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Abstract Starting with an N body system describing a Bose gas at finite temperatures, we
derive a new model that contains a Gross—Pitaevskii equation of motion for the condensate
wave function and a quantum Boltzmann equation for the excitations. The model is valid
for a wide range of finite temperatures and approaches the standard ZNG model when the
temperature of the system 7 is close to the Bose-Einstein condensate (BEC) transition
temperature 7.

1 Introduction

The realization of Bose—Einstein condensation (BEC) in trapped atomic vapors of 2Na 5],
87Rb [2] and "Li [3] has initiated a period of intense theoretical and experimental research.
The experimental results need a theoretical support which takes into account the coupled
non-equilibrium dynamics of both the BEC and the thermal cloud of the Bose gas under
investigation. In the pioneering work [10-12], Kirkpatrick and Dorfman (KD) started to
develop such a theory, based on the Bogoliubov mean field approach. Their theory includes
a mean field kinetic equation for the thermal cloud that describes the relaxation in terms of
“collisions” between excitations. This theory was then extended by Zaremba et al. [23], in
which the full coupling system of a quantum Boltzmann equation for the density function
of the normal fluid/thermal cloud and a Gross—Pitaevskii equation for the wavefunction of
the BEC has been introduced. The model is named ZNG, after the authors. Independently,
the same mean field model was also derived by Pomeau et al. [22] (PBMR) by a different
method. Since our work is mainly focused on the mean field approach, we refer the readers
to the book [15] for further discussions on the other theories.

The ZNG model has been remarkably successful in describing a wide range of BEC
phenomena [6]. In the ZNG theory, there are two types of collisional processes: the 1 <> 2
interactions between the condensate and the excited atoms and the 2 <> 2 interactions
between the excited atoms themselves. A third, previously missing, collisional process, which
takes into account 1<>3 type collisions between the excitations, has been suggested by Gust
and Reichl [7,19].
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In the previous work [21], we have provided a mathematical justification of the new
collisional process as well as a unified framework to explain the origins of all the three
collision operators. The mathematical justification of [21] is based on a precise calculation of
all of commutators for the Bogoliubov excitations in the system, without dropping any terms.
In [21], it has also been shown that the 1<>3 collision operator indeed becomes important
at lower temperature ranges, while being negligible when 7 is closed to 7.. Experimental
evidence for this new collision operator has also been provided in [8,14,18].

The goal of our work is to mathematically derive a new mean field coupling system, with all
the three collision operators, at all finite temperature ranges, based on the framework provided
in [21]. This model becomes the standard ZNG model when the temperature of the system is
high enough. In our derivation, we have tried to rely on exact mathematical computations, in
which, most of the terms are kept and only a few approximations are employed. Before our
work, another lower temperature system, in which only the 1 <> 2 collision is included, was
also derived by Imamovic-Tomasovic and Griffin (IG) [9], motivated by the reason that the
ZNG model is based on particle-like Hatree-Fock excitations and ultimately breaks down at
low temperatures as its thermal excitations do not include the phonon part of the Bogoliubov
spectrum. Since in [9], the two collisional processes 2 <> 2 and 1 <> 3 are both missing, the
1G model does not approach the ZNG model when T ~ Tc.

The coupling system

We will now write our final system, that couples the generalized Gross—Pitaevskii and the
quantum Boltzmann equations, in the local rest frame. The derivation of this system will be
given in the next sections.

Denote by n.(x, t) and ¢ (x, t), the local density of particles in the condensate and the
condensate phase, and set

T =n?exp(ia). (1)

The generalized Gross—Pitaevskii equation

The generalized Gross—Pitaevskii equation reads

2v2
RO, Y (x, 1) = [— S+ glne(r 1) + 203, 1)
L
U — 5 /dpcu[f](x,p,r)]r(x,r), @)
ne
where
ﬁ(xaf)=/ dpf(x,p,1). 3)

In the above equations, f(x, p,t) is the solution of the quantum Boltzmann equation (5),
the operator C1, can be found in (5), i is the reduced Planck constant, g is the interaction
coupling constant, U (x) is the confinement potential, f " stands for f]R—‘\ op ™M is the mass of
the particles. The velocity of the condensate is

h
v(x,t) = %qu(x,t). 4)
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The quantum Boltzmann equation

The quantum Boltzmann equation for the density f(x, p,t) of the non-condensate atoms

reads
ad 1 1
E—}—ﬁvl,(a)l,—l—h[%v)'vx — ﬁVx(a)p—l—hp-v)-Vp f

= C2fl + Culf]l + Caulfl, ©)

where ), is the Bogoliubov dispersion relation defined in (18) and the forms of Cj2, C22,
(31 are given explicitly below

471g2nc / / /
Culflp) = / / f dp1dpadp3é(p1 — p2 — p3)

nQ2m)3
X (8(p—p1) —8(p—p2) —8(p — p3))d(w) —wy — w3)
X (Kll,’zz,g)z[fzﬁ(fl +1) = filfa+D(f3+ 1)], (6)

2 / / / 4
sz[f](p)=h?2i)6/ / //dpldpzdpsdm

X (8(p—p1) +8(p—p2) —8(p—p3) —3(p— p4))
X 8(w1 + w2 — w3 — w)S(p1 + p2 — p3 — p)(K15 3.4)°

x [ Sl 4 DU+ D = fifa(fs+ Dfa+ D], (M

3 2 roploplpl
catf1eep) = b [ [ [ [ apiapadpps

X (8(p — p1) —8(p — p2) — 8(p — p3) — 8(p — pa))
X 8(p1— p2— p3 — pa)d(w1 — w2 — w3 — w4) (K 5 )*

x[BfapU+D = Atk + DU+ DU+ D) ®)

and

in which w;, f; stand for w(p;), f(pi), p € R3\{O} is the 3-dimensional non-zero momen-
tum variable. In the above collision operators, the kernels are defined as follows

K11223 = Up UpyUpy = Vp UpyUpy — Up Upy Ups
Tt Up Upylhpy — Up Upylips + Vp U py Upss )
Klz,’22,3,4 = Up UpyUpsUpy + Up Vpy Ul psVpy + Up Upy Vsl p,y
T Up U pyUpslhpy + Up Uyl p3Vpy + Vp Vpy Ups Upy s (10)

and
K] =2 Up Up, Vplhp, + Vpy Uyl pa U (1)
1,2,3,4 p1ipUpsthpy p1Vp2Up3Upy |

with 1, and v, being defined in (19).

When T =~ T, the Bogoliubov dispersion relation can be approximated by the Hatree—
Fock energy. In this regime, u,, ~~ 1 and v;, -~ 0. Therefore, Kll’2 3 1, K1222 3.4 > 1, while
K 1321 34 v 0. As aresult, when T ~ T, C3; is negligible while the two collision operators
C12 and C2; dominate the collisional processes. In lower temperature regimes, both u;, and
v, are large, making all quantities K 117’22’3, K 12223 o K 13213 4 large. Thus, the contribution of
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all collision operators Cip, C22 and C3; needs to be taken into account. It is discussed in
[14][Section 8.2.3] that using all the three collision operators Cj2, C2; and Czj, the speed
of both the fast mode and the slow mode can be computed and they turn out to approach
finite values in the limit 7 — 0 K. using all the three collision operators C12, C22 and Ca,
the speed of both the fast mode and the slow mode can be computed and they turn out to
approach finite values in the limit 7 — 0 K. This computation is consistent with the findings
of Lee and Yang [13] using a very different approach. Moreover, it is also discussed in [14]
that the value of the sound mode lifetime, computed by using all the three collision operators
C12, Cy; and Cz, is consistent with that reported in the Steinhauer experiment [20].

In the integral on the momenta fR3\ (0 dp, the origin is removed due to the fact that the
condensate has been factored out in the Bogoliubov diagonalization. In a mathematical point
of view, if the origin is not removed from the domain of integration, the solution can develop
a singular part supported at {O}.

2 The quantum system and the three unitary transformations

To derive the coupling system (1)—(11), we consider a system of weakly interacting, spin-
less bosons at finite temperatures. We introduce the boson field operator W(x), and its
conjugate ot (x). These operators satisfy the the commutation relation [\Il(x) \If(x )] =
[‘W(x) \IJT(x )] = 0; [W(x), \IJT(x’)] = 8(x — x’). The Hamiltonian of the system is now
written

. ~ n? 1~ . .
A = / dxqﬂ(x)[ ~ 1V 4 UG 4+ PV, x’)\ll(x/)]\ll(x), (12)
¢ 2m 2
where Ti is the 3-dimensional periodic torus [—7, f] V(x, x') is the interaction potential
between two particles at locations x, x". We also take V(x, x") = g8(x — x’). Inserting these
two forms for the external and interaction potentials into (12), we find

H=H +V, (13)
where
T . i
A= o [atvie vi, (1
2m
and
V=t / BT ()W (0¥ (0 (), (15)

with the shorthand notations f'ﬂ‘f = [.

We introduce the non-equilibrium statistical density operator 5(z) of the spatially inho-
mogeneous Bose gas at time ¢. This density operator then satisfies the quantum Liouville
equation

p i~
— = ——[H, p].
o 7 [H, p]

We follow the approach of Kirkpatrick and Dorfman [10,12]. First, we introduce the

following local unitary transformations to the quantum Liouville equation. The first unitary
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operator changes the reference frame of the system to one in which the superfluid velocity is
zero

01[¢] = exp [—i/dx’qs(x’, t)\iﬁ(x/,t)\if(x’,t)].

The second unitary transformation replaces the boson field operators in the Hamiltonians by
new ones without the contribution of the condensate

A N n 1
Os[n.] = exp |:/ dx'[W(x', 1) — VT, D)nd (7, t)i| .
Now, we write the time-dependent field operator U as the sum of a condensate part ® and a
non-condensate part
Ve, 1) = d(x,0) + Dx,0). (16)

Under the assumption that the difference between the condensate field operator and the
average value are approximately the same in the thermodynamics limit, we replace ® (x, t)
by the c-number ni/z (x,1)exp(igp(x,1)). Thus, 1/7(x, t) can be expressed as follows

01030 0,0, = Weéxpl — il — ni/* = v éxpl — igl.

Using the above two unitary transformations, we obtain the Liouville equation for the density
operator o’ of the non-condensate part in the superfluid rest-frame

3p i
-7 _ L H”, A/'
a7 h[ o]

We introduce the last unitary transformation - the local Bogoliubov transformation, which
changes the field operators from those for particles to those for Bogoliubov excitations. To
this end, we define the Wigner operator

fe,p) = / dx'Texp(ip - XVt (x + X' /20 (x — x'/2). (17)

Since p’ is defined in the superfluid rest-frame, we can define the Fourier series of the fields
operators, under the assumption that the gas is slightly inhomogeneous in space

) ( ) - : §~ ( )A
l,bx = GX[)lk - X)dp,
V2 P P P
where we employ the shorthand notation 5 p ZPEZivP#O, with 23[ = (Z/L)% and Q is

the volume of the box under consideration.
We now define the Bogoliubov unitary transformation operator

N 1< A ot
O3(x,t) = exp |:2219p(x, t)(apa_p — a;a_p>:| .
P

In the above formulation, ¥, (x, t) depends on @, which, by neglecting completely the
quantum pressure, can be approximated by the Bogoliubov dispersion relation

1
272
. gn h2 h2p2
w,,zw,,:[ ;:1 p2+(ﬁ . (18)
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This is often referred to as Thomas—Fermi approximation [4,6]. We now write down the
Bogoliubov excitation annihilation and creation operators

&y = uphy — vy, &) = upbl — vpb_y, (19)
with 1
u, = coshty, v, = —sinh .

We also define the new statistical density operator pp (x, ) for the Bogoliubov excitations
po(x, 1) = 030,05 (0] (x, 1). (20)

We arrive at a new quantum Liouville equation for the Bogoliubov excitations

90 iAo .
8 — (A, pul. 21
o h[ bs Ob] 2D
The operator I;Vh takes the form
Hy, = Hri + Hrp + Hy + Hs + Hy, (22)

in which I—AIT, 1, hA(T,z will contribute to the transport part of the kinetic equation

1:1qu = Za)pl;Tl;p + hZ(v . p)l;;l;p,

3 3”] 1yt .
Hr JIZ:1 pIX’;Z o 2V dx"(x; — xp) explix” - (p2 — p1)]

x (p1j + PZJ')[(”pn"‘pz —Up Upz)bj;lbpz — UpyVp b bp,

on g
— v, bl by, T+ Z Z < dx'(x; = x))
Jj.=1p1, pz

x explix” - (p2 — pON2Wp ttpy — UpyVp, — Up, vp2

pon
FUp Vpa)byy by A Wy py + Vpy Vpy — 2up, Upz)b p1 —pz

+ (upyup, +vp, vpz = 2up,vp )b p, pz]

lh d(ncvj) s ag
— b b_,—bib" ). 23
2 dx; Xp:a (bpb—p = bpb=p) .

Define the distribution function for the Bogoliubov excitations by
F ) =Telgp(x, 0 f(x, 0] = (F(x, 1)),
it follows from the quantum Liouville equation (21) that

af (x, p, 1)

i
5 =—£ Z eXP(lCI .X)( p q/ZbP'HI/z’HbD (24)

q#£2p

The three Hamiltonians 1:12, I:I3, ﬁ4 will only contribute to the collisional processes, similar
to the spatial homogeneous case [21]. As a result, the techniques introduced in [21] can be
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reused to derive the collision operators. The explicit forms of 1—72, ﬁ3, ﬁ4 will be given in
the Appendix.

Notice that in the superfluid rest frame, the condensate wave function @ (x, t) becomes
ne(x, )72, and the phase ¢ (x, t) is removed. As a result, instead of writing the equation for
the dynamics of @ (x, t), we write the equation for T = ® exp(i¢)

0T (x, 1) nv? 3
ih— = ( )

— —— +gne(x,t) +2gn(x,t) + U(x)
at 2m

X Y(x, 1) + gm(x, DY (x, 1) + g (" (x, DY (x, P (x, 1)), (25)

wheren(x 1) = (WT(X Z)W(x 1)) is the non-equilibrium non-condensate density, 7 (x, t) =
(\b(x Z)W(x 1)) is the off-diagonal non-condensate density. All of the terms in (25) are non-
zero due to the Bose broken symmetry.

3 The quantum Boltzmann equation

If we replace the right hand side of (24) by I:IT,l and label this term by A, we find

i . . .
A= > expliq  Nlwprgp = @pgp+hq - vNby_,pbpigp).
q#£2p

We now introduce the key approximation of our derivation. We suppose that the hydrodynamic
variables are slowly varying in space and time. As a result, we will expand the microscopic
quantities n. and v about their values in x and the gradients |V n.(x,t) %, 1Veux, Dk
become the parameters describing the smallness in our asymptotic expansion. We denote
these smallness parameters by O (|V|¥), which are the only smallness parameters being used.
Now, in (26), expanding w1 4/2 — ®p—q /2 and v in powers of g, we obtain the approximation

’%
w19 f(x,p,t)
A__Zha (@p +hip - v)=—22 4 0(V)). (26)

j=1 /

Similarly, if we replace the right hand side of (24) by I-AIT,Z and label this term by B, the same
asymptotic expansion also gives

B= Z ( wp +hp W + 0(V. 27)
J

The above two approximations give the transport part of the kinetic equation
T(f]

<38t+ 1V plwp +Hhp-v)- -V, ;Vx(a)p+hp~v)~vp>f. (28)

The derivation of the collision operators from fIz, I;V3 and ﬁ4 follows verbatim the argu-
ment of the homogeneous case [21], based on the method by Akhiezer and Peletminskii
[1]. We note that Kirkpartrick—Dorfman’s method [12] is also based on the same principles.
Indeed, the effects of ﬁz and P}3 have already been studied in [21, Sections IV, V]. On the
other hand, the role of 1514 is exactly the same as that of A 1.1 193”1 and, therefore, is neg-
ligible, following [21, Section IV]. As a consequence, we will not repeat the derivation of
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the collision operators here, but rather recall the main ideas of the computations. The key
assumption of the Akhiezer—Peletminskii method is that in the long time t >> 79 = ro/vo,
where rg is the radius of the initial correlations and vy is the average quasi-particle veloc-
ity, the state of the system of weakly interacting Bogoliubov quasiparticles is played by the
single-particle density matrix. By applying twice the quantum Liouville equation (24), we
arrive at a new form of the type ([Hz + H3 + H4 [b b Hz + H3 + H4]]) We then compute
all of the commutators, without doing any approximations by dropping terms. Among all
of the possible combinations, there are only three that really contribute into the collisional
processes ([Hy 2, [6Th, Hy 1), ([H2.2, [6Th, H 1) and ([H3.1, [b*h, H3.1]), while the other
terms can be proved to vanish due to the violation of the conservation of energy. As a result,
the C 12 collision operator arises frorn Commutators of the type [b b b [b‘b b1 bb]] and

AAAAA

AAAAAA

The C3 collision operator arises from commutators of the types [5"'1;"'5"'13, [l;"'l;, 1;"'51313]]’and
[b"bbb, [b'h, b'h"b'h]], coming from ([H3,1, [bTh, Hs.1]). Collecting (28) and the three col-
lision operators Cy3, C22, C31, we finally obtain the quantum Boltzmann equation

47'rg2n / / /
TIf]= m—n)gf / / dp1dp2dp38(p1 — p2 — p3)

X (8(p = p1) =8(p = p2) = 8(p — p3))d(w1 — w2 — w3)
x (K122 [ LA+ D = fith+ D+ D]

ﬂ.g2 Iopl opl /d dordond
+h(2n)6/ / // p1dp2dp3dps
X (8(p—p1) +8(p—p2) —8(p—p3)—8(p—pa))

X (@1 + @ — 03 — w)8(p1 + P2 — p3 — pa(Ki 3 5.4)°
x [BAL+ DG+ D = L0+ DU+ D]

3ng
dp1dpodpsd
] smannan

x (8(p—p1) —8(p— p2) —68(p— p3) —8(p — p4))
x 8(p1 — p2 — p3 — pa)d(w1 — w2 — w3 — w4) (K 5 4)*

x[Afap D = filf+ DO+ DU+ D) 29)

in which, the quantities K ’; 5. K15 5 ; and K", 5 , are defined in (9)~(11). The quantity .
can be deduced from the solution of the Gross—Pitaevskii equation by (1).

4 The Gross—Pitaevskii equation

Similar with Griffin et al. [6] and Pomeau and Tran [14], we also limit our analysis to the
Popov approximation by setting m = 0. From (25), we obtain

IT(x. 1
i X0

hv 2
= ( S+ gnele 1) + 2gi(x, t)—l—U(x))

><T(x,t) + (0 DY, DY (x, 1)), (30)
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To derive the generalized Gross—Pitaevskii equation, we only need to compute gt
(x, t)l/Af(x, t)lﬁ(x, t)) in (30). This quantity can be computed by exactly the same strat-
egy used to compute Cpy (see also [16,17]). As a consequence, we skip the details of this
calculation and display only the final result, which also involves Ci; in its expression

e - A in Yt [

gy (x, DY (x, NY(x, 1)) =—12n / dpCplfl. (31)
Plugging (31) into (30) yields
Y (x,t hv? ,
ih% - (— S+ gnee ) + 2giie 1) + U(x))
iy [’
x T(x, 1) — ) /dpclz[f], (32)
ne

which is the same with (2). This is our Gross—Pitaevskii equation, in which, 7 is computed
using the solution of the quantum Boltzmann equation via (3) and 7. is determined by (1).
The form of Cj; is given in (6).

5 Conclusion

In this work, we have derived a coupling system that includes a Gross—Pitaevskii equation
of motion for the condensate wave function and a quantum Boltzmann equation for the
excitations. The model approaches the standard ZNG model when the temperature of the
system T is close to the Bose—Einstein Condensate (BEC) transition temperature 7.

Acknowledgements M.-B. Tran is partially supported by NSF Grant DMS-1814149, NSF Grant DMS-
1854453, NSF CAREER DMS-2044626, SMU URC Grant 2020, Dedman College of Humanities and Sci-
ences Linking Fellowship, and Alexander von Humboldt Fellowship. The authors would like to thank Prof.
Kirkpatrick and Prof. Dorfman for discussions on the topic.

6 Appendix 1

We present below the explicit forms of ﬁz, ﬁ3 and ﬁ4, which can be computed following
the same argument with Tran and Pomeau [21]

FIz = 1771,2 + FI3,0,

o In, 1.2
Hi,=¢g 76 Z 3(pi —Pz—P3)K1,2,3

P1,p2,p370
x (b} bpybys + b7 b b)),
N n
Hyo=g/7 > 8(pi+p2+p3)
v
P1,p2,p370
3.0 1t 7 por o7
X I:Kl,z,S(bp3b;2b;1 + bPlbmbm)]’
3,0 .
Kin3 = UpUpyUps — Vplp,Ups; (33)
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and
Hy=Hyy + Hiy + H3y + f}_g’,l + Hyp.
A 8
ha=o0 )0 dptp-pi- POKTS 34
P1,p2,p3,pa7#0
x bl bY Dby,
2 8 Lips 7
H =5 Z K\ bY by,
p1,p27#0
1.1 2 2 2 .2
KI,Z = 4vmv,72 —l—4umv,72 + 44U Vp U, Vp,s
5 8
Hi=o0 ) Si—p—p3—py)
P1,p2,p3, pa7#0
31 NI I
X K1,2,3,4[bp1bpsz3bp4 + bp4b‘p3bi72bpli|’
A 4 Aon 2,0 N 2,0
By = 50 Y [bub-nkid + 0},67, K13,
p1,p27#0
2,0 2 2 2
Ky = iy pyVp, + U Up,Vp, +4up, Up1Vpy»
A 8
Hig= — 1)
40 = 5 > (p1+ p2+p3+pa)
P1,p2,p3, 470
40 a2 27 poror7
x K1,2,3,4[bp1bp2 ;317;4 + bPlbmbmbm]’
4,0 .
K534 = Up UpyVpsUpys
Finally
A 12 0p ~ o At 2
Hy = ihn Ly, ) ﬁc(bpb_,, —bib" )
p#0
— Z mQ[uf, + Uf)]l;;l;p + ngupvp[l;pl;,p + I;;l;ip]
p#0 p#0
v _hd L, =i 'ImS
=—— — —— — gng, = mS,
CTETY T 8 e
A i A 172 N A 1/2 NoA s
§ = T oo 0 |+ 20 2gTe| T | + e 0 |
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