (2) the generalized-gradient approximation
(GGA) [114] supplemented with van der Waals interactions
[115,116]. In both cases, we consider projector augmented-
wave pseudopotentials [117,118]. We introduce a vacuum of
15 Å to avoid interaction effects between supercells.

First, we perform a variable cell relaxation calculation to
obtain our optimal lattice parameters. We employ a kinetic
energy cutoff for the wave functions of 45 Ry and 540 Ry for
the charge density. The BZ was sampled with a 34 × 34 × 1
grid, dense enough for the convergence of our results. We use
a smearing for the Fermi distribution of 10−3 Ry [119]. The
forces between the atoms were converged to 1 meV/Å, and
the total energy to 0.05 meV. Table III shows our result for the
lattice constants and separation between the graphene layers.
The lattice constant a and distance between the layers d are
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FIG. 10. Dimer with period 1 and hopping strength g = 1. The
distance between atoms a and b in a unit cell is alternating as
d and 1 − d .

in good agreement with other equivalent DFT calculations
[120,121] and experiments [122]. In Fig. 1, we show the band
structure along a high-symmetry path in the BZ. Near the K
and K ′ points, we obtain quadratic band touching points at the
Fermi level.

APPENDIX C: THE PROBLEM WITH A
TIME-DEPENDENT WANNIER BASIS IN THE HIGH

FREQUENCY REGIME

In this Appendix, we will consider a simplified problem
that will allow us to understand what nonphysical behavior
can arise in the Floquet case if we consider a time-dependent
Wannier basis and do not correct by a term i(∂t P)P.

Let us consider the dimer depicted in Fig. 10. We assume
that electrons moving on this lattice are described by the
simple tight-binding Hamiltonian

H =
∑

i

a†
i bi+d + a†

i+1bi+d + H.c. (C1)

In momentum space, it can be rewritten as

H = (a†
k, b†

k )hk

(
ak

bk

)
, (C2)

with

hk =
(

0 eikd + eik(d−1)

e−ikd + e−ik(d−1) 0

)
. (C3)

Now the eigenvalues one finds for hk are

E = ±2 cos(k/2) (C4)

and are periodic with period 4π of the BZ as one would expect
regardless of value d .

Next we consider the case where d = cos(ωt )d0 and the
position of site b changes with time. In the adiabatic limit
where i(∂t P)P can be neglected, we find that the instantaneous
energies all have the periodicity of the BZ and therefore at first
everything is fine. However, when we take the high-frequency
regime ω → ∞, where i(∂t P)P cannot be neglected, we will
see totally different behavior.

In this limit, the Floquet Hamiltonian is just given by the
Hamiltonian time averaged over one period and one finds that

hF,ω→∞
k =

(
0 (1 + e−ik )J0(d0k)

(1 + eik )J0(d0k) 0

)
. (C5)

FIG. 11. (a) Momentum space periodicity is lost in the high-
frequency regime for driven bilayer graphene. In the low-frequency
regime (b), the periodicity is recovered. The red dashed line corre-
sponds to the first BZ.

For the eigenvalues, one obtains

E = ±2 cos

(
k

2

)
J0(d0k). (C6)

Therefore, one finds the nonphysical result that the quasiener-
gies are not periodic in momentum space anymore despite the
system being periodic at all times.

This effect is also present in the tight-binding model stud-
ied in the main text. In Fig. 11, we plot the a quasienergy
band in the first Floquet zone for more than one BZ to reflect
the momentum space periodicity for a set of representative
parameters. In the high-frequency regime, the periodicity is
lost, while in the low-frequency regime (not necessarily the
adiabatic limit) the periodicity is recovered.

APPENDIX D: LOW-FREQUENCY MOMENTUM SPACE
PERIODICITY FOR DRIVEN BILAYER GRAPHENE

In the main text, we showed that the full time-dependent
tight-binding Hamiltonian is given by HTB = i(∂t P)P +
PHP, where P is the projection operator P onto the suit-
able Wannier orbitals [71]. One of the most striking effects
of neglecting the term i(∂t P)P appears in the loss of mo-
mentum space periodicity in the high-frequency regime. In
Fig. 11, we show the Fourier transform in (a) the high-
frequency regime (h̄� ≈ 10 eV) and in (b) the low-frequency
regime (h̄� ≈ 1 eV). The phonon drive parameter is �/a =
0.8, much stronger than a realistic lattice distortion achiev-
able in experiments, �/a = 0.05. The laser coupling with the
electrons is not considered since it does not introduce time
dependence in the projector operator P.

[1] M. S. Rudner and N. H. Lindner, Nat. Rev. Phys. 2, 229
(2020).

[2] T. Oka and S. Kitamura, Annu. Rev. Condens. Matter Phys.
10, 387 (2019).

[3] T. Oka and H. Aoki, Phys. Rev. B 79, 081406(R)
(2009).

[4] N. H. Lindner, G. Refael, and V. Galitski, Nat. Phys. 7, 490
(2011).

245135-9

https://doi.org/10.1038/s42254-020-0170-z
https://doi.org/10.1146/annurev-conmatphys-031218-013423
https://doi.org/10.1103/PhysRevB.79.081406
https://doi.org/10.1038/nphys1926


RODRIGUEZ-VEGA, VOGL, AND FIETE PHYSICAL REVIEW B 104, 245135 (2021)

[5] N. Y. Yao, A. C. Potter, I.-D. Potirniche, and A. Vishwanath,
Phys. Rev. Lett. 118, 030401 (2017).

[6] S. Choi, J. Choi, R. Landig, G. Kucsko, H. Zhou, J. Isoya,
F. Jelezko, S. Onoda, H. Sumiya, V. Khemani et al., Nature
(London) 543, 221 (2017).

[7] L. Stojchevska, I. Vaskivskyi, T. Mertelj, P. Kusar, D. Svetin,
S. Brazovskii, and D. Mihailovic, Science 344, 177 (2014).

[8] A. Lerose, J. Marino, A. Gambassi, and A. Silva, Phys. Rev. B
100, 104306 (2019).

[9] A. C. Potter, T. Morimoto, and A. Vishwanath, Phys. Rev. X
6, 041001 (2016).

[10] V. Khemani, A. Lazarides, R. Moessner, and S. L. Sondhi,
Phys. Rev. Lett. 116, 250401 (2016).

[11] M. Rodriguez-Vega, A. Kumar, and B. Seradjeh, Phys. Rev. B
100, 085138 (2019).

[12] Y. Peng and G. Refael, Phys. Rev. Lett. 123, 016806 (2019).
[13] B. Huang and W. V. Liu, Phys. Rev. Lett. 124, 216601 (2020).
[14] R. W. Bomantara, L. Zhou, J. Pan, and J. Gong, Phys. Rev. B

99, 045441 (2019).
[15] Y. Peng, Phys. Rev. Res. 2, 013124 (2020).
[16] J. Pan and L. Zhou, Phys. Rev. B 102, 094305 (2020).
[17] L. Bucciantini, S. Roy, S. Kitamura, and T. Oka, Phys. Rev. B

96, 041126(R) (2017).
[18] Y. Zhu, T. Qin, X. Yang, G. Xianlong, and Z. Liang, Phys. Rev.

Res. 2, 033045 (2020).
[19] H. Hübener, M. A. Sentef, U. De Giovannini, A. F. Kemper,

and A. Rubio, Nat. Commun. 8, 13940 (2017).
[20] L. Li, C. H. Lee, and J. Gong, Phys. Rev. Lett. 121, 036401

(2018).
[21] X.-X. Zhang, T. T. Ong, and N. Nagaosa, Phys. Rev. B 94,

235137 (2016).
[22] K. W. Kim, H. Kwon, and K. Park, Phys. Rev. B 99, 115136

(2019).
[23] H. Hübener, U. De Giovannini, C. Schäfer, J. Andberger, M.

Ruggenthaler, J. Faist, and A. Rubio, Nat. Mater. 20, 438
(2021).

[24] X. Wang, E. Ronca, and M. A. Sentef, Phys. Rev. B 99, 235156
(2019).

[25] I. Martin, Ann. Phys. 405, 101 (2019).
[26] Y. H. Wang, H. Steinberg, P. Jarillo-Herrero, and N. Gedik,

Science 342, 453 (2013).
[27] F. Mahmood, C.-K. Chan, Z. Alpichshev, D. Gardner, Y. Lee,

P. A. Lee, and N. Gedik, Nat. Phys. 12, 306 (2016).
[28] J. W. McIver, B. Schulte, F. U. Stein, T. Matsuyama, G. Jotzu,

G. Meier, and A. Cavalleri, Nat. Phys. 16, 38 (2020).
[29] S. A. Sato, J. W. McIver, M. Nuske, P. Tang, G. Jotzu, B.

Schulte, H. Hübener, U. De Giovannini, L. Mathey, M. A.
Sentef, A. Cavalleri, and A. Rubio, Phys. Rev. B 99, 214302
(2019).

[30] M. C. Rechtsman, J. M. Zeuner, Y. Plotnik, Y. Lumer, D.
Podolsky, F. Dreisow, S. Nolte, M. Segev, and A. Szameit,
Nature (London) 496, 196 (2013).

[31] E. P. Raposo, I. R. R. González, A. M. S. Macêdo, B. C. Lima,
R. Kashyap, L. d. S. Menezes, and A. S. L. Gomes, Phys. Rev.
Lett. 122, 143903 (2019).

[32] S. Mukherjee and M. C. Rechtsman, Science 368, 856
(2020).

[33] W. Hu, J. C. Pillay, K. Wu, M. Pasek, P. P. Shum, and Y. D.
Chong, Phys. Rev. X 5, 011012 (2015).

[34] L. J. Maczewsky, J. M. Zeuner, S. Nolte, and A. Szameit, Nat.
Commun. 8, 13756 (2017).

[35] S. Mukherjee, A. Spracklen, M. Valiente, E. Andersson, P.
Öhberg, N. Goldman, and R. R. Thomson, Nat. Commun. 8,
13918 (2017).

[36] D. A. Abanin, W. De Roeck, W. W. Ho, and F. Huveneers,
Phys. Rev. B 95, 014112 (2017).

[37] A. Eckardt and E. Anisimovas, New J. Phys. 17, 093039
(2015).

[38] T. Mikami, S. Kitamura, K. Yasuda, N. Tsuji, T. Oka, and H.
Aoki, Phys. Rev. B 93, 144307 (2016).

[39] S. Rahav, I. Gilary, and S. Fishman, Phys. Rev. A 68, 013820
(2003).

[40] M. Bukov, L. D’Alessio, and A. Polkovnikov, Adv. Phys. 64,
139 (2015).

[41] S. Blanes, F. Casas, J. Oteo, and J. Ros, Phys. Rep. 470, 151
(2009).

[42] W. Magnus, Commun. Pure Appl. Math. 7, 649 (1954).
[43] M. Vogl, M. Rodriguez-Vega, and G. A. Fiete, Phys. Rev. B

101, 235411 (2020).
[44] M. Vogl, P. Laurell, A. D. Barr, and G. A. Fiete, Phys. Rev. X

9, 021037 (2019).
[45] M. Rodriguez-Vega, M. Lentz, and B. Seradjeh, New J. Phys.

20, 093022 (2018).
[46] L. Privitera, A. Russomanno, R. Citro, and G. E. Santoro,

Phys. Rev. Lett. 120, 106601 (2018).
[47] D. Y. H. Ho and J. Gong, Phys. Rev. B 90, 195419 (2014).
[48] M. Rodriguez-Vega and B. Seradjeh, Phys. Rev. Lett. 121,

036402 (2018).
[49] A. Gómez-León and G. Platero, Phys. Rev. Lett. 110, 200403

(2013).
[50] A. Kundu and B. Seradjeh, Phys. Rev. Lett. 111, 136402

(2013).
[51] S. Li, C.-C. Liu, and Y. Yao, New J. Phys. 20, 033025

(2018).
[52] A. Gómez-León, P. Delplace, and G. Platero, Phys. Rev. B 89,

205408 (2014).
[53] Q.-J. Tong, J.-H. An, J. Gong, H.-G. Luo, and C. H. Oh, Phys.

Rev. B 87, 201109(R) (2013).
[54] D. E. Liu, A. Levchenko, and H. U. Baranger, Phys. Rev. Lett.

111, 047002 (2013).
[55] T. Kitagawa, E. Berg, M. Rudner, and E. Demler, Phys. Rev.

B 82, 235114 (2010).
[56] M. S. Rudner, N. H. Lindner, E. Berg, and M. Levin, Phys.

Rev. X 3, 031005 (2013).
[57] H. Hübener, U. De Giovannini, and A. Rubio, Nano Lett. 18,

1535 (2018).
[58] D. Shin, H. Hübener, U. De Giovannini, H. Jin, A. Rubio, and

N. Park, Nat. Commun. 9, 638 (2018).
[59] S. Chaudhary, A. Haim, Y. Peng, and G. Refael, Phys. Rev.

Res. 2, 043431 (2020).
[60] V. Mohanty and E. J. Heller, Proc. Natl. Acad. Sci. 116, 18316

(2019).
[61] S. Pisana, M. Lazzeri, C. Casiraghi, K. S. Novoselov, A. K.

Geim, A. C. Ferrari, and F. Mauri, Nat. Mater. 6, 198
(2007).

[62] E. Kroumova, M. Aroyo, J. Perez-Mato, A. Kirov, C. Capillas,
S. Ivantchev, and H. Wondratschek, Phase Transitions 76, 155
(2003).

245135-10

https://doi.org/10.1103/PhysRevLett.118.030401
https://doi.org/10.1038/nature21426
https://doi.org/10.1126/science.1241591
https://doi.org/10.1103/PhysRevB.100.104306
https://doi.org/10.1103/PhysRevX.6.041001
https://doi.org/10.1103/PhysRevLett.116.250401
https://doi.org/10.1103/PhysRevB.100.085138
https://doi.org/10.1103/PhysRevLett.123.016806
https://doi.org/10.1103/PhysRevLett.124.216601
https://doi.org/10.1103/PhysRevB.99.045441
https://doi.org/10.1103/PhysRevResearch.2.013124
https://doi.org/10.1103/PhysRevB.102.094305
https://doi.org/10.1103/PhysRevB.96.041126
https://doi.org/10.1103/PhysRevResearch.2.033045
https://doi.org/10.1038/ncomms13940
https://doi.org/10.1103/PhysRevLett.121.036401
https://doi.org/10.1103/PhysRevB.94.235137
https://doi.org/10.1103/PhysRevB.99.115136
https://doi.org/10.1038/s41563-020-00801-7
https://doi.org/10.1103/PhysRevB.99.235156
https://doi.org/10.1016/j.aop.2019.03.017
https://doi.org/10.1126/science.1239834
https://doi.org/10.1038/nphys3609
https://doi.org/10.1038/s41567-019-0698-y
https://doi.org/10.1103/PhysRevB.99.214302
https://doi.org/10.1038/nature12066
https://doi.org/10.1103/PhysRevLett.122.143903
https://doi.org/10.1126/science.aba8725
https://doi.org/10.1103/PhysRevX.5.011012
https://doi.org/10.1038/ncomms13756
https://doi.org/10.1038/ncomms13918
https://doi.org/10.1103/PhysRevB.95.014112
https://doi.org/10.1088/1367-2630/17/9/093039
https://doi.org/10.1103/PhysRevB.93.144307
https://doi.org/10.1103/PhysRevA.68.013820
https://doi.org/10.1080/00018732.2015.1055918
https://doi.org/10.1016/j.physrep.2008.11.001
https://doi.org/10.1002/cpa.3160070404
https://doi.org/10.1103/PhysRevB.101.235411
https://doi.org/10.1103/PhysRevX.9.021037
https://doi.org/10.1088/1367-2630/aade37
https://doi.org/10.1103/PhysRevLett.120.106601
https://doi.org/10.1103/PhysRevB.90.195419
https://doi.org/10.1103/PhysRevLett.121.036402
https://doi.org/10.1103/PhysRevLett.110.200403
https://doi.org/10.1103/PhysRevLett.111.136402
https://doi.org/10.1088/1367-2630/aab2c7
https://doi.org/10.1103/PhysRevB.89.205408
https://doi.org/10.1103/PhysRevB.87.201109
https://doi.org/10.1103/PhysRevLett.111.047002
https://doi.org/10.1103/PhysRevB.82.235114
https://doi.org/10.1103/PhysRevX.3.031005
https://doi.org/10.1021/acs.nanolett.7b05391
https://doi.org/10.1038/s41467-018-02918-5
https://doi.org/10.1103/PhysRevResearch.2.043431
https://doi.org/10.1073/pnas.1908624116
https://doi.org/10.1038/nmat1846
https://doi.org/10.1080/0141159031000076110


DIRECT DRIVING OF ELECTRONIC AND PHONONIC … PHYSICAL REVIEW B 104, 245135 (2021)

[63] M. S. Dresselhaus, G. Dresselhaus, and A. Jorio, Group
theory: Application to the Physics of Condensed Matter
(Springer-Verlag, Berlin, 2008).

[64] R. M. Geilhufe and W. Hergert, Front. Phys. 6, 86 (2018).
[65] W. Hergert and M. R. Geilhufe, Group Theory in Solid State

Physics and Photonics: Problem Solving with Mathematica
(Wiley-VCH, Weinheim, 2018).

[66] H. T. Stokes, D. M. Hatch, and B. J. Campbell, Isodistort,
isotropy software suite, iso.byu.edu.

[67] E. McCann and M. Koshino, Rep. Prog. Phys. 76, 056503
(2013).

[68] F. Rost, R. Gupta, M. Fleischmann, D. Weckbecker, N. Ray, J.
Olivares, M. Vogl, S. Sharma, O. Pankratov, and S. Shallcross,
Phys. Rev. B 100, 035101 (2019).

[69] S. Reich, J. Maultzsch, C. Thomsen, and P. Ordejón, Phys.
Rev. B 66, 035412 (2002).

[70] R. KUNDU, Mod. Phys. Lett. B 25, 163 (2011).
[71] W. Kohn, Phys. Rev. 133, A171 (1964).
[72] M. Lacki and J. Zakrzewski, Phys. Rev. Lett. 110, 065301

(2013).
[73] J. Li, D. Golez, G. Mazza, A. J. Millis, A. Georges, and M.

Eckstein, Phys. Rev. B 101, 205140 (2020).
[74] S. Baroni, S. de Gironcoli, A. Dal Corso, and P. Giannozzi,

Rev. Mod. Phys. 73, 515 (2001).
[75] M. Först, C. Manzoni, S. Kaiser, Y. Tomioka, Y. Tokura, R.

Merlin, and A. Cavalleri, Nat. Phys. 7, 854 (2011).
[76] X. Gonze and C. Lee, Phys. Rev. B 55, 10355 (1997).
[77] O. Bistoni, P. Barone, E. Cappelluti, L. Benfatto, and F. Mauri,

2D Mater. 6, 045015 (2019).
[78] W. Bührer and P. Brüesch, Phonons: Theory and Experiments

II: Experiments and Interpretation of Experimental Results,
Springer Series in Solid-State Sciences (Springer, Berlin,
1986).

[79] P. Giannozzi and S. Baroni, J. Chem. Phys. 100, 8537 (1994).
[80] S. Trickey, Density Functional Theory of Many-Fermion

Systems, Advances in Quantum Chemistry (Academic Press,
UK, 1990).

[81] L. Binci, P. Barone, and F. Mauri, First-principles theory of
infrared vibrational spectroscopy in metals and semimetals:
application to graphite, Phys. Rev. B 103, 134304 (2021).

[82] A. Subedi, A. Cavalleri, and A. Georges, Phys. Rev. B 89,
220301(R) (2014).

[83] G. Floquet, Ann. Sci. l’École Normale Supérieure Série 2
Tome 12, 47 (1883).

[84] L. M. Malard, M. H. D. Guimarães, D. L. Mafra, M. S. C.
Mazzoni, and A. Jorio, Phys. Rev. B 79, 125426 (2009).

[85] I. Gierz, M. Mitrano, H. Bromberger, C. Cacho, R. Chapman,
E. Springate, S. Link, U. Starke, B. Sachs, M. Eckstein, T. O.
Wehling, M. I. Katsnelson, A. Lichtenstein, and A. Cavalleri,
Phys. Rev. Lett. 114, 125503 (2015).

[86] E. Pomarico, M. Mitrano, H. Bromberger, M. A. Sentef, A.
Al-Temimy, C. Coletti, A. Stöhr, S. Link, U. Starke, C. Cacho,
R. Chapman, E. Springate, A. Cavalleri, and I. Gierz, Phys.
Rev. B 95, 024304 (2017).

[87] P. Giannozzi, O. Andreussi, T. Brumme, O. Bunau, M. B.
Nardelli, M. Calandra, R. Car, C. Cavazzoni, D. Ceresoli,
M. Cococcioni, N. Colonna, I. Carnimeo, A. D. Corso, S. de
Gironcoli, P. Delugas, R. A. D. Jr, A. Ferretti, A. Floris, G.
Fratesi, G. Fugallo et al., J. Phys.: Condens. Matter 29, 465901
(2017).

[88] P. Giannozzi, S. Baroni, N. Bonini, M. Calandra, R. Car, C.
Cavazzoni, D. Ceresoli, G. L. Chiarotti, M. Cococcioni, I.
Dabo, A. Dal Corso, S. de Gironcoli, S. Fabris, G. Fratesi,
R. Gebauer, U. Gerstmann, C. Gougoussis, A. Kokalj, M.
Lazzeri, L. Martin-Samos et al., J. Phys.: Condens. Matter 21,
395502 (2009).

[89] P. Giannozzi, O. Baseggio, P. BonfÃ , D. Brunato, R. Car, I.
Carnimeo, C. Cavazzoni, S. de Gironcoli, P. Delugas, F. Ferrari
Ruffino, A. Ferretti, N. Marzari, I. Timrov, A. Urru, and S.
Baroni, J. Chem. Phys. 152, 154105 (2020).

[90] M. Iraola, J. L. Mañes, B. Bradlyn, T. Neupert, M. G.
Vergniory, and S. S. Tsirkin, IrRep: Symmetry eigenvalues
and irreducible representations of ab initio band structures,
arXiv:2009.01764.

[91] M. Calandra, G. Profeta, and F. Mauri, Phys. Rev. B 82,
165111 (2010).

[92] A. B. Kuzmenko, L. Benfatto, E. Cappelluti, I. Crassee, D. van
der Marel, P. Blake, K. S. Novoselov, and A. K. Geim, Phys.
Rev. Lett. 103, 116804 (2009).

[93] R. Nemanich, G. Lucovsky, and S. Solin, Solid State
Commun. 23, 117 (1977).

[94] M. Mitrano, A. Cantaluppi, D. Nicoletti, S. Kaiser, A.
Perucchi, S. Lupi, P. Di Pietro, D. Pontiroli, M. Riccò, S. R.
Clark, D. Jaksch, and A. Cavalleri, Nature (London) 530, 461
(2016).

[95] M. Först, R. Mankowsky, H. Bromberger, D. Fritz, H. Lemke,
D. Zhu, M. Chollet, Y. Tomioka, Y. Tokura, R. Merlin, J. Hill,
S. Johnson, and A. Cavalleri, Solid State Commun. 169, 24
(2013).

[96] D. M. Juraschek, M. Fechner, and N. A. Spaldin, Phys. Rev.
Lett. 118, 054101 (2017).

[97] D. M. Juraschek, M. Fechner, A. V. Balatsky, and N. A.
Spaldin, Phys. Rev. Mater. 1, 014401 (2017).

[98] A. Subedi, Phys. Rev. B 95, 134113 (2017).
[99] D. M. Juraschek and S. F. Maehrlein, Phys. Rev. B 97, 174302

(2018).
[100] D. M. Juraschek and N. A. Spaldin, Phys. Rev. Mater. 3,

064405 (2019).
[101] D. M. Juraschek, Q. N. Meier, and P. Narang, Phys. Rev. Lett.

124, 117401 (2020).
[102] D. M. Juraschek, P. Narang, and N. A. Spaldin, Phys. Rev. Res.

2, 043035 (2020).
[103] G. Khalsa and N. A. Benedek, npj Quantum Mater. 3, 15

(2018).
[104] M. Gu and J. M. Rondinelli, Phys. Rev. B 98, 024102 (2018).
[105] M. Rodriguez-Vega, Z.-X. Lin, A. Leonardo, A. Ernst, G.

Chaudhary, M. G. Vergniory, and G. A. Fiete, Phys. Rev. B
102, 081117(R) (2020).

[106] M. Buzzi, D. Nicoletti, M. Fechner, N. Tancogne-Dejean,
M. A. Sentef, A. Georges, T. Biesner, E. Uykur, M. Dressel,
A. Henderson, T. Siegrist, J. A. Schlueter, K. Miyagawa, K.
Kanoda, M.-S. Nam, A. Ardavan, J. Coulthard, J. Tindall, F.
Schlawin, D. Jaksch et al., Phys. Rev. X 10, 031028 (2020).

[107] J. Tindall, F. Schlawin, M. Buzzi, D. Nicoletti, J. R. Coulthard,
H. Gao, A. Cavalleri, M. A. Sentef, and D. Jaksch, Phys. Rev.
Lett. 125, 137001 (2020).

[108] J. Jung and A. H. MacDonald, Phys. Rev. B 89, 035405
(2014).

[109] O. Katz, G. Refael, and N. H. Lindner, Phys. Rev. B 102,
155123 (2020).

245135-11

https://doi.org/10.3389/fphy.2018.00086
https://doi.org/10.1088/0034-4885/76/5/056503
https://doi.org/10.1103/PhysRevB.100.035101
https://doi.org/10.1103/PhysRevB.66.035412
https://doi.org/10.1142/S0217984911025663
https://doi.org/10.1103/PhysRev.133.A171
https://doi.org/10.1103/PhysRevLett.110.065301
https://doi.org/10.1103/PhysRevB.101.205140
https://doi.org/10.1103/RevModPhys.73.515
https://doi.org/10.1038/nphys2055
https://doi.org/10.1103/PhysRevB.55.10355
https://doi.org/10.1088/2053-1583/ab2ce0
https://doi.org/10.1063/1.466753
https://doi.org/10.1103/PhysRevB.103.134304
https://doi.org/10.1103/PhysRevB.89.220301
https://doi.org/10.24033/asens.220
https://doi.org/10.1103/PhysRevB.79.125426
https://doi.org/10.1103/PhysRevLett.114.125503
https://doi.org/10.1103/PhysRevB.95.024304
https://doi.org/10.1088/1361-648X/aa8f79
https://doi.org/10.1088/0953-8984/21/39/395502
https://doi.org/10.1063/5.0005082
http://arxiv.org/abs/arXiv:2009.01764
https://doi.org/10.1103/PhysRevB.82.165111
https://doi.org/10.1103/PhysRevLett.103.116804
https://doi.org/10.1016/0038-1098(77)90663-9
https://doi.org/10.1038/nature16522
https://doi.org/10.1016/j.ssc.2013.06.024
https://doi.org/10.1103/PhysRevLett.118.054101
https://doi.org/10.1103/PhysRevMaterials.1.014401
https://doi.org/10.1103/PhysRevB.95.134113
https://doi.org/10.1103/PhysRevB.97.174302
https://doi.org/10.1103/PhysRevMaterials.3.064405
https://doi.org/10.1103/PhysRevLett.124.117401
https://doi.org/10.1103/PhysRevResearch.2.043035
https://doi.org/10.1038/s41535-018-0086-3
https://doi.org/10.1103/PhysRevB.98.024102
https://doi.org/10.1103/PhysRevB.102.081117
https://doi.org/10.1103/PhysRevX.10.031028
https://doi.org/10.1103/PhysRevLett.125.137001
https://doi.org/10.1103/PhysRevB.89.035405
https://doi.org/10.1103/PhysRevB.102.155123


RODRIGUEZ-VEGA, VOGL, AND FIETE PHYSICAL REVIEW B 104, 245135 (2021)

[110] http://www.tacc.utexas.edu.
[111] M. I. Aroyo, J. M. Perez-Mato, C. Capillas, E. Kroumova,

S. Ivantchev, G. Madariaga, A. Kirov, and H. Wondratschek,
Z. Phys. Crystallogr. Mater. 221, 15 (01 Jan. 2006).

[112] W. Kohn and L. J. Sham, Phys. Rev. 140, A1133 (1965).
[113] J. P. Perdew and A. Zunger, Phys. Rev. B 23, 5048 (1981).
[114] J. P. Perdew, K. Burke, and M. Ernzerhof, Phys. Rev. Lett. 77,

3865 (1996).
[115] V. Barone, M. Casarin, D. Forrer, M. Pavone, M. Sambi, and

A. Vittadini, J. Comput. Chem. 30, 934 (2009).

[116] S. Grimme, J. Comput. Chem. 27, 1787 (2006).
[117] G. Kresse and D. Joubert, Phys. Rev. B 59, 1758 (1999).
[118] P. E. Blöchl, Phys. Rev. B 50, 17953 (1994).
[119] N. Marzari, D. Vanderbilt, A. De Vita, and M. C. Payne, Phys.

Rev. Lett. 82, 3296 (1999).
[120] H. Min, B. Sahu, S. K. Banerjee, and A. H. MacDonald, Phys.

Rev. B 75, 155115 (2007).
[121] K. Ulman and S. Narasimhan, Phys. Rev. B 89, 245429 (2014).
[122] J. D. Bernal and W. L. Bragg, Proc. Phys. Soc. London, Sec.

A 106, 749 (1924).

245135-12

http://www.tacc.utexas.edu
https://doi.org/10.1524/zkri.2006.221.1.15
https://doi.org/10.1103/PhysRev.140.A1133
https://doi.org/10.1103/PhysRevB.23.5048
https://doi.org/10.1103/PhysRevLett.77.3865
https://doi.org/10.1002/jcc.21112
https://doi.org/10.1002/jcc.20495
https://doi.org/10.1103/PhysRevB.59.1758
https://doi.org/10.1103/PhysRevB.50.17953
https://doi.org/10.1103/PhysRevLett.82.3296
https://doi.org/10.1103/PhysRevB.75.155115
https://doi.org/10.1103/PhysRevB.89.245429
https://doi.org/10.1098/rspa.1924.0101

