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Abstract. We prove the modularity of most reducible, odd representations ρ̄ : ΓQ → GL2(k) with
k a finite field of characteristic an odd prime p. This is an analogue of Serre’s celebrated modular-
ity conjecture (which concerned irreducible, odd representations ρ̄ : ΓQ → GL2(k)) for reducible,
odd representations. Our proof lifts ρ̄ to an irreducible geometric p-adic representation ρ which is
known to arise from a newform by results of Skinner–Wiles and Pan. We likewise prove automorphy
of many reducible representations ρ̄ : ΓF → GLn(k) when F is a global function field of characteris-
tic different from p, by establishing a p-adic lifting theorem and invoking the work of L. Lafforgue.
Crucially, in both cases we show that the actual representation ρ̄, rather than just its semisimpli-
fication, arises from reduction of the geometric representation attached to a cuspidal automorphic
representation. Our main theorem establishes a geometric lifting result for mod p representations
ρ̄ : ΓF → G(k) of Galois groups of global fields F, valued in reductive groups G(k), and assumed
to be odd when F is a number field. Thus we find that lifting theorems, combined with automorphy
lifting results pioneered by Wiles in the number field case and the results in the global Langlands
correspondence proved by Drinfeld and L. Lafforgue in the function field case, give the only known
method to access modularity of mod p Galois representations both in reducible and irreducible cases.

1. Introduction

Serre’s modularity conjecture [Ser87] asserts that an odd, irreducible, continuous representation
ρ̄ : Gal(Q/Q) → GL2(k) with k a finite field of characteristic p arises from a newform, and was
proved in [KW09b]. Wiles in the introduction of his paper on Fermat’s Last Theorem [Wil95]
raises the question of whether one can prove an analogue of Serre’s conjecture in the reducible
case, going beyond the well-known conclusion of modularity of an odd reducible ρ̄ up to semisim-
plification (see Lemma 7.3). Wiles notes on [Wil95, page 445]: Even in the reducible case not
much is known about the problem in the form which we have described it, and in that case it
should be observed that one must also choose the lattice carefully as only the semisimplification of
ρ f ,λ = ρ f ,λ (mod λ) is independent of the choice of lattice in K2

f ,λ.
We resolve this problem in Theorem B below, under a mild hypothesis that rules out some cases

when a twist of ρ̄ has Serre weight p − 1, making use of developments of Wiles’s method of
modularity lifting and developments of Ramakrishna’s method of lifting Galois representations.
Our work improves on the results of Hamblen and Ramakrishna in [HR08]. We follow their
strategy of proving automorphy (or synonymously modularity) of reducible, odd representations
ρ̄ : Gal(Q/Q) → GL2(k) by lifting ρ̄ to a geometric p-adic representation which is known to
arise from a newform by results of Skinner–Wiles in [SW99]. Our improvements to [HR08] arise
from extending the technology for lifting mod p Galois representations, developed in our earlier
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paper [FKP19] in the case of irreducible Galois representations, to the case of reducible Galois
representations (see Theorem E).

To expand on our results, we first make the problem more explicit. Let ΓQ = Gal(Q/Q). Given
an odd representation ρ̄ : ΓQ → GL2(k), is there a newform f ∈ S r(Γ1(N)) of some level N ≥ 1 and
weight r ≥ 2, with associated Galois representation ρ f ,ι : ΓQ → GL2(E) (E = E f ,ι the completion
of E f = Q(an( f )), the Hecke field of f , at an embedding ι : E f → Qp, with valuation ring O),
and a lattice in E2 stable under ρ f ,ι(ΓQ) such that the resulting integral model ΓQ → GL2(O) of the
representation ρ f ,ι reduces (via some homomorphism O→ k̄) to ρ̄? We may summarize this by the
following diagram:

GL2(O)

��

ΓQ

ρ f ,ι
;;

ρ̄
// GL2(k̄).

Let us recall some standard facts, due to Ribet and Serre, about lattices in E2 that are stabilized
by ΓQ (see proof of Proposition 7.7 below). The semisimplification of the residual representation
arising from reducing a ρ f ,ι(ΓQ)-stable lattice of E2 is independent of the lattice. When ρ f ,ι is
residually irreducible, then up to scaling by elements of E× there is a unique lattice in E2 that is
stabilized by ΓQ. In the residually reducible case, the lattice stabilized by the irreducible repre-
sentation ρ f ,ι (which always exists) is never unique up to scaling, although there are only finitely
many such stable lattices up to scaling since ρ f ,ι is irreducible. We say that ρ̄ (in the irreducible and
reducible cases) arises from f , or ρ̄ arises from ρ f ,ι, if we have the relationship summarized in the
diagram above. In the case when ρ f ,ι is residually reducible, it gives rise to finitely many residual
representations ρ̄, and there are at least two non-isomorphic ρ̄ that arise from f .

We note in passing that, unlike in the case of Serre’s conjecture for irreducible representations
ρ̄, where he makes precise the minimal weight and level of a newform f that gives rise to ρ̄, in the
case of reducible mod p representations ρ̄ it is not reasonable to ask that we can choose a newform
f giving rise to ρ̄ to be in S r(Γ1(N)), with r, N being the Serre weight k(ρ̄) and Artin conductor
N(ρ̄) of ρ̄. We expand on this further in the introduction below and later in Proposition 7.7.

1.1. Automorphy of reducible mod p Galois representations. We recall the result of Hamblen
and Ramakrishna that proved modularity for many odd reducible ρ̄ : ΓQ → GL2(k). We denote by
κ̄ the mod p cyclotomic character.

Theorem A (Theorem 2 of [HR08]). Let p ≥ 3 be a prime, k a finite field of characteristic p, and
let ρ̄ : ΓQ → GL2(k) be a continuous indecomposable representation of the form

ρ̄ ∼

(
χ̄ ∗

0 1

)
.

Assume that
(1) χ̄(c) = −1, χ̄ , κ̄±1, χ̄2 , 1.
(2) ρ̄|ΓQp

is either ramified or unramified but not of the form

ρ̄|ΓQp
∼

(
1 ∗

0 1

)
.

(3) k is spanned as vector space over Fp by the values of χ̄.
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Then ρ̄ arises from a newform f of some level N and weight r ≥ 2.

The strategy of [HR08] is to lift ρ̄ to a geometric representation ρ : ΓQ → GL2(O) that is
ordinary at p of Hodge–Tate weights (r − 1, 0) for an integer r ≥ 2 and then appeal to results
of Skinner–Wiles [SW99] to show that ρ � ρ f ,ι for a newform f ∈ S r(Γ1(N)). We note that
there are infinitely many odd χ̄ such that χ̄2 = 1. Also, because of an observation of Berger and
Klosin [BK19] (see Lemma 7.6 below), condition (3) in Theorem A is quite restrictive, ruling
out infinitely many non-isomorphic ρ̄ that arise from extensions defined over k, of 1 by a fixed
character χ̄, and that factor through the Galois group Γ of a fixed finite extension of Q, in the case
that dimk̄ H1(Γ, k̄(χ̄)) > 1. This observation also rules out using the lifting method of [KW09a],
which relies on potential automorphy, in the residually reducible case. When this method works
it produces minimal lifts, which by Lemma 7.6 would be too few to account for the plethora of
non-isomorphic ρ̄ parametrized by H1(Γ, k̄(χ̄))/k̄×.

We substantially improve the above result of [HR08] by eliminating conditions (2) and (3) and
shrinking the infinite set of (odd) exceptional χ̄ in condition (1) to a singleton.

Theorem B (See Theorem 7.4). Let p ≥ 3 be a prime, and let ρ̄ : ΓQ → GL2(k) be a continuous
odd representation of the form

ρ̄ ∼

(
χ̄ ∗

0 1

)
.

Assume that χ̄ , κ̄−1. Then ρ̄ arises from a newform f of some level N and weight r ≥ 2.

We expect the condition χ̄ , κ̄−1 (which is implied by the condition that no twist of ρ̄ has
Serre weight p − 1, but is strictly weaker than this condition on Serre weight) to be superfluous,
see Conjecture D, and the fact that we have to exclude this case in our theorem is imposed by the
limitations of our main result, Theorem E below, about lifting Galois representations. We anticipate
that further improvements to the technology of lifting Galois representations of [FKP19] and the
present paper will in the future allow one to remove this condition. In any case, the proof of
Theorem B proceeds by specializing Theorem E to the case G = GL2 to produce an irreducible
geometric lift ρ of ρ̄, and then invoking the results of [SW99] and [Pan19]. Our main undertaking,
then, is a substantial generalization and improvement of the methods of [FKP19].

We explain briefly our improvements in Theorem B to the result of Hamblen and Ramakrishna
(Theorem A). Assumptions (1) and (3) of Theorem A ensure that the adjoint representation ad(ρ̄)
of ΓQ is multiplicity-free as an Fp[ΓQ]-module, and that H1(im(ρ̄), ad(ρ̄)) = 0. Assumption (2)
ensures that the local deformation problem at p is smooth and that the theorem of Skinner–Wiles
applies to the geometric lift of ρ̄ (which is ordinary and distinguished at at p) that Hamblen and
Ramakrishna produce.

The improvements of Theorem B over Theorem A come about because our lifting methods, in
particular the “doubling argument” of §3 and §4, do not need the assumption that the adjoint rep-
resentation ad(ρ̄) is multiplicity free, and the relative deformation theory argument of §5 allows
one to lift ρ̄ even if H1(im(ρ̄), ad(ρ̄)) , 0. Furthermore our methods do not need the assumption
that local deformation rings (at p) are smooth, and the improvements of [Pan19] to [SW99] al-
low one to show that the geometric lift we produce of ρ̄ (which may now be non-distinguished
at p) is modular. Our assumption that χ̄ , κ̄−1 ensures that both H0(Gal(K/Q), ad(ρ̄)∗(1)) and
H1(Gal(K/Q), ad(ρ̄)∗(1)) are 0, with K = F(ρ̄, µp) the minimal Galois extension of F that trivial-
izes both ρ̄ and κ̄, conditions which are currently still needed for our lifting methods.

3



We also prove similar automorphy results over function fields (see Theorem 8.1) for a class of
reducible representations ρ̄ of ΓF , with F a function field of characteristic different from that of k,
valued in GLn(k) (for arbitrary n). The strategy, as before, is to lift ρ̄ to an irreducible representation
ρ : ΓF → GLn(O) ramified at finitely many places of F, and then to invoke the results of [Laf02] to
show that ρ arises from a cuspidal automorphic representation of GLn(AF). While our results are
much more general, they for instance apply to the following cases:

Theorem C (See Corollary 8.3). Fix an integer n, and assume p �n 0. Let F be a global function
field of characteristic ` , p, and let ρ̄ : ΓF → GLn(k) be a continuous representation satisfying the
following:

• ρ̄ factors through a maximal parabolic P(k) ⊂ GLn(k), and the projection ρ̄M : ΓF → M(k)
of ρ̄ to the Levi quotient of P is absolutely M-irreducible.
• Let ρ̄M = ρ̄1 ⊕ ρ̄2, where M � GLn1 × GLn2 , and ρ̄i is the projection to the GLni factor,

ordered such that ρ̄ is an extension of ρ̄2 by ρ̄1. Assume that ρ̄M further satisfies:
– ρ̄1 is not isomorphic to ρ̄2 ⊗ ψ̄ for ψ̄ ∈ {1, κ̄−1}. (In particular, this condition always

holds if n1 , n2.)
– Let χ̄ be the character det(ρ̄1)n2/d · det(ρ̄2)−n1/d, where d = gcd(n1, n2). Then [F(ζp) :

F(ζp) ∩ F(χ̄)] is greater than a constant depending only on n1 and n2.
Then ρ̄ is automorphic.

See also Corollary 8.4 for an automorphy result when ρ̄ is a direct sum of an arbitrary number
of absolutely irreducible representations.

Our results provide evidence for the expectation that for a global field F, Galois representations
ρ̄ : ΓF → G(k), not necessarily irreducible and which are odd (see [FKP19, Definition 1.2])
when F is a number field, arise as reductions of lattices in irreducible geometric representations
ρ : ΓF → G(E) associated to cuspidal automorphic representations on the dual group of G. In
other words the “mod p Langlands” correspondence of [Ser87] between irreducible mod p Galois
representations of ΓQ and mod p newforms should extend in some generality to the reducible case
as well, and Galois representations arising from cuspidal automorphic representations are rich
enough to account for all extensions of automorphic mod p Galois representations. To state a
precise conjecture, and in all our subsequent work, we will have to track the finite ramification sets
of our representations; for a finite set S of primes of F, we let ΓF,S = Gal(FS/F), where FS is the
maximal extension of F inside a separable closure Fsep such that FS is unramified outside S. In the
following, for a reductive group G′ over a global field F, we will let LG be a Langlands L-group
over Z of G′. More precisely, we consider the finite form G∨oGal(F̃/F), where G∨ is the split dual
group over Z, and F̃ is the smallest extension of F such that the homomorphism µG′ of [Bor79,
§1.1] factors through Gal(F̃/F). We conjecture:

Conjecture D. Let F be a global field of characteristic different from p. Let G′ be a quasi-split
group over F, and let G = LG be its Langlands L-group over Z. Let S be a finite set of primes of
F, assumed to contain all primes ramified in F̃/F and, when F is a number field, all primes above
p. Let ρ̄ : ΓF,S → G(k) be a continuous L-homomorphism, in the sense that the diagram

ΓF,S
ρ̄

//

$$

G(k)

zz

Gal(F̃/F)
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commutes. If F is a number field, further assume that it is totally real, and that ρ̄ is odd. Then:
• There is a lift ρ : ΓF → G(O), unramified outside a finite set of primes, of ρ̄ to the ring of

integers O in some finite extension ofQp insideQp, such that the image of ρ is Zariski-dense
in G, and, in the number field case, ρ has regular Hodge–Tate cocharacters.
• There is an L-algebraic cuspidal automorphic representation π of G′(AF) such that one of

the Galois representations ρπ,ι : ΓF → G(Qp) conjecturally associated to (π, ι) (see [BG14,
Conjecture 3.2.2]) is G0(Qp)-conjugate to ρ : ΓF → G(O) ⊂ G(Qp).1

Moreover, if ρ̄|ΓF̃
is absolutely irreducible, ρ and π can be taken to be unramified outside S.

We highlight the following example: if F is a function field, then for any G we expect the
trivial representation to be automorphic. Our methods do not cover this case even for the trivial
representation of ΓF to G = GL2. Note too that Theorems B, C, and E (below) only provide
evidence for this conjecture when p �G 0. In particular, they say nothing about the case p = 2,
in which we note that our definition of oddness, specialized to G = GL2, is not as general as that
of Serre. A more optimistic formulation of Conjecture D to include the case p = 2 would redefine
oddness of ρ̄ to mean: if F is a number field, then it is totally real, and for all v | ∞, with associated
complex conjugation cv, ρ̄(cv) lifts to an order 2 element ηv ∈ G(Zp) that satisfies the characteristic
zero version of the condition of [FKP19, Definition 1.2]: dimQp

(gder
Qp

)ηv=1 = dim FlagG0 .

1.2. Lifting mod p Galois representations. Although the raison d’être for this paper is the
applications in Theorems B and C, along the way we undertake a broad generalization of our
paper [FKP19]. Our earlier paper lifts odd and absolutely irreducible mod p representations
ρ̄ : ΓF → G(k), for F totally real and G any reductive group, using general enhancements of the
ideas of [HR08] along with a novel “relative deformation theory” method (see [FKP19, §6]). The
present paper greatly simplifies and extends the reach of the methods of [FKP19], and we produce
irreducible geometric p-adic lifts of many reducible ρ̄ : ΓF → G(k). Our methods work for any
global field, and the main result of this paper, Theorem 5.2, is a lifting theorem for fairly general—
odd in the case of a number field—mod p Galois representations over global fields. The following
theorem applies to smooth group schemes G/Zp such that G0 is a connected split reductive group,
and π0(G) is finite étale of order prime to p. Let O be the ring of integers in a finite extension E
of Qp with residue field k and uniformizer $. For any group scheme H over O and any complete
local O-algebra O′ with residue field k′, we let Ĥ(O′) equal ker(H(O′)→ H(k′)).

Theorem E (See Theorem 5.2). Let p �G 0, and let ρ̄ : ΓF,S → G(k) be a continuous represen-
tation satisfying Assumptions 3.1, 4.1, and 5.1. Additionally, when F is a number field, assume
that F is totally real, and ρ̄ is odd. Then for some finite set of primes S̃ containing S, and ring of
integers O′ in some finite extension E′/E, there is a geometric lift

ρ : ΓF,̃S → G(O′)

1We say “one of” the conjectural Galois representations because at present one can only formulate a precise state-
ment using local-global compatibility properties. While the G0-conjugacy classes of Frobenius elements at almost all
primes v will not suffice in general to determine the G0-conjugacy class of a completely-reducible ΓF-representation,
they do when G = G0 and the image is Zariski-dense, by [BHKT19, Proposition 6.4]. Finally, note that in the func-
tion field case, this construction of automorphic Galois representations is a theorem of V. Lafforgue for arbitrary split
connected reductive groups G′, proven in [Laf18]. In the number field case, the relevant π is expected to have regular
infinitesimal character, so the Conjecture only concerns the “most accessible” automorphic Galois representations.

5



of ρ̄.
More precisely, we first fix a lift µ : ΓF,S → G/Gder(O) of the multiplier character µ̄ of ρ̄, requiring

µ to be de Rham in the number field case. Assumption 5.1 provides us with local lifts ρv of ρ̄|ΓFv
for

all v ∈ S, moreover assumed de Rham and Hodge-Tate regular for v|p. We then fix an integer t and
for each v ∈ S an irreducible component containing ρv of:

• for v ∈ S \ {v | p}, the generic fiber of the local lifting ring, R�,µ
ρ̄|ΓFv

[1/$] (where R�,µ
ρ̄|ΓFv

pro-represents Liftρ̄|ΓFv
); and

• for v | p, the lifting ring R�,µ,τ,v
ρ̄|ΓFv

[1/$] whose E-points parametrize lifts of ρ̄|ΓFv
with suit-

ably specified inertial type τ and Hodge type v. (See after the Theorem statement for an
explanation.)

Then there exist a finite extension E′ of E (whose ring of integers and residue field we denote by O′

and k′), and depending only on the set {ρv}v∈S; a finite set of places S̃ containing S; and a geometric
lift

G(O′)

��

ΓF,̃S ρ̄
//

ρ
<<

G(k′)

of ρ̄ such that:
• ρ has multiplier µ.
• ρ(ΓF) contains Ĝder(O′).
• For all v ∈ S, ρ|ΓFv

is congruent modulo$t to some Ĝ(O′)-conjugate of ρv, and ρ|ΓFv
belongs

to the specified irreducible component for every v ∈ S.2

The condition at v | p means the following. The given lift ρv : ΓFv → G(O) is de Rham and thus
by [Ber02] becomes semistable when restricted to some finite extension of Fv. One can then by
a construction of Fontaine associate as in [BG19, §2.6] an inertial type τ : IFv → G(E), defined
up to G0(E)-conjugacy, and a p-adic Hodge type v ([BG19, Definition 2.8.2]). The corresponding
lifting ring R�,µ,τ,v

ρ̄|ΓFv
is constructed in [Bal12, Proposition 3.0.12]. In the statement of Theorem E,

we fix some irreducible component of Spec(R�,µ,τ,v
ρ̄|ΓFv

[1/$]) containing the given lift ρv. Note that
unconditional existence of such lifts ρv for all v ∈ S remains an open problem, but one that has
seen dramatic progress (for G0 = GLn) in the recent work of Emerton–Gee ([EG19]); see [FKP19,
Remark 6.16] for further discussion.

1.3. Comparison to [FKP19]. We end this introduction with a more technical section which high-
lights the improvements we make here to the arguments in [FKP19] so that they can be applied to
lifting reducible mod p Galois representations.

The work of [FKP19] has three components:
• Analysis of local deformation rings, both the fine integral structure at the auxiliary “triv-

ial primes” (see Definition 3.2) introduced in the global argument, and qualitative results
on the integral structure at all primes of ramification. The latter is deduced from knowl-
edge about the generic fibers of such local deformation rings (Kisin’s results in [Kis08], as
generalized in [BG19]).

2To be clear, the set S̃ may depend on the integer t, but the extension O′ does not depend on t.
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• A generalization of the “doubling method” of [KLR05], as employed in [HR08], which we
used to produce a mod $N lift of ρ̄ with prescribed local properties at primes of ramifica-
tion.
• The “relative deformation theory” argument that exploits results of Lazard on cohomology

of p-adic Lie groups to surmount the difficulties in annihilating Selmer and dual Selmer
(by the introduction of auxiliary primes of ramification) for ρ̄ with “small” image. Relative
deformation theory instead annihilates the “relative” Selmer and dual Selmer, and shows
that this suffices to produce the geometric p-adic lift in light of the previous step.

The most serious difficulty in the present paper is the generalization of the doubling method, where
we now work with ρ̄ : ΓF → G(k) with quite general image, incorporating both the results of
[FKP19] and many reducible cases: we catalogue our assumptions at various stages of the argu-
ment in Assumptions 3.1, 4.1, and 5.1, and in Appendix A we give group-theoretic criteria that
imply these assumptions. We now sketch the technical obstacles to this generalization.

Let K = F(ρ̄, µp) be the minimal Galois extension of F that trivializes both ρ̄ and κ̄. The core
problem is one of globally interpolating pre-specified collections of local cohomology classes.
These local classes arise from the need to adjust a given mod $2 lift (for some T ⊃ S) ρ′2 : ΓF,T →

G(O/$2) of ρ̄ to have desired local properties (and analogously for constructing mod $n lifts with
controlled local properties). The method first constructs global cohomology classes h(v) for the
adjoint representation ρ̄(gder) that ramify at the auxiliary prime v along a root space associated to
some Čebotarev class of primes from which v was drawn, and that interpolate given local coho-
mology classes at other primes (in T) of ramification. Faced with the difficulty that h(v)|ΓFv

cannot
be sufficiently controlled, the doubling method plays multiple such cocycles against each other,
adjusting ρ′2 to a lift

ρ2 =

1 +$(hold −
∑
n∈N

h(vn) + 2
∑
n∈N

h(v′n))

 ρ′2
for two N-tuples (vn), (v′n) of auxiliary primes, and for hold ∈ H1(ΓF,T, ρ̄(gder)) independent of the
auxiliary tuples, with ρ2 well-controlled both at the original primes in T and at all of the auxiliary
primes vn, v′n. The method’s mechanism requires a full understanding of linear disjointness of the
fixed fields Kh(v) as the primes v vary as well as of the fixed fields Kη(v) of a set (for each v) of aux-
iliary cohomology classes η(v) ∈ H1(ΓF,T∪v, ρ̄(gder)∗)—chosen to map a generator τv of tame inertia
at v to particular basis elements of ρ̄(gder)∗. Use of these classes η(v) allows (very roughly) control
of the values h(v)(σv) via global duality (here and throughout σv denotes a Frobenius element at v).
In [FKP19], technical problems arise from two issues:

• When one decomposes the (semisimple in loc. cit.) adjoint representation ρ̄(gder) = ⊕i∈IW
⊕mi
i

into irreducible (distinct) Fp[ΓF]-modules Wi (and likewise for ρ̄(gder)∗), with endomor-
phism algebras kWi/Fp, one can only at a given prime v achieve control over a batch of
auxiliary cocycles η(v) indexed over i ∈ I and a kWi-basis of Wi; a more naı̈ve approach that
works with, e.g., a collection of η(v) whose values η(v)(τv) range over a k-basis of ρ̄(gder)∗,
will lose the desired linear disjointness once some mi > 1 or some kWi ( k. This forced us to
work with the kWi⊗FpFpmi -linear versions of the global duality pairings in loc. cit.. Note that
in the reducible case, where ρ̄(gder) is typically not semisimple, there is no straightforward
generalization of this procedure.
• The fixed fields Kh(v) as v varies are ramified at v but not necessarily totally ramified at v;

this allows them to interfere both with each other, and, in higher (mod $N) stages of the
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lifting argument, to interfere with the fixed field K(ρ2). These two factors forced us to work
not over K but over an extension K′ (notation as in loc. cit.) that captured all such possible
undesired intersections.

Section 3 of the present paper makes the doubling method more robust and in many ways more
transparent by avoiding these complications. We repeatedly exploit two techniques: all of the
auxiliary cocycles ψ (h(v) or η(v) above) are constructed to have image ψ(ΓK) that is a cyclic Fp[ΓF]-
module, and possible generators include both the value ψ(τv) at the auxiliary prime of ramification
and certain ψ(τb) for primes b that are pre-inserted into the initial ramification set T. Thus, for
instance, we at the outset include a collection of primes b ∈ B indexed over a k-basis of ρ̄(gder)∗,
and we then can construct {η(v)

b }b with {η(v)
b (τv)}b a k-basis and with the Kη(v)

b
linearly disjoint over K

as b varies (η(v)
b (τb′) = 0 for b′ , b). Thus we are even more liberal in the use of auxiliary primes

than in [FKP19], with the benefit of eliminating some of loc. cit.’s technical obstacles.
With this done, we can extend the rest of the method of [FKP19] to deal with the reducible case:

in §4 we use the results of §3 to produce carefully-controlled mod $N lifts of ρ̄, and in §5 we
adapt the “relative deformation theory argument” of [FKP19, §6], proving our main theorem on
“indecomposable” reducible representations in Theorem 5.2.

In §6 we extend the theorem to the decomposable case, and having done that we proceed to the
applications in §7-§9: namely, we treat GL2 over totally real fields in §7, GLn over function fields
in §8, and in §9 we combine our results with those of [BLGGT14] and [ANT20] to lift certain
reducible n-dimensional representations over CM fields to compatible systems. In Appendix A we
work out more explicit group-theoretic criteria that imply the Assumptions 3.1, 4.1, and 5.1 needed
to run the lifting argument. In Appendix B we generalize results of [Ger19] on the generic fibers
of ordinary deformation rings (when G = GLn) to the case of general G, which we apply in §9 to
the case G = GSp2n.

We end the introduction with the following heuristic remark. In both the present paper and
[FKP19], our improvements of the methods of [HR08] ultimately come about by allowing at sev-
eral turns in the argument more primes to ramify than would be allowed in [HR08] (in getting
mod pN liftings using the doubling method of [KLR05], in arguments to kill relative mod p dual
Selmer). Allowing more primes to ramify gives greater degrees of freedom, and we develop argu-
ments to harness this greater freedom to lift reducible mod p Galois representations to geometric,
irreducible p-adic Galois representations.

1.4. A guide to reading this paper alongside [FKP19]. The reader will need a copy of [FKP19]
available while reading this paper. As mentioned earlier in the introduction, there are three basic
parts to the arguments of [FKP19]: analysis of local deformation rings, the doubling method, and
relative deformation theory. We do not repeat from [FKP19] any of the local theory and instead
simply cite the relevant definitions and results from [FKP19, §3-4], which the reader will need to
review. The most significant technical changes in the present paper occur in the doubling method,
which is explained in its basic form in §3. Here we have repeated (with suitable modification) all
of the constructions in detail but do still at some points refer in Propositions 3.6 and 3.8 to the cor-
responding arguments of [FKP19, §5] for some verifications. Nevertheless, this section is mostly
self-contained. Similar remarks apply to the present §4, which uses the (newly improved) dou-
bling method to find mod pN lifts of ρ̄ with desirable local properties. Our treatment of the relative
deformation theory argument in §5 is more abbreviated, since there are fewer technical changes.
We expect the reader to have read [FKP19, §6] in advance, and so we only sketch the proof of
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Theorem 5.2, with references to [FKP19, §6], reducing it to the two statements (the analogues of
[FKP19, Lemma 6.4, Proposition 6.8]) where our present argument must proceed somewhat differ-
ently; Lemma 5.3 and Proposition 5.4 then carry out the new details. The remainder of the paper
(starting with §6) is devoted to applications of our results and does not further rely on [FKP19]
except for some references to group-theoretic results proven in [FKP19, Appendix A].

2. Preliminaries

As in [FKP19], throughout this paper G will denote a smooth group scheme over Zp such that
G0 is a split reductive group, and π0(G) is finite étale of order prime to p. We always assume that
[FKP19, Assumption 2.1] holds, namely that p , 2 is a very good prime for the derived group Gder

of G0 and that the canonical central isogeny Gder × Z0
G0 → G0 has kernel of order prime to p. See

loc. cit. for further discussion of this condition. In particular, any assumption that p is sufficiently
large compared to the root datum of G0, which we write p �G 0, includes this assumption. We let
O be the ring of integers in a finite extension E of Qp, with uniformizer $ and residue field k. Let
F be a global field of characteristic prime to p; that is, F is either a number field, or it is the field
of functions of a smooth geometrically connected curve over some finite field F of characteristic
` > 0. For a homomorphism ρ̄ : ΓF → G(k), we let µ̄ : ΓF → G/Gder(k) denote its image after
quotienting by the derived group Gder of G0. We will always fix a lift µ : ΓF → G/Gder(O) of µ̄,
and in the number field case we will take µ to be de Rham at places above p. Aside from allowing
F to be any global field, the rest of the notation in this paper is the same as in [FKP19] (esp. §1.4)
to which we refer the reader in case clarification is needed.

While our main focus in this paper is on the number field case, our results apply equally well to
global function fields. Since references in the literature are often written only in the number field
case, we collect here the essential arithmetic results on which the methods of [FKP19] and this
paper depend. We begin with the local input. Tate local duality ([NSW00, 7.2.6 Theorem]) holds
equally well for `-adic local fields and for local fields of characteristic ` > 0, requiring in the latter
case that the Galois modules in question have order prime to ` (as will always be the case for us).
The same remark applies to Tate’s local Euler characteristic formula ([NSW00, 7.3.1 Theorem]).
The other local input we will need in the function field case is on the structure of local deformation
rings. Namely, if F is a global function field, and v is a place of F, suppose we are given a
homomorphism ρ̄ : ΓFv → G(k). As in [FKP19, Proposition 4.7], we consider the lifting ring R�,µρ̄
and its generic fiber R�,µρ̄ [1/$], and a choice of irreducible component of the latter gives rise to its
Zariski-closure R in the former. We require that [FKP19, Proposition 4.7] continues to hold for
R, and that R[1/$] has an open dense regular subscheme (allowing us to apply [FKP19, Lemma
4.9]). The input we need beyond the arguments of loc. cit. is that the analysis of generic fibers of
[BG19, Theorem 3.3.3] (or [BP19, Theorem 14]) continues to hold, as does [BG19, Lemma 3.4.1].
The latter is clear since its proof uses no arithmetic. The former follows by precisely the original
arguments of [BG19]: one uses the dictionary between Weil–Deligne representations and (for us)
p-adic Galois representations of ΓFv (Grothendieck’s “`”-adic monodromy theorem), which holds
equally well in the equal characteristic case; then the analysis of loc. cit. proceeds entirely in terms
of Weil–Deligne representations.

We also use finer information about the local conditions at our auxiliary primes of ramification:
this works as in [FKP19, §3], since the Galois group of the maximal tamely ramified with pro-p
ramification index extension of an equicharacteristic local field is isomorphic to the analogous tame
Galois group for a mixed characteristic local field having the same residue field F of characteristic
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prime to p: they are both semi-direct products Zp o Ẑ, where a generator σ ∈ Ẑ acts on τ ∈ Zp by
στσ−1 = τ#F.

Now let F be a global field, let ΓF = Gal(Fsep/F) for a separable closure Fsep of F, let M be a
finite p-primary discrete ΓF-module, where p is a prime not equal to the characteristic of F, and
let S be a finite set of places of F satisfying:

• S contains all places of F at which M is ramified.
• When F is a number field, S contains all places dividing∞ and all places dividing p.

Then in both the number field and function field case, we have access to the following results about
the Galois cohomology of ΓF,S = Gal(FS/F), where FS is the maximal extension of F inside Fsep

unramified outside S:
(1) Poitou–Tate duality: we will apply the Poitou–Tate duality theorem ([NSW00, 8.6.7 Theo-

rem]), the long-exact Poitou–Tate sequence ([NSW00, 8.6.10]), and its variant for Selmer
groups, which is an easy consequence of the proof of [NSW00, 8.7.9 Theorem].

(2) The global Euler-characteristic formula, particularly in its incarnation as the Greenberg–
Wiles formula [NSW00, 8.7.9 Theorem].

(3) The Čebotarev density theorem: the usual statement for number fields carries over to global
functions fields (see [FJ08, §6.4] for a proof).

Finally, we include an elementary lemma of Galois theory that we used implicitly throughout
[FKP19] but felt it would be clearer to make explicit:

Lemma 2.1. Let L/F be any finite Galois extension of fields, and let M/F be an abelian extension.
Then Gal(L/F) acts trivially on Gal(LM/L) via the canonical action.

Proof. Let σ ∈ Gal(L/F), and let h ∈ Gal(LM/L). The action is given by lifting σ to any σ̃ ∈
Gal(LM/F), and then setting σ · h = σ̃hσ̃−1. Since the restriction map Gal(LM/L) → Gal(M/F)
is injective, and the commutator σ̃hσ̃−1h−1 restricts to the identity in the abelian group Gal(M/F),
we must have σ̃hσ̃−1h−1 = 1, i.e. σ · h = h. �

We will frequently use this lemma without further comment.

3. Lifting mod $2

We begin with variants of the arguments of [FKP19, §5]; the reader should begin by review-
ing the conventions established in [FKP19, Notation 5.1], which we adopt here. In particular,
unless otherwise noted, “dimension” refers to Fp-dimension. In the present section, we make the
following assumptions:

Assumption 3.1. Assume p �G 0, and let ρ̄ : ΓF,S → G(k) be a continuous representation unram-
ified outside a finite set of finite places S; we may and do assume that S contains all places above
p if F is a number field. Let F̃ denote the smallest extension of F such that ρ̄(ΓF̃) is contained in
G0(k), and let K = F(ρ̄, µp). Assume that ρ̄ satisfies:

• H1(Gal(K/F), ρ̄(gder)∗)=0.

We fix as always a lift µ : ΓF,S → G/Gder(O) of the multiplier character µ̄ and consider in what
follows only lifts of ρ̄ with multiplier character µ. We set D equal to the greatest integer such that
µpD is contained in K. Throughout the paper we will let K∞ = K(µp∞) denote the p-adic cyclotomic
tower over K.
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Definition 3.2. As in [FKP19, §3], we will say a prime w of F is trivial if ρ̄|ΓFw
= 1 and N(w) ≡ 1

(mod p).

By definition of the integer D, our trivial primes thus satisfy the stronger condition N(w) ≡ 1
(mod pD), but we will specify this condition explicitly in our arguments.

Remark 3.3. We fix once and for all decomposition groups ΓFv ↪→ ΓF at the places in S, and
whenever we introduce auxiliary trivial primes we will specify decomposition groups. See [FKP19,
Notation 5.1] for further remarks on these choices; in particular, they allow us to make sense of
elements φ(σw), φ(τw) where φ ∈ H1(ΓF,S′ , ρ̄(gder)) and w ∈ S′ ⊃ S is a trivial prime (and likewise
for ρ̄(gder)∗-valued cohomology classes).

As in [FKP19, §5], we enlarge the set S to a set T of trivial primes such that X1
T
(ΓF,T, ρ̄(gder)∗) =

0, and hence such that X2
T
(ΓF,T, ρ̄(gder)) = 0. This requires our assumption on the vanishing of

H1(Gal(K/F), ρ̄(gder)∗): any non-zero class ψ ∈ H1(ΓF,S, ρ̄(gder)∗) has non-trivial restriction ψ|ΓK ,
and then we can choose a prime w split in K such that ψ|ΓFw

is non-zero. We note that the primes
w ∈ T \ S thus produced must satisfy N(w) ≡ 1 (mod pD) and must be non-trivial in the extension
Kψ/K cut out by the relevant class ψ. The intersection of Kψ with the p-adic cyclotomic tower K∞
will either equal K or K(µpD+1): it can be no larger since Gal(Kψ/K) is killed by p. In particular,
N(w) is congruent to 1 (mod pD) but may if desired be chosen non-trivial modulo pD+1 (this is
compatible with the non-vanishing condition in Kψ), and we can if desired prescribe N(w) modulo
some higher power of p subject to this constraint modulo pD+1. In what follows, as we add auxiliary
trivial primes we will keep track of how they split in K∞, but we emphasize that we do not have
any particular requirement of the detailed numerics: however they turn out, the later stages of the
lifting argument will be able to accommodate them. We further enlarge T as follows:

Lemma 3.4. (1) There is a finite enlargement by trivial primes of T (which we will continue
to denote by T) with the following property: for all cyclic submodules MZ := Fp[ΓF] · Z ⊂
ρ̄(gder) (for Z ∈ gder), dimFp X

1
T
(ΓF,T,M∗

Z) is minimal among all such enlargements, i.e.
is equal to dimFp X

1
Tmax

(ΓF,T,M∗
Z), where Tmax is the union of S with the set of all trivial

primes of F.
(2) Let T be the enlargement produced in (1). For any trivial prime w < T, let Lw,Z ⊂

H1(ΓFw ,MZ) be the subspace of cocycles φ such that φ(τw) ∈ FpZ. Then there is an ex-
act sequence

0→ H1(ΓF,T,MZ)→ H1
Lw,Z

(ΓF,T∪w,MZ)
evτw
−−−→ FpZ → 0,

where evτw is the evaluation map φ 7→ φ(τw).
(3) There is a further finite enlargement of the T produced in (1) that satisfies the analogous

properties in (1) and (2) with respect to cyclic submodules Mλ = Fp[ΓF] · λ ⊂ ρ̄(gder)∗, for
all λ ∈ ρ̄(gder)∗.

Proof. The first part follows from two observations:
• For fixed Z, X1

T
(ΓF,T,M∗

Z) is finite-dimensional.
• As Z varies in gder, there are only finitely many modules M∗

Z to consider.
For the second part, we apply the Greenberg–Wiles Euler characteristic formula twice and obtain

h1
Lw,Z

(ΓF,T∪w,MZ)−h1(ΓF,T,MZ)−h1
{0}T∪L⊥w,Z

(ΓF,T∪w,M∗
Z)+dimFp X

1
T(ΓF,T,M∗

Z) = dimFp Lw,Z−dimFp Lunr
w .
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By Part (1), the M∗
Z terms cancel, and we conclude

h1
Lw,Z

(ΓF,T∪w,MZ) − h1(ΓF,T,MZ) = 1,

from which the exactness easily follows.
The argument for ρ̄(gder)∗ is the same. �

Remark 3.5. If we knew H1(Gal(K/F),M∗
Z) = 0 for all cyclic quotients M∗

Z of ρ̄(gder)∗, then we
could just annihilate the Tate–Shafarevich groups in the lemma by explicit choice of trivial primes.
The weaker statement of the lemma is all we need. Note that in the lifting application, we make at
the outset an enlargement of the coefficient field to ensure that local lifts at places in S exist, but
then the coefficient field remains fixed throughout the rest of the argument.

We thus enlarge T—not changing the notation—as in the lemma. For later use, we will impose
the following further enlargements of T before proceeding:

• Fix a k-basis {e∗b}b∈B of ρ̄(gder)∗ and, for each b ∈ B, include in T an additional trivial prime
tb.
• Include one more trivial prime t0 in T.

The role of these two enlargements will at this point be unclear: we will use them as technical
devices for ensuring the fixed fields of certain auxiliary cocycles are linearly disjoint. This allows
us ultimately to avoid introducing the field K′ of [FKP19, Definition 5.8]. We then modify [FKP19,
Proposition 5.9, Lemma 5.11] as follows, continuing with the notation of Lemma 3.4:

Proposition 3.6. Let r be the dimension (over Fp) of the cokernel of the restriction map

ΨT : H1(ΓF,T, ρ̄(gder))→
⊕
v∈T

H1(ΓFv , ρ̄(gder)).

Fix an integer c ≥ D + 1 and a Galois extension L/F containing K, unramified outside T, and
linearly disjoint over K from the composite of K∞ and the fixed fields Kψ of any collection of
classes ψ ∈ H1(ΓF,T, ρ̄(gder)∗). There is

• a collection {Yi}
r
i=1 of elements of

⊕
v∈T H1(ΓFv , ρ̄(gder)) with image equal to an Fp-basis of

coker(ΨT); and for each i
• a class qi ∈ ker((Z/pc)× → (Z/pD)×) that is non-trivial modulo pD+1;
• a split maximal torus Ti, a root αi ∈ Φ(G0,Ti), and a root vector Xαi; and, at this point

choosing a tuple gL/K,1, . . . , gL/K,r of elements of Gal(L/K),
• a Čebotarev set Ci of trivial primes v < T and a positive upper-density subset li ⊂ Ci;
• for each v ∈ Ci a choice of decomposition group at v;
• for each v ∈ li a class h(v) ∈ H1(ΓF,T∪v, ρ̄(gder));

such that (the choice of decomposition group being implicit in what follows)
• For all v ∈ Ci, N(v) ≡ qi (mod pc), and the image of σv in Gal(L/K) is gL/K,i.
• For all v ∈ li:

– h(v)|T = Yi.
– h(v)(τv) is a non-zero element of the span FpXαi . Likewise, h(v)(τt0) is a non-zero element

of FpXαi .
– The class h(v) lies in the image of H1(ΓF,T∪v,MXαi

)→ H1(ΓF,T∪v, ρ̄(gder)).

Similarly, for any c ≥ D + 1, L/F as above, and non-zero element Z ∈ gder, there is a class
qZ ∈ ker((Z/pc)× → (Z/pD)×) that is non-trivial modulo pD+1, and, for any choice of gL/K,Z ∈
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Gal(L/K), a Čebotarev set CZ of trivial primes (and choice of decomposition group at each such
prime) containing a positive upper-density subset lZ ⊂ CZ , and for each v ∈ lZ a class h(v) ∈

H1(ΓF,T∪v, ρ̄(gder)) such that

• For all v ∈ CZ , N(v) ≡ qZ (mod pc), and the image of σv in Gal(L/K) is gL/K,Z.
• For all v ∈ lZ:

– The restriction h(v)|T is independent of v ∈ lZ .
– h(v)(τv) spans the line FpZ. Likewise, h(v)(τt0) spans FpZ.
– h(v) is in the image of H1(ΓF,T∪v,MZ)→ H1(ΓF,T∪v, ρ̄(gder)).

Proof. The argument is as in [FKP19, Proposition 5.9, Lemma 5.11], and the reader should be-
gin by reviewing the proof of loc. cit.: we will refer to the argument and notation of those
results, taking care to extract slightly more precise conclusions. The first part of that argument
applies the Čebotarev density theorem r times in extensions of the form LKψi(µpc)/F, for a cer-
tain Fp-basis {ψi}

r
i=1 of H1(ΓF,T, ρ̄(gder)∗). Let us explain the first step, referring to loc. cit. for

the details of the induction. Since X2
T
(ΓF,T, ρ̄(gder)) = 0, the Poitou–Tate sequence yields an iso-

morphism coker(ΨT)
∼
−→

(
H1(ΓF,T, ρ̄(gder)∗)

)∨
. When r = 0 there is nothing to prove in the first

part of the Proposition (the analogue of [FKP19, Proposition 5.9]), so we assume r > 0. Thus
H1(ΓF,T, ρ̄(gder)∗) contains a non-zero class ψ1. The image ψ1(ΓK) is non-zero by Assumption 3.1,
and so there is a split maximal torus T1, a root α1 ∈ Φ(G0,T1), and a root vector Xα1 such that
ψ1(ΓK) is not contained in (FpXα1)

⊥: indeed, under the assumption p �G 0, we can find a root
vector outside of any proper Fp subspace gder. We now apply the Čebotarev density theorem in
the Galois extension LKψ1(µpc)/F. Here there is a slight difference from [FKP19, Proposition
5.9]: whereas in loc. cit. D = 1 and the field Kψ1 is linearly disjoint over K from K∞, here D
is general and it is possible for Kψ1 ∩ K∞ to equal either K or K(µpD+1). When Kψ1 , K(µpD+1),
in our application of the Čebotarev theorem we can proceed as in loc. cit., specifying q1 arbi-
trarily in ker((Z/pc)× → (Z/pD)×), and prescribing the Čebotarev condition on the splitting of
v in Kψ1(µpc)/F such that N(v) ≡ q1 (mod pc) while also ensuring ψ1|ΓFv

, 0. On the other
hand, when Kψ1 = K(µpD+1), our Čebotarev condition in the extension Kψ1(µpc)/F can only arrange
ψ1|ΓFv

, 0 along with N(v) ≡ q1 ∈ ker(Z/pc)× → (Z/pD)×) reducing to some non-trivial class
in (Z/pD+1)×. That said, since L is disjoint over K from Kψ1(µpc) we can now fix one of these
admissible congruence classes q1 ∈ (Z/pc)×, then fix a class gL/K,1 ∈ Gal(L/K), and by Čebotarev
find a positive-density set D1 of trivial (i.e., split in K) primes v along with a choice of decompo-
sition group at v such that σv = gL/K,1, ψ1(σv) is not in (FpXα1)

⊥, and N(v) ≡ q1 (mod pc). For
each v1 ∈ D1, we set Lv1 = {φ ∈ H1(ΓFv1

, ρ̄(gder)) : φ(τv1) ∈ FpXα1}; Lv1 contains the unrami-
fied classes Lun

v1
with codimension 1, and dually L⊥v1

⊂ (Lun
v1

)⊥ has codimension 1. In particular,
the set {ψ ∈ H1(ΓF,T∪v1 , ρ̄(gder)∗) : ψ|ΓFv1

∈ L⊥v1
} is a subspace of H1(ΓF,T, ρ̄(gder)∗), which as in

[FKP19] we denote H1
L⊥v1

(ΓF,T, ρ̄(gder)∗). The Greenberg–Wiles formula implies that the dimension

h1
L⊥v1

(ΓF,T, ρ̄(gder)∗) of this space is r − 1. The inductive argument of loc. cit. now repeats verbatim,
substituting K for every appearance of K′ in loc. cit. and, just as in the selection of q1, noting
the possibly more limited flexibility we have in choosing each qi ∈ (Z/pc)×. We do not repeat the
details but summarize the output: we obtain inductively the following:

• the elements ψ1, . . . , ψr of an Fp-basis of H1(ΓF,T, ρ̄(gder)∗);
• a collection (Ti, αi, Xαi)

r
i=1 of split maximal tori, roots, and root vectors;
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• congruence classes qi ∈ ker((Z/pc)× → (Z/pD)×), non-trivial modulo pD+1, and where
again we can choose any such qi if Kψi , K(µpD+1) but can otherwise only fix qi modulo
reducing to a fixed non-trivial class mod pD+1; and, after the choice of qi specifying the
class gL/K,i, we further obtain
• trivial primes {vi}

r
i=1 with vi in a positive-density Čebotarev set Di depending on v1, v2, . . . , vi−1,3

and decomposition groups at each of these primes.
These Čebotarev sets have the property that for all v ∈ Di, N(v) ≡ qi (mod pc), ψi(σv) < (FpXαi)

⊥,
and σv = gL/K,i. The ψi are inductively obtained by defining Lvi = {φ ∈ H1(ΓFvi

, ρ̄(gder)) :
φ(τvi) ∈ FpXαi}, checking (with the Greenberg–Wiles formula) that H1

L⊥v1 ,...,L
⊥
vi−1

(ΓF,T, ρ̄(gder)∗) =

{ψ ∈ H1(ΓF,T, ρ̄(gder)∗) : ψ|ΓFv j
∈ L⊥v j

, j = 1, . . . , i − 1} has dimension r − i + 1, and, provided
r > i − 1, taking ψi to be a non-zero element of this space. It is shown in loc. cit. that by choosing
any elements Y1, . . . ,Yr ∈

⊕
w∈T H1(ΓFw , ρ̄(gder)) such that Yi is in the image (under restriction) of

H1
Lvi

(ΓF,T∪vi , ρ̄(gder)) but not in im(ΨT), then Y1, . . . ,Yr span coker(ΨT).

The second part of the argument of [FKP19, Proposition 5.9] replaces the Čebotarev sets Di

with easier to handle Čebotarev sets Ci containing vi and shows that for all v ∈ Ci:
• N(v) ≡ qi (mod pc);
• the image of σv in Gal(L/K) is gL/K,i;
• the image of H1

Lv
(ΓF,T∪v, ρ̄(gder))→

⊕
w∈T H1(ΓFw , ρ̄(gder)) equals the image of H1

Lvi
(ΓF,T∪vi , ρ̄(gder))

(here, again, Lv is the classes such that φ(τv) ∈ FpXαi);
• in particular, there is a class h(v) ∈ H1

Lv
(ΓF,T∪v, ρ̄(gder)) such that h(v)|T = Yi and h(v)(τv) ∈

FpXαi \ 0.
To orient the reader, we recall that Ci is a Čebotarev condition in LKψi

∏r−1
k=1 Kωi,k(µpc)/F, where

{ωi,k}
r−1
k=1 is an Fp-basis of H1

L⊥vi
(ΓF,T, ρ̄(gder)∗) (non-emptiness of the condition comes from knowing

it is satisfied by the original vi rather than from having a linear disjointness result for the Kψi and
Kωi,k). We refer the reader to loc. cit. for further details.

It remains for us to produce the positive upper-density subset li ⊂ Ci for which the additional con-
ditions (arising from MXαi

and the value at τt0) on h(v) hold. We then consider for any such v ∈ Ci the
result of applying Lemma 3.4 to the module MXαi

and find that H1
Lv,Xαi

(ΓF,T∪v,MXαi
)/H1(ΓF,T,MXαi

)

is one-dimensional. Let φ(v) be the image under the map

H1(ΓF,T∪v,MXαi
)→ H1(ΓF,T∪v, ρ̄(gder))

of an element spanning the above quotient. We may further assume that φ(v)(τt0) = Xαi . Indeed,
we can first apply the Lemma by adding the prime t0 to T \ t0 to find a class in H1(ΓF,T,MXαi

) that
maps τt0 to Xαi; then we can apply the Lemma to (T \ t0) ∪ v to find a class in H1(ΓF,(T\t0)∪v,MXαi

)
that maps τv to Xαi; and finally we add these classes to obtain the desired φ(v). Note that φ(v) is still
non-zero: if it were a coboundary, then for some m ∈ gder we would have φ(v)(τv) = τv ·m −m = 0,
a contradiction. Rescaling φ(v), we then see that

φ(v)|T − h(v)|T ∈ im(ΨT),

so for every v ∈ Ci, φ(v)|T is not in im(ΨT). Since
⊕

w∈T H1(ΓFw , ρ̄(gder)) is finite, there is a positive
upper-density subset li ⊂ Ci where φ(v)|T is independent of v ∈ li. The first part of the Proposi-
tion follows, where we now use these φ(v) and Yi := φ(v)|T for v ∈ li in place of the classes h(v)

3In [FKP19], Di is denoted Di(vi−1) to indicate this dependence.
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produced above by the argument of [FKP19, Proposition 5.9]. We observe, as recalled above
from loc. cit., that for any v′i ∈ Ci and any elements (Y ′i )

r
i=1 of

⊕
v∈T H1(ΓFv , ρ̄(gder)) chosen

with Y ′i ∈ im(H1
Lv′i

(ΓF,T∪v′i , ρ̄(gder)) →
⊕

v∈T H1(ΓFv , ρ̄(gder)) \ im(ΨT), the image of {Y ′i }
r
i=1 spans

coker(ΨT). Thus by construction our Yi still span coker(ΨT). (In the conclusion of the Proposition,
we have used the notation h(v) for these modified classes φ(v) for ease of comparison with loc. cit.)

The analogue of [FKP19, Lemma 5.11] follows similarly, but one point of that proof was un-
necessarily phrased using the (now discarded) semisimplicity assumption on ρ̄(gder), so we explain
the easy modification. We must show that there is a class ψ ∈ H1(ΓF,T, ρ̄(gder)∗) such that ψ(ΓK)
is not contained in (FpZ)⊥. We now use the fact that we previously enlarged T as in Part (3) of
Lemma 3.4. Fix any vector λ < (FpZ)⊥, and let t be any of the “excessive” primes tb added to T.
Then H1

Lt,λ
(ΓF,(T\t)∪t,Mλ) contains an element ψ such that ψ(τt) = λ. The argument of the previous

paragraph shows that the image of ψ in H1(ΓF,T, ρ̄(gder)∗) is still non-zero, and clearly the image of
the resulting cocycle is not contained in (FpZ)⊥. From here the argument proceeds as in the above
modification to [FKP19, Proposition 5.9]. �

Recall that {e∗b}b∈B is a fixed k-basis of ρ̄(gder)∗. By Lemma 3.4, there is a class

θb ∈ H1(ΓF,T\(t0∪{tb′ }b′∈B\b),Fp[ΓF] · e∗b)

such that θb(τtb) = e∗b (we can apply the Lemma with T \ (t0 ∪ {tb′}b′∈B\b) in place of the Lemma’s
T, and tb in place of v, since the tb′ and t0 were introduced after arranging the hypotheses of the
Lemma). By the same result, for any trivial prime v < T, there is a cocycle

θ(v)
b ∈ H1(ΓF,(T\(t0∪{tb′ }b′∈B)∪v,Fp[ΓF] · e∗b)

such that θ(v)
b (τv) = e∗b. We then set

η(v)
b = θb + θ(v)

b ∈ H1(ΓF,T∪v\(t0∪{tb′ }b′,b ,Fp[ΓF] · e∗b),

so that η(v)
b (τv) = η(v)

b (τtb) = e∗b.

Lemma 3.7. As the trivial prime v and the indices b ∈ B vary, the fixed fields Kη(v)
b

are strongly lin-
early disjoint over K (see [FKP19, Notation 5.1] for the terminology). They are moreover strongly
linearly disjoint from K∞ over K.

Proof. First fix some b0 ∈ B and consider any composite K(v)
,b0

of fields Kη(v)
b

for fixed v but possibly

varying b , b0. Consider the intersection L of K(v)
,b0

with Kη(v)
b0

; we claim that L = K. By induction
we can assume that the fields Kη(v)

b
for b , b0 are strongly linearly disjoint over K, so any non-trivial

intersection L will yield for some b , b0 a non-zero composite map of Fp[ΓF]-modules

Gal(Kη(v)
b
/K)→

∏
b′,b0

Gal(Kη(v)
b′
/K)

∼
←− Gal(K(v)

,b0
/K)� Gal(L/K).

Since the image Fp[ΓF] · e∗b of η(v)
b is spanned by η(v)

b (τtb), the restriction of τtb to L must be non-
trivial if L , K; but L is contained in Kη(v)

b0
, and by construction the latter field is unramified above

tb.
Next we vary v and consider the intersection L of some composite K(v) =

∏
b∈B Kη(v)

b
with some

composite K(,v) of fields K
η(v′)

b
where both v′ , v and b ∈ B are allowed to vary. By the previous
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paragraph the Kη(v)
b

are strongly linearly disjoint over K, so any non-trivial intersection L leads to
some non-trivial composite

Gal(Kη(v)
b
/K)→

∏
b′∈B

Gal(Kη(v)
b′
/K)

∼
←− Gal(K(v)/K)� Gal(L/K).

As τv generates Gal(Kη(v)
b
/K) as Fp[ΓF]-module, we as before deduce that L must be ramified above

v, contradicting the fact that L is a subfield of K(,v).
Thus, all the fields Kη(v)

b
as both v < T and b ∈ B vary are strongly linearly disjoint over K.

Finally, their composite is linearly disjoint from K∞ over K. Else, letting L be the intersection,
there would be some index v, b with a non-zero composite (defined as in the last two paragraphs)
Gal(Kη(v)

b
/K)→ Gal(L/K), implying L would be ramified above v (and tb); but K∞/K is unramified

away from primes above p.
�

We now apply these constructions of auxiliary cocycles to construct modulo $2 lifts of ρ̄ with
prescribed local properties. By the vanishing X2

T
(ΓF,T, ρ̄(gder)) = 0, we produce an initial lift

ρ2 : ΓF,T → G(O/$2) with multiplier µ, and we then fix target local lifts (λw)w∈T (of multiplier µ)
satisfying the conditions in [FKP19, Construction 5.6] (in particular, for w ∈ T\S, λw is unramified,
and, enlarging T if necessary, the collection of λw(σw) generates Ĝder(O/$2)). These differ from
the restrictions ρ2|w by a collection of cocycles zT = (zw)w∈T ∈

⊕
w∈T H1(ΓFw , ρ̄(gder)).

We can now give the “doubling argument” analogous to [FKP19, Proposition 5.12]. In contrast
to loc. cit., we work only with the k-linear duality pairings: thus we write 〈·, ·〉 : gder × (gder)∗ → k
for the canonical k-linear pairing, and for any prime x of F we write 〈·, ·〉x : H1(ΓFx , ρ̄(gder)) ×
H1(ΓFx , ρ̄(gder)∗)→ k for the k-linear Tate local duality pairing. We will use the explicit calculation
in [FKP19, Lemma 3.9] of the local duality pairing at trivial primes.

In Proposition 3.8 and Theorem 4.4 we will use sets of auxiliary primes constructed from Propo-
sition 3.6 (in the present section we in fact only use the case L = K, c = D + 1). The primes v of F
produced by Proposition 3.6 come with a specification of a decomposition group, which yields in
particular a specified place of K (and an extension to L).

Proposition 3.8. There is a finite indexing set N, and there is, for each n ∈ N, a positive upper-
density set ln of trivial primes of F, with the following properties. Fix any 2|N |-tuple (An, A′n)n∈N of
elements of Ĝder(O/$2). Then there is a finite 2|N|-tuple of trivial primes Q = (vn, v′n)n∈N disjoint
from T and having {vn, v′n} ⊂ ln for all n ∈ N, and a class h ∈ H1(ΓF,T∪Q, ρ̄(gder)) such that

• h|T = zT.
• For all n ∈ N there is a pair (Tn, αn) of a split maximal torus Tn of G0 and a root αn ∈

Φ(G0,Tn) such that (1 + $h)ρ2(τvn) = uαn(Xn) for some αn-root vector Xn, and likewise
(1 +$h)ρ2(τv′n) = uαn(Xn); and such that

(1 +$h)ρ2(σvn) = An · zn,

where zn is in ZG0(O/$2) ∩ Ĝ(O/$2) (and is determined by µ(σvn)), and similarly

(1 +$h)ρ2(σv′n) = A′n · z
′
n,

where z′n is also in ZG0(O/$2) ∩ Ĝ(O/$2).
16



Proof. We have fixed a k-basis {e∗b}b∈B of ρ̄(gder)∗ (the k-dual). Fix a finite set Nspan indexing root
vectors {Xαn}n∈Nspan with respect to tori {Tn}n∈Nspan such that

(1)
∑

n∈Nspan

Fp[ΓF]Xαn = gder.

As in the discussion following [FKP19, Lemma 5.11], we observe that such a collection exists,
since for any proper subspace U of gder, there is a root vector not in U: see the start of the proof
of [FKP19, Proposition 5.9], where this is reduced, using p �G 0, to irreducibility of the simple
factors of gder as k[G(k)]-modules. By the second part of Proposition 3.6, there is for each n ∈ Nspan

a positive upper-density set ln of trivial primes, a non-trivial congruence class qn ∈ (Z/pD+1)× that
is trivial modulo pD, and for each v ∈ ln a class h(v) ∈ H1(ΓF,T∪v, ρ̄(gder)) such that h(v)|T = Yn

is independent of v ∈ ln, h(v)(τv) spans FpXαn , h(v)(τt0) spans FpXαn , and h(v) is the image of an
MXαn

= Fp[ΓF] ·Xαn-valued cocycle. Using the first part of Proposition 3.6, we also produce a finite
set {Yn}n∈Ncoker ⊂

⊕
w∈T H1(ΓFw , ρ̄(gder)) that spans coker(ΨT) over Fp, and, for each n ∈ Ncoker, a root

vector Xαn with respect to a maximal torus Tn, a non-trivial congruence class qn ∈ (Z/pD+1)×, trivial
modulo pD, a positive upper-density set ln of trivial primes, with all v ∈ ln satisfying N(v) ≡ qn

(mod pD+1), and for each v ∈ ln a class h(v) ∈ H1(ΓF,T∪v, ρ̄(gder)) such that h(v)|T = Yn, h(v)(τv) and
h(v)(τt0) both span FpXαn , and h(v) is the image of an MXαn

-valued cocycle. As in the discussion
following [FKP19, Lemma 5.11], we obtain a class hold ∈ H1(ΓF,T, ρ̄(gder)) and (perhaps rescaling
some of the h(v)) a subset N ⊂ NspantNcoker, containing Nspan but where possibly some unnecessary
elements of Ncoker have been discarded, with the relation

zT = hold|T +
∑
n∈N

h(vn)|T

for all tuples v = (vn)n∈N ∈
∏

n∈N ln. For the reader’s orientation, we note that as in loc. cit., we
guarantee that N contains Nspan by applying Proposition 3.6 not to zT itself but rather to the class
z′
T

= zT −
∑

n∈Nspan
Yn. We for any pairs v, v′ ∈

∏
n∈N ln consider classes

h = hold −
∑
n∈N

h(vn) + 2
∑
n∈N

h(v′n) ∈ H1(ΓF,T∪{vn}∪{v′n}, ρ̄(gder));

note that these still satisfy h|T = zT and the requisite inertial conditions that for all n ∈ N and
any w ∈ ln, h(τw) spans FpXαn . We must show there is a pair v, v′ such that (1 + $h)ρ2 also has
some pre-specified behavior, corresponding to the tuples (An, A′n)n∈N of the theorem statement, at
the Frobenius elements σw for primes w ∈ {vn} ∪ {v′n}.

For each n ∈ N and vn ∈ Cn (in particular, for vn ∈ ln), we have specified a unique place vn,K

of K above vn. We let ln,K , Cn,K , etc., denote the set of such places; these are still sets of primes
of K of positive (upper) density, since they are all split over F. In the limiting argument that fol-
lows, it is convenient to work with places and densities in K, although for notational simplicity
we will not burden each vn or v with an additional subscript to indicate the place of K. We further
restrict to a positive upper-density subset l ⊂

∏
n∈N ln,K such that the N-tuples (

∑
n∈N h(vn)(σvm))m∈N ,

(hold(σvm))m∈N , (h(vn)(τvn))n∈N , and (ρ2(σvn) mod ZG0)n∈N are all independent of v ∈ l; this is pos-
sible since the quantities in question take only finitely many values. As in [FKP19, Proposition
5.12], this restriction reduces us to showing that for any two fixed N-tuples (Cm)m∈N and (C′m)m∈N ,
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there exist v, v′ ∈ l such that ∑
n∈N

h(v′n)(σvm) = Cm,(2) ∑
n∈N

h(vn)(σv′m) = C′m,(3)

for all m ∈ N. For fixed v and each m ∈ N, the equality
∑

n∈N h(vn)(σw) = C′m of Equation (3) is
easily assured by a Čebotarev condition wm on primes w of K split over F: the fixed fields Kh(v)

are strongly linearly disjoint over K as v varies, as follows from the construction of Proposition
3.6 and the argument of Lemma 3.7, and then the claim follows from Equation (1). Moreover we
remark (by the same ramification argument as before with the fields Kη(v)

b
) that the Kh(v) are also all

disjoint from K∞ over K, so we may assume that all w ∈ wm satisfy N(w) ≡ qm (mod pD+1).4

Still fixing v ∈ l, we will now show that there is a positive-density Čebotarev condition lv on
N-tuples of primes of K (split over F) such that for any v′ ∈ l ∩ lv, Equation (2) holds. By global
duality, we have for each m, n, and b an equality

〈η(vm)
b (τvm), h(v′n)(σvm)〉 = −

∑
x∈T

〈η(vm)
b , h(v′n)〉x − 〈η

(vm)
b (σv′n), h

(v′n)(τv′n)〉.

By definition of l and the fact that the elements {η(vm)
b (τvm)}b∈B constitute a k-basis of ρ̄(gder)∗, it

suffices to show that we can prescribe the values∑
n∈N

〈η(vm)
b (σv′n), Xn〉,

where Xn is the common value (in F×p Xαn) of the h(v′n)(τv′n) (for fixed n but varying v′). The fields
K∞ and Kη(vm)

b
are strongly linearly disjoint over K as m and b vary, so the values η(vm)

b (σv′n) may

be independently (as m and b vary) specified, by a Čebotarev condition on v′n, to be anything in
η(vm)

b (ΓK), and such that N(v′n) ≡ qn (mod pD+1). It follows (as in [FKP19]) from Equation (1) that
this sum of pairings can be made equal to any desired element of k.

We claim that the splitting fields Kh(vn) are strongly linearly disjoint from the Kη(vm)
b

(and as noted

before from K∞) subquotient) over K, so that the Čebotarev condition thus produced intersects the
previously-produced condition

∏
m∈N wm in a positive-density Čebotarev condition. We check this

by imitating our earlier arguments. Namely, consider any composites Kh of fields of the form Kh(v)

and Kη of fields of the form Kη(v)
b

(b can vary, and in both cases v can vary). As the Kh(v) are disjoint
as v varies, if L = Kh ∩ Kη properly contains K, then there is some v0 for which the map

Gal(Kh(v0)/K)→
∏

v

Gal(Kh(v)/K)
∼
←− Gal(Kh/K)� Gal(L/K)

of Fp[ΓF]-modules is non-zero. Since h(v0)(τt0) generates the image of h(v0), t0 must be ramified in
L/K, contradicting the fact that (by construction) none of the Kη(v)

b
is ramified at t0. Having checked

this disjointness, we can define the non-trivial Čebotarev condition lv on N-tuples of places of K
split over F to be the intersection of the above-constructed Čebotarev conditions, so that for all
v ∈ l, and all v′ ∈ l ∩ lv, both Equations (2) and (3) hold. Note that lv is a Čebotarev condition in

4Note the argument here is somewhat different from that of [FKP19], where we have a weaker linear disjointness
statement.
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Lv(µpD+1)/K, where Lv denotes the composite of the various fields Kh(vn) and Kη(vn)
b

arising for the

tuple v. The Čebotarev condition defining CK :=
∏

n Cn,K occurs (see the proof of Proposition 3.6)
for each n in an extension Mn(µpD+1) of K for which all the fields M =

∏
n Mn and Lv as v varies5 are

strongly linearly disjoint over K. Moreover, the restriction of the conditions in any Lv(µpD+1) and
in (Mn(µpD+1))n define the same N-tuple of conditions in K(µpD+1) (namely, cutting out the N-tuple
of congruence classes (qn (mod pD+1))n∈N).

Finally, using the above observations we give the limiting argument, as extended in [FKP19]
from [HR08] and [KLR05], which addresses the possible incompatibility of the conditions l and
lv. Suppose that for each member of a finite set {v1, . . . , vs}, the intersection l ∩ lvk

is empty, so
that l \ {v1, . . . , vs} is contained in l ∩

⋂s
k=1 lvk

, and in particular is contained in CK ∩ ∩
s
k=1lvk

(we
take complements in the set of N-tuples of primes of K that are split over F). We may and do
assume that for all n ∈ N, no two of the tuples (regarded here as multi-sets) v1, . . . , vs have any
primes in common, since for each n the subset of l consisting of elements v′ for which v′n is in some
pre-established finite list has upper-density zero. It follows as in [FKP19, Proposition 5.12], by the
disjointness of the Lvk

and the compatibility of the conditions in Lvk
(µpD+1) with the condition CK ,

that there is some constant ε > 0 (independent of k) such that

δ
(
CK ∩ ∩

s
k=1lvk

)
≤ (1 − ε)s.

Thus we either eventually find some pair v, v′ ∈ l with v′ ∈ lv, or we can let s tend to infinity and
thus contradict the positive upper-density of δ+(l).

�

We will specify the desired values (1 + $h)ρ2(σw) for w ∈ Q in the application in Theorem
4.4; of course, we will do this to ensure that (1 + $h)ρ2|ΓFw

belongs to the local lifting condition
Liftµ,αw

ρ̄|ΓFw
(O/$2) of [FKP19, Definition 3.1, Lemma 3.2], which allows unipotent ramification along

the αw root space.

4. Lifting mod $N

We will in this section impose additional hypotheses on the Galois modules ρ̄(gder) and ρ̄(gder)∗:

Assumption 4.1. In addition to Assumption 3.1, further assume that
• ρ̄(gder) does not contain the trivial representation as a submodule.
• There is no surjection of Fp[ΓF]-modules ρ̄(gder)� W for some Fp[ΓF]-module subquotient

W of ρ̄(gder)∗.

Remark 4.2. Implicit in this second assumption is of course that the mod p cyclotomic character
κ̄ is non-trivial, i.e. F does not contain µp. Note that in the function field case, where the constant
field of F is Fq, this forces q . 1 (mod p).

We note that the second condition in Assumption 4.1 is implied by the following:
• There is no k[ΓF]-module surjection ρ̄(gder)σ � V for some σ ∈ Aut(k) and k[ΓF]-

subquotient V of ρ̄(gder)∗.

5The variation we consider is to allow tuples v′ each of whose entries satisfies v′n < {vm}m∈N ; and given a previously-
constructed list v1, . . . , vs, we allow v′ such that no v′n is among the entries of the previous tuples vk.
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(Indeed, suppose there were then some Fp[ΓF]-quotient ρ̄(gder) � W. It gives rise to a k[ΓF]-
quotient ⊕

σ∈Aut(k)

ρ̄(gder)σ � ρ̄(gder) ⊗Fp k � W ⊗Fp k,

and W⊗Fp k is a k[ΓF]-subquotient of ρ̄(gder)∗⊗Fp k �
⊕

τ∈Aut(k) ρ̄(gder)∗,τ, which would yield a k[ΓF]-
quotient ρ̄(gder)στ

−1
� V for some k[ΓF]-subquotient V of ρ̄(gder)∗.) We will apply this version of

the criterion in Lemma 7.1 below.
We will inductively produce mod $n lifts of ρ̄. For the step in which we pass from a mod

$n−1 lift ρn−1 to a mod $n lift, we will use Proposition 3.6 in the case L = K(ρn−1(gder)) and
c = max{D + 1, d n

e e}. To that end, we will need the following linear disjointness result:

Lemma 4.3. Let ρ̄ satisfy Assumption 4.1, and suppose that we have inductively constructed a lift

ρn−1 : ΓF,Tn−1 → G(O/$n−1)

of ρ̄ for some finite set of primes Tn−1 containing T. Assume moreover that the image im(ρn−1) con-
tains Ĝder(O/$n−1). Then the field L = K(ρn−1(gder)) is linearly disjoint over K from the composite
of K∞ with any composite of fields Kψ, ψ ∈ H1(ΓF,Tn−1 , ρ̄(gder)∗).

Proof. By assumption, Gal(K(ρn−1(gder))/K) is isomorphic to Ĝder(O/$n−1), so any of its abelian
quotients is a quotient of the abelianization Ĝder(O/$2) � ρ̄(gder) of Ĝder(O/$n−1) (see the proof
of [FKP19, Theorem 5.14]). A non-trivial (properly containing K) intersection of L with any
composite of K∞ with a composite of fields Kψ, ψ ∈ H1(ΓF,Tn−1 , ρ̄(gder)∗), thus yields a surjection of
Fp[ΓF]-modules from ρ̄(gder) to some subquotient of ρ̄(gder)∗ or (by Lemma 2.1) Z/p. Assumption
4.1 excludes both of these possibilities. (To exclude the latter, note that ρ̄(gder) has no trivial
quotient, since by assumption H0(ΓF , ρ̄(gder)) = 0, and ρ̄(gder) is self-dual via the Killing form
under our assumption p �G 0, for which see §2 and [FKP19, Assumption 2.1].)

�

We will make reference in the following theorem to the spaces of local lifts described in [FKP19,
§3]; see especially [FKP19, Definitions 3.1, 3.4] for the notation.

Theorem 4.4. Let p �G 0. Assume that ρ̄ : ΓF,S → G(k) satisfies Assumption 3.1 and Assumption
4.1. Fix a lift µ of the multiplier character µ̄ = ρ̄ (mod Gder). Moreover assume that for all v ∈ S
there are lifts ρv : ΓFv → G(O) with multiplier µ. Let T ⊃ S be the set constructed in the discussion
preceding Proposition 3.6.

Then there exists a sequence of finite sets of primes of F, T ⊂ T2 ⊂ T3 ⊂ · · ·Tn ⊂ · · · , and for
each n ≥ 2 a lift ρn : ΓF,Tn → G(O/$n) of ρ̄ with multiplier µ, such that ρn = ρn+1 (mod $n) for all
n. This system of lifts (ρn)n≥1 satisfies the following properties:

(1) If w ∈ Tn \ S is ramified in ρn, then there is a split maximal torus and root (Tw, αw) such
that ρn(σw) ∈ Tw(O/$n), αw(ρn(σw)) ≡ N(w) (mod $n), and ρn|ΓFw

∈ Liftµ,αw
ρ̄ (O/$n); in

addition, one of the following two properties holds:
(a) For some s ≤ eD, ρs(τw) is a non-trivial element of Uαw(O/$s) (in particular, s ≤ n),

and for all n′ ≥ s, ρn′ |ΓFw
is Ĝ(O)-conjugate to the reduction modulo $n′ of a fixed lift

ρw : ΓFw → G(O) of ρs|ΓFw
. We may choose this ρw to be constructed as in [FKP19,

Lemma 3.7] to be a formally smooth point of the generic fiber of the local lifting ring
of ρ̄|ΓFw

.
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(b) For s = eD, ρs|ΓFw
is trivial mod center (in particular, s < n), while αw(ρs+1(σw)) ≡

N(w) . 1 (mod $s+1), and β(ρs+1(σw)) . 1 (mod $s+1) for all roots β ∈ Φ(G0,Tw).
(2) For all v ∈ S, ρn|ΓFv

is strictly equivalent to ρv (mod $n).
(3) The image ρn(ΓF) contains Ĝder(O/$n).

Proof. In light of Lemma 4.3 and Proposition 3.6, the argument of Proposition 3.8 allows us to
argue as in [FKP19, Theorem 5.14]. Since our assumptions differ from those of loc. cit.—and in
fact the technical improvements of §3 allow us to simplify the argument somewhat—we will repeat
the proof. We will inductively lift ρ̄ to a ρn : ΓF,Tn → G(O/$n) satisfying the conclusions of the
theorem, at each stage enlarging the ramification set Tn ⊃ T. Thus suppose for some n ≥ 2 we have
already constructed a lift ρn−1 : ΓF,Tn−1 → G(O/$n−1) as in the theorem. For each w ∈ Tn−1 \ S at
which ρn−1 is ramified, we are given a torus and root (Tw, αw) as in the theorem statement. In what
follows, we will tacitly allow ourselves to change this pair to a Ĝ(O)-conjugate without changing
the notation; see [FKP19, Remark 5.15]. There are no local obstructions to lifting ρn−1, and we fix
local lifts λw : ΓFw → G(O/$n) of ρn−1|ΓFw

as follows:

• If w ∈ S, by assumption ρn−1|ΓFw
is Ĝ(O)-conjugate to the given lift ρw (mod $n−1), so we

can take λw to be Ĝ(O)-conjugate to ρw (mod $n).
• If w ∈ Tn−1 \ S, and ρn−1|ΓFw

is unramified, then let λw be any (multiplier µ) unramified lift.
• If w ∈ Tn−1 \ S, and ρn−1|ΓFw

is ramified, then by the inductive hypothesis we either have:
– As in Case (a) of the Theorem statement, for some s ≤ eD, ρs(τw) ∈ Uαw(O/$s) is

non-trivial, and we are given a lift Ĝ(O)-conjugate to the ρw that was introduced at
the sth stage in the induction (the one in which the prime w was introduced; we will
explain how to choose this ρw below when we carry out the heart of the induction
step). We may and do replace ρw by this suitable Ĝ(O)-conjugate, and we then take
λw = ρw (mod $n).

– As in Case (b) of the Theorem, n − 1 ≥ eD + 1, ρeD|ΓFw
is trivial mod center, and

ρeD+1|ΓFw
is in general position as described in Case (b). Then we take λw to be any

lift still satisfying all the conditions in Case(b) (and the general requirements of Case
(1)). This is easily seen to be possible by arguing as in the proof of [FKP19, Lemma
5.13], again using the p �G 0 assumption.

We also enlarge Tn−1 by a finite set of primes split in K(ρn−1(gder)) and introduce at these w unrami-
fied, multiplier µ, lifts λw such that the elements λw(σw) generate ker(Gder(O/$n)→ Gder(O/$n−1)).
(This is a device for ensuring each lift ρn has maximal image; by [FKP19, Lemma 6.15], this step
only needs to be carried out for finitely many n.) We denote this enlarged set by T′n−1.

Since X1
T
(ΓF,T, ρ̄(gder)∗) = 0, a fortiori we see that X1

T′n−1
(ΓF,T′n−1

, ρ̄(gder)∗) = 0, so by global
duality and the local unobstructedness there is some lift ρ′n : ΓF,T′n−1

→ G(O/$n) of ρn−1. We then as
before define a class zT′n−1

= (zw)w∈T′n−1
∈

⊕
w∈T′n−1

H1(ΓFw , ρ̄(gder)) such that (1 +$n−1zw)ρ′n|ΓFw
= λw

for all w ∈ T′n−1. If zT′n−1
lies in the image of some h ∈ H1(ΓF,T′n−1

, ρ̄(gder)), we replace ρ′n by
(1 + $n−1h)ρ′n = ρn, a lift of ρn−1 such that ρn|ΓFw

is ker(Gder(O/$n) → Gder(O/$n−1)-conjugate to
the fixed λw, and we are done.

If zT′n−1
does not lie in the image of H1(ΓF,T′n−1

, ρ̄(gder)), we apply Proposition 3.6 with T′n−1 in
place of T (in the notation of the Proposition), c = max{D + 1, dn

e e}, and L = K(ρn−1(gder)). Lemma
4.3 shows the linear disjointness hypothesis of the Proposition is satisfied. As in the statement of
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Proposition 3.6, after the classes qi ∈ ker((Z/pc)× → (Z/pD)×) and the tori and roots (Ti, αi) are
produced, we are allowed to choose the elements gL/K,i ∈ Gal(L/K). We do this as follows:

• If n − 1 ≤ eD, take all gL/K,i to be trivial.
• If n − 1 ≥ eD + 1, via the isomorphism Gal(L/K)

∼
−→ Ĝder(O/$n−1) take gL/K,i to be an

element ti ∈ Ti(O/$n−1) satisfying αi(ti) ≡ qi (mod $n−1) that is trivial modulo $eD but in
general position modulo $eD+1: for all β ∈ Φ(G0,Ti), β(ti) . 1 (mod $eD+1) (note that by
construction qi is non-trivial modulo $eD+1, so it is possible to choose such a ti).

Proposition 3.6 then produces Čebotarev sets Ci with positive-density subsets li and classes h(v) for
all v ∈ li; as in Proposition 3.8, we apply this both to produce Ci for i ∈ Ncoker such that for any tuple
(vi)i∈Ncoker , {h

(vi)|T′n−1
)} spans coker(ΨT′n−1

) and to produce Ci for i ∈ Nspan such that for any (vi)i∈Nspan ,
h(vi)(τvi) is a root vector Xαi with

∑
i∈Nspan

Fp[ΓF]Xαi = gder. We set N = Nspan t Ncoker. We likewise
produce η(v)

b for all trivial primes v < T′n−1 and b ∈ B an indexing set for a k-basis of (gder)∗ as in the
discussion around Lemma 3.7. The argument now proceeds as in [FKP19, Theorem 5.14], with
the simplification that the fields L = K(ρn−1(gder)), K(µpc), Kη(v)

b
(as v and b vary), and Kh(v) (as v

varies) are all strongly linearly disjoint over K (L is disjoint from the Kh(v) by the same observation
we have used before, that the latter is totally ramified over K at places above v). We sketch it. For
any pair v, v′ ∈

∏
i∈N ln, we form as in loc. cit. the classes h = hold−

∑
i∈N h(vi) + 2

∑
i∈N h(v′i ). Writing

CK = Ci,K and lK =
∏

i∈N li,K for the corresponding sets of N-tuples of places of K specified
by the fixed decomposition groups, there is a positive upper-density subset l ⊂ lK such that for
(vi)i∈N ∈ l (we in the notation still write vi for the specified place of K above vi), the quantities
(hold(σvi))i∈N , (h(vi)(τvi))i∈N , (

∑
i∈N h(vi)(σv j)) j∈N and (ρ′n(σvi))i∈N are independent of (vi)i∈N ∈ l. With

these values fixed, we choose tuples (Ci)i∈N ∈ (gder)N and (C′i )i∈N ∈ (gder)N such that if v, v′ ∈ l can
be chosen to satisfy the analogues of Equations (2) and (3) in the proof of Proposition 3.8, then
ρn = (1 + $n−1h)ρ′n will, for any i ∈ N, when restricted to each w ∈ {vi, v′i} satisfy (note that in all
cases the construction forces ρn(τw) to be a non-trivial element of Uαi(O/$

n), so we just specify
the image of σw):

• If n ≤ eD, ρn(σw) is trivial modulo center (note that then αi(ρn(σw)) ≡ 1 ≡ qi (mod $n)).
We then fix a lift ρw ∈ Liftµ,αi

ρn |ΓFw
(O) as in [FKP19, Lemma 3.7] (defining a formally smooth

point of the generic fiber of the trivial inertial type lifting ring for ρ̄|ΓFw
and having ρw(σw) ∈

Ti(O)). This ρw feeds into the continuation of the induction as described in the first bulleted
list of the present proof.
• If n = eD+1, then by construction ρn−1(σw) is trivial modulo ZG0 (since gL/K,i is trivial), and

qi is non-trivial modulo $n but trivial modulo $n−1, so we take ρn(σw) to be any element
tn,w of Ti(O/$n) such that tn,w (mod $n−1) is trivial modulo ZG0 , αi(tn,w) ≡ qi (mod $n),
and β(tn,w) . 1 (mod $n) for all β ∈ Φ(G0,Ti). (Existence of such an element when
p �G 0 is shown as in [FKP19, Lemma 5.13].)

• If n > eD+1, then by construction ρn−1(σw) is (modulo ZG0) an element tw,n−1 ∈ Ti(O/$n−1)
that is trivial modulo $eD, in general position modulo $eD+1, and satisfies αi(tw,n−1) ≡ qi

(mod $n−1). We require only that ρn(σw) continue to satisfy these properties modulo $n,
which is easily arranged.

With these desired Ci and C′i specified, the argument now defines a Čebotarev condition lv for any
v ∈ l such that any pair v, v′ ∈ l with v′ ∈ lv successfully arranged Equations (2) and (3). One
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then runs the limiting argument as in the proof of Proposition 3.8, using the above disjointness
observations for the fields L, K(µpc), Kh(vi) , and K

η
(vi)
b

, to show that such v, v′ exist. �

5. Relative deformation theory

In this section we explain how to modify the relative deformation theory argument of [FKP19,
§6] for our reducible setting, and we deduce our main theorem. We will require the following
additional hypotheses:

Assumption 5.1. Let p �G 0. Assume that ρ̄ : ΓF,S → G(k) satisfies Assumptions 3.1 and 4.1. Fix
a lift µ : ΓF,S → G/Gder(O) of µ̄ = ρ̄ (mod Gder), which we assume is geometric if F is a number
field. Additionally assume the following:

• H0(ΓF , ρ̄(gder)∗) = 0.
• For all v ∈ S, there is some lift (which may require an initial enlargement of O) ρv : ΓFv →

G(O), of type µ, of ρ̄|ΓFv
; and if (when F is a number field) v|p, there is such a ρv that is de

Rham and Hodge–Tate regular. We fix throughout the section such a choice of lifts (ρv)v∈S.

Theorem 5.2. Let p �G 0, and let ρ̄ : ΓF,S → G(k) be a continuous representation satisfying
Assumptions 3.1, 4.1, and 5.1. Additionally, when F is a number field, assume that F is totally
real, and ρ̄ is odd. Then for some finite set of primes S̃ containing S, which we may assume disjoint
from a fixed finite set S0 of primes disjoint from S, there is a geometric lift

ρ : ΓF,̃S → G(Zp)

of ρ̄.
More precisely, we fix an integer t and for each v ∈ S an irreducible component containing ρv

of:
• for v ∈ S \ {v | p}, the generic fiber of the local lifting ring, R�,µ

ρ̄|ΓFv
[1/$] (where R�,µ

ρ̄|ΓFv

pro-represents Liftρ̄ |ΓFv
); and

• for v | p, the lifting ring R�,µ,τ,v
ρ̄|ΓFv

[1/$] whose E-points parametrize lifts of ρ̄|ΓFv
with suitably

specified inertial type τ and p-adic Hodge type v. (See the discussion following Theorem
E.)

Then there exist a finite extension E′ of E = Frac(O) (whose ring of integers and residue field we
denote by O′ and k′), which depends only on the set {ρv}v∈S; a finite set of places S̃ containing S;
and a geometric lift

G(O′)

��

ΓF,̃S ρ̄
//

ρ
<<

G(k′)

of ρ̄ such that:
• ρ has multiplier µ.
• ρ(ΓF) contains Ĝder(O′).
• For all v ∈ S, ρ|ΓFv

is congruent modulo$t to some Ĝ(O′)-conjugate of ρv, and ρ|ΓFv
belongs

to the specified irreducible component for every v ∈ S.6

6To be clear, the set S̃ may depend on the integer t, but the extension O′ does not depend on t.
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Proof. As in [FKP19, Claim 6.13], we reduce to the case in which G0 is adjoint, and g = gder is
equal to a single π0(G)-orbit of simple factors; it is easy to see that the representations denoted ρ̄s

in loc. cit. attached to each π0(G)-orbit s still satisfy our assumptions. We thus assume ρ̄ satisfies
Assumption 5.1, and that G0 is adjoint and is a single π0(G)-orbit of simple factors. We have in
the theorem statement fixed an integer t that is our desired precision of approximation of the given
local lifts ρv (v ∈ S) and irreducible components Rv[1/$] containing ρv of the corresponding lifting
rings. Then as in the proof of [FKP19, Theorem 6.11], we apply [BG19, Theorem 3.3.3] (and see
the remarks in §2 on the function field case) and [FKP19, Lemma 4.9] to produce a finite extension
O′ of O (independent of t) and for all v ∈ S lifts ρ′v of ρ̄|ΓFv

that are defined over O′, are congruent
modulo $t to ρv, and correspond to formally smooth points of Rv[1/$]. We replace O by O′ and
the ρv by the ρ′v but retain the notation ρv, O for these replacements.7

Applying [FKP19, Corollary B.2], we let M1 be any integer large enough that the map

H1(Γ, gder ⊗O O/$M)→ H1(Γ, ρ̄(gder) ⊗O k)

is identically zero for any M ≥ M1, where Γ denotes the preimage in Gad(O) of (Ad ◦ρ̄)(ΓF̃) ⊂
Gad(k). We fix an M ≥ max{M1, eD}, which for technical reasons as in [FKP19, §6] we assume to
be divisible by e.

To find S̃ disjoint from a fixed finite set of primes S0, itself disjoint from S, we replace S by
S ∪ S0 and specify unramified local lifts at the places in S0. We thus may and do assume S0 is
empty. Let T ⊃ S be the finite enlargement taken in the statement of Theorem 4.4. We then run the
first eD steps of the inductive argument of Theorem 4.4, producing a lift ρeD : ΓF,TeD → G(O/$eD)
satisfying the conclusions of loc. cit.. In the course of this argument, for any prime w ∈ TeD \ S

at which ρeD is ramified, we have fixed a lift ρw : ΓFw → G(O) as in the theorem. We now for
notational convenience enlarge S to include this finite set of primes. It is still the case that for
all v ∈ S we have the fixed irreducible components Rv[1/$] with their formally smooth E-points
corresponding to the lifts ρv. We apply [FKP19, Proposition 4.7] with r0 = M to each (Rv[1/$], ρv)
for v ∈ S and let N0 be the maximum of all the integers n0 = n0(v) produced by that result. We
fix an integer N, which we may assume divisible by e, as in Equation (12) of [FKP19, Theorem
6.11]—in brief, large enough relative to t, M, the singularities of the lifting rings Rv, and such that
if a mod $N lift has maximal image, so does any further lift. Finally, we continue the induction of
Theorem 4.4, lifting ρeD to a ρN : ΓF,TN → G(O/$N) satisfying that theorem’s conclusions.

We note that we have the Selmer conditions Lr,v for v ∈ TN and 1 ≤ r ≤ M needed in the proof
of [FKP19, Theorem 6.11]: for v ∈ S, [FKP19, Proposition 4.7] provides these, for v ∈ TN \ S at
which ρN is unramified we can take the unramified classes, and for v ∈ TN \S at which ρN ramifies,
we can apply [FKP19, Lemma 3.5] with s = eD: indeed, since we have absorbed the earlier set TeD

into S, any v ∈ TN \ S at which ρN ramifies has the property that ρN |ΓFv
is unramified modulo $eD,

so falls under Case 1b of Theorem 4.4. We can then define the associated relative Selmer group
H1

LM
(ΓF,TN , ρM(gder)) and relative dual Selmer group H1

L⊥M
(ΓF,TN , ρM(gder)∗) (see [FKP19, Definition

6.2]). To simplify the notation and for consistency with the notation of [FKP19, Theorem 6.11]
we now write S′ for the set TN . The proof of the theorem finishes as in [FKP19, Theorem 6.11]
(see especially the proof of Claim 6.14 of loc. cit.), provided we can generalize the argument
that adds auxiliary trivial primes, drawn from the set QN of [FKP19, Definition 6.6], to annihilate

7Note that this is our only enlargement of O; it depends only on the local data at primes in S and occurs before
we apply any of our global lifting results. In particular, in all applications of the arguments of §3, the residue field k
remains fixed once and for all.
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the relative Selmer and dual Selmer groups. An inspection of [FKP19, §6] shows that the crucial
[FKP19, Theorem 6.9] follows formally once we have established the analogue of Proposition 6.8,
which in turn relies on Lemma 6.4, of loc. cit.; in the function field case, not discussed explicitly in
loc. cit., we simply note that the Selmer conditions LM of Proposition 6.8 satisfy the (“balanced”)
numerics of [FKP19, Proposition 4.7(3)], so the Greenberg–Wiles formula implies that Selmer and
dual Selmer groups are “balanced” in the sense that

|H1
LM

(ΓF,TN , ρM(gder))| = |H1
L⊥M

(ΓF,TN , ρM(gder)∗)|.

(Note that [FKP19, Lemma 6.3] then shows that the relative Selmer and dual Selmer groups are
balanced.) We fill in the arguments generalizing Lemma 6.4 and Proposition 6.8 of loc. cit. in
Lemma 5.3 and Proposition 5.4 below; together these complete the proof of Theorem 5.2. �

We continue with the integers M and N produced in the first steps of the proof of Theorem 5.2.
For any integer 1 ≤ r ≤ N, let Fr be the fixed field F(ρ̄, ρr(gder)). Set F∗M = FM(µpM/e), and set
F∗N = FN(µpN/e) (we follow the notation of [FKP19, §6]).

Lemma 5.3. With notation as above, we have:
• The map H1(Gal(F∗N/F), ρM(gder))→ H1(Gal(F∗N/F), ρ̄(gder)) is zero.
• H1(Gal(F∗N/F), ρM(gder)∗) = 0.

Proof. Gal(FN/F) acts trivially on the maximal p-power quotient of Gal(F∗N/FN), by Lemma 2.1.
The argument of [FKP19, Lemma 6.4], which depends on the way we have arranged M as at the
start of Theorem 5.2, now applies to show the first vanishing claim. Indeed, by the remark in the
first sentence of the proof, H1(Gal(F∗N/FN), ρM(gder))Gal(FN/F) = 0 since ρM(gder)ΓF = 0, and so by
inflation-restriction we are reduced to the (already arranged) vanishing of the reduction map

H1(Gal(FN/F), ρM(gder))→ H1(Gal(FN/F), ρ̄(gder)).

The second assertion of the Lemma reduces as in [FKP19, Lemma 6.4] to showing that

HomGal(K/F)(Gal(F∗N/K), ρ̄(gder)∗) = 0.

By Lemma 4.3, we reduce to showing that HomFp[ΓF ](ρ̄(gder) ⊕ Z/p, ρ̄(gder)∗) = 0. By Assumption
5.1, ρ̄(gder)∗ contains no copy of the trivial Fp[ΓF]-module, and by (a weakening of) Assumption
4.1, HomΓF (ρ̄(gder), ρ̄(gder)∗) = 0. �

We define the Čebotarev set QN of auxiliary primes as in [FKP19, Definition 6.6], and for v ∈ QN

(which comes with a maximal torus T and root α ∈ Φ(G0,T )) we define the spaces of cocycles Lαr,v
for 1 ≤ r ≤ M as in [FKP19, Lemma 6.7].

Proposition 5.4. Assume that gder consists of a single π0(G)-orbit of simple factors. Let Q be any
finite subset of QN , and let φ ∈ H1

LM
(ΓF,S′∪Q, ρM(gder)) and ψ ∈ H1

L⊥M
(ΓF,S′∪Q, ρM(gder)∗) be such that

0 , φ ∈ H1
LM

(ΓF,S′∪Q, ρM(gder)) and 0 , ψ ∈ H1
L⊥M

(ΓF,S′∪Q, ρM(gder)∗).8 Then there exists a prime
v ∈ QN , with associated torus and root (T, α), such that

• ψ|ΓFv
< Lα,⊥1,v ; and

• φ|ΓFv
< LαM,v.

8These are the relative Selmer and dual Selmer groups of [FKP19, Definition 6.2].
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Proof. By Lemma 5.3, we see as in [FKP19, Proposition 6.8] that φ|ΓF∗N
and ψ̄|ΓF∗N

are non-zero. Fix
a γ2 ∈ ΓF∗N such that φ(γ2) and ψ̄(γ2) are both non-zero (note that this requires no linear disjointness
over F∗N of F∗N(φ) and F∗N(ψ̄)—it only needs that these extensions are non-trivial). In the proof in
loc. cit., we replace Yψ̄ by

Yψ̄(γ2) = {g ∈ G : 〈ψ̄(γ2), gαg〉 = 0},
a proper closed subscheme of Gk, and we similarly replace Uψ̄ by Uψ̄(γ2) = G \ Yψ̄(γ2) and Uψ̄,M

by Uψ̄(γ2),M, the set of elements g ∈ G(O/$M) that reduce modulo $ to Uψ̄(γ2)(k). The purely
Lie-theoretic part of the argument of loc. cit. then as before yields (for p �G 0) a pair (T, α)
consisting of a split maximal torus T and a root α ∈ Φ(G0,T ) such that φ(γ2) is not contained
in ker(α|Lie(T )) ⊕

⊕
β
gβ, and such that ψ̄(γ2) is not contained in the annihilator of gα under local

duality.
Now as in loc. cit., we choose an element γ1 ∈ ΓK such that ρN(γ1) is an element of T (O/$N)

satisfying
• the image of ρM(γ1) in T (O/$M) is trivial mod center (in fact, the reduction at the start of

Theorem 5.2 ensures ZG0 is trivial);
• κ(γ1) ≡ 1 (mod $M) but κ(γ1) . 1 (mod $M+1);
• for all roots β ∈ Φ(G0,T ), β(ρM+1(γ1) . 1 (mod $M+1);
• α(ρN(γ1)) = κ(γ1).

Such a γ1 exists because ρN(ΓF) contains Ĝder(O/$N), and FN(µpM/e) is linearly disjoint from
FM(µpN/e) over FM(µpM/e): thus we can take γ1 trivial on FM(µpM/e) but with ρN(γ1) any element that
is trivial mod $M, and κ(γ1) any element of ker((Z/pN/e)× → (Z/pM/e)×). Noting that M ≥ eD, the
linear disjointness follows as in Lemma 4.3, which shows that K(ρN(gder)) is disjoint from K∞ over
K. The properties desired of γ1 are moreover determined by its restriction to F∗N .

We now consider expressions φ(γr
2γ1) = rφ(γ2) + φ(γ1) and ψ̄(γr

2γ1) = rψ̄(γ2) + ψ̄(γ1) for r ∈
{0, 1, 2}. By the construction of γ2, we see that for some r, φ(γr

2γ1) and ψ̄(γr
2γ1) do not belong,

respectively, to ker(α|t) ⊕
⊕

β
gβ and g⊥α .9 We conclude by defining the desired Čebotarev class of

primes of F to be those v such that σv lies in the conjugacy class of γr
2γ1 ∈ Gal(F∗N(φ, ψ̄)/F). �

In §7, we will use the following refinement:

Corollary 5.5. When gder = sl2, the requisite bound on p in Theorem 5.2 is simply p ≥ 3.

Proof. We check the various points in the argument where the assumption p �G 0 enters, making
it explicit for gder = sl2. Following [FKP19, Remark 6.17], we observe the following:

• The proof of Proposition 3.6 (building on [FKP19, Proposition 5.9, Lemma 5.11]) requires
us to check that the k-span of all root vectors in gder is equal to all of gder. This is satisfied
for all p ≥ 3.
• The selection of suitably “general position” lifts at trivial primes needed in Theorem 4.4

comes from [FKP19, Lemma 5.13]: it needs only a mod $ element of the Lie algebra t of
a maximal torus in Gder on which the (positive) root is non-zero, i.e. it needs only p , 2.
• To produce the pair (T, α) in Proposition 5.4 requires, in light of the proof of [FKP19,

Proposition 6.8], to show that for p �G 0, and any non-zero pair of elements (A, B) ∈ gder×

9If the desired condition fails for both φ(γ1) and ψ̄(γ1), we take r = 1 and are done. If it succeeds for both, we take
r = 0. If it fails for one (say φ) but not the other, we first take r = 1; we win for φ then but we might have created a
problem for ψ̄; but then if we take r = 2 instead we’ll win for both.
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(gder)∗, there is an element g ∈ G(k) such that Ad(g)A < ker(α|t)⊕
⊕

β
gβ and Ad(g)B < g⊥α .

(Here (T, α) is a fixed initial choice of maximal torus and root, which the argument then
modifies by conjugating by such a g.) We may assume T is the diagonal maximal torus,
α the positive root for the upper-triangular Borel, and, after identifying gder ∼ (gder)∗ via
the standard trace form (a perfect duality for p ≥ 3), we must simultaneously arrange that

Ad(g)(A) <
(
0 ∗

∗ 0

)
, and Ad(g)(B) <

(
∗ ∗

0 ∗

)
. If these conditions hold with g = 1, we are

done; otherwise, there are three cases, depending on whether both conditions fail, or one
of the two conditions fails. It is straightforward in each case to check that for p ≥ 3 we
can simultaneously conjugate these matrices by an element of SL2(Fp) to arrange that A
has non-zero diagonal component, and B has non-zero g−α-component.

The other uses of p �G 0 in the main theorem of [FKP19] were all to arrange that an irreducibility
assumption on ρ̄ implied the more technical hypotheses of the lifting method; we have instead
checked these hypotheses directly, in Lemma 7.1. �

When F is a number field, but ρ̄ is not necessarily totally odd, we can by the same methods
prove a theorem producing not necessarily geometric, but finitely ramified, lifts:

Theorem 5.6. Let ρ̄ : ΓF,S → G(k) satisfy all of these hypotheses of Theorem 5.2 except:
• F is now any number field, and in particular we do not assume ρ̄ is totally odd.
• For v|p, we assume that ρ̄|ΓFv

has a lift ρv : ΓFv → G(O) of multiplier µ such that ρv cor-
responds to a formally smooth point on an irreducible component of the generic fiber
R�,µ
ρ̄|ΓFv

[1/$] that has dimension (1 + [Fv : Qp]) dim(Gder).

Then for some finite set of primes S̃ ⊃ S and finite extension O′ of O, ρ̄ admits a lift ρ : ΓF,̃S → G(O′)

with image containing Ĝder(O′), and ρ may be arranged such that for all v ∈ S, ρ|ΓFv
is congruent

modulo $t to some Ĝ(O′)-conjugate of ρv.

Proof. The technique of Theorem 5.2 still applies; see [FKP19, Theorem 6.21] for how to carry
out this minor variant. �

6. Deducing the residually split case

Throughout this section we assume that G is connected.
We will show how to construct irreducible lifts of certain representations ρ̄ : ΓF,S → G(k) which

do not satisfy the assumption that H0(ΓF,S, ρ̄(gder)) = 0 (which is needed for Theorem 5.2). Our
main interest is when ρ̄ is G-completely reducible (G-cr) but not G-irreducible, in which case the
vanishing never holds, but the method can be applied more generally. The main idea is that if
ρ̄(ΓF,S) is contained in M(k), where M is a Levi subgroup of a parabolic subgroup P of G, then we
can often find a finite set T of trivial primes and a representation ρ̄′ : ΓF,S∪T → G(k) with image
contained in P(k), such that the projection of ρ̄′ to M(k) is ρ̄ and H0(ΓF,S∪T, ρ̄

′(gder)) = 0. The
following lemma shows that if we can lift ρ̄′, then we can also lift ρ̄.

Lemma 6.1. Let ρ : Γ → G(O) be a continuous representation of a profinite group Γ. For any
parabolic subgroup P such that ρ̄(Γ) is contained in P(k), we fix a maximal torus and Borel sub-
group T ⊂ B ⊂ P; these determine a Levi subgroup M of P and a projection P → M. Then
there is a finite totally ramified extension K′/K with ring of integers O′/O and a g ∈ G(K′) such
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that gρg−1 : Γ → G(O′) and gρg−1 factors through M(k) and is equal to the projection of ρ̄ to
M(k). In particular, if P is minimal with respect to the property that ρ̄(Γ) is contained in P(k),
then gρg−1 belongs to the unique G(k)-conjugacy class of homomorphisms Γ→ G(k) representing
“the” semisimplification of ρ̄.

Proof. Let P be a parabolic subgroup of G containing a Borel B and maximal torus T such that ρ̄
factors through P(k). The parabolic P is associated to a subset Θ of the set of B-simple roots ∆, or
to a cocharacter η of the adjoint torus: we can alternatively describe the root spaces appearing in
P as either the positive roots union the root system generated by Θ, or those α such that 〈η, α〉 ≥ 0
(the relation between the descriptions being that for simple roots α, 〈η, α〉 is 0 or 1 according to
whether α belongs to Θ or ∆ \Θ). The associated Levi subgroup M of P is the subgroup generated
by T and the root subgroups uα for α belonging to the root system generated by Θ. The projection
P → M is determined by noting that the composite M ⊂ P → P/U (where U is the unipotent
radical of P) is an isomorphism, so composing with its inverse we obtain P→ P/U → M.

The lift ρ factors through the parahoric subgroup P ⊂ G(O) equal to the preimage of P(k) in
G(O); alternatively, P is the stabilizer of the barycenter x of the facet {α = 0 : α ∈ Θ} in the
apartment X•(T ) ⊗Z R. (This point x equals η

d for some positive integer d, and is specified by the
conditions α(x) = 0 for α ∈ Θ, and ψ(x) = 1

d for the other simple affine roots ψ). It is generated by
T (O) and the root subgroups uα($nO) for all affine roots α + n such that α(x) + n ≥ 0. Explicitly,
it is generated by T (O) and:

• uα(O) for all roots α such that 〈η, α〉 ≥ 0; and
• uα($O) for all α such that 〈η, α〉 < 0.

Let O′/O be the ring of integers in a finite totally ramified extension K′/K with ramification index
e, and with uniformizer $′ ∈ O′. We conjugate ρ by g = η($′) ∈ G(K′), and find that gρg−1 is
contained in the subgroup gPg−1 of G(K′) generated by T (O) and

• uα($′〈η,α〉O′) if 〈η, α〉 ≥ 0; and
• uα($′〈η,α〉+eO′) if 〈η, α〉 < 0.

Choosing e large enough that 〈η, α〉 + e is positive for all α such that 〈η, α〉 < 0, we find that gρg−1

takes values in G(O′) ⊂ G(K′), and when reduced modulo $′ takes values in the Levi subgroup
M(k) ⊂ P(k) having root basis Θ. More precisely, for all γ ∈ Γ, gρ(γ)g−1 is equal to the projection
of ρ(γ) to M(k): this is clear from the above bulleted formulae and the fact that 〈η, β〉 = 0 for all β
in the root system of M.

By definition, a semisimplification of ρ̄ is its projection to a Levi factor of a minimal parabolic
subgroup containing ρ̄(Γ); as it is unique up to G(k)-conjugacy ([Ser05, Proposition 3.3]), the last
claim of the lemma is clear. �

Lemma 6.2. Let W , 0 be an Fp[ΓF,S]-module that is finite dimensional over Fp and let W ′ be any
other finite dimensional Fp[ΓF,S]-module. Let W0 be any nonzero Fp-subspace of W. Then given
any positive integer n, there is finite set T of W ′-trivial primes of F, i.e., places v of F such that
N(v) ≡ 1 (mod p) and W ′ is a trivial Fp[ΓFv]-module, satisfying

dimFp(H
1
L(ΓF,S∪T,W)) > n.

Here L is the Selmer condition given by Lv = {0} for v ∈ S, and Lv is the subspace of H1(ΓFv ,W) =

Hom(ΓFv ,W) consisting of all homomorphisms such that the image of the inertia subgroup Iv is
contained in W0 for v ∈ T.
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Proof. The condition for being a trivial prime is a splitting condition, so it is a nonempty Cheb-
otarev condition. Once we know such primes exist, the statement follows from the Greenberg–
Wiles formula, and the proof is very similar to Lemma 3.4: the key point is that for a trivial prime
v, dimFp(Lv) > dimFp H1

unr(ΓFv ,W). �

Lemma 6.3. Let G be connected reductive group, P a proper parabolic subgroup of G and M a
Levi subgroup of P containing a maximal torus T . Let ρ̄ : ΓF,S → G(k) be a continuous repre-
sentation with image contained in M(k). Let A ⊂ P be an abelian unipotent subgroup which is
normalised by M and is a product of root subgroups, and let P′ = A o M ⊂ P. Then there exists a
finite set T of ρ̄-trivial primes of F and a continuous homomorphism ρ̄′ : ΓF,S∪T → G(k) with image
contained in P′(k) such that:

• the image of ρ̄′ contains A(k);
• the projection of ρ̄′ to M(k) is isomorphic to ρ̄;
• ρ̄′|ΓFv

' ρ̄|ΓFv
for all v ∈ S;

• ρ̄′(ΓFv) ⊂ A(k) and ρ̄′(Iv) ⊂ uα(k) for all v ∈ T, for some root subgroup uα : Ga → A
(depending on v).

Proof. Consider the (split) exact sequence of groups

1→ A(k)→ P′(k)→ M(k)→ 1.

Let Γ be any profinite group and h : Γ → M(k) a continuous homomorphism. Since the sequence
splits, h lifts to a homomorphism h1 : Γ→ P′(k). If h2 is any other lift of h then one easily sees that
the map c : Γ → A(k) defined by γ 7→ h1(γ) · h2(γ−1) is a 1-cocyle, where the Γ-module structure
of A(k) is induced by conjugation via h. Conversely, if the lift h1 is fixed and c is a 1-cocycle then
the map h2 : Γ → P′(k) defined by h2(γ) = h1(γ)c(γ−1) is another lift of h. Moreover, the cocycle
c is a boundary iff h2 is conjugate to h1 by an element of A(k).

Let h : ΓF,S → M(k) be given by composing ρ̄ with the projection to M(k), so A(k) becomes an
Fp[ΓF,S]-module by conjugation. Let uα : Ga → A be any root subgroup. By applying Lemma 6.2
with W = A(k), W0 a one-dimensional Fp-subspace Vi of uα(k), and W ′ the ΓF,S-module obtained
by composing ρ̄ with any finite dimensional faithful representation of G(k) over k, we get a finite
set of ρ̄-trivial primes Ti and a 1-cocyle ci giving a class in H1

L
(ΓF,S∪Ti ,W)) which is ramified at

some prime in Ti, and with the image of Ivi contained in Vi for all vi ∈ Ti. Let c =
∑

i ci, where
i runs over all possible subspaces Vi of uα (for all α) and set T = ∪iTi; we may and do assume
that all the Ti and S are mutually disjoint. The discussion of the previous paragraph then shows
that by modifying ρ̄ by c we obtain a representation ρ̄′ : ΓF,S∪T → P′(k) satisfying all the bulleted
properties: the first holds because A is generated by root subgroups, the second is clear, the third
holds because the Selmer condition in Lemma 6.2 at places in S is trivial, and the last holds because
of the choice of W0. �

In our application, we will apply the following lemma to the primes in the set T produced in
Lemma 6.3.

Lemma 6.4. Let G be a connected reductive group, T a maximal torus of G, A a commutative
unipotent subgroup of G and uα : Ga → A a root subgroup. Let Fv be a local field with N(v) ≡ 1
mod p and ρ̄ : ΓFv → G(k) a continuous representation such that ρ̄(ΓFv) ⊂ A(k) and ρ̄(Iv) ⊂ uα(k).
If p , 2 then ρ̄ lifts to a representation ρ : ΓFv → G(O).

Proof. Since A(k) is a p-group, the representation ρ̄ is tamely ramified. Let σ in ΓFv be a lift of
Frobenius and τ ∈ ΓFv a lift of a generator of tame inertia. Choose any lift u1 ∈ A(O) of ρ̄(σ) and
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any lift u2 ∈ uα(O) of ρ̄(τ); since A is commutative, u1 and u2 commute. Let x ∈ O be the square
root of N(v) which is congruent to 1 modulo p and let t := α∨(x) ∈ T . Define ρ : ΓFv → G(O) by
ρ(σ) = tu1 and ρ(τ) = u2. By the choices of u1, u2 and t, it follows that ρ(σ)ρ(τ)ρ(σ)−1 = ρ(τ)N(v),
so (by the structure of tame inertia) ρ, defined on generators above, does indeed give rise to a
continuous homomorphism ρ : ΓFv → G(O). Finally, since x reduces to 1 modulo p it follows
from the choice of u1 and u2 that ρ is indeed a lift of ρ̄.

�

Lemma 6.5. Let G be a connected reductive group, P a parabolic subgroup of G and M a Levi
subgroup of P and assume p �G 0. Let ρ̄ : ΓF,S → G(k) be a continuous representation with
ρ̄(ΓF,S) ⊂ M(k) satisfying the local parts of Assumption 5.1 and with H0(ΓF,S, ρ̄(gder)) = z(M) ∩
gder, where z(M) is the Lie algebra of the centre of M. Then there exist a finite set of ρ̄-trivial
primes T and a continuous representation ρ̄′ : ΓF,S∪T → G(k) such that ρ̄′(ΓF,S∪T) ⊂ P(k), the
projection of ρ̄′ to M(k) is isomorphic to ρ̄, ρ̄′ satisfies the local hypotheses of Assumption 5.1, and
H0(ΓF,S∪T, ρ̄

′(gder)) = 0.

Proof. We apply Lemma A.7 (to Gder) to get an abelian subgroup A of U (the unipotent radical
of P) which is a product of root subgroups, is normalised by M, and such that z(M) ∩ gder acts
faithfully on a. By applying Lemma 6.3 with this A we get ρ̄′ which satisfies all the required
properties except that we still need to show that H0(ΓF,S∪T, ρ̄

′(gder)) = 0.
Since ρ̄′ projects to ρ̄, and ρ̄(ΓF,S) ⊂ M(k), the assumption on ρ̄ implies that H0(ΓF,S∪T, ρ̄

′(gder)) ⊂
z(M)∩gder. An element a ∈ a satisfies [a, g] = 0 for g ∈ gder iff exp(a) (see Lemma A.1) acts trivially
on g; here we use that p �G 0. From Lemma A.7 we have that z(M) ∩ gder acts faithfully on a,
i.e., for any 0 , z ∈ z(M) ∩ gder there exists a ∈ a such that [z, a] , 0. Since A(k) ⊂ ρ̄′(ΓF,S∪T) (by
Lemma 6.3) we conclude that H0(ΓF,S∪T, ρ̄

′(gder)) = 0. �

Corollary 6.6. Let G be a connected reductive group, P a parabolic subgroup of G and M a Levi
subgroup of P. Let ρ̄ : ΓF,S → G(k) be a continuous representation with image contained in M(k).
Assume that p �G 0, ρ̄ satisfies the local parts of Assumption 5.1, H0(ΓF,S, ρ̄(gder)) = z(M) ∩ gder,
H0(ΓF,S, ρ̄(gder)∗) = 0, and either the pth roots of unity are not contained in F(ρ̄(gder)) or (restricting
to P a maximal parabolic) ρ̄ satisfies condition (2) of Lemma A.14. Choose µ as in Assumption
5.1. Then there exist a finite extension E′ of E (whose ring of integers and residue field we denote
by O′ and k′), an enlargement S̃ of S (by adding trivial primes) and a geometric lift

G(O′)

��

ΓF,̃S ρ̄
//

ρ
<<

G(k′)

of ρ̄ such that:
• ρ has multiplier µ.
• ρ(ΓF) ∩Gder(O′) is Zariski-dense in Gder.

Proof. Let ρ̄′ : ΓF,S∪T → G(k) be a representation obtained by applying Lemma 6.5 to ρ̄. By
the conclusion of that lemma and Lemma 6.4, ρ̄′ satisfies the local parts of Assumption 5.1 and
H0(ΓF,S∪T, ρ̄

′(gder)) = 0. Since the projection of ρ̄′ to M(k) is equivalent to ρ̄ and H0(ΓF,S, ρ̄(gder)∗) =

0, we also have H0(ΓF,S∪T, ρ̄
′(gder)∗) = 0 (since the semisimplifications of ρ̄(gder)∗ and ρ̄′(gder)∗ are

isomorphic). The assumptions of Lemmas A.5 and A.14 only depend on the semisimplification of
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a representation, so they hold for ρ̄′ if they hold for ρ̄. Since we have assumed that at least one of
them holds for ρ̄, it follows from these lemmas that Assumption 5.1 holds for ρ̄′ in its entirety.

Thus, we may apply Theorem 5.2 to ρ̄′ to get a lift ρ′ : ΓF,̃S → G(O′) of ρ̄′ satisfying the
conclusions of that theorem with respect to ρ̄′. We now apply Lemma 6.1 to ρ′ to see that after
replacing O′ with a finite extension, we get a lift ρ : ΓF,̃S → G(O′) of ρ̄ satisfying all the claimed
properties. �

Remark 6.7. • Lemma A.11 gives some examples in which P is a maximal parabolic where
the assumptions on H0 can be easily checked.
• If M is a maximal torus, and the image of ρ̄ is contained in no proper subtorus, then the

condition on H0(ΓF,S, ρ̄(gder)) always holds. We have H0(ΓF,S, ρ̄(gder)∗) = 0 if κ̄−1 does
not occur as a subrepresentation of the ΓF action on gder and (3) of Lemma A.18 gives a
condition for Assumption 4.1 to hold. Thus, Corollary 6.6 gives a fairly simple conditions
under which representations into a torus have irreducible (geometric) lifts. For a more
general criterion for lifting representations into a Borel subgroup see §A.3.

Example 6.8. Let F = Q, G = GSp4 and let P be the Siegel parabolic, so the Levi quotient M of
P is GL2 × Gm. Let ρ̄ f : ΓQ → GL2(k) be an absolutely irreducible representation associated to
a newform f on Γ0(N) of weight r ≥ 2 and let δ : ΓQ → Gm(k) be any odd character. Then by
choosing a Levi subgroup of P, ρ̄ = (ρ̄ f , δ) can be viewed as a representation ΓQ,N′ → G(k), for
some N′ (depending on δ) with N p | N′, where we abuse notation by using N′ to also mean the set
of primes dividing N′. By construction, ρ̄ f has a global lift to GL2(O′) (for some finite extension O′

of O) which is regular, so by lifting δ to a de Rham character of nonzero weight we see that the local
lifting hypotheses of Corollary 6.6 are satisfied for all v ∈ N′. Since ρ̄ f is absolutely irreducible,
one easily sees from case (2) of Lemma A.11 that both properties (a) and (b) of the lemma hold
for ρ̄ except possibly when the projective image of ρ̄ f is a dihedral group. The character det ◦ ρ̄ f

is equal to κ̄r−1, so in the dihedral case we see that if κ̄r−1 has order greater than 2 then ρ̄ f does
not preserve a symmetric bilinear form. Similarly, if κ̄r and κ̄r−2 are of order greater than 2 then ρ̄ f

does not preserve a symmetric bilinear form with multiplier κ̄±1. Thus whenever these conditions
on the order of κ̄ are satisfied, Properties (a) and (b) of Case (2) of Lemma A.11 hold. It also
follows from Example A.16 that properties (1) and (2) of Lemma A.14 will hold for ρ̄ as long as
the characters κ̄a(r−1)+1 have order at least 5 for |a| ≤ 2. (In particular, both of the conditions only
depend on r and p, and for any fixed r > 2 this holds for all p � 0.) We now give conditions
so that H0(ΓQ, ρ̄(gder)) = zM ∩ g

der. First, the adjoint action on ρ̄(m ∩ gder) itself is isomorphic to
the adjoint representation of ρ̄ f ; by irreduciblity, the invariants are just zM ∩ gder. On the unipotent
radical u+ of Lie(P), the adjoint action of ΓQ is isomorphic to Sym2(ρ̄ f ) ⊗ δ−1. When ρ̄ f is non-
dihedral, this representation is absolutely irreducible, so has no ΓQ-invariants. In the dihedral case
it clearly follows that there will be no ΓQ-invariants for all but at most three choices of δ (which can
be determined explicitly, but we leave this for the interested reader). Similar statements hold for
the action on the unipotent radical u− of the Lie algebra of the opposite parabolic. We conclude by
Corollary 6.6 that if these conditions hold then ρ̄ has a regular geometric lift to ρ : ΓQ → GSp4(O′)
with ρ(ΓQ) ∩ Sp4(O′) Zariski-dense in Sp4.

7. The case F totally real and G = GL2

In this section we specialize our main result to the case G = GL2, and in doing so we improve
considerably the results of [HR08] that were our starting-point in [FKP19] and the present paper. In
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this section, we assume that F is a totally real number field, since this is the modularity application
of greatest interest. In §8 we will discuss modularity applications in the function field setting.

We will analyze reducible representations conjugate to (denoted ∼) extensions of the form
(
χ̄ ∗

0 1

)
;

since any reducible representation has a twist of this form, we lose no generality in this assumption
but do simplify the notation somewhat.

Lemma 7.1. Let p ≥ 3 be a prime. Let ρ̄ : ΓF,S → GL2(k) be a continuous representation of the
form

ρ̄ ∼

(
χ̄ ∗

0 1

)
,

and assume that
• χ̄(cv) = −1 for all v|∞.
• χ̄ , κ̄−1.
• The extension class ∗ is non-trivial.

Then Assumptions 3.1, 4.1, and the first item in Assumption 5.1, hold for ρ̄.

Proof. Fix a geometric lift χ : ΓF,S → O× of χ̄. We verify in turn Assumptions 3.1, 4.1, and the
first part of 5.1. We first check that the trivial representation is neither a submodule of ρ̄(gder) nor
of ρ̄(gder)∗, and note that for this it suffices to consider the trivial k[ΓF] (rather than Fp[ΓF]) repre-
sentation. Non-splitness of the extension implies that the only one-dimensional subrepresentation
of ρ̄(gder) is k(χ̄), which is non-trivial. Likewise the only one-dimensional subrepresentation of
ρ̄(gder)∗ � ρ̄(gder)(1) is isomorphic to k(χ̄κ̄), so the assumption that χ̄ , κ−1 implies our claim.

Next we compute the cohomology group H1(Gal(K/F), ρ̄(gder)∗); we first treat the case in which
χ̄ is also not equal to κ̄. Let P be the (unique) p-Sylow subgroup of Gal(K/F), and set K0 = KP;
explicitly, K0 = F(χ̄, µp). Since [K0 : F] is coprime to p, it suffices to check the vanishing
of H1(P, ρ̄(gder)∗)Gal(K0/F). Consider the obvious filtration of ρ̄(gder)∗ by k[ΓF]-submodules with
successive subquotients isomorphic to k(χ̄κ̄), k(κ̄), and k(χ̄−1κ̄). Since taking invariants by the group
Gal(K0/F) is exact in characteristic p, it suffices from the long exact sequence in cohomology
to check that H1(P, k(ψ))Gal(K0/F) = 0 for ψ ∈ {χ̄−1κ̄, κ̄, χ̄κ̄}. The group P acts trivially on these
subquotients, so we are left to compute HomGal(K0/F)(P, k(ψ)). As Fp[Gal(K0/F)]-module, P is
isomorphic to a direct sum of copies of Fp(χ̄) (i.e., the field extension of Fp generated by the
values of χ̄, with Galois action given by χ̄). We therefore reduce the desired vanishing to checking
that χ̄σ is not equal to χ̄−1κ̄, κ̄, or χ̄κ̄ for any σ ∈ Aut(k): but such an equality with χ̄κ̄−1 or χ̄κ̄
would contradict the behavior of complex conjugation (as p , 2), and with κ̄ would contradict the
assumption χ̄ , κ̄.

We must treat separately the case χ̄ = κ̄ (but not equal to κ̄−1). We have as before the k[ΓF]-stable
filtration

0 ⊂ F2 ⊂ F1 ⊂ F0 = ρ̄(gder)∗

with F0/F1 � k, F1/F2 � k(κ̄), and F2 � k(κ̄2). We abbreviate Γ = Gal(K/F), so we have P ⊂ Γ

as above. Taking (exact) Γ/P-invariants on the long exact sequence in cohomology associated to
0→ F1 → F0 → F0/F1 → 0, we obtain an exact sequence

(4) 0→ k → H1(P, F1)Γ/P → H1(P, ρ̄(gder)∗)Γ/P → 0,

where the first term is zero since (ρ̄(gder)∗)Γ vanishes, and the last term is zero since

H1(P, ρ̄(gder)∗/F1)Γ/P = HomΓ(P, k) = 0
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as P is isomorphic to a direct sum of copies of Fp(κ̄). Similarly, we have an exact sequence

0→ H1(P, F1)Γ/P → H1(P, F1/F2)Γ/P → H2(P, F2)Γ/P,

where the first map is injective because H1(P, F2)Γ/P = HomΓ(P, k(κ̄2)) = 0. We will show that
H1(P, F1)Γ/P is one-dimensional over k. It will follow from sequence (4) that H1(P, ρ̄(gder)∗)Γ/P

vanishes, as needed.

The group P is identified by ρ̄ to an Fp-subspace of k �

(
1 k
0 1

)
, and we choose a basis P =⊕r

i=1 Fpei. Any cocycle φ ∈ Z1(P, F1) is determined by its values {φ(ei)}ri=1 on this basis. We

identify ρ̄(gder)∗ � ρ̄(gder)(1), and then we write φ(ei) =

(
ai bi

0 −ai

)
, for some ai, bi ∈ k. Now for any

pair i, j, consider the relation

φ(ei) + ei · φ(e j) = φ(ei + e j) = φ(e j + ei) = φ(e j) + e j · φ(ei),

which translates to an identity(
ai + a j bi + b j − 2a jei

0 −ai − a j

)
=

(
ai + a j bi + b j − 2aie j

0 −ai − a j

)
.

We conclude that all ai are determined by the value a1, via ai = a1 ·
ei
e1

. Thus we realize Z1(P, F1)
as a subgroup

Z1(P,F1) ⊂ k ⊕ k⊕r

φ 7→ (a1, (b1, . . . , br)).

The cocycles φ corresponding to tuples with a1 = 0 (hence all ai = 0) all obviously map to
zero in Z1(P, F1/F2), so the image of H1(P, F1) → H1(P, F1/F2) is at most one-dimensional.
Since the map on Γ/P-invariants H1(P, F1)Γ/P → H1(P, F1/F2)Γ/P is injective, we conclude that
dimk H1(P, F1)Γ/P is at most one. As noted above, this suffices to conclude that H1(Γ, ρ̄(gder)∗) = 0.

Next we verify Assumption 4.1, checking that there is no k[ΓF]-module surjection ρ̄(gder)σ � V
for some σ ∈ Aut(k) and some k[ΓF]-subquotient V of ρ̄(gder)∗. We immediately reduce to ruling
out the cases V = k(ψ) for ψ ∈ {χ̄−1κ̄, κ̄, χ̄κ̄}. By non-splitness, the only one-dimensional quotient
of ρ̄(gder)σ is (χ̄−1)σ. Arguing as before, the behavior of complex conjugation rules out all cases
but (χ̄−1)σ = κ̄, which is in turn ruled out by the assumption χ̄ , κ̄−1. �

We now briefly discuss the local lifting hypothesis of Assumption 5.1. For primes v|p, we will
say ρ̄|ΓFv

is ordinary if for some finite extension F′v/Fv it is F′v-ordinary in the sense of Definition
B.2.

Lemma 7.2. Assume p ≥ 3. Let ρ̄ : ΓF,S → GL2(k) be a continuous representation of the form

ρ̄ ∼

(
χ̄ ∗

0 1

)
.

Fix a geometric lift µ : ΓF,S → O× of µ̄ = det(ρ̄) = χ̄ of the form κr−1χ0 for some integer r ≥ 2 and
finite-order character χ0. Then, allowing ourselves to replace O by the ring of integers O′ in some
finite extension of Frac(O), we have:

• For v ∈ S not dividing p, and any such choice of µ, there is a lift ρv : ΓFv → GL2(O′) of
ρ̄|ΓFv

with determinant µ.
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• For v|p and any such choice of µ, there is an ordinary potentially crystalline lift ρv : ΓFv →

GL2(O′) of ρ̄|ΓFv
with Hodge–Tate weights {0, r − 1} and determinant µ. Moreover, we can

always find an ordinary potentially crystalline lift ρv : ΓFv → GL2(O′) of ρ̄|ΓFv
with Hodge–

Tate weights {0, r−1} and having a non-trivial unramified quotient, possibly at the expense
of not guaranteeing det(ρv) = µ.
• When F = Q (or is split at all places above p), and r is equal to the weight k(ρ̄|ΓQp

)
associated to ρ̄ by Serre ([Ser87, §2.3]), there is a crystalline lift ρp : ΓQp → GL2(O′) of
ρ̄|ΓQp

with Hodge–Tate weights {0, r − 1}.

Proof. First consider the case where v does not divide p. If ρ̄(IFv) has order coprime to p, then as is
well-known there is in fact a non-empty formally smooth irreducible component of the lifting ring
R�,µ
ρ̄|ΓFv

corresponding to lifts whose projectivization factors through ker(ρ̄|IFv
). If on the other hand

ρ̄(IFv) has order divisible by p, then (for p , 2) ρ̄|ΓFv
has the form

(
κ̄ ∗
0 1

)
: indeed, from [Dia97,

§2], we see that ρ̄|ΓFv
must be a non-split extension of ψ̄ by κψ̄ for some character ψ̄, and since we

have assumed that ρ̄ is an extension of 1 by χ̄ we must have ψ̄ = 1, χ̄|ΓFv
= κ̄. By the discussion of

[Tay03, §1 E3], there is for any lift ψ of the trivial character mod $ a formally smooth irreducible
component of the lifting ring R�,κψ

2

ρ̄|ΓFv
. Any character ΓFv → 1 + $O admits a unique square-root

(p , 2), so we can always choose the twist ψ such that κψ2 = µ.
Now consider v|p. When χ̄|ΓFv

, κ̄, a straightforward duality argument shows that for any r ≥ 2
and finite-order character χ0 such that κr−1χ0 lifts χ̄, ρ̄|ΓFv

has a potentially crystalline lift of the

form
(
κr−1χ0 ∗

0 1

)
. When χ̄|ΓFv

= κ̄, the argument of [BLGG12, Lemma 6.1.6] shows that we can

find potentially unramified characters ψ1 and ψ2 whose product is χ0 such that ρ̄|ΓFv
has a potentially

crystalline lift ρv of the form
(
κr−1ψ1 ∗

0 ψ2

)
. The argument of loc. cit. is only written for r = 2, so we

sketch the proof. Let L ⊂ H1(ΓFv , k(κ̄)) be the line corresponding to ρ̄|ΓFv
, and let H ⊂ H1(ΓFv , k) be

its annihilator under the local duality pairing. As in loc. cit., we must find potentially unramified
characters ψ1 and ψ2 such that χ0 = ψ1ψ2, ψ2 lifts the trivial character, and κr−1ψ1 lifts χ̄, and such
that, writing κ2−r ψ2

ψ1
= 1 +$nα for some continuous function α : ΓFv → O whose reduction modulo

$ is a non-trivial element of H1(ΓFv , k), we have ᾱ ∈ H. We make an initial choice with ψ2 = 1,
ψ1 = χ0, and we suppose now that the associated ᾱ does not lie in H. When ρ̄|ΓFv

is peu ramifié, H
contains the unramified line, and by replacing O by a ramified extension (guaranteeing n ≥ 2) and
twisting ψ1 and ψ2 by unramified characters sending Frobenius to (1 + $) and (1 + $)−1, the new
ᾱ will be unramified and thus in H. Note that in this case our lift satisfies ψ2|IFv

= 1. When ρ̄|ΓFv
is

très ramifié, we first make a ramified extension of O by adjoining some ζpM : we can then twist the
initial ψ1 and ψ2 by potentially unramified characters with trivial reduction such that the associated
ᾱ is ramified. A further unramified twist of ψ1 and ψ2 then allows us to adjust ᾱ to lie in H (using
that the initial ᾱ is now ramified, and H is a hyperplane not containing the unramified line). Note
that in this case, ψ2|IFv

is not necessarily trivial, but it is possible to keep the same r and modify the
initial choice of χ0 to produce an ordinary lift with Hodge–Tate weights {0, r − 1} and ψ2|IFv

= 1.
The last point is implicit in the discussion of [BDJ10, §3.2, Proof of Theorem 3.17] and can also

easily be seen to follow from the argument of the previous paragraph.
�
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Recall that to a newform f ∈ S r(Γ1(N)) for any integers r ≥ 2 and N ≥ 1, and any isomorphism
ι : C

∼
−→ Qp, there is an associated geometric Galois representation ρ f ,ι : ΓQ,̃S → GL2(Qp), where

S̃ is the set of primes dividing N p. The representation ρ f ,ι takes values in GL2(E) for some finite
extension E of Qp. For any ΓQ-stable OE-lattice we obtain an associated residual representation
ρ̄ f ,ι : ΓQ,S → GL2(OE/mE); we do not semisimplify, so the isomorphism class of ρ̄ f ,ι may depend
on the choice of lattice. We say that a representation ρ̄ : ΓQ,S → GL2(k) is modular of weight r and
level N if there exist an f ∈ S r(Γ1(N)), an embedding ι as above, and an OE-lattice inside ρ f ,ι such
that ρ̄ f ,ι is isomorphic to ρ̄ for some embedding OE/mE → k̄.

Before proceeding, we state the following well-known result (not used in what follows) to con-
trast it with [HR08, Theorem 2] and our improvement in Theorem 7.4 below.

Lemma 7.3. Let let ρ̄ : ΓQ,S → GL2(k) be a continuous odd representation. Then the semisimplifi-
cation of ρ̄ is isomorphic to the semisimplification of a residual representation that arises from ρ f ,ι

for a newform f ∈ S r(Γ1(N)) for integers N ≥ 1 and r ≥ 2.

Proof. In the case that ρ̄ is irreducible, this is the original conjecture of Serre proved in [KW09c].
In the case when ρ̄ is reducible, this is a folklore result, see [SW99, §3.4]. One first shows that the
semisimplification of ρ̄ arises from an Eisenstein series Er ∈ Mr(Γ1(N)) (for a positive integer N
which we may choose so that N is divisible by a prime q that is 1 mod p) whose constant terms
vanish modulo a prime ℘ above p of the field of Fourier coefficients of Er. Then one shows that
Er is congruent modulo a prime above p to a newform f ∈ S r(Γ1(N)). An alternative approach
is to show that the semisimplification of ρ̄ arises from the reduction E of an Eisenstein series
E ∈ Mr(Γ1(N)) (for a positive integer N; we do not need in this approach to ensure that E has
vanishing constant terms mod p) and then use that Θp−1(E), with Θ the Ramanujan operator given
by q d

dq , is a mod p cuspidal eigenform which lifts to a newform f of weight r ≥ 2 and level N such
that the semisimplification of ρ̄ is isomorphic to the semisimplification of a residual representation
that arises from ρ f ,ι. �

Following the strategy of the proof of [HR08, Theorem 2], we now deduce from Theorem 5.2,
specialised to the case G = GL2 and F = Q, and the work of Skinner–Wiles ([SW99]) and Lue
Pan [Pan19], a modularity theorem for a reducible mod p representation ρ̄ without passing to its
semisimplification.

Theorem 7.4. Let p ≥ 3 be a prime, and let ρ̄ : ΓQ,S → GL2(k) be a continuous representation of
the form

ρ̄ ∼

(
χ̄ ∗

0 1

)
.

Assume that
• χ̄(c) = −1.
• χ̄ , κ̄−1.

Then ρ̄ is modular. More precisely:
• For any integer r ≥ 2, ρ̄ is modular of weight r and some level.
• For r = k(ρ̄|ΓQp

) the weight associated to ρ̄|ΓQp
in Serre’s modularity conjecture, ρ̄ is modu-

lar of weight k(ρ̄|ΓQp
) and level prime to p.

Proof. We first assume that the extension class ∗ is non-zero. Lemma 7.1, Lemma 7.2, and Corol-
lary 5.5 allow us to apply Theorem 5.2 to produce for any r ≥ 2 a lift ρ : ΓQ,̃S → GL2(O′) of ρ̄
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such that ρ|ΓQp
is potentially crystalline with Hodge–Tate weights {0, r−1}, satisfies ρ|IQp

∼

(
∗ ∗

0 1

)
,

and for r = k(ρ̄|ΓQp
) is moreover crystalline. Namely, we first fix a determinant for our lifts as

follows. With the desired weight r ≥ 2 fixed, we let µ = κr−1 · [det(ρ̄)κ̄1−r]. Possibly replacing O by
a ramified extension O′ (with uniformizer $′), there is then from the proof of Lemma 7.2 a poten-
tially unramified character ω : ΓQp → (O′)× with trivial mod $′ reduction such that ρ̄|ΓQp

admits a

potentially crystalline lift ρp with determinant µ|ΓQp
ω and satisfying ρp|IQp

∼

(
∗ ∗

0 1

)
. By the local

and global Kronecker–Weber theorems, we can inflate ω to a character of ΓQ (also trivial mod $′

and now unramified away from p). We then consider for the remainder of the argument local and
global lifts with fixed determinant µω. By the previous observation and the v , p part of Lemma
7.2, we can now for all v ∈ S specify local lifts ρv : ΓQv → GL2(O′) with determinant µω. For
v , p, we choose any irreducible component of R�,µω

ρ̄|ΓQv
[1/$′] containing ρv. For v = p, we fix the

p-adic Hodge type v equal to that of ρp, and we choose an irreducible component of R�,µω,v
ρ̄|ΓQp

[1/$′]

that is ordinary (cf Lemma B.4) of the same inertial type as ρp and contains ρp. Lemma 7.1 now
shows that all of the hypotheses of Theorem 5.2 are satisfied, so the latter produces (perhaps fur-
ther enlarging O′, and introducing an auxiliary set of primes S̃ ⊃ S) a lift ρ : ΓQ,S̃ → GL2(O′) of ρ̄
with all local restrictions to primes in S on the specified irreducible components of the local lifting
rings.

By the main theorem of [SW99] (assuming χ̄|ΓQp
, 1) and [Pan19] (allowing χ̄|ΓQp

= 1), ρ is
modular, and the claim about the weight follows from local-global compatibility at p.

Finally, we treat the case when ρ̄ is split. We first use Lemma 6.3 to produce a non-split extension
of 1 by χ̄. As in the previous paragraph we can apply Theorem 5.2 to lift this to an irreducible
and modular representation ρ f ,ι, and then Lemma 6.1 shows that some conjugate (over a ramified
extension) of ρ f ,ι reduces to ρ̄. Alternatively, as pointed out by the referee, we can apply Lemma
7.3 and then conclude by Lemma 6.1. �

Remark 7.5. • Since the work of Skinner–Wiles also includes modularity of p-adic repre-
sentations in the residually reducible case over certain totally real fields ([SW99, Theorem
A, Theorem B]), we also obtain a mod p modularity application in such settings.
• The method of lifting reducible mod p Galois representations to irreducible geometric

p-adic representations introduced in [HR08], and developed further here, perhaps gives
at the moment the only technique to access lifting and modularity of residual reducible
representations. Lifting Galois representations has thus played a key role both in the proof
of Serre’s original conjecture [KW09b] and [KW09c] for irreducible odd ρ̄ : ΓQ → GL2(k)
and in its analogue for reducible representations ([HR08], Theorem 7.4).

We now justify our statement in the introduction that there is no possibility in general of pro-
ducing minimal lifts of reducible ρ̄, and that the lifting method of [KW09a] will not work in the
residually reducible case. The following lemma is implicit in [BK19].

Lemma 7.6. Let Γ be a finite group, L an infinite field, and φ : Γ → L× a homomorphism.
Assume that either dimL H1(Γ, L(φ)) > 1 or dimL H1(Γ, L(φ−1)) > 1. Then there are infinitely many
representations ρ : Γ → GL2(L) with semisimplification id ⊕ φ that are not isomorphic, i.e., not
conjugate under GL2(L).
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Proof. The isomorphism classes of ρ of the theorem are in bijection with the orbits of H1(Γ, L(φ))
and H1(Γ, L(φ−1)) under the action of L×, namely with {0}∪Pn−1(L)∪Pm−1(L) for n = dimL H1(Γ, L(φ))
and m = dimL H1(Γ, L(φ−1)) (with the convention that P−1(L) = 0 and that we identify the two pro-
jective spaces when φ is trivial) . The number of orbits is finite if and only if m, n ≤ 1. �

Proposition 7.7. Let Γ be a finite group that is a quotient of ΓQ, and let χ̄ : Γ→ k× be a non-trivial
odd character. Assume that dimk H1(Γ, k(χ̄)) > 1. Then for any fixed integers N ≥ 1 and r ≥ 2,
only finitely many of the infinitely many non-isomorphic representations ρ : Γ → GL2(k) with
semisimplification id ⊕ χ (see Lemma 7.6) can arise from reductions of Galois-stable lattices in
ρ f ,ι : ΓQ → GL2(E) for newforms f ∈ S r(Γ1(N)).

Proof. Let E be a finite extension ofQp with residue field k′ that contains k. Consider an irreducible
representation ρ : ΓQ → GL2(E) such that the semisimplification of the residual representation
arising from (any) ΓQ-lattice in E2 is 1 ⊕ χ̄. Note that 1 , χ̄ as χ̄ is odd and p > 2.

By an argument of Serre, which uses 1 , χ̄, the fixed points under ρ(ΓQ) of the Bruhat-Tits
tree for PGL2(E) form a segment. For a proof of this the reader may consult [BC14], especially
Proposition 32, and for the statements below see [BC14, Proposition 11] (see also [Bel, §1] for
detailed proofs). The residual representations arising from stable lattices are:

(1) In the case the segment is an edge there are precisely two such representations, which
correspond to the lattices that form the end points of the edge, whose reductions give a
non-split extension of 1 by χ̄ and vice-versa.

(2) In the case the segment is of length > 1, there is the additional split representation, which
arises by reduction of a lattice corresponding to a vertex that is an interior point of the
segment.

Denote by XE the classes of indecomposable representations of ΓQ with values in GL2(k′) up
to conjugacy by GL2(k′), arising from reductions of ΓQ-stable lattices in E2. Then for any finite
extension E′/E there is a bijection between XE and XE′ . Thus as dimC S r(Γ1(N)) is finite, the
number of isomorphism classes of representations of the form ρ̄ f ,ι arising from f ∈ S r(Γ1(N))
is finite. Thus only finitely many of the infinitely many isomorphism classes of representations
ρ : Γ → GL2(k) with semisimplification id ⊕ χ arise from f ∈ S r(Γ1(N)) for fixed integers N ≥ 1,
r ≥ 2. �

Remark 7.8. Note that given a character χ̄ : ΓQ → k×, using Lemma 6.2, there is finite quotient
Γ of ΓQ,S, for S a sufficiently large finite set of places of Q containing p and the places at which
χ̄ is ramified, through which χ̄ factors, such that dimk H1(Γ, k(χ̄)) > 1. The method of [KW09a]
produces liftings by producing upper and lower bounds on deformation rings R. The upper bound
takes the form of showing that R/pR is finite, while the lower bound says that R is of positive
dimension. The upper bounds rely on some version of Lemma 3.15 of [dJ01], which may not be
true for residually reducible representations. This indicates that the method of [KW09a] may not
apply in the residually reducible case. Further the method of [KW09a] when it works produces
minimal liftings. Proposition 7.7 shows that these may not exist in the residually reducible case.

8. The case of function fields

In this section we briefly elaborate on the case of function fields, where thanks to the work of
L. Lafforgue ([Laf02]) stronger automorphy results are possible for G = GLn. Let F be a global
function field of characteristic ` , p, and let ρ̄ : ΓF → G(k) be a representation satisfying the
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hypotheses of Theorem 5.2. Then ρ̄ has, as in Theorem 5.2, a finitely-ramified lift ρ : ΓF,̃S → G(O′).
We now take G = GLn and deduce a stronger conclusion. We first recall the relevant notion
of automorphy in this setting. Fix an isomorphism ι : C

∼
−→ Qp. For each cuspidal automorphic

representation π of GLn(AF) with central character of finite order (this hypothesis is not essential),
L. Lafforgue has in the main theorem of [Laf02] constructed the Galois representation ρπ,ι : ΓF →

GLn(Qp) associated to π (and ι: note that ι is only implicit in the notation of loc. cit., and it is fixed
after [Laf02, Théorème VI.1.1]). Any such ρπ,ι stabilizes a lattice in En for some finite extension
E of Qp inside Qp, and as in §7 we say that ρ̄ is automorphic if it is isomorphic, after suitable
extension of scalars, to the representation ρ̄π,ι : ΓF → GLn(OE/mE) obtained by reducing some
ρπ,ι-stable lattice modulo mE.

Theorem 8.1. Let p �n 0, and let ρ̄ : ΓF,S → GLn(k) be a continuous representation satisfying
Assumptions 3.1, 4.1, and the first part of Assumption 5.1. Then ρ̄ is automorphic.

Proof. Once we observe that the second part of Assumption 5.1 automatically holds for ρ̄, the
theorem follows immediately from combining Theorem 5.2 with [Laf02, Théorème, pg. 2]. That
is, for v ∈ S we need to know that ρ̄|ΓFv

has some p-adic lift; to arrange that the multiplier character
of the local lift can be chosen to match the restriction of a fixed global lift µ, we then use the fact
that any character ΓFv → (1 + $O) has an nth root, since p does not divide n. The existence of
some local lift of ρ̄|ΓFv

follows as in [CHT08, Corollary 2.4.21]. In the context of that paper, Fv is
a finite extension of Q`, but the results of [CHT08, §2.4.4] only depend on

• the fact that the kernel of any surjection IFv → Zp has pro-order prime to p; and
• the structure of the Galois group of the maximal tamely ramified, with p-power ramification

index, extension of Fv.
These properties continue to hold in the equal characteristic setting; see the remarks in §2. �

Remark 8.2. When ρ̄ is absolutely irreducible, the hypotheses of this theorem are satisfied for all
p �n 0, which we could make explicit (as in §7) if desired. This case of the theorem is already
known: for p - n, de Jong’s conjecture ([dJ01, Conjecture 2.3]) implies, by [dJ01, Theorem 3.5]
(and [BHKT19, Theorem 5.13], which adapts de Jong’s argument to allow ρ̄|ΓFF

reducible), that
ρ̄ has a finitely-ramified lift, and in fact one obtained without adding new primes of ramification.
Gaitsgory proved de Jong’s conjecture in [Gai07], modulo some results that are widely-held to
be straightforward adaptations of theorems in the literature (namely, basic results in the theory of
étale k[[t]]-sheaves and, more importantly, a complete proof of the result announced in [MV07,
Theorem 14.1] on the geometric Satake equivalence with general coefficients, including k[[t]] and
k((t)), and over any separably closed field).

When the semisimplification of ρ̄ has absolutely irreducible image in a maximal proper Levi
subgroup of GLn, Lemmas A.11 and A.14 give very concrete conditions under which Assumptions
3.1, 4.1, and 5.1 hold. We thus obtain Theorem C of the Introduction:

Corollary 8.3. Let p �n 0, and let ρ̄ : ΓF,S → GLn(k) be a continuous representation that factors
through a maximal parabolic P with Levi quotient M � GLn1 ×GLn2 . Let ρ̄M denote the projection
ρ̄M : ΓF,S → M(k) of ρ̄ to M, and set ρ̄M = ρ̄1 ⊕ ρ̄2, where ρ̄i is the projection to the GLni factor;
we order the ρ̄i such that ρ̄ is isomorphic to an extension of ρ̄2 by ρ̄1. Moreover assume that ρ̄M

satisfies:
• ρ̄M is absolutely irreducible.
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• ρ̄1 is not isomorphic to ρ̄2 ⊗ ψ̄ for ψ̄ ∈ {1, κ̄−1}. (In particular, this condition always holds if
n1 , n2.)
• Let χ̄ be the character det(ρ̄1)n2/d · det(ρ̄2)−n1/d, where d = gcd(n1, n2). Then [F(ζp) :

F(ζp) ∩ F(χ̄)] is greater than a constant b depending only on n1 and n2.

Then ρ̄ is automorphic.

Proof. In the notation of Lemma A.14, the character M → M → M/M
der ∼
−→ Gm sends a pair

(g1, g2) ∈ GLn1×GLn2 to det(g1)n2/d ·det(g2)−n1/d and thus agrees with the χ̄ of the present Corollary.
Thus we may apply Lemma A.14 (Case 1) to find that Assumption 3.1 and the second part of
Assumption 4.1 hold (and in fact that µp is not contained in F(ρ̄(gder))).

Now assume that we are in the case where ρ̄ is not split, so the projection ρ̄(ΓF) → M(k) is not
injective. Then our assumptions allow us to apply Lemma A.11 (Case (1)): indeed, the conditions
(a) and (b) of Case (1) hold by assumption, and the condition that [F(ζp) : F] �GLn 0 is implicit in
the hypothesis on [F(ζp) : F(ζp) ∩ F(χ̄)]. By Lemma A.11, then, the first part of Assumption 4.1
holds, as does the first part of Assumption 5.1. We can therefore apply Theorem 8.1 to deduce the
Corollary in this case.

When on the other hand ρ̄ � ρ̄1 ⊕ ρ̄2, we assume only that ρ̄1 � ρ̄2. If both ρ̄1 � ρ̄2 ⊗ κ̄
−1

and ρ̄2 � ρ̄1 ⊗ κ̄
−1, then ρ̄1 � ρ̄1 ⊗ κ̄

−2, and in particular κ̄2n1 = 1; we may rule this possibility
out using the condition, implicit in the third bulleted assumption, that [F(ζp) : F] �GLn 0. Then
possibly reordering the representations we may assume ρ̄1 � ρ̄2 ⊗ κ̄

−1. As in the proof of Corollary
6.6, we then apply Lemma 6.5 to ρ̄1 ⊕ ρ̄2 to produce a non-split representation ρ̄′, an extension of
ρ̄2 by ρ̄1 ramified at an enlarged set S ∪ T of primes; and now since ρ̄1 � ρ̄2 ⊗ κ

−1 we find that
H0(ΓF,S∪T, ρ̄

′(gder)∗) = 0 by condition (b) of Case (1) of Lemma A.11. Likewise (by condition (a)
of Case (1) of Lemma A.11) our assumption ρ̄1 � ρ̄2 implies H0(ΓF,S∪T, ρ̄

′(gder)) = 0. We complete
the proof in this case by combining Theorem 8.1, all of whose hypotheses are now satisfied, with
Lemma 6.1. �

Note that while the asymmetry of the statement implies that when ρ̄ � ρ̄1 ⊕ ρ̄2 we only exclude
from the second bullet-point the case ρ̄1 � ρ̄2, the third bullet point imposes a strong enough
hypothesis ([F(ζp) : F(κ̄n1)] �n1 0) when ρ̄1 � ρ̄2 ⊗ κ̄ to make this result useless in this case.
Nevertheless, we have left the proof in its present form because in some situations it is possible
to verify Assumption 3.1 and the second part of Assumption 4.1 without using the third bulleted
assumption (i.e., without relying on Lemma A.14): for instance, the χ̄ = κ̄ case of Lemma 7.1
provides such an example when n = 2. When ρ̄ itself is semisimple, we further have the following
application:

Corollary 8.4. Let p �n 0, and let ρ̄ : ΓF,S → GLn(k) be a continuous representation equal to,
for some r > 1, a direct sum ρ̄ =

⊕r
i=1 ρ̄i of representations ρ̄i : ΓF,S → GLni(k). Assume that ρ̄

satisfies:

(1) ρ̄i is absolutely irreducible for i = 1, 2, . . . , r.
(2) For all i , j ∈ {1, 2, . . . , r}, ρ̄i is not isomorphic to ρ̄ j ⊗ ψ̄ for any ψ̄ ∈ {1, κ̄, κ̄−1} (In

particular, this condition always holds if ni , n j.)
(3) Let χ̄i, j be the character det(ρ̄i)n j · det(ρ̄ j)−ni . Then [F(ζp) : F(ζp) ∩ F(χ̄i, j)] is greater than

a constant b depending only on n, for all i , j ∈ {1, 2, . . . , r}.

Then ρ̄ is automorphic.
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Proof. Lemma A.9 (and the remarks in the proof of Theorem 8.1) shows that ρ̄ satisfies the hy-
potheses of Corollary 6.6, so we apply the latter to produce an irreducible lift ρ with finite-order
determinant, which again by [Laf02] is automorphic. �

9. Remarks on the higher-rank case over number fields

For G of semisimple rank greater than 1, the results of this paper do not at present imply mod-
ularity of residually reducible odd representations ρ̄ : ΓF → G(k) when F is a totally real field,
since we no longer can invoke the work of Skinner–Wiles. Of course, the Fontaine–Mazur and
Langlands conjectures in combination do predict the automorphy of the geometric lifts we con-
struct, and we can hope for future generalizations of [SW99]. While the force of our application
of [SW99] is in studying non-split ρ̄, the split case for GL2 being well-known, for higher-rank
G the lifting results we prove in the split (G-completely reducible) case are novel, and we find it
worthwhile to compare them with the recent important works [Tho15] and [ANT20], which prove
automorphy lifting theorems for residually reducible representations ρ : ΓL → GLn(Qp) where L is
a CM field, and ρ is a suitable (we pass over the precise hypotheses) essentially conjugate self-dual
representation.

For simplicity we focus on the case G = GSp2n. We distinguish between a representation
ρ̄ : ΓF → GSp2n(k) being GSp2n-irreducible and being GL2n-irreducible. In Proposition 9.1 we will
combine our lifting theorems (in fact, the main theorem of [FKP19] is sufficient) with the potential
automorphy theorem of [ANT20] to lift many GSp2n-irreducible but GL2n-reducible representa-
tions of ΓF to compatible systems of `-adic representations. (Note that the results of [ANT20]
were not available when [FKP19] and [FKP20] were written.)

We will first produce using our lifting results a geometric p-adic ordinary lift ρ : ΓF → GSp2n(Qp),
assuming the existence of ordinary lifts of ρ̄|ΓFv

for v|p; we moreover require a generalization to
other reductive groups (here just GSp2n) of Geraghty’s results ([Ger19]) on ordinary local defor-
mation rings, which we work out in Appendix B. In order to apply the results of [ANT20], we then
need to verify the residual cuspidal ordinary automorphy of ρ̄|ΓL′ for some CM extension L′/F.
We do this using the potential automorphy theorems of [BLGGT14], and then we can strengthen
our result producing a p-adic lift ρ of ρ̄ by showing that ρ belongs to a compatible systems of
ΓF-representations. Here without striving for maximal generality we give a sample result; note
that our restriction to the symplectic case greatly simplifies the deduction of potential automorphy,
but something can be said in other cases as well.

We have to introduce some notation. We follow [Tho15, §2] and refer the reader there for
a more detailed discussion. If L is a CM field, and π is a regular algebraic conjugate self-dual
cuspidal (RACSDC) automorphic representation of GLn(AL), then for any isomorphism ι : C

∼
−→

Qp there is an associated p-adic Galois representation rι(π) : ΓL → GLn(Qp), satisfying local-
global compatibility at all places of L, whose construction represents the culmination of work of
many people: we refer here only to [CH13] for the construction and to [Car12], [Car14] for the
completion of the proof of local-global compatibility. We write r̄ι(π) for the semisimplification of
the reduction of any ΓL-stable lattice; this is the only canonical mod p representation associated
to π and ι. We say that π is ι-ordinary if it satisfies the conditions in [Tho15, Lemma 2.3]. If
K is a finite extension of Qp, and we are given for each embedding τ : K ↪→ Qp an element
ξτ ∈ Z

n
+ = {(ξ1, . . . , ξn) ∈ Zn : ξi ≥ ξi+1∀i}, we say that a p-adic representation ρ : ΓK → GLn(Qp)

is ξ = (ξτ)τ-ordinary if it satisfies the conditions of [Tho15, Definition 2.5]. In particular, we note
that ρ is de Rham. To see this, normalize Hodge–Tate weights as in [Tho15, Notation], so that the
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cyclotomic character has Hodge–Tate weight -1. Then for all τ : K → Qp, ρ is an iterated extension
of characters

ρ|ΓK ∼


ψ1 ∗ ∗ ∗

0 ψ2 ∗ ∗
...

. . .
. . . ∗

0 · · · 0 ψn

 ,
where the τ-labeled Hodge–Tate weight of ψi is −(ξτ,n−i+1 + i − 1), which is strictly less than the
corresponding value −ξτ,n−i−i for ψi+1. By work of Bloch–Kato, such an extension is automatically
de Rham: see for instance [Nek93, Proposition 1.28] for a precise reference.

Proposition 9.1. Let F be a totally real field, n ≥ 1 an integer, and p �n 0 a prime such that
[F(ζp) : F] is greater than the integer aGSp2n

of [FKP19, Lemma A.6]. Let ρ̄ : ΓF,S → GSp2n(k)
be a homomorphism with absolutely GSp2n-irreducible restriction to ΓF(ζp) and with similitude
character κ̄1−2n. Assume the following:

• For all v|p, ρ̄|ΓFv
admits a lift ρv : ΓFv → GSp2n(O) with similitude character κ1−2n such that

the composite ρv : ΓFv → GSp2n(Qp) → GL2n(Qp) is ordinary of some weight ξv = (ξτ)τ ∈
(Zn

+)HomQp (Fv,Qp).
• ρ̄ (under the composite GSp2n → GL2n) is not induced from any proper subgroup of ΓF .

Then there exists a finite set of primes S̃ ⊃ S, a finite extension of Frac(O) with ring of integers
O′ ⊃ O, and a geometric lift ρ : ΓF,̃S → GSp2n(O′) of ρ̄ with Zariski-dense image, such that (fixing
an embedding O′ ↪→ Qp) ρ belongs to a strictly pure compatible system ρι : ΓF → GSp2n(Q`) of
`-adic representations, indexed over ι : C

∼
−→ Q`, and each ρι has Zariski-dense image in GSp2n.

Proof. Fix ι : C
∼
−→ Qp. We claim that [FKP19, Theorem A] implies there is a lift ρ : ΓF,̃S →

GSp2n(O) of ρ̄ with similitude character µ = κ1−2n that in GL2n is ordinary of weight ξ = (ξv)v|p;
moreover we can arrange that for some place v0 of F such that ρ̄|ΓFv0

= 1 and N(v0) ≡ 1 (mod p),
ρ|ΓFv0

is isomorphic to an unramified twist of the Steinberg parameter. In light of the hypotheses
of Proposition 9.1, we just have to check the local lifting hypotheses. For v - p in S, Booher’s
work ([Boo19]) shows that ρ̄|ΓFv

has a lift ΓFv → GSp2n(O′) with multiplier κ1−2n, and that such
a lift lies on an irreducible component of R�,κ

1−2n

ρ̄|ΓFv
isomorphic to O′[[X1, . . . , Xdim(Gder)]]. For v|p,

we first note that the given lifts ρv : ΓFv → GSp2n(Qp) are ordinary of some regular weight in the
sense of Definition B.2 below. Indeed, by the regularity of the τ-labeled Hodge–Tate weights,
there is a unique ΓFv-stable filtration 0 ( F1 ( · · · ( F2n = (Qp)2n such that Fi/Fi−1 is a line
on which ΓFv acts with τ-labeled Hodge–Tate weights −(ξτ,2n−i+1 + i − 1). As the Hodge–Tate
weights increase with i, with respect to the pairing ρv × ρv → κ1−2n, F1 ( · · · ( Fn must be a
maximal isotropic flag. Thus ρv factors through a Borel subgroup B ⊂ GSp2n and is ordinary in the
sense of Definition B.2. To apply Theorem E we must specify a quotient Rv[1/p] of R�,κ

1−2n

ρ̄|ΓFv
[1/p]

containing ρv that has an open dense regular subscheme and is equidimensional of dimension
dim(Gder) + [Fv : Qp] dim(FlG); moreover, for the application we must ensure that Qp-points of
Rv[1/p] correspond to ordinary representations. In Lemma B.4, deferred until Appendix B, we
explain how to do this: in a nutshell, we show (following [Ger19]) that imposing an ordinarity
condition on potentially semistable deformation rings for any reductive group G cuts out a union
of irreducible components. Finally, at an auxiliary place v0 of F, [FKP19, Theorem A] (or Theorem
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E of the present paper) allows us to construct our global lift ρ such that ρ|ΓFv0
lies on (and only on)

a Steinberg component of R�,κ
1−2n

ρ̄|ΓFv0

. More precisely, we choose a trivial prime v0 and include it in

S. We then fix a lift ρv0 whose associated Weil–Deligne representation is isomorphic to a twist
of the Steinberg parameter. This gives a formally smooth point of R�,κ

1−2n

ρ̄|ΓFv0

, as is easily verified

using [BG19] (see [FKP19, Lemma 3.7] for a similar argument). By prescribing (as in the proof of
Theorem E) our lift of ρ̄|ΓFv0

modulo a sufficiently high power $t, we can then guarantee that ρ|ΓFv0

has associated Weil–Deligne representation isomorphic to a twist of the Steinberg parameter.
Regarded as a GL2n-representation, ρ̄ is semisimple, and we decompose ρ̄ as GL2n-representation

into a direct sum of absolutely irreducible representations ρ̄ = ⊕r
i=1ρ̄i. Note that our assumption

that ρ̄|ΓF(ζp) is GSp2n-irreducible implies that each ρ̄i satisfies ρ̄i � ρ̄
∨
i (κ̄1−2n) and remains absolutely

irreducible when restricted to ΓF(ζp).
By [BLGGT14, Theorem 3.1.2], there is a Galois totally real extension F′/F linearly disjoint

from F(ρ̄, ζp) such that ρ̄|ΓF′ is automorphic. More precisely, we apply loc. cit. to ρ̄ : ΓF →

GSp2n(k) (thus the set I is a singleton—note that ρ̄ is allowed to be reducible in loc. cit.) and with
Favoid/F equal to F(ρ̄, ζp). We also make a small alteration to the proof to produce an automor-
phic representation that is Steinberg at places above v0. The proof of [BLGGT14, Theorem 3.1.2]
applies Moret-Bailly’s theorem ([BLGGT14, Proposition 3.1.1]) to a scheme (over F(ζN)+ for a
judiciously-chosen integer N) there denoted T̃ , which in our case is in the notation of [BLGGT14,
pg. 549] simply Tρ̄×ρ̄′ for a suitable mod p′ (for a well-chosen p′ , p) representation ρ̄′. There is
a morphism t : T̃ → P1 − {µN ,∞} of F(ζN)+-schemes. Moret-Bailly’s theorem allows one to find
a point P ∈ T̃ (F′) for some finite Galois extension F′/F (containing F(ζN)+ and linearly disjoint
over F(ζN)+ from F(ρ̄, ρ̄′, µN pp′)) such that P satisfies a finite collection of pre-specified local con-
ditions (see the statement of [BLGGT14, Proposition 3.1.1]). In [BLGGT14, Proposition 3.1.2],
the local conditions are only specified at places of F above p, p′, and ∞ (see the bullet-points on
pg. 549, loc. cit.). We further add the requirement that for all places v above v0, P ∈ T̃ (F′) should
also satisfy the local condition v(t(P)) < 0. Then there is a regular algebraic, self-dual, cuspidal
automorphic representation π of GL2n(AF′) such that:

• ρ̄|ΓF′ � r̄ι(π);
• π is ι-ordinary of weight 0;
• πv0 is isomorphic to an unramified twist of the Steinberg representation; this desideratum

follows from the choice of P, [BLGHT11, Lemma 5.1(2)], and local-global compatibility
for the Galois representations associated to π.

(Note that the proof of [BLGGT14, Theorem 3.1.2] shows that π is self-dual rather than merely
essentially self-dual.)

Choose a quadratic CM extension L/F, setting L′ = LF′ such that L′ (also Galois over F)
is linearly disjoint over F from F(ρ̄, ζp), and consider the restriction ρ|ΓL′ and the base-change
BCL′/F′(π). We verify that ρ|ΓL′ satisfies the hypotheses of [ANT20, Theorem 1.1] and is therefore
automorphic: there is a RACSDC automorphic representation Π of GL2n(AL′) such that ρ|ΓL′ �
rι(Π). Indeed, by construction hypotheses (1)-(6) of loc. cit. are clear (recall we have chosen
L′ linearly disjoint over F from F(ρ̄)). Hypothesis (8) can be taken to be part of our p �G 0
assumption. The various parts of hypothesis (7) are treated as follows:

42



• By the assumption [F(ζp) : F] > aGSp2n
and the linear disjointness of L′/F from F(ζp, ρ̄)/F,

we see that L′(ζp) is not contained in L′(ρ̄(gder)), L′ is not contained in F′(ζp) and the ρ̄i|ΓL′(ζp)

remain absolutely irreducible and distinct.
• The integer aGSp2n

is defined to guarantee that the image of ρ̄ modulo the center of GSp2n
has no cyclic quotient of order greater than aGSp2n

. In particular, for p > aGSp2n
, the image

of ρ̄ = ρ̄ss has no quotient of order p, and by the linear disjointness the same remains true
after restriction to ΓL.
• We have assumed that ρ̄, viewed as GL2n-valued, is not induced from a proper subgroup of

ΓF . Again since L′ is linearly disjoint from F(ρ̄) over F, the same holds for ρ̄|ΓL′ , since the
image of the representation determines whether or not it is induced.

Thus we can invoke loc. cit. to produce such a Π. Moreover, Gal(L′/F′)-invariance of ρ|ΓL′ im-
plies the same for Π, and therefore Π descends to RAESDC automorphic representation ΠF′ of
GL2n(AF′). Since ΠF′ has an associated Galois representation, it is easy to see that we can alter the
choice of descent (by δL′/F′) to arrange that ρ|ΓF′ � rι(ΠF′).

Now we can apply the argument of [BLGGT14, Theorem 5.5.1] to conclude that ρ belongs to
a strictly pure compatible system (in the terminology of loc. cit.) of `-adic representations {ρι′} of
ΓF , indexed over primes ` and isomorphisms ι′ : C

∼
−→ Q`: the argument here is greatly simplified

since ρ, and hence ρ|ΓF′ has Zariski-dense image in GSp2n, and the purity moreover implies that
each ρι′ also has Zariski-dense image in GSp2n. For the latter point, note that each ρι′ is essentially
self-dual (since ρ is), and compatibility at v0 implies that the image of each ρι′ contains a regular
unipotent element of GL2n (which equals a regular unipotent element of GSp2n). It follows from
a theorem of Dynkin that the Zariski-closure of the image of ρι′ is either a principal GL2 or all
of GSp2n (note the self-duality is necessarily symplectic, since SO2n does not contain a regular
unipotent element of GL2n). Independence of ` of the formal character (and in particular the rank
of a maximal torus) excludes the possibility of GL2 (unless n = 1). �

See also the discussion in [FKP20] for the difficulties in applying the Khare–Wintenberger lifting
method to construct lifts (and thus compatible systems) in GL-reducible settings, and for more
“endoscopic” examples where our lifting results apply. That said, as the referee points out, [NT19,
Corollary 5.2] constructs essentially conjugate self-dual lifts of ρ̄when restricted to a CM extension
of F. We don’t know whether this method can at present produce the GSp2n compatible system
over F itself of Proposition 9.1.

Appendix A.

In this appendix we discuss some explicit conditions on ρ̄ which imply that Assumptions 3.1,
4.1, and (the first part of) 5.1 hold. For ease of reference we label the properties we shall check as
follows:

(C1) ρ̄(gder) does not contain the trivial representation as a submodule.
(C2) ρ̄(gder)∗ does not contain the trivial representation as a submodule.
(C3) There is no surjection of Fp[ΓF]-modules ρ̄(gder) � W with W a nonzero Fp[ΓF]-module

subquotient of ρ̄(gder)∗.
(C4) H1(Gal(K/F), ρ̄(gder)∗) = 0.
The case that ρ̄ is irreducible was discussed in [FKP19] so here we assume that ρ̄ factors through

P(k), where P is a proper parabolic subgroup of a (split) connected reductive group G. We may
and do assume that P is minimal with respect to this property (though it need not be unique in
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general). Let π : P → M be the Levi quotient of P, and ρ̄M := π ◦ ρ̄ the induced map ΓF → M(k).
Let U be the unipotent radical of P, u = Lie(U), U− the unipotent radical of the opposite parabolic
and u− = Lie(U−). We let ρ̄(u) (resp. ρ̄(u−) be u (resp. u−) viewed as a ΓF-module (via the adjoint
action of P(k)).

Let {ui} be the ascending central series of the Lie algebra u and {Ui} the ascending central series
of the unipotent group U (over the field k). In order to formulate some of our criteria cleanly, we
will use the following:

Lemma A.1. If p �G 0, there is a P-equivariant isomorphism of algebraic varieties over k exp :
u→ U (with u viewed as an affine space). For each i, this restricts to an isomorphism of varieties
exp : ui → Ui which induces a P-equivariant isomorphism of algebraic groups ui+1/ui → Ui+1/Ui.

We denote the inverse of exp by log : U → u.

Proof. The lemma is well-known (for arbitrary unipotent groups) over fields of characteristic zero
and since G is split reductive it follows for all p �G 0 by spreading out using the split reductive
model of G over Z. �

Remark A.2. For classical groups, how large p has to be for the lemma to hold can easily be made
effective, e.g., for GLn it suffices to take p > n.

Let Γ be any group, Σ a finite p-group and f : Γ → Aut(Σ) a homomorphism giving rise to an
action of Γ on Σ. If Σ′ ⊂ Σ′′ are normal Γ-invariant subgroups of Σ such that Σ′′/Σ′ is contained in
the centre of Σ/Σ′, then f induces the structure of Z[Γ]-module on Σ′′/Σ′.

Suppose
{1} = Σ0 ( Σ1 ( Σ2 ( · · · ( Σn = Σ

is a chain of normal Γ-invariant subgroups of Σ such that Σi+1/Σi is contained in the centre of Σ/Σi

for all i; note that such chains exist because Σ is nilpotent and any chain can be refined to a maximal
one. If the chain is maximal, then each Σi+1/Σi, i = 1, . . . , n, is a simple Fp[Γ]-module.

Lemma A.3. The Jordan–Hölder property holds for maximal chains as above, i.e., the set (with
multiplicities) of simple Fp[Γ]-modules occurring as subquotients is independent of the choice of
maximal chain.

Proof. This is proved using standard methods, see, e.g., [Isa09, Theorem 10.5]. �

Now let Γ be any subgroup of P(k), Γ its image in M(k) and Σ the kernel of the surjection Γ→ Γ.
Since Σ ⊂ U(k), it is a p-group and we let {Σi} be the subgroups given by the ascending central
series of Σ. The group Γ acts on each quotient Σi+1/Σi.

Lemma A.4. Suppose p �G 0. Then for all i, any irreducible Γ-subquotient of Σi+1/Σi is isomor-
phic to an Fp[Γ]-subquotient of u (with the Γ action induced from the natural action of P(k)).

Proof. Since U(k) is a p-group, we may replace Γ with π−1(Γ) and assume that Σ = U(k). Let
{ui} be the ascending central series of the k-Lie algebra u. By Lemma A.1 the exponential map
identifies ui+1/ui with Ui+1(k)/Ui(k), compatibly with the P(k)-actions, hence a fortiori with the
Γ-actions, so the lemma follows from the Jordan–Hölder property (Lemma A.3). �

Properties (C3) and (C4) are quite subtle and not easy to verify in general, but the following
lemma provides a simple sufficient condition for all G and P.
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Lemma A.5. If p �G 0 and the pth roots of unity are not contained in F(ρ̄(gder)) then (C3) and
(C4) hold.

Proof. We will prove that the stronger version of properties (C3) and (C4) hold, with ρ̄(gder) re-
placed by its semisimplification. We also note that by enlarging k if necessary (which clearly
doesn’t change the hypothesis) we may assume that ρ̄M is absolutely irreducible and any irre-
ducible k[ΓF]-subquotient of ρ̄(gder) is absolutely irreducible.

Suppose there is a nonzero Fp[ΓF]-linear map from a subquotient of ρ̄(gder) onto a submodule
W of ρ̄(gder)∗, which we may assume is irreducible as an Fp[ΓF]-module. Equivalently, ρ̄(gder) has
an Fp[ΓF]-subquotient V which is isomorphic to W. Since both ρ̄(gder) and ρ̄(gder)∗ are k-modules,
it follows that there exists a k[ΓF]-subquotient V ′ of ρ̄(gder) and a k[ΓF]-subquotient W ′ of ρ̄(gder)∗

which are isomorphic as Fp[ΓF]-modules. Clearly W ′ must be isomorphic to V ′′ ⊗k κ̄, where V ′′ is
a k[ΓF]-subquotient of ρ̄(gder). Thus, V ′′ and V ′′⊗k κ̄ are both subquotients of gder for a nonzero V ′′,
hence the pth roots of unity must be contained in F(ρ̄(gder)). This contradiction proves that (C3)
holds.

Let F′ = F(ρ̄M, κ̄). Clearly, F ⊂ F′ ⊂ K. Since ρ̄M is absolutely irreducible and p �G

0, it follows from [Gur99, Theorem A] (see also the argument of [FKP19, Lemma A.1]) that
H1(Gal(F′/F),W) = 0 for any (absolutely) irreducible k[ΓF]-subquotient W of ρ̄(gder)∗; here we
use the fact that the kernel of the map Gal(F′/F) → Gad(k) (induced by ρ̄M) is of order prime
to p. By the inflation-restriction sequence, it follows that (C4) will hold if we can show that
H1(Gal(K/F′),W))Gal(F′/F) = 0. By the choice of F′, the Sylow p-subgroup Q of Gal(K/F′) is a
subgroup of U(k). Furthermore, Q acts trivially on W since it is an irreducible Gal(K/F)-module
and Q is a normal p-subgroup. Thus it suffices to show that there are no non-trivial Gal(F′/F)-
equivariant homomorphisms from Qab to W. By Lemma A.4, any irreducible Fp[Gal(F′/F)]-
quotient of Q is isomorphic to an Fp[Gal(F′/F)]-subquotient of u. Since u ⊂ gder and W is a
subquotient of ρ̄(gder)∗, it follows from the strong form of property (C3) proved above that any
such homomorphism must be trivial. �

Remark A.6. Whether or not the pth roots of unity are contained in F(ρ̄(gder)) only depends on ρ̄M

since the kernel of the map π : P(k)→ M(k) is a p-group.

Lemma A.7. Let G be a semisimple group, P a parabolic subgroup of G, U the unipotent radical
of P and M a Levi subgroup. If p �G 0, there exists a subgroup A of U which is a product of root
subgroups, A is normalised by M, and z(M) := Lie(Z(M)) acts faithfully on a := Lie(A).

Proof. Since p �G 0, it suffices to find an abelian subalgebra a of u := Lie(U) which is an M-
submodule and on which z(M) acts faithfully since we can then get A by exponentiating a. We
claim that if a is any maximal abelian subalgebra of u which is an M-submodule then z(M) acts
faithfully on a. Such a maximal a exists by the finite dimensionality of u, so the claim implies the
lemma.

To prove the claim we consider a maximal a and assume that the kernel k of the map z(M) →
End(a) is nonzero. The action of k on u is diagonalisable, and it acts trivially on a. Let R be the
set of k-linear functions k → k that occur in a decomposition of u as a sum of one dimensional
k-invariant subspaces. The set R does not consist of the singleton {0} since the centre of p is trivial.
Let f ∈ R be such that 2 f < R. Such an f always exists: the cardinality of R is bounded above
by a constant depending only on the root system of G while the order of 2 ∈ k× goes to infinity
with p. Let u f be the subspace of u on which k acts by f ; it is nonzero since f ∈ R and it is an
M-submodule of u since k ⊂ z(M).
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The Lie bracket on u induces a map β : a ⊗ u f → u of m-modules. The image of β is contained
in u f as k ⊂ m, it acts trivially on a and by multiplication by f on u f . Since the adjoint action
of u on itself is nilpotent, it follows that there is a nonzero m-submodule a′ ⊂ u f such that β|a×a′
is identically 0, i.e., a and a′ commute. Since k acts on u f by f , it acts on [u f , u f ] by 2 f , so by
the choice of f it follows that [u f , u f ], hence also [a′, a′], is {0}. Since a is an abelian Lie algebra
by assumption, we conclude that a ⊕ a′ is an abelian subalgebra of u which is normalised by M,
contradicting the maximality of a.

�

Remark A.8. For many G and P one can give explicit examples of A as in Lemma A.7. For a
maximal parabolic P, we say that P is L-faithful if the Lie algebra of any Levi subgroup of P acts
faithfully on z(U) := Lie(Z(U)). For groups of type An, one easily sees that any maximal parabolic
is L-faithful. More generally, from [Sha10, Appendix A] one sees that for any simple G (and
p �G 0), there always exists at least one L-faithful parabolic. If P′ is any parabolic contained in
an L-faithful parabolic P then it follows that we may take A to be z(U) (where U is the unipotent
radical of P). This gives another proof of Lemma A.7 for such P′; in particular, this applies to the
Borel subgroup B.

A.1. The case G = GLn or Gn.

A.1.1. GLn. Let P be a standard parabolic of GLn corresponding to a partition n = n1+n2+· · ·+nr,
with r > 1 and let M be the Levi subgroup of P consisting of block diagonal matrices, so M =

GLn1 ×GLn2 ×· · ·×GLnr . Given any representation ρ̄ : ΓF → GLn with ρ̄(ΓF) ⊂ P(k), by projecting
to M(k) we obtain representations ρ̄i : ΓF → GLni , i = 1, 2, . . . , r.

Lemma A.9. Let the notation be as above and suppose that p �n 0 and the following holds:
(1) ρ̄i is absolutely irreducible for i = 1, 2 . . . , r.
(2) ρ̄i is not isomorphic to ρ̄ j ⊗ ψ̄ for ψ̄ ∈ {1, κ̄, κ̄−1} and all i , j ∈ {1, 2, . . . , r}. (In particular,

this condition always holds if ni , n j.)
(3) Let χ̄i, j be the character det(ρ̄i)n j · det(ρ̄ j)−ni . Then [F(ζp) : F(ζp) ∩ F(χ̄i, j)] is greater than

a constant b depending only on n, for all i , j ∈ {1, 2, . . . , r}.
Then H0(ΓF , ρ̄(gder)) ⊂ z(M) ∩ gder and (C2), (C3) and (C4) hold.

Proof. We first note that the assumptions of the lemma continue to hold if we replace ρ̄ by the
representation ρ̄′ := ρ̄1 ⊕ ρ̄2 ⊕ · · · ⊕ ρ̄r. Moreover, H0(ΓF , ρ̄(gder)) ⊂ H0(ΓF , ρ̄

′(gder)) so one easily
sees that if the conclusions of the lemma, except (C4), hold for ρ̄′ then they also hold for ρ̄.

The adjoint representation of GLn and ρ̄′ make gln into a ΓF-module, and as such it is isomorphic
to ⊕r

i, j=1ρ̄i ⊗ ρ̄
∨
j . From this it is clear that (1) and (2) imply that H0(ΓF , ρ̄

′(gder)) is contained in
z(M) ∩ gder, and (C2) will hold if the pth roots of unity are not contained in F(ρ̄(gder)).

We now show that conditions (1) and (3) imply that the pth roots of unity are not contained in
F(ρ̄(gder)), and then we may apply Lemma A.5 to conclude that (C3) and (C4) also hold. Since the
kernel of the projection from P(k) to M(k) is a p-group, the condition on the pth roots of unity will
hold for ρ̄ iff it holds for ρ̄′, so to check this condition we may assume that ρ̄ = ρ̄′. From (1) and
[FKP19, Lemma A.6] it follows that the order of the maximal cyclic quotient of ρ̄i(ΓF) differs from
the order of det(ρ̄i(ΓF)) by at most a constant depending only on ni. This implies that if we set F′

to be extension of F cut out by the image of ΓF in M(k)/k× ·Mder(k), where k× is embedded in M(k)
as the centre of GLn(k), then it suffices that [F(ζp) : F′ ∩ F(ζp)] should be larger than a constant
depending only on n. The map ΓF → M(k) → (M(k)/Mder(k)) � (k×)r is simply the map given by
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the product of all the det(ρ̄i), and the central k× maps to (k×)r by the map x 7→ (xn1 , xn2 , . . . , xnr ).
Now since k× is a cyclic group, the kernel of the map (k×)r to (k×)r(r−1) given by

(x1, x2, . . . , xr) 7→ (xn j

i xni
j )i, j

contains the image of the central k× as above with index bounded in terms of n. Since F(ζp) is a
cyclic extension of F (and r is bounded by n), it follows that there exists a constant b for which
(3) implies that [F(ζp) : F′ ∩ F(ζp)] is larger than any fixed constant and therefore the pth roots of
unity are not contained in F(ρ̄(gder)).

�

A.1.2. Gn. In this subsection we take the group G to be the group Gn as defined in [CHT08, §2.1]
and consider a representation ρ̄ : ΓF → G(k). The group G0 is isomorphic to GLn × Gm and G/G0

is isomorphic to Z/2Z. The group Gder is the GLn factor of G0 and we denote its Lie algebra by
gn. We let L be the field cut out by composing ρ̄ with the projection to G/G0 and we assume that it
is a quadratic extension of F. We let r̄ : ΓL → GLn(k) be the representation obtained from ρ̄|ΓL by
projecting to the GLn factor of G0. We assume (for simplicity) that r̄ � ⊕s

i=1r̄i, where each r̄i is an
irreducible representation of ΓL of dimension ni.

Lemma A.10. Let the notation be as above and p �n 0. Suppose that L is a CM extension of F
(so the character ΓF → Z/2Z induced by ρ̄ is totally odd) and the following holds:

(1) r̄i is absolutely irreducible for i = 1, 2 . . . , r.
(2) r̄i is not isomorphic to r̄ j ⊗ ψ̄ for ψ̄ ∈ {1, κ̄, κ̄−1} and all i , j ∈ {1, 2, . . . , s}. (In particular,

this condition always holds if ni , n j.)
(3) Let χ̄i, j be the character det(r̄i)n j · det(r̄ j)−ni . Then [F(ζp) : F(ζp) ∩ F(χ̄i, j)] is greater than

a constant b depending only on n, for all i , j ∈ {1, 2, . . . , s}.
Then (C1) (C2), (C3) and (C4) hold.

Proof. The proof is very similar to that of Lemma A.9 so we only indicate the modifications that
need to be made.

For (C1), the proof of Lemma A.9 shows that (gn)ΓL is contained in the diagonal matrices. The
action of complex conjugation on gn is given by x 7→ −tx, so since p , 2 it follows that (C1) holds.

The rest of the conditions follow in the same way as in Lemma A.9; the condition (C4) follows
from the semisimplicity assumption on r̄ using [Gur99] and (3) is not needed for that.

�

A.2. P is a maximal parabolic. We now give concrete conditions under which properties (C1) -
(C4) hold in the case that P is a maximal parabolic of a classical G with abelian unipotent radical.

Lemma A.11. Suppose [F(ζp) : F] �G 0, P is a maximal parabolic, and ρ̄M is absolutely irre-
ducible. Consider the following cases:

(1) G = GLn and P is the parabolic corresponding to the partition n = n′ + n′′. We may then
view ρ̄M as a direct sum of two representations ρ̄′M and ρ̄′′M of ΓF of dimension n′ and n′′,
and ρ̄ is an extension of ρ̄′′M by ρ̄′M. Consider the conditions:
(a) n is odd, or n′ = n′′ and ρ̄′M � ρ̄′′M;
(b) n is odd, or n′ = n′′ and ρ̄′M � ρ̄′′M ⊗ κ̄

−1.
(2) G = GSp2n and P is the Siegel parabolic, i.e., the stabilizer of a Lagrangian subspace: in

this case M � GLn × Gm and we let ρ̄′M be the representation of ΓF corresponding to the
first projection. Consider the conditions:
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(a) ρ̄′M does not preserve any nondegenerate symmetric bilinear form;
(b) ρ̄′M does not preserve any nondegenerate symmetric bilinear form up to a scalar with

multiplier character κ̄.
(3) G = SOn and P is the stabilizer of an isotropic line in the standard representation of G: in

this case M � SOn−2 × Gm and we let ρ̄′M be the (n − 2)-dimensional linear representation
induced from ρ̄M by the tensor product of the standard representations of the two factors.
Consider the conditions
(a) ρ̄′M does not have an invariant vector;
(b) ρ̄′M does not have a κ̄±1-invariant vector.

(4) G = SO2n and P is the stabilizer of a maximal isotropic subspace: in this case M � GLn

so we may view ρ̄M as an n-dimensional linear representation. Consider the conditions
(a) ρ̄M does not preserve any nondegenerate skew-symmetric form;
(b) ρ̄M does not preserve a nondegenerate skew-symmetric form up to a scalar with mul-

tiplier character κ̄.
If (G, P) is as in one of the above cases and the map ρ̄(ΓF) → M(k) induced by π is not
injective then (C1) holds if (a) does and (C2) holds if (b) does.

Proof. Consider the semisimplification (gder)ss of gder as a P(k)-module. The P(k)-action on (gder)ss

factors through an action of M(k) and as an M(k)-module (gder)ss has a direct sum decomposition
m′ ⊕ u ⊕ u−, where m′ is the Lie algebra of a Levi subgroup M′ of the image of P in Gad. Each
of the summands is semisimple by [Gur99, Theorem A] since [F(ζp) : F] �G 0 implies p �G 0.
Furthermore, the Killing form induces a duality of u and u− as M-representations.

The above decomposition induces a decomposition of the semisimplification of ρ̄(gder) as a ΓF-
module, which we write as

ρ̄(gder)ss = ρ̄(m′) ⊕ ρ̄(u) ⊕ ρ̄(u−);

each of the three summands is semisimple by [Gur99, Theorem A] because p � 0 and ρ̄M is
absolutely irreducible. All the above holds for any G and any parabolic P. If P is maximal, then
the centre Z(m′) of m′ is one dimensional and is equal to H0(ΓF , ρ̄(m′)) by [FKP19, Lemma A.2].

Now suppose G is one of the groups in items (1) - (4). In each of these cases, one easily works
out the action of M on u and this is given as follows:

(i) G = GLn: in this case M = GLn1 × GLn2 and its representation on u is λ1 ⊗ λ
∨
2 where λi is

the standard representation of GLni .
(ii) G = GSp2n: in this case the representation of M on u is given by the projection to the GLn

factor and the second symmetric power of the standard representation.
(iii) G = SOn and P as in (3): in this case the representation of M on u is the tensor product of

the standard representations of the two factors.
(iv) G = SO2n and P as in (4): in this case the representation of M on u is the second exterior

power of the standard representation of GLn.

From the list above it is clear that H0(ΓF , ρ̄(u)) = 0 in these cases if ρ̄ satisifies condition (a). By
semisimplicity the same holds for u− since it is dual to u. We thus see that H0(ΓF , ρ̄(gder)ss) = Z(m′).
Suppose x ∈ H0(ΓF , ρ̄(gder)) is a nonzero element. By the foregoing, x = z+u, where 0 , z ∈ Z(m′)
and u ∈ u. Let γ in ρ̄(ΓF) be a nontrivial element in ker(π). Since U is commutative, it follows
that the image of γ in Gad(k) is in the centralizer of z in Gad(k). By [Ste75, Theorem 3.14] the
centralizer in Gad of z (in fact any semisimple element) is a connected reductive subgroup, so by a
standard Lie algebra computation (recall p �G 0) one sees that the centralizer of z in Gad is in fact
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M′. Since the image of γ in Gad(k) is not in M′(k), it follows that we must have H0(ΓF , ρ̄(gder)) = 0,
i.e., (C1) holds.

For (C2) we first note that it follows from [FKP19, Corollary A.6] that any one dimensional
k[ΓF]-quotient of ρ̄(m′) must be a character of order bounded by a constant depending only on M.
Given this, the assumption that [F(ζp) : F] �G 0 implies that H0(ΓF , ρ̄(m′)(1)) = 0. As in case
(C1), the assumption (b) implies that H0(ΓF , ρ̄(u)(1)) = 0. In case (3) assumption (b) also implies
that H0(ΓF , ρ̄(u−)(1)) = 0. In the other cases an element u of H0(ΓF , ρ̄(u−)(1)) may be viewed as
an invariant in the tensor product of two absolutely irreducible representations, so if it is nonzero it
must be nondegenerate, i.e., induces an isomorphism of one of the representations with the dual of
the other one (so both representations must have the same dimension). Let γ ∈ ΓF be any element
such that κ̄(γ) = 1 and ρ̄(γ) is a nontrivial element of U(k). A simple matrix computation shows
that in each case γ(u) − u is a nonzero element of m′(1). On the other hand, for any element u′ in
m′(1) ⊕ u(1), γ(u′) − u′ is an element of u(1). This implies that given a nonzero u, there exists no
element u′ as above such that γ(u + u′) = u + u′ so u does not lift to a ΓF-invariant element, as
required. �

Remark A.12. One may derive similar, but more complicated, conditions for any reductive G and
maximal parabolic P using the tables in Appendices A and B of [Sha10] which give the structure
of u as an M-module.

For P a parabolic subgroup of G, let M be the Levi quotient of the image of P in Gad, the adjoint
group of G. If P is maximal, M modulo its derived subgroup is a one dimensional torus which we
identify with Gm. This quotient gives rise to a character χ : ΓF → Gm(k) obtained as the composite

ΓF
ρ̄
→ P(k)→ M(k)→ Gm(k) .

Definition A.13. We say that ρ̄ as above satisfies property D(s, t,N), where s, t,N are positive
integers, if for all σ ∈ Aut(k), (χm1)σ|ΓF′ , (χm2 ⊗ κ̄s)|Γ′F , with [F′ : F] ≤ N and all m1,m2 ∈ Z such
that 0 ≤ |m1|, |m2| ≤ t.

Lemma A.14. Suppose p �G 0, P is a maximal parabolic, and ρ̄M is absolutely irreducible. For
any pair (G, P) as above there exist positive integers b, s, t and N (depending only on the root
datum of (G, P)) such that if

(1) [F(κ̄) : F(κ̄) ∩ F(χ)] > b, or
(2) ρ̄ satisfies property D(s, t,N),

then both (C3) and (C4) hold for ρ̄. Furthermore, in Case (1), µp is not contained in F(ρ̄(gder)).

Proof. We will prove that in both cases (1) and (2), the stronger versions of properties (C3) and
(C4) with ρ̄(gder) and ρ̄(gder)∗ replaced by their semisimplifications hold.

In case (1), we will reduce to Lemma A.5. By assumption ρ̄M is absolutely irreducible, so it
suffices to show that there exists b such that if (1) holds then the pth roots of unity are not contained
in F(ρ̄(gder)). Using Remark A.6, this follows by applying [FKP19, Lemma A.6] to the semisimple
group Mder and the definition of the character χ.

We now prove the existence of s, t,N such if ρ̄ satisfies D(s, t,N) then (C3) and (C4) hold. Let
L be the extension of F cut out by the image of ΓF in (M)ad(k), where (M)ad is the adjoint group
of M. To verify property (C3) it suffices to do so after replacing ΓF by ΓL. The action of ΓF on
(gder)ss factors through M(k), so the action of ΓL factors through the action of Z(M)(k), the centre of
M(k). Consider the decomposition (gder)ss = m′⊕u⊕u− as in the proof of Lemma A.11. The group
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Z(M)(k) acts trivially onm′, by a sum of non-trivial characters, say χ1, χ2, . . . , χr, on u (which may
be determined explicitly), and by the inverses of these characters on u−.

By the irreducibility of ρ̄M and [FKP19, Corollary A.6], it follows that there exists an integer N
depending only on G such that the degree [L ∩ Fab : F] is bounded above by N. Let s be the order
of the kernel of the map Z(M) → M/M

der
. In order for property (C3) to hold, it suffices that the

set of characters of ΓL induced by the set {(χσ1 )±, (χσ2 )±, . . . , (χσr )±} is disjoint from the set obtained
by tensoring those induced by {χ±1 , χ

±
2 , . . . , χ

±
r } with κ̄, for all σ ∈ Aut(k). This in turn follows if

we have disjointness when we raise each character of ΓL above to its sth power. Since each χs
i is

a power of the character χ and the exponents that occur only depend on G, it follows that for a
suitable choice of t, if D(s, t,N) holds then (C3) holds.

Let K′ = F(ρ̄(gder), κ̄). It is a subfield of K and p - [K : K′], so to prove that (C4) holds
it suffices to show that H1(Gal(K′/F), ρ̄(gder)∗) = 0. Let L′ be the extension of F obtained by
adjoining µp to the extension cut out by ρ̄M. Since ρ̄M is absolutely irreducible and p �G 0, it
follows from [Gur99, Theorem A] as in [FKP19, Lemma A.1] that H1(Gal(L′/F), (ρ̄(gder)∗)ss) =

0. By the inflation-restriction sequence it then follows that H1(Gal(K′/F), (ρ̄(gder)∗)ss) = 0 if
HomFp[Gal(L′/F)](Gal(K′/L′), (ρ̄(gder)∗)ss) = 0 and this holds if HomFp[Gal(L′/L)](Gal(K′/L′), (ρ̄(gder)∗)ss) =

0, with L as above.
There is a canonical Fp[Gal(L′/F)]-equivariant injection from Gal(K′/L′) into U(k). The pos-

sibly nonabelian group U(k) has an invariant filtration with abelian associated graded such that
Gal(L′/L) acts via the characters {χ1, χ2, . . . , χr} as before. Using this, if ρ̄ satisifies D(s, t,N) then
HomFp[Gal(L′/L)](Gal(K′/L′), (ρ̄(gder)∗)ss) indeed vanishes since the abelianisation of Gal(K′/L′) and
(ρ̄(gder)∗)ss have no common Fp[Gal(L′/L)]-subquotients (if t �G 0). �

Remark A.15. If χ takes values in F×p then we may ignore σ in condition D(s, t,N). Since s, t and
N are all independent of p, there exists a constant nG such that the condition in (2) is satisfied when
χ = κ̄n, for all n (modulo p − 1) except for those in a subset of Z/(p − 1)Z of size at most nG. In
particular, condition (2) can hold even when F(χ) = F(κ̄).

Example A.16. Let G = GSp4 and let P be the Siegel parabolic of G, so the Levi quotient M of P
is GL2 × Gm, the group M is GL2/{±1} and M

ad
is PGL2. From Dickson’s classification of finite

subgroups of PGL2(k) it follows that the integer N can be taken to be 4, and even 2 in all cases
except the A4 case (where it is 3) and the even dihedral case.

The group Z(M) acts on u± by det±1 and the integer s occurring in the proof of Lemma A.14 is
1. If we write ρ̄M as (ρ̄1, δ), the character χ : ΓF → Gm(k) is det ◦ ρ̄1. If χ takes values in F×p then
using (the proof of) Lemma A.14 we see that the properties (C3) and (C4) hold for ρ̄ as long as the
characters χa ⊗ κ̄ have order at least 5 for |a| ≤ 2.

Example A.17. Let G = GL2n and let P be the parabolic corresponding to the partition 2n = n + n.
In this case there is only one character of Z(M(k)) occuring in u, a generator of the character
group, and s = n. Moreover, (M)ad is PGLn × PGLn, so we may take N to be the maximal size
of the abelianisation of an absolutely irreducible subgroup of PGLn(k) × PGLn(k). Therefore (C3)
and (C4) hold if for all σ ∈ Aut(k), (χ±1)σ|ΓF′ , (χ±1 ⊗ κ̄n)|Γ′F , with F′ any finite extension of F of
degree ≤ N.

A.3. P is a Borel subgroup. Assume that P = B is a Borel subgroup of G. In this case ρ̄(gder) has
a filtration with one dimensional subquotients, so it is not difficult to analyze the conditions under
which properties (C1) - (C4) hold for ρ̄. We give examples of such conditions without attempting
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to be exhaustive. We note here that in the preprint [Ray18], A. Ray has proved a lifting theorem for
representations with values in the Borel subgroup of GSp2g(k); our methods give stronger results
even in this case.

In all that follows we shall assume that p �G 0. Under this assumption, by Lemma A.1, any
element x ∈ U(k) has a logarithm log(x) ∈ u. Let U(ρ̄) = U(k) ∩ im(ρ̄), the Sylow p-subgroup of
im(ρ̄). We let u(ρ̄) be the k-subspace of u spanned by {log(x) | x ∈ U(ρ̄)}. This is a k[ΓF]-submodule
of ρ̄(gder). Then Z(u(ρ̄)), the centralizer in gder of u(ρ̄), is also a k[ΓF]-submodule of ρ̄(gder).

Let T be the Levi quotient of B and let ρ̄T be the induced representation ΓF → T (k). The
ΓF-action on (gder)ss (hence also Z(u(ρ̄))ss), factors through ρ̄T , so it is a sum of characters.

Lemma A.18. Let ρ̄ : ΓF → G(k) be a continuous representation with im(ρ̄) ⊂ B(k). Consider the
following conditions:

(1) The trivial character does not appear in Z(u(ρ̄))ss.
(2) The character κ̄−1 does not appear in Z(u(ρ̄))ss.
(3) For all characters χ and χ′ occurring in the action of ΓF on (gder)ss we always have

σ(χ′) � χ ⊗ κ̄, for any automorphism σ of k.
Then (1) implies (C1) holds, (2) implies (C2) holds, and (3) implies that (C3) and (C4) hold.

Note that (3) only depends on ρ̄T .

Proof. We will use the formula

(∗) Ad(exp(X))(Y) =

∞∑
i=0

ad(X)i(Y)
i!

,

which holds for all X ∈ u and all Y ∈ g; the sum is actually finite because X is nilpotent. This is
well-known over fields of characteristic zero and so also holds if p �G 0 by spreading out.

If there exists Y ∈ (gder)ΓF such that Y < Z(u(ρ̄)), then there exists x ∈ U(ρ̄) such that [log(x),Y] ,
0. Formula (∗) and the fact that log(x) is nilpotent, imply that Ad(x)(Y) , Y , a contradiction. The
condition (1) clearly implies that Z(u(ρ̄))ΓF = 0, so (C1) holds.

The group U(ρ̄) is also the Sylow p-subgroup of Gal(K/F), and as such its action on ρ̄(gder) and
ρ̄(gder)∗ is identical. Therefore, it follows from the above that the ΓF-invariants of ρ̄(gder)∗ must be
contained in Z(u(ρ̄)) ⊗ κ̄. This shows that (2) implies that (C2) holds.

It is clear that (3) implies that a stronger form of (C3), with ρ̄(gder) replaced by ρ̄(gder)ss.
We now show that (3) implies that H1(Gal(K/F), χ ⊗ κ̄) = 0, for χ any character occurring in

ρ̄(gder)ss, which clearly implies that (C4) holds. Since U(ρ̄) is the Sylow p-subgroup of Gal(K/F), it
follows from the inflation-restriction sequence that it suffices to show that Hom(U(ρ̄), χ⊗κ̄)Gal(K/F) =

{0}. By Lemma A.4, this will follow if we can show that Hom(u, χ ⊗ κ̄)Gal(K/F) = {0}. But this is an
immediate consequence of (3), so (C4) holds. �

Appendix B.

In this appendix we finish the proof of Proposition 9.1 by providing the promised lemma about
generic fibers of ordinary deformation rings. We can work in somewhat greater generality than
needed in Proposition 9.1, but in essence we follow the proof in the GLn case due to Geraghty
([Ger19]). We repeat some of our notation here, to make this appendix relatively self-contained.
Let O be the ring of integers, with residue field k, in a finite extension E of Qp. We continue to let
F denote a number field, for consistency with the body of this paper, but in this appendix we will
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only use the completion Fv of F at some prime v|p and its absolute Galois group ΓFv . Let G be
a split connected reductive group over O (we emphasize that in contrast to the bulk of the paper,
here G is connected), equipped with a split torus T0. We will repeatedly use the following fact:

Proposition B.1 (See Corollary 5.2.13 of [Con14]). For any O-algebra A, any two Borel subgroups
B1, B2 of the base-change GA are G-conjugate Zariski-locally on Spec(A). Moreover, if B1 and B2

both contain T0, they are NG(T0)-conjugate Zariski-locally on Spec(A).

Let TG denote the “canonical torus” of G: for any Borel subgroup B ⊂ G, TG is equal to
the quotient B/Ru(B) by the unipotent radical of B. The sense in which this is canonical is that
any two Borel subgroups B′ and B are G(O)-conjugate since O is a local ring, and NG(B) = B
(this follows from the analogue over fields and smoothness of the normalizer, and it is valid for
Borel subgroups in a reductive group scheme over an arbitrary base: [Con14, Corollary 5.2.8])
implies that a choice of G(O)-conjugation B′

∼
−→ B induces an isomorphism B′/Ru(B′)

∼
−→ B/Ru(B)

that is independent of the choice, since B acts trivially by conjugation on B/Ru(B). We similarly
obtain a canonical identification of the character groups Hom(B,Gm), which allows us to define
unambiguously dominant regular cocharacters of TG.

To define the ordinary condition we will, roughly speaking, impose the condition that a repre-
sentation factors through a Borel subgroup and has pre-specified projection to the canonical torus;
a correct treatment of the moduli problem will require working over general (not necessarily local)
bases, and even though the projection of a Borel subgroup modulo its unipotent radical makes sense
over an arbitrary base, we unfortunately don’t know how to formulate the condition on the projec-
tion without localizing. We fix a reference Borel B0 ⊂ G (over O) containing the split maximal
torus T0, so for any O-algebra A we can identify TG×Spec(O) Spec(A) with B0/Ru(B0)×Spec(O) Spec A.

Fix a prime v|p of F (or more generally, fix a finite extension of Qp), and fix a collection
λτ : Gm → TG of co-characters, indexed over τ ∈ HomQp(Fv, E); here we if necessary enlarge
E = Frac(O) so that it contains all E-embeddings of Fv. Let recv : F×v → Γab

Fv
denote the local Artin

reciprocity map, normalized to take uniformizers to geometric Frobenii, and define a character
χλ : IFv → TG(O) by

χλ(σ) =
∏

τ : Fv→E

λτ(τ(rec−1
v (σ))).

Definition B.2. Let A be a finite local E-algebra and λ = (λτ)τ : Fv→E as above. Fix a finite extension
F′v/Fv. Let ρ : ΓFv → G(A) be a continuous representation. We say that ρ is F′v-ordinary of weight
λ if there is a Borel subgroup B ⊂ GA such that ρ factors through B(A), and, choosing g ∈ G(A)
such that gBg−1 = B0 the projection

ΓFv

ρ
−→ B(A)

x 7→gxg−1

−−−−−−→ B0(A)→ TG(A)

is equal to χλ on the open subgroup IF′v of IFv .

Here we use Proposition B.1 to choose such g ∈ G(A), and note that the condition thus formu-
lated is independent of the choice of g by the remarks (NG(B0) = B0) following the Proposition.

While we can formulate this assumption for any λ, in what follows we assume that λ is dominant
regular, i.e. that each λτ is a dominant regular cocharacter of TG. The collection of cocharacters
λ gives a p-adic Hodge type vλ. Fix a residual representation ρ̄ : ΓFv → G(k), and let R�ρ̄ rep-
resent the lifting functor Liftρ̄ of §2. Recall from [BG19, Theorem A] that the quotient R�,vλρ̄ of
R�ρ̄ whose points in finite local E-algebras parametrize potentially semistable representations that
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become semistable over F′v and have p-adic Hodge-type vλ is equidimensional, with all irreducible
components of R�,vλρ̄ [1/p] having dimension dim(G) + [Fv : Qp] dim(FlG), and it admits an open
dense regular subscheme (note that we omit F′v from the notation for R�,vλρ̄ ). We wish to construct
a further quotient parametrizing ordinary representations and show that it is a union of irreducible
components of R�,vλρ̄ .

Let ρλ : ΓFv → G(R�,vλρ̄ ) denote the universal lift, and for any R�,vλρ̄ -algebra A, let ρλA denote
the push-forward to A of ρλ. Let G be the subfunctor (on R�,vλρ̄ -algebras) of FlG such that G(A)
is the subset of B ∈ FlG(A) fixed under the canonical action of ρλA(ΓFv) on FlG(A). G is clearly
representable by a closed subscheme, and it is clear that if B ∈ G(A), then ρλA factors through
B(A) ⊂ G(A): indeed, ρλA(ΓFv) is contained in NG(B)(A) = B(A).

Let Gλ ⊂ G be the subfunctor defined by taking Gλ(A) to be the set of B ∈ G(A) such that

• choosing (by Proposition B.1) a Zariski cover Spec(Ã) → Spec(A) and a g ∈ G(Ã) such
that gBÃg−1 = B0, for all σ ∈ IF′v , the projection of gρλ

Ã
(σ)g−1 to TG(Ã) is equal to (the

image in Ã of) χλ(σ).

We stress again that this condition is independent of the choice of conjugating element g ∈ G(Ã).

Lemma B.3. Gλ is representable by a closed subscheme of G.

Proof. Let A be an R�,vλρ̄ -algebra, and fix an element B ∈ G(A). It suffices to show that there is
an ideal J ⊂ A such that for any ring homomorphism f : A → A′, f (B) belongs to Gλ(A′) if and
only if A → A′ factors through A/J. Let Spec(Ã) → Spec(A) be a Zariski cover such that for
some g ∈ G(Ã), gBÃg−1 = B0. Consider the root space decomposition of g with respect to T0,
g = Lie(T0) ⊕

⊕
β
gβ into a direct sum of the Lie algebra of T0 and free rank one O-module root

spaces gβ with respect to characters β : T0 → Gm. Let Xβ generate gβ, and let pβ be the O-module
projection g→ gβ (and likewise for the base-change to Ã). For B0-positive roots β and σ ∈ IF′v , let
cβ,σ ∈ Ã be the unique element such that

cβ,σXβ = pβ(Ad(gρλ
Ã
(σ)g−1)Xβ)) − β(χλ(σ))Xβ.

Note that these constants are independent of the conjugating element g ∈ G(Ã). We let J̃ ⊂ Ã be the
ideal generated by cβ,σ for all positive roots β and σ ∈ IF′v; it is the smallest ideal of Ã such that BÃ/J̃

belongs to Gλ(Ã/J̃). This independence of the conjugating element implies that J̃ is the extension
of an ideal J A: concretely, if Spec(Ã) = ti Spec(Ai) for Zariski-open subsets Spec(Ai) ⊂ Spec(A),
J̃ is a collection of ideals Ji ⊂ Ai, and by independence of choice of conjugating element Ji and J j

generate the same ideal of Spec(Ai)∩Spec(A j), and therefore the collection (Ji)i arises by extending
an ideal J ⊂ A.

We now verify the requisite condition on J. Suppose that f : A → A′ is such that f (B) belongs
to Gλ(A′). Then by definition there is an Zariski cover Spec(Ã′) → Spec(A′) and g′ ∈ G(Ã′)
conjugating BÃ′ to B0 such that g′ρλA′g

−1 has the correct projection to TG(A′). By definition, the
analogues c′β,σ of the cβ,σ (but now defined using g′) are equal to zero in Ã′. We can also use the
pull-back Ã ⊗A A′ of the Zariski-cover of Spec(A) used to define J. On the common refinement of
the covers Spec(Ã′) → Spec(A′) ← Spec(Ã ⊗A A′) of Spec(A′), the cβ,σ must equal the c′β,σ and
therefore are 0. It follows that f (J) = 0, i.e. A→ A′ factors through A/J.
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Conversely, if A→ A′ factors through A/J, then we witness BA′ belonging to Gλ(A′) by passing
to the cover Spec(A′ ⊗A/J Ã/J̃) (recall that Ã/J̃ = Ã ⊗A A/J, so is still an open cover of A/J—this
is where it is crucial that the ideal J̃ descend to an ideal of A). �

We now define R4λρ̄ to be the (global functions on the) scheme-theoretic image of Gλ[1/p] →
Spec(R�,vλρ̄ ); it is the quotient of R�,vλρ̄ by the kernel of the map R�,vλρ̄ → O(Gλ[1/p]). As in [Ger19],
we can now observe the following:

• The morphism Λ : Gλ → Spec(R�,vλρ̄ ) is proper, so Λ[1/p] is proper, and its image is there-
fore closed and equal (as topological space) to the scheme-theoretic image of Λ[1/p], i.e.
equal to Spec(R4λρ̄ [1/p]) ⊂ Spec(R�,vλρ̄ [1/p]).
• If y is a closed point of Spec(R4λρ̄ [1/p]), then y lifts uniquely to a closed point ỹ of Gλ[1/p]:

indeed, it lifts by the previous bullet point, and the lift is unique because the co-characters
λτ are all regular.
• The induced map on complete local rings

(R�,vλρ̄ [1/p])∧y � (R4λρ̄ [1/p])∧y ↪→ O∧Gλ[1/p],̃y

admits the following moduli interpretation as functors on the category C
f
Ey

of finite lo-
cal Ey-algebras A with residue field Ey, where Ey is the residue field of y: a local Ey-
algebra homomorphism (R�,vλρ̄ [1/p])∧y → A corresponds to an object ρ ∈ R�,vλρ̄ (A) such that
ρ : ΓFv → G(A) lifts the representation ρy associated to y, a local Ey-algebra homomor-
phism O∧

Gλ[1/p],̃y → A corresponds to a pair (ρ, B) ∈ Gλ(A) where ρ lifts ρy, B ∈ FlG(A) lifts
the Borel Bỹ ∈ Gλ(Ey) corresponding to ỹ, and the composite (R�,vλρ̄ [1/p])∧y → O∧

Gλ[1/p],̃y is
induced by the forgetful map (ρ, B) 7→ ρ. Regularity of the characters λτ again implies
that a choice of B lifting By with the specified projection to TG must be unique; we de-
duce that Hom

C
f
Ey

(O∧
Gλ[1/p],̃y,−) is a subfunctor of Hom

C
f
Ey

((R�,vλρ̄ [1/p])∧y ,−), and thus from

tangent space considerations the map (R�,vλρ̄ [1/p])∧y → O∧
Gλ[1/p],̃y is a surjection.

We omit the details, as they are very similar to the arguments of [Ger19], taking into account the
framework established in Lemma B.3. We summarize these results in part (1) of the following
lemma, and in part (2) we deduce our desired application to the structure of R4λρ̄ :

Lemma B.4 (cf. Lemma 3.10 of [Ger19]). (1) Let A be a finite local E-algebra, and let f : R�,vλρ̄ →

A be an O-algebra homomorphism. Then f factors through R4λρ̄ if and only if f ◦ ρλ is F′v-
ordinary of weight λ in the sense of Definition B.2.

(2) R4λρ̄ is a union of irreducible components of R�,vλρ̄ . In particular, R4λρ̄ [1/p] admits an open
dense regular subscheme, and all of its irreducible components have dimension dim(G) +

[Fv : Qp] dim(FlG).
(3) If we fix a lift µ : ΓFv → G/Gder(O) of the multiplier character µ̄ and replace all the lifting

rings with their fixed multiplier µ analogues, then the same assertions hold with dim(Gder)
in place of dim(G).

Proof. In (1), the “if” direction is clear since the Borel witnessing ordinarity of f ◦ ρλ gives rise to
a point of Gλ(A). The converse follows from the remarks before the proof: Let y be the closed point
underlying f (mod mA), so that f factoring through R4λρ̄ [1/p] implies it induces a homomorphism
O∧

Gλ[1/p],̃y → A corresponding to a pair (ρ, B) ∈ Gλ(A), and therefore ρ = f ◦ρλ is ordinary of weight
λ.
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To show that R4λρ̄ is a union of irreducible components of R�,vλρ̄ , it suffices now to compute
for each closed point y ∈ Spec(R4λρ̄ [1/p])∧y ) a lower bound on the dimension of each irreducible
component of R4λρ̄ [1/p])∧y ) � O∧

Gλ[1/p],̃y that is greater than or equal to dim((R�,vλρ̄ [1/p])∧y ) = dim(G)+
[Fv : Qp] dim(FlG). We begin by observing that O∧

Gλ[1/p],̃y also pro-represents the functor Fỹ : C f
Ey
→

Sets such that Fỹ(A) is the set of pairs (ρ, B) such that ρ : ΓFv → G(A) lifts ρy, ρ factors through

B(A) where B lifts Bỹ, and, for g ∈ G(A) such that gBg−1 = B0, IF′v

gρg−1

−−−−→ B0(A) → TG(A) is
equal to χλ. The difference from the previous assertion is that we do not assume ρ|ΓF′v

is semistable
with p-adic Hodge type vλ: but this is automatic (again via [Nek93, Proposition 1.28]; to use
this for general G, see for instance [Pat16, Lemma 4.8]) from the fact that the above composite
IF′v → TG(A) is still χλ. The dimension calculation proceeds as in [Ger19, Corollary 3.6, Lemma
3.7]: there is some g ∈ G(OEy) such that gρyg−1 takes values in B0(OEy), and the functor Fỹ can
then be identified with the product of functors of B0-lifts of gρyg−1 and the functor of lifts of Bỹ

that is represented by OFlG ,Bỹ � Ey[[X1, . . . , Xdim(FlG)]] (FlG is smooth over O).
We are thus reduced to the simple problem of computing a lower bound on the dimension of the

lifting ring RB0,λ

gρyg−1 parametrizing lifts ρ : ΓFv → B0(A) of r := gρyg−1 such that the projection of ρ to
TG(A) is equal to χλ on IF′v . The tangent space of this functor is identified with ker(Z1(ΓFv , r(b0))→
Z1(IF′v , r(b0/n0)), where b0 = Lie(B0) and n0 = Lie(Ru(B0)). Via the exact sequence

0→ bΓFv
0 → b0 → Z1(ΓFv , r(b0))→ H1(ΓFv , r(b0))→ 0,

we must compute

− dim(bΓFv
0 ) + dim(b0) + dim

(
ker

(
H1(ΓFv , r(b0))→ H1(IF′v , r(b0/n0))ΓFv/IF′v

))
,

which is at least

− dim(bΓFv
0 )+dim(b0)+dim(H1(ΓFv , r(b0)))−

(
dim(H1(ΓFv , r(b0/n0)) − dim(H1(ΓFv/IF′v , r(b0/n0)))

)
.

By the local Euler characteristic formula (as well as the vanishing of H2(ΓFv , r(b0/n0)), which fol-
lows from local duality, and the vanishing of the cohomology of any finite group with coefficients
in a Q-vector space), this last expression equals

dim(b0) + h2(ΓFv , r(b0)) + dim(b0)[Fv : Qp] −
(
dim(b0/n0) + [Fv : Qp] dim(b0/n0) − dim(b0/n0)

)
= dim(b0) + h2(ΓFv , r(g0)) + dim(n0)[Fv : Qp].

Adding in the dim(n0) contribution from the dimension of FlG, we conclude that OGλ[1/p],̃y is iso-
morphic to E[[X1, . . . , Xh]]/( f1, . . . , fh′), where h ≥ dim(G) + dim(FlG)[Fv : Qp] + h2(ΓFv , r(b0))
and h′ = h2(ΓFv , r(b0)). This implies the desired lower bound on the dimension of each irreducible
component of this ring, and part (2) of the Lemma follows.

The fixed multiplier case is similar, and we omit the details. �
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MR 2470687 38, 47

[Con14] Brian Conrad, Reductive group schemes, Autour des schémas en groupes, Panoramas et Synthèses
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