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Microwave response of an Andreev bound state
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We develop a theory for the dynamics of an Andreev bound state (ABS) hosted by a weak link of finite
length for which charging effects are important. Assuming that the charging energy associated with an electron
in the ABS is small compared to the superconducting order parameter in the leads, we derive the linear response
of both the current through the link and charge accumulated in it with respect to the phase and gate voltage
biases. The resulting matrix encapsulates the spectroscopic properties of a weak link embedded in a microwave
resonator. In the low-frequency limit, we obtain the response functions analytically using an effective low-energy
Hamiltonian, which we derive. This Hamiltonian minimally accounts for Coulomb interaction and is suitable for
a phenomenological description of a weak link having a finite length.
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I. INTRODUCTION

Andreev bound states (ABSs) constitute key elements of
the microscopic picture of the Josephson effect [1-3]. In a
conventional superconducting tunnel junction, it is difficult
to isolate a single ABS because the Josephson supercurrent
is mediated by a large number of shallow ABSs. The sit-
uation is different in superconducting weak links based on
atomic contacts or semiconducting nanowires, which recently
emerged as a versatile platform for exploring different facets
of mesoscopic superconductivity. In these systems, in contrast
to tunnel junctions, an appreciable supercurrent may be car-
ried by one or a few ABSs stemming from a small number of
highly transparent transport channels [4-7].

The advent of circuit quantum electrodynamics (cQED)
brought new experimental capabilities for investigating ABS
physics. By coupling the weak link to a microwave resonator,
experiments finely resolved separate ABSs and probed their
spectrum in various limits [8§—13]. Time-resolved access to the
system provided by cQED also made it possible to use ABSs
as qubits. In particular, qubits composed of the occupation
of an ABS by zero or two Bogoliubov quasiparticles were
implemented in Refs. [8,10]. The operation of such qubits
was limited by quasiparticle poisoning: the ABS occasion-
ally trapped a single unpaired quasiparticle, making the qubit
leave the computational manifold. Later experiments with
semiconducting nanowires showed that the spin of a trapped
quasiparticle can also be used as a qubit basis [12,14].

The manipulation and readout of Andreev qubits rely on
interaction with microwave-frequency modes and radiation.
A simplest model that describes the microwave properties of
an ABS is that of a short, highly transparent junction with
a single transport channel [15-18]. While this model often
works well for atomic contacts, it is insufficient to adequately
describe crucial features of ABSs in nanowire devices. First,
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spectroscopic measurements show that ABSs in nanowire
weak links are often situated well within the superconducting
gap at any phase bias applied to the junction [5,11,12]. This
contrasts the ABS behavior in a short junction, where the ABS
necessarily merges with the edge of the quasiparticle contin-
uum at zero phase bias. Second, ABSs in the experiments
[9-11,19] were sensitive to the gate voltage, pointing to a
finite length of the weak links. By the same token, properties
of nanowire devices are sensitive to charging [20,21]. Last
but not least, a “poisoned”” ABS hosting a single quasiparticle
might carry supercurrent through a weak link of a finite length
[22]. This aspect is also not present within the short junction
model [2].

All of the above simplifications of the short junction model
come from neglecting the dwell time of a quasiparticle in the
junction region. Usually, the finite dwell time is accounted
for by considering microscopic models in which the length
of the weak link is comparable to the superconducting co-
herence length. While such models add an additional realistic
aspect for describing the microwave properties of the weak
link [11,13], they suffer from being analytically intractable.
This complexity often obscures the salient physics of the sys-
tem. Moreover, Coulomb interaction in the weak link remains
unaccounted for in these models. Is it possible to construct
an analytically tractable model for describing the microwave
properties of a finite-length weak link that would take into
account both a finite dwell time and Coulomb interaction?

Here we answer this question affirmatively and calculate
the microwave response of a finite-length weak link in a
simple phenomenological model that accounts for the dwell
time and charging energy (the latter is assumed to be small
compared to superconducting order parameter in the leads).
To build up the model, we assume that the level spacing in an
isolated weak link region is large compared to the supercon-
ducting order parameter in the leads, §¢ > A. In that case,
there is only a single ABS in the system. The finite dwell
time, f4y, introduces the energy scale I' = hi/t4,, which can
be interpreted as a normal-state linewidth of levels in the
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FIG. 1. Schematic for a minimal model of a finite-length weak
link between two superconductors. A single fermionic level is tunnel
coupled to two superconducting leads. The tunneling rates are I'; and
'k for the left and right leads, respectively. A is the superconducting
order parameter in the leads, U is the strength of the on-site Coulomb
interaction. Adjacent gate controls the energy of the level, €,(¢).
Phases of order parameter in the leads are ¢, (¢) and @g(t).

weak link. We consider the case in which this scale may be
comparable to A. The electrodynamics of the ABS in this
regime can be captured by representing the weak link as
a single-level quantum dot coupled to two superconducting
leads by tunnel junctions [23,24] (see Fig. 1). One may view
such a setting as a generalization [25] of the Anderson impu-
rity model [26] with two superconducting reservoirs. Due to
the proximity effect, the level in the dot turns into an ABS
whose energy depends not only on the phase difference across
the weak link but also on the voltage applied to an adjacent
gate. Keeping in mind quasiparticle poisoning [8,10], we find
the microwave response in states with both even and odd
fermion parity.

A. Summary of results

Below we summarize our main results. In Sec. III, we
find the many-body spectrum of ABS as a function of its
occupancy, gate voltage, and the phase bias applied to the
leads. The main parameters that control these dependencies
are the rates of tunneling between the dot and the leads I';, and
g, the superconducting order parameter A, and the on-site
Coulomb repulsion U. We derive our results assuming that
the repulsion is sufficiently weak, ALH,U < A, while the ratio
I'/Ais arbitrary (I' = I'y 4 ).

In an experimentally relevant limit I' ~ A [27-29], the
continuum of occupied levels outside of the gap gives a
substantial contribution to the phase and gate voltage depen-
dencies of the energy [23]. In the odd states, the energy is fully
determined by the continuum contribution. This contribution
reaches its minimum at ¢ = m; thus, the weak link is a 7
junction when a single quasiparticle occupies the ABS. While
the latter fact is well-known for strongly interacting Anderson
impurities (where the odd state is the ground state), to our
knowledge, the 7-junction behavior was not appreciated for
a weakly interacting ABS poisoned by a quasiparticle. An
example of the phase and gate voltage dependencies of the
discrete energy levels is presented in Fig. 3.

In the even fermion parity sector, the ABS forms an An-
dreev pair qubit [16]. For small drive frequencies, fiw < A,
the dynamics of this qubit can be described with the help of
an effective low-energy Hamiltonian presented in Sec. IV [see
Eq. (29)]. Our Hamiltonian smoothly interpolates between

the Hamiltonian of a quantum dot weakly coupled to the
superconducting leads (I' << A) [30,31] and the Hamiltonian
of a short tunnel junction (I" > A) [15-17].

Next, in Sec. V, we investigate the linear electrodynamic
response of a Josephson weak link containing an ABS. Due
to the finite length of the weak link a nonzero charge can be
accumulated in the junction region (in contrast to the atomic
point contact). Therefore the response function has a structure
of a 2 x 2 matrix: current through the weak link and charge
on it respond to the phase and gate biases. We compute this
matrix for many-body states with the different number of
quasiparticles at the ABS. If the drive frequency is small, the
response matrix describes the quasi-static characteristics of
the weak link such as the inverse inductance and quantum
capacitance. At higher frequencies, the response exhibits a
resonance, if the occupancy of the ABS is even (see Fig. 4).

The response functions of the ABS are sensitive to the pres-
ence of Coulomb interaction. The strength of the interaction U
can be deduced from the response functions measured in states
with different occupation of the ABS. In Sec. VI, we identify
a particularly convenient quantity which gives a direct ac-
cess to the magnitude of interaction, Yasym = M — x[1]
(where the arguments in the square brackets correspond to the
occupation of the ABS with quasiparticles). This quantity is
convenient because x.,ym vanishes in the absence of interac-
tion, i.e., an occupation rule M = x[1] is satisfied at
U=0.

The response functions can be measured experimentally
in a circuit quantum electrodynamics (cQED) architecture by
coupling the weak link to a microwave resonator and mea-
suring the dispersive shift of the latter. We demonstrate how
specific components of the matrix response function x may
be singled out by tailoring the geometry of the resonator (see
Sec. VII).

Our theory thus provides a guide for analyzing measure-
ments of the microwave response of finite-length nanowire
weak links.

II. MODEL

We consider a weak-link between two superconducting
leads with a solitary ABS. We assume that the linewidth for
a quasiparticle in the weak link, I' = %/#4y, might be com-
parable to A while the level spacing of the link §e > A.
It is possible to model such a weak link as a quantum dot
tunnel-coupled to two superconducting leads (see Fig. 1 for
the schematics). The Hamiltonian of this system reads

Hleo(t), ()] = > [H; + Hr ilgi(O]] + Hyleg(t)]. (1)

i=L,R

The Hamiltonian of the lead i (i = L/R denotes the left/right
lead, respectively) is

H= / dr[z Yl (OE Y i(0) + A0y () + H.c.)}.
’ 2)

Here v, ;(r) and w;,i(r) are the annihilation and creation

operators of an electron with spin 0 =1 or | in the lead i, £
is the operator of kinetic energy with the respect to the Fermi
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level, and A is the s-wave superconducting gap, identical
in the two leads. We work in a gauge in which the super-
conducting phases of the leads are attached to the tunneling
amplitudes, cf. Eq. (4). Thus we assume A > 0.

The “quantum dot” is described by

Hyle()] = Y e(t)d}dy + U(d{dy — 1/2)d]d, — 1/2),

3
where €,() is determined by the applied gate voltage, €,(t) =
—eVq(t) (e > 0). The latter can have both a static and a dy-
namic part, Vy(t) = V, + §V,(¢), where V, controls the energy
of the fermionic level at the dot and §V,(¢) describes the
external driving. U > 0 is the energy of Coulomb repulsion
at the level. The reference point for the gate voltage is chosen
such that €, = 0 is the charge neutrality point.

Throughout the manuscript we assume that the repulsion
renormalized by tunneling is weak, AA”U < A. The bare
repulsion U = ¢%/C depends on the self-capacitance of the
dot C. The latter scales linearly with the dot size, but also is
enhanced by the polarizability of the medium hosting the dot,
which includes nearby metallic gates and leads. On the other
hand, the level spacing d¢ is determined solely by the electron
confinement in the dot. For a tight confinement, we may
expect d¢ to substantially exceed ALH,U , which makes the
condition §¢ 3> A compatible with the one for the repulsion
weakness.

The remaining term in Eq. (1) describes the tunneling
between the dot and the lead i and is given by

Hr ol =1,y (e*d} ¥, 1(0) + He),  (4)

where #; is the tunneling amplitude. The superconducting
phase ¢;(¢) has static and dynamic parts, ¢;(t) = ¢; + §¢;(2).
The dynamic component of each phase is related to the
dynamic part of the voltage applied to the respective lead,
8Vi(t), via the Josephson relation ¢y0;6¢;(t) = §V;(t), where
¢o = Fi/2e is the reduced flux quantum. It is convenient to
characterize the tunneling between the dot and the leads by
the corresponding tunneling rates I'; = wvt?, where v is the
normal-state density of states at the Fermi level in the leads
(per spin species). We also introduce the total tunneling rate
I" and the difference of tunneling rates §I":

I'=Tp + Tk, S =TIy — Tk 5)
Throughout our work we assume for simplicity that the rates
'y and 'k do not depend on the applied gate voltage.

In our model, we assume that the capacitance between the
dot and the gate is much larger than the capacitances between
the dot and the superconducting leads. This assumption is
justified if the gate is located sufficiently close to the weak
link. We also neglect the capacitance between the dot and
the ground. In this case, voltage V,(¢) applied to the gate
is equivalent to voltage —V,(¢) with respect to the ground
applied simultaneously to both leads, as these two situations
differ by an overall shift of energy. Using this freedom, we
choose ¢ (1) = —@g(t) = ¢(t)/2. We discuss how our theory
is modified at an arbitrary ratio between the capacitances to
the gate and to the leads in Appendix E.

Finally, we introduce the operators of the charge
at the dot, Q = —e ZU d;da, and of the current flowing
through the weak link, I= —5%(1"1% — Np), where N; is op-
erator of the number of electrons in lead i. We note that
%Q = e%(NL + Ng) due to charge conservation.

III. ENERGY SPECTRUM

We initially assume that the phase bias ¢ and gate voltage
V, are static and study the many-body energy spectrum of
model defined by Eqgs. (1)—(4). For weak Coulomb interaction
there are four discrete energy levels in the spectrum that are
separated from the many-body continuum. We refer to these
states as |0), [14),[1,), and |2). The four states correspond to a
different number of Bogoliubov quasiparticles occupying the
ABS: zero, one (with spin up or down), or two, respectively.!
We denote the energies of the states as E[0], E[1], E[2] (states
[14) and |1,) are spin-degenerate). The energies of the levels,
E[n] = E[n, €,, ¢], depend on €, = —eV, and phase bias ¢.

A. Spectrum in the absence of Coulomb interaction

We start with a detailed description of the many-body
spectrum in the absence of Coulomb interaction. We then take
U # 0 into account perturbatively. At U = 0, the energies of
the discrete levels can be expressed as (see Appendix A 2)?

Eo[n] = Econt + (n — D)Ea 0, (6)

where the subscript 0 indicates that U = 0. Here, E.p iS
the energy associated with the continuum states (see later
discussion). E5 o > 0 is the energy of the ABS which can be
found by solving characteristic equation

detG,;(e) =0 (7

at 0 < & < A. Here G4,4(¢) is the Green’s function of the dot
at U = 0 (see Appendix A 1 for the derivation):

e AT 0370 o= 30
Gle)= — — — ! i 8
(€)= 75 ~&m ;R —_— ®)
In this expression, 7y, . are Pauli matrices in the Nambu space,
L _ 1+ I ©)]
Z(¢) VAT =2’

and @1 = —pr = @/2.

Equation (7) for the ABS energy can be solved analytically
in the limit Ep o < A. The latter condition is satisfied (i)
at any phase bias, if the level at the dot is located close to

"'We define quasiparticles with the respect to the lowest energy even
state. For weak enough interaction this state is the ground state of the
system. However, this might not be the case for stronger interactions
in some domain of control parameters, see later discussion and Fig. 3.
Still, for uniformity of narrative we always refer to the lowest energy
even state as the one with no quasiparticles.

*Strictly speaking, there is also a contribution €, to energy of all
states. However, it does not affect the physical properties of the
system—such as the linear response functions—and henceforth we
omit it throughout the text.
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TABLE I. Two cases in which the ABS energy lies deep within
the gap, Eo < A. We obtain concise analytical results for these two
cases.

Case (i) Case (ii)
' K A, 2 A,
el < A, any ¢ [6T], legl K A, 1 — @] K 1

the Fermi energy, |, < A, and is weakly coupled to the
leads, I' <« A; (ii) when the coupling to the leads is strong,
I' 2 A, provided |6T|, |€g] < T and |9 — 7| « 1. For future
reference, we summarize cases (i) and (ii) in Table I. In either
of the cases, we obtain

_ Ail“ [+ 1yl y = Fcos% +i8Fsin§.
(10)

The prefactor A/(A + T') characterizes the extent to which
the wave function of the ABS is localized at the quantum
dot. If the tunneling between the leads and the dot is weak,
I' € A, the wave function is predominantly localized at the
dot and A/(A+T)~ 1. In this regime, Eq. (10) repro-
duces the known result for the ABS energy Ea o [32,33]. For
stronger tunneling, I' 2> A, prefactor A/(A +T') < 1 due to
the spreading of the wave function from the dot into the leads.
If ' > A, the support of the wave function is mostly in the
leads. In this case, the system is essentially equivalent to a
short junction. In particular, after approximating the prefactor
in Eq. (10) as A/(A+T)~ A/T and neglecting €, under
the square root, Eq. (10) reproduces the energy spectrum of
a short junction [1] with the reflection amplitude r = §I"/T".

Note that, regardless of the ratio between I' and A, the
approximate functional form of the dependence of Ex o on ¢
in Eq. (10) is similar to that for a short junction,

Eno = 8y/1 — tsin’(p/2). (11)

There is, however, an important difference: in our model the
level is generally detached from the superconducting gap at
all phase biases, § < A, whereas for the short junction, § = A
and E, o therefore reaches A at ¢ = 0.

InEq. (6), E.ont is the energy associated with the continuum
[23] of filled single-particle states at & < —A,

Eap

4 de A R -1
Ecomzf s ndet[Gh@[Gh@] ] (2)

o0

where G%A (&) = Ggq(e £i0).> This energy depends on the
gate voltage and phase due to the coupling between the leads
and the dot, Econe = Econi(€g, ¢). The integral in Eq. (12) is
divergent at the lower limit. However, this divergence does not
influence the observables. Indeed, the integral for the differ-
ence Econc(€q, ) — Econt (0, 0) converges at |¢] ~ A whereas

3In Eq. (12), we omitted the contribution o ExN, where E is the
Fermi energy in the leads and N is the number of electrons in the
leads. This contribution does not depend on phase and gate voltage
and thus does not affect response functions.

the divergent contribution Eco, (0, 0) does not depend on ¢,
and ¢. Energy E.n: can be found analytically in the limit of
weak coupling, I', |€,| << A [case (i) of Table I]. We find

2 €
Ecom(egv 90) - Econt(()’ O) == _;FF
AT'rl'y . , 4TrIL 6; .
A sin“(¢/2) — A psm (p/2). (13)

By extrapolating Eq. (13) to I' ~ A we observe that in this
regime Econc(€g, ) — Econc(0, 0) is of the same order as Ej
[cf. Egs. (10) and (13)]. Thus E. may strongly contribute
to the observable properties of the system, such as the linear
response functions (see Sec. V for discussion of this).

We note that in the absence of Coulomb interaction the
phase dependence of the energy of the odd states, Ey[1], is
determined solely by E.on [see Eq. (6)]. Equation (13) thus
demonstrates that the system realizes a 7 junction in states
[1o,4), [10,y),1.e., Eg[1] is minimal at ¢ = 7.

To conclude the discussion of the noninteracting case, we
note that at U = 0 the ground state of the system always has
even fermion number parity as follows directly from Eq. (6).

B. Spectrum in the presence of weak Coulomb repulsion

Next, we apply the first order perturbation theory in U to
approximately find the energies of the discrete states in the
presence of Coulomb interaction. We start with the states in
the even fermion parity sector, |0) and |2). At U # 0 it is
convenient to parametrize their energies as

E[O] = Eeven - EAv E[2] = Eeven + EA- (14)

To determine Es and Ee.n, We project the interaction
Hamiltonian, Hiy = U(d{dy — 1/2)(d][d) —1/2), onto the
subspace formed by the unperturbed states |0g) and |2), thus
constructing a characteristic equation. The projection is car-
ried out conveniently is the basis of particle and hole states
that can be obtained from |0p) and |2¢) by a proper rotation.
We find the following equation for E, (see Appendix B for
details of the derivation):

App—Ann A
ph

det |:8 —H— UO(( A%‘ _App—Ahh>:| = 01 (15)
2

ph

where H is related to the noninteracting Green’s function,
H =Ero— Z(EA,O)G;&,1 (Ea0) [see Eqgs. (8) and (9)]. Explic-
itly,

A

1 € TV
e p——— N S (16)
1+ N \/AZ—E;O)/ €
with  y = y[¢] =T cos(p/2) + i8I sin(¢/2). Functions
A;j = Aijle,, @] are defined as
A de R n
Ajj = _/_oo %[Gdd(s) — Gdd(s)]ij, (17)

where i, j = p/h are the Nambu indices that correspond to
particles and holes, respectively. The parameter o = a[e,, ¢]
in Eq. (15) is related to the matrix A via

o =1—trA. (18)
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FIG. 2. Functions f(I'/A) and g(I"'/A) that determine how the
energy of the ABS, E,, is renormalized due to a weak Coulomb

interaction [see Eq. (21)]. As it follows from Eqgs. (B14) and (B15),

at I' < A we may approximate f = —2 L and g= L — L. In the
opposite limit, I' > A, we find f = =1 £ and g = — £ (£)* In(3%).

It can be explicitly expressed through the bound state energy
E A’()Z

2
r + 4I'rI" sin”(¢/2)
1 A?

1o, JAE,

2 _ 2 :
« A*—EL, I+ /A2 _Ei,o

At arbitrary T', €,, ¢ equations (15)—(17) for E can be an-
alyzed numerically. An explicit approximate solution can be
obtained when Ex o < A (see Table I for relevant parameter
regimes). In this case, we find

A
A+F‘/€§+W[¢]l2’ (20)

19)

E\, =
where

@=b+%ﬂ% ﬂw=@+%4ﬂw @1)
Here, functions f = f(I'/A) and g = g(I'/A) depend only
on the total tunneling rate I and contain no dependence on ¢
and €, with the considered precision. These functions describe
the renormalization of €, and y[¢] in the expression for Ey4
by the Coulomb interaction [cf. Egs. (10) and (20)]. Explicit
expressions for f and g are cumbersome and so are presented
in Appendix B 1. The dependence of f and g on the ratio I'/A
in demonstrated in Fig. 2.

We proceed by calculating energy Ee., in Eq. (14). At
U =0, Ecyen = Eo[1] = Econt, cf. Eq. (6). The first-order cor-
rection to this expression due to the weak Coulomb interaction
is given by Tr Hy, /2, where the trace is computed over the
unperturbed discrete states in the even sector, |Op) and |2o).
Practically, it is again more convenient to perform the calcu-
lation in the particle-hole basis (see Appendix B). By finding
the trace we obtain

1 v,
Eeven = EO[I] — U det - 5 + EO! . (22)
At arbitrary I, €,, and ¢, the energy Ec., can be computed
numerically using Egs. (12), (17), and (19). An explicit an-
alytic expression for Eg, can be obtained if Ex o < A (see

Table I). In this case, we may approximate
-« A
) o — 9
2 A+T

and neglect |Ap;| << App, App. When the tunneling between
the dot and the leads is strong, ['/A > 1, the ABS spreads
from the dot into the leads, and « <« 1. This dilutes the
effects of interaction. Indeed, using Eq. (23) in Eq. (22)
we estimate Eeyen — Eo[1] = UA?/4I'> <« U. In the opposite
limit, I’ < A, the ABS is localized at the dot: « ~ 1 and
Eeven — Ep[1] = U /4. We note that in the leading approxima-
tion in Ea /A parameters o and A;; are independent of ¢
and ¢, [see Eq. (23)]. However, this is only an approximation.
These dependencies may be explicitly quantified in the weak
coupling limit I", |e,| < A [i.e., case (i) of Table I]. However,
the results are cuambersome, we present them in Appendix B 2
[see Eq. (B17)].

Finally, we calculate the energy of the odd states, E[1].
To this end, we note that spin conservation prevents the
Coulomb interaction from coupling the unperturbed states
[1o,4) and |1o ;). Thus nondegenerate perturbation theory can
be used to find the corrections to their energies, E[1] =
Eo[1] + (Lo, |Hinel10,0) (note that (1oq|Hint|los) does not
depend on o). By computing the matrix element (see
Appendix B), we obtain

App ~ Ahh ~

(23)

E[1] = Ep[1] — U det <A—%>. 24)

When the ABS energy lies deep within the gap, E5 o < A,
and the coupling to the leads is strong, I'/A > 1, we obtain
E[1] — Eo[1] & —U A?/4T'? « U. This again points to the
dilution of the on-site repulsion by strong tunneling. For weak
coupling I'/A « 1, we find E[1] — Ep[1] & —U/4. The de-
pendence of E[1] — Eg[1] on ¢ and €, in the weak coupling
limit [case (i) of Table I] is presented in Appendix B2 [see
Eq. (B16)].

An example of phase and gate-voltage dependence of ener-
gies E[n] obtained numerically with Eqs. (14)—(17), (22), and
(24) is demonstrated in Fig. 3.

A notable feature demonstrated by Fig. 3 is the asymmetry
between the level spacings E[2] — E[1] and E[1] — E[0]. To
characterize this asymmetry, we introduce the difference

E[2] + E[0]
2

In the absence of Coulomb interaction Eygyym = 0, as fol-
lows directly from Eq. (6). Thus the level-spacing asymmetry
(Easym # 0) is a direct consequence of Coulomb repulsion
at the ABS. This can be illustrated by considering a simple
case in which the tunneling between the dot and the leads
is turned off (I' = 0). Then we find E[1] — E[0] = ¢, — U/2
and E[2] — E[1] = €, + U/2 and thus E,yy, = U/2. In the
presence of tunneling, we use Egs. (14), (22), and (24) and
obtain

Easym = — E[1]. (25)

U
Easym =—ao’ (26)

2
with « given by Eq. (19). To highlight the asymmetry in Fig. 3,
in addition to E[1] (solid orange curve) we present (E[0] +
E[2])/2 (dashed gray curve). The mismatch between the two
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FIG. 3. Energies E[n] of states with n quasiparticles at the Andreev bound state as functions of ¢ (a) and €, = —eV, (b); the energies are

calculated with respect to E[0] evaluated at ¢ = 0 and €, = 0. The plots are produced using Egs. (14)-(17), (22), and (24) with I'; = 0.3A,
'k =0.35A, U = 0.35A. The phase dependence in (a) is plotted for €, = 0. The gate voltage dependence in (b) is plotted for ¢ = 7; note
that €, is computed with respect to the charge-degeneracy point €, = 0. Dashed line shows the half-sum between energies E[0] and E[2]. The
fact that the dashed line does not coincide with E[1] is due to the presence of Coulomb interaction at the resonant level; the difference between
(E[0] + E[2])/2 and E[1] is given by E,ym, see Eq. (26). Note that close to ¢ = 7 and €, = 0 even a weak Coulomb interaction can render

the ground state of the system odd in the electron number.

curves is determined by Euqym, see Eq. (25). We note that when
Ep0 < A equation (26) for Eugyy, can be simplified. Then,
using Eq. (23) we obtain an approximate expression for the

asymmetry,
v/l Ay
Fom=2\a51)

Notably, Eyym >0 (since U > 0). This means that
Coulomb interaction pushes the energy of the odd state down
with respect to the energies of states in the even sector. This
tendency leads to the switch of the ground state parity from
even to odd for sufficiently strong Coulomb repulsion [24].
The energy separation between the even states is minimal at
¢ =m and €, = 0. In the vicinity of this point, even a weak
interaction can render the odd state to be the ground state of
the system (see Fig. 3). Combining Egs. (20) and (27) for
U KT+ Aand Ex < A, we reproduce the known result for
the boundary between the phases with even and odd ground
states [34-36].

Finally, we note that the asymmetry between the level-
spacings can be probed in the tunneling spectroscopy of the
junction [37,38] or in its microwave response, see Sec. VI for
the discussion of the latter approach. Measurement of E,gym
can be used to experimentally assess the strength of the on-site
Coulomb repulsion in the weak link.

27)

IV. LOW-ENERGY THEORY

If the ABS is located well below the gap, Ex < A, the
dynamical properties of the junction at small frequencies,
hw <« A, can be described with a help of a low-energy theory.
Here we present such a theory. The requirement Ep << A is
fulfilled in the two cases summarized in Table 1.

The fermion number parity is conserved within our model.
Thus the dynamics of the system can be studied separately
for states with odd and even fermion parity. In the odd parity
sector, states [14) and [1,) are not coupled by the applied
phase or gate voltage drives due to spin conservation. Thus,

in the odd states, the system adiabatically follows the change
in €, and ¢ induced by the drives as long as the drive frequency
is small, iw K< A.

The dynamics is more intricate in the even parity sector. If
the frequency of the drives is comparable to E[2] — E[0] =
2Ea, the transitions between states |0) and |2) have to be
accounted for. This dynamics can be captured by a low-energy
Hamiltonian. The latter can be obtained from the full Hamilto-
nian by applying a two-level adiabatic approximation. In the
particle-hole basis, the low-energy Hamiltonian is given by
(see Appendix C for the detailed derivation)

7Ip@)]
—&(1) ) (28)

E()

HI), = B+~
A+ T\ le®)]

even

where &(1) = &,(t) — %eV(z‘) [with V(t) = ¢o0,¢(t) and
SI' =Ty —TI'gl; & and p[p] are defined in Eq. (21). The
c-number contribution Ee, is given by Eq. (22). In the static
case, the energy spectrum of Hamiltonian (28) is given by
Eq. (14) with E, of Eq. (20).

Hamiltonian (28) has several notable features. First, parti-
cles and holes are coupled via the off-diagonal matrix element
o y. These pairing correlations originate due to the proximity
effect arising from the superconducting leads. Second, &, is
attenuated by the factor of A/(A +I') < 1, which describes
the probability of finding a quasiparticle at the dot (as opposed
to the leads), see discussion after Eq. (10). Finally, there is a
peculiar correction —g—geV (t) to the potential energy of the
dot. It describes the average potential felt by the quasipar-
ticle during its virtual excursions to the leads. Notably, this
correction vanishes for 'y = I';, since we assume Vz(t) =
—Vi(¢) = V(¢)/2. Formally, such a correction to the Hamil-
tonian stems from Berry connection, —%(pl p) + %(h|h) ~
—%eV(r), where |p) and |h) are the particle and hole states
respectively (see Appendix C for details).

It is convenient to perform a time-dependent gauge trans-
formation that removes V (¢) from the diagonal components of
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Eq. (28). This leads to H{¢) — H/{®) with

e A &) zle@®)]
(le) _ g
Heven - even + A + F( *[(ﬂ([)] _gg(t)>v (29)
where
Zlgl = exp (—if )m]. (30)
2A4+T

One can check that in this gauge the low-energy charge
and current operators can be obtained as the derivatives of
the low-energy Hamiltonian: Q9 = —ed. H/®) and [1® =

even

¢0_ He"(};f, respectively. This property is useful for studying
the electromagnetic response of the system and therefore we
always work with the gauge-transformed version of the low-
energy Hamiltonian. Thus in what follows we omit the prime
in HL)

We note that the limit I" 3> A reduces the Hamiltonian
(29) to that of a short junction with a reflection amplitude
r = 6I"/T" [16]. Importantly, in this regime quasiparticles oc-
cupying the Andreev bound state predominantly stay within
the leads (and not at the dot). Therefore the drive applied to
the gate cannot induce transitions within the even parity sector
and all charging effects are suppressed.

Finally, we remind that Hamiltonian (28) was derived un-
der the assumption that capacitance between the dot and the
gate is much larger than the capacitance between the dot and
the leads. If the capacitances to the leads and to the gate are
comparable, €,(¢) [and thus &,(t)] in Eq. (29) starts to depend
on voltages in the leads in addition to V,(t). We present this
dependence in Appendix E.

V. LINEAR RESPONSE

In this section, we study the linear electromagnetic re-
sponse of the ABS to weak externally applied drives §V,(t)
and 8¢ (t) = ¢podp(t) (note that we use the flux variable ¢
to characterize the differential phase drive; ¢y = /i/2e is the
reduced flux quantum). As follows from linearizing Hamilto-
nian (1), time-dependent perturbations describing these drives
are given by §Hp(t) = Q(SVg(t) and §H,(t) = f8¢(t), respec-
tively. The linear response function x[w, n] = xlw, €, ¢, n]
depends on the state in which the system resides before the
application of the perturbations. n = 0 and n = 2 correspond
to states |0) and |2), respectively. n = 1 corresponds to either
[14) or [1,) (the response function in our model does not
depend on spin and we do not specify it in the definition of
x). We define the response function as a matrix

80(w) Ve(w) Xo0  Xoi
, X = . (31
(61(w) X1 g w) wo x) GV
Here, §Q and 487 are the deviations of the average charge
and current from their stationary values. As usual, the Her-
mitian (anti-Hermitian) part of x describes the nondissipative
(dissipative) response of the system. The response function

matrix satisfies a general relation that guarantees that physical
quantities are real, x[w] = x*[—w].

Prior to computing x, we discuss symmetry properties of
this matrix. From time-reversal and particle-hole symmetries,
we obtain

X[wv @, eg] ZMX[—C(), -, Eg]Ma (32)

X[wv Y, eg] =X[a)s -9, _eg]’ (33)

respectively (for brevity we omitted the state argument n).

Here matrix M = diag{1, —1}. From inversion symmetry we
4

get

X[wa (pa Gg’ FLy FR] = MX [0), _‘P’ Ega FR7 FL]M' (34)

In this expression, we introduced I'; and 'k as arguments.
Note that in the right side of Eq. (34) these arguments
are exchanged. The symmetry relations have a set of im-
portant consequences for the off-diagonal component of the
response function x;o (similar conclusions are true for xo;).
From Eq. (32), we see that Re ;o vanishes at time-reversal
symmetric points ¢ =0, r. As a consequence of particle-
hole symmetry, Re x;o also vanishes at €, = 0. Finally, from
Eqgs. (32) and (34), we see that Im x;p = O for an inversion-
symmetric weak link, I'y = I';, at any ¢ and €.

Now we proceed to the calculation of the response func-
tions in the considered discrete states. The components of
matrix y can be expressed as (see Appendix D 1)

Xxaplw, n] = 0,0,E[n] + 6 xaplw, n]. (35)

Here, indices A and B stand for Q or I while a and b are
the respective drive variables, V, or ¢. The second term in
Eq. (35) vanishes at zero frequency [see Eq. (36)]. The first
term in Eq. (35) is, in contrast, nonzero at @ = 0. It describes
the frequency-independent adiabatic part of the response func-
tion (naturally, this contribution is purely nondissipative).
Its diagonal components are the inverse inductance of the
junction, 1/L[n] = 83E[n] = ¢;>02E[n], and the quantum
capacitance, C[n] = 82 E[n] = dy,Q[n], where Q describes
the average charge at the dot. The off-diagonal component,
8¢8Vg E[n] = 040[n] = ¢ 9 ,Oln], describes how the charge
at the dot changes with phase @. Itis also related to the change
of the Josephson current with gate voltage, 940y E[n] =
dy,I[n], such that Maxwell’s relation holds, 9,0 = BV 1. Due
to time-reversal symmetry, d,9y,E[n] vanishes at ¢ = 0 and
@ = 7. 040y, E[n] also vanishes at €, = 0 due to the presence
of the particle-hole symmetry.

The second term in Eq. (35) describes the dynamic part of
the response function,

xh310, 7], (36)

where xS [w] is given by the Kubo formula, x%[w]=
—i [° dte™ ([A(t), B]). Here the average is computed over
the unperturbed stationary state of the system which we as-
sume to be either |0), |14), |1}), or |2). The subtraction

Sxaplo, nl = xXlw, n] —

4Action of the inversion symmetry defined by Eq. (34) needs to be
modified if the capacitances between the dot and the leads, C;, and
Cg, are comparable to the capacitance between the dot and the gate,
C,. In that case, under the action of inversion symmetry capacitances
C; and Cy should be exchanged similarly to I'; and T'.
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of the zero-frequency contribution is required to ensure that
8 xapl0, n] = 0 and that the overall response function x4z is
related to derivatives of energy at zero frequency (see Ap-
pendix D 1 for detailed discussion). As follows directly from
the Kubo formula, 8 y4p can be expressed as a sum over many-
body states of the system,

!/

ha AnkBkn
% Ekn Ekn — hw —i0

Sxaplw, n] = — +c.c.(—w). (37

Here, k labels the many-body states, Ey, = E[k] — E[n],
prime designates that k # n, and A,; and By, are the matrix
elements of operators A and B. Notice that the sum in Eq. (37)
runs over the states that belong to both discrete and continuous
parts of the many-body spectrum. If the system is initially in
an even state, |0) or |2), the sum involves one discrete state
(]2) or |0}, respectively) in addition to the states of continuum.
If the system is in an odd state, |14) or |1,), the sum includes
only the states of the continuum; there are no matrix elements
between |14) and [1}) due to spin conservation.

We now describe how the response function can be com-
puted in the limit of weak Coulomb interaction, U << A + T,
and small frequencies, iw < A.> The weakness of interaction
implies that the adiabatic part of the response function can be
found using the perturbative expressions for the energies of
the discrete states [see Eqgs. (14), (15), (22), and (24)]. The
condition iw < A implies that the terms in Eq. (37) in which
k belongs to the many-body continuum are suppressed by a
small parameter /iw/A. This allows us to disregard §x in
comparison with the adiabatic part of the response function,
040pE, if the system is initially in one of the odd states, |1)
or |14). The situation is different if the initial state is |0) or
|2). Then, the sum in Eq. (37) includes one discrete state
in addition to the continuum. The corresponding term may
compete with the adiabatic part of the response function even
at small frequencies fiw < A, as long as fiw ~ 2Ex. Thus we
approximate the dynamic part of the response function in state
|0) as

hw A02B20

Notice that the response function has a resonant behavior at
the transition frequency, fiw = 2E4. Such a resonance corre-
sponds to a process in which a drive photon is absorbed to
change the occupation of the Andreev bound state. Away from
the resonance, the low-frequency response is purely nondissi-
pative. The dynamic component of the response function in
state |2) is approximately related to that in state |0) via

dxaplw, 2] = =8 xaplw, 0], (39)

as follows directly from Eq. (37) when neglecting terms with
k in the many-body continuum.

Next, recall that according to Eq. (38) energy Ea
should be comparable to Ziw for §xap[w, 0] to produce an

dxaplw, 0] = — +cc.(—w). (38)

SMore accurately, our derivation of the response functions is valid
when liw < A — E,. For simplicity, in Sec. V, we focus on the limit
I' < Ainwhich case Ex < A. Then it is enough to require fiw < A,
as is done in the main text.

appreciable contribution to the response function ysglw, 0].
Since we assume /iw < A, in such case E, is also small and
thus 8§ x45[w, 0] can be approximately computed with the help
of the low-energy theory of Sec. IV. Correspondingly, the
charge and current operators in Eq. (38) can be exchanged
for their low-energy versions. Then, for the charge-charge
component of the response function, we find

I w?
5 0;
4E3 — (how 4 i0)?

8 xoolw, 0] = —é Ex.  (40)
Note that for fiw < Ea, the response function scales as
3 xpolw, 0] w?. Similarly to 8¢, the components 8y,
8x10, and §xy; can be found with the help of the low-energy
Hamiltonian (29). However, in general the resultant expres-
sions are cumbersome and we relegate them to Appendix D 3.
Here, we invoke an additional approximation to illustrate the
qualitative features of the results. Namely, we disregard the
phase factor in Eq. (30) since it gives only the subleading
corrections of order Ex/A < 1 to the response functions.
Neglecting such corrections, we find for 6 x;o

1
— (how + i0)?

n (A i F>3ig—:"mr(1 +f%)(1 +g%)2]. (41)

Notice that there exists a  well-defined limit
dxiplw, n]/(—iw)|,—0 = C, which describes the capacitive
response of the polarization charge between the leads to
the applied gate voltage. The capacitance C, vanishes
for symmetric contacts, 6I" = 0. This is because in that
case the system is symmetric under a combination of a
time-reversal and inversion symmetries [see Eqs. (32) and
(34), respectively]. The response function dxo; can be
obtained from Eq. (41) by conjugating the expression in the
bracket. Finally, for 6 x;; within the adopted approximations,
we obtain

Sxi0lw, 0] = egy! 15 |:h2w28€g8(pEA
A

o2 P w? 1.
Sxulw, 0] = —=2 — | & (0,En)

Ep 4E2 — (hw + i0) |72

LY 2F25F2<1+ U)4 42)
s\asr 8 |

Capacitance 6 y;;[w, n]/ (—i®)?| 0 describes the response of
the polarization charge to the voltage bias between the leads.
It is instructive to consider the limit I' 3> A, |8T'[, ||, U in
which our setup is equivalent to a short junction with high
transparency. Then, equation (42) reduces to

¢072 hZ a)2 % AZ 51’*2

Ep 4E} — (hw +i0)2 T2 — 4T'pT; sin® £
(43)

It reproduces the known result for the response function of the

short junction near ¢ = 7 [18].

We demonstrate the behavior of the low-frequency re-
sponse functions xpplw,n] and xylw,n] for a particular
choice of model parameters in Fig. 4 (plots for ;o and xor
are presented in Appendix D 2). The parameters are chosen to

Sxulw,0] = —
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FIG. 4. The response functions x;; and xgo of the ABS in states |0), |1,), |2) with different number of quasiparticles at the ABS. x;; is
plotted as a function of ¢ in (a) [for €, = 0] and as a function of €, in (b) [for ¢ = 7]. g is plotted as a function of ¢ in panel (c) [for
€, = 0] and as a function of ¢, in panel (d) [for ¢ = ]. Plots are produced using Egs. (35), (39), (40), and (42), for parameters I'; = 0.3A,
'k =0.35A, U = 0.35A (same as in Fig. 3), and 7iw = 0.21A. The response functions in states |0) and |2) diverge when the frequency is in
resonance with the transition between |0) and |2), i.e., when iw = 2E, (vertical dashed lines in the plots). In the odd states and away from the
resonances in the even states, the response is adiabatic: y;; ~ 8¢2)E describes the inverse inductance of the weak link and oo ~ B‘ZE describes
its quantum capacitance. The dissipative (imaginary) part of the response functions—which is present at resonances only—is not shown in the

plot.

demonstrate resonant behavior, iw = 2E,, at specific values
of ¢ and €,. The response functions yap[w, 0] and xaplw, 2]
diverge at the resonances and change sign across them. The
response functions in the odd states |1,) are approximately
adiabatic, xaplw, 1] &~ 9,0,E[1], since Aiw is small compared
to A. For weak Coulomb interaction, they are primarily
determined by E..y, i.e., the contribution of the occupied
continuum states [see Egs. (6), (12), and (24)]. Notice that at
I' ~ A the phase dependence of x;[w, 1]—which is mainly
determined by the continuum contribution—is comparable in
magnitude to that of x;;[w, 0] and y;;[w, 2] [see Fig. 4(a)]. At
the same time, x;;[w, 1] is almost independent of the gate volt-
age up to |e,| ~ A [see Fig. 4(b)]. xpplw, 1] weakly depends
on both ¢ and |e,| S A even though T" ~ A [see Figs. 4(c)
and 4(d)].

To conclude this section, we note that without the interac-
tion, U = 0, the dynamic part of the response function can be
calculated in our model exactly. The resultant expressions are
cumbersome, so we present them in Appendix D 4.

VI. ASYMMETRY OF THE RESPONSE FUNCTIONS

Results of Secs. III-V indicate that the response functions
are sensitive to the on-site Coulomb repulsion. Therefore the
measurement of these functions might be used to estimate the
strength of the Coulomb interaction. A particularly convenient
combination of the response functions that explicitly charac-

terizes the magnitude of parameter U is

xaslw, 2] + xaplw, 0]
2

which we call the response asymmetry. This quantity is illus-
trative because it is nonzero only in the presence of Coulomb
interaction. The latter property can be easily seen in the limit
o — 0. Indeed, xyy" [w — 0] = 3,0,E*¥™ and E*™ =0
for U = 0 as was shown in Section III. We demonstrate in
Appendix D4 that the response asymmetry also vanishes at
w#0whenU = 0.

We calculate xy;" in the regime of perturbatively weak
Coulomb repulsion and low frequency, iw < A. There, the
asymmetry reduces to that of the adiabatic components of the
response functions. Indeed, in this limit the dynamic com-
ponents of the response functions cancel in the combination
xaplw, 0] + xaplw, 2], as can be seen from Eq. (39). At the
same time, 8 xap[w, 1] is small compared to the adiabatic
part of the response function and can be disregarded [see the
discussion after Eq. (37)]. Thus x4, can be directly found
from the asymmetry of the energies, see Eq. (25). In this way,
we obtain the approximate relation

Xag 0] = — xaslo, 1], (44)

asym U
Xap o] = 5aaaba2, (45)

where o is given by Eq. (19). Expression (45) can be sim-
plified in the limit of weak coupling between the level and
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FIG. 5. Asymmetry of the response functions y[w, n]. xi[w, n]
is plotted as a function of phase in the vicinity of ¢ = 7 for 'y =
0.30A, TR =0.35A, U =0.5A and, fiw = 0.21A. Vertical lines
correspond to the resonances at fiw = 2E,. Dashed line shows the
half-sum between x;;[w, 0] and x;[w, 2]. Due to the presence of
Coulomb interaction, the half-sum differs from x;; [, 11by x;;"" [w]
[see Eq. (45)].

the leads, I', |¢,] << A [case (i) of Table I]. To the lowest
nonvanishing order, we obtain

asym _ 23U I asym 22U TRl cos g
oo = TCTATAT K =P AT
18U I'gI’L€,sing
Xig" = Xoi =e0 a5 (46)

For stronger coupling, I' < A, we demonstrate the asymme-
try of inductive response functions y;;[w, n] in Fig. 5. The
asymmetry of inductive responses was recently measured in
our experiment [29], pointing to the importance of Coulomb
interaction for the microwave properties of nanowire weak
links.

VII. ABS IN CIRCUIT QED

Above we demonstrated that the microwave response of
a finite-length weak link is characterized by four response
functions, xpg, Xor» Xig, and x;. Experimentally, these re-
sponse functions can be studied using the toolbox of circuit
quantum electrodynamics (cQED). In cQED, the weak link
coupled to a microwave resonator shifts the frequency of the
latter. The magnitude of this dispersive shift may be related to
a certain combination of the response functions, specific for
a particular resonator design. In this section, we elucidate this
relation and demonstrate how different response functions can
be measured by appropriately tailoring the geometry of the
resonator.

We assume that the weak link hosting ABS is attached to
a microwave resonator at two sites, L and R [see Fig. 6(a)].
External flux threads the loop between the junction and the
resonator thus controlling the phase bias ¢ across the weak
link.® The resonator is modelled as a black box with a given

5The phase ¢ drops at the weak link provided that inductance of the
latter is much smaller than that of the resonator. Throughout Sec. VII
we assume that this condition is satisfied.

matrix admittance, Yl;e‘[w], where i, j € {L, R}. The admit-
tance determines the relation between the currents flowing in
the resonator and the voltages at nodes L and R,

@)= ) YiPlolVj). (47)

j=L.R

We assume that the resonator is grounded (see Fig. 6) and
that V; and Vi are evaluated relative to the ground. Due
to the presence of the ground, the currents explicitly de-
pend on both V;, and Vi (i.e., not only on the voltage
difference V;, — V). We assume that the photon loss in the
resonator can be neglected such that Y= is an anti-Hermitian
matrix. The frequency of the modes of the unloaded resonator
(i.e., in the absence of the weak link) can be found as solutions
of the characteristic equation

det Y [w] = 0. (48)

Let we be the frequency of a given mode of the resonator
determined by Eq. (48). Then, the structure of the mode can
be found by solving =R Y} [0res]Vies j = 0.

When the weak link is present in the circuit, the character-
istic equation changes to

det(Y7*[@] + Y;j[w]) = 0. (49)

Here Y;;[w] is the admittance of the ABS. The admittance
matrix is related to the response functions computed in Sec. V
[see Eq. (35)] via

X
Y. = % + ZXQQ + = (X1Q — Xoi)s (50a)
Yip = X4 L o + xon) (50b)
LR = o 4 X0 ) X190 T XoI ),
X i 1
Yo = — + — — , 50
RL =T + 4 Xo0 + 2(XIQ + Xxor) (50¢)
X1
Yer = 2 4+ 2 00 — ~Cuo — 50d
= + - ) XQQ (XIQ Xor) (50d)

(we suppressed the frequency arguments for brevity). We as-
sume that the presence of the weak link does not affect the
structure of the modes of the resonator. This assumption is
justified if the admittance of the load is small enough. In
that case, Eq. (49) can be solved by taking Y;; into account
perturbatively. We find that the frequency of the mode of the
resonator in the presence of the load is given by wyes + dw,
where

Zl jeL,R ‘/reg iLij [a)res]vres,j
res
Zz ,J€EL,R Vr;% I(Yij ) [wres]vres,j

and (Y} m) [wres] = dY;7* /d | y=c,,- Equation (51) is a gener-
ahzatlon of the relatlon between the frequency shift and the
admittance [39] to the multiterminal case. The numerator of
Eq. (51) depends on Vi, i.e., on the structure of the mode of
the resonator. This opens a prospect of extracting particular
components of the response function of the weak link by
choosing a suitable geometry of the resonator. In Figs. 6(b)
and 6(c), we demonstrate lumped element circuits of res-
onators that can be used to isolately measure x;; and xpo.
We note the components xo; and ;o cannot be measured

dw = —

D
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FIG. 6. (a) A finite-length weak link with a state-dependent admittance Y;;[w] is galvanically connected to a microwave resonator with
admittance ¥;7*[w] (indices i, j € {L, R} denote the left or the right lead, respectively). An external flux tunes the phase difference ¢ across the
weak link. The gate voltage V, also tunes the energy of the fermionic level in the weak link. The presence of the weak link shifts the frequency
of the mode of the resonator, w,; — wrs + dw. (b) Effective circuit representing a microwave resonator which can be used to measure the
response function x;; of the weak link. Due to the symmetry of the resonator with respect to the ground, its mode has opposite voltages on
the left and at the right node. Then, using Eq. (51), we find 8w/wws = Ly [wrws] as long as x;; < L~'. (c) Effective circuit representing a
microwave resonator which can be used to probe the response function yg¢ of the weak link. The mode of the resonator has the same voltages
at the left and at the right nodes which, according to Eq. (51), leads t0 8@ /wres = L*xpolwresl/[2(L + L')*C] for x9p < C.

separately from x g or x;; irrespective of the geometry of the
resonator [as can be verified directly from Eq. (51)].

Finally, we mention that Eq. (51) was derived under the
assumption that the capacitance between the dot in the weak
link and the gate is much larger than that between the dot and
the leads. We derive a similar expression for arbitrary ratio of
capacitances in Appendix E, see Eq. (E2).

VIII. DISCUSSION AND CONCLUSIONS

Our work elucidates the problem of computing the mi-
crowave response of a finite-length weak link hosting a single
ABS. Within a minimal Hamiltonian model, we calculated the
corresponding linear response functions and found their evo-
lution with the number of quasiparticles occupying ABS. The
resulting linear response functions can be used to analyze the
state-dependent dispersive shifts in cQED experiments with
the weak link coupled to a microwave resonator. Our minimal
model captures the essential features differentiating a finite-
length weak link from a point contact: (a) for the former both
the ABS and the delocalized states contribute to the inductive
response, and (b) a finite-length link may accommodate elec-
tric charge making Coulomb interaction important. Our theory
combined with the recent experimental results [29] highlight
that quantum dot models provide an insightful perspective on
microwave experiments with nanowire weak links. Below, we
discuss the salient points of our work.

Low-energy Hamiltonian. The energy of an ABS formed
in a finite-length weak link lies within the superconducting
gap and does not reach A at any phase bias. To describe
the ABS energy spectrum and dynamics, we derived a 2 X
2 low-energy Hamiltonian which takes into account weak
charging effects and delocalization of the quasiparticle into
the leads [see Eq. (29)]. This Hamiltonian yields an approxi-
mate expression for the ABS energy, see Eq. (11), where the
dependence of § and t on the model parameters is presented
in Egs. (20) and (21). Equation (11) becomes exact if the tun-
neling rate is either large, I' > A, or small, ' < A [27,28].
It remains valid in the intermediate regime, I' ~ A, in the

domain of ¢ for which Ea(¢) < A, and provides a reasonable
extrapolation between the solvable limits at Ex (@) ~ A.

The low-energy Hamiltonian describes the dynamics of the
ABS in the even fermion parity sector. It provides a lumped
element model of the weak link that can be used to analyze
a variety of microwave experiments. Here, we applied the
Hamiltonian to calculate the linear response functions of the
weak link. The low-energy Hamiltonian may also be used in
more complicated situations where the quantum fluctuations
of phase across the weak link are appreciable [27,28].

Inductance of the continuum part of the weak-link spectrum.
As well-known in theory [15,16,18] and demonstrated in ex-
periments [8,13], the dynamic response of a single-channel
point contact is fully determined by the properties of the two-
level ABS system hosted by the weak link. This is however
not the case for the finite-length weak links. In particular, to
compute the inductance of the weak link it is not enough to
account for the contribution of the ABS o< (9,E)". This is
because the continuum of states outside of the superconduct-
ing gap also contributes to the energy [see Eq. (12)] and hence
to the inductance. We show that the continuum contribution
becomes comparable to that of the ABS when the coupling
between the dot and the leads is strong, I' ~ A [cf. Egs. (10)
and (13)]. The effect of the continuum is especially prominent
in the odd states, where it fully determines the inductance.
Interestingly, the contribution of the continuum to the energy
is minimal at phase bias ¢ = 7 [see Eq. (13)]. A 7 junction is
thus realized whenever the ABS traps a single quasiparticle ’.
These results indicate that taking the continuum contribution
into account is necessary to accurately describe microwave
experiments with ABSs [29].

"The 7 -junction behavior for odd occupancy of the ABS should not
be confused with that in the doubly occupied even state. In the latter
case, the flipped energy-phase relation stems from the bound state
contribution and is present even in a short single-channel junction.
m-junction behavior in the odd state, in contrast, stems from the
continuum states and is thus manifestly a finite-length effect.
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Electrodynamic response functions. A finite-length weak
link may accommodate charge. Both this charge and the
current through the weak link respond to gate voltage and
phase bias. Thus the microwave response of an ABS has a
multi-terminal character; the linear response functions form a
2 x 2 matrix, x. At small frequencies the response functions
are adiabatic, i.e., they can be found as the derivatives of the
energies of the many-body states with respect to appropri-
ate parameters [see Eq. (35)]. Adiabatic response functions
characterize the quasi-static properties of the weak link, such
as the inverse inductance and quantum capacitance. At finite
frequency, a dynamic contribution to the response functions
appears [see Eq. (36)]; it is the most prominent in the even
sector where x may have a resonant behavior (see Fig. 4).
Our theory smoothly interpolates between the adiabatic and
resonant limits. The matrix x can be accessed in cQED archi-
tecture by coupling the weak link to a microwave resonator
and measuring the dispersive shift of the latter [see Egs. (50)
and (51)]. Recent experiments used this technique to study the
inductive response of weak links [13,29]. The investigation
of the capacitive response may be an interesting direction for
future experimental works. Such a study can be carried out in
a setup similar to that used in Refs. [13,29], with appropriately
modified resonator geometry [see Fig. 6(c)]. We note that
interpolation between the adiabatic and resonant limits for the
dispersive shift was also pointed out in a recent work [40].

Coulomb interaction. Accumulation of charge in a finite-
length weak link makes the effects of Coulomb interaction
important for the ABS physics. Surprisingly, most of the mi-

J

crowave experiments with nanowire weak links completely
ignore the role of interaction in interpreting the data. Our
recent experimental results [29] suggest that the on-site in-
teraction may in fact be important to adequately describe the
state-dependent response functions of the system. The theory
presented here provides a guidance for assessing the strength
of the interaction by comparing to each other the microwave
responses measured at different occupancy of the ABS [see
Egs. (44) and (45)].

Finally, quantum-dot inspired description of a finite-length
weak link can be extended in multiple ways. In particular, it
is possible to include the Zeeman effect, account for more
levels in the weak link, and for spin-orbit interaction. Looking
forward, it would be interesting to compute and analyze, in the
same framework, the microwave response of a finite-length
weak link connecting topological superconductors [41,42]. It
would also be interesting to evaluate the microwave response
of a weak link containing a quantum dot in the regime of
strong Coulomb interaction [24,25,34-36,38,43—45] where
Kondo effect might be important.
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APPENDIX A: SPECTRAL PROPERTIES OF THE ABS IN THE ABSENCE OF COULOMB INTERACTION

1. Green’s functions in the noninteracting case

In this Appendix, we derive the expression for the Green’s functions of the system in the absence of interaction. The central
result is the Green’s function of the dot, G,,4(¢) [see Eq. (8) of the main text]. This Green’s function can be conveniently used to
find the energy of the Andreev bound state Ex o [see Eq. (7)], as well as the continuum contribution to the energy of the system,
see Eq. (12) and Appendix A 2. We start by rewriting the Hamiltonian (1) in the particle-hole representation for U = 0. Up to an
irrelevant ¢ number, we obtain

H =Y (H;+Hr;)+ Hy. (A1)
i=L,R
where
H; = / dr W/ (r)[ér, + At Wi(r), H; = D'e,t.D, Hr,; = t,»{DTrze%Wf ¥;(0) + H.c.}, (A2)

Ty, are Pauli matrices in the Nambu space, W;(r) = (1; 4 (r), tﬁl l(r))T and D = (d;, dl' )T, Next, we introduce the retarded
and advanced Green’s functions GR/A. These Green’s functions have multiple components, of which the important ones are

GEM (1) = FiOENUDL(), DIO)), G4 = Fib(E0)({(W;,.(0, 1), W! (0, 0)}), (A3)
Gih (1) = FiO (Wi, (0,6), DIO)), Gyl (1) = FiO(Et)({D, (1), W] (0, 0)}), (A4)

where curly brackets denote the anticommutator. In the subsequent calculations, we will only need the Green’s functions at
the position of the junction; hence the lead operators are all evaluated at r = 0 in the above definitions. Using the Heisenberg

equations of motion for the operators D(¢) and W;(¢), we may obtain a system of two coupled equations for G d/ R/4 and GR/ 4 In
the energy domain, the system reads
1
e — €1, £i0)G (e) =1 T'GMAe), G e) = T,Gi (), AS
(€ — € £i0)Gyy' (¢) +ZXLjR ©) () = ;PMMHiiO 2 (€) (A5)
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where T; = tirze_fff‘”f. Note that G44(¢), Gia(¢), and G;;(¢) have different dimensions. In particular, G44(¢) has the dimension
of inverse energy, G;qs(¢) has the dimension of inverse energy times inverse square root of volume, G;;(¢) has the dimension of
inverse energy times inverse volume. Substituting the second equation into the first and computing the sum over the momenta we
obtain Eq. (8) of the main text for G%A [in Eq. (8), & should be changed to ¢ % {0 for retarded and advanced Green’s function,
respectively].

For future reference, we also obtain the remaining components of the Green’s functions. From Eq. (A5), we find

R/A JA 7 ~R/A JA _ —nv e A
G’ () =" TGy (@), 8 _‘/A2—(8:|:i0)2<A 8)’ (A0)

where v is the normal-state density of states in the leads (per spin projection). The components Gﬁi/A and
analogously to G, / A and GR/ 4. We obtain

Gi'e) = Gyl @T g, G e) = gfhsi; + A TGH ()T g/ (A7)

Gf/A can be found

2. Many-body energy spectrum

In this Appendix, we describe the structure of the discrete many-body states [0y), [19,4,, ), and |2¢) in the absence of Coulomb
interaction, and derive Eqs. (6) and (12) for the energies of these states.

At U = 0, the many-body Hamiltonian [see Eqs. (A1) and (A2)] can be decomposed into the quasiparticle creation and
annihilation operators as

H = Z evlye +EA,0V£A,0VEA‘0 - EA,OV;'LEAAO Y—Eno- (A8)
le|>A

Here, we work in the “semiconductor” picture of superconductivity, in which there are states with both positive and negative
energies. The first term corresponds to the states of the continuum. The second and the third terms describe the ABS; E, o is the
ABS energy which may be found as a solution of det G;{}(s) = 0 in the interval ¢ € [0, A). The ground state of Hamiltonian
(A8) corresponds to all single-particle states with negative energy being occupied,

100) = v, ,10), 0)=T] v, (A9)
e<—A
where |2) is the vacuum state. Other discrete many-body states are

120) = ¥, , V-Ex,00) 110.4) = ¥4, ,100). 110.4) = Y-£,,100). (A10)

The number 7 in the label of the state |ny) characterizes the number of single-particle excitations above the ground state.
We can find energies of the discrete states with the help of Egs. (A8)-(A10),

EO 0/2 cont + EA 0> EO[I] cont (Al 1)

Here Econe = ). __ 5 € corresponds to the total energy of the filled states of the continuum. This continuum contribution can be
conveniently represented in terms of the Green’s functions GR/4 of the system,

— /d —A /d/
Econt - _/;OO ° Z[ 27'”8(8 _6)] - _/_OO 827:;, @lndet[GA(E')[GR(S/)]il]. (A12)
As can be shown,
det GFA(e') = det Gi/'(¢') - det gy (¢) - det g} (€, (A13)

where g 0 are the Green’s functions of the lead i in the absence of tunneling to the dot [it is given by gR/ A (&) = (¢ £i0 —
Er. + A D' Substituting representation (A13) in Eq. (A12), we obtain

gds’ 9 _
Ecom=— Y Y JA2+&2— / o F1ndet[Gf‘d(e’)[G;i,(g/)] . (A14)

i=L,R k

While the first term is thermodynamically large, it is also independent of the phase and gate-voltage biases ¢, €,. Therefore it
has no effect on the dynamics of the ABS. By omitting the irrelevant first term and performing integration by parts on the second
term, we obtain Eq. (12).
APPENDIX B: CORRECTIONS TO ENERGIES DUE TO THE INTERACTION
In this Appendix, we find the first-order corrections to the energies of the discrete states |Op), |1o.+), and |2¢) due to a finite

strength of Coulomb interaction U <« A +T.
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According to the first-order perturbation theory, we need to compute the matrix elements of the interaction Hamiltonian
Hy = U(d}d; — 5)(d]d, - 3) (B1)

between the unperturbed discrete states. To do that, it is convenient to expand Hj, into the quasiparticle operators y. [see
Eq. (A1)]. The expansion may be performed with the help of the eigenstate decompositions of the creation and annihilation
operators for an electron at the dot:

dT = PEnoYEno + P—EnoV—Eao + Z DPeYes dI = hEA.O VEno + h*EA,o Y—Eao + Z he Ve (BZ)
le|>A le|>A

Here, p. and k. are the particle and hole components of the ABS wave function at the dot, respectively. The main technical trick
of our calculation is to perform a rotation of the operators yg, , and y_g, , to a particle-hole basis such that

dy =Vay, + Y peve, d} = Jayi+ Y _ heve. (B3)

le|>A le|>A
where fermionic operators y,/;, are defined as
1 1
Yp = ﬁ (pEAAO VEno + P—Enp V—EA,O)’ Yh = ﬁ (hEA‘O VEso + h—EAAO V—EAAO)’ (B4

and o is a normalization factor that ensures {y,, y; /h} = 1 [this factor is similar for y, and y;, due to particle-hole symmetry].
The particle and hole operators y,/; are more convenient than operators y.r, , since the interaction Hamiltonian has a more
concise form in terms of the former; this simplifies the calculation of the matrix elements of Hj,. We note that the normalization
factor o can be expressed with the help of particle-hole symmetry as

2 2 2 2
o= ‘pEA.O‘ + ‘hEA,o‘ = ’p_EA.O‘ + }h_EA,(J’ . (BS)
Thus physically it describes the probability of finding a quasiparticle in the ABS at the dot rather than in the leads.

a. Corrections to energies of odd states

We proceed by finding the correction to the energies of the odd states due to the presence of interaction. First, we note that the
matrix element of Hj, between different odd states vanishes since the Coulomb interaction conserves spin. The matrix elements
between the odd and even states are zero as well, due to the conservation of fermion number parity. Therefore, to find the desired
corrections to the odd states energies, it is enough to compute the expectation value of the interaction Hamiltonian in either of
the odd states [the result is the same for the two odd states due to spin-rotation symmetry]. To evaluate this expectation value, it
is convenient to express the odd states in terms of the particle and hole operators y,,,

o) =vy []vie. 1= ] rii. (B6)
e<—A e<—A

Substituting the decomposition of operators (B3) into Eq. (B1) and using Eq. (B6), we find for the projection of Hi, on either of
the odd states:

<1O,G|Him|1o,o>=—U< S [lpal’hel” = B papthe] - Z[|pg| + |k P14+ ) (B7)

€1,60<—A e<—A
Here, we used a set of relations that follow from particle-hole symmetry:
Y pehi=— )" peh, D olhlP = Ipel D olpelP =) kP (BS)
e>A e<—A e>A e<—A e>A e<—A
and the completeness relation for the single-particle wave functions:
at+ Y IpelP+ Y =1 (B9)
e<—A e<—A

The sums over energies in Eq. (B7) can be expressed in terms of the integrals of the Green’s function of the dot. Direct
comparison shows that

o0

* * —A .
PeDi  Peh L r AR A
§ <th: h€h€> =A, where A= /_ deE[Gdd(s) — Gh(®)]. (B10)

e<—A

Using these relations in Eq. (B7) we obtain Eq. (24) of the main text.
Note that o« = 1 — trA follows from Eqs. (B9) and (B10). The trace can be easily computed in terms of E5 ¢ by bending the
integration contour in complex plane. This results in Eq. (19) of the main text.
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b. Corrections to energies of even states

The matrix elements of the interaction Hamiltonian in the even fermion parity sector are computed most easily in the basis of
particle and hole states. These states are defined as

p) = 7]10), Ih) = ¥, 10) (B11)

[see Eq. (A9) for the definition of |O)]. The states |p/h) are directly related to the even states |0y/2¢). Using Eq. (B4), we obtain
., . 1

lp) = ﬁ(p_EA-"'OO) + Pk, ,120)), |h) = ﬁ( * £aol00) + i, 120)). (B12)

The computation of the matrix elements of H;, between particle and hole states can be carried out similarly to how it was done
for the odd states. This results in Eqs. (15) and (22) of the main text.

1. Low-energy expression for E,

In this section, we use Egs. (15) and (22) to find the energy E, in the limit E5 o < A. This leads to Egs. (20) and (21) of
the main text. The limit E5 o < A is achieved in the weak coupling regime, I', |e,| < A at any ¢ [case (i) of Table I], and the
strong coupling regime, I' 2 A, provided that |I';, — T'g|, |€,] < T and |¢ — | < 1 [case (ii) of Table I].

According to Eq. (15), Ea can be found as a solution of the following characteristic equation:

1 €g S Z F Ew'
det| 8 — ————— S Tjeio VAZE —aU(
+ e \ve o e o

Here, in the second term under the sign of det, E5 ¢ can be neglected in comparison to A in the square root factors. With a similar
precision, « can be exchanged for its low-energy value, A/(A + I'). Finally, the elements of the matrix A may be approximated
by

App*Ahh A

h

A* _ Appp—Ahh ) = 0 (B 1 3)
ph 2

2 +x2 __ 3xarccos(x)

2 AT\ A 1, (1+%)2 T (1 —x2)?
Tges +Tpe¥ (T - 35 1 1+2x% — "_(2+x2;ir§;os<x)
App " ————¢g| — ), g&) = —— = — 2V2 . (B15)
R Syt 02
o

Substituting Egs. (B14) and (B15) with ¢;, = —¢r = ¢/2 in Eq. (B13) and solving the resulting simplified equation we obtain
Egs. (20) and (21) of the main text. Note that, at the first glance, functions f(x) and g(x) in Eqgs. (B14) and (B15) are divergent
at x = 1 due to the vanishing of the denominators. This, however, is not the case because the numerators also vanish at x = 1
resulting in a smooth curve depicted in Fig. 2. In the weak coupling regime, case (i) of Table I, the results for f and g, Eqs. (B14)
and (B15), are reliable only to the leading order in I'/A. For case (ii) of Table I, the calculation of the matrix elements of A is
valid at arbitrary I'/A.

2. Interaction corrections to energies E[1] and E.,., for weak coupling between the dot and the leads

Here, we explicitly calculate energies E[1] and E, to the first order in U/A in the weak coupling limit, I', |e,| < A [case
(i) of Table I]. The interaction correction to the energy of the odd states is given by

E[1] — Eo[1] ~ —U det(A — 1/2) L +3F€2+ 2 )Rl (B16)
— ~ —U det(A — ~U|l—- — — cos

0 4728 T Ay T\p2 T ) TAr 5
where we retained only the leading terms that determine the €, and ¢ dependence of E[1] — Ey[1]. In particular, we suppressed
small terms ~U egFRF 1 cos@/A* that depend both on €, and on g@. In principle, such terms are important for the careful
calculation of the adiabatic contribution to xo; and x;o. However, capturing them analytically is beyond the scope of the
manuscript.

With a similar precision, we find

E Eo[1] ~ —U det(A 1/2)+Ua2~U1 r 3FE§+ 2 )R o (B17)
even = ZOLLL 2 7 a aA T an T\ 2 Az ¢

APPENDIX C: LOW-ENERGY HAMILTONIAN

In this Appendix, we derive the low-energy Hamiltonian governing the dynamics of the ABS in the even fermion parity
sector [Eq. (28) of the main text]. To do that, we project the full Hamiltonian of the system onto the low-energy subspace,
and then employ the adiabatic approximation. The low-energy subspace is formed by the discrete states |0) and |2), whose
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energies are denoted by E[0/2] = Eeven F Ea. The low-energy regime of Ex < A is reached in two cases: (i) in the weak
coupling limit, |€,|, I' <« A at arbitrary phase bias ¢, and (ii) in the strong coupling limit, I' 2 A, provided |¢ — 7| < 1 and
ITL — I'gl, || < T' (as summarized in Table I). We assume below that either of the two conditions is fulfilled.

We first focus on the case in which the Coulomb interaction is absent, U = 0; we discuss the modifications arising due to
U # 0 at the end of the section. Let us consider the many-body Hamiltonian H{[¢;, €,] [Eq. (1) with U = 0], in which parameters
@i = ¢i(t) and €, = €,(t) depend on time. We assume that the dynamics of ¢;(¢) and €,(¢) is sufficiently slow—i.e., the associated
frequency scale fiw < A. At the same time, we allow Zw to be comparable to E5 < A, which makes it important to account for
possible transitions between the states of the low-energy subspace.

The wave function solving the time-dependent Schrodinger equation can be approximated by

[V (1)) = cp(O)|p()) + ca(®)h(1)). (ChH

Here the particle and hole states |p/h) were introduced in Eq. (B12); they depend on time parametrically due to the time-
dependence of ¢;(¢) and €,(t). This parametric dependence is in fact weak, which makes the particle-hole basis convenient for
the derivation. Finding an effective Hamiltonian that would describe the evolution of amplitudes c,(¢) and ¢, (¢) is the main goal
of this Appendix. The approximation (C1) is in the spirit of a usual adiabatic approximation extended to a two-level system.

Substituting the decomposition (C1) into the time-dependent Schrodinger equation, we obtain an equation for the evolution
of C(1) = (cp(1), cn(®)":

ihd,C(1) = HI® C(1). (C2)
The 2 x 2 matrix H{®) plays the role of an effective Hamiltonian; it is given by
Hiey, = Eeven + H + ©. (C3)
Here
Hyw = (WO[H[@i(1), €D]V(1)) — Eevenbpv,  Opy = —il(u(®)19;[v(2)), v € {p, h}, (C4)

and Eeyen 1S a c-number term which—in the absence of Coulomb interaction—is related to the continuum energy, Eeyen =
Econt(€4(1), (1)) [see Eq. (12)]. The matrix H can be found straightforwardly using the definition (B12) of particle and hole
states. We obtain

A Tiei®

€,(1 -
H= ; ol ), o VAER O ] A < €q(1) o > rielwl(t)> )
a ot —igp; ,
1+ \/Aszio(t) i/%o:;z D —€,(1) A+T\XTie ™ —€,(1)
. A0

where in the latter equality we neglected Ex o < A.

Next, ® in Eq. (C3) is the matrix of Berry connection. It stems from the parametric dependence of |p(¢)) and |A(¢)) on time.
To find ®, it is convenient to use the many-body representation for the states: |p/h) = y;/ ,»10). This representation allows us to
rewrite © as

O = —ili(Oly, 7,1 10) — i1i8,,(0]0). (C6)

Here the second term is o §,, and thus does not influence the dynamics of the system [e.g., it has no effect on the response
functions]; we omit it in what follows. To find the first term, —i/i{(O|y, y,/|O), it is convenient to expand ¥p and y;, into the
electron field operators. The expansion reads

y . dt + wT,i,k
() =@ + 2 (31 @

where d,; is the annihilation operator for an electron at the dot with spin o =1 or |, and ¥, ; x is the annihilation operator for
an electron in the lead i € {L, R} with momentum k and spin projection ¢ . Parameter « is defined in Eqs. (18) and (19). Finally,
IT;  is a 2 x 2 matrix that is defined in terms of the ABS wave functions as

1 PE P-E
Hi = —(® ik> d_ ; A0 A0} CS
Y’ \/5( Eno.irk Eno. ,k)( he,s hop., (C8)

Here, p1g,,, h+E,, are the components of the wave function at the dot [see Eq. (B2)], and @, ,;x are the 2 x 1 spinors
describing the components of the ABS wave functions in the lead i. Using the decomposition (C7) together with the normalization
condition & + ), ; H; «Ilix = 1 [where o and 1 are proportional to the 2 x 2 identity matrices] in Eq. (C6) we may represent
the Berry connection ® as

ih . .
f T
O=—7 Zk [I1] T — TT7, T 4], (C9)
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The matrix IT; ; can be found using the Schrodinger equation for the ABS wave functions. We obtain
1 JaT;

JV A2 —E 4+ &
where T, . are Pauli matrices in the Nambu space, 7; = f;7,e="%%/?, and V is the volume of the lead. The third term in brackets

is ~Ex o and may be neglected in comparison with the first two terms ~A at low energies Ex o < A.® Then, we find

1 A T;
M~ =V AT T A2
VVVA+T A2 48
where we also disregarded Ej  is the denominator and used o & A /(A + I'). Substituting this expression in Eq. (C9), we obtain
Irligr + T'Lhg
O~ -1, ZRAPR T 1 LAPL (C12)
2(A+T)

Combining Egs. (C3), (C5), and (C12), we arrive to a final expression for the low-energy Hamiltonian in the absence of
Coulomb interaction:

A €,(1) > D% CrA@r(t) + T hor(t) (1 0
gde) — g\H). it _
even — Eeven + A + T (Z, Fie—l(p,(t) —Eg(t) Z(A + F) 0 1) (C13)

The Hamiltonian H{'®) is evidently consistent with the gauge-invariance. The gauge-invariance means that the physics should

not be affected by a common shift Vi, (¢) of all electric potentials,
€,(1) = €,(t) — eV (1), hr(t) = higr/L(t) + 2eVip (). (C14)

Indeed, as can be easily checked, such a common shift may be compensated by a unitary transformation’

I, = (&t — AP e 02 4 A, (C10)

7./2

[&T. — Ae¥™/ e 0m/2], (C11)

even even

. 1 t
HI S yHO U — inttt!,  where U = exp[—itzﬁ / eVsh(t’)dt’]. (C15)

The next step is to account for a weak Coulomb interaction, U << A + I'. The interaction leads to the renormalization of
the parameters of the low-energy Hamiltonian H{1) . The renormalizations may be accounted for by combining the perturbative
approach of Appendix B with the requirement of the gauge-invariance, as detailed below.

To start with, it is again convenient to represent the low-energy Hamiltonian as H®) = Ee.en + H + O, where H,,, =
(|H|V) — Eeyen and ©,, = —ifi{1t|0;|v). To find Eg.en and H, we project the full many-body Hamiltonian H (including the
Coulomb interaction part) onto particle and hole states which depend on time parametrically. The projection is carried out

similarly to how it was done in Appendix B. We obtain E.,., given by Eq. (22) and H given by

b A e[1+ L (5] > T O1 + Se(5)]
A+TA\Y, Tie O[1 4 Lg(5)] —e([1+ £ 1(5)]

Here dimensionless functions f and g are defined in Eqs. (B14) and (B15), respectively.
To understand how expression (C6) for the Berry connection ® gets renormalized by U # 0, we require the low-energy
Hamiltonian H®) = E..., + H + © (with H given by Eq. (C16)) to be consistent with the gauge-invariance [see Eqgs. (C14)

even

and (C15)]. This leads to

(C16)

I'rhg I'Lh¢ u (T
O~ —1. rhgr + 1'Lhey 1— =7~ (C17)
2(A+T) r-\A
In the main text, we focus on a particular gauge in which ¢7(#) = —@g(t) = ¢(¢)/2. In this gauge, we find by combining
Egs. (C16) and (C17):
A &) 7le®]) _ ST hp() U . (T\]/t o
H(le) R Eeven ~*g ~ - l——= N ’ C18
+ A+T (y [p@)] —&@) 4(A+T) Ff A 0 -1 (C18)
where 6" = I'y, — I'r and
u (T t t U (T
&) = eg(t)|:1 + Zf<X>]’ Ple@®)] = (F cos ? + 6T sin %) |:1 + zg(z>i| (C19)

Finally, we note that in the considered gauge the Berry connection term in Eq. (C18) is small: at most, it produces relative
corrections ~E, /A to the transition matrix elements. The renormalization of the Berry connection due to U <« A + T’ thus has

81t can be shown by a straightforward-yet-tedious calculation that retaining A in Eq. (C10) would only produce corrections to the Berry
connection ® whose influence on the dynamics of the ABS (e.g., on the transition matrix elements) is suppressed by a small parameter
E2 /A K 1.

9The gauge-invariance of E., is ensured by a contribution to the Berry connection —ih(O|@), which we omitted in Eq. (C13).
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a very weak influence on the dynamics of the ABS (which is controlled by a small parameter ~EAU/A? « 1). Neglecting the
renormalization, we arrive to Eq. (28) of the main text.

APPENDIX D: LINEAR RESPONSE FUNCTIONS
1. General expression for the linear response functions
In this section, we derive Eq. (35) of the main text. We start with a general linear response relation,
o0
xaslo, nl = (@A) + xiplo.nl,  xiplo.n] = —i / dre ([At), BO))), (D1
0

that includes the diamagnetic term (d,A) and the Kubo term X X[, n]. This relation can be expressed identically as

xaglw, n] = (BA) + x50, n] + Sxaplw, nl,  where Sxaplw, n] = x zlw, n] — x50, nl. (D2)

By definition, the dynamic part of the response function §x X;[w, n] vanishes at zero frequency. The remaining part, (BpA) +
x10, n], in turn describes the zero-frequency response. We may simplify the latter part using the fact that at @ = 0 the system
follows the applied drives adiabatically. The adiabaticity implies

x48[0, n] = 3,(A) = 8,3,E[n], (D3)
where we used (A) = (3,H) = 9,E[n]. Thus we identify
(9pA) + 14500, n] = xa[0, n] = 3,,E[n], (D4)

which leads to Eq. (35) of the main text.

2. Off-diagonal components of the response function

In this Appendix, we present the plots of phase- and gate voltage- dependence of x;p[n, w] for the parameters I'y, 'z, U,
and o similar to those used in Fig. 4. Nondissipative parts of x;¢ and ¢ are related by the complex conjugation and thus we do
not consider the latter separately. In contrast to xop and x;;, nondissipative part of ;o has both real and imaginary components.
We plot these components separately in Fig. 7. Note that ;o vanishes if €, = 0 or ¢ = 7 (as a consequence of particle-hole and
time-reversal symmetries, respectively [see discussion after Eq. (34)]). Thus we plot the phase dependence for €, = 0.05A and
the gate voltage dependence for ¢ = 97 /10.

3. Full expressions for dynamic parts of the response functions at small frequencies

Here, we present expressions for the dynamic parts of the response functions without neglecting the small phase factor in
Eq. (30) (as was done in the main text). We only present expressions for § x4p in the state |0). In the state |2), the dynamic part of
the response function can be approximately recovered as 8 xjplw, 2] = —8 xiplw, 0]. The dynamic part of the response function
in the odd states is small at iw << A.

Equation (40) for § xpp remains unaltered when the phase factor is taken into the account. For 8 x;; at fiw < A we get

_ 2
;> R w? 1, , 1 AN U\* e
8xulw, 0] = — 20 — | 2O,Er) + - (1 —) sT2(T — , D5
xilw, 0] Ex 4E§—(hw+i0)2 |)~/|2 Eg( » A) +4 A+T +gA A+T (D5)
where |y|? = I'? — 4RI, sinz((p/Z). For 6 x;o we obtain at iw < A
_ 3. 2 2
edy - A ifiw ly| U U
5x10lw, 0] = Rw?d,. 0,E "O(r - 81"(1 —)(1 —) . D6
xil. 01 4E§—(hw+i0)2|: @A T\ AT ) Es A+T R VACREY (D)

Response function § xo; can be obtained from Eq. (D6) by conjugating the expression in the square brackets.

4. Exact evaluation of the linear-response functions in the absence of interaction

In this Appendix, we provide the exact expressions for linear response functions in the discrete states |0p), |10+ ), and |2¢)
in the absence of Coulomb interaction. We also clarify why in the noninteracting case the linear response functions satisfy the
occupation rule (x[w, 0] + x[w, 2])/2 = xlo, 1].

We start with a general expression for the linear response functions. As was shown in Appendix D 1,

xaplw, n] = 9,0,Ep[n] + & xaplw, n], (D7)

Sxaslw, nl = xilo, nl — xapl0, 1, xAlw, n] = —i / dte™ ([A(t), BO)]). (D8)
0
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FIG. 7. The response function y in states |0), |1,), |2) with different number of quasiparticles at the ABS. Re ;¢ is plotted as a function
of ¢ in (a) [for €, = 0.05A] and as a function of ¢, in (b) [for ¢ = 97 /10]; Im x; is plotted as a function of ¢ in panel (c) [for €, = 0.05A]
and as a function of €, in panel (d) [for ¢ = 97/10]. The plots are produced using Eqs. (35), (39), and (41), for parameters I';, = 0.3A,
I'r =0.35A,U = 0.35A, and hw = 0.21 A (these parameters are similar to that in Fig. 4). The response functions in states |0) and |2) diverge
when the frequency is in resonance with the transition between |0) and |2), i.e., when hiw = 2E, (vertical dashed lines in the plots). Generally,
the response function x;¢ in the odd states is small compared to that in the even states. We note that away from resonances both Re y;o and
Im y,¢ describe the nondissipative response. The dissipative part of the response functions—which is present at resonances only—is not shown
in the plot.

Here, A and B stand for either current or charge, a and b are the corresponding drive variables (V, corresponds to Q and ¢
corresponds to [), and the average in fB is taken over the discrete state |ng) (with n = 0, 1 or 2). The adiabatic part of the
response function, d,0,Ep[n], can be calculated using the exact expression for the energies of the discrete states, cf. Eq. (6).
To calculate the dynamic part, § x45, it is convenient to introduce the single-particle representations of the current and charge
operators Z and Q. These objects are related to the corresponding many-body operators / and O through

D
I=n"In, Q=n"Qn, where n=|W¥(r=0)], (D9)
Yr(r =0)
and are given explicitly by
e 0 —l'l‘Lé'iWLT‘"/2 itReiWRTZ/2 1 0 O
I=——1,| itpeier=/? 0 0 , Q=—-er,|0O 0 O0]. (D10)
—itge~iorT/2 0 0 0 0 O

We will now use the Wick’s theorem to express the average ([A(t), B(O)]) in terms of the single-particle Green’s functions and
matrix elements of the operators Z and Q [see Eq. (D10)]. To do that, we first introduce the relevant Green’s functions:

G (6) = —i(n,(t)nf(0)), Gl (1) = i(n} (0), (1)), (D11)

where (1 and v are the indexes in the Nambu space. In terms of these Green’s functions, the response functions can be expressed
as

1 slw, n] = —i / dte Tr[AGT=())BG T (—t) — AGH()BGT~ (—1)], (D12)

0

where A and B are the single-particle versions of the operators A and B, respectively, and the trace is taken over the matrix
indices both in the dot/lead subspace and in the Nambu subspace. Note that the information about the state of the system—|0y),
|1o.6), or |29)—is encoded in G*~ and G~ . Next, it is convenient to relate G™~ and G~ to the retarded, advanced, and Keldysh
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Green’s functions,
G 0) = FiO(EO ({0, n)O)),  Ga, (1) =G (1) +G..7 (@), (D13)

The relations may be summarized as

Gr(t > 0) = GE(t)+ GR@) G > 0) = GX(t) — G*()
2 ’ - 2 ’
K\ _ CA K A
g+—(; <0)= M, g—+(t <0)= M (D14)

Representation of Eq. (D14) is convenient, because the retarded and advanced Green’s functions are agnostic to the state of
the system. The information about the latter is solely contained in the Keldysh Green’s function. Substituting Eq. (D14) into
Eq. (D12), we obtain

K&l n] = _é f At TeL AGR()BGK (—1) + AGK (1)BGA(—1)]. (D15)
0

As the next step, we transfer the latter equation to the energy domain and use Kramers-Kronig relations

" _ [T de GR(g2) — GA(e2) YV __'/Do dey GR(e2) — GA(e2)
G (o + 1) = /;OO 27i how + &) — &, + 10’ G (&1 — ) = o 2mi e — hw — &y —i0’ (D16)

as well as
GX(e) = (1 = 2n(e)IG"(e) — G (o). (D17)

In the Eq. (D17), n(e) is the distribution function. For the considered discrete states n(¢ > A) = 0andn(e < —A) = 1. State |0g)
is determined by n(—Ea 0) = 1 and n(Ea o) = 0; states |1, o) have n(Ea o) = n(—Ex o) = (1 +0)/2, wherec = l ando = —1
correspond to spin up and down, respectively; finally, in the state |[29) we have n(—FEx o) = 0 and n(Ea o) = 1. Ultimately, we
obtain

it = [~ deder S AV BN V) = 22056 — G (D18)

Notice that the trace in Eq. (D18) does not depend on the distribution function n(e) since it contains only the retarded and
advanced Green’s functions. The components of these Green’s functions were computed in Appendix A 1. We identify

Gai'(e)  Gyp'(e)  Gg'(e)
g = G'e) Gi'e) G |, (D19)
Gri (e)  Gri'(e) G (e)

where Gf; is determined by Eq. (8) (with ¢ exchanged for ¢ £ i0), while GR/A 51./A, and Gf/A are given in Egs. (A6) and (A7).

Note that the advanced Green’s function can be obtained from the retarded Green’s function via GA(¢) = (G®(¢))". Matrix V
can be decomposed into a continuum contribution (that is nonzero for |¢| > A only) and the contributions corresponding to the
ABS (which are nonzero only at ¢ = £FEj, o),

V() =V()0(le| — A)+ Vi8(e — Enp) +V_06(e + Eayp). (D20)
In this expression,

Vdd,+ VdL,+ VdR+
Vi=|Viex vie+x Virzx]), (D21)
VRd,+ VRL+ VRR+

where
Eao A U
(A% —E,) dEay 7@ T € /A > Tie? 1 r
Vadt = E S5 AY deos — Ay T Lie |z TV e (D22)
R L % /—AZ_EKO it Z(Er0) 8 — &
and
Vid,+ = g+E,oliVaa,+, Vaix = Vdd,iTiTgiEA_o, vjj = giEAﬂT;‘Vdd,iTjTgiEA_o' (D23)
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Equation (D18) combined with the representation Eq. (D20) allow us to break the response function into physically distinct
contributions. Using the particle-hole symmetry and Eq. (D20), we obtain

+00 1
xlo, nl = — fA derdes Tl Av(—ex)Bo(en)
14 n(Eap) —n(—Eay) 14 n(—Eao) — n(Eay)
— d : —T B — d : T _B
fA €1 &1 = Eno & o 1 10 r[Av, Bv(er)] /A €1 o1+ Eno+ o+ 0 r[Av_Bv(e;)]
Tr[Av_Bv,]
— [n(—E —n(E _— c.(—w), D24
[n(=Ea,0) — n(Ea0))] Eno + o + 10 +cc.(—w) (D24)

where c.c.(—w) denotes the complex conjugate of all of the preceding terms in the equation, in which we also change v — —w.
Different terms in Eq. (D24) correspond to different transition processes. The first line corresponds to a process in which a
Cooper pair in the condensate is broken to produce two quasiparticle excitations in the continuum. The second line contains
processes that involve both the ABS and the quasiparticle continuum. Finally, the first term in the third line corresponds to
transition processes that involve only the ABS. The contributions to xX;[w, n] stemming from the first two lines are small at
small frequencies due to the large energy denominators. They can be neglected for fiw << A — E4 o in comparison with either
the first term in the third line of (D24), or with the adiabatic contribution to the response function. In the main text, we assumed
Ea0 < A and thus it was enough to require Ziw < A to neglect the first two lines of Eq. (D24).

Equation (D24) can be used to obtain an especially simple expression for the diagonal components of the dynamic part of the
response function, 6 y44. We find

S a0, ] /+°° dedey 2R w?
w,n] =— -
xaa A et (et e — (hw + 0

Tr[Av(—e2)Av(e))]

dey 2R w?

g1 —0Epq (81 — 0Ea)? — (how + io)zTr[‘AV”AV(Sl)]

+00
- Y A+ olnEre) - n(-Erol)
o=+ A

2K w?
2Ep 0 4E} o — (hw 4 i0)?

—[n(=Ea,0) —n(Ea0))] Tr[Av_Av,]. (D25)

Notice that the diagonal parts of the response function scale as oc w” at small frequencies.

Occupation rule in the absence of interactions

In the absence of interaction, the response functions satisfy the occupation rule,

1
E(XAB[Q), 0] + xaplw, 2]) = xaslw, 1]. (D26)

This can be easily checked using Eq. (D24) for the finite-frequency response function xsg[w, n]. To do that, first note that
n(—Ea0) —n(Eap) = 1 in the state |Op) and n(—Ea o) — n(Ea o) = —1 in the state |2¢). Therefore the average of n(—Ex o) —
n(Ep o) between the even states is zero. At the same time, n(—FEp o) — n(Ea 0) = 0 in the odd states. Thus Eq. (D26) holds.

We believe that the validity of the occupation rule Eq. (D26) in the absence of Coulomb interaction is not restricted to a
particular model considered here. First of all, Eq. (D26) is agnostic to the presence of other ABS within the gap, as long as they
have a consistent occupation. Equation (D26) should also hold at U = 0 in the presence of magnetic field and spin-orbit coupling
[though in the absence of spin degeneracy the right-hand side of Eq. (D26) should be replaced with a half-sum of the odd sates
in the considered spin-split doublet]. Finally, the occupation rule also survives the presence of above-the-gap quasiparticles
provided that the occupation of the ABS is certain.

APPENDIX E: EFFECTS OF CAPACITANCE BETWEEN THE DOT AND THE LEADS

Throughout the main text, we assumed that the capacitance between the dot in the weak link and the gate, C,, is much larger
than capacitances between the dot and the leads, C; and Cg (indices L/R correspond to left and right lead, respectively). This
may not necessarily be the case in the experiments. In this Appendix, we discuss the modifications of our theory that arise when
capacitances between the leads and the dot are comparable to the capacitance between the gate and the dot. We still neglect the
capacitance between the dot and the ground, assuming that the grounded parts of the device are located sufficiently far away
from the weak link.

The main effect of appreciable Cr and Cy is the modification of a relation between the energy of the level at the dot, €4(2),
and the voltages V,(¢), V.(1), and Vr(¢) [here V,(¢) is the voltage bias applied to the gate, V; (¢) is the voltage at the left lead, and
Vr(2) is the voltage at the right lead]. We find

CgVe(t) + CLV (1) + CrVr(2)
Cg + CL + CR '

€,(1) = —e (ED
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This expression should be contrasted with a simpler relation used in the main text, €,(t) = —eV,(¢); the latter relation is justified
only when C, > C, Cg. Keeping in mind the modified expression for €,(1), Eq. (E1), the low-energy Hamiltonian is still given
by Héﬁ; = Eeven + H + ©, where E., is determined by Eq. (22), H is determined by Eq. (C16), and ® is determined by
Eq. (C17).

Next, we derive the relation between the admittance matrix of the weak link and the response functions x;;, x;0, Xoi, and
Xoo, taking into the account C;, and Cg. Motivated by cQED applications of Sec. VII, we assume that the gate voltage is static.

Then we find

C,—C,L+C - C,—CL +Cr\%i
Y, (o] = XIIFCU] LG + Cr x10 — Xor < ¢ —CL+ R> leQQ’ (E2a)
—lw Cg+CL+CR 2 Cg+CL+CR 4
xulwl 1 Co(xio + xo1) = (CL — Co)(xao — xor) |, Ci = (€L = Cr) iwxgo
YiRlw] = —— — 5 5 ; (E2b)
iw 2 C,+CL+Cg (C+C+Cr)y 4
1) 1C + +(C, -C - C? — (CL — Cr) iw
Yer[0] = XI{[ ] L (1o + xo1) + (Cr. — Cr)(x10 — Xor1) < i XQQ’ (E2¢)
iw 2 C,+CL+ Cg (Co+CL+Cr)y 4
C,+C.—C - C,+CL — Cr\%i
Yealo) = 202 _ Gt CL = G jio — Xor ( o R> X0 (E2d)
—lw Cg+CL+CR 2 Cg+CL+CR 4

Matrix Y;;[w] can be used to determine the frequency shift of the microwave resonator coupled to the weak link, see Eq. (51).
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