LIFTING AND AUTOMORPHY OF REDUCIBLE MOD p GALOIS
REPRESENTATIONS OVER GLOBAL FIELDS
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AsstrAcT. We prove the modularity of most reducible, odd representations p : I'y — GL,(k) with
k a finite field of characteristic an odd prime p. This is an analogue of Serre’s celebrated modular-
ity conjecture (which concerned irreducible, odd representations p : I'q — GL,(k)) for reducible,
odd representations. Our proof lifts p to an irreducible geometric p-adic representation p which is
known to arise from a newform by results of Skinner—Wiles and Pan. We likewise prove automorphy
of many reducible representations p: I'r — GL, (k) when F is a global function field of characteris-
tic different from p, by establishing a p-adic lifting theorem and invoking the work of L. Lafforgue.
Crucially, in both cases we show that the actual representation p, rather than just its semisimpli-
fication, arises from reduction of the geometric representation attached to a cuspidal automorphic
representation. Our main theorem establishes a geometric lifting result for mod p representations
p : I'r = G(k) of Galois groups of global fields F, valued in reductive groups G(k), and assumed
to be odd when F is a number field. Thus we find that lifting theorems, combined with automorphy
lifting results pioneered by Wiles in the number field case and the results in the global Langlands
correspondence proved by Drinfeld and L. Lafforgue in the function field case, give the only known
method to access modularity of mod p Galois representations both in reducible and irreducible cases.

1. INTRODUCTION

Serre’s modularity conjecture [Ser87] asserts that an odd, irreducible, continuous representation
p: Gal(@/ Q) — GL;,(k) with k a finite field of characteristic p arises from a newform, and was
proved in [KWO09b]. Wiles in the introduction of his paper on Fermat’s Last Theorem [Wil95]
raises the question of whether one can prove an analogue of Serre’s conjecture in the reducible
case, going beyond the well-known conclusion of modularity of an odd reducible p up to semisim-
plification (see Lemma 7.3). Wiles notes on [Wil95, page 445]: Even in the reducible case not
much is known about the problem in the form which we have described it, and in that case it
should be observed that one must also choose the lattice carefully as only the semisimplification of
Pra = pra (mod Q) is independent of the choice of lattice in K2

We resolve this problem in Theorem B below, under a mild hypothesm that rules out some cases
when a twist of p has Serre weight p — 1, making use of developments of Wiles’s method of
modularity lifting and developments of Ramakrishna’s method of lifting Galois representations.
Our work improves on the results of Hamblen and Ramakrishna in [HR08]. We follow their
strategy of proving automorphy (or synonymously modularity) of reducible, odd representations
p Gal(Q/Q) — GL,(k) by lifting p to a geometric p-adic representation which is known to
arise from a newform by results of Skinner—Wiles in [SW99]. Our improvements to [HRO8] arise
from extending the technology for lifting mod p Galois representations, developed in our earlier
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paper [FKP19] in the case of irreducible Galois representations, to the case of reducible Galois
representations (see Theorem E).

To expand on our results, we first make the problem more explicit. Let I'g = Gal(Q/Q). Given
an odd representation p : I'g — GL,(k), is there a newform f € §,(I';(V)) of some level N > 1 and
weight r > 2, with associated Galois representation py, : I'o — GL,(E) (E = Ej, the completion
of E; = Q(a,(f)), the Hecke field of f, at an embedding ¢ : E; — @p, with valuation ring O),
and a lattice in E? stable under pr.(I'g) such that the resulting integral model I'g — GL,(O) of the
representation py, reduces (via some homomorphism O — k) to 5? We may summarize this by the
following diagram:

GL»(0)

Pfu /?( J/
7
7

Io —— GLa(R).

Let us recall some standard facts, due to Ribet and Serre, about lattices in E? that are stabilized
by I'g (see proof of Proposition 7.7 below). The semisimplification of the residual representation
arising from reducing a p,(I'g)-stable lattice of E? is independent of the lattice. When py, is
residually irreducible, then up to scaling by elements of E* there is a unique lattice in E? that is
stabilized by I'g. In the residually reducible case, the lattice stabilized by the irreducible repre-
sentation py, (which always exists) is never unique up to scaling, although there are only finitely
many such stable lattices up to scaling since py, is irreducible. We say that p (in the irreducible and
reducible cases) arises from f, or p arises from py,, if we have the relationship summarized in the
diagram above. In the case when py, is residually reducible, it gives rise to finitely many residual
representations p, and there are at least two non-isomorphic p that arise from f.

We note in passing that, unlike in the case of Serre’s conjecture for irreducible representations
P, where he makes precise the minimal weight and level of a newform f that gives rise to p, in the
case of reducible mod p representations p it is not reasonable to ask that we can choose a newform
f giving rise to p to be in S, (I'{(N)), with r, N being the Serre weight k(o) and Artin conductor
N(p) of p. We expand on this further in the introduction below and later in Proposition 7.7.

1.1. Automorphy of reducible mod p Galois representations. We recall the result of Hamblen
and Ramakrishna that proved modularity for many odd reducible p : I'g — GL,(k). We denote by
k the mod p cyclotomic character.

Theorem A (Theorem 2 of [HRO8]). Let p > 3 be a prime, k a finite field of characteristic p, and
let p: I'q — GLa(k) be a continuous indecomposable representation of the form

- [y =
i
Assume that

(1) ¥(c)=—1, g #&* * # L
(2) plry, is either ramified or unramified but not of the form

~ 1 =
plrQ[, ~ 0 1 .

(3) k is spanned as vector space over F, by the values of .
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Then p arises from a newform f of some level N and weight r > 2.

The strategy of [HROS8] is to lift p to a geometric representation p : I'g — GL,(O) that is
ordinary at p of Hodge-Tate weights (r — 1,0) for an integer r > 2 and then appeal to results
of Skinner-Wiles [SW99] to show that p = py, for a newform f € S,.(I'i(N)). We note that
there are infinitely many odd j such that > = 1. Also, because of an observation of Berger and
Klosin [BK19] (see Lemma 7.6 below), condition (3) in Theorem A is quite restrictive, ruling
out infinitely many non-isomorphic p that arise from extensions defined over k, of 1 by a fixed
character j, and that factor through the Galois group I' of a fixed finite extension of Q, in the case
that dimg H'(T', k(;)) > 1. This observation also rules out using the lifting method of [KW09a],
which relies on potential automorphy, in the residually reducible case. When this method works
it produces minimal lifts, which by Lemma 7.6 would be too few to account for the plethora of
non-isomorphic p parametrized by H'(T', k(i))/k*.

We substantially improve the above result of [HRO8] by eliminating conditions (2) and (3) and
shrinking the infinite set of (odd) exceptional jy in condition (1) to a singleton.

Theorem B (See Theorem 7.4). Let p > 3 be a prime, and let p: I'g — GL,(k) be a continuous
odd representation of the form

X =

=[5 3)

Assume that y # k~\. Then p arises from a newform f of some level N and weight r > 2.

We expect the condition ¥ # k! (which is implied by the condition that no twist of p has
Serre weight p — 1, but is strictly weaker than this condition on Serre weight) to be superfluous,
see Conjecture D, and the fact that we have to exclude this case in our theorem is imposed by the
limitations of our main result, Theorem E below, about lifting Galois representations. We anticipate
that further improvements to the technology of lifting Galois representations of [FKP19] and the
present paper will in the future allow one to remove this condition. In any case, the proof of
Theorem B proceeds by specializing Theorem E to the case G = GL, to produce an irreducible
geometric lift p of p, and then invoking the results of [SW99] and [Pan19]. Our main undertaking,
then, is a substantial generalization and improvement of the methods of [FKP19].

We explain briefly our improvements in Theorem B to the result of Hamblen and Ramakrishna
(Theorem A). Assumptions (1) and (3) of Theorem A ensure that the adjoint representation ad(p)
of I'g is multiplicity-free as an F,[I'g]-module, and that H'(im(p), ad(p)) = 0. Assumption (2)
ensures that the local deformation problem at p is smooth and that the theorem of Skinner—Wiles
applies to the geometric lift of o (which is ordinary and distinguished at at p) that Hamblen and
Ramakrishna produce.

The improvements of Theorem B over Theorem A come about because our lifting methods, in
particular the “doubling argument” of §3 and §4, do not need the assumption that the adjoint rep-
resentation ad(p) is multiplicity free, and the relative deformation theory argument of §5 allows
one to lift p even if H'(im(p), ad(p)) # 0. Furthermore our methods do not need the assumption
that local deformation rings (at p) are smooth, and the improvements of [Pan19] to [SW99] al-
low one to show that the geometric lift we produce of p (which may now be non-distinguished
at p) is modular. Our assumption that i # k! ensures that both H°(Gal(K/Q), ad(p)*(1)) and
H'(Gal(K/Q), ad(p)*(1)) are 0, with K = F(p, Hp) the minimal Galois extension of F' that trivial-

izes both p and k, conditions which are currently still needed for our lifting methods.
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We also prove similar automorphy results over function fields (see Theorem 8.1) for a class of
reducible representations p of I'r, with F' a function field of characteristic different from that of k,
valued in GL,, (k) (for arbitrary n). The strategy, as before, is to lift o to an irreducible representation
p : I'r = GL,(0) ramified at finitely many places of F, and then to invoke the results of [Laf02] to
show that p arises from a cuspidal automorphic representation of GL,(Ar). While our results are
much more general, they for instance apply to the following cases:

Theorem C (See Corollary 8.3). Fix an integer n, and assume p >, 0. Let F be a global function
field of characteristic € # p, and let p: I'r — GL, (k) be a continuous representation satisfying the
following:
e p factors through a maximal parabolic P(k) C GL,(k), and the projection py: I'r — M(k)
of p to the Levi quotient of P is absolutely M-irreducible.
o Let py = p1 ® Py, where M = GL,, X GL,,, and p; is the projection to the GL,, factor,
ordered such that p is an extension of p> by p,. Assume that py; further satisfies:
— p1 is not isomorphic to p, ® Y for ¢ € {1,k™'}. (In particular, this condition always
holds if ny # ny.)
— Let j be the character det(p;)"™? - det(p,)™/9, where d = ged(ny,ny). Then [F({,) :
F({,) N F()] is greater than a constant depending only on n; and n;.

Then p is automorphic.

See also Corollary 8.4 for an automorphy result when p is a direct sum of an arbitrary number
of absolutely irreducible representations.

Our results provide evidence for the expectation that for a global field F, Galois representations
p : I'e — G(k), not necessarily irreducible and which are odd (see [FKP19, Definition 1.2])
when F is a number field, arise as reductions of lattices in irreducible geometric representations
p : I'r = G(E) associated to cuspidal automorphic representations on the dual group of G. In
other words the “mod p Langlands” correspondence of [Ser87] between irreducible mod p Galois
representations of I'g and mod p newforms should extend in some generality to the reducible case
as well, and Galois representations arising from cuspidal automorphic representations are rich
enough to account for all extensions of automorphic mod p Galois representations. To state a
precise conjecture, and in all our subsequent work, we will have to track the finite ramification sets
of our representations; for a finite set S of primes of F, we let ['rs = Gal(Fs/F), where Fy is the
maximal extension of F inside a separable closure F*P such that F's is unramified outside . In the
following, for a reductive group G’ over a global field F, we will let G be a Langlands L-group
over Z of G’. More precisely, we consider the finite form G = Gal(f /F), where G is the split dual
group over Z, and F is the smallest extension of F such that the homomorphism pg of [Bor79,
§1.1] factors through Gal(f /F). We conjecture:

Conjecture D. Let F be a global field of characteristic different from p. Let G’ be a quasi-split
group over F, and let G = G be its Langlands L-group over Z. Let 8 be a finite set of primes of
F, assumed to contain all primes ramified in F/F and, when F is a number field, all primes above
p. Let p: I'rg — G(k) be a continuous L-homomorphism, in the sense that the diagram

p

~N 7

Gal(F/F)
4

I'rs G(k)



commutes. If F is a number field, further assume that it is totally real, and that p is odd. Then:

o There is a lift p: T'r — G(O), unramified outside a finite set of primes, of p to the ring of
integers O in some finite extension of Q,, inside @p, such that the image of p is Zariski-dense
in G, and, in the number field case, p has regular Hodge—Tate cocharacters.

o There is an L-algebraic cuspidal automorphic representation nt of G'(Ar) such that one of
the Galois representations py,: I'r — G(@p) conjecturally associated to (m, 1) (see [BG14,
Conjecture 3.2.2]) is G°(Q,)-conjugate to p: Tr — G(0) € G(Q,).!

Moreover, if plr_. is absolutely irreducible, p and r can be taken to be unramified outside 8.

We highlight the following example: if F is a function field, then for any G we expect the
trivial representation to be automorphic. Our methods do not cover this case even for the trivial
representation of I'» to G = GL,. Note too that Theorems B, C, and E (below) only provide
evidence for this conjecture when p > 0. In particular, they say nothing about the case p = 2,
in which we note that our definition of oddness, specialized to G = GL,, is not as general as that
of Serre. A more optimistic formulation of Conjecture D to include the case p = 2 would redefine
oddness of p to mean: if F' is a number field, then it is totally real, and for all v | co, with associated
complex conjugation c,, p(c,) lifts to an order 2 element 7, € G(Zp) that satisfies the characteristic
zero version of the condition of [FKP19, Definition 1.2]: dim@(ggf:)’?v:l = dim Flag .

1.2. Lifting mod p Galois representations. Although the raison d’étre for this paper is the
applications in Theorems B and C, along the way we undertake a broad generalization of our
paper [FKP19]. Our earlier paper lifts odd and absolutely irreducible mod p representations
p: I'r = G(k), for F totally real and G any reductive group, using general enhancements of the
ideas of [HRO8] along with a novel “relative deformation theory” method (see [FKP19, §6]). The
present paper greatly simplifies and extends the reach of the methods of [FKP19], and we produce
irreducible geometric p-adic lifts of many reducible p: I'r — G(k). Our methods work for any
global field, and the main result of this paper, Theorem 5.2, is a lifting theorem for fairly general—
odd in the case of a number field—mod p Galois representations over global fields. The following
theorem applies to smooth group schemes G/Z, such that G° is a connected split reductive group,
and my(G) is finite étale of order prime to p. Let O be the ring of integers in a finite extension E
of Q, with residue field k and uniformizer w. For any group scheme H over O and any complete

local O-algebra O” with residue field k', we let H (0" equal ker(H(O") — H(k")).

Theorem E (See Theorem 5.2). Let p > 0, and let p: I'rs — G(k) be a continuous represen-
tation satisfying Assumptions 3.1, 4.1, and 5.1. Additionally, when F is a number field, assume

that F is totally real, and p is odd. Then for some finite set of primes 8 containing 8, and ring of
integers O in some finite extension E' | E, there is a geometric lift

p: T3 = G(O)

'We say “one of” the conjectural Galois representations because at present one can only formulate a precise state-
ment using local-global compatibility properties. While the G°-conjugacy classes of Frobenius elements at almost all
primes v will not suffice in general to determine the G’-conjugacy class of a completely-reducible I'z-representation,
they do when G = G° and the image is Zariski-dense, by [BHKT19, Proposition 6.4]. Finally, note that in the func-
tion field case, this construction of automorphic Galois representations is a theorem of V. Lafforgue for arbitrary split
connected reductive groups G’, proven in [Laf18]. In the number field case, the relevant x is expected to have regular
infinitesimal character, so the Conjecture only concerns the “most accessible” automorphic Galois representations.
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of p.

More precisely, we first fix a lift u: Trs — G/GY*(O) of the multiplier character ji of p, requiring
u to be de Rham in the number field case. Assumption 5.1 provides us with local lifts p, of plr,., for
all v € 8, moreover assumed de Rham and Hodge-Tate regular for v|p. We then fix an integer t and
for each v € 8 an irreducible component containing p, of:

e forv € 8\ {v | p}, the generic fiber of the local lifting ring, R;l’: [1/@] (where R;l’:
Fy Fy
pro-represents Lifty,. ); and

e for v | p, the lifting ring R>*™"[1/w| whose E-points parametrize lifts of Plry, with suit-

plr

ably specified inertial type TF&nd Hodge type v. (See after the Theorem statement for an

explanation.)
Then there exist a finite extension E’ of E (whose ring of integers and residue field we denote by O’
and k'), and depending only on the set {p,},cs, a finite set of places S containing 8; and a geometric
lift

G(O)
_

I'ps — G(k')

of p such that:
e p has multiplier u.
e o(I'r) contains 5‘1; (0.
e Forallv € 8, plr,, is congruent modulo @' to some 5(0’)—conjugate of py, and plr,, belongs
to the specified irreducible component for every v € 8.

The condition at v | p means the following. The given lift p,: I'r, = G(O) is de Rham and thus
by [Ber02] becomes semistable when restricted to some finite extension of F,. One can then by
a construction of Fontaine associate as in [BG19, §2.6] an inertial type 7: Ir, — G(E), defined
up to G°(E)-conjugacy, and a p-adic Hodge type v ((BG19, Definition 2.8.2]). The corresponding

lifting ring R;f” is constructed in [Ball2, Proposition 3.0.12]. In the statement of Theorem E,
F,

O,u,T,V

ol

we fix some irreducible component of Spec(Rpr [1/@]) containing the given lift p,. Note that

unconditional existence of such lifts p, for all v € § remains an open problem, but one that has
seen dramatic progress (for G’ = GL,) in the recent work of Emerton—Gee ([EG19]); see [FKP19,
Remark 6.16] for further discussion.

1.3. Comparison to [FKP19]. We end this introduction with a more technical section which high-
lights the improvements we make here to the arguments in [FKP19] so that they can be applied to
lifting reducible mod p Galois representations.

The work of [FKP19] has three components:

e Analysis of local deformation rings, both the fine integral structure at the auxiliary “triv-
ial primes” (see Definition 3.2) introduced in the global argument, and qualitative results
on the integral structure at all primes of ramification. The latter is deduced from knowl-
edge about the generic fibers of such local deformation rings (Kisin’s results in [Kis08], as
generalized in [BG19])).

2To be clear, the set S may depend on the integer ¢, but the extension O’ does not depend on .
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e A generalization of the “doubling method” of [KLR05], as employed in [HR08], which we
used to produce a mod @ lift of p with prescribed local properties at primes of ramifica-
tion.

e The “relative deformation theory” argument that exploits results of Lazard on cohomology
of p-adic Lie groups to surmount the difficulties in annihilating Selmer and dual Selmer
(by the introduction of auxiliary primes of ramification) for p with “small” image. Relative
deformation theory instead annihilates the “relative” Selmer and dual Selmer, and shows
that this suffices to produce the geometric p-adic lift in light of the previous step.

The most serious difficulty in the present paper is the generalization of the doubling method, where
we now work with p: I'r — G(k) with quite general image, incorporating both the results of
[FKP19] and many reducible cases: we catalogue our assumptions at various stages of the argu-
ment in Assumptions 3.1, 4.1, and 5.1, and in Appendix A we give group-theoretic criteria that
imply these assumptions. We now sketch the technical obstacles to this generalization.

Let K = F(p, 1) be the minimal Galois extension of F that trivializes both p and k. The core
problem is one of globally interpolating pre-specified collections of local cohomology classes.
These local classes arise from the need to adjust a given mod @* lift (for some T > 8) p}: Iy —
G(O/w?) of p to have desired local properties (and analogously for constructing mod @" lifts with
controlled local properties). The method first constructs global cohomology classes h" for the
adjoint representation 5(g%") that ramify at the auxiliary prime v along a root space associated to
some Cebotarev class of primes from which v was drawn, and that interpolate given local coho-
mology classes at other primes (in 7) of ramification. Faced with the difficulty that h(V)lva cannot
be sufficiently controlled, the doubling method plays multiple such cocycles against each other,
adjusting p), to a lift

pr=|1+a@(h™ = > 1 +2 3" 1) p}

neN neN

for two N-tuples (v,), (v,) of auxiliary primes, and for 2°Y € H'(T'xy, 5(g*")) independent of the
auxiliary tuples, with p, well-controlled both at the original primes in J and at all of the auxiliary
primes v,, v,. The method’s mechanism requires a full understanding of linear disjointness of the
fixed fields Ky as the primes v vary as well as of the fixed fields K, of a set (for each v) of aux-
iliary cohomology classes ") € H'(I'rqu,, p(6%")*)—chosen to map a generator 7, of tame inertia
at v to particular basis elements of p(g%")*. Use of these classes " allows (very roughly) control
of the values h"(c-,) via global duality (here and throughout o, denotes a Frobenius element at v).
In [FKP19], technical problems arise from two issues:

e When one decomposes the (semisimple in loc. cit.) adjoint representation p(g®") = eaieIWi@ i
into irreducible (distinct) F,[I'r]-modules W; (and likewise for p(g%")*), with endomor-
phism algebras ky,/F,, one can only at a given prime v achieve control over a batch of
auxiliary cocycles 7" indexed over i € I and a ky,-basis of W;; a more naive approach that
works with, e.g., a collection of 7"’ whose values 1"’(r,) range over a k-basis of p(g%)*,
will lose the desired linear disjointness once some m; > 1 or some ky, < k. This forced us to
work with the ky, ®z, F,n-linear versions of the global duality pairings in loc. cit.. Note that
in the reducible case, where p(g%") is typically not semisimple, there is no straightforward
generalization of this procedure.

e The fixed fields K,» as v varies are ramified at v but not necessarily totally ramified at v;

this allows them to interfere both with each other, and, in higher (mod @") stages of the
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lifting argument, to interfere with the fixed field K(p,). These two factors forced us to work
not over K but over an extension K’ (notation as in loc. cit.) that captured all such possible
undesired intersections.

Section 3 of the present paper makes the doubling method more robust and in many ways more
transparent by avoiding these complications. We repeatedly exploit two techniques: all of the
auxiliary cocycles ¢ (h* or n above) are constructed to have image ¥/(I'x) that is a cyclic F,[I'r]-
module, and possible generators include both the value ¥(r,) at the auxiliary prime of ramification
and certain Y/(t,) for primes b that are pre-inserted into the initial ramification set J. Thus, for
instance, we at the outset include a collection of primes b € B indexed over a k-basis of p(g%")*,

and we then can construct {772) 1, with {nzv)(rv)}b a k-basis and with the Kn},") linearly disjoint over K

as b varies (nzv)(rbf) = 0 for " # b). Thus we are even more liberal in the use of auxiliary primes
than in [FKP19], with the benefit of eliminating some of loc. cit.’s technical obstacles.

With this done, we can extend the rest of the method of [FKP19] to deal with the reducible case:
in §4 we use the results of §3 to produce carefully-controlled mod w@" lifts of p, and in §5 we
adapt the “relative deformation theory argument” of [FKP19, §6], proving our main theorem on
“indecomposable” reducible representations in Theorem 5.2.

In §6 we extend the theorem to the decomposable case, and having done that we proceed to the
applications in §7-§9: namely, we treat GL, over totally real fields in §7, GL, over function fields
in §8, and in §9 we combine our results with those of [BLGGT14] and [ANT20] to lift certain
reducible n-dimensional representations over CM fields to compatible systems. In Appendix A we
work out more explicit group-theoretic criteria that imply the Assumptions 3.1, 4.1, and 5.1 needed
to run the lifting argument. In Appendix B we generalize results of [Ger19] on the generic fibers
of ordinary deformation rings (when G = GL,) to the case of general G, which we apply in §9 to
the case G = GSp,,,.

We end the introduction with the following heuristic remark. In both the present paper and
[FKP19], our improvements of the methods of [HROS8] ultimately come about by allowing at sev-
eral turns in the argument more primes to ramify than would be allowed in [HROS8] (in getting
mod p" liftings using the doubling method of [KLRO5], in arguments to kill relative mod p dual
Selmer). Allowing more primes to ramify gives greater degrees of freedom, and we develop argu-
ments to harness this greater freedom to lift reducible mod p Galois representations to geometric,
irreducible p-adic Galois representations.

1.4. A guide to reading this paper alongside [FKP19]. The reader will need a copy of [FKP19]
available while reading this paper. As mentioned earlier in the introduction, there are three basic
parts to the arguments of [FKP19]: analysis of local deformation rings, the doubling method, and
relative deformation theory. We do not repeat from [FKP19] any of the local theory and instead
simply cite the relevant definitions and results from [FKP19, §3-4], which the reader will need to
review. The most significant technical changes in the present paper occur in the doubling method,
which is explained in its basic form in §3. Here we have repeated (with suitable modification) all
of the constructions in detail but do still at some points refer in Propositions 3.6 and 3.8 to the cor-
responding arguments of [FKP19, §5] for some verifications. Nevertheless, this section is mostly
self-contained. Similar remarks apply to the present §4, which uses the (newly improved) dou-
bling method to find mod p" lifts of p with desirable local properties. Our treatment of the relative
deformation theory argument in §5 is more abbreviated, since there are fewer technical changes.

We expect the reader to have read [FKP19, §6] in advance, and so we only sketch the proof of
8



Theorem 5.2, with references to [FKP19, §6], reducing it to the two statements (the analogues of
[FKP19, Lemma 6.4, Proposition 6.8]) where our present argument must proceed somewhat differ-
ently; Lemma 5.3 and Proposition 5.4 then carry out the new details. The remainder of the paper
(starting with §6) is devoted to applications of our results and does not further rely on [FKP19]
except for some references to group-theoretic results proven in [FKP19, Appendix A].

2. PRELIMINARIES

As in [FKP19], throughout this paper G will denote a smooth group scheme over Z, such that
G is a split reductive group, and m(G) is finite étale of order prime to p. We always assume that
[FKP19, Assumption 2.1] holds, namely that p # 2 is a very good prime for the derived group G%"
of G° and that the canonical central isogeny G x Zgo — GV has kernel of order prime to p. See
loc. cit. for further discussion of this condition. In particular, any assumption that p is sufficiently
large compared to the root datum of G°, which we write p > 0, includes this assumption. We let
O be the ring of integers in a finite extension £ of Q,, with uniformizer @ and residue field k. Let
F be a global field of characteristic prime to p; that is, F' is either a number field, or it is the field
of functions of a smooth geometrically connected curve over some finite field F of characteristic
¢ > 0. For a homomorphism p: I'r — G(k), we let i: Ix — G/G%'(k) denote its image after
quotienting by the derived group G of G°. We will always fix a lift u: I['r — G/G%*(0O) of i,
and in the number field case we will take u to be de Rham at places above p. Aside from allowing
F to be any global field, the rest of the notation in this paper is the same as in [FKP19] (esp. §1.4)
to which we refer the reader in case clarification is needed.

While our main focus in this paper is on the number field case, our results apply equally well to
global function fields. Since references in the literature are often written only in the number field
case, we collect here the essential arithmetic results on which the methods of [FKP19] and this
paper depend. We begin with the local input. Tate local duality ((NSWO0O0, 7.2.6 Theorem]) holds
equally well for ¢-adic local fields and for local fields of characteristic £ > 0, requiring in the latter
case that the Galois modules in question have order prime to £ (as will always be the case for us).
The same remark applies to Tate’s local Euler characteristic formula ((NSWO00, 7.3.1 Theorem]).
The other local input we will need in the function field case is on the structure of local deformation
rings. Namely, if F is a global function field, and v is a place of F, suppose we are given a
homomorphism p: I'r, = G(k). As in [FKP19, Proposition 4.7], we consider the lifting ring Rs’“
and its generic fiber Rg’” [1/@], and a choice of irreducible component of the latter gives rise to its
Zariski-closure R in the former. We require that [FKP19, Proposition 4.7] continues to hold for
R, and that R[1/w] has an open dense regular subscheme (allowing us to apply [FKP19, Lemma
4.9]). The input we need beyond the arguments of loc. cit. is that the analysis of generic fibers of
[BG19, Theorem 3.3.3] (or [BP19, Theorem 14]) continues to hold, as does [BG19, Lemma 3.4.1].
The latter is clear since its proof uses no arithmetic. The former follows by precisely the original
arguments of [BG19]: one uses the dictionary between Weil-Deligne representations and (for us)
p-adic Galois representations of I'y, (Grothendieck’s “£”-adic monodromy theorem), which holds
equally well in the equal characteristic case; then the analysis of loc. cit. proceeds entirely in terms
of Weil-Deligne representations.

We also use finer information about the local conditions at our auxiliary primes of ramification:
this works as in [FKP19, §3], since the Galois group of the maximal tamely ramified with pro-p
ramification index extension of an equicharacteristic local field is isomorphic to the analogous tame

Galois group for a mixed characteristic local field having the same residue field F of characteristic
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prime to p: they are both semi-direct products Z, > 7., where a generator o € Z acts on T € Z, by
oro~! =7,

Now let F be a global field, let I'r = Gal(F*?/F) for a separable closure F* of F, let M be a
finite p-primary discrete I'z-module, where p is a prime not equal to the characteristic of F, and

let S be a finite set of places of F' satisfying:

e § contains all places of F at which M is ramified.
e When F is a number field, $ contains all places dividing co and all places dividing p.

Then in both the number field and function field case, we have access to the following results about
the Galois cohomology of I'rs = Gal(Fs/F), where Fs is the maximal extension of F inside F*%
unramified outside S:

(1) Poitou—Tate duality: we will apply the Poitou—Tate duality theorem ([NSWO00, 8.6.7 Theo-
rem]), the long-exact Poitou—Tate sequence ([NSWOO, 8.6.10]), and its variant for Selmer
groups, which is an easy consequence of the proof of [NSWO00, 8.7.9 Theorem].

(2) The global Euler-characteristic formula, particularly in its incarnation as the Greenberg—
Wiles formula [NSWO0O, 8.7.9 Theorem].

(3) The Cebotarev density theorem: the usual statement for number fields carries over to global
functions fields (see [FJOS8, §6.4] for a proof).

Finally, we include an elementary lemma of Galois theory that we used implicitly throughout
[FKP19] but felt it would be clearer to make explicit:

Lemma 2.1. Let L/ F be any finite Galois extension of fields, and let M/ F be an abelian extension.
Then Gal(L/F) acts trivially on Gal(LM/L) via the canonical action.

Proof. Let o € Gal(L/F), and let h € Gal(LM/L). The action is given by lifting o to any & €
Gal(LM/F), and then setting o - h = Ghd~'. Since the restriction map Gal(LM/L) — Gal(M/F)
is injective, and the commutator 6-hd~'h~! restricts to the identity in the abelian group Gal(M/F),
we must have 7hd~'h™' = 1,i.e. - h = h. O

We will frequently use this lemma without further comment.

3. LIFTING MOD @?

We begin with variants of the arguments of [FKP19, §5]; the reader should begin by review-
ing the conventions established in [FKP19, Notation 5.1], which we adopt here. In particular,
unless otherwise noted, “dimension” refers to FF,-dimension. In the present section, we make the
following assumptions:

Assumption 3.1. Assume p > 0, and let p: I'rs — G(k) be a continuous representation unram-
ified outside a finite set of finite places &; we may and do assume that S contains all places above
p if F is a number field. Let F denote the smallest extension of F such that p(I'z) is contained in
G°(k), and let K = F(p, it,). Assume that p satisfies:

o H'(Gal(K/F), p(g*")")=0.

We fix as always a lift u: I'rs — G/ G%"(O) of the multiplier character jz and consider in what
follows only lifts of p with multiplier character 4. We set D equal to the greatest integer such that
u,p 1s contained in K. Throughout the paper we will let K, = K(u,~) denote the p-adic cyclotomic

tower over K.
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Definition 3.2. As in [FKP19, §3], we will say a prime w of F is trivial if plr,, = 1 and N(w) = 1
(mod p).

By definition of the integer D, our trivial primes thus satisfy the stronger condition N(w) = 1
(mod pP), but we will specify this condition explicitly in our arguments.

Remark 3.3. We fix once and for all decomposition groups I'r, < I'r at the places in 8, and
whenever we introduce auxiliary trivial primes we will specify decomposition groups. See [FKP19,
Notation 5.1] for further remarks on these choices; in particular, they allow us to make sense of
elements ¢(c,), ¢(t,) where ¢ € H'(T'g/, p(g%*)) and w € 8 D § is a trivial prime (and likewise
for p(g%")*-valued cohomology classes).

Asin [FKP19, §5], we enlarge the set S to a set J of trivial primes such that IH}T(FFJ, p(g%ry) =
0, and hence such that LH%(FF,T,p(gder)) = 0. This requires our assumption on the vanishing of
HY(Gal(K/F), p(g*")*): any non-zero class ¢ € H l(I"F,g,,rB(g;‘:“’r)*‘) has non-trivial restriction ¥|r,,
and then we can choose a prime w split in K such that |, is non-zero. We note that the primes
w € T\ 8 thus produced must satisfy N(w) = 1 (mod p”) and must be non-trivial in the extension
K, /K cut out by the relevant class ¢. The intersection of K, with the p-adic cyclotomic tower K,
will either equal K or K(u,p+ ): it can be no larger since Gal(K,/K) is killed by p. In particular,
N(w) is congruent to 1 (mod p”) but may if desired be chosen non-trivial modulo pP*! (this is
compatible with the non-vanishing condition in K,), and we can if desired prescribe N(w) modulo
some higher power of p subject to this constraint modulo p”*!. In what follows, as we add auxiliary
trivial primes we will keep track of how they split in K,,, but we emphasize that we do not have
any particular requirement of the detailed numerics: however they turn out, the later stages of the
lifting argument will be able to accommodate them. We further enlarge T as follows:

Lemma 3.4. (1) There is a finite enlargement by trivial primes of T (which we will continue
to denote by T) with the following property: for all cyclic submodules Mz := F,[I'r]-Z C
p(g%") (for Z € %), dimg, H_I:IT(FF,T, M) is minimal among all such enlargements, i.e.
is equal to dimg, ]-Htlrmax (Trg, M3), where Ty is the union of 8 with the set of all trivial
primes of F.
(2) Let T be the enlargement produced in (1). For any trivial prime w ¢ T, let L,,; C
H'(Tr,, Myz) be the subspace of cocycles ¢ such that ¢(t,;) € F,Z. Then there is an ex-
act sequence

Tw

0 — H'Trg, My) = H) (Crgon, Mz) — F,Z — 0,

where ev.  is the evaluation map ¢ — ¢(1,,).

(3) There is a further finite enlargement of the T produced in (1) that satisfies the analogous
properties in (1) and (2) with respect to cyclic submodules M, = F,[T¢] - A C p(g*")*, for
all A € p(g®r).

Proof. The first part follows from two observations:
e For fixed Z, I3 (x5, M) is finite-dimensional.
e As Z varies in g*, there are only finitely many modules M, to consider.
For the second part, we apply the Greenberg—Wiles Euler characteristic formula twice and obtain
himz (Crguws Mz)—h' (Trg, MZ)—h{IO}TU L, (Trauw, Mz)+dimg, (T rg, My) = dimg, L,, z—dimg, L™
11



By Part (1), the M, terms cancel, and we conclude
h;,w,Z(FF,‘J'UWa Mz) — h'(Trg, Mz) = 1,

from which the exactness easily follows.
The argument for p(g¥")* is the same. O

Remark 3.5. If we knew H'(Gal(K/F), M}) = 0 for all cyclic quotients M;, of p(g%")*, then we
could just annihilate the Tate—Shafarevich groups in the lemma by explicit choice of trivial primes.
The weaker statement of the lemma is all we need. Note that in the lifting application, we make at
the outset an enlargement of the coefficient field to ensure that local lifts at places in S exist, but
then the coeflicient field remains fixed throughout the rest of the argument.

We thus enlarge T—not changing the notation—as in the lemma. For later use, we will impose
the following further enlargements of J before proceeding:

e Fix a k-basis {e] },cp of p(g%")* and, for each b € B, include in T an additional trivial prime
tp.
e Include one more trivial prime #; in 7.
The role of these two enlargements will at this point be unclear: we will use them as technical
devices for ensuring the fixed fields of certain auxiliary cocycles are linearly disjoint. This allows
us ultimately to avoid introducing the field K’ of [FKP19, Definition 5.8]. We then modify [FKP19,
Proposition 5.9, Lemma 5.11] as follows, continuing with the notation of Lemma 3.4:

Proposition 3.6. Let r be the dimension (over F),) of the cokernel of the restriction map

Wy H'(Tr, p(a™) - €D H'(Tr,, p(g™").
veT
Fix an integer ¢ > D + 1 and a Galois extension L|/F containing K, unramified outside 7T, and
linearly disjoint over K from the composite of K., and the fixed fields K, of any collection of
classes y € H l(rp,g’, p(g%")"). There is

e a collection {Y;};_, of elements of @V o H Y(TF,, p(¢%")) with image equal to an F,-basis of
coker(\Yy),; and for each i
e aclass q; € ker((Z/p)* — (Z/pP)*) that is non-trivial modulo pP*';
e a split maximal torus T;, a root a; € ®(G°, T;), and a root vector X,,; and, at this point
choosing a tuple gk 1, - . ., 8Lk, Of elements of Gal(L/K),
e a Cebotarev set C; of trivial primes v ¢ T and a positive upper-density subset |; C C;;
e for each v € C; a choice of decomposition group at v;
e foreachv € l;aclass ") € H I(FF,‘]’UV, p(g%);
such that (the choice of decomposition group being implicit in what follows)
e Forallv e C;, N(v) = q; (mod p°), and the image of o, in Gal(L/K) is g1k .
e Forallvel;:
- h(V)h =Y.
— h"(z,) is a non-zero element of the span F,X,,. Likewise, (1)) is a non-zero element
of F, X,
— The class h™ lies in the image of H 1(I"F;IUV, MXai) - H 1(1“F;;Uv, p(gn).

Similarly, for any ¢ > D + 1, L/F as above, and non-zero element Z € g%, there is a class

qz € ker((Z/p)* — (Z/pP)*) that is non-trivial modulo pP*', and, for any choice of g1k €
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Gal(L/K), a Cebotarev set Cy of trivial primes (and choice of decomposition group at each such
prime) containing a positive upper-density subset I; C C,, and for each v € 1; a class h"”) €
H' (T30, p(8*)) such that

e Forallv € Cz N(v) = gz (mod p°), and the image of o, in Gal(L/K) is g1k 7.
e forallvel;:

— The restriction )|y is independent of v € 1.

— hY(z,) spans the line F,Z. Likewise, h")(t,,) spans F,Z.

— hY is in the image of H'(Trgu,, Mz) — H'(Trgu,, p(g%)).

Proof. The argument is as in [FKP19, Proposition 5.9, Lemma 5.11], and the reader should be-
gin by reviewing the proof of loc. cit.: we will refer to the argument and notation of those
results, taking care to extract slightly more precise conclusions. The first part of that argument
applies the Cebotarev density theorem r times in extensions of the form LK, (up)/F, for a cer-
tain F,-basis {y;},_, of H 1Tk, p(g%")*). Let us explain the first step, referring to loc. cit. for
the details of the induction. Since m%—(FF"T, p(g%") = 0, the Poitou—Tate sequence yields an iso-

morphism coker(¥s) — (H Tk, p(gder)*))v. When r = 0 there is nothing to prove in the first
part of the Proposition (the analogue of [FKP19, Proposition 5.9]), so we assume r > 0. Thus
H'(T'rq, p(%")*) contains a non-zero class ¢;. The image ¢ (I'x) is non-zero by Assumption 3.1,
and so there is a split maximal torus 7, a root a; € ®(G°, T}), and a root vector X,, such that
Y1(T'x) is not contained in (F,X,,)*: indeed, under the assumption p > 0, we can find a root
vector outside of any proper F, subspace g*". We now apply the Cebotarev density theorem in
the Galois extension LKy, (u,)/F. Here there is a slight difference from [FKP19, Proposition
5.9]: whereas in loc. cit. D = 1 and the field K, is linearly disjoint over K from K, here D
is general and it is possible for K, N K, to equal either K or K(u,p+1). When K, # K(u,o+),
in our application of the Cebotarev theorem we can proceed as in loc. cit., specifying ¢, arbi-
trarily in ker((Z/p)* — (Z/pP)*), and prescribing the Cebotarev condition on the splitting of
v in Ky, (uy)/F such that N(v) = g (mod p) while also ensuring ¢1[r,, # 0. On the other
hand, when K, = K(u,»+1), our Cebotarev condition in the extension Ky, (upe)/ F can only arrange
Yilre, # 0 along with N(v) = ¢, € ker(Z/p)* — (Z/ pP)*) reducing to some non-trivial class
in (Z/pP*')*. That said, since L is disjoint over K from K, (i,-) we can now fix one of these
admissible congruence classes g; € (Z/p°)*, then fix a class g;/x; € Gal(L/K), and by Cebotarev
find a positive-density set D, of trivial (i.e., split in K) primes v along with a choice of decompo-
sition group at v such that o, = g7/, ¥1(0,) is not in (F,X,,)*, and N(v) = ¢, (mod p°). For
each vi € Dy, weset L, = {¢ € Hl(I“FVl,,D(gder)) : ¢(1y,) € F, X, }; Ly, contains the unrami-
fied classes L' with codimension 1, and dually L;; < (L;")* has codimension 1. In particular,
the set (¢ € H'(Tryu,,,0(6%)") : Yy, € L} is a subspace of H'(Tpq, p(a%")*), which as in
[FKP19] we denote H Lﬁ (Trq, p(g%)*). The Greenberg—Wiles formula implies that the dimension

hél (g7, p(%)*) of this space is  — 1. The inductive argument of loc. cit. now repeats verbatim,
V1

substituting K for every appearance of K’ in loc. cit. and, just as in the selection of g;, noting
the possibly more limited flexibility we have in choosing each ¢; € (Z/p“)*. We do not repeat the
details but summarize the output: we obtain inductively the following:

e the elements ¢y, ..., ¥, of an F,-basis of Hl(FFJ,ﬁ(gder)*);

e a collection (T}, @;, X,,);_, of split maximal tori, roots, and root vectors;
13



e congruence classes g; € ker((Z/p°)* — (Z/pP)*), non-trivial modulo pP*!, and where

again we can choose any such g; if K, # K(u,»+) but can otherwise only fix g; modulo

reducing to a fixed non-trivial class mod pP*!; and, after the choice of g; specifying the
class g1k, we further obtain
e trivial primes {v;}_, withv; in a positive-density Cebotarev set D; depending on vy, vy, ..., Vi )3

and decomposition groups at each of these primes.

These Cebotarev sets have the property that for all v € D;, N(v) = ¢; (mod p°), yi(o-,) ¢ FpXa)*,
and o, = gr/k;. The y; are inductively obtained by defining L, = {¢ € HI(FFVI,, p(g®n) :
¢(r,,) € F,X,}, checking (with the Greenberg—Wiles formula) that H iﬂ Lt I(FF,T’ p(gder)’) =
{y € HI(FF’g,p(gder)*) S Y, € ij,j = 1,...,i — 1} has dimension r — i-’|- 1, and, provided
r>i—1, taking y; to be a non-zero element of this space. It is shown in loc. cit. that by choosing
any elements Yi,...,Y, € @w o H Y(Tr, , p(g*")) such that Y; is in the image (under restriction) of
H z (T rg0s;, p(6%)) but not in im(Wy), then Y1, ..., Y, span coker(¥y).

The second part of the argument of [FKP19, Proposition 5.9] replaces the Cebotarev sets D;
with easier to handle Cebotarev sets C; containing v; and shows that for all v € C;:
® N(v) = ¢; (mod p°);
e the image of o, in Gal(L/K) 1s g1 /k.;
o theimage of H; (Trgu,, (™) = D, or H'(Tr,. 5(6™")) equals the image of H} (Trguy,. £(6™))
(here, again, L, is the classes such that ¢(7,) € F,X,,); 1
e in particular, there is a class /") € H; (Urguy, p(6*")) such that Aly = ¥; and h"(z,) €
F,Xe, \ 0.
To orient the reader, we recall that C; is a Cebotarev condition in LKy, [1j2; K, (i,)/F, where

{wik},_; 1s an F-basis of H i L(TrT, P(g%")*) (non-emptiness of the condition comes from knowing

it is satisfied by the original v; rather than from having a linear disjointness result for the K, and
K.,,).- We refer the reader to loc. cit. for further details.

It remains for us to produce the positive upper-density subset [; C C; for which the additional con-
ditions (arising from M Xe; and the value at 7)) on h™ hold. We then consider for any such v € C; the

result of applying Lemma 3.4 to the module My, and find that H}  (Urguy, My, )/H'(Trg, My, )

is one-dimensional. Let ¢ be the image under the map
H'(Crgun My, ) = H'(Crgoy, p0°)

of an element spanning the above quotient. We may further assume that ¢"(7,)) = X,,.. Indeed,
we can first apply the Lemma by adding the prime #, to T\ ¢, to find a class in H'(T'rq, M x,,) that
maps 7, to X,,; then we can apply the Lemma to (7 \ ) U v to find a class in H 1(FF,(7\,0)UV, M Xa,-)
that maps 7, to X,,; and finally we add these classes to obtain the desired ¢. Note that ¢ is still
non-zero: if it were a coboundary, then for some m € g% we would have ¢ (r,) =7, -m—m = 0,
a contradiction. Rescaling ¢!, we then see that

¢Vl = hVly € im(¥y),
so for every v € €;, ¢y is not in im(Wy). Since @ ., H'(Tr,, p(g*")) is finite, there is a positive

upper-density subset I; ¢ C; where ¢"|; is independent of v € I;. The first part of the Proposi-
tion follows, where we now use these ¢ and Y; := ¢"|y for v € |; in place of the classes h"

3In [FKP19], D; is denoted D;(v;_1) to indicate this dependence.
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produced above by the argument of [FKP19, Proposition 5.9]. We observe, as recalled above
from loc. cit., that for any v € C; and any elements (Y])._, of @VGTH Tr,, p(g%") chosen
with ¥/ € im(H i (Crgu>p@*) = D, op H' Tk, (%) \ im(¥y), the image of {¥/}/_, spans
coker(Wy). Thus By construction our Y; still span coker(*Ys). (In the conclusion of the Proposition,
we have used the notation A" for these modified classes ¢ for ease of comparison with loc. cit.)

The analogue of [FKP19, Lemma 5.11] follows similarly, but one point of that proof was un-
necessarily phrased using the (now discarded) semisimplicity assumption on 5(g%"), so we explain
the easy modification. We must show that there is a class ¢ € H'(I'rq, 5(g%")*) such that y(I'x)
is not contained in (F,Z)*. We now use the fact that we previously enlarged T as in Part (3) of
Lemma 3.4. Fix any vector A ¢ (F,Z)*, and let ¢ be any of the “excessive” primes #, added to 7.
Then H L . (I'r(\ur» M) contains an element ¢ such that ¢(r,) = A. The argument of the previous
paragraph shows that the image of  in H'(I'r, 5(g%")*) is still non-zero, and clearly the image of
the resulting cocycle is not contained in (F,Z)*. From here the argument proceeds as in the above
modification to [FKP19, Proposition 5.9]. |

Recall that {e;}},ep is a fixed k-basis of p(g%")*. By Lemma 3.4, there is a class

1 *
Op € H (U'r3\toutty by epy)s FplUF] - €3)

such that 6,(7,,) = e, (we can apply the Lemma with T\ (o U {f;};rcp\») in place of the Lemma’s
7, and 1, in place of v, since the #,, and t, were introduced after arranging the hypotheses of the
Lemma). By the same result, for any trivial prime v ¢ 7, there is a cocycle

1 *
91(;) € H (U'r\outiy )y epovs Epll'F] - €})

such that QE)V)(TV) = ¢;. We then set

v _

1 =8, + 6 € H'(Trgunwul F,[Tr]-e)),

ty }b’ib’
th t ) — ) — p*
so that ,"(7,) = n,'(7,) = ¢,.

Lemma 3.7. As the trivial prime v and the indices b € B vary, the fixed fields Kn},") are strongly lin-

early disjoint over K (see [FKP19, Notation 5.1] for the terminology). They are moreover strongly
linearly disjoint from K, over K.

Proof. First fix some by € B and consider any composite K;Vb)o of fields Knﬁ,”) for fixed v but possibly

(V)

varying b # by. Consider the intersection L of K, with K s We claim that L = K. By induction

we can assume that the fields K e for b # by are strongly hnearly disjoint over K, so any non-trivial
intersection L will yield for some b # by a non-zero composite map of F,[I'r]-modules

Gal(K . /K) — [] Gal(K 1 /K) < Gal(K}, /K) - Gal(L/K).
b’ #bg

Since the image F,[I'r] - e, of 77;” is spanned by T]g})(‘l',h), the restriction of 7, to L must be non-
trivial if L # K; but L is contained in Knm, and by construction the latter field is unramified above
b
tp. ’
Next we vary v and consider the intersection L of some composite K" = [],cp K, v with some
b
composite K# of fields Kn(m where both v/ # v and b € B are allowed to vary. By the previous
b
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paragraph the K, are strongly linearly disjoint over K, so any non-trivial intersection L leads to
b
some non-trivial composite

Gal(Kngo /K) — | |Gal(K”<v) /K) « Gal(K"/K) - Gal(L/K).
b/
b’eB

As 7, generates Gal(Kn;;» /K) as F,[I'r]-module, we as before deduce that L must be ramified above

v, contradicting the fact that L is a subfield of K @),
Thus, all the fields K, as both v ¢ J and b € B vary are strongly linearly disjoint over K.

Finally, their composite is linearly disjoint from K., over K. Else, letting L be the intersection,
there would be some index v, b with a non-zero composite (defined as in the last two paragraphs)
Gal(Kngo /K) — Gal(L/K), implying L would be ramified above v (and ¢,); but K,/K is unramified
away from primes above p.

]

We now apply these constructions of auxiliary cocycles to construct modulo @? lifts of p with
prescribed local properties. By the vanishing ]I[%—(FF"]', p(g*")) = 0, we produce an initial lift
p2: Try — GO/ w@?) with multiplier u, and we then fix target local lifts (A,,),er (of multiplier u)
satisfying the conditions in [FKP19, Construction 5.6] (in particular;@r w € T\S, A,, is unramified,

and, enlarging 7 if necessary, the collection of A,,(c,,) generates G%'(O/w?)). These differ from
the restrictions p,|,, by a collection of cocycles z5 = (zy)wer € P, g H' (Tr,, p(3*")).

We can now give the “doubling argument” analogous to [FKP19, Proposition 5.12]. In contrast
to loc. cit., we work only with the k-linear duality pairings: thus we write {-,-): g% x (g%")* — k
for the canonical k-linear pairing, and for any prime x of F we write (-,-),: H 1(I“F‘,, p(g%n) x
H' (T, p(g%*")*) — k for the k-linear Tate local duality pairing. We will use the explicit calculation
in [FKP19, Lemma 3.9] of the local duality pairing at trivial primes.

In Proposition 3.8 and Theorem 4.4 we will use sets of auxiliary primes constructed from Propo-
sition 3.6 (in the present section we in fact only use the case L = K, ¢ = D + 1). The primes v of F
produced by Proposition 3.6 come with a specification of a decomposition group, which yields in
particular a specified place of K (and an extension to L).

Proposition 3.8. There is a finite indexing set N, and there is, for each n € N, a positive upper-
density set 1, of trivial primes of F, with the following properties. Fix any 2|N|-tuple (A,, A))nen Of
elements of G%'(O/w@?). Then there is a finite 2|N|-tuple of trivial primes Q = (v,,,V/)nen disjoint
from T and having {v,,v,} C 1, foralln € N, and a class h € Hl(rF,‘]uQ,p(gder)) such that
e hly = z7.
e For all n € N there is a pair (T,, a,) of a split maximal torus T, of G° and a root a, €
(G, T,) such that (1 + wh)ps(t,,) = U, (X,) for some a,-root vector X,, and likewise
(I + wh)py(1y;) = U, (X,),; and such that

(I + @h)py(0,) = An - 2,

where z,, is in Zgo(O /@) N E(O/wz) (and is determined by u(o,)), and similarly

’
n’

(1 + wh)pa(oy) = A, -2

where 2, is also in Zgo(O]w?) N G(O/w?).
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Proof. We have fixed a k-basis {e}},cp of p(g%")* (the k-dual). Fix a finite set Npan indexing root
vectors {X, }neNspan with respect to tori {7, },en, oun such that

n

(1) D FylTrIX,, = o

n€Ngpan

As in the discussion following [FKP19, Lemma 5.11], we observe that such a collection exists,
since for any proper subspace U of g%, there is a root vector not in U: see the start of the proof
of [FKP19, Proposition 5.9], where this is reduced, using p > 0, to irreducibility of the simple
factors of g% as k[G(k)]-modules. By the second part of Proposition 3.6, there is for each n € Ngpan
a positive upper-density set [, of trivial primes, a non-trivial congruence class g, € (Z/pP*')* that
is trivial modulo p”, and for each v € 1, a class A" € H'(Trqu,, p(3%)) such that AV = Y,
is independent of v € 1,, h")(t,) spans F,X,,, h"(r;,) spans F,X,,, and h" is the image of an
My, =TF,[I'r]-X,,-valued cocycle. Using the first part of Proposition 3.6, we also produce a finite
set {Y, ) neNoyer € @W g H ! Tr,, p(g%")) that spans coker(¥s) over F,, and, for each n € N yer, a root
vector X, with respect to a maximal torus 7, a non-trivial congruence class g, € (Z/ pP+Hy*, trivial
modulo pP, a positive upper-density set I, of trivial primes, with all v € 1, satisfying N(v) = g,
(mod pP*'), and for each v € |, a class K" € H'(T'rgy,, p(a%)) such that |y = Y, h*)(,) and
h®(t,,) both span F,X,, , and A" is the image of an My, -valued cocycle. As in the discussion
following [FKP19, Lemma 5.11], we obtain a class h° € H'(I'z, 5(¢%")) and (perhaps rescaling
some of the A" a subset N C Nipan U Neoker, containing Ny, but where possibly some unnecessary
elements of Ny have been discarded, with the relation

27 = hMg + ) h

neN

for all tuples v = (v,)nen € [l,en ln- For the reader’s orientation, we note that as in loc. cit., we
guarantee that N contains Ny, by applying Proposition 3.6 not to zg itself but rather to the class
2y = 27 = DineNgw Yn- We for any pairs v,v" € [,cy [, consider classes

h - h()ld _ Z h(Vn) + 2 Z h(v;l) c Hl (FF,{J'U{Vn}U{V;:}’p(gder));

neN nenN

note that these still satisfy 4|y = zy and the requisite inertial conditions that for all » € N and
any w € I,, h(t,,) spans F,X, . We must show there is a pair v, " such that (1 + @wh)p, also has
some pre-specified behavior, corresponding to the tuples (A,, A)),cy of the theorem statement, at
the Frobenius elements o, for primes w € {v,} U {v} }.

For each n € N and v, € C, (in particular, for v, € 1,), we have specified a unique place v, ¢
of K above v,. We let |, , C, k, etc., denote the set of such places; these are still sets of primes
of K of positive (upper) density, since they are all split over F. In the limiting argument that fol-
lows, it is convenient to work with places and densities in K, although for notational simplicity
we will not burden each v, or v with an additional subscript to indicate the place of K. We further
restrict to a positive upper-density subset [ C [,y .« such that the N-tuples (3,,cy 2" (07), ) men-
(W%, Dmen> (B (T, )nen»> and (p2(0r,) mod Zgo),en are all independent of v € I; this is pos-
sible since the quantities in question take only finitely many values. As in [FKP19, Proposition

5.12], this restriction reduces us to showing that for any two fixed N-tuples (C,,)meny and (C,)men
17



there exist v, € I such that

@) D (ay,) = Cy,
neN

(3) D ) =,
neN

for all m € N. For fixed v and each m € N, the equality .,y 1" (c,) = C!, of Equation (3) is
easily assured by a Cebotarev condition w,, on primes w of K split over F: the fixed fields K
are strongly linearly disjoint over K as v varies, as follows from the construction of Proposition
3.6 and the argument of Lemma 3.7, and then the claim follows from Equation (1). Moreover we
remark (by the same ramification argument as before with the fields Knﬁ,")) that the Kj,» are also all
disjoint from K, over K, so we may assume that all w € w,, satisfy N(w) = g,, (mod pP*").*

Still fixing v € I, we will now show that there is a positive-density Cebotarev condition [, on
N-tuples of primes of K (split over F) such that for any " € [N [,, Equation (2) holds. By global

duality, we have for each m, n, and b an equality

0y @) h () = = ) G B = (o) P ().
xeT

By definition of | and the fact that the elements {772}"1)(7'1,’")};763 constitute a k-basis of p(g%")*, it
suffices to show that we can prescribe the values

D ), X,
neN

where X,, is the common value (in F5X,,) of the h*"(r,;) (for fixed n but varying v'). The fields
K. and Kngm) are strongly linearly disjoint over K as m and b vary, so the values név’")(avfn ) may

be independently (as m and b vary) specified, by a Cebotarev condition on v;, to be anything in
" (Cx), and such that N(v) = g, (mod pP*!). It follows (as in [FKP19]) from Equation (1) that
this sum of pairings can be made equal to any desired element of k.

We claim that the splitting fields K. are strongly linearly disjoint from the Kngrm) (and as noted

before from K..) subquotient) over K, so that the Cebotarev condition thus produced intersects the
previously-produced condition ],y W, in a positive-density Cebotarev condition. We check this
by imitating our earlier arguments. Namely, consider any composites K}, of fields of the form K,
and K, of fields of the form Kn,(,”) (b can vary, and in both cases v can vary). As the K are disjoint

as v varies, if L = Kj, N K,, properly contains K, then there is some v, for which the map

Gal(K,n/K) = | | Gal(Kyn /K) < Gal(K/K) ~» Gal(L/K)

of F,[I'r]-modules is non-zero. Since h(VO)(T,O) generates the image of 4", #, must be ramified in
L/K, contradicting the fact that (by construction) none of the Kn(") is ramified at #y. Having checked
b

this disjointness, we can define the non-trivial Cebotarev condition [, on N-tuples of places of K

split over F to be the intersection of the above-constructed Cebotarev conditions, so that for all
v € [,and all v/ € [N, both Equations (2) and (3) hold. Note that I, is a Cebotarev condition in

“Note the argument here is somewhat different from that of [FKP19], where we have a weaker linear disjointness
statement.
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L,(u,p+1)/K, where L, denotes the composite of the various fields Kjv.» and Ko arising for the
- - b

tuple v. The Cebotarev condition defining Cx := [T, C,.x occurs (see the proof of Proposition 3.6)
for each n in an extension M,,(u,p+1) of K for which all the fields M = [[, M,, and L, as y varies® are
strongly linearly disjoint over K. Moreover, the restriction of the conditions in any L,(u,»+) and
in (M,,(u,0+1)), define the same N-tuple of conditions in K(u,»+1) (namely, cutting out the N-tuple
of congruence classes (g, (mod pP*)),cy).

Finally, using the above observations we give the limiting argument, as extended in [FKP19]
from [HRO8] and [KLLROS5], which addresses the possible incompatibility of the conditions [ and
l,. Suppose that for each member of a finite set {y,,..., v}, the intersection [ N I, is empty, so

that '\ {v,,...,v } is contained in [ N Mzt g, and in particular is contained in Cx N ﬂf(:llyk (we
take complements in the set of N-tuples of primes of K that are split over ). We may and do
assume that for all n € N, no two of the tuples (regarded here as multi-sets) v,,...,v_have any
primes in common, since for each n the subset of [ consisting of elements v’ for which v}, is in some
pre-established finite list has upper-density zero. It follows as in [FKP19, Proposition 5.12], by the
disjointness of the L, and the compatibility of the conditions in L, (u,0+1) with the condition Cg,
that there is some constant € > 0 (independent of k) such that
s(Cxknni_ L) < -e)

Vi

Thus we either eventually find some pair v, € [ with V" € [, or we can let s tend to infinity and
thus contradict the positive upper-density of 6*(1).
]

We will specify the desired values (1 + @wh)p,(o,,) for w € Q in the application in Theorem
4.4; of course, we will do this to ensure that (1 + @wh)ps|r,, belongs to the local lifting condition
Liftgl’“”' (O/w?) of [FKP19, Definition 3.1, Lemma 3.2], which allows unipotent ramification along

UFy

the «,, root space.

4. LIFTING MoD @
We will in this section impose additional hypotheses on the Galois modules 5(g%") and p(g")*:

Assumption 4.1. In addition to Assumption 3.1, further assume that

e 5(g%") does not contain the trivial representation as a submodule.
e There is no surjection of F,[I'r]-modules p(g%") - W for some F,[I'r]-module subquotient
w Ofﬁ(gder)*.

Remark 4.2. Implicit in this second assumption is of course that the mod p cyclotomic character
k is non-trivial, i.e. F' does not contain u,. Note that in the function field case, where the constant
field of F is IF,, this forces ¢ # 1 (mod p).

We note that the second condition in Assumption 4.1 is implied by the following:

e There is no k[I'z]-module surjection p(g?)” —» V for some o € Aut(k) and k[['r]-
subquotient V of p(gr)*.

>The variation we consider is to allow tuples v’ each of whose entries satisfies v}, € {v,,}men; and given a previously-
constructed list y,,..., v , we allow ' such that no v is among the entries of the previous tuples v,.
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(Indeed, suppose there were then some F,[I'r]-quotient p(g%) — W. It gives rise to a k[['x]-
quotient
DA™ =p(e™) @, k » W o5, k,

reAut(k)
and W®, k is a k[I'r]-subquotient of p(a*")*®r k = P __ Ao (g%, which would yield a k[T']-

quotient p(gder)‘”_] —» V for some k[I'r]-subquotient V of 5(g%")*.) We will apply this version of
the criterion in Lemma 7.1 below.

We will inductively produce mod @” lifts of p. For the step in which we pass from a mod
@™ ! lift p,_; to a mod @" lift, we will use Proposition 3.6 in the case L = K(p,_;(a%")) and
¢ =max{D + 1,[2]}. To that end, we will need the following linear disjointness result:

Lemma 4.3. Let p satisfy Assumption 4.1, and suppose that we have inductively constructed a lift
pn-1: Trg,, = GO/@"™)

of p for some finite set of primes T,_, containing J. Assume moreover that the image im(p,_) con-
tains G¥(O/w"™"). Then the field L = K(p,_1(a"")) is linearly disjoint over K from the composite
of K. with any composite of fields K,, € H'(Trg, ,, p(g*)").

Proof. By assumption, Gal(K(0,-1(g*"))/K) is isomorphic to G*(O/ Ei‘l), so any of its abelian
quotients is a quotient of the abelianization G¥'(O/w@?) = p(g%") of G¥r(O /") (see the proof
of [FKP19, Theorem 5.14]). A non-trivial (properly containing K) intersection of L with any
composite of K., with a composite of fields K, y € H l(rp’j'n_] , (%)), thus yields a surjection of
F,[I'r]-modules from p(g%") to some subquotient of p(g®")* or (by Lemma 2.1) Z/p. Assumption
4.1 excludes both of these possibilities. (To exclude the latter, note that p(g®") has no trivial
quotient, since by assumption H(I'r, p(g*")) = 0, and p(g®") is self-dual via the Killing form
under our assumption p > 0, for which see §2 and [FKP19, Assumption 2.1].)

O

We will make reference in the following theorem to the spaces of local lifts described in [FKP19,
§3]; see especially [FKP19, Definitions 3.1, 3.4] for the notation.

Theorem 4.4. Let p > 0. Assume that p: I'rs — G(k) satisfies Assumption 3.1 and Assumption
4.1. Fix a lift u of the multiplier character i = p (mod G%). Moreover assume that for all v € 8
there are lifts p,: I'r, = G(O) with multiplier . Let T O 8§ be the set constructed in the discussion
preceding Proposition 3.6.

Then there exists a sequence of finite sets of primes of F, J ¢ J, c J3 C ---7J, C ---, and for
eachn > 2 alift p,: I'rg, = G(O/@") of p with multiplier u, such that p, = p,+; (mod @w") for all
n. This system of lifts (p,)n>1 Satisfies the following properties:

(1) If w € T, \ 8 is ramified in p,, then there is a split maximal torus and root (T, ,,) such
that p,(cy,) € T,,(O/@"), a,(p(0y)) = N(w) (mod @"), and p,|r,, € Lif ﬁ’““’(O J@™); in
addition, one of the following two properties holds:

(a) For some s < eD, p,(t,,) is a non-trivial element of U, (O/@’) (in particular, s < n),
and for alln’ > s, pylr;, is 5((9)—c0njugate to the reduction modulo @" of a fixed lift
pw: T, = GQO) of pylr;,,. We may choose this p,, to be constructed as in [FKP19,
Lemma 3.7] to be a formally smooth point of the generic fiber of the local lifting ring

OfplrFW'
20



(b) For s = eD, plr,, is trivial mod center (in particular, s < n), while a,,(ps+1(0y)) =
Nw) £ 1 (mod @), and B(p,.1(0) £ 1 (mod @**!) for all roots B € ®(G°, T,,).
(2) Forallv € 8, pylr,, is strictly equivalent to p, (mod @").

(3) The image p,(I'r) contains &\“(O/w").

Proof. In light of Lemma 4.3 and Proposition 3.6, the argument of Proposition 3.8 allows us to
argue as in [FKP19, Theorem 5.14]. Since our assumptions differ from those of loc. cit.—and in
fact the technical improvements of §3 allow us to simplify the argument somewhat—we will repeat
the proof. We will inductively lift p to a p,: I'rg, — G(O/w") satisfying the conclusions of the
theorem, at each stage enlarging the ramification set J,, O J. Thus suppose for some n > 2 we have
already constructed a lift p,_1: [ry,_, — G(O/@"') as in the theorem. For each w € T,_; \ § at
which p,_; is ramified, we are given a torus and root (7', @,,) as in the theorem statement. In what
follows, we will tacitly allow ourselves to change this pair to a 5((9)—c0njugate without changing
the notation; see [FKP19, Remark 5.15]. There are no local obstructions to lifting p,,_;, and we fix
local lifts A,,: T'r, = G(O/@") of p,_1]r,, as follows:

o If w € 8, by assumption p,,_i|r, is 5(0)-conjugate to the given lift p,, (mod @"!), so we
can take A,, to be 5(0)—conjugate to p,, (mod @").

o Ifwe T, \38,and p, 1|r,, is unramified, then let A,, be any (multiplier x) unramified lift.

o Ifwe T, \8,and p,_i|r,, is ramified, then by the inductive hypothesis we either have:

— As in Case (a) of the Theorem statement, for some s < eD, p,(t,) € U, (O/@*) is
non-trivial, and we are given a lift E(O)—conjugate to the p,, that was introduced at
the s stage in the induction (the one in which the prime w was introduced; we will
explain how to choose this p,, below when we carry out the heart of the induction
step). We may and do replace p,, by this suitable 5((9)—conjugate, and we then take
A, = p,, (mod @").

— As in Case (b) of the Theorem, n — 1 > eD + 1, peplr,, is trivial mod center, and
Pep+1lry, 1s in general position as described in Case (b). Then we take 4,, to be any
lift still satisfying all the conditions in Case(b) (and the general requirements of Case
(1)). This is easily seen to be possible by arguing as in the proof of [FKP19, Lemma
5.13], again using the p > 0 assumption.

We also enlarge T,,_; by a finite set of primes split in K(p,_;(a%")) and introduce at these w unrami-
fied, multiplier u, lifts A,, such that the elements A,,(c,,) generate ker(G* (O /@") — G¥' (O /"™ )).
(This is a device for ensuring each lift p, has maximal image; by [FKP19, Lemma 6.15], this step
only needs to be carried out for finitely many n.) We denote this enlarged set by T/ _,

Since I (Trg, p(6%)*) = 0, a fortiori we see that IH7 (I“F:y P = O so by global
duality and the local unobstructedness there is some lift p), : FFT - G(O /@") of p,_;. We then as
before define a class zy7 = (zw)yer | € @We% 1 H'(TF,, p(gder)) such that (1 + @ '2,)p0lr,. = A,

for all w € TJ)_,. If zg  lies in the image of some h € H 1(1_‘1:,‘3"’171’ p(g*)), we replace p/ by
(1 + @ 'h)p], = p,, alift of p,_; such that p,|r, is ker(G*(O/@") - G*(O/w"")-conjugate to
the fixed A4,,, and we are done.

If zy_does not lie in the image of H'(Try_,p(a*")), we apply Proposition 3.6 with J7_, in
place of T (in the notation of the Proposition), ¢ = max{D + 1,[2]},and L = K (On1(g%")). Lemma

4.3 shows the linear disjointness hypothesis of the Proposition is satisfied. As in the statement of
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Proposition 3.6, after the classes g; € ker((Z/p)* — (Z/pP)*) and the tori and roots (T}, a;) are
produced, we are allowed to choose the elements g;/x; € Gal(L/K). We do this as follows:

o If n—1 < eD, take all g,k to be trivial.

e Ifn—-1 > eD + 1, via the isomorphism Gal(L/K) > Ger(O/w" ") take g1/k.i to be an
element t; € T;(O /") satisfying a;(t;) = ¢; (mod @"") that is trivial modulo @*? but in
general position modulo @w*P*!: for all g € ®(G°, T;), B(t;) £ 1 (mod @w*P*!) (note that by
construction g; is non-trivial modulo @*’*!, so it is possible to choose such a t;).

Proposition 3.6 then produces Cebotarev sets C; with positive-density subsets ; and classes A" for
all v € [;; as in Proposition 3.8, we apply this both to produce C; for i € N, such that for any tuple
(Vi)ieNuoer» {h(vf)lq;l_] )} spans coker(‘I‘q’:_l) and to produce C; for i € Np,, such that for any (v;)ien, san?
h")(t,.) is a root vector X, with YieNgw FplTr1Xo, = g%, We set N = Nypan LI Neoker- We likewise
produce n(v) for all trivial primes v ¢ T/ _, and b € B an indexing set for a k-basis of (g%")* as in the
discussion around Lemma 3.7. The argument now proceeds as in [FKP19, Theorem 5.14], with
the simplification that the fields L = K(p,_;(a%")), K(upe), K e (as v and b vary), and K;» (as v
varies) are all strongly linearly disjoint over K (L is disjoint from the K,» by the same observation
we have used before, that the latter is totally ramified over K at places above v). We sketch it. For
any pair v,V € [[;ey L1, we form as in loc. cit. the classes h = B — 3,y h") +2 3 .oy KD, Writing
Cx = Cix and lx = [y lix for the corresponding sets of N-tuples of places of K specified
by the fixed decomposition groups, there is a positive upper-density subset | C g such that for
(vi)ien € 1 (we in the notation still write v; for the specified place of K above v;), the quantities
(h°M(or v )iens (B (T, iens (Cien i (0 v))jen and (o;,(0,))ien are independent of (v;);ey € . With
these values fixed, we choose tuples (C;)iey € (6" and (C Dien € (%)Y such that if v,V € lcan
be chosen to satisfy the analogues of Equations (2) and (3) in the proof of Proposition 3.8, then
on = (1 + @ 'h)p, will, for any i € N, when restricted to each w € {v;, vi} satisfy (note that in all
cases the construction forces p,(t,,) to be a non-trivial element of U,,(O/w@"), so we just specify
the image of o,):

e If n <eD, p,(c,) is trivial modulo center (note that then a;(p,(c,)) = 1 = ¢; (mod @")).
We then fix a lift p,, € Lif p’T" (O) as in [FKP19, Lemma 3.7] (defining a formally smooth
n FFW

point of the generic fiber of the trivial inertial type lifting ring for |y, and having p,.(c,) €
T,(0)). This p,, feeds into the continuation of the induction as described in the first bulleted
list of the present proof.

e If n = eD+1, then by construction p,,_;(c,) is trivial modulo Zgo (since gk, is trivial), and
g; is non-trivial modulo @”" but trivial modulo @"~!, so we take p,(c,,) to be any element
thw of T;(O/w@") such that 7,,, (mod @) is trivial modulo Zg, a;(t,,) = ¢; (mod @"),
and B(t,,) # 1 (mod @") for all 5 € d(G° T;). (Existence of such an element when
p >¢ 0 is shown as in [FKP19, Lemma 5.13].)

e If n > eD+1, then by construction p,_;(c,,) is (modulo Zs) an element ¢,,,,_; € T:(O /")
that is trivial modulo @*?, in general position modulo w*’*!, and satisfies a;(t,,,_1) = g;
(mod @"!"). We require only that p,(c,,) continue to satisfy these properties modulo @",
which is easily arranged.

With these desired C; and C; specified, the argument now defines a Cebotarev condition [, for any

v € [ such that any pair y,v" € [ with V' € [, successfully arranged Equations (2) and (3). One
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then runs the limiting argument as in the proof of Proposition 3.8, using the above disjointness
observations for the fields L, K(u,c), K,o», and Kn(”)’ to show that such v, exist. O
b

5. RELATIVE DEFORMATION THEORY

In this section we explain how to modify the relative deformation theory argument of [FKP19,
§6] for our reducible setting, and we deduce our main theorem. We will require the following
additional hypotheses:

Assumption 5.1. Let p > 0. Assume that p: I'rs — G(k) satisfies Assumptions 3.1 and 4.1. Fix
alift u: Tps — G/G*(O) of i = p (mod G%7), which we assume is geometric if F is a number
field. Additionally assume the following:
o H(Tr, p(g*")") = 0.
e For all v € §, there is some lift (which may require an initial enlargement of O) p,: I'r, —
G(0), of type u, of plr,. ; and if (when F' is a number field) v|p, there is such a p, that is de
Rham and Hodge-Tate regular. We fix throughout the section such a choice of lifts (0,),es.

Theorem 5.2. Let p > 0, and let p: I'rs — G(k) be a continuous representation satisfying
Assumptions 3.1, 4.1, and 5.1. Additionally, when E is a number field, assume that F is totally

real, and p is odd. Then for some finite set of primes S containing 8, which we may assume disjoint
from a fixed finite set 8 of primes disjoint from 8, there is a geometric lift

p: T — G(Z,)

of p.
More precisely, we fix an integer t and for each v € 8§ an irreducible component containing p,
of:
o forv € S\ {v | p}, the generic fiber of the local lifting ring, R;’: [1/@] (where R;f
Fy Fy
pro-represents Lift; |r,, ); and
e forv | p, the lifting ring Rglf’”[l /@] whose E-points parametrize lifts of Plry, with suitably
Fy
specified inertial type T and p-adic Hodge type v. (See the discussion following Theorem
E.)
Then there exist a finite extension E" of E = Frac(O) (whose ring of integers and residue field we
denote by O" and k'), which depends only on the set {p,},cs; a finite set of places 8§ containing S;
and a geometric lift

G(O")
e
I3 — G(k")
of p such that:
e p has multiplier g
e o(I'r) contains G4(O).

e Forallv € 8, plr, is congruent modulo @' to some E(O’)-conjugate of py, and plr,, belongs
to the specified irreducible component for every v € 8.°

To be clear, the set S may depend on the integer ¢, but the extension O’ does not depend on .
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Proof. As in [FKP19, Claim 6.13], we reduce to the case in which G° is adjoint, and g = g% is
equal to a single my(G)-orbit of simple factors; it is easy to see that the representations denoted p;
in loc. cit. attached to each my(G)-orbit s still satisfy our assumptions. We thus assume p satisfies
Assumption 5.1, and that G is adjoint and is a single 7o(G)-orbit of simple factors. We have in
the theorem statement fixed an integer ¢ that is our desired precision of approximation of the given
local lifts p, (v € 8) and irreducible components R,[1/w] containing p, of the corresponding lifting
rings. Then as in the proof of [FKP19, Theorem 6.11], we apply [BG19, Theorem 3.3.3] (and see
the remarks in §2 on the function field case) and [FKP19, Lemma 4.9] to produce a finite extension

O of O (independent of 7) and for all v € 8 lifts p], of P, that are defined over O’, are congruent

modulo @’ to p,, and correspond to formally smooth points of R,[1/w@]. We replace O by O’ and
the p, by the p’ but retain the notation p,, O for these replacements.’
Applying [FKP19, Corollary B.2], we let M, be any integer large enough that the map

H'(T, " ®y O/a@™) — H'(T, p(g"") ® k)

is identically zero for any M > M,, where I" denotes the preimage in G*4(0) of (Ad op)I'7) C
G*(k). We fix an M > max{M,, eD}, which for technical reasons as in [FKP19, §6] we assume to
be divisible by e.

To find 8 disjoint from a fixed finite set of primes &, itself disjoint from S, we replace & by
8 U § and specify unramified local lifts at the places in 8;. We thus may and do assume 8 is
empty. Let T D 8 be the finite enlargement taken in the statement of Theorem 4.4. We then run the
first eD steps of the inductive argument of Theorem 4.4, producing a lift p.p: Trq,, = G(O/@P)
satisfying the conclusions of loc. cit.. In the course of this argument, for any prime w € T,p \ &
at which p,p is ramified, we have fixed a lift p,,: I'r, — G(O) as in the theorem. We now for
notational convenience enlarge 8 to include this finite set of primes. It is still the case that for
all v € $ we have the fixed irreducible components R,[1/w] with their formally smooth E-points
corresponding to the lifts p,. We apply [FKP19, Proposition 4.7] with ry = M to each (R,[1/w], 0Ov)
for v € § and let N be the maximum of all the integers ny = ny(v) produced by that result. We
fix an integer N, which we may assume divisible by e, as in Equation (12) of [FKP19, Theorem
6.11]—in brief, large enough relative to 7, M, the singularities of the lifting rings R,, and such that
if a mod @ lift has maximal image, so does any further lift. Finally, we continue the induction of
Theorem 4.4, lifting p.p to a py : I'rg, = G(O/ @) satisfying that theorem’s conclusions.

We note that we have the Selmer conditions L,, for v € Ty and 1 < r < M needed in the proof
of [FKP19, Theorem 6.11]: for v € 8, [FKP19, Proposition 4.7] provides these, for v € Ty \ 8 at
which py is unramified we can take the unramified classes, and for v € Ty \ 8 at which py ramifies,
we can apply [FKP19, Lemma 3.5] with s = eD: indeed, since we have absorbed the earlier set T,
into 8, any v € Ty \ 8 at which py ramifies has the property that pylr,, is unramified modulo @*”,
so falls under Case 1b of Theorem 4.4. We can then define the associated relative Selmer group

H EM(FF"TN, pu(gder)) and relative dual Selmer group H }V;J(FFJN, ou(adr)*) (see [FKP19, Definition

6.2]). To simplify the notation and for consistency with the notation of [FKP19, Theorem 6.11]
we now write 8" for the set Ty. The proof of the theorem finishes as in [FKP19, Theorem 6.11]
(see especially the proof of Claim 6.14 of loc. cit.), provided we can generalize the argument
that adds auxiliary trivial primes, drawn from the set Qy of [FKP19, Definition 6.6], to annihilate

"Note that this is our only enlargement of O; it depends only on the local data at primes in § and occurs before
we apply any of our global lifting results. In particular, in all applications of the arguments of §3, the residue field k
remains fixed once and for all.
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the relative Selmer and dual Selmer groups. An inspection of [FKP19, §6] shows that the crucial
[FKP19, Theorem 6.9] follows formally once we have established the analogue of Proposition 6.8,
which in turn relies on Lemma 6.4, of loc. cit.; in the function field case, not discussed explicitly in
loc. cit., we simply note that the Selmer conditions £, of Proposition 6.8 satisfy the (“balanced”)
numerics of [FKP19, Proposition 4.7(3)], so the Greenberg—Wiles formula implies that Selmer and
dual Selmer groups are “balanced” in the sense that

|H2M Tray pu(@* )| = H, + (Trgys Pu(@*)).

(Note that [FKP19, Lemma 6.3] then shows that the relative Selmer and dual Selmer groups are
balanced.) We fill in the arguments generalizing Lemma 6.4 and Proposition 6.8 of loc. cit. in
Lemma 5.3 and Proposition 5.4 below; together these complete the proof of Theorem 5.2. O

We continue with the integers M and N produced in the first steps of the proof of Theorem 5.2.
For any integer 1 < r < N, let F, be the fixed field F(p, p,(g%)). Set Fy = Fy(u,me), and set

Fy, = Fy(uyve) (we follow the notation of [FKP19, §6]).

Lemma 5.3. With notation as above, we have:

e The map H'(Gal(F}/F), pu(¢°")) - H'(Gal(Fy/F), p("")) is zero.
o H'(Gal(Fy/F), pu(a*)*) = 0.

Proof. Gal(Fy/F) acts trivially on the maximal p-power quotient of Gal(F7,/Fy), by Lemma 2.1.
The argument of [FKP19, Lemma 6.4], which depends on the way we have arranged M as at the
start of Theorem 5.2, now applies to show the first vanishing claim. Indeed, by the remark in the
first sentence of the proof, H'(Gal(F}/Fy), pu(a*) TN = 0 since py(¢*)'" = 0, and so by
inflation-restriction we are reduced to the (already arranged) vanishing of the reduction map

H'(Gal(Fy/F), pu(*)) - H'(Gal(Fy/F), p(g"")).
The second assertion of the Lemma reduces as in [FKP19, Lemma 6.4] to showing that
Homgk/r(Gal(Fy/K), p(g*)") = 0.

By Lemma 4.3, we reduce to showing that Home[FF](ﬁ(gder) ® Z/p, p(g%")*) = 0. By Assumption
5.1, p(g*")* contains no copy of the trivial F,[I'r]-module, and by (a weakening of) Assumption
4.1, Homr, (5(g""), p(g*")*) = 0. =

We define the Cebotarev set Qy of auxiliary primes as in [FKP19, Definition 6.6], and for v € Qy
(which comes with a maximal torus 7 and root & € ®(G°, T)) we define the spaces of cocycles L,
for 1 <r < M asin [FKP19, Lemma 6.7].

Proposition 5.4. Assume that g% consists of a single my(G)-orbit of simple factors. Let Q be any
finite subset of Qy, and let ¢ € HEM(FF,S/UQ,pM(gder)) and € HiL (Crsua, Pu(8%)*) be such that
M

0#¢e H; (Trsuo, pu(@*)) and 0 # Y € H,. (Trsu, pu(8%)*).% Then there exists a prime
M
v € Qy, with associated torus and root (T, @), such that
. Jh—FV ¢ L2 and

1v°

* Plrr, & Ly,

8These are the relative Selmer and dual Selmer groups of [FKP19, Definition 6.2].
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Proof. By Lemma 5.3, we see as in [FKP19, Proposition 6.8] that ¢|r_, and ¢|r,, are non-zero. Fix
N N

a7yz € I'py, such that ¢(y>) and () are both non-zero (note that this requires no linear disjointness
over Fy, of F}(¢) and F ,*\,(&)—it only needs that these extensions are non-trivial). In the proof in
loc. cit., we replace Yy by
Yiom ={8 € G 1 (Y(r2), 80,) = O},
a proper closed subscheme of G, and we similarly replace Uy by Uy,,) = G \ Yy(,,) and Uy
by Uj)m» the set of elements ¢ € G(O/w™) that reduce modulo @ to Uy, (k). The purely
Lie-theoretic part of the argument of /oc. cit. then as before yields (for p > 0) a pair (7, @)
consisting of a split maximal torus T and a root & € ®(G°, T) such that ¢(y,) is not contained
in ker(a|Lic(r)) @ @ 5 98> and such that (y,) is not contained in the annihilator of g, under local
duality.
Now as in loc. cit., we choose an element y; € I'y such that py(y;) is an element of T(O/@")

satisfying

e the image of py(y;) in T(O/w@w™) is trivial mod center (in fact, the reduction at the start of

Theorem 5.2 ensures Zo is trivial);

e x(y;) =1 (mod @™) but k(y;) £ 1 (mod w”*);

o for all roots 8 € ®(G%, T), B(om+1(y1) # 1 (mod @"*');

e a(pn(y1)) = k(y1).

Such a vy, exists because py(I'r) contains G¥(O/w"), and F n(upmre) is linearly disjoint from
Fy(upne) over Fy(u,me): thus we can take y; trivial on Fy(u,m.) but with py(y;) any element that
is trivial mod @™, and x(y;) any element of ker((Z/p™/¢)* — (Z/p™/¢)*). Noting that M > eD, the
linear disjointness follows as in Lemma 4.3, which shows that K(py(g%")) is disjoint from K., over
K. The properties desired of y; are moreover determined by its restriction to F,.

We now consider expressions ¢(yyy1) = ré(y2) + ¢(y1) and Y(¥yy1) = ry(y2) + ¢(yy) for r €
{0,1,2}. By the construction of y,, we see that for some r, ¢(y5y;) and 1}(75)/1) do not belong,
respectively, to ker(al;) ® 598 and g*.° We conclude by defining the desired Cebotarev class of

primes of F to be those v such that o, lies in the conjugacy class of y,y, € Gal(Fy(¢,¥)/F). O
In §7, we will use the following refinement:
Corollary 5.5. When g% = sl,, the requisite bound on p in Theorem 5.2 is simply p > 3.

Proof. We check the various points in the argument where the assumption p >¢ 0 enters, making
it explicit for g% = sl,. Following [FKP19, Remark 6.17], we observe the following:
e The proof of Proposition 3.6 (building on [FKP19, Proposition 5.9, Lemma 5.11]) requires
us to check that the k-span of all root vectors in g% is equal to all of g%'. This is satisfied
for all p > 3.
e The selection of suitably “general position™ lifts at trivial primes needed in Theorem 4.4
comes from [FKP19, Lemma 5.13]: it needs only a mod @ element of the Lie algebra t of
a maximal torus in G%" on which the (positive) root is non-zero, i.e. it needs only p # 2.
e To produce the pair (7, @) in Proposition 5.4 requires, in light of the proof of [FKP19,

Proposition 6.8], to show that for p > 0, and any non-zero pair of elements (A, B) € g% x

%If the desired condition fails for both &(y1) and (1), we take r = 1 and are done. If it succeeds for both, we take
r = 0. If it fails for one (say ¢) but not the other, we first take » = 1; we win for ¢ then but we might have created a
problem for i; but then if we take = 2 instead we’ll win for both.
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(g%r)*, there is an element g € G(k) such that Ad(g)Z ¢ ker(aly) ® @ 598 and Ad(g)E ¢ ar.
(Here (T, ) is a fixed initial choice of maximal torus and root, which the argument then
modifies by conjugating by such a g.) We may assume 7 is the diagonal maximal torus,
a the positive root for the upper-triangular Borel, and, after identifying g% ~ (g%)* via
the standard trace form (a perfect duality for p > 3), we must simultaneously arrange that
Ad(g)(A) ¢ (2 and Ad(g)(B) ¢ (8 :) If these conditions hold with g = 1, we are

k
o)
done; otherwise, there are three cases, depending on whether both conditions fail, or one
of the two conditions fails. It is straightforward in each case to check that for p > 3 we
can simultaneously conjugate these matrices by an element of SL,(F,) to arrange that A
has non-zero diagonal component, and B has non-zero g_,-component.

The other uses of p > 0 in the main theorem of [FKP19] were all to arrange that an irreducibility
assumption on p implied the more technical hypotheses of the lifting method; we have instead
checked these hypotheses directly, in Lemma 7.1. O

When F is a number field, but p is not necessarily totally odd, we can by the same methods
prove a theorem producing not necessarily geometric, but finitely ramified, lifts:

Theorem 5.6. Let p: I'rs — G(k) satisfy all of these hypotheses of Theorem 5.2 except:

e [ is now any number field, and in particular we do not assume p is totally odd.

e For v|p, we assume that plr,, has a lift p,: T'r, = G(O) of multiplier u such that p, cor-
responds to a formally smooth point on an irreducible component of the generic fiber
R;l’:r [1/@] that has dimension (1 + [F, : Q,]) dim(GY).

Then for some finite set ofprimesg D 8 and finite extension O" of O, p admits a lift p: Tz — G(0”)
with image containing G%'(O’), and p may be arranged such that for all v € 8, plr,, is congruent
modulo @' to some G(O")-conjugate of p,.

Proof. The technique of Theorem 5.2 still applies; see [FKP19, Theorem 6.21] for how to carry
out this minor variant. O

6. DEDUCING THE RESIDUALLY SPLIT CASE

Throughout this section we assume that G is connected.

We will show how to construct irreducible lifts of certain representations p: I'rs — G(k) which
do not satisty the assumption that HO(FF,S, p(g%") = 0 (which is needed for Theorem 5.2). Our
main interest is when p is G-completely reducible (G-cr) but not G-irreducible, in which case the
vanishing never holds, but the method can be applied more generally. The main idea is that if
p(I'rg) 1s contained in M (k), where M is a Levi subgroup of a parabolic subgroup P of G, then we
can often find a finite set J of trivial primes and a representation p’ : I'rgus — G(k) with image
contained in P(k), such that the projection of p’ to M(k) is p and H'(Trs 7, p’ (%)) = 0. The
following lemma shows that if we can lift p’, then we can also lift p.

Lemma 6.1. Let p: I' — G(O) be a continuous representation of a profinite group I'. For any
parabolic subgroup P such that p(I') is contained in P(k), we fix a maximal torus and Borel sub-
group T C B C P; these determine a Levi subgroup M of P and a projection P — M. Then

there is a finite totally ramified extension K’ /K with ring of integers O'/O and a g € G(K") such
27



that gpg™': T — G(O) and gpg™" factors through M(k) and is equal to the projection of p to
M(k). In particular, if P is minimal with respect to the property that p(I') is contained in P(k),

then gpg=" belongs to the unique G(k)-conjugacy class of homomorphisms T — G(k) representing
“the” semisimplification of p.

Proof. Let P be a parabolic subgroup of G containing a Borel B and maximal torus 7" such that p
factors through P(k). The parabolic P is associated to a subset O of the set of B-simple roots A, or
to a cocharacter i of the adjoint torus: we can alternatively describe the root spaces appearing in
P as either the positive roots union the root system generated by ®, or those « such that (n,a) > 0
(the relation between the descriptions being that for simple roots @, (n, @) is 0 or 1 according to
whether a belongs to ® or A \ ®). The associated Levi subgroup M of P is the subgroup generated
by T and the root subgroups u, for a belonging to the root system generated by ®. The projection
P — M is determined by noting that the composite M ¢ P — P/U (where U is the unipotent
radical of P) is an isomorphism, so composing with its inverse we obtain P — P/U — M.

The lift p factors through the parahoric subgroup P ¢ G(O) equal to the preimage of P(k) in
G(0); alternatively, P is the stabilizer of the barycenter x of the facet {¢ = 0 : @ € ©} in the
apartment X,(7) ® R. (This point x equals 2 for some positive integer d, and is specified by the
conditions a(x) = 0 for @ € ®, and Y (x) = 5 for the other simple affine roots ). It is generated by
T(O) and the root subgroups u,(w@”"O) for all affine roots @ + n such that a(x) + n > 0. Explicitly,
it is generated by 7'(O) and:

e 1,(0) for all roots a such that (n, @) > 0; and
e 1, (wO) for all @ such that (n, ) < 0.

Let O’/0O be the ring of integers in a finite totally ramified extension K’/K with ramification index
e, and with uniformizer @’ € O’. We conjugate p by g = n(@’) € G(K’), and find that gog~! is
contained in the subgroup gPg™! of G(K’) generated by 7(O) and

o u, (@ 0O0’)if (n, @) > 0; and
o u (WO if (n,a) < 0.

Choosing e large enough that (i, @) + e is positive for all & such that (57, ) < 0, we find that gog™"
takes values in G(O’) € G(K’), and when reduced modulo @’ takes values in the Levi subgroup
M(k) c P(k) having root basis ®. More precisely, for all y € T, go(y)g~! is equal to the projection
of p(y) to M(k): this is clear from the above bulleted formulae and the fact that (n, 5) = 0 for all 8
in the root system of M.

By definition, a semisimplification of p is its projection to a Levi factor of a minimal parabolic
subgroup containing p(I'); as it is unique up to G(k)-conjugacy ([Ser0S, Proposition 3.3]), the last
claim of the lemma is clear. O

Lemma 6.2. Let W # 0 be an F,[I'rs]-module that is finite dimensional over F, and let W' be any
other finite dimensional F,[I'rs]-module. Let Wy be any nonzero F,-subspace of W. Then given
any positive integer n, there is finite set T of W’-trivial primes of F, i.e., places v of F such that
N@) =1 (mod p) and W’ is a trivial F,[I'r,1-module, satisfying

dimg, (H (Trsur, W) > n.

Here L is the Selmer condition given by £, = {0} forv € S, and L, is the subspace of H 1(l“pv, W) =
Hom(I'r,, W) consisting of all homomorphisms such that the image of the inertia subgroup I, is

contained in Wy for v € 7.
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Proof. The condition for being a trivial prime is a splitting condition, so it is a nonempty Cheb-
otarev condition. Once we know such primes exist, the statement follows from the Greenberg—
Wiles formula, and the proof is very similar to Lemma 3.4: the key point is that for a trivial prime
v, dimg (£,) > dimg, Hy, (Tr,, W). O

unr

Lemma 6.3. Let G be connected reductive group, P a proper parabolic subgroup of G and M a
Levi subgroup of P containing a maximal torus T. Let p: I'rs — G(k) be a continuous repre-
sentation with image contained in M(k). Let A C P be an abelian unipotent subgroup which is
normalised by M and is a product of root subgroups, and let P’ = A < M C P. Then there exists a
finite set T of p-trivial primes of F and a continuous homomorphism p’: Urs,s — G(k) with image
contained in P’ (k) such that:

e the image of p’ contains A(k);

e the projection of p’ to M(k) is isomorphic to p;

® 0'lry, = plry, forallv € 8;

o p'(T'r,) C A(k) and p'(1,) C uy(k) for all v € T, for some root subgroup u,: G, — A

(depending on v).

Proof. Consider the (split) exact sequence of groups
1 - A(k) » P'(k) > M(k) — 1.

Let I' be any profinite group and 4 : I' — M(k) a continuous homomorphism. Since the sequence
splits, A lifts to a homomorphism A, : I' — P’(k). If h, is any other lift of / then one easily sees that
the map ¢ : I’ — A(k) defined by y +— hi(y) - ha(y™") is a 1-cocyle, where the I'-module structure
of A(k) is induced by conjugation via 4. Conversely, if the lift A, is fixed and c is a 1-cocycle then
the map h, : I’ — P’(k) defined by hy(y) = hi(y)c(y™!) is another lift of 2. Moreover, the cocycle
c is a boundary iff £, is conjugate to /; by an element of A(k).

Let h : I'rg — M(k) be given by composing p with the projection to M(k), so A(k) becomes an
F,[I'rs]-module by conjugation. Let u, : G, — A be any root subgroup. By applying Lemma 6.2
with W = A(k), W, a one-dimensional F,-subspace V; of u,(k), and W’ the I'r,s-module obtained
by composing p with any finite dimensional faithful representation of G(k) over k, we get a finite
set of p-trivial primes 7J; and a 1-cocyle ¢; giving a class in HL (I'rsuT,, W)) which is ramified at
some prime in 7J;, and with the image of /,, contained in V; for all v; € 7J;. Let ¢ = }}; ¢;, where
i runs over all possible subspaces V; of u, (for all @) and set T = U;T;; we may and do assume
that all the J; and & are mutually disjoint. The discussion of the previous paragraph then shows
that by modifying p by ¢ we obtain a representation p’ : I'rsur — P’(k) satisfying all the bulleted
properties: the first holds because A is generated by root subgroups, the second is clear, the third
holds because the Selmer condition in Lemma 6.2 at places in 8 is trivial, and the last holds because
of the choice of W,,. ad

In our application, we will apply the following lemma to the primes in the set T produced in
Lemma 6.3.

Lemma 6.4. Let G be a connected reductive group, T a maximal torus of G, A a commutative
unipotent subgroup of G and u,: G, — A a root subgroup. Let F, be a local field with N(v) = 1
mod p and p : I'r, = G(k) a continuous representation such that p(I'r,) C A(k) and p(1,) C u,(k).
If p # 2 then p lifts to a representation p : I'p, — G(0O).

Proof. Since A(k) is a p-group, the representation p is tamely ramified. Let o in I'r, be a lift of

Frobenius and 7 € I'p, a lift of a generator of tame inertia. Choose any lift u; € A(O) of p(o) and
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any lift u, € u,(O) of p(7); since A is commutative, u; and u, commute. Let x € O be the square
root of N(v) which is congruent to 1 modulo p and let 7 := a"(x) € T. Define p : 'y, = G(O) by
p(0) = tu; and p(t) = u,. By the choices of u;, u, and ¢, it follows that p(co)p(t)p(c) ™' = p(r)N¥,
so (by the structure of tame inertia) p, defined on generators above, does indeed give rise to a
continuous homomorphism p : I'y, — G(O). Finally, since x reduces to 1 modulo p it follows
from the choice of u; and u, that p is indeed a lift of p.

O

Lemma 6.5. Let G be a connected reductive group, P a parabolic subgroup of G and M a Levi
subgroup of P and assume p > 0. Let p : I'rs — G(k) be a continuous representation with
p(Trs) C M(k) satisfying the local parts of Assumption 5.1 and with H*(Trg, p(g%)) = 3(M) N
q%", where 3(M) is the Lie algebra of the centre of M. Then there exist a finite set of p-trivial
primes T and a continuous representation p’ : I'rsur — G(k) such that p'(T'rsuy) C P(k), the
projection of p’ to M(k) is isomorphic to p, p’ satisfies the local hypotheses of Assumption 5.1, and

H°(TCrsu7,p'(9*)) = 0.

Proof. We apply Lemma A.7 (to G%") to get an abelian subgroup A of U (the unipotent radical
of P) which is a product of root subgroups, is normalised by M, and such that 3(M) N g% acts
faithfully on a. By applying Lemma 6.3 with this A we get p’ which satisfies all the required
properties except that we still need to show that H(T'zsur, p' (g%")) = 0.

Since p’ projects to p, and p(I'rs) C M(k), the assumption on p implies that HO(FF,SUT, p' (%) C
3(M)Ng®". Anelement a € asatisfies [a, g] = 0 for g € g% iff exp(a) (see Lemma A.1) acts trivially
on g; here we use that p > 0. From Lemma A.7 we have that 3(M) N g% acts faithfully on q,
i.e., for any 0 # z € 3(M) N g% there exists a € a such that [z,a] # 0. Since A(k) C p'(Trsur) (by
Lemma 6.3) we conclude that H(T'rsu7, /(%)) = 0. o

Corollary 6.6. Let G be a connected reductive group, P a parabolic subgroup of G and M a Levi
subgroup of P. Let p : I'rg — G(k) be a continuous representation with image contained in M(k).
Assume that p > 0, p satisfies the local parts of Assumption 5.1, H*(Trs, p(¢%")) = 3(M) N g%,
H(T'rs, p(g%")*) = 0, and either the p™ roots of unity are not contained in F(p(g*")) or (restricting
to P a maximal parabolic) p satisfies condition (2) of Lemma A.14. Choose u as in Assumption
5.1. Then there exist a finite extension E’ of E (whose ring of integers and residue field we denote

by O and k'), an enlargement S of S (by adding trivial primes) and a geometric lift
G(O")

.
[p5—— GK)

of p such that:

e p has multiplier u.
e p(T'y) N G¥(O) is Zariski-dense in G

Proof. Let p’ : I'psus — G(k) be a representation obtained by applying Lemma 6.5 to p. By

the conclusion of that lemma and Lemma 6.4, p’ satisfies the local parts of Assumption 5.1 and

H(T 507, p' (%)) = 0. Since the projection of p’ to M(k) is equivalent to p and H*(Tzs, p(g%)*) =

0, we also have H*(T'zsu7, p'(6%")*) = 0 (since the semisimplifications of p(g*")* and p’(g%")* are

isomorphic). The assumptions of Lemmas A.5 and A.14 only depend on the semisimplification of
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a representation, so they hold for p’ if they hold for p. Since we have assumed that at least one of
them holds for p, it follows from these lemmas that Assumption 5.1 holds for p’ in its entirety.
Thus, we may apply Theorem 5.2 to p’ to get a lift p" : I';z — G(O') of p’ satisfying the
conclusions of that theorem with respect to p’. We now apply Lemma 6.1 to p’ to see that after
replacing O” with a finite extension, we get a lift p : I';5 — G(O’) of p satisfying all the claimed
properties. ]

Remark 6.7. e Lemma A.11 gives some examples in which P is a maximal parabolic where
the assumptions on H® can be easily checked.
e If M is a maximal torus, and the image of p is contained in no proper subtorus, then the
condition on H°(I'zs, 5(g%")) always holds. We have H(I'rs,0(g%")*) = 0 if k™! does
not occur as a subrepresentation of the I'x action on g% and (3) of Lemma A.18 gives a
condition for Assumption 4.1 to hold. Thus, Corollary 6.6 gives a fairly simple conditions
under which representations into a torus have irreducible (geometric) lifts. For a more
general criterion for lifting representations into a Borel subgroup see §A.3.

Example 6.8. Let F = Q, G = GSp,4 and let P be the Siegel parabolic, so the Levi quotient M of
Pis GL, X G,,. Let p; : 'y — GL,(k) be an absolutely irreducible representation associated to
a newform f on I'y(N) of weight r > 2 and let 6 : I'¢ — G,,(k) be any odd character. Then by
choosing a Levi subgroup of P, p = (pf,6) can be viewed as a representation I'g y» — G(k), for
some N’ (depending on ¢) with Np | N’, where we abuse notation by using N’ to also mean the set
of primes dividing N’. By construction, p; has a global lift to GL,(0O’) (for some finite extension O’
of O) which is regular, so by lifting 6 to a de Rham character of nonzero weight we see that the local
lifting hypotheses of Corollary 6.6 are satisfied for all v € N’. Since p is absolutely irreducible,
one easily sees from case (2) of Lemma A.11 that both properties (a) and (b) of the lemma hold
for p except possibly when the projective image of p, is a dihedral group. The character det o p
is equal to ¥~!, so in the dihedral case we see that if &' has order greater than 2 then g, does
not preserve a symmetric bilinear form. Similarly, if k" and ¥ are of order greater than 2 then g
does not preserve a symmetric bilinear form with multiplier ¥*'. Thus whenever these conditions
on the order of k are satisfied, Properties (a) and (b) of Case (2) of Lemma A.11 hold. It also
follows from Example A.16 that properties (1) and (2) of Lemma A.14 will hold for p as long as
the characters k““~V*! have order at least 5 for |a| < 2. (In particular, both of the conditions only
depend on r and p, and for any fixed r > 2 this holds for all p > 0.) We now give conditions
so that H(Tq, p(6%")) = 3x N ¢%. First, the adjoint action on p(m N ¢%") itself is isomorphic to
the adjoint representation of p; by irreduciblity, the invariants are just 3 N ¢°". On the unipotent
radical u* of Lie(P), the adjoint action of 'y is isomorphic to Sym*(5,) ® 6~'. When p; is non-
dihedral, this representation is absolutely irreducible, so has no I'p-invariants. In the dihedral case
it clearly follows that there will be no I'g-invariants for all but at most three choices of 6 (which can
be determined explicitly, but we leave this for the interested reader). Similar statements hold for
the action on the unipotent radical u~ of the Lie algebra of the opposite parabolic. We conclude by
Corollary 6.6 that if these conditions hold then p has a regular geometric lift to p : I'g — GSp,(O”)
with p(I'g) N Sp,(O’) Zariski-dense in Sp,.

7. THE cASE F TOTALLY REAL AND G = GL,

In this section we specialize our main result to the case G = GL,, and in doing so we improve

considerably the results of [HR08] that were our starting-point in [FKP19] and the present paper. In
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this section, we assume that F' is a totally real number field, since this is the modularity application
of greatest interest. In §8 we will discuss modularity applications in the function field setting.

We will analyze reducible representations conjugate to (denoted ~) extensions of the form ()6 T)

since any reducible representation has a twist of this form, we lose no generality in this assumption
but do simplify the notation somewhat.

Lemma 7.1. Let p > 3 be a prime. Let p: I'rs — GLy(k) be a continuous representation of the

form
k
o~ 1)

and assume that

e y(c,) = —1 for all v|co.

o vkl

o The extension class * is non-trivial.
Then Assumptions 3.1, 4.1, and the first item in Assumption 5.1, hold for p.

Proof. Fix a geometric lift y: I'rs — O of y. We verify in turn Assumptions 3.1, 4.1, and the
first part of 5.1. We first check that the trivial representation is neither a submodule of 5(g%") nor
of p(g®")*, and note that for this it suffices to consider the trivial k[I'z] (rather than IF,[I'r]) repre-
sentation. Non-splitness of the extension implies that the only one-dimensional subrepresentation
of p(g%") is k(y), which is non-trivial. Likewise the only one-dimensional subrepresentation of
p(g%)* = p(g®)(1) is isomorphic to k(k), so the assumption that ¥ # ! implies our claim.

Next we compute the cohomology group H'(Gal(K/F), 5(g%")*); we first treat the case in which
¥ is also not equal to k. Let P be the (unique) p-Sylow subgroup of Gal(K/F), and set K, = K”;
explicitly, Ko = F(y,up,). Since [Ky : F] is coprime to p, it suffices to check the vanishing
of H'(P, p(g¥r)*)GKo/F)  Consider the obvious filtration of p(g®")* by k[I'z]-submodules with
successive subquotients isomorphic to k(’k), k(k), and k(i 'k). Since taking invariants by the group
Gal(Ky/F) is exact in characteristic p, it suffices from the long exact sequence in cohomology
to check that H'(P, k()83 Ko/F) = ( for € {y 'k, k, yk}. The group P acts trivially on these
subquotients, so we are left to compute Homguk, 7 (P, k(). As F,[Gal(Ky/F)]-module, P is
isomorphic to a direct sum of copies of F,(y) (i.e., the field extension of F, generated by the
values of jy, with Galois action given by y). We therefore reduce the desired vanishing to checking
that ¥ is not equal to ¥~ 'k, k, or yk for any o € Aut(k): but such an equality with yk~! or jk
would contradict the behavior of complex conjugation (as p # 2), and with k would contradict the
assumption y # k.

We must treat separately the case j = k (but not equal to ¥'). We have as before the k[I'r]-stable
filtration

0C F, C Fy C Fo=p@*)

with Fo/F; = k, F1/F, = k(k), and F, = k(k*). We abbreviate I' = Gal(K/F), so we have P c T
as above. Taking (exact) I'/ P-invariants on the long exact sequence in cohomology associated to
0—- F, - Fy— Fy/F, — 0, we obtain an exact sequence

(4) 0> k— Hl (P, F])F/P - HI(P’p(gder)*)F/P N 0,
where the first term is zero since (5(g%")*)" vanishes, and the last term is zero since

H' (P, p(g*")*/F)''" = Homp(P,k) = 0
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as P is isomorphic to a direct sum of copies of F,(k). Similarly, we have an exact sequence
0— H'(P,F)'"" — H\(P.F\[F)""" — HP, Fy)''",

where the first map is injective because H'(P, F»)'/? = Homp(P, k(k¥*)) = 0. We will show that
H'(P,F\)''? is one-dimensional over k. It will follow from sequence (4) that H'(P, p(g%")")"/?
vanishes, as needed.

The group P is identified by p to an F,-subspace of k = ((1) 11{), and we choose a basis P =

P, Fpei. Any cocycle ¢ € Z'(P,F)) is determined by its values {¢(e;)}._, on this basis. We
a;

identify p(g®")* = p(g%)(1), and then we write ¢(e;) = (0 _;.

), for some a;, b; € k. Now for any
pair i, j, consider the relation

Ple) + e - ple)) = dle; +e)) = Ple; + e) = dle)) + e - Ple),
which translates to an identity

Cl,"i‘(lj bi+bj_2ajei _ ai+aj bi+bj_2aiej
0 —al-—aj B 0 —ai—aj ’

We conclude that all g; are determined by the value a,, via a; = a; - j—] Thus we realize Z'(P, F))
as a subgroup

ZNPF)) c k@ k®
¢ = (a1, (b1, ...,b,)).

The cocycles ¢ corresponding to tuples with a; = 0 (hence all a; = 0) all obviously map to
zero in Z'(P, Fi/F,), so the image of H'(P,F,) — H'(P,F,/F,) is at most one-dimensional.
Since the map on I'/P-invariants H' (P, F,)"/* — H'(P,F,/F,)"'" is injective, we conclude that
dim; H'(P, F))'/? is at most one. As noted above, this suffices to conclude that H'(T', p(g*")*) = 0.

Next we verify Assumption 4.1, checking that there is no k[I'r]-module surjection p(g%")” - V
for some o € Aut(k) and some k[I'z]-subquotient V of p(q®")*. We immediately reduce to ruling
out the cases V = k() for ¢ € {i 'k, &, ik}. By non-splitness, the only one-dimensional quotient
of p(g®") is (¥~ ')7. Arguing as before, the behavior of complex conjugation rules out all cases
but (') = k, which is in turn ruled out by the assumption y # k. |

We now briefly discuss the local lifting hypothesis of Assumption 5.1. For primes v|p, we will
say plr,, is ordinary if for some finite extension F)/F, it is F|-ordinary in the sense of Definition
B.2.

Lemma 7.2. Assume p > 3. Let p: I'rs — GL,(k) be a continuous representation of the form

- [ *
=15 )
Fix a geometric lift u: Trs — O* of i = det(p) = i of the form k"' x, for some integer r > 2 and

finite-order character y. Then, allowing ourselves to replace O by the ring of integers O’ in some
finite extension of Frac(0Q), we have:

e For v € 8 not dividing p, and any such choice of u, there is a lift p,: I'r, = GL,(O") of

Plry, with determinant p.
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e For v|p and any such choice of y, there is an ordinary potentially crystalline lift p,: I'r, —
GL2(O") of plr,, with Hodge—Tate weights {0, r — 1} and determinant u. Moreover, we can
always find an ordinary potentially crystalline lift p, : I'r, — GLy(O’) of plr,, with Hodge—
Tate weights {0, r — 1} and having a non-trivial unramified quotient, possibly at the expense
of not guaranteeing det(p,) = pu.

o When F = Q (or is split at all places above p), and r is equal to the weight k(ﬁler)
associated to p by Serre ([Ser87, §2.3]), there is a crystalline lift p,: I'g, — GL,(O") of
Plry, with Hodge—Tate weights {0, r — 1}.

Proof. First consider the case where v does not divide p. If p(Ir,) has order coprime to p, then as is
well-known there is in fact a non-empty formally smooth irreducible component of the lifting ring
R;f corresponding to lifts whose projectivization factors through ker(o|;, ). If on the other hand
Fy

p(r,) has order divisible by p, then (for p # 2) p|r,, has the form (K >x<): indeed, from [Dia97,

01
§2], we see that -, must be a non-split extension of ¢ by «y for some character i, and since we
have assumed that 5 is an extension of 1 by y we must have ¢ = 1, yIr,, = k. By the discussion of
[Tay03, §1 E3], there is for any lift i of the trivial character mod @ a formally smooth irreducible

2
component of the lifting ring R;’r’“/’ . Any character I'r, — 1 + @O admits a unique square-root
Fy

(p # 2), so we can always choose the twist i such that k> = p.
Now consider v|p. When y|r, # k, a straightforward duality argument shows that for any r > 2
and finite-order character y such that k"~ 'y, lifts ¥, Plry, has a potentially crystalline lift of the

r—1

form OXO T . When y|r,, = k, the argument of [BLGG12, Lemma 6.1.6] shows that we can
find potentially unramified characters 1 and ¢, whose product is xo such that p|r,. has a potentially

Kr_ll//1
0
sketch the proof. Let L ¢ H'(T',, k(k)) be the line corresponding to Plry,,and let H C H N(Cr,, k) be
its annihilator under the local duality pairing. As in loc. cit., we must find potentially unramified
characters ¢, and ¥, such that yo = ¢y, ¥, lifts the trivial character, and «"~!y, lifts j, and such
that, writing Kz"% = 1 + @"a for some continuous function a: I'r, — O whose reduction modulo

crystalline lift p, of the form ( l; ) The argument of loc. cit. is only written for r = 2, so we
2

w 1S a non-trivial element of H 1(FFV, k), we have @ € H. We make an initial choice with ¥, = 1,
Y1 = xo, and we suppose now that the associated @ does not lie in H. When plr, is peu ramifié, H
contains the unramified line, and by replacing O by a ramified extension (guaranteeing n > 2) and
twisting , and i, by unramified characters sending Frobenius to (1 + @) and (1 + @)™}, the new
@ will be unramified and thus in H. Note that in this case our lift satisfies y,[;, = 1. When plr, is
treés ramifi€, we first make a ramified extension of O by adjoining some {,»: we can then twist the
initial Y and i, by potentially unramified characters with trivial reduction such that the associated
a is ramified. A further unramified twist of /; and ¢, then allows us to adjust @ to lie in H (using
that the initial @ is now ramified, and H is a hyperplane not containing the unramified line). Note
that in this case, 2|y, 1s not necessarily trivial, but it is possible to keep the same r and modify the
initial choice of o to produce an ordinary lift with Hodge-Tate weights {0, r — 1} and |, = 1.

The last point is implicit in the discussion of [BDJ10, §3.2, Proof of Theorem 3.17] and can also
easily be seen to follow from the argument of the previous paragraph.

O
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Recall that to a newform f € S ,.(I';(N)) for any integers » > 2 and N > 1, and any isomorphism
1:C > Q,, there is an associated geometric Galois representation py,: I'yg — GL2(Q,), where

8 is the set of primes dividing Np. The representation py, takes values in GL,(E) for some finite
extension E of Q,. For any I'g-stable Og-lattice we obtain an associated residual representation
pri: Igs = GL2(Og/mg); we do not semisimplify, so the isomorphism class of p, may depend
on the choice of lattice. We say that a representation p: I'gs — GL,(k) is modular of weight r and
level N if there exist an f € S,(I'j(N)), an embedding ¢ as above, and an Og-lattice inside ps, such
that g, is isomorphic to p for some embedding Og/mg — k.

Before proceeding, we state the following well-known result (not used in what follows) to con-
trast it with [HRO8, Theorem 2] and our improvement in Theorem 7.4 below.

Lemma 7.3. Let let p: I'gs — GLy(k) be a continuous odd representation. Then the semisimplifi-
cation of p is isomorphic to the semisimplification of a residual representation that arises from py,
for a newform f € S ,.(I'\(N)) for integers N > 1 and r > 2.

Proof. In the case that p is irreducible, this is the original conjecture of Serre proved in [KW09c].
In the case when p is reducible, this is a folklore result, see [SW99, §3.4]. One first shows that the
semisimplification of p arises from an Eisenstein series E, € M,(I';(IV)) (for a positive integer N
which we may choose so that N is divisible by a prime ¢ that is 1 mod p) whose constant terms
vanish modulo a prime g above p of the field of Fourier coefficients of E,. Then one shows that
E, is congruent modulo a prime above p to a newform f € S,(I'y(N)). An alternative approach
is to show that the semisimplification of p arises from the reduction E of an Eisenstein series
E € M.(I'y(N)) (for a positive integer N; we do not need in this approach to ensure that E has
vanishing constant terms mod p) and then use that ®”~!(E), with ® the Ramanujan operator given
by qdiq, 1s amod p cuspidal eigenform which lifts to a newform f of weight r > 2 and level N such
that the semisimplification of p is isomorphic to the semisimplification of a residual representation
that arises from py,. m]

Following the strategy of the proof of [HRO8, Theorem 2], we now deduce from Theorem 5.2,
specialised to the case G = GL, and F = Q, and the work of Skinner—Wiles ([SW99]) and Lue
Pan [Pan19], a modularity theorem for a reducible mod p representation p without passing to its
semisimplification.

Theorem 7.4. Let p > 3 be a prime, and let p: I'qs — GL,(k) be a continuous representation of
the form
%
7~ (5 )

Assume that

e y(c)=-1

o y#kL
Then p is modular. More precisely:

e For any integer r > 2, p is modular of weight r and some level.
o For r = k(plr,,) the weight associated to plr,, in Serre’s modularity conjecture, p is modu-
lar of weight k(plr,,) and level prime to p.

Proof. We first assume that the extension class * is non-zero. Lemma 7.1, Lemma 7.2, and Corol-
lary 5.5 allow us to apply Theorem 5.2 to produce for any r > 2 alift p: T'y 5 — GL,(O") of p
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k%
h (0 1)
and for r = k(pIr,,) is moreover crystalline. Namely, we first fix a determinant for our lifts as
follows. With the desired weight r > 2 fixed, we let u = ¥~ - [det(p)k'~"]. Possibly replacing O by
a ramified extension O’ (with uniformizer @), there is then from the proof of Lemma 7.2 a poten-
tially unramified character w: I'g, — (0’)* with trivial mod @’ reduction such that pler admits a

such that plr,, is potentially crystalline with Hodge-Tate weights {0, r — 1}, satisfies plyq,

potentially crystalline lift p, with determinant u|r, w and satisfying p,l;;, ) By the local

EE
- (0 1
and global Kronecker—Weber theorems, we can inflate w to a character of I'g (also trivial mod @’
and now unramified away from p). We then consider for the remainder of the argument local and
global lifts with fixed determinant uw. By the previous observation and the v # p part of Lemma
7.2, we can now for all v € § specify local lifts p,: 'y, = GL,(O") with determinant uw. For

v # p, we choose any irreducible component of R;fw[l /@’] containing p,. For v = p, we fix the
o

p-adic Hodge type v equal to that of p,, and we choose an irreducible component of RE";“"’V[I |@’]
Qp

that is ordinary (cf Lemma B.4) of the same inertial type as p, and contains p,. Lemma 7.1 now
shows that all of the hypotheses of Theorem 5.2 are satisfied, so the latter produces (perhaps fur-
ther enlarging O’, and introducing an auxiliary set of primes $o S)alift p: Tz — GL2(0) of p
with all local restrictions to primes in 8 on the specified irreducible components of the local lifting
rings.

By the main theorem of [SW99] (assuming )erQp # 1) and [Pan19] (allowing j/ler =1),pis
modular, and the claim about the weight follows from local-global compatibility at p.

Finally, we treat the case when p is split. We first use Lemma 6.3 to produce a non-split extension
of 1 by y. As in the previous paragraph we can apply Theorem 5.2 to lift this to an irreducible
and modular representation py,, and then Lemma 6.1 shows that some conjugate (over a ramified
extension) of ps, reduces to p. Alternatively, as pointed out by the referee, we can apply Lemma
7.3 and then conclude by Lemma 6.1. O

Remark 7.5. e Since the work of Skinner—Wiles also includes modularity of p-adic repre-
sentations in the residually reducible case over certain totally real fields ([SW99, Theorem
A, Theorem B]), we also obtain a mod p modularity application in such settings.

e The method of lifting reducible mod p Galois representations to irreducible geometric
p-adic representations introduced in [HROS8], and developed further here, perhaps gives
at the moment the only technique to access lifting and modularity of residual reducible
representations. Lifting Galois representations has thus played a key role both in the proof
of Serre’s original conjecture [KW09b] and [KW09c] for irreducible odd p : I'g — GL,(k)
and in its analogue for reducible representations ([HRO8], Theorem 7.4).

We now justify our statement in the introduction that there is no possibility in general of pro-
ducing minimal lifts of reducible p, and that the lifting method of [KW09a] will not work in the
residually reducible case. The following lemma is implicit in [BK19].

Lemma 7.6. Let I be a finite group, L an infinite field, and ¢ : I — L* a homomorphism.
Assume that either dim; H'(I', L(¢)) > 1 or dim; H'(T', L(¢™")) > 1. Then there are infinitely many
representations p : I' — GL,(L) with semisimplification id @ ¢ that are not isomorphic, i.e., not

conjugate under GL,(L).
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Proof. The isomorphism classes of p of the theorem are in bijection with the orbits of H'(I", L(¢))
and H'(T', L(¢~")) under the action of L, namely with {0}UP"~!(L)UP"~!(L) for n = dim; H'(T', L(¢))
and m = dim; H'(I', L(¢™")) (with the convention that P~'(L) = 0 and that we identify the two pro-
jective spaces when ¢ is trivial) . The number of orbits is finite if and only if m,n < 1. O

Proposition 7.7. Let I be a finite group that is a quotient of I'q, and let y : I — k* be a non-trivial
odd character. Assume that dimy H (T, k(i) > 1. Then for any fixed integers N > 1 and r > 2,
only finitely many of the infinitely many non-isomorphic representations p : I — GL,(k) with
semisimplification id @ y (see Lemma 7.6) can arise from reductions of Galois-stable lattices in
pr. - g = GLo(E) for newforms f € S (I'i(N)).

Proof. Let E be a finite extension of Q,, with residue field X’ that contains k. Consider an irreducible
representation p : I'g — GLy(E) such that the semisimplification of the residual representation
arising from (any) [g-lattice in E? is 1 @ . Note that 1 # y as y is odd and p > 2.

By an argument of Serre, which uses 1 # ¥, the fixed points under p(I'g) of the Bruhat-Tits
tree for PGL,(F) form a segment. For a proof of this the reader may consult [BC14], especially
Proposition 32, and for the statements below see [BC14, Proposition 11] (see also [Bel, §1] for
detailed proofs). The residual representations arising from stable lattices are:

(1) In the case the segment is an edge there are precisely two such representations, which
correspond to the lattices that form the end points of the edge, whose reductions give a
non-split extension of 1 by y and vice-versa.

(2) In the case the segment is of length > 1, there is the additional split representation, which
arises by reduction of a lattice corresponding to a vertex that is an interior point of the
segment.

Denote by X the classes of indecomposable representations of I'g with values in GL,(k") up
to conjugacy by GL,(k’), arising from reductions of I'g-stable lattices in E2. Then for any finite
extension E’/E there is a bijection between Xz and Xg.. Thus as dime S ,(I')(N)) is finite, the
number of isomorphism classes of representations of the form py, arising from f € §,.(I'|(N))
is finite. Thus only finitely many of the infinitely many isomorphism classes of representations
p:I'—> GLZ@) with semisimplification id @ y arise from f € S ,(I';(N)) for fixed integers N > 1,
r>2. O

Remark 7.8. Note that given a character y : ' — £*, using Lemma 6.2, there is finite quotient
I' of I'gs, for 8 a sufficiently large finite set of places of Q containing p and the places at which
¥ is ramified, through which jy factors, such that dim; H' (T, k(¢)) > 1. The method of [KW09a]
produces liftings by producing upper and lower bounds on deformation rings R. The upper bound
takes the form of showing that R/pR is finite, while the lower bound says that R is of positive
dimension. The upper bounds rely on some version of Lemma 3.15 of [dJO1], which may not be
true for residually reducible representations. This indicates that the method of [KW09a] may not
apply in the residually reducible case. Further the method of [KW(09a] when it works produces
minimal liftings. Proposition 7.7 shows that these may not exist in the residually reducible case.

8. THE CASE OF FUNCTION FIELDS

In this section we briefly elaborate on the case of function fields, where thanks to the work of
L. Lafforgue ([Laf02]) stronger automorphy results are possible for G = GL,. Let F be a global

function field of characteristic £ # p, and let p: I'r — G(k) be a representation satisfying the
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hypotheses of Theorem 5.2. Then p has, as in Theorem 5.2, a finitely-ramified lift p: I' ;5 — G(O').
We now take G = GL, and deduce a stronger conclusion. We first recall the relevant notion
of automorphy in this setting. Fix an isomorphism ¢: C — @p. For each cuspidal automorphic
representation 7 of GL,(Af) with central character of finite order (this hypothesis is not essential),
L. Lafforgue has in the main theorem of [Laf02] constructed the Galois representation p,,: I'r —
GLn(@p) associated to 7 (and ¢: note that ¢ is only implicit in the notation of loc. cit., and it is fixed
after [Laf02, Théoreme VI.1.1]). Any such p,, stabilizes a lattice in E” for some finite extension
E of Q, inside @p, and as in §7 we say that p is automorphic if it is isomorphic, after suitable
extension of scalars, to the representation p,,: I'r — GL,(Og/mg) obtained by reducing some
Pr.-stable lattice modulo mg.

Theorem 8.1. Let p >, 0, and let p: I'rs — GL, (k) be a continuous representation satisfying
Assumptions 3.1, 4.1, and the first part of Assumption 5.1. Then p is automorphic.

Proof. Once we observe that the second part of Assumption 5.1 automatically holds for p, the
theorem follows immediately from combining Theorem 5.2 with [Laf02, Théoreme, pg. 2]. That
is, for v € 8 we need to know that p|r,, has some p-adic lift; to arrange that the multiplier character
of the local lift can be chosen to match the restriction of a fixed global lift u, we then use the fact
that any character ', — (1 + @) has an n” root, since p does not divide n. The existence of
some local lift of plr,, follows as in [CHTOS8, Corollary 2.4.21]. In the context of that paper, F, is
a finite extension of Qy, but the results of [CHTO0S8, §2.4.4] only depend on

e the fact that the kernel of any surjection I, — Z, has pro-order prime to p; and
e the structure of the Galois group of the maximal tamely ramified, with p-power ramification
index, extension of F,.

These properties continue to hold in the equal characteristic setting; see the remarks in §2. O

Remark 8.2. When p is absolutely irreducible, the hypotheses of this theorem are satisfied for all
p >, 0, which we could make explicit (as in §7) if desired. This case of the theorem is already
known: for p {1 n, de Jong’s conjecture ([dJO1, Conjecture 2.3]) implies, by [dJO1, Theorem 3.5]
(and [BHKT19, Theorem 5.13], which adapts de Jong’s argument to allow plr . reducible), that
p has a finitely-ramified lift, and in fact one obtained without adding new primes of ramification.
Gaitsgory proved de Jong’s conjecture in [Gai07], modulo some results that are widely-held to
be straightforward adaptations of theorems in the literature (namely, basic results in the theory of
étale k[[f]]-sheaves and, more importantly, a complete proof of the result announced in [MV07,
Theorem 14.1] on the geometric Satake equivalence with general coefficients, including k[[#]] and
k((1)), and over any separably closed field).

When the semisimplification of p has absolutely irreducible image in a maximal proper Levi
subgroup of GL,,, Lemmas A.11 and A.14 give very concrete conditions under which Assumptions
3.1, 4.1, and 5.1 hold. We thus obtain Theorem C of the Introduction:

Corollary 8.3. Let p >, 0, and let p: I'rs — GL, (k) be a continuous representation that factors
through a maximal parabolic P with Levi quotient M = GL,,, X GL,,,. Let pys denote the projection
pu:Trs — M(k) of p to M, and set py = p) ® p,, where p; is the projection to the GL,, factor;
we order the p; such that p is isomorphic to an extension of py by p;. Moreover assume that py,
satisfies:

® DOy is absolutely irreducible.
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e p, is not isomorphic to p, @ Y for & € {1,k™'}. (In particular, this condition always holds if
ny # ny.)

e Let i be the character det(p,)?'? - det(p,)™/?, where d = gcd(ny,n,). Then [F &) :
F({,) N F()] is greater than a constant b depending only on ny and n;.

Then p is automorphic.

Proof. In the notation of Lemma A.14, the character M — M — M/Mder — G,, sends a pair
(g1,82) € GL,, XGL,, to det(g;)™/?-det(g,)™™/¢ and thus agrees with the j of the present Corollary.
Thus we may apply Lemma A.14 (Case 1) to find that Assumption 3.1 and the second part of
Assumption 4.1 hold (and in fact that y,, is not contained in F (P(g%))).

Now assume that we are in the case where p is not split, so the projection p(I'r) — M(k) is not
injective. Then our assumptions allow us to apply Lemma A.11 (Case (1)): indeed, the conditions
(a) and (b) of Case (1) hold by assumption, and the condition that [F({,) : F] >¢, 0 is implicit in
the hypothesis on [F({,) : F({,) N F()]. By Lemma A.11, then, the first part of Assumption 4.1
holds, as does the first part of Assumption 5.1. We can therefore apply Theorem 8.1 to deduce the
Corollary in this case.

When on the other hand p = p; @ p,, we assume only that ; % p,. If both p;, = p, ® k!
and p, = p; ® k!, then p; = p; ® k2, and in particular k¥’ = 1; we may rule this possibility
out using the condition, implicit in the third bulleted assumption, that [F({,) : F] >¢r, 0. Then
possibly reordering the representations we may assume p; % p, ® k'. As in the proof of Corollary
6.6, we then apply Lemma 6.5 to p; @ p, to produce a non-split representation p’, an extension of
D> by p; ramified at an enlarged set 8§ U T of primes; and now since p; % p» ® k! we find that
H(Trsu7, 0’ (%)) = 0 by condition (b) of Case (1) of Lemma A.11. Likewise (by condition (a)
of Case (1) of Lemma A.11) our assumption p; % p, implies HO(FF,SU% P’ (g%") = 0. We complete
the proof in this case by combining Theorem 8.1, all of whose hypotheses are now satisfied, with
Lemma 6.1. |

Note that while the asymmetry of the statement implies that when p = p; @ p, we only exclude
from the second bullet-point the case p; = p,, the third bullet point imposes a strong enough
hypothesis ([F(,) : F(k")] >, 0) when p; = p, ® k to make this result useless in this case.
Nevertheless, we have left the proof in its present form because in some situations it is possible
to verify Assumption 3.1 and the second part of Assumption 4.1 without using the third bulleted
assumption (i.e., without relying on Lemma A.14): for instance, the y = k case of Lemma 7.1
provides such an example when n = 2. When p itself is semisimple, we further have the following
application:

Corollary 8.4. Let p >, 0, and let p: I'rs — GL, (k) be a continuous representation equal to,
for some r > 1, a direct sum p = @;1 pi of representations p;: I'rs — GL,, (k). Assume that p
satisfies:

(1) p; is absolutely irreducible fori = 1,2,...,r.

(2) Forall i # j € {1,2,...,r}, p; is not isomorphic to p; ®  for any ¢ € {1,k,k'} (In
particular, this condition always holds if n; # n;.)

(3) Let y; j be the character det(p;)" - det(p;)™. Then [F({,) : F({,) N F(xi ;)] is greater than
a constant b depending only on n, foralli + j € {1,2,...,r}.

Then p is automorphic.
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Proof. Lemma A.9 (and the remarks in the proof of Theorem 8.1) shows that p satisfies the hy-
potheses of Corollary 6.6, so we apply the latter to produce an irreducible lift p with finite-order
determinant, which again by [Laf02] is automorphic. O

9. REMARKS ON THE HIGHER-RANK CASE OVER NUMBER FIELDS

For G of semisimple rank greater than 1, the results of this paper do not at present imply mod-
ularity of residually reducible odd representations p: I'r — G(k) when F is a totally real field,
since we no longer can invoke the work of Skinner—Wiles. Of course, the Fontaine—-Mazur and
Langlands conjectures in combination do predict the automorphy of the geometric lifts we con-
struct, and we can hope for future generalizations of [SW99]. While the force of our application
of [SW99] is in studying non-split p, the split case for GL, being well-known, for higher-rank
G the lifting results we prove in the split (G-completely reducible) case are novel, and we find it
worthwhile to compare them with the recent important works [Tho15] and [ANT20], which prove
automorphy lifting theorems for residually reducible representations p: I'; — GLn(@p) where L is
a CM field, and p is a suitable (we pass over the precise hypotheses) essentially conjugate self-dual
representation.

For simplicity we focus on the case G = GSp,,. We distinguish between a representation
p: I'e = GSp,, (k) being GSp,, -irreducible and being GL,,-irreducible. In Proposition 9.1 we will
combine our lifting theorems (in fact, the main theorem of [FKP19] is sufficient) with the potential
automorphy theorem of [ANT20] to lift many GSp,,-irreducible but GL,,-reducible representa-
tions of I'r to compatible systems of £-adic representations. (Note that the results of [ANT20]
were not available when [FKP19] and [FKP20] were written.)

We will first produce using our lifting results a geometric p-adic ordinary liftp: I'r — GSpZn(@),
assuming the existence of ordinary lifts of p|r, for v|p; we moreover require a generalization to
other reductive groups (here just GSp,,) of Geraghty’s results ([Ger19]) on ordinary local defor-
mation rings, which we work out in Appendix B. In order to apply the results of [ANT20], we then
need to verify the residual cuspidal ordinary automorphy of plr,, for some CM extension L'/ F.
We do this using the potential automorphy theorems of [BLGGT14], and then we can strengthen
our result producing a p-adic lift p of p by showing that p belongs to a compatible systems of
I'r-representations. Here without striving for maximal generality we give a sample result; note
that our restriction to the symplectic case greatly simplifies the deduction of potential automorphy,
but something can be said in other cases as well.

We have to introduce some notation. We follow [Thol5, §2] and refer the reader there for
a more detailed discussion. If L is a CM field, and x is a regular algebraic conjugate self-dual
cuspidal (RACSDC) automorphic representation of GL,(A,), then for any isomorphism ¢: C —
@p there is an associated p-adic Galois representation r,(r): [, — GLn(@p), satisfying local-
global compatibility at all places of L, whose construction represents the culmination of work of
many people: we refer here only to [CH13] for the construction and to [Carl12], [Car14] for the
completion of the proof of local-global compatibility. We write 7,(rr) for the semisimplification of
the reduction of any I';-stable lattice; this is the only canonical mod p representation associated
to m and «. We say that r is ¢-ordinary if it satisfies the conditions in [Thol5, Lemma 2.3]. If
K is a finite extension of Q,, and we are given for each embedding 7: K — @p an element
& el ={(&,...,&) €2 & > &4V}, we say that a p-adic representation p: ['x — GLn(@p)
is & = (&;)--ordinary if it satisfies the conditions of [Thol5, Definition 2.5]. In particular, we note

that p is de Rham. To see this, normalize Hodge—Tate weights as in [Tho15, Notation], so that the
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cyclotomic character has Hodge—Tate weight -1. Then forall 7: K — @p, p 1s an iterated extension
of characters

/SR * 0k

0 Yo = *
plFK ~ . . )

: T %

0 -+ 0 y,

where the 7-labeled Hodge—Tate weight of ¢; is —(&.,-i+1 + i — 1), which is strictly less than the
corresponding value —&;,,_;—1i for ¥, ;. By work of Bloch—Kato, such an extension is automatically
de Rham: see for instance [Nek93, Proposition 1.28] for a precise reference.

Proposition 9.1. Let F be a totally real field, n > 1 an integer, and p >, 0 a prime such that
[F({,) : F] is greater than the integer agsp, of [FKP19, Lemma A.6]. Let p: I'rs — GSp,, (k)
be a homomorphism with absolutely GSp,,-irreducible restriction to Ury, and with similitude
character k'=*". Assume the following:

e Forallv\p, plr, admits a lift p,: Tr, = GSp,,(O) with similitude character k'~*" such that
the composite p,: I'r, — GSpZH(@p) - GLG(@p) is ordinary of some weight &, = (&;); €
@y o),

® p (under the composite GSp,, — GL,,) is not induced from any proper subgroup of T'r.

Then there exists a finite set of primes $58 a finite extension of Frac(O) with ring of integers
0" 2 0, and a geometric lift p: I' s — GSp,,(O) of p with Zariski-dense image, such that (fixing

an embedding O’ — @p ) p belongs to a strictly pure compatible system p,: I'r — GSpZn(@f) of
(-adic representations, indexed over 1: C — @g, and each p, has Zariski-dense image in GSp,,,.

Proof. Fix ¢: C > @p. We claim that [FKP19, Theorem A] implies there is a lift p: Iz —
GSp,,(0) of p with similitude character 4 = «'~2" that in GL,, is ordinary of weight & = (£,),;
moreover we can arrange that for some place vy of F such that ﬁlr% = 1and N(vp) =1 (mod p),
P|FFVO is isomorphic to an unramified twist of the Steinberg parameter. In light of the hypotheses
of Proposition 9.1, we just have to check the local lifting hypotheses. For v 1 p in 8§, Booher’s
work ([Bool19]) shows that plr,, has a lift I'r, — GSp,,(0’) with multiplier k' and that such

. . . . —2n .
a lift lies on an irreducible component of R;fl isomorphic to O'[[Xi, ..., Xgimen]]. For v|p,
Fy

we first note that the given lifts p,: I'r, — GSpZH(Q,) are ordinary of some regular weight in the
sense of Definition B.2 below. Indeed, by the regularity of the r-labeled Hodge—Tate weights,
there is a unique I'f -stable filtration 0 € F|, C --- € Fp, = (@p)zn such that F;/F,_; is a line
on which I'r, acts with 7-labeled Hodge—Tate weights —(&;2,-i4+1 + i — 1). As the Hodge—Tate
weights increase with i, with respect to the pairing p, X p, — k'™, F; ¢ --- ¢ F, must be a
maximal isotropic flag. Thus p, factors through a Borel subgroup B ¢ GSp,, and is ordinary in the

1-2n

sense of Definition B.2. To apply Theorem E we must specify a quotient R,[1/ p] of REI’FK [1/p]
Fy

containing p, that has an open dense regular subscheme and is equidimensional of dimension
dim(G%®") + [F, : Qp]1dim(Flg); moreover, for the application we must ensure that Q ,-points of

R,[1/p] correspond to ordinary representations. In Lemma B.4, deferred until Appendix B, we
explain how to do this: in a nutshell, we show (following [Ger19]) that imposing an ordinarity
condition on potentially semistable deformation rings for any reductive group G cuts out a union

of irreducible components. Finally, at an auxiliary place v, of F, [FKP19, Theorem A] (or Theorem
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E of the present paper) allows us to construct our global lift p such that P|FFV0 lies on (and only on)
a Steinberg component of Rgl’rklfzn. More precisely, we choose a trivial prime v, and include it in
Fy,

8. We then fix a lift p,, whose associated Weil-Deligne representation is isomorphic to a twist
of the Steinberg parameter. This gives a formally smooth point of Rsl’:l_zn, as is easily verified
Fy

using [BG19] (see [FKP19, Lemma 3.7] for a similar argument). By prescribing (as in the proof of
Theorem E) our lift of /5|1"Fv0 modulo a sufficiently high power @', we can then guarantee that plroo
has associated Weil-Deligne representation isomorphic to a twist of the Steinberg parameter.

Regarded as a GL,,-representation, p is semisimple, and we decompose p as GL,,-representation
into a direct sum of absolutely irreducible representations p = @;_,p;. Note that our assumption
that plr,,, is GSp,,-irreducible implies that each p; satisfies p; = p; (k'~?") and remains absolutely
irreducible when restricted to I'r( ).

By [BLGGT14, Theorem 3.1.2], there is a Galois totally real extension F’/F linearly disjoint
from F(p,{,) such that plr,, is automorphic. More precisely, we apply loc. cit. to p: I'r —
GSp,,,(k) (thus the set [ is a singleton—note that p is allowed to be reducible in loc. cit.) and with
F*°4/F equal to F(p,{,). We also make a small alteration to the proof to produce an automor-
phic representation that is Steinberg at places above v,. The proof of [BLGGT14, Theorem 3.1.2]
applies Moret-Bailly’s theorem ([BLGGT14, Proposition 3.1.1]) to a scheme (over F({y)* for a
judiciously-chosen integer N) there denoted T, which in our case is in the notation of [BLGGT14,
pg. 549] simply T, for a suitable mod p’ (for a well-chosen p’ # p) representation p’. There is
a morphism ¢: T - P - {un, oo} of F({y)*-schemes. Moret-Bailly’s theorem allows one to find
a point P € T(F’) for some finite Galois extension F’/F (containing F({y)* and linearly disjoint
over F({y)* from F(p,p’, tnpy)) such that P satisfies a finite collection of pre-specified local con-
ditions (see the statement of [BLGGT14, Proposition 3.1.1]). In [BLGGT14, Proposition 3.1.2],
the local conditions are only specified at places of F' above p, p’, and oo (see the bullet-points on
pg. 549, loc. cit.). We further add the requirement that for all places v above vy, P € T(F’) should
also satisfy the local condition v(#(P)) < 0. Then there is a regular algebraic, self-dual, cuspidal
automorphic representation r of GL,,(A /) such that:

b ,5|FF, = fl(ﬂ);

e 1 is t-ordinary of weight O;

e 1, is isomorphic to an unramified twist of the Steinberg representation; this desideratum
follows from the choice of P, [BLGHTI11, Lemma 5.1(2)], and local-global compatibility
for the Galois representations associated to 7.

(Note that the proof of [BLGGT14, Theorem 3.1.2] shows that 7 is self-dual rather than merely
essentially self-dual.)

Choose a quadratic CM extension L/F, setting L’ = LF’ such that L’ (also Galois over F)
is linearly disjoint over F' from F(p,{,), and consider the restriction p|r,, and the base-change
BCpr,r(m). We verify that p|r,, satisfies the hypotheses of [ANT20, Theorem 1.1] and is therefore
automorphic: there is a RACSDC automorphic representation IT of GL,,(A;/) such that p|r,, =
r,(IT). Indeed, by construction hypotheses (1)-(6) of loc. cit. are clear (recall we have chosen
L’ linearly disjoint over F' from F(p)). Hypothesis (8) can be taken to be part of our p > 0

assumption. The various parts of hypothesis (7) are treated as follows:
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e By the assumption [F(,) : F] > agsp,, and the linear disjointness of L'/ F from F({,,p)/F,
we see that L'({,,) is not contained in L' (p(g*")), L’ is not contained in F’({ ») and the pi[r,
remain absolutely irreducible and distinct.

e The integer agsy,, is defined to guarantee that the image of p modulo the center of GSp,,
has no cyclic quotient of order greater than agsy,,. In particular, for p > agsp,,, the image
of p = p* has no quotient of order p, and by the linear disjointness the same remains true
after restriction to I';.

e We have assumed that p, viewed as GL,,-valued, is not induced from a proper subgroup of
I'r. Again since L’ is linearly disjoint from F(p) over F, the same holds for plr,,, since the
image of the representation determines whether or not it is induced.

&p)

Thus we can invoke loc. cit. to produce such a II. Moreover, Gal(L'/F’)-invariance of p|r,, im-
plies the same for I, and therefore II descends to RAESDC automorphic representation I1z of
GL,,(Af ). Since 11z has an associated Galois representation, it is easy to see that we can alter the
choice of descent (by 6;//r) to arrange that plr,, = r,(Ilz).

Now we can apply the argument of [BLGGT14, Theorem 5.5.1] to conclude that p belongs to
a strictly pure compatible system (in the terminology of loc. cit.) of £-adic representations {p, } of
I, indexed over primes £ and isomorphisms ¢': C — Q,: the argument here is greatly simplified
since p, and hence p|r,, has Zariski-dense image in GSp,,, and the purity moreover implies that
each p, also has Zariski-dense image in GSp,,,. For the latter point, note that each p, is essentially
self-dual (since p is), and compatibility at vy implies that the image of each p, contains a regular
unipotent element of GL,, (which equals a regular unipotent element of GSp,,). It follows from
a theorem of Dynkin that the Zariski-closure of the image of p, is either a principal GL, or all
of GSp,, (note the self-duality is necessarily symplectic, since SO,, does not contain a regular
unipotent element of GL,,). Independence of ¢ of the formal character (and in particular the rank
of a maximal torus) excludes the possibility of GL, (unless n = 1). O

See also the discussion in [FKP20] for the difficulties in applying the Khare—Wintenberger lifting
method to construct lifts (and thus compatible systems) in GL-reducible settings, and for more
“endoscopic” examples where our lifting results apply. That said, as the referee points out, [NT19,
Corollary 5.2] constructs essentially conjugate self-dual lifts of p when restricted to a CM extension
of F. We don’t know whether this method can at present produce the GSp,, compatible system
over F itself of Proposition 9.1.

APPENDIX A.

In this appendix we discuss some explicit conditions on p which imply that Assumptions 3.1,
4.1, and (the first part of) 5.1 hold. For ease of reference we label the properties we shall check as
follows:

(C1) p(g®r) does not contain the trivial representation as a submodule.
(C2) p(g%")* does not contain the trivial representation as a submodule.
(C3) There is no surjection of F,[I'r]-modules p(g%") - W with W a nonzero F,[I'r]-module
subquotient of p(gr)*.
(C4) H'(Gal(K/F),p(a*")") = 0.
The case that p is irreducible was discussed in [FKP19] so here we assume that p factors through
P(k), where P is a proper parabolic subgroup of a (split) connected reductive group G. We may

and do assume that P is minimal with respect to this property (though it need not be unique in
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general). Let 7 : P — M be the Levi quotient of P, and p,, := m o p the induced map I'r — M(k).
Let U be the unipotent radical of P, u = Lie(U), U~ the unipotent radical of the opposite parabolic
and u” = Lie(U™). We let p(u1) (resp. p(11”) be u (resp. u™) viewed as a ['r-module (via the adjoint
action of P(k)).

Let {u;} be the ascending central series of the Lie algebra u and {U;} the ascending central series
of the unipotent group U (over the field k). In order to formulate some of our criteria cleanly, we
will use the following:

Lemma A.1. If p > 0, there is a P-equivariant isomorphism of algebraic varieties over k exp :
u — U (with u viewed as an affine space). For each i, this restricts to an isomorphism of varieties
exp : u; — U; which induces a P-equivariant isomorphism of algebraic groups 1,1 /1; — U1 /U,

We denote the inverse of exp by log : U — u.

Proof. The lemma is well-known (for arbitrary unipotent groups) over fields of characteristic zero
and since G is split reductive it follows for all p > 0 by spreading out using the split reductive
model of G over Z. O

Remark A.2. For classical groups, how large p has to be for the lemma to hold can easily be made
effective, e.g., for GL,, it suffices to take p > n.

Let I be any group, X a finite p-group and f : ' — Aut(X) a homomorphism giving rise to an
action of I'on Z. If £’ C X" are normal I'-invariant subgroups of X such that X" /%’ is contained in
the centre of /%', then f induces the structure of Z[I']-module on X" /.

Suppose

=% cE cihc--CX, =X

is a chain of normal I'-invariant subgroups of X such that Z;,,/%; is contained in the centre of X£/Z;
for all i; note that such chains exist because X is nilpotent and any chain can be refined to a maximal
one. If the chain is maximal, then each X, /%;, i = 1,...,n, is a simple F,[I']l-module.

Lemma A.3. The Jordan—Holder property holds for maximal chains as above, i.e., the set (with
multiplicities) of simple F,[I']-modules occurring as subquotients is independent of the choice of
maximal chain.

Proof. This is proved using standard methods, see, e.g., [Isa09, Theorem 10.5]. m]

Now let " be any subgroup of P(k), T its image in M (k) and T the kernel of the surjection " — T.
Since £ c U(k), it is a p-group and we let {¥;} be the subgroups given by the ascending central
series of . The group I" acts on each quotient Z;,;/%;.

Lemma A.4. Suppose p > 0. Then for all i, any irreducible I'-subquotient of ;,1/%; is isomor-
phic to an F[I'l-subquotient of u (with the I action induced from the natural action of P(k)).

Proof. Since U(k) is a p-group, we may replace I' with 7~ Y(T) and assume that £ = U(k). Let
{1;} be the ascending central series of the k-Lie algebra u. By Lemma A.1 the exponential map
identifies u;,,/u; with U, (k)/U;(k), compatibly with the P(k)-actions, hence a fortiori with the
I"-actions, so the lemma follows from the Jordan—Holder property (Lemma A.3). m|

Properties (C3) and (C4) are quite subtle and not easy to verify in general, but the following

lemma provides a simple sufficient condition for all G and P.
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Lemma A.5. If p > 0 and the p" roots of unity are not contained in F(p(q™")) then (C3) and
(C4) hold.

Proof. We will prove that the stronger version of properties (C3) and (C4) hold, with 5(g%") re-
placed by its semisimplification. We also note that by enlarging k if necessary (which clearly
doesn’t change the hypothesis) we may assume that p,, is absolutely irreducible and any irre-
ducible k[T'r]-subquotient of 5(g%") is absolutely irreducible.

Suppose there is a nonzero F,[I'r]-linear map from a subquotient of p(g%") onto a submodule
W of p(g*")*, which we may assume is irreducible as an F,[['r]-module. Equivalently, 5(3%") has
an F,[I'r]-subquotient V which is isomorphic to W. Since both p(g%") and p(g®e)* are k-modules,
it follows that there exists a k[I']-subquotient V’ of 5(g%") and a k[I'z]-subquotient W’ of p(g%")*
which are isomorphic as F,[I'r]-modules. Clearly W’ must be isomorphic to V" ®; k, where V" is
a k[T z]-subquotient of 5(g%"). Thus, V" and V" &, k are both subquotients of g% for a nonzero V",
hence the p™ roots of unity must be contained in F(5(g*")). This contradiction proves that (C3)
holds.

Let F/ = F(py,k). Clearly, F ¢ F' c K. Since py is absolutely irreducible and p >¢
0, it follows from [Gur99, Theorem A] (see also the argument of [FKP19, Lemma A.1]) that
H'(Gal(F’/F),W) = 0 for any (absolutely) irreducible k[I'r]-subquotient W of p(g%")*; here we
use the fact that the kernel of the map Gal(F’/F) — G*(k) (induced by py,) is of order prime
to p. By the inflation-restriction sequence, it follows that (C4) will hold if we can show that
H'(Gal(K/F"), W))Sa(F'/F) = 0. By the choice of F’, the Sylow p-subgroup Q of Gal(K/F’) is a
subgroup of U(k). Furthermore, Q acts trivially on W since it is an irreducible Gal(K/F)-module
and Q is a normal p-subgroup. Thus it suffices to show that there are no non-trivial Gal(F’/F)-
equivariant homomorphisms from Q% to W. By Lemma A.4, any irreducible F,[Gal(F’/F)]-
quotient of Q is isomorphic to an F,[Gal(F’/F)]-subquotient of u. Since u c g% and W is a
subquotient of p(g®")*, it follows from the strong form of property (C3) proved above that any
such homomorphism must be trivial. O

Remark A.6. Whether or not the p” roots of unity are contained in F(p(g*")) only depends on py,
since the kernel of the map « : P(k) — M(k) is a p-group.

Lemma A.7. Let G be a semisimple group, P a parabolic subgroup of G, U the unipotent radical
of P and M a Levi subgroup. If p >¢ O, there exists a subgroup A of U which is a product of root
subgroups, A is normalised by M, and 3(M) := Lie(Z(M)) acts faithfully on a := Lie(A).

Proof. Since p > 0, it suffices to find an abelian subalgebra a of u := Lie(U) which is an M-
submodule and on which 3(M) acts faithfully since we can then get A by exponentiating a. We
claim that if a is any maximal abelian subalgebra of 1 which is an M-submodule then 3(M) acts
faithfully on a. Such a maximal a exists by the finite dimensionality of u, so the claim implies the
lemma.

To prove the claim we consider a maximal a and assume that the kernel f of the map 3(M) —
End(a) is nonzero. The action of f on u is diagonalisable, and it acts trivially on a. Let R be the
set of k-linear functions ¥ — k that occur in a decomposition of 1t as a sum of one dimensional
t-invariant subspaces. The set R does not consist of the singleton {0} since the centre of p is trivial.
Let f € R be such that 2f ¢ R. Such an f always exists: the cardinality of R is bounded above
by a constant depending only on the root system of G while the order of 2 € k* goes to infinity
with p. Let u; be the subspace of 1 on which t acts by f; it is nonzero since f € R and it is an

M-submodule of u since t C 3(M).
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The Lie bracket on u induces a map 8 : a ® uy — u of m-modules. The image of § is contained
in uy as t C m, it acts trivially on a and by multiplication by f on u;. Since the adjoint action
of u on itself is nilpotent, it follows that there is a nonzero m-submodule a’ C 114 such that Sl
is identically O, i.e., a and o’ commute. Since f acts on 1, by f, it acts on [uf,1¢] by 2f, so by
the choice of f it follows that [u,11/], hence also [a’, a’], is {0}. Since a is an abelian Lie algebra
by assumption, we conclude that a @ a’ is an abelian subalgebra of 1 which is normalised by M,
contradicting the maximality of a.

O

Remark A.8. For many G and P one can give explicit examples of A as in Lemma A.7. For a
maximal parabolic P, we say that P is L-faithful if the Lie algebra of any Levi subgroup of P acts
faithfully on 3(U) := Lie(Z(U)). For groups of type A,, one easily sees that any maximal parabolic
is L-faithful. More generally, from [ShalO, Appendix A] one sees that for any simple G (and
p >¢ 0), there always exists at least one L-faithful parabolic. If P’ is any parabolic contained in
an L-faithful parabolic P then it follows that we may take A to be 3(U) (where U is the unipotent
radical of P). This gives another proof of Lemma A.7 for such P’; in particular, this applies to the
Borel subgroup B.

A.1. The case G = GL, or G,,.

A.1.1. GL,. Let P be a standard parabolic of GL, corresponding to a partition n = n; +n,+- - -+n,,
with r > 1 and let M be the Levi subgroup of P consisting of block diagonal matrices, so M =
GL,, XxGL,, X---xGL,, . Given any representation p : I' — GL, with p(I'r) C P(k), by projecting
to M(k) we obtain representations p; : I'r — GL,,,i =1,2,...,r.

Lemma A.9. Let the notation be as above and suppose that p >, 0 and the following holds:

(1) p; is absolutely irreducible fori =1,2...,r.
(2) p; is not isomorphic to p; ® Y for € {1,k,k 'Y and all i # j € {1,2,...,r}. (In particular,
this condition always holds if n; # n;.)
(3) Let y; j be the character det(p;)" - det(p;)™. Then [F({,) : F({,) N F(xi ;)] is greater than
a constant b depending only on n, forall i # j € {1,2,...,r}.
Then H(T'p, p(a%")) C 3(M) N g% and (C2), (C3) and (C4) hold.

Proof. We first note that the assumptions of the lemma continue to hold if we replace p by the
representation p’ := p; ® p, ® - - - ® p,. Moreover, H'(T'r, p(g%")) ¢ H*(Tr, p'(g%")) so one easily
sees that if the conclusions of the lemma, except (C4), hold for p’ then they also hold for p.

The adjoint representation of GL,, and p’ make gl, into a I'z-module, and as such it is isomorphic
to &) ,_p; ® p;. From this it is clear that (1) and (2) imply that H°(Tr, p'(g*")) is contained in
3(M) N g%, and (C2) will hold if the p™ roots of unity are not contained in F(p(g*")).

We now show that conditions (1) and (3) imply that the p” roots of unity are not contained in
F(p(g®")), and then we may apply Lemma A.5 to conclude that (C3) and (C4) also hold. Since the
kernel of the projection from P(k) to M(k) is a p-group, the condition on the p”* roots of unity will
hold for p iff it holds for p’, so to check this condition we may assume that p = p’. From (1) and
[FKP19, Lemma A.6] it follows that the order of the maximal cyclic quotient of p;(I'r) differs from
the order of det(p,(I'r)) by at most a constant depending only on n;. This implies that if we set F’
to be extension of F cut out by the image of 'z in M(k)/k* - M%'(k), where k* is embedded in M (k)
as the centre of GL,(k), then it suffices that [F'({,) : F’ N F({,)] should be larger than a constant
depending only on n. The map I'r — M(k) — (M(k)/M%(k)) = (k*)" is simply the map given by
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the product of all the det(p;), and the central &* maps to (k*)" by the map x — (x™,x",...,x™).
Now since k* is a cyclic group, the kernel of the map (k*)" to (k*)""~V given by
(xl, X2y e vny xr) = (x?jx?i)iij

contains the image of the central k* as above with index bounded in terms of n. Since F({,) is a
cyclic extension of F (and r is bounded by n), it follows that there exists a constant b for which
(3) implies that [F'({,) : F’ N F({,)] is larger than any fixed constant and therefore the p™ roots of
unity are not contained in F(p(g%")).

O

A.1.2. G,. In this subsection we take the group G to be the group G, as defined in [CHTOS, §2.1]
and consider a representation p : I'» — G(k). The group G° is isomorphic to GL, X G,, and G/G°
is isomorphic to Z/2Z. The group G%" is the GL, factor of G° and we denote its Lie algebra by
a,. We let L be the field cut out by composing p with the projection to G/G° and we assume that it
is a quadratic extension of F. We let 7 : I', — GL,,(k) be the representation obtained from plr, by
projecting to the GL, factor of G°. We assume (for simplicity) that 7 = @®;_,7;, where each 7; is an
irreducible representation of I'; of dimension n;.

Lemma A.10. Let the notation be as above and p >, 0. Suppose that L is a CM extension of F
(so the character I'r — 7 /27 induced by p is totally odd) and the following holds:
(1) 7; is absolutely irreducible fori =1,2...,r.
(2) F; is not isomorphic to F; ® Y for y € {1,k,k Y and all i # j € {1,2,...,s}. (In particular,
this condition always holds if n; # n;.)
(3) Let i ; be the character det(r;)" - det(¥;)™™. Then [F({,) : F({,) N F(xi )] is greater than
a constant b depending only on n, for alli # je{1,2,...,s}.
Then (C1) (C2), (C3) and (C4) hold.

Proof. The proof is very similar to that of Lemma A.9 so we only indicate the modifications that
need to be made.
For (C1), the proof of Lemma A.9 shows that (g,)"* is contained in the diagonal matrices. The
action of complex conjugation on g, is given by x — —'x, so since p # 2 it follows that (C1) holds.
The rest of the conditions follow in the same way as in Lemma A.9; the condition (C4) follows
from the semisimplicity assumption on 7 using [Gur99] and (3) is not needed for that.
O

A.2. P is a maximal parabolic. We now give concrete conditions under which properties (C1) -
(C4) hold in the case that P is a maximal parabolic of a classical G with abelian unipotent radical.

Lemma A.11. Suppose [F({,) : F] > 0, P is a maximal parabolic, and py is absolutely irre-
ducible. Consider the following cases:

(1) G = GL, and P is the parabolic corresponding to the partition n = n’ + n”. We may then
view py as a direct sum of two representations p), and py, of I'r of dimension n’ and n”,
and p is an extension of py, by p),. Consider the conditions:

(a) nisodd, orn’ =n" and p,, % py,;
(b) nisodd, orn’ =n" and p,, % pj, ® k.

(2) G = GSp,,, and P is the Siegel parabolic, i.e., the stabilizer of a Lagrangian subspace: in
this case M = GL, X G,, and we let p, be the representation of I'r corresponding to the

first projection. Consider the conditions:
47



(a) p,, does not preserve any nondegenerate symmetric bilinear form;
(b) p), does not preserve any nondegenerate symmetric bilinear form up to a scalar with
multiplier character k.
(3) G = SO, and P is the stabilizer of an isotropic line in the standard representation of G: in
this case M = SO,_, X G, and we let p’,, be the (n — 2)-dimensional linear representation
Pu 14
induced from py, by the tensor product of the standard representations of the two factors.
Consider the conditions
(a) p}, does not have an invariant vector;
(b) P, does not have a k*'-invariant vector.
Py
(4) G = SOy, and P is the stabilizer of a maximal isotropic subspace: in this case M = GL,
so we may view py as an n-dimensional linear representation. Consider the conditions
(a) py does not preserve any nondegenerate skew-symmetric form;
(b) py does not preserve a nondegenerate skew-symmetric form up to a scalar with mul-
tiplier character k.
If (G, P) is as in one of the above cases and the map p(I'r) — M(k) induced by m is not
injective then (C1) holds if (a) does and (C2) holds if (b) does.
Y

Proof. Consider the semisimplification (g%)** of g% as a P(k)-module. The P(k)-action on (g%")ss
factors through an action of M(k) and as an M(k)-module (g%")* has a direct sum decomposition
m’ @& u @ u-, where m is the Lie algebra of a Levi subgroup M’ of the image of P in G*. Each
of the summands is semisimple by [Gur99, Theorem A] since [F({,) : F] >¢ 0 implies p >¢ 0.
Furthermore, the Killing form induces a duality of u and u™ as M-representations.

The above decomposition induces a decomposition of the semisimplification of 5(g%") as a I'f-
module, which we write as

Pa™)™ = pm) @ p() ® p(u”);
each of the three summands is semisimple by [Gur99, Theorem A] because p > 0 and py, is
absolutely irreducible. All the above holds for any G and any parabolic P. If P is maximal, then
the centre Z(m’) of m’ is one dimensional and is equal to H*(I'z, p(m’)) by [FKP19, Lemma A .2].

Now suppose G is one of the groups in items (1) - (4). In each of these cases, one easily works
out the action of M on u and this is given as follows:

(1) G = GL,: in this case M = GL,, X GL,, and its representation on it is 4; ® /1;’ where A; is

the standard representation of GL,,,.

(i1) G = GSp,,: in this case the representation of M on u is given by the projection to the GL,
factor and the second symmetric power of the standard representation.

(ii1)) G = SO,, and P as in (3): in this case the representation of M on u is the tensor product of
the standard representations of the two factors.

(iv) G = SO,, and P as in (4): in this case the representation of M on u is the second exterior
power of the standard representation of GL,,.

From the list above it is clear that H'(I'z, p(11)) = 0 in these cases if p satisifies condition (a). By
semisimplicity the same holds for 1~ since it is dual to 1. We thus see that H*(T'z, 5(g%")*) = Z(n').
Suppose x € H(T', p(g*")) is a nonzero element. By the foregoing, x = z+u, where 0 # z € Z(m’)
and u € u. Let v in p(I'r) be a nontrivial element in ker(wr). Since U is commutative, it follows
that the image of y in G*(k) is in the centralizer of z in G*(k). By [Ste75, Theorem 3.14] the
centralizer in G* of z (in fact any semisimple element) is a connected reductive subgroup, so by a

standard Lie algebra computation (recall p > 0) one sees that the centralizer of z in G* is in fact
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M’. Since the image of y in G*(k) is not in M’(k), it follows that we must have H(I'z, p(g%")) = 0,
i.e., (C1) holds.

For (C2) we first note that it follows from [FKP19, Corollary A.6] that any one dimensional
k[I'r]-quotient of p(m”) must be a character of order bounded by a constant depending only on M.
Given this, the assumption that [F'({,) : F] >¢ 0 implies that HO(Tr, p(m’)(1)) = 0. As in case
(C1), the assumption (b) implies that H'(T'z, p(1)(1)) = 0. In case (3) assumption (b) also implies
that H'(T'p, p(u™)(1)) = 0. In the other cases an element u of H(I'z, p(u~)(1)) may be viewed as
an invariant in the tensor product of two absolutely irreducible representations, so if it is nonzero it
must be nondegenerate, i.e., induces an isomorphism of one of the representations with the dual of
the other one (so both representations must have the same dimension). Let y € I'r be any element
such that k(y) = 1 and p(y) is a nontrivial element of U(k). A simple matrix computation shows
that in each case y(u) — u is a nonzero element of m’(1). On the other hand, for any element #’ in
m’'(1) @ u(l), y(u’) — u’ is an element of u(1). This implies that given a nonzero u, there exists no
element u’ as above such that y(u + u’) = u + u’ so u does not lift to a I'r-invariant element, as
required. O

Remark A.12. One may derive similar, but more complicated, conditions for any reductive G and
maximal parabolic P using the tables in Appendices A and B of [ShalO] which give the structure
of u as an M-module.

For P a parabolic subgroup of G, let M be the Levi quotient of the image of P in G*, the adjoint
group of G. If P is maximal, M modulo its derived subgroup is a one dimensional torus which we
identify with G,,. This quotient gives rise to a character y : I'r — G,,(k) obtained as the composite

Ty 5 Py — Mk) — G, (k) .

Definition A.13. We say that p as above satisfies property D(s,t, N), where s,t, N are positive
integers, if for all o € Aut(k), (x"")Ir,, # ™ ® /?“')IpF, with [F’ : F] < N and all m;, m, € Z such
that O < |my|, |m,| < t.

Lemma A.14. Suppose p > 0, P is a maximal parabolic, and py, is absolutely irreducible. For
any pair (G, P) as above there exist positive integers b, s, t and N (depending only on the root
datum of (G, P)) such that if

(1) [F(k): F(k) N F(x)] > b, or

(2) p satisfies property D(s,t,N),
then both (C3) and (C4) hold for p. Furthermore, in Case (1), u, is not contained in F(p(g®n)).

Proof. We will prove that in both cases (1) and (2), the stronger versions of properties (C3) and
(C4) with p(g%") and p(g*")* replaced by their semisimplifications hold.

In case (1), we will reduce to Lemma A.5. By assumption p,, is absolutely irreducible, so it
suffices to show that there exists b such that if (1) holds then the p" roots of unity are not contained
in F(p(g*")). Using Remark A.6, this follows by applying [FKP19, Lemma A.6] to the semisimple
group M®" and the definition of the character y.

We now prove the existence of s, t, N such if p satisfies D(s,t, N) then (C3) and (C4) hold. Let
L be the extension of F' cut out by the image of ' in (M)™(k), where (M) is the adjoint group
of M. To verify property (C3) it suffices to do so after replacing I'» by I';. The action of I'z on
(g%r)* factors through M(k), so the action of I';, factors through the action of Z(M)(k), the centre of

M (k). Consider the decomposition (g9)** = m’ @udu~ as in the proof of Lemma A.11. The group
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Z(M)(k) acts trivially on m’, by a sum of non-trivial characters, say x1, x2, . . . , x'r» on 1 (which may
be determined explicitly), and by the inverses of these characters on u™.

By the irreducibility of p), and [FKP19, Corollary A.6], it follows that there exists an integer N
depending only on G such that the degree [L N F® : F] is bounded above by N. Let s be the order

of the kernel of the map Z(M) — M/Mder. In order for property (C3) to hold, it suffices that the
set of characters of I'; induced by the set {(x])*, (x5)*, ..., (x7)*} is disjoint from the set obtained
by tensoring those induced by {x7,x5,...,x;} with k, for all o € Aut(k). This in turn follows if
we have disjointness when we raise each character of I'; above to its s power. Since each y? is
a power of the character y and the exponents that occur only depend on G, it follows that for a
suitable choice of ¢, if D(s, ¢, N) holds then (C3) holds.

Let K’ = F(p(g%"),k). It is a subfield of K and p { [K : K’], so to prove that (C4) holds
it suffices to show that H'(Gal(K’/F),p(a*")*) = 0. Let L’ be the extension of F obtained by
adjoining u,, to the extension cut out by py. Since py is absolutely irreducible and p >4 0, it
follows from [Gur99, Theorem A] as in [FKP19, Lemma A.1] that H'(Gal(L'/F), (p(g%")*)*) =
0. By the inflation-restriction sequence it then follows that H'(Gal(K’/F), (p(g%")*)**) = 0 if
Homg, Gaiz//ry(Gal(K’ /L), (0(g%")*)**) = 0 and this holds if Homg Gaiz /2y (Gal(K' /L), (P(g%)*)) =
0, with L as above.

There is a canonical F,[Gal(L’/F)]-equivariant injection from Gal(K’/L’) into U(k). The pos-
sibly nonabelian group U(k) has an invariant filtration with abelian associated graded such that
Gal(L’/L) acts via the characters {x1, 2, .- ., x,} as before. Using this, if p satisifies D(s, ¢, N) then
Homg, Gaiz/2y(Gal(K' /L), (P(g*")*)*) indeed vanishes since the abelianisation of Gal(K’/L’) and
(p(6%")*)* have no common F,[Gal(L'/L)]-subquotients (if 7 3¢ 0). O

Remark A.15. If y takes values in ]F; then we may ignore o in condition D(s, t, N). Since s, t and
N are all independent of p, there exists a constant ng such that the condition in (2) is satisfied when
x = &", for all n (modulo p — 1) except for those in a subset of Z/(p — 1)Z of size at most ng. In
particular, condition (2) can hold even when F(y) = F(k).

Example A.16. Let G = GSp, and let P be the Siegel parabolic of G, so the Levi quotient M of P

is GL, x G,,, the group M is GL,/{+1} and Mad is PGL,. From Dickson’s classification of finite
subgroups of PGL,(k) it follows that the integer N can be taken to be 4, and even 2 in all cases
except the A4 case (where it is 3) and the even dihedral case.

The group Z(M) acts on u* by det*! and the integer s occurring in the proof of Lemma A.14 is
1. If we write py as (01, 6), the character y : I'r — G, (k) is det o p;. If y takes values in F) then
using (the proof of) Lemma A.14 we see that the properties (C3) and (C4) hold for p as long as the
characters y“ ® k have order at least 5 for |a| < 2.

Example A.17. Let G = GL,, and let P be the parabolic corresponding to the partition 2n = n +n.
In this case there is only one character of Z(M(k)) occuring in u, a generator of the character
group, and s = n. Moreover, (M)™ is PGL, x PGL,, so we may take N to be the maximal size
of the abelianisation of an absolutely irreducible subgroup of PGL, (k) X PGL, (k). Therefore (C3)
and (C4) hold if for all o € Aut(k), (x*")Ir,, # (¢*' ® K")Ir,., with F” any finite extension of F' of
degree < N.

A.3. Pis a Borel subgroup. Assume that P = B is a Borel subgroup of G. In this case p(g*") has
a filtration with one dimensional subquotients, so it is not difficult to analyze the conditions under

which properties (C1) - (C4) hold for p. We give examples of such conditions without attempting
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to be exhaustive. We note here that in the preprint [Ray18], A. Ray has proved a lifting theorem for
representations with values in the Borel subgroup of GSp,,(k); our methods give stronger results
even in this case.

In all that follows we shall assume that p > 0. Under this assumption, by Lemma A.1, any
element x € U(k) has a logarithm log(x) € u. Let U(p) = U(k) N im(p), the Sylow p-subgroup of
im(p). We let u(p) be the k-subspace of 1t spanned by {log(x) | x € U(p)}. This is a k[I'r]-submodule
of p(g®"). Then Z(u(p)), the centralizer in g% of u(p), is also a k[I']-submodule of p(g).

Let T be the Levi quotient of B and let py be the induced representation I'r — T(k). The
I"z-action on (g%")* (hence also Z(11())**), factors through p7, so it is a sum of characters.

Lemma A.18. Let p : I'r — G(k) be a continuous representation with im(p) C B(k). Consider the
following conditions:

(1) The trivial character does not appear in Z(1(p))*.

(2) The character k™' does not appear in Z(1(p))*.

(3) For all characters y and )’ occurring in the action of I'r on (g
o(x’) # ¥ ®k, for any automorphism o of k.

Then (1) implies (C1) holds, (2) implies (C2) holds, and (3) implies that (C3) and (C4) hold.

deryss ywe always have

Note that (3) only depends on pr.

Proof. We will use the formula

(9]

(%) Ad(exp(X)(¥) = )|

i=0

ad(X)'(Y)
T

which holds for all X € uand all Y € g; the sum is actually finite because X is nilpotent. This is
well-known over fields of characteristic zero and so also holds if p > 0 by spreading out.

If there exists Y € (g% such that Y ¢ Z(1(p)), then there exists x € U(p) such that [log(x), Y] #
0. Formula (x) and the fact that log(x) is nilpotent, imply that Ad(x)(Y) # Y, a contradiction. The
condition (1) clearly implies that Z(u(p))"'* = 0, so (C1) holds.

The group U(p) is also the Sylow p-subgroup of Gal(K/F), and as such its action on p(g%") and
p(g%")* is identical. Therefore, it follows from the above that the I'z-invariants of 5(g%")* must be
contained in Z(1(p)) ® k. This shows that (2) implies that (C2) holds.

It is clear that (3) implies that a stronger form of (C3), with p(q®") replaced by p(g%")™.

We now show that (3) implies that H'(Gal(K/F), y ® k) = 0, for y any character occurring in
p(g%")*s, which clearly implies that (C4) holds. Since U(p) is the Sylow p-subgroup of Gal(K/F), it
follows from the inflation-restriction sequence that it suffices to show that Hom(U (5), y®k) 3 &/F) =
{0}. By Lemma A 4, this will follow if we can show that Hom(1, y ® k)®3&/F) = {0}. But this is an
immediate consequence of (3), so (C4) holds. O

APPENDIX B.

In this appendix we finish the proof of Proposition 9.1 by providing the promised lemma about
generic fibers of ordinary deformation rings. We can work in somewhat greater generality than
needed in Proposition 9.1, but in essence we follow the proof in the GL, case due to Geraghty
([Ger19]). We repeat some of our notation here, to make this appendix relatively self-contained.
Let O be the ring of integers, with residue field k, in a finite extension E of Q,. We continue to let

F denote a number field, for consistency with the body of this paper, but in this appendix we will
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only use the completion F, of F at some prime v|p and its absolute Galois group I'r,. Let G be
a split connected reductive group over O (we emphasize that in contrast to the bulk of the paper,
here G is connected), equipped with a split torus 7. We will repeatedly use the following fact:

Proposition B.1 (See Corollary 5.2.13 of [Con14]). For any O-algebra A, any two Borel subgroups
By, B, of the base-change G, are G-conjugate Zariski-locally on Spec(A). Moreover, if By and B,
both contain T, they are Ng(T\)-conjugate Zariski-locally on Spec(A).

Let T denote the “canonical torus” of G: for any Borel subgroup B € G, T is equal to
the quotient B/R,(B) by the unipotent radical of B. The sense in which this is canonical is that
any two Borel subgroups B’ and B are G(O)-conjugate since O is a local ring, and Ns(B) = B
(this follows from the analogue over fields and smoothness of the normalizer, and it is valid for
Borel subgroups in a reductive group scheme over an arbitrary base: [Conl4, Corollary 5.2.8])
implies that a choice of G(O)-conjugation B’ — B induces an isomorphism B’/R,(B’) = B/R,(B)
that is independent of the choice, since B acts trivially by conjugation on B/R,(B). We similarly
obtain a canonical identification of the character groups Hom(B, G,,), which allows us to define
unambiguously dominant regular cocharacters of 7.

To define the ordinary condition we will, roughly speaking, impose the condition that a repre-
sentation factors through a Borel subgroup and has pre-specified projection to the canonical torus;
a correct treatment of the moduli problem will require working over general (not necessarily local)
bases, and even though the projection of a Borel subgroup modulo its unipotent radical makes sense
over an arbitrary base, we unfortunately don’t know how to formulate the condition on the projec-
tion without localizing. We fix a reference Borel By € G (over O) containing the split maximal
torus T, so for any O-algebra A we can identify T Xspec() Spec(A) with By/R,(By) Xspec() Spec A.

Fix a prime v|p of F (or more generally, fix a finite extension of Q,), and fix a collection
A1 G, — Tg of co-characters, indexed over 7 € Homg, (F,, E); here we if necessary enlarge

E = Frac(0O) so that it contains all E- -embeddings of F,. Letrec,: F)\ — l"‘ﬂ‘b denote the local Artin
reciprocity map, normalized to take uniformizers to geometric Frobenii, and define a character
xa: I, = Tc(0) by

@) = || Adrtrec; @),

7. F,—>E

Definition B.2. Let A be a finite local E-algebra and A = (A;);. r,,r as above. Fix a finite extension
F)/F,. Letp: I'r, = G(A) be a continuous representation. We say that p is F-ordinary of weight
A if there is a Borel subgroup B € G4 such that p factors through B(A), and, choosing g € G(A)
such that gBg~' = B, the projection

x—gxg!
Tr, 5 BA) 225 By(A) - To(A)
is equal to y,; on the open subgroup I, of If,.

Here we use Proposition B.1 to choose such g € G(A), and note that the condition thus formu-
lated is independent of the choice of g by the remarks (Ng(By) = By) following the Proposition.
While we can formulate this assumption for any A, in what follows we assume that A is dominant
regular, i.e. that each A, is a dominant regular cocharacter of T;. The collection of cocharacters
A gives a p-adic Hodge type v,. Fix a residual representation p: I'r, — G(k), and let R rep-
resent the lifting functor Lift; of §2. Recall from [BG19, Theorem A] that the quotient R[_D,’V” of
RZ whose points in finite local E-algebras parametrize potentially semistable representations that
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become semistable over F and have p-adic Hodge-type v, is equidimensional, with all irreducible
components of RE’V”[I/ pl having dimension dim(G) + [F, : Q,]dim(Fl;), and it admits an open
dense regular subscheme (note that we omit F; from the notation for RE’V‘). We wish to construct
a further quotient parametrizing ordinary representations and show that it is a union of irreducible
components of R

Let p*: Tp, — G(R;™) denote the universal lift, and for any R;"'-algebra A, let pj denote
the push-forward to A of p!. Let G be the subfunctor (on RE’V*-algebras) of Flg such that G(A)
is the subset of B € Fl;(A) fixed under the canonical action of pj(FF‘,) on Flg(A). G is clearly
representable by a closed subscheme, and it is clear that if B € G(A), then pﬁ factors through
B(A) € G(A): indeed, pj(FFV) is contained in Ng(B)(A) = B(A).

Let G, C G be the subfunctor defined by taking §,(A) to be the set of B € G(A) such that

e choosing (by Proposition B.1) a Zariski cover Spec(g) — Spec(A) ancL age G(X) such
that gB;g™' = By, for all o € I, the projection of gpr(U)g‘1 to Tg(A) is equal to (the

image in Xof) xa(o).

We stress again that this condition is independent of the choice of conjugating element g € G(A).
Lemma B.3. G, is representable by a closed subscheme of S.

Proof. Let A be an Rs’v’l—algebra, and fix an element B € G(A). It suffices to show that there is
an ideal J C A such that for any ring homomorphism f: A — A’, f(B) belongs to §,(A") if and
only if A — A’ factors through A/J. Let Spec(g) — Spec(A) be a Zariski cover such that for
some g € G(A), gB7g™' = By. Consider the root space decomposition of g with respect to T,
g = Lie(Ty) & @ 5 9p into a direct sum of the Lie algebra of 7)) and free rank one O-module root
spaces gg with respect to characters 8: To — G,,. Let Xz generate gg, and let pg be the O-module
projection g — gz (and likewise for the base-change to X). For By-positive roots 5 and o € I, let
¢ € A be the unique element such that

cpoXp = pp(Ad(gp(0)g™)Xp)) = Blxa(0)Xp.

Note that these constants are independent of the conjugating element g € G(A). We let J C Abethe
ideal generated by ¢, for all positive roots 8 and o~ € Ir;; it is the smallest ideal of A such that By, 7

belongs to G A(A/J). This independence of the conjugating element implies that J is the extension
of an ideal J A: concretely, if Spec(g) = LJ; Spec(A;) for Zariski-open subsets Spec(A;) C Spec(A),
J is a collection of ideals J; C A;, and by independence of choice of conjugating element J; and J;
generate the same ideal of Spec(A;)NSpec(4 ), and therefore the collection (J;); arises by extending
an ideal J C A.

We now verify the requisite condition on J. Suppose that f: A — A’ is such that f(B) belongs
to G,(A”). Then by definition there is an Zariski cover Spec(Z’ ) — Spec(A’) and g’ € G(Z’ )
conjugating By, to By such that g’p},¢™! has the correct projection to Tg(A’). By definition, the
analogues c; . of the cg, (but now defined using g’) are equal to zero in A’. We can also use the

pull-back A ®4 A;of the Zariski-cover of SI}EC(A) used to define J. On the common refinement of
the covers Spec(A’) — Spec(A”) « Spec(A ®4 A’) of Spec(A’), the ¢z, must equal the c;w and
therefore are 0. It follows that f(J) = 0, i.e. A — A’ factors through A/J.
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Conversely, if A — A’ factors through A/J, then we witness B, belonging to G,(A”) by passing
to the cover Spec(A’ ®4,; A/J) (recall that A/J A ®a A/J, so is still an open cover of A/J—this
is where it is crucial that the ideal J descend to an ideal of A). |

We now define Rg‘ to be the (global functions on the) scheme-theoretic image of G,[1/p] —
Spec(R;™); it is the quotient of R by the kernel of the map RS™ — O(Ga[1/p]). As in [Gerl9],
we can now observe the following:

e The morphism A: G, — Spec(RS’v‘) is proper, so A[1/p] is proper, and its image is there-
fore closed and equal (as topological space) to the scheme-theoretic image of A[1/p], i.e.
equal to Spec(R;'[1/p]) € Spec(R;"'[1/p]).

e If yisa closed point of Spec(Rg‘ [1/p]), then y lifts uniquely to a closed point’y of §,[1/p]:
indeed, it lifts by the previous bullet point, and the lift is unique because the co-characters
A, are all regular.

e The induced map on complete local rings

(RDVA[I/p]) —»(RA‘[I/p]) <—>(‘)911/pJv

admits the following moduli interpretation as functors on the category G’;}_ of finite lo-
cal E,-algebras A with residue field E,, where E, is the residue field of y: a local E,-
algebra homomorphism (RD Y1/ pl); — A corresponds to an object p € RE’” (A) such that
p:T'r, = G(A) lifts the representation Py associated to y, a local Ey-algebra homomor-

phism (‘)9 s A corresponds to a pair (p, B) € §,(A) where p llfts Py, B € Flg(A) lifts
the Borel By € G,(E,) corresponding to y, and the composite (R;’ V*[l/p])A - Og 0/p5 is

induced by the forgetful map (o, B) — p. Regularity of the characters A, again implies
that a choice of B lifting By with the specified projection to T must be unique; we de-

duce that Homef (094[1 1915 —) is a subfunctor of Homef ((R‘E"V,l[l /) A ), and thus from

tangent space c0n51derat10ns the map (RE’”[l / p])’\ Og /915

We omit the details, as they are very similar to the arguments of [Ger19], taking into account the
framework established in Lemma B.3. We summarize these results in part (1) of the following
lemma, and in part (2) we deduce our desired application to the structure of R[_f‘:

—isa SUI’JCCIIOII

Lemma B.4 (cf. Lemma 3.10 of [Ger19]). (1) Let A be a finite local E-algebra, and let f - RE’” -

A be an O-algebra homomorphism. Then f factors through R?)” if and only if f o ptis F!-
ordinary of weight A in the sense of Definition B.2.

(2) R[_A)” is a union of irreducible components of RE’V‘. In particular, Ré’l[l /p] admits an open
dense regular subscheme, and all of its irreducible components have dimension dim(G) +
[F, : Q,] dim(Flg).

(3) If we fix a lift u: T, — G/G*(O) of the multiplier character i and replace all the lifting
rings with their fixed multiplier ;1 analogues, then the same assertions hold with dim(G%")
in place of dim(G).

Proof. In (1), the “if”” direction is clear since the Borel witnessing ordinarity of f o p* gives rise to
a point of G,(A). The converse follows from the remarks before the proof: Let y be the closed point
underlying f (mod my), so that f factoring through Rg‘[l/ p] implies it induces a homomorphism

Ogl[l iy = A corresponding to a pair (p, B) € G,(A), and therefore p = f op' is ordinary of weight
A.
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To show that R[_A)” is a union of irreducible components of RE’V”, it suffices now to compute

for each closed point y € Spec(Ré’l[l /p])}) a lower bound on the dimension of each irreducible

component of Rﬁ" [1/pD)y) = 0/9\4[1 oI5 that is greater than or equal to dim((Rg’V" [1/pD)y) = dim(G)+

[F, : Q,]dim(Flg). We begin by observing that O&[l o also pro-represents the functor J5: GJ;V -
Sets such that F5(A) is the set of pairs (p, B) such that p: I'y, — G(A) lifts p,, p factors thrdugh

-1
B(A) where B lifts By, and, for g € G(A) such that gBg™' = By, I, ——— By(A) — To(A) is

equal to y,. The difference from the previous assertion is that we do not assume p|r,, is semistable
with p-adic Hodge type v,: but this is automatic (again via [Nek93, Propositionv 1.28]; to use
this for general G, see for instance [Patl16, Lemma 4.8]) from the fact that the above composite
Iy, — Tg(A) 1s still ;. The dimension calculation proceeds as in [Ger19, Corollary 3.6, Lemma
3.7]: there is some g € G(Og,) such that gpyg‘1 takes values in Bo(Og,), and the functor J5 can
then be identified with the product of functors of By-lifts of gp,g~"' and the functor of lifts of By
that is represented by Oy, p. = E,[[ X}, . .., Xdgim®Fi;)]] (Flg is smooth over O).

We are thus reduced to the simple problem of computing a lower bound on the dimension of the
lifting ring Rz?;z—l parametrizing lifts p: ['r, = Bo(A) of r := gp,g™" such that the projection of p to
T(A)is equal to y, on Ir;. The tangent space of this functor is identified with ker(Z ! (T'f,, r(by)) —
Z 1(1”’ r(bo/1y)), where by = Lie(By) and 1y = Lie(R,(By)). Via the exact sequence

I'p,

O—>b0

— by = Z'(Tr,, r(bg)) = H'(Tr,, r(bp)) — O,
we must compute
—dim(b,") + dim(bo) + dim (ker (H'(Tr,. 7(89)) = H' (I, r(bo/1))" /")),
which is at least
— dim(b,"") +dim(bo) + dim(H' (T, , r(by))) - (dim(H (T, (0o /M) = dim(H' (Tr, /I r(60/10))) ) .

By the local Euler characteristic formula (as well as the vanishing of H*(T'z,, r(by/1)), which fol-
lows from local duality, and the vanishing of the cohomology of any finite group with coefficients
in a Q-vector space), this last expression equals

dim(bp) + H*(Tr,. 7(by)) + dim(bo)[F, : Q,] — (dim(bo/g) + [F, : @] dim(bo/ng) — dim(bo/no))
= dim(bo) + 1*(Tr,, 7(80)) + dim(ng)[F, : Q,].

Adding in the dim(ny) contribution from the dimension of Fl;, we conclude that Og,1/,)5 is iso-
morphic to E[[X,...,X,11/(fi,..., fiw), where h > dim(G) + dim(Flg)[F, : Q,] + h*(Tr,, r(by))
and i’ = hz(FF‘,, r(bg)). This implies the desired lower bound on the dimension of each irreducible
component of this ring, and part (2) of the Lemma follows.

The fixed multiplier case is similar, and we omit the details. O
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