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a b s t r a c t

Ion Mobility Spectrometry (IMS) has become a ubiquitous analytical technique, in particular when used
as an orthogonal technique to Mass Spectrometry (MS). As separations of ions in the gas phase become
more precise, the need to provide a suitable theory that explains the observed differences is apparent.
While the theory exists, much of it is obscured due to the difficulty of the equations and the approxi-
mations to the solution. This work explores some of the more useful theoretical approaches to IMS while
making use of a full Monte Carlo simulations algorithm to provide some pedagogical examples that
characterize the reasons behind the different theoretical approaches, and whether they need to be used
for a particular calculation. To improve the existing theory, reliable empirical data is required. For such
reason, an appropriate labeling system for mobility is proposed here requiring that at least the tem-
perature, gas, electric field, and instrument employed are provided and which is an extension of the
previous protocol.

© 2021 Published by Elsevier B.V.
1. Introduction

Ion Mobility Spectrometry (IMS) has undoubtedly reached
maturity in the last decade while becoming one of the most
employed techniques in hyphenationwithMass Spectrometry (MS)
[1]. Asmore analytical chemists become aware of the benefits of Ion
Mobility and as IMS systems become more sensitive and accurate,
two distinct issues arise. The first one deals with the fact that new
users are inexperienced with the theoretical aspects of the tech-
nique and therefore need to be instructed on what is possible and
what is not, regarding existing theory. The second deals with the
necessity to improve the common theory approximations that are
unable to explain some of the behaviors that start to appear with
higher resolution systems. These two points, while not mutually
exclusive, have the additional problem that regular users normally
do not have the time to improve the theory over what is readily
available and that theoreticians are sometimes too far removed
from existing experimental trends focusing on more subtle theo-
retical aspects that cannot be proven empirically with the existing
knowledge. This also suggests that suitable protocols must be in
place in order to describe measurements in a way that they can be
replicated and can serve as empirical data that can be employed to
further improve the theory.

The idea behind this work is to describe possible ways to un-
derstand and calculate mobility, both from a physical and an
analytical perspective. The physical notion of how the ion behaves
naturally in the presence of a gas is generally quite disregarded in
ion mobility theory in favor of more compact theoretical expres-
sions that many times obscure their physical meaning, with the
user having trouble knowing whether the expression is applicable
to their own calculation. A mixture of an introduction to kinetic
theory and Monte Carlo simulations are combined to explain the
reasoning behind many of the existing equations and how, if
possible, to improve them. This is done from the author's
perspective so not all issues regarding ion mobility might be
addressed. The work starts with the standard formulation
employed, followed by careful explanations of where the theory
might fail and where/how to improve the calculation. Some more
laborious theoretical aspects are left out of the manuscript but
referenced so that the appropriate reader may access it where
necessary. Finally, a description of how mobility should be labeled
in IMS empirical data is brought forth and supported by the ex-
planations in the manuscript. There are plenty of thorough refer-
ences on the topic that the reader should consult as well [1e10].
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2. Basic theory regarding the calculation of ion mobility

As its name suggests, IMS instruments use the mobility trans-
port property of the ions to separate them in the gas phase. This is
done by means of an electric field that acts on the ion. Including
relaxation and orientation effects, the ion's momentum equation
may be given by Ref. [11]:

M €x!¼ q E
!�

x!; t
�� B

�
x!; t
� _x!: (1)

Here, M is the mass of the ion, €x! is the ion's instantaneous accel-

eration, q is its charge, E
!ð x!; tÞ is the electric field which may

depend on position and time, B is the rigid-rotor drag tensor
assuming a Mason-Monchick approximation (the relative orienta-

tion is kept fixed during a collision) [8] and _x! is the ion's instan-
taneous velocity. Note that the second term on the right-hand side
of eq. (1) is averaged over all collisions and angles. This tensorial
notion is used to state that velocity, field, and acceleration do not
need to be instantaneously in the same direction. Assuming that all
orientations are equally probable, a more than likely scenario, then
it is expected that the average velocity is in the direction of the field
and the tensor may be written as a scalar. Moreover, ignoring

relaxation effects for the time being, €x!� 0, eq. (1) becomes the
typical assumption for mobility in kinetic theory [2]:

vd¼KE; (2)

where vd is the average drift velocity over time, and K is the
mobility. Here the vectors have been dropped so that vd is assumed
to be in the direction of the field. Despite the numerous simplifi-
cations already present, it is well known that under constant fields
and sufficiently small ions that do not suffer from non-inertial ef-
fects, eq. (2) is accurate to a fraction of a percent andmay be used to
calculatemobility in IMS systems. However, the equation by itself is
insufficient to calculate the mobility theoretically as the drift ve-
locity must be inferred for every ion. Kinetic theory or momentum
transfer theory may be used to obtain the Mason-Schamp equation
for zero field over concentration (E=nÞ at the gas temperature T0[5]:

K1T

�
T0;

E
n
/0

�
¼ 3
16

ze
n

�
2p
mkT0

�1=2 1

UT0ð1;1Þ
(3)

Here, ze is the charge of the ion, m is the reduced mass, n is the gas
number density, k is the Boltzmann constant and UT0 ð1;1Þ is the
orientationally averaged momentum transfer collision integral
calculated at the gas temperature T0 and which in IMS is referred to
as the Collision Cross Section (CCS). It can be shown that UT0 ð1;1Þ
may be written as [2,10]:
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0

2bð1� coscÞdb (4)

In this equation, q, 4 and g are the 3 orientation angles of the
molecule, g is the relative velocity between gas and ion, b is the
impact parameter and c is the deflection angle. Note that the same
assumption has been made here as when going from eq. (1) to eq.
(2) where all orientations are equally probable. The deflection angle
c refers to the difference in trajectory after a gas molecule interacts
2

with the ion. Given that the ion-gas interaction physically involves
a complex potential energy, the deflection angle is quite hard to
calculate accurately even for the simplest of ions and is generally
given by Ref. [12]:

c¼p� 2b
ð∞
rm

dr

r2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2

r2 �
2FðrÞ
mg2

q (5a)

where rm is the apsidal distance. In IMS, calculation of eq. (5a) is
done almost exclusively numerically [13e17]. For molecular ions, it
generally involves the assumption of a simplified potential inter-
action FðrÞ. Generally, the interaction potential used includes a
Lennard-Jones (LJ) potential between individual atoms and gas
molecules as well as an ion-induced dipole potential due to the
presence of charges in the ion [13]:
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being ri ¼ ðxi; yi; ziÞ a relative distance between each of the k

atoms (and/or charges where it is assumed that partial charges are
calculated for each atom). ε and s are the typical LJ parameters of
potential well-depth and zero-crossing, and ap is the polarizability
of the gas. Eqs. (4) and (5) lay out that the deflection angle will have
a strong dependence on the gas and its temperature T0. While eqs.
(3)e(5) are already quite numerically involved, they are simplifi-
cations of a much denser theory that will be expanded and physi-
cally reasoned in the following sections.

Since mobility is also dependent on gas density, it is customary
to define a reduced mobility value at a standard pressure and
density that may be used to compare different mobility results
more accurately:

K0

�
T0;

E
n

�
¼K

�
P0

101325

��
273:15

T0

�
¼nK
N0

(6)

Here P0 and T0 are the pressure and temperature at which the
mobility K was calculated and N0 is the density of an ideal gas at
standard pressure and temperature.
3. The physical calculation of the ion's velocity distribution
and mobility

If not acquainted with kinetic theory, one would initially like to
understand why the quadrature in eq. (3) is suitable for the
calculation of mobility in IMS. As such, one must first introduce
how the equation is derived. While the physical notion of how the
ion interacts with the bath of gas when subject to the presence of
an electrical field is quite straight forward and does not need
further explanation, the modeling of such an effect is by no means
simple and simplifications must be made [2]:

1) Among the most notable simplifications lies the notion that the
ion-neutral interaction lies within the free molecular regime,
where it is assumed that the ion does not substantially perturb
the gas. Given the dependence of the regime on the Knudsen
number, whether the system is in the free molecular regime
ultimately depends on the size of the ion, its relative velocity,
the gas temperature and neutral concentration [18].
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2) The number density of molecular ions is small enough that there
will be negligible interaction between them so that space charge
may be neglected.

3) While it could be reasoned in 1), the expectancy is that, in the
free molecular regime, a three-body collision is very rare and
can be neglected. This can be understood as the gas molecule-
ion collision is sufficiently short-lived and does not condense
onto the ion. Even if the three-body collision might happen on
larger ions, the effect can probably be divided into two separate
collisions.

4) There is no gas density gradient, and the ion velocity distribu-
tion does not vary with time or does so in a quasi-steady way
(such as in a T-wave system). This restricts any possible space
and time variations of the distribution. It can also be assumed
that the gas velocity follows a Maxwell-Boltzmann distribution.

5) Both entities, atom and gas, are assumed to be either monoa-
tomic or rigid and non-rotating during a collision, so that in-
ternal rovibrational degrees of freedom can be initially excluded
from the equation, although their effect will be introduced later
on.

While momentum transfer theory can be used to obtain eq. (3)
[12], it is more practical to obtain it by solving moments of the
Boltzmann equation subject to constraints 1e5, which allows to
obtain the drift velocity, ion's energy, diffusion coefficients and
other parameters. Without going into details about how to obtain
the Boltzmann equation, one can generally write it as [7]:

"
v

vt
þ c!,Vþ ze E

!
M

,V
c!
#
f
�
r!; c!; t

�¼nIf
�
r!; c!; t

�
; (7a)

where the collision operator If ð r!; c!; tÞ is given by:
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�
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r!; c!gas; t

��
gbdbdεd c!gas

(7b)

Here c! and c!gas are the velocities of the ion and gas and f ð r!; c!; tÞ
and fgasð r!; c!gas; tÞ are the ion and gas velocity distributions. The
equation states that variations of the ion's velocity distribution in
time and position and velocity spaces are brought about by the
collision operator If ð r!; c!;tÞ. ε represents the out of plane angle of
the collision between gas and ion that had been integrated previ-
ously in eq. (3) because ð1�coscÞ was independent of it, which
might no longer be the case here. The collision operator indicates
that a particular velocity class of the ion between c! and c!þ d c!
may be replenished through ion-neutral collisions of ions with
velocities c0 and c0gas or may be lost through ion-neutral collisions of
ions with velocities c and cgas, taking into account that all gas ve-
locities and trajectories as sampled. Through classical mechanics
arguments and the existing potential interactions, one can show
that a relation between primes and non-primes can be calculated.
This relation is what makes the deflection angle appear in eq. (4).

Using the simplifications from 1-5 and assuming that the elec-
tric field lies in one single direction (e.g., x) then eq. (7a) may be
written as [10]:

zeE
Mn

vf
�
c!�

vcx
¼If

�
c!� (8)

where cx corresponds to the ion's velocity in the x direction
(aligned with the field).
3

If both distributions, ion and gas, were to be Maxwellian, eq.
(7b) can be shown to be 0, e.g., under equilibrium. However, the
presence of the electric field perturbs this equilibrium and there-
fore a new velocity distribution for the ion needs to be sought.
Solving the Boltzmann equation, even with existing simplifications
is quite complex. Instead, one can resort to solving moments of the
equations. For this approach, one multiplies eq. (8) by a function of
the ion's velocity, jð c!Þ, and integrates over all possible ion veloc-
ities. By doing so, average quantities may be obtained of the type:

hji ¼
ð
fj
�
c!�d c! (9)

This is accomplished in eq. (8) by using integration by parts on
the left-hand side and the adjoint property of linear operators on
the right leading to Ref. [2]:

zeE
Mn

ð
f
vj

vcx
d c!¼∭ ffgasðj0 �jÞgbdbdεd c!gasd c! (10a)

Or:

zeE
Mn

	
vj

vcx



¼ hIji (10b)

To obtain a suitable solution for eq. (10b), the method of
weighted residuals may be used. The ion distribution is assumed
then to be of the type:

f ¼ f ð0Þ
X
l;r

cl;rjl;r
�
c!� (11)

The functions jl;rð c!Þ are chosen to be basis functions, so that

f ð0Þ is the weight function to the orthogonal product:

ðj;4Þ¼
ð
f ð0Þj4d c! (12)

The weight function turns out to be quite important to arrive at
quadratures that are useful and do not numerically diverge when
approximations are used. As an example, for zero and weak fields,
the Chapman-Enskog approximation can be used, and the weight
function may be assumed to be the Boltzmann distribution:

f ð0Þ ¼
�

M
2pkT0

�3=2

e�
Mð c!Þ2

2kT0 (13)

A set of the typical functions that satisfy the orthogonal product
subject to the weight function are known as the Burnett functions
given by:

j
ðrÞ
l
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2kT
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�cx
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�
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�
Mc2

2kT

�

where SðrÞ
lþ1

2
are the associated Laguerre polynomials and Pl are the

Legendre polynomials [10]. Furthermore, one can express the linear
collision operator through a series as:

Ij
ðrÞ
l ¼

X
s
arsðlÞjðsÞ

l with arsðlÞ¼
�
j
ðsÞ
l ;Ij

ðrÞ
l

�
�
j
ðsÞ
l ;j

ðsÞ
l

� (14)

Introducing eq. (14) into eq. (10) allows the equation to be
reduced to a set of integral quadratures belonging to the calcula-
tions of the arsðlÞ terms. A first simplification could be done by

reducing to a single term the summation of eq. (14), i.e., a00ð1Þ jð0Þ
1 .
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With this approximation obtained, it can be shown that, through
the recursiveness of the associated Laguerre and Legendre poly-
nomials [10,12], an equation can be obtained that provides subse-
quent approximations through previous ones:

�
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where h corresponds to the approximation (and h� 1 ¼ 1 on the
first approximation).

Given that j
ð0Þ
1 ¼

�
M
2kT

�1=2

cx, j
ð0Þ
0 ¼ 1; and

D
j
ð0Þ
1

E
¼

�
M
2kT

�1=2
vd, the first approximation yields:

hKiI ¼
e
Mn

1
a00ð1Þ

(16)

Eq. (16) is the equivalent of equation (3) once the quadrature
from a00ð1Þ has been evaluated and the CCS can be seen as the
momentum transfer moment.

Higher approximations can be obtained using eq. (15). For
example, the 4th approximation would be given by:

hKiIV ¼ hKiI
"
a0 þ a1

�
E
n

�2

þ a2

�
E
n

�4

þ a3

�
E
n

�6

þ…

#
(17)

Here the ai coefficients are complicated functions of the arsðlÞ
quadratures and the mass of the ion and gas. Eq. (17) also shows
that mobility is a function of even powers of the field over con-
centration and that even at zero fields, eq. (16) is still an approxi-
mation, since a0 is not necessarily 1 [5]. A problem with eq. (17) is
that the field terms are not bounded, so the series eventually di-
verges with an increase in the field and should only be used for low
fields. It is customary to make the terms dimensionless so that, for

example, the second term may be written as: a01

�
ε

a00ð1Þ

�2

with ε ¼

ðeE=MnÞðM=2kT0Þ1=2. This allows for asymptotic relations to be
obtained. This form tells us that the E=n competes with T0Uð1;1Þ
and which establishes a minimum threshold to neglect higher or-
der terms, and which depends on temperature.

Higher order moments may be used to obtain ion's other
properties. An important one is the ion's kinetic energy which may

be extracted from
D
j
ð1Þ
0

E
I
¼
	

3
2 � Mc2

2kT



I
. When calculated, an

important equation that is generally ignored in IMS may be pro-
vided. This equation which was first introduced by Wannier shows
[19]:

1
2
M
D
c2
E
I
¼ 3

2
kT0 þ

1
2
MhvdiI2 þ

1
2
mhvdiI2 ¼ 3

2
kTb; (18a-b)

where


c2
�
is the average of the square of the thermal velocity of

the ion and hvdiI is to represent that the drift velocity is obtained
using a first approximation (such as the one from eq. (16)). In this
4

equation, the ion's energy is composed of three terms, the thermal
energy of the ion 3

2 kT0, the kinetic energy corresponding to the

electric field, 12MhvdiI2, and a portion of the electric energy which,
due to the collisions with the gas, is transformed into randomized

energy, 12mhvdiI2 (widening the ion velocity distribution as will be
shown later). Under low velocities, eq. (18a) may be reduced to its
first or perhaps first and second term (if the mass of the ion is large
enough). However, once the drift velocity becomes noticeable, i.e.,
with an energy comparable to the thermal energy of the gas, the
initial approximation of eq. (16) is no longer valid. To comply with
eq. (18b) a temperature for the ion, different from the gas must be
employed, and advanced here as Tb. This will lead to the two-
temperature theory.

Before we continue with the two-temperature theory, however,
one can start to physically imagine how the ion, subject to an
electric field is continuously accelerating, and is slowed down
(perhaps sometimes sped up) by collisions with the gas. To show
this physically, our group has developed IMoS 2.0, which is a Monte
Carlo type algorithm that calculates mobility by assuming an NVT
ensemble of gas molecules and ion. The ion can be subjected to an
electric field, constant or varying in position and time. When a gas
molecule enters the domain of influence of the ion, the interaction
between gas and ion is observed. This interaction can be simulated
with different degrees of complication, from assuming the ion as a
simple hard sphere, through the inclusion of attractive and repul-
sive potentials, to the inclusion of internal degrees of freedom,
rotation, and vibration, as well as preferred orientations. This
simulation has the advantage that it is simple to show some
physical aspects of mobility that are not understood from the
quadrature integrals. It has the disadvantage that it requires amuch
larger sample population to get accurate results (sometimes bil-
lions of collisions are required).

One can test the simulationwith a couple of simple calculations.
Let us imagine, to begin, that an ion with a mass of 2880Da is
subject to a constant electric field of 40Td in the X direction. The ion
is simulated as a rigid body that can rotate (no vibration). The gas is
assumed to bemonoatomic, and collisions between gas and ion, are
assumed to be specular where a hard-sphere potential is employed.
One is only interested in observing the general results that can be
obtained for the time being, so the geometry of the ion is somewhat
unimportant. The simulation is run for several microseconds and
the results shown in Fig. 1.

Fig. 1A graphs the instantaneous ion velocity in the X, Y and Z
directions as a function of time. The velocity varies significantly in
all directions but has an average value in the X direction, which
corresponds to the drift velocity, and an average of zero in the Yand
Z directions. Given, the large number of collisions, an inset shows
how the ion behaves during 5ns of flight time. The ion is acceler-
ating linearly in the X direction due to the field, while colliding with
gas molecules (from the front and the back) until an equilibrium is
reached at which the momentum transfer per unit time of the
collisions equals the electric force on average. At this point, the
mobility can be obtained using eq. (2). An ion velocity distribution
may be obtained from the data as shown in Fig.1B. The shape of this
distribution depends on the energy of the collisions due to the field
as extracted from eq. (18). At zero and very weak fields, the ex-
pectancy is that the velocity distribution in the X direction is
symmetric with a low effect from the field. Given that the average
velocity for Y and Z must be zero, it can be shown that the ion
velocity distribution at zero field may be approximated by:



Fig. 1. A) Instantaneous ion velocity as a function of time in the X, Y and Z directions. The inset shows 5ns of flight time. B) Velocity distributions in the X, Y and Z directions using
the raw data from Fig. 1A.

Fig. 2. A) Instantaneous ion velocity as a function of time in the X, Y and Z directions for a time-dependent field. B) Ion velocity distributions in the X, Y and Z directions using the
raw data from Fig. 2B.
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which is similar to a Maxwell distribution, but which is skewed in
the direction of the drift velocity. This distribution can be shown to
only work at low fields and for relatively large ions, but very useful
nonetheless as a first approximation. The standard deviation of the
distribution in eq. (19) is the typical Maxwellian

ffiffiffiffiffiffiffiffiffiffiffiffiffi
kT=M

p
. However,

even at the 40Td used, the width of the distributions is larger than
the typical one (expected thermal-only FWHM is 69.28 m/s
compared to the numerical 71.85 m/s in the Y and Z direction and
76.26 m/s in the X direction). This widening comes from the effect

of the 1=2mhvdiI2 energy term in eq. (18) and, while small here,
becomes more relevant at higher fields (as shown below). It is
therefore clear that the gas temperature T0 employed in eq. (19) is
ill-suited for high fields and an effective temperature may be used
instead to take this into account. This effect is more pronounced in
the X direction than in the Y and Z direction which suggests that
perhaps different temperatures have to be used in the transversal
and longitudinal directions. It also suggests that the diffusion co-
efficients may also be different.

To observe the effect of high fields and of relaxation, one can run
the simulation with a varying field. To enhance the difference be-
tween high and low fields, the high field over concentration is
increased to 400Td (104 V/cm), which, although somewhat high for
IMS systems, is used here to intensify the effect. As the inertia
5

depends on the mass of the ion, it is expected that larger ions will
suffer more from this effect so the heavy 2880Da ion is used with a
high field mobility of 1000 (ms-1)/1e6Vm-1~1e-4 m2/Vs. Fig. 2A
shows the result of a squared time-dependent field as the ion
travels through the system. Every 3ms, the field is instantly raised or
lowered, leading to the pattern observed. The distribution in the X
direction now becomes bimodal as is shown in Fig. 2B, as the
average drift velocity varies between a low and a high value. The
standard deviation changes can also be observed in both the X and
Y/Z directions, where the distribution widens with higher fields
due to the increase in collisional energy. There is also a difference
between the X and Y/Z directions at high fields which once again
suggests that the effective temperatures in the X and Y/Z direction
must be different between each other and different from the gas
temperature. Although difficult to see from the figure, the high field
velocity distribution mode in the X direction is also not fully
symmetric, with a slightly more prolonged tail towards higher
velocities.

This particular field configuration may also serve the purpose of
studying relaxation effects as shown in Fig. 3, where the ion ac-
celeration and deceleration are zoomed in. Note how both effects
seem to cancel each other out at least partially. In order to compare
the effects of the simulation to theory, one can attempt to solve eq.
(1) analytically. This may be done as an approximation by assuming
themobility to be a constant value (the high field value) and solving
the differential equation. The analytical velocity results depending
on whether the ion is accelerating or decelerating are given by:



Fig. 3. Inset of Fig. 2A where A) the raise to high field or B) the drop to zero field is located. Analytical solutions are shown for constant and varying mobilities, where the 2 in the
legend refers to a calculation with the mobility varying.
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where t0 represents the position where the field was raised or
lowered. These analytical results are plotted on top of the simula-
tion results in Fig. 3. While they are not expected to be exact, since
the mobility should vary about 30%, the results approximately
follow the expected trends. An alternative analytical derivation is
shown assuming that the mobility decreases (with a power law)
from 1.2e-4 m2/Vs to 1.0e-4 m2/Vs as the field is increased (or the
opposite when it drops). How the mobility varies with the field is
the subject of the following sections.

One of the reasons for this numerical exploration was to enable
the possibility of making an informed guess about how the distri-
butions may look as one increases the field. As the ion accelerates
and achieves higher drift velocities, the collisions are certainly
more energetic, since the relative velocity between gas and ion
increases. As such, the ion temperature, Tb, may be regarded to be
different than the gas. It should then be expected that at least the
standard deviation of the distribution in eq. (19) has to be increased
by an amount that is somewhere between the ion and the gas
temperature. It can be shown that this temperature is given by an
effective temperature, Teff . It is also interesting to note that the
temperature effect is shown to be different in the axial and trans-
versal directions so a different effective temperature in the X di-
rection, TL, than in the Y and Z directions, TD could be employed. A
final note, when high fields are present, it is expected that the
distribution will no longer be symmetric.

Regarding varying field systems, i.e., T-wave, simulations show
that the theoretical analysis may become more problematic as the
ion's velocity distribution becomes a complicated mixture of low
and high fields that is difficult to analyze theoretically, even when
the relaxation effects are ignored.

The possibility of some of the kinetic energy of the collisions to
go into rovibrational degrees of freedom of both ion and gas pro-
ducing what are known as inelastic collisions has not been dis-
cussed yet. This brings the possibility for ion and gas of having a
different internal temperature Ti. These inelastic collisions are ex-
pected to be more prevalent at higher fields and for heavier ions
and molecular gases and will be introduced in the next sections.

As can be seen from these two examples, the capabilities of the
software are rather extent, but it requires significant computer
power to be run efficiently. To put things into perspective, if one
were to reduce the field to a value close to zero, the distribution
would almost be Maxwellian and given by eq. (19). If one were to
center the system on the ion and calculate the fluxes of gas mole-
cules that enter the domain of the ion, the programwould yield the
6

non-linearized results from IMoS, a program which has been
extensively validated [16,17,20,21].

Given the dependence on the strength of the field over gas
density and the temperature of the gas, a suggestion is made based
on previous protocols that mobility should be described by two
terms, T0 and E=n as well as the gas employed and the instrument
involved (in case relaxation effects are to be included), i.e.,

KHe
T�wave

�
T0; En

�
.

4. Advanced theoretical methods for calculating mobility

Now that the basics of mobility have been established and that
an idea of howan ion behaves in the presence of an electric field has
been introduced, one can start to describe some of the more
theoretically advanced interpretations of mobility. Only a brief
introduction of the methods and useful numerical results will be
highlighted, leaving the more sophisticated theoretical analysis to
previous works from the author and others [2,4,12].

Given that at high fields, ion and gas can be observed to have
different temperatures, the weight function or zero order function
may be modified to Refs. [6,7]:

f ð0Þ ¼
�

M
2pkTb

�3=2

e�
Mð c!Þ2

2kTb

Using the same principle of weighted residuals and moment
solutions as before, it can be shown that the mobility may be given
by Refs. [6,7]:

K2T

�
T0;

E
n

�
¼ 3
16

ze
n

 
2p

mkTeff

!1=2
1þ ac

UTeff ð1;1Þ
(21)

where the effective temperature Teff is given by:

3
2
kTeff ¼

3
2
kT0 þ

1
2
mv2dð1þ bcÞ or

Teff ¼
MT0 þmTb
mþM

(22a-b)

In eq. (21), UTeff ð1;1Þ is calculated at the effective temperature.
The terms ac and bc are corrections to the first approximation of the
two-temperature theory. They are obtained similarly to those of eq.
(17) and correspond to convoluted expressions of higher order
collision integrals as well as the masses of ion and gas. For a thor-
ough analysis of the two-temperature theory for molecular ions,
ref. [14] is recommended. They correspond to values of



Fig. 4. Reduced mobility as a function of the field over concentration for a set of small ions in light gases using the two-temperature approximation in the 1st and 4th approx-
imations. Extracted from Ref. [22].
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approximately 0e0.2 depending on the field and reduced mass.
Eqs. 21 and 22 are convoluted in the sense that the mobility K
(through the drift velocity in eq. (22a)) and Teff appear on both
equations in a non-linear fashion. On the first approximation to the
two-temperature theory, ac ¼ bc ¼ 0, which makes eq. (21) almost
identical to eq. (3) but where instead the effective temperature is
employed. This small change allows calculations at high fields to be
performed efficiently using zero field calculators by approximating
the field through the effective temperature using eq. (22a). Eq. (21)
does not diverge like eq. (17) so even the first approximation may
be used for the whole field range expecting errors of 10% [7].

The ac term, if its value is known as a function of the field, may
later be added to the numerical calculation as a correction. This has
been attempted in a recent work using IMoS for small ions in light
gases with very promising results up to the 4th approximation,
some of which are here reconstructed in Fig. 4 [22]. Mobcal results
are equally applicable here, with the advantage that its structure
easily allows higher order approximations to be constructed [13].

Kinetic theory studies go beyond the two-temperature theory
into the three-temperature and multi-temperature theories as it
can be shown that the two-temperature theory cannot describe
transversal diffusion for ions appropriately [24e26]. Given the
difficulty of experimentally calculating transversal temperatures
and the fact that they do not shed any useful information into
mobility, they have been left out of the scope of this work. An
improvement over the two-temperature theory is the Gram-
Charlier theory [27]. As indicated by Viehland, this approach was
developed to counteract the arguments by Skullerud [28], who
posed that the true ion velocity distribution should fall off more
slowly than any gaussian distribution. The method consists of
assuming a correction to the zero-order weight function distribu-
tion that accounts for kurtosis and skewness. The correction adds
new coefficients to the distribution that can be argued to be
7

equivalent to results of high order moments, and thus a closed
method is created that can only be solved numerically but that is
expected to be more accurate than the two-temperature method.
The Gram-Charlier method has been used on atomic ions in atomic
gases successfully.

This provides further evidence of how mobility should be
expressed and calculated experimentally. It is quite important that
the gas temperature and the E=n at which the experiment was run
is provided. Naturally, the neutral gas that was employed and the
instrument, in case relaxation effects appear, used should also be
indicated.
5. Potential interaction effects. Ab initio and quantum
mechanical calculations

Most of the ions in Fig. 4 show that the reduced mobility has a
hump-like behavior as a function of Teff or E=n. The hump has been
shown to be the effect of potential interactions between gas and
ion. To understand how potential interactions may strongly affect
mobility, in particular at low temperatures, it is best to first study
the behavior of ions assuming a hard sphere model. From eqs. (6)
and (21-22) and assuming that the collision cross section is given
by UTeff ð1;1Þ ¼ pd2eff , one can write assuming Teff[T0:

K02T

�
T0;

E
n

�
¼ 1
N0

�
6p

mmð1þ bcÞ
�1

4

 
3ze
16

ð1þ acÞ
pd2eff

!1=2�
E
n

��1=2

(23)

As can be observed, for a hard sphere model, the ion's reduced
mobility decreases with the increase of the field to the -1/2. This
was already observed by Patterson when calculating mobilities of
the Helium ion [29]. Generally, however, the potential interaction



Fig. 5. Numerical calculation of Reduced mobility as a function of gas temperature for silver cations for A) 0.001e100 K and B) 100e1000 K.
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for most ions is sufficiently large that this asymptotic behavior is
rarely reached for most ions and fields, and a smaller power than
-1/2 is expected (-1/4 to -1/3 is achieved for ions in Fig. 4).

The potential interaction becomes even stronger for small or
heavily charged ions at low fields and/or temperatures which
causes the reduced mobility graph to curve forming the hump that
is visible at low fields. To show that a similar effect occurs with
temperature, an example is given in Fig. 5 which provides the
numerically calculated zero-field reduced mobility as a function of
the gas temperature for the monoatomic silver ion Aþ

g 107 in He
[30], for very low temperatures (0.001e100 K) (Fig. 5A) and low to
high temperatures (100e10000 K) (Fig. 5B). While the effect for the
latter is quite similar towhat is observed for high fields, the effect of
the former was calculated by using an ion-neutral potential ob-
tained from ab-initio calculations [30].

At the limit of zero temperature and zero-field, due to the ion-
induced dipole potential, there is a polarization limit which is
given by:

K0ð0;0Þ¼
13:853 cm2�Vsffiffiffiffiffiffiffiffi

apm
p (24)

and which would yield a value of 15:494 cm2=Vs for the Aþ
g 107 ion

in He, which is close to the calculation for low temperatures (in fact
it is closer to the value at 100 K before other low temperature ef-
fects start appearing).

Given the ab-initio results from Fig. 5, a final point to address
regarding potential interactions has to do with establishing
whether or not the (4-6-12) potential interaction used in eq. (5) is
accurate enough for our purposes. It has been shown that accu-
racies within a few percent (~4%) may be obtained using such po-
tentials with optimized parameters [14,15,20,31]. Other basic
potentials, e.g., Buckingham or ion-quadrupole potentials, may be
used in a similar manner, but the accuracy is not expected to be
substantially higher [14,32], as the mobility quadrature and inter-
action potentials are still approximations.

If one were to require more accurate potentials, an option is to
resort to ab-initio calculations. In practice, the idea is that if the
potential energy surface can be calculated from a quantum me-
chanical perspective using the best possible approach, there is no
need to involve adjustable parameters, such as the potential-well
and zero crossing, to determine the ion's mobility and the calcu-
lation can be done without the necessity of a comparison with
experiments. As the deflection angle calculation in equation (4)
depends on the potential energy interaction between gas and ion,
8

finding FðrÞ for the ion-molecule pair would be sufficient to
accurately predict mobility without the need for adjustable pa-
rameters. Viehland and Chan developed a program labeled PC that
is able to get a set of tabulated points (FðrÞ; r) and use them to
calculate eq. (3) and higher order collision integrals. The additional
interactions allow more accurate calculations at low temperatures
as shown in Fig. 5A. While the prospects are good for atomic (gas
and ion) entities for which these ab initio calculations may be
performed [33,34], the same cannot be said for large molecular
entities given the computational requirements so they cannot be
pursued as easily in IMS.

Quantum mechanical calculations for the momentum transfer
cross section have been calculated by Viehland and Hurly and
compared to classical calculations [35]. The differences are negli-
gible except at very small collision energies where the quantum
effects become important. For this reason, adding quantum calcu-
lations to IMSmobility results is not necessary at this point and will
not be pursued here.

In all, given the similarities brought forward by the two-
temperature theory through eq. (21), the effect of increasing the
electric field in reduced mobility (not standard mobility) is math-
ematically very much similar to that of an increase in the gas
temperature where an effective temperature is used to describe the
collisional energy of gas and ion. However, the two-temperature
theory is meant for atomic entities where no internal degrees of
freedom are considered. In the case of polyatomic gases and ions,
the difference may become notable at high fields, as part of the
energy of the collisions may go into internal degrees of freedom
(rovibrational), affecting the overall momentum transfer of the ion-
neutral pair and hence themobility. The loss of translational energy
into other modes is referred to as an inelastic collision in kinetic
theory.
6. Effect of inelastic collisions on molecular ions and gases

The theory presented so far in this work has been done
assuming atomic entities, both for the gas and the ion.While at zero
and weak fields, the results portrayed above may be used without
loss of generality for molecular ions, one has to be careful if they are
to be employed at higher fields. From a purely kinetic perspective,
there is the expectancy that in an ion-gas collision, part of the
collisional energy will go into heating the internal degrees of
freedom and hence the collision can no longer be regarded as
elastic.

An extension of the Boltzmann equation, the Wang-Uhlenbeck-
de Boer (WUB) equation, can be used to include the internal
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degrees of freedom, both rotational and vibrational, of ion and gas
molecule [3]. The new equation describes the collisions between
two particles with initial internal states a and b which change into
internal states a0 and b0. The equations do not vary significantly
from those of eq. (21), aside from the addition of internal energies
and the appearance of an “internal” temperature for the ion, Ti,
which differs, in principle from Tb and Teff . The momentum transfer
collision integral may now be written as [2]:

Uða;bÞ
T0

ð1;1Þ¼ 1
ZZ0

X
aba0b0

ð∞
0

ð2p
0

�
ð∞
0

g5r e
�

 
g2
rþ

ε

ðaÞ
i
kTi

þε

ðbÞ
i
kT0

!
�
1�g0r

gr
cosc

�
dgrbdεdb (25a)

And where:

Z¼
X
a

e�
ε

ðaÞ
i
kTi ; Z0 ¼

X
b

e�
ε

ðbÞ
i
kT0 ; (25b-c)

g2r ¼
mg2

2kTeff
¼ ε

kTeff
; g0r

2 ¼ ε
0

kTeff
; ε0 � ε ¼ ε

ða0Þ
i þ ε

ðb0Þ
i � ε

ðaÞ
i � ε

ðbÞ
i

(25d-f)

Here, the averaging over all orientations is omitted to avoid un-
necessary cluttering (and hence the bar on top ofU is removed even
though it still is averaging over the rest of parameters). Z and Z0 are

the internal partition functions of ion and gas, and ε, εðaÞi and ε
ðbÞ
i are

the total ion energy and internal energies of ion and gas respec-
tively which include both rotational and vibrational degrees of

freedom. The term
�
1�g0

r
gr
cosc

�
is a correction of the momentum

transfer that reflects the change in dimensionless relative velocity
g0
r after a collision, and hence the inelasticity in the collision. The

sum
P

aba0b0
… together with the partition functions indicates that the

CCS calculation has to be done averaging over all possible internal
states before and after the collision (which appear directly or
indirectly through g0

r and c).
For monoatomic ions and gases, and for low fields, Ti ¼ Teff ¼

T0, and eq. (25a) reverts back to eq. (3). Under other scenarios, eq.
(25a-f) should be used for polyatomic ions where a possibility ex-
ists that translational energy may be diverted into other degrees of
freedom. Following a similar procedure to the one-temperature
and two temperature theories, one can also obtain higher approx-
imations and higher order moments. These higher moments are
normally written as a function of irreducible integrals similar to the
CCS and given by:

A¼p�3
2

ZZ0

X
aba0b0

ð∞
0

ð2p
0

ð∞
0

A
�
g!�gg2r e
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ðbÞ
i
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!
dgrbdεdb (26)

For example, the mobility may then be given for the first
approximation as:
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And the energy of the ion can be calculated in terms of the
effective temperature (eq. (22b)) which yields:
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Here x is the fractional energy loss or gain due to inelastic collisions.
It may be written as the ratio of internal energy loss to momentum
transfer exchange. It is interesting to see that the difference in the
energy equation with respect to monoatomic entities seems to
come only through this ratio. As such, if x ¼ 0, eq. (28) reverts back
to the first approximation in eq. (22a). However, one has to consider
the fact that the drift velocity that appears in eq. (28a) will have
inelastic effects through collision integrals such as eq. (25). Under
most cases pertaining to IMS, x is not expected to be very large,
except perhaps for very light ions in very heavy molecular ions and
large fields. x is also pre-multiplied by the mass ratio m=M, so the
effect becomes smaller for larger ions.

A particular issue for the irreducible integrals eqs. 25e28 is that
they are function of the internal temperature Ti. As such, the in-
ternal temperature must be calculated before attempting to solve
the quadrature. The internal temperature may be rationalized as
the temperature at which the difference in internal energy between
pre and post-collision is zero on average:

DD
ε
ðaÞ
i � ε

ða0 Þ
i

EE
¼ 0: (29)

There are special cases that are noteworthy such as when the ion
or the gas are monoatomic. The case of atomic ions is straight
forward as Ti disappears and the problem may be reverted back to
the two-temperature theory, as interactions with molecular gases
are not expected to vary significantly from those with atomic gases.

The second case, molecular ions in atomic gases, in which ε
ðbÞ
i ¼ 0,

is a little more complex but with very interesting repercussions.
Given that the energy modes of escape for translational and in-
ternal degrees of freedom of the ion is the same, i.e., the trans-
lational energy of the gas, it can be proven that Ti ¼ Teff , and eqs.
(28b) and (29) become identical. This is one of the main reasons
why the two-temperature theory works well for the small ions in
He presented in Fig. 4. Even though some inelasticity may be pre-
sent at high fields, it is not expected to be large. This certainly will
be different in the case molecular gases.

Given that insufficient data is available to calculate x or compare
numerical results to experiments at different fields or tempera-
tures, and the difficulty concerning the number of internal states
that would need to be calculated for any large molecule, there is
still a lot of work to do before the WUB theory can be optimally
used for IMS. An alternative option the WUB is to do Monte Carlo
simulations that include internal degrees of freedom to study the
effect such as those attempted in section 3 and expanded below.



Fig. 6. Angular velocity distributions in the X, Y, Z global directions in the constant low field case.

Fig. 7. Instantaneous angular velocity in global axes as a function time for the varying high field case.
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7. Prediction of ion mobility through real-time Monte Carlo
simulations

Given the difficulty of addressing IMS through the WUB equa-
tion, one must look for other means to overcome theoretical limi-
tations. One of such methods is the Monte Carlo approach used
above where a gas bath and an electric field are present. The
interaction of the ion with the field happens at all times and po-
sitions. However, the interaction between the molecular ion and
the gas molecule is restricted to the domain of influence (which
10
may have a cutoff if potential interactions are present). Once a gas
molecule is in the domain of influence of the ion, one can describe
the interaction with as many details as desired. The momentum
transfer is calculated in real-time while ion and neutral interact
until the gas molecule leaves the domain of influence. By using
simplified cases of interactions, information may be obtained on
their effect.

For example, one can use the study in section 3, to see how
angular rotation is affected by the presence of the field and where
no other internal degrees of freedom are employed. The results for



Fig. 8. Orientation angle as a function of time for a triphenylene molecule with A) no dipole moment and B) 100 Debye dipole moment. Inset shows that the ion orientation is
constricted in two of the three directions. Extracted from Ref. [12].
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the angular velocity distribution in global axes for the constant low
field case are presented in Fig. 6 and the instantaneous angular
velocity as a function of time for the varying high field case is
presented in Fig. 7.

Fig. 6 shows that, in global axes, there is no specific preferred
orientation for rotation and all angular velocity distributions are
equal in all directions. This may be different in the object axes,
however, as different moment of inertia in the different directions
are expected to lead to different angular velocities. The varying field
case in Fig. 7 sheds very important information for polyatomic ions.
Some of the electric field energy is used to heat up the rotational
degrees of freedom increasing the standard deviation of the dis-
tribution at high fields. From this heating, the internal equilibrium
temperature Ti introduced in section 6may be extracted, andwhich
in this case, since the gas in monoatomic, is expected to be equiv-
alent to the effective temperature Teff . However, it would be wrong
to completely expect the effective temperature to be exactly the
same as in the two-temperature theory as inelasticity effects do
come into play through vd. Given a collision, therefore, there will be
an exchange between the rotational degrees of freedom. This ex-
change will depend on the relative velocity, the Moment of Inertia
(MoI) and the Center of Mass (CoM) of the ion. This suggests the
possibility that isotopomer, ions which have identical structures
and only differ in the distribution of heavy isotopes within the
molecule, may be separated by IMS. This has been, in fact, recently
observed in high resolution ion mobility devices such as Structure
for Lossless Ion Manipulations (SLIM) and High Field Asymmetric
Waveform IonMobility Spectrometry (FAIMS) [36e38]. Given these
results, the Monte Carlo algorithm IMoS 2.0 from section 3 was
employed to study the separation of tandem mass tag TMT and
iodo-TMT isotopomers. The results from the simulation agree
qualitatively with experiments not only in the magnitude of the
mobility shifts but also the direction. By enabling the energy
transfer between rotational and translational degrees of freedom,
shifts in mobility can be traced back to the difference in MoI and
CoM between isotopomers [39]. Adding vibrational degrees of
freedom is expected to yield more information on inelastic colli-
sions in the near future.

Finally, Monte Carlo simulations of this type can also be used to
study effects of alignment which are not included in the general
kinetic theory. In a case study, a triphenyline molecule was simu-
lated with a constant field with and without the effect of a per-
manent dipole and the ability to rotate [12]. If the permanent dipole
is sufficiently strong, the expectancy is that the system will try to
align the dipole with the field. The result of the orientation angle of
the molecule is extracted from the reference and presented in Fig. 8
for the case with and without the dipole. Fig. 8A shows what is
typically expected of an ion without any means of alignment, that
is, all orientations are equally probable, and the ion rotates
11
randomly. Fig. 8B, on the contrary, shows that the ion is constricted
in two of the three directions due to the existence of a permanent
dipole moment, and it is free to rotate on the third. The inset shows
the typical torque overshoot characteristic of pendular motion
along the stable position.
8. Conclusions

A perspective on the future of theoretical and numerical appli-
cations has been presented in a pedagogical fashion intended to
explain the logic behind the quadratures obtained from kinetic
theory. Full real-time simulations using IMoS 2.0 shed light into
secondary effects in mobility, and higher order approximations for
higher fields and temperatures. These Monte Carlo type simula-
tions can be successfully used to describe all the effects envisioned
in kinetic theory, albeit in a very numerically inefficient manner. In
particular, emphasis is made on the effect that internal degrees of
freedommay have onmobility calculations. It is clear that amixture
of both theory and this type ofMonte Carlo simulationswill provide
a guideline for IMS in the future. A proposition is made to label
results from experimental mobility (reduced mobility preferred)
stating the gas temperature, the electric field at which the calcu-
lation was done, the gas or mixture of gases used, and the system
employed (if non-constant fields are employed). An example of the

labeling would be: K0
He
T�wave

�
T0; En

�
.
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