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Abstract  

Homogeneous crystal nucleation is prone to formation of defects and often experiences 

heterogeneities, the inferences of which are crucial in processing crystalline materials and 

controlling their physical properties. It has been debated in literature whether the associated 

heterogeneities are an integral part of the homogenous nucleation. In this study by integrating a 

probabilistic approach with large-scale molecular dynamics simulations based on the most advanced 

high-temperature interatomic potentials, we attempt to address the ambiguity over the sources and 

mechanisms of heterogeneities in homogenous nucleation during solidification of pure melts. 

Different classes of structured metals are investigated for this purpose, including face-centered cubic 

aluminum, body-centered cubic iron, and hexagonal close-packed magnesium. The results reveal, 

regardless of the element type or the solidified crystal structure, that the densification process of 

liquid metals is accompanied by short-range orderings of atoms prior to the formation of crystals, 

controlling the heterogeneities during homogenous nucleation.  
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1. Introduction 

Solidification of materials is unquestionably one of the most important aspects of several 

manufacturing processes. Specially, the process of solidification in metals and alloys commonly 

occur through crystal nucleation, and the process of crystallization plays a major role in processing 

of metals and controlling their properties [1, 2]. Crystallization in metals generally happens through 

nucleation, and the nucleation pathways are classified as homogenous or heterogeneous nucleation, 

depending on how the process of solidification (liquid to solid transformation) gets affected by 

inherent homogeneities or foreign impurities. The homogenous nucleation can only occur in an ideal 

condition when the thermal fluctuations can cause self-assembly of the solid particles in the liquid 

phase. On the other hand, a heterogeneous nucleation is generally believed to require an impurity as 

the nucleating agent. The observation of nucleation is extremely difficult and so far only a handful 

of indirect observations are made by various methods such as high energy X-ray and neutron 

scattering, transmission electron microscopy etc. [3-10]. The liquid atoms arrangement near the 

substrate (nucleation sites) was popularly reported in recent years for solid-liquid interface in Al-Si 

by Howe et al. [3]. Similar observation was also performed on for Al-Al2O3 [4, 6, 11], Si-AuSi [5], 

Cu-Zr-Al alloys [12] solid-liquid interfaces that provide insight in the heterogeneous nucleation 

behavior which dominated by the competition between the liquid layering and the stochastic 

formation of the nuclei due to the energy fluctuations in the liquid Al. Although there has been 

tremendous progress in electron microscopy, the observation of formation of nuclei in metallic 

system remains unrealistic. Computational techniques like MD simulation can bridge the gap by 

simulating the entire nucleation process.  

As the observation of homogenous nucleation is not possible, there has been ambiguity about 

the process of heterogeneity in homogenous nucleation. The root of this discussion goes back to the 

work by Liu et al. [13], where they proposed that any nucleation observed under gravity is most 

likely to have heterogeneities and should be considered a heterogeneous nucleation. It was also 

theorized that the heterogeneous nucleation in fact dominates the solidification process at a lower 

supersaturation, while at a very high supersaturation the heterogeneous particles have a weak 

interaction with the dominant nucleating phase. As a result, the primary kinetics of nucleation is 

assumed to be imposed by the primary crystalline phase, which this process is often mistakenly 

considered as a homogenous nucleation. The issue of heterogeneity in homogenous nucleation 

remains an ambiguous issue till date. 



Accepted in Journal of Materials Science and Technology 106 (2022) 77‐89  

 

3 

 

As the real time observation of nucleation in a metallic system has never been done, various 

theoretical or computational tools such as classical nucleation theory (CNT) [14, 15], density 

function theory (DFT) [16], molecular dynamics (MD) [17, 18], Monte Carlo (MC) [19, 20], phase-

field [21-23], and cellular automata[24] have often been used to study the nucleation process in 

solidification of metals. Each of the tools has its advantages and disadvantages for simulating 

homogenous or heterogeneous nucleation, but in fact other than MD, none of the tools can capture 

the time and length scales of a nucleation process.  

The work by Granasy et al. [25] using DFT and phase-field crystal modeling showed a two-

step process for homogenous nucleation from the melt of bcc metals (e.g., Fe); they showed that at 

first a dense amorphous precursor forms, and then the crystalline phase appears via heterogeneous 

nucleation within the dense amorphous precursor cluster. This study indicated the presence of 

various secondary phases such as fcc, hcp, icosahedral (ico) utilizing bond order parameter at the 

metastable stages of nucleation from the melt to the final solid state of bcc metals. Another effort 

utilized large scale atomistic simulations to study homogenous crystal nucleation phenomena in 

solidification from liquid Fe [26]. The heterogeneity in homogenous nucleation was theorized by 

capturing ico atoms as precursors in solidification from Fe melt. This study also proposed that ico 

rich areas form around the initially formed larger nuclei/grain, and in the later stages of nucleation, 

smaller nuclei (also referred as satellite grains) form inside the ico rich areas. Although a billion 

atom MD simulation was completed for this study, a Finnis-Sinclair (FS) interatomic potential [27] 

was used for the simulation, which predicts the melting point of Fe to be 2,400 K, whereas the 

experimental melting point of Fe is ~1,811 K. Subsequently, this deviation resulted in an inaccurate 

prediction of solid-liquid co-existence properties, and the conclusions made by this work are 

influenced by the inaccuracy of the interatomic potential. Another MD simulation work [28] showed 

a concealed short range ordering in supercooled liquid suggesting an intimate link between 

crystallization and glass transition; this work concluded that the supercooled liquid is fundamentally 

heterogeneous, and in other words the homogeneous nucleation may essentially be heterogeneous. 

However, the study was limited to imaginary hard sphere solid-liquid instead of a realistic example 

of metallic elements. Overall, none of the previous studies have universally addressed the 

heterogeneity issues in homogeneous nucleation during solidification of different metallic systems.   

We aim to provide comprehensive and unified insights on the sources of heterogeneities in 

homogenous nucleation process during solidification of different pure metallic systems considering 

fcc (Al), bcc (Fe) and hcp (Mg) crystalline metals. We implement the second nearest neighbor 
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modified embedded atom method (2NN-MEAM) to accurately predict the homogenous-

heterogeneous nucleation phenomena during solidification by large scale MD simulations. The 

interatomic potentials utilized in this work have been fully investigated for the low and high 

temperature properties as well as the solid-liquid coexistence properties of the metals showing 

results comparable to experiments  [29-31]. The initial crystalline phases in a solidifying metal can 

be easily observed by using the common neighbor analysis (CNA) method [32], however, CNA can 

only detect perfect crystalline structures. Crystal orientation analysis is used to further observe 

heterogeneities in solidification of pure metals. To capture the underlying mechanism causing 

heterogeneities in homogenous nucleation of pure metals, we study the probability distribution of 

the density over the bond order parameters [33] and density. We reveal the inherent heterogeneities 

during the homogenous nucleation of pure metals in a generically probabilistic framework, 

considering different types of crystal structures.  

2. Methods of study 

2.1 MD simulation details 

We found that at a temperature close to the melt temperature, a small number of crystalline 

atoms remain in the simulation box. The nucleation simulations should start with a pure liquid with 

no solid/crystalline regions. Therefore, in order to find the temperature at which a completely melted 

simulation box with no crystalline atoms can be achieved in a relatively short simulation time (~150 

ps), several simulations were performed by increasing the temperature of the simulation box higher 

than the melting temperature (Tm) of each element using 25 K intervals. After 16 intervals, when the 

temperature reached to 1325 K for Al, we could obtain a completely melted simulation box in ~150 

ps. The simulation is continued to 300 ps to make sure the initial melt is properly equilibrated. The 

CNA of the simulation box for very large time scale is provided in Fig. S1(a). The percentage of 

amorphous liquid atoms kept increasing with increasing the annealing temperature. Finally, the box 

had no crystalline atoms at 1325 K. The radial distribution function (RDF, g(r)) of the simulation 

box was calculated for all the temperatures, which is plotted in Fig. S1(b). There are no long-range 

peaks at 1325 K. The CNA analysis and RDF plots confirmed that Al was completely melted at 

1325 K. We repeated the same procedure for Fe and Mg. To create a completely liquid simulation 

box, Fe and Mg were equilibrated for 300 ps at 3500 K and 1250 K, respectively. MD simulations 

of homogenous nucleation from pure Al, Fe and Mg melts were performed in a cubic simulation 
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box with side size of 25, 23 and 29 nm, respectively. The time step for all the solidification 

simulations was 3 fs (see details in Supplementary Section 4 and Fig. S2). Various details of the 

simulation sizes have been provided in Table S1. It is worth noting that a previous attempt by 

atomistic simulation for studying homogenous crystal nucleation from liquid Fe [26] utilized a 

billion atom simulation. However, to study homogenous or heterogeneous nucleation, utilization of 

such a large-scale MD simulation is not necessary; several studies produced reliable and comparable 

results to experimental observations with only thousands to million atom MD simulations [28, 34-

37]. In fact, a recent study suggests the influence of the simulation size diminishes when a model 

size is larger than approximately 2 million atoms [35-39] regardless of the materials system due a 

convergence effect. It is also important to note that a MD simulation using much less accurate 

interatomic potential, such as FS potential utilizes several orders of magnitudes less computational 

power compared to the case of utilizing a more accurate interatomic potential, such as the Modified 

Embedded Atom Method (MEAM) potential.  

The nucleation from the supercooled melt can occur at a temperature as low as 300 K for 

both Al and Mg. In case of Fe the nucleation does not occur below 800 K. However, at low 

temperatures, due to the lower kinetic energies of the atoms, the nucleation rate decreases. As we 

studied the time-temperature-transformation (TTT) diagram for homogenous nucleation of pure Al 

in our previous work [38], it showed higher temperatures above 0.7Tm, the kinetic energy of the 

atoms is too high to form stable crystalline structure. This is also true for Fe and Mg, as we observe 

no crystal nucleation above 1250 K and 700 K respectively. We chose the temperature of 

supercooled melt in the range of 400-600 K for Al and Mg, and 800-1200 K for the simulations 

when the nuclei size and nucleation rates are stable. The simulation box was solidified isothermally. 

The number of simulations performed was 5, 7 and 4 for Al, Fe and Mg, respectively. Then each 

temperature runs were replicated 5 times, so overall 80 simulations were performed isothermally. 

Each isothermal simulation was repeated 5 times to evaluate the possible errors. Each of the 

isothermal simulations was run for a total of 3000 ps (1 million time steps) to simulate the crystal 

nucleation and solidification. The details of all the simulations are provided in Table S1 of 

supplementary information. The process of crystallization is shown for Al, Mg and Fe is shown in 

Fig. S3. Different isothermal temperature solidifications are sown for Mg and Fe are shown in Figs. 

S4 and S5 respectively. An example of quenching in Mg is discussed in supplementary materials in 

Section 7, Fig. S6. The detailed quenching simulation for Al is also discussed in our previous work 

[38]. Different methods of identifying the crystalline solids have been verified with different 
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algorithms such as CNA, centrosymmetry, bond order parameters analysis etc. (Fig. S7), and it was 

identified that CNA is relatively more reliable to separate the liquid from the solid. The methods 

and algorithm for the fcc/bcc and hcp crystal structures detection can be found in the work by Faken 

et al. [32]. To detect the ico and bcc atoms in liquid Fe we can directly use OVITO. We only need 

to provide a cut off distance determining the structures by CNA for Al/Fe or Mg. The cut-off distance 

for CNA analysis is taken ~0.85, 1.21 and 1.38 times of the lattice parameters for fcc, bcc and hcp 

atoms respectively.  

We also present one of the sample calculations for identifying the critical nuclei during the 

solidification of Mg in Supplementary Section 9. The size of a nucleus is taken as the average of the 

maximum length of the nucleus in three perpendicular directions in Fig. S8. Once the nucleus 

reached the critical size, the potential energy (Fig. S8(b)) decreases and the solidification and 

crystallization process proceeds very rapidly. While the solidification occurs, the critical nuclei 

show different crystal orientations, which we discuss in Section 3.1 for Al melt. A similar difference 

in orientation is also seen in Fe and Mg (see Figs. S9 and S10). The errors of MD simulations in 

predictions of the nuclei size, the nucleation rate, and the number of nuclei in the simulation box are 

determined using 5 different simulations, and the results with the standard deviation are presented 

in the Supplementary Material, Figs. S11, S12 and S13, and Table S3 for the three metallic systems.  

2.2 Interatomic potentials  

We utilized MD simulations to study the nucleation process from pure Al, Fe and Mg melts. 

The second nearest neighbor modified embedded-atom method (2NN-MEAM) [40, 41] was 

introduced to include the directionality of bonding in covalent materials in the EAM formalism. As 

a result, MD simulations utilizing 2NN-MEAM potentials predict more accurate outcomes with a 

very small error compared to experimental data of high temperature properties. We recently tested 

the 2NN-MEAM interatomic potentials for Al, Fe and Mg developed originally by Lee and Baskes 

[40] for melting and solidification studies. We showed that the original 2NN-MEAM interatomic 

potentials for Al [42] and Mg [43] and the modified version of the 2NN-MEAM potential for Fe 

[29] can predict both low and high temperature properties. The results provided in Table S2 show 

that 2NN-MEAM MD simulations can accurately predict melting point, solid-liquid interface 

energy, specific heat, and latent heat of Al, Fe and Mg. For example, the predicted melting point of 

Al using a 2NN-MEAM MD simulation is 925 K [44], which is in a very good agreement with the 

experimental value of 934 K. The interatomic potentials also predict the melting point for Fe as 1811 
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K [44] and for Mg as 924 K [45]. The liquid structure factor and radial distribution function predicted 

by the Al, Fe and Mg potentials [29, 42, 43] has excellent agreement with the experimental data. 

The necessary studies for solidification and crystallization studies utilizing the 2NN MEAM 

potentials have been validated on all three metallic systems. The quantitative studies of maximum 

number of nuclei during solidification, nucleation rate, critical nuclei size and its comparison to 

CNT shows the reliability of the potential on studying solidification (see Figs. 1 and 2 in Sections 

3.1 and 3.2, respectively). Some previous studies were also extended to larger model of 5-10 million 

atoms solidification of Al, Fe and Mg [46]. Overall the several tests on melting, solidification and 

crystallization properties performed for Al, Fe and Mg shows excellent agreement with experimental 

as well as first principle data. In addition to that we also verified several nucleation related data such 

as maximum number of nuclei, nucleation rate, critical nucleation has been also calculated with 

these 2NN MEAM potentials. This makes the 2NN MEAM potentials very credible to study 

nucleation during solidification of Al, Fe and Mg metallic systems.  

 

2.3 Structural characterization: CNA, bond orientational parameters 

CNA was used to distinguish the crystalline atoms from those that belong to the liquid. 

However, CNA only detects the purely fcc/bcc or hcp crystalline phases, but it is not very effective 

for detecting the intermediate crystal structures or any other types of ordering.  Thus, we applied 

bond order parameter to analyze the structure of the nuclei. CNA needs a reference frame such as 

12 neighbors for fcc/hcp and 8 neighbors for bcc. Steinhardt order parameters are independent of 

the specific crystal structure and do not require the definition of a reference frame. It is provided by 

the following algorithm based on spherical harmonics [33, 47]. The complex vector 𝑄௟௠ሺ𝑖ሻof 

particle i  can be defined as shown in Eq. (1): 

𝑄௟௠ሺ𝑖ሻ ൌ
ଵ

ேౘሺ௜ሻ
∑ 𝑌௟௠ሺ𝑟௜௝ሻ
ேౘሺ௜ሻ
௝ୀଵ  .                                                                  (1) 

where, 𝑁ୠሺ𝑖ሻ is the number of nearest neighbors around an atom i , l  is a free integer parameter, m 

is also an integer that runs through m l   to m l  . The functions ( )lm ijY r  are the spherical 

harmonics and ijr  is the vector from particle i  to j . As the main goal for the bond order analysis 

is to differentiate between solid (amorphous, crystalline or semi-solid) and liquid, this criterion 

should be sufficient. If the particle is connected to a smaller number of particles, then it will be 
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considered as a liquid-like particle. Using this criterion to distinguish solid-like from liquid-like 

particles one can accordingly search for clusters of connected solid-like particles.  

The above-mentioned procedure is quite efficient in distinguishing solid and liquid-like 

atoms, but unlike CNA it doesn’t actually determine the crystal structures. A set of parameters holds 

the information of local structures, called the Steinhardt order parameters, which are defined as 

24
( ) ( )

2 1

l

l lm
m l

Q i Q i
l 







 .                                                               (2) 

Depending on the choice of l , bond order parameters give different values as the sensitivity of the 

parameters differs for different crystal symmetries. Different approaches based on these bond order 

parameters were developed to analyze the structure of the crystalline nucleus during the freezing 

event. Especially 4
Q  and 6

Q  are often used as they are a good choice to distinguish between cubic 

and hexagonal structures [28, 48].  It can be noted that at the zero temperature (without thermal 

noises) the simple cubic lattice has ሺ𝑄ସ,𝑄଺ሻୱୡ ൌ ሺ0.764, 0.354ሻ, the body-centered cubic lattice has 

ሺ𝑄ସ,𝑄଺ሻୠୡୡ ൌ ሺ0.036,0.511ሻ, the fcc hasሺ𝑄ସ,𝑄଺ሻ୤ୡୡ ൌ ሺ0.191, 0.574ሻ , the hcp has ሺ𝑄ସ,𝑄଺ሻ୦ୡ୮ ൌ

ሺ0.097, 0.485ሻ, and the icosahedral symmetry givesሺ𝑄ସ,𝑄଺ሻ୧ୡ୭ ൌ ሺ0, 0.663ሻ [48]. 

3. Results and discussion  

3.1 Comparison with classical nucleation theory 

In recent homogenous-heterogenous nucleation studies based on MD simulation utilized one 

billion atoms [49], which indeed studied the growth of grain instead of the actual nucleation process. 

The study by Shibuta et al. [49] mentioned that the term “grain” is not conceptually different than a 

solid nuclei in simulation cell, which is probably not a correct assumption to understand the 

nucleation. The grains form at much later stages when the simulation box is solidified in most part 

and the nucleus forms from the thermal fluctuations inside the melt. The thermal fluctuation may be 

caused by changing the temperatures of the simulation box (homogenous) or by adding a second 

phase which creates more nucleation sites (heterogenous). Thus, the nucleation and grain 

formation/growth are two different stages of solidification, which has been discussed in our previous 

work on homogenous nucleation of Al [50]. We discussed about the nucleus size and nucleation rate 

to justify that almost 25 nm3  simulation boxes with 1 million atoms are sufficient for understanding 

the heterogeneity in homogenous nucleation. Critical nucleus size is the focal point of the 
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solidification of the metallic metals. We have showed the steps to identify the critical nucleus size 

by determining the stable size of the solid cluster in our previous work [50]. The critical nucleus 

size is compared with the results from Classical Nucleation Theory (CNT) for Al, Fe and Mg. If the 

results of MD from a million-atom simulation are close to the theoretical results, then this would 

indicate an optimum size for understanding the nucleation mechanism. CNT provides some detailed 

insights on the homogeneous nucleation process such as the critical temperature for nucleation and 

the critical nucleus size. CNT suggests that there is a free (activation) energy barrier, *W , for 

formation of solid nucleus with a critical size of *r . The nucleation typically happens when the 

probability of energy fluctuation is sufficient to overcome the activation barrier. The probability of 

energy fluctuation is given by the Arrhenius type equation and the rate of homogeneous nucleation 

is [51-54] , 

𝐼 ൌ 𝐼଴ exp ቀെ Δீౄ౥ౣ౥

௞ా்
ቁ                                                                                                                       (1) 

where T  is the temperature, 𝑘୆ is the Boltzmann constant, and 𝐼଴ is a coefficient that depends on 

temperature and the interface free energy, 𝜎ୗ୐ [54].  𝛥𝐺ୌ୭୫୭ is defined by [55], 

 Δ𝐺ୌ୭୫୭ ൌ ቀଵ଺గ
ଷ

ఙ౏ై
య

ሺΔீ౒ሻమ
ቁ                                                                                                                                  (2) 

where 𝛥𝐺୚  is the difference between the free energies of liquid and solid crystal per unit volume. 

If the change in molar heat capacities is constant, 𝛥𝐺୚  according to Hoffman is equal to 

Δ𝐻୫൫𝑇Δ𝑇/𝑇୫
ଶ൯ [56, 57], where T  is the undercooling (𝛥𝑇 ൌ 𝑇୫ െ 𝑇), and 𝛥𝐻୫ is enthalpy of 

melting. By combining Eqs. (1) and (2), the homogeneous nucleation rate becomes 

𝐼 ൌ 𝐼଴ exp ቂቀെ ଵ଺గఙ౏ై
య ்ౣ ర

ଷ௞ాሺΔுౣሻమ
ቁ ଵ

்యሺΔ்ሻమ
ቃ ൌ 𝐼଴ exp ቀെ ஺

்యሺΔ்ሻమ
ቁ                                                               (3) 

where, A  is a constant that depends on the solid-liquid interface energy and enthalpy. Eq. 3 also 

suggests that homogeneous nucleation rate strongly depends on the undercooling or the annealing 

temperature. The nucleation rate is maximum at the critical temperature. The critical temperature 

can be derived from Eq. (3) by setting its first derivative to zero. This suggests that the critical 

temperature for Al is 𝑇ୡ୰ ൌ
ଷ்ౣ

ହ
 (~550 K). The critical temperature for Fe and Mg are 1087 K and 

560 K. The critical temperatures were mentioned before in Table 1, which is 1100 K for Fe and 500 

K for Mg. The calculated critical temperature from MD is ~
்ౣ

ଶ
. This is clearly a reasonable 
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estimation considering the proximity to CNT and experimental values of critical temperature of 

nucleation, which lies between 0.5-0.6 times of the melting temperature [58, 59]. 

We can also find the critical radius from CNT, which is suggested to be  

𝑟∗ ൌ 2 ఙ౏ై
Δீ౒

,                                                                                                                                           (4)  

We previously calculated 𝜎ୗ୐; the specific free energy of the critical nucleus formation is estimated 

to be the solid-liquid interface free energy of Al, Fe and Mg as 172.6, 188 and 90 mJ m-2 

respectively. The 𝛥𝐻୫ or the latent heat are 11.50 kJ mol-1 for Al [42], 13 kJ mol-1 for Fe [29] and 

10.2 kJ mol-1 for Mg. The atomic volume in solidification is available from isothermal simulation 

for all the materials at a specific temperature. By utilizing Eq. (2) and considering the normalized 

temperature for annealing, 𝑇୬୭୰୫ୟ୪୧୸ୣୢ ൌ 𝑇/𝑇୫ ,  𝛥𝐺୚  is calculated for different undercooling 

temperatures. The calculated critical nucleus size is shown in Fig. S13. Al has a critical size between 

1.25 to ~4 nm (Fig. 1(a)), whereas the Fe has the critical size between 0.95 to 1.4 nm (Fig. 1(b)). As 

shown in Fig. 1(c), the critical radius of Mg increases from 1.15 nm to 3.75 nm with the increase in 

undercooling temperature.  
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Fig. 1. Critical nucleus size calculated by CNT at different temperatures is compared with the results 
of MD simulation for (a) Al, (b) Fe and (c) Mg.  

 

As shown in Fig. 1, CNT either overestimates (Al and Mg) or underestimates (Fe) the critical 

size at higher undercooling or lower annealing temperature. The difference between CNT and MD 

at lower undercooling temperatures can be explained by Eq. (4). To calculate the critical nucleation 

size at different annealing (or undercooling) temperatures by Eq. (4), 𝜎ୗ୐ at the melting point is used 

in a similar way as most of the other works in Refs. [60-62]. This means the numerator of Eq. (4) is 

kept constant for calculating the critical size nucleus at different temperatures. At the same time, the 

free energy difference between the liquid and solid crystal per unit volume gradually increases. As 

a result, the critical nucleus size predicted by CNT tend to increase with increasing temperature. 

However, physically 𝜎ୗ୐ reduces with a lower the annealing temperature (or a higher undercooling) 

[63, 64]. Therefore, the numerator of Eq. (4) should also decrease with lowering the annealing 

temperature, making the critical size predicted from CNT to become much closer to the MD 

simulation data for Al and Mg. The nucleation in Fe is slightly different than Al and Mg, as the bcc 

Fe forms with an intermediate ico atoms (see Section 3.4). The solid-liquid interfacial energy of Fe 

is also higher than both Al and Mg (see Table S2). Therefore, the CNT prediction underestimates 

the critical nucleation size due to the gradual formation of bcc Fe atoms and the higher interfacial 

energy. Overall the critical nucleus size, predicated for the three elements, remains well within the 

CNT prediction, especially at high annealing temperatures (or low undercooling). Thus, by 

determining all the different nucleation parameters such as detection of critical nucleus, maximum 

number of critical nuclei, nucleation rate, critical nucleus size, it can be concluded that 1 million 

atoms (~25 nm3) simulation is optimum to study the fundamental nucleation mechanism.  

3.2 Rate of nucleation 

The rate of nucleation is defined by the amount of independent critical nuclei present in a 

unit area and time. In the case for our simulations, we count the independent critical nuclei in each 

timestep. It is plotted against the time and converted to bulk unit of m-3 s-1. The simulation boxes 

containing one million atoms are sufficient for estimating the nucleation rate. The rate of nucleation 

is influenced by solidification temperature. The increasing number of nuclei is plotted against time 

in Fig. 2(a-c) for Al, Fe and Mg respectively. The slope in Fig. 2 changes with changing 

undercooling temperatures. This happens due to slower or faster dynamics of the atoms at lower or 

higher undercooling temperatures respectively. It is also noticed from Fig. 2 that the nucleation rate 
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does not monotonously increase or decrease. For 300 and 600 K in Fig. 2(a), the slopes are lower 

than the slopes at 450 K or 550 K. This essentially indicates that there is a critical temperature where 

the nucleation rate can be maximum. For Al, it is 475 K, which has been identified in our previous 

publication [50].   

 

 

Fig. 2. Nucleation for various solidification temperatures considering (a) Al, (b) Fe and (c) Mg. 

For Fe the nucleation rate is higher in 1000 K and 1100 K (Fig. 2(b)) than it is in 800 K or 1200 K. 

Mg also follows a similar pattern where the nucleation rate is higher in an intermediate stage between 

400 K and 600 K (Fig. 2(c)).  

The rate of nucleation is calculated for all three crystal structures (Table 1), all of which 

remain within 1033- 1035 m-3 s-1. The typical nucleation rate for homogeneous nucleation of a pure 

metal near the critical temperature has been estimated previously from experiment to be in the order 

of 3010  and 4010  m−3 s−1 [1, 65, 66], which is comparable to our MD results. The maximum (critical) 

nucleation rate is observed at 475 K which is ~Tm/2, where Tm is the melting temperature of Al (925 
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K). A detailed discussion is provided in our previous work [50]. The critical temperature for Fe is 

at 1100 K when the nucleation rate is 2.7 ൈ 10ଷସ  m−3 s−1. The maximum nucleation rate of 

34107.1   m−3 s−1 is observed at 500 K. The critical temperature for both Fe and Mg are also ~Tm/2. 

The discussion on nucleation rate on various single elements gives a clear indication that the million-

atom simulation with box size of almost 25 nm3 is sufficient to study the characteristics of 

homogenous nucleation. 

Table 1. Nucleation rates of different materials at different annealing temperatures. The statistical 
error is estimated by obtaining the slopes for 5 different simulations of each annealing temperature.   

Materials 
Temperature 

 (K) 

Nucleation Rate 

 (1035 m-3 s-1) 

Al (fcc)  

400 4.00±0.13 

450 4.48±0.08 

500 5.32±0.05 

600 3.51±0.01 

Fe (bcc) 

900 0.18±0.03 

1000 0.2±0.05 

1100 0.27±0.09 

1200 0.15±0.01 

Mg (hcp) 

400 0.06±0.03 

450 0.15±0.02 

500 0.17±0.07 

600 0.05±0.02 

3.3. Visualization of crystalline atoms during nucleation  

CNA analyses detect that the nuclei within the melt are composed mostly of fcc atoms for 

Al, bcc atoms for Fe and hcp atoms for Mg. CNA analyses also show that the Al and Mg nuclei 

form twin boundaries (TBs) (see Fig. S3 in supplementary information). The simultaneous 

formation of the primary crystal structure and TBs with a secondary crystal structure within a single 

nucleus shows a sign of heterogeneity in homogenous nucleation from pure Al and Mg melts. The 

observation of TBs having a secondary crystal structure in Al and Mg is consistent with the earlier 

studies[35, 37, 38], and in general, the formation of TBs in homogenous nucleation from pure 
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metallic melts has been reported in various experimental and computational works [67-69]. 

However, the CNA analysis cannot identify any TBs in Fe, because TBs in Fe do not have a different 

crystal structure than bcc Fe. Also, CNA is unable to track any ordering of atoms before the 

crystallization is complete[70] and any orientation or directional differences. Thus, in the following, 

we analyze the crystal orientation (OR) of the nucleating solid atoms to detect other signs of 

heterogeneities during homogenous nucleation. The orientation of atoms can be studied by utilizing 

the OVITO modifier called Polyhedral Template Matching (PTM) method [70]. PTM modifier is 

capable of calculating the local lattice orientation for atoms that match one of the structural types 

(e.g., fcc, bcc, hcp, etc.). In Fig. 3, the primary fcc crystal structure of nuclei from Al melt is 

identified by CNA analysis, and the OR analysis shows the orientations of grains from the principle 

axes (i.e., x, y, z) of the simulation box. For the coloring purposes, we only considered the orientation 

from the principle Z axis. The coloring scheme is applied in Open Visualization Tool (OVITO) [71] 

software, and the details can be found in an article by Larsen et al. [70]. GBs (Grain Boundaries) 

and TBs separate the grains with different orientations, but generally, the TBs separate the grains in 

a symmetrical manner. 

 
 

Fig. 3. Visualization of heterogeneity in homogenous nucleation. (a) The complete simulation box 
at an intermediate stage of nuclei formation from Al melt. The solid circles show nuclei with TBs, 
and the dotted circles show nuclei where embryos form as precursors for TBs/GBs. (b) Two time 
steps showing embryo formation on top and side of an initially formed nucleus. (c)  Formation of 
TBs and GBs ii the initial nucleus in (b); the orientations are shown in the top image by orientation-
coloring, and CNA method shows two crystal types in the below figure. All the red atoms with hcp 
stacking are TBs or GBs, or stacking faults that later transform to TB or GBs. Some amorphous GBs 
are not shown and they can be observed from the orientation coloring.  
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Visualization of the crystal nucleation by the CNA methods gives a clear indication of how 

the secondary phase forms during nucleation from the melt of a single element. With the simple 

observation of TBs/GBs with CNA analysis, at least two different phases within a nucleus of pure 

Al and Mg are detected, which can contribute to the heterogeneities in homogenous nucleation. TBs 

in Al have a hcp phase and are basically special GBs, where the atoms in both side of the twins have 

a mirror symmetry. Both TBs and GBs similarly contribute to the heterogeneity. At growth we 

observe the heterogeneities caused by stacking faults mediated twins are shown in Fig. 3(c) for Al 

and Fig. S9 for Mg. Significantly lower stacking fault energies at higher temperatures imply a great 

tendency to form stacking faults, which turn into TBs while solid atoms gather around the stacking 

faults in the process of crystallization during nucleation from melt. As we trace back the process in 

Fig. 1(b), we identify that both TBs and GBs has a common origin of embryo formation. By the 

definition of heterogeneous nucleation, an embryo forms at the solid-liquid interface of the 

previously formed nucleus. The interface turns into a stacking fault which later forms either a TB or 

a GB, depending on the orientations of the opposite sides of the once solid-liquid interface. As 

shown for two time steps in Fig. 3(b), the formation of atoms having a different orientation than the 

initial nucleus is similar to formation of an unstable embryo, which eventually becomes stable and 

a part of the initially formed nucleus, and in this process a TB or GB forms, Fig. 3(c). In Fig. 3(b), 

the heterogeneous nucleation process of a nucleus from Al melt shows formation of two embryos of 

different orientations. The embryo on the top eventually forms a TB (denoted as TB1), and one of 

the right forms a GB (denoted as GB1). In Fig. 1(c) at 138 ps, there are eight different orientations 

for the atoms within the nucleus, so in addition to the initial cluster of solid atoms, the nucleus 

gathers various different embryos from the liquid Al. At the same time step at 138 ps, if we analyze 

the nucleus with CNA method by the types of crystalline atoms, we see several parts of this nucleus 

is separated by stacking faults, TBs or GBs having a different crystal structure (hcp). Stacking faults 

which are precursors to TBs are detected as hcp in Al atoms. Some GBs may also show a hcp 

configuration in the early stages of solidification. By comparing the orientation map (top, Fig. 1(c)) 

and the CNA map at 138 ps (bottom, Fig. 1(c)), we can identify several embryos (with different 

orientations) separated by TBs and GBs within one nucleus that formed during the nucleation 

process from a pure metallic melt. There are very close similarities in the nucleation process from 

Al and Mg melts (see Figs. S4 and S9) for nucleation from Mg. In nucleation from Fe melt (see 

Figs. S5 and S10), the formation process of TBs and GBs are similar to Al and Mg case, however, 
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it is visually different. More discussions are provided in Section 8 of the supplementary document. 

Overall the visualization methods show the evidence of heterogeneity in homogenous nucleation, 

where formation of embryos resulted in origination of TBs and GBs. The visualization methods can 

only show the evidence of heterogeneity, and they cannot explain the mechanisms leading to 

heterogeneity, which is the focus of this research.  

3.4. Variation of free energy during solidification/crystallization of a single nucleus 

GBs or TBs create the separations between grains and ease the process of nucleation, and 

here we apply the Young’s relation[72] for heterogeneous nucleation and study how TBs and GBs 

influence the free energy during nucleation. The change in free energy will indicate whether the 

homogenous nucleation gets influenced by any heterogeneity or not. The change in free energy 

involving GBs (or TBs) can be estimated by Eqn. 4.  

Δ𝐺ୌୣ୲ୣ୰୭ ൌ 𝑓ሺ𝜃ሻΔ𝐺ୌ୭୫୭ ൌ
ሺଵିୡ୭ୱఏሻమሺଶାୡ୭ୱఏሻ

ସ
Δ𝐺ୌ୭୫୭,                              (4) 

where, cos𝜃 ൌ 1 െ ఙృా
ఙ౏ై

 comes from the Young’s relation [74]  and 𝜎ୋ୆ (𝜎୘୆) is the GB (TB) energy 

and 𝜎ୗ୐ is the solid liquid interface energy. Now if the change in the free energies in homogenous 

nucleation and heterogeneous nucleation are Δ𝐺ୌ୭୫୭ and Δ𝐺ୌୣ୲ୣ୰୭, respectively, then in general, 

the change in free energy of crystal nucleation can be approximated by Eq. (4) and if 𝑓ሺ𝜃ሻ is less 

than 1, then there is heterogeneity in homogenous nucleation. The free energy of formation of one 

crystalline nucleus is then reduced by the fact that the amorphous atoms around TBs or GBs can 

easily crystallize compared to the spontaneous crystallization in rest of the simulation box within 

non-structured atoms. In simulations, we get the angles similar to the one we assumed for 

determining𝑓ሺ𝜃ሻ. In Fig. 4(a), a TB divides the fcc atoms in an Al nucleus in two different directions 

with a misorientation of ~122° by (111) tilt axis. Fig. 4(b) shows the formation of a GB with ~109° 

misorientation in Fe separating two different nuclei by (110) tilt axis. In Fig. 4(c), Mg nuclei with 

stacking faults are separated by GBs.  
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Fig. 4. Twin boundaries between nuclei. Snapshots showing the atomic configuration at the initial 
stages of nuclei formation. (a) Al nuclei forms with a TB, and there is 122° angle between atoms on 
the opposite sides of the TB. The coloring method is CNA, where red atoms are hcp, and green 
atoms are fcc; (b) Formation of a GB with ~109° misorientation in Fe; colors show different 
orientations and (c) Mg nuclei formation with stacking faults and a GB with misorientation angle of 
~112°. CAN shows that red atoms are hcp, and green atoms are fcc.  
 

Table 2 shows the calculated values of 𝑓ሺ𝜃ሻ for all the elements remain less than 1, which 

suggests that the TBs and GBs are contributing towards the heterogeneity during the homogenous 

nucleation.  

Table 2. The solid-liquid interface free energy, and GB and TB energies of Al, Fe and Mg. 

 𝜎ୗ୐ሺJ mିଶሻ 𝜎ୋ୆ሺJ mିଶሻ 𝜎୘୆ሺJ mିଶሻ 𝑓ሺ𝜃ሻ 

Al 0.17 [44] 0.25-0.3 [75, 76], 0.23 0.08-0.20 [78, 79] 0.61-0.90 

Fe 0.19 [44] 0.30 [80] 0.16 [81], 0.135 [82] 0.89, 0.29-0.38 

Mg 0.12 [43] - 0.14±0.05 [83] 0.65-0.81 

 

 The primary goal of this paper is to address the possible heterogeneities created during 

homogeneous nucleation, and this work does not deal with heterogeneous nucleation which requires 

aid (impurities, surfaces, etc.). Fig. 3 in Section 3.2 shows all the possible visual characteristics we 

can extract from MD simulation. The TBs and GBs can form due to growth; however, a secondary 

nucleus can form with different orientations on top of the primary nuclei at the twin or grain 

boundaries. Similar observation was shown on Fe atoms by Shibuta et. al[49]. Young’s equation has 

been utilized to show the reduction in free energy due to the presence of the twin or grain boundaries. 

As 𝑓ሺ𝜃ሻ has fractional values, that definitely helps accelerating the nucleation process. But we only 
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refer it as heterogeneity in homogenous nucleation rather than heterogenous nucleation. In the later 

stages of this article we use the short-range ordering that exists before forming any crystalline 

structure. These short-range orders coexist with the crystalline atoms and liquid.  We refer this co-

existence of three different phases at liquid and decoupling during the solidification as heterogeneity 

in homogenous nucleation. 

 

3.3. Heterogeneities Explained by Structural Classification using Bond Order Parameters 

The orderings in the liquid atoms can be described by their translational orders, which can 

be determined from two body correlation functions such as the pair distribution function. Local 

density correlates well with the pair distribution function, and it can be obtained from Voronoi 

diagram of particle arrangements (Voronoi tessellation). This is why translational order often 

obtained from the measurement of local density. However, bond orientational order parameters are 

more sophisticated and are obtained from many-body correlations rather than two-body translational 

orders. The local density is inverse of the specific volume, and it is computed in this work via 

Voronoi analysis utilizing Voro++ code implemented in LAMMPS. The program gives us the 

volume around each atom and local density is inverse of the volume. In this article, the local density 

is referred as density and its unit is Å-3.  

To characterize different structural orders, we consider the density and the bond orientational 

order 6Q  parameter plots for specifying the local symmetry (see Section 2.2). Both 4Q  and 6Q  

parameters can indicate the structural orders in a system, but without thermal noises the 4Q  

parameter for ico atoms is 0. Thus, we utilized the 6Q  parameter in our analysis as it has a positive 

value for all the crystalline materials. The 6Q  and density (  ) are studied during all the 

solidification cases. For analysis purposes, we divide the crystallization process in three distinct 

regions based on their bond orientational order parameter ( 6Q ). As from the CNA analysis we are 

aware of the region where the nucleation happens, we choose a cluster of  ~5000 atoms around the 

first critical nuclei and analyzed at different time steps during the solidification process as shown in 

Fig. 5. the dotted red rectangle for 6Q < 0.3 represents the atoms that remain liquid or have a short-

range order (SRO). Then the region 0.3 < 6Q  < 0.45 (Fig. 5(a)) is a mixture of crystalline and SRO 
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in the case of Al solidification. Anything above 6Q  > 0.45 is considered to be crystalline fcc or hcp.  

The peak of ( )P   remains within the same range, but the range over 6Q  increases for the short range 

order atoms (Fig. 5(b)). Finally, when the SRO becomes crystalline fcc and hcp, the range over 6Q  

becomes narrow with the peak of probability density much higher than that of SRO, and this signifies 

that most atoms have been converted to fcc and hcp. For Fe (Fig. 5(d)) and Mg (Fig. 5(f)), the value 

of 6Q  changes but the same three regions (three dotted rectangles for each case) can be identified.   
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Fig. 5. Density and probability density versus bond orientational order ( 6Q ). Density 3( , )Å 
versus the bond order parameter for (a) Al at 500 K, (c) Fe 1100 K and (e) Mg 550 K considering 
the same probability distribution function. The probability density function  for bond orientation 
order parameter 6Q  for (b) Al at 500 K, (d) Fe at 1100 K and (f) Mg at 550 K; the dotted red 

rectangles show the SRO atoms, the green rectangles indicate the mix or SRO and crystalline atoms, 
and the blue rectangles indicate crystalline atoms.  

Based on the preceding discussions, the process of solidification by nucleation can be 

referred as a two-step crystallization process: the first step involves the formation of dense 
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liquid/solid regions, and the second step is the nucleation of the crystal phase inside these dense 

regions. It is hard to exactly differentiate the solid and liquid regions by any of the existing methods. 

But the atoms referred to as SRO in the beginning of the solidification can be considered as liquid, 

and at later stages of solidification those SRO are glassy solids. As shown in Fig. 5 (a), (c) and (e), 

we can clearly observe the two-step process of crystallization: 1. Densification step where the super 

saturated liquid forms a dense metastable phase which contains several SRO atoms, and basically in 

this step the density increases without a significant change in bond order parameter, and 2. The 

crystallization step where the bond order parameter changes without a significant change in density. 

Thus, this two step mechanism of crystal nucleation is influenced by both critical fluctuations of 

thermodynamics quantities and the formation of a dense liquid/solid phase that is 

thermodynamically stabilized below the critical point. Away from the metastable critical point, such 

as later stages of the solidification when different crystal nuclei already present in the simulation 

box, the system was found to crystallize classically in one step, where slight densification and 

structural orderings happen simultaneously. However, the analysis of bond order parameter can 

generally indicate that the crystallization in single crystal metallic system is accompanied by several 

SRO phases which initiate the crystal nucleation phenomena. The SRO phases are the most 

significant steps that form during the nucleation. As shown in Fig. 6(a) and (b), there are several 

relatively dense areas all over the liquid Al matrix. The nucleation and growth steps of a nucleus are 

shown in Fig. 6 using CNA (Fig. 6(c-f)), density (Fig. 6(g-j)), and interatomic distances (Fig. 6(k-

n)). Although there are several areas that have clusters of atoms with a higher density than the rest 

of the liquid, it doesn’t always form SRO. As shown in Fig. 6(k-n), the interatomic distances have 

to also change significantly for the nucleation to happen. The process of identifying the first nuclei 

is discussed in section 9 of the Supplementary Material based on our previous work [38]; it requires 

a nucleus not to lose any crystalline atoms in the liquid and has a steady increase in size. To fulfill 

all the conditions, the crystalline nuclei also need to have the bond length similar to the theoretical 

fcc Al-Al bond length. Crystalline fcc Al atoms have a bond length ~2.8 Å. As shown in Fig. 6(n), 

the interatomic distances remain close to the theoretical bond length. Therefore, in the two steps of 

densification and bond order change during the nucleation process, the underlying condition of 

having a proper bond length for the solid or semi solid clusters must be also satisfied. 
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Fig. 6. Densification and crystallization steps in solidification. (a) A nucleus is shown during its 
growth in isothermal solidification of liquid Al at 500 K at 125 ps by CNA. Red atoms are hcp, 
green atoms are fcc, and grey atoms are liquid. (b) At the same timestep density is shown for the Al 
matrix. The area around the nucleus shows higher density. The formation of the first critical nucleus 
by CNA (Fig. 6(c-f)), density (Fig. 6(g-j)), and interatomic distances (Fig. 6(k-n))) are shown at 10 
ps, 25 ps, 50 ps and 75 ps, from top to bottom. The colorbar on the left is for density, and the colorbar 
on the right is for interatomic distances in Å.  The dotted circles show the common neighbor analysis 
and density of the nucleation sites.  

In the context of the heterogeneity in homogenous nucleation, the major identification of 

heterogeneity can be made from Fig. 5(a, c, e) by looking at the bond order and density during the 

solidification. The change in density is comparatively much less than the bond order in the stages 

between liquid (0 ps) and formation of solid (135 ps) (Fig. 5(a, e)). It indicates that the mixture of 

crystalline and amorphous solids at the intermediate crystalline-amorphous stage (135 ps in Fig. 5(a, 

e) and 225 ps in Fig. 5(c)) must have interactions and there are interchanges between them. As the 

crystalline solids possess the minimum energy configuration, most of the amorphous solids 

eventually transform into crystalline solids. Thus, the amorphous solid atoms can be considered as 
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precursors for formation of crystalline nuclei for all the crystalline metals. If we consider this 

amorphous phase as a second phase with respect to the primary crystalline phase, then we can also 

say that the heterogeneity exists at the same time as the homogenous nucleation starts.  

3.4. Formation process of bcc-Fe nuclei 

Having analyzed the SRO during the solidification for all the studied metallic elements, here 

we try to focus on the Fe liquid for its initial structures during solidification. Previously, it was 

hypothesized that the ico atoms are precursors for formation of the bcc crystalline Fe atoms, and the 

bcc nuclei are more probable to form in the regions where the ico has a higher density [49]. However, 

the maximum number of ico atoms is only about 5% at any instant during the nucleation and growth 

(Fig. 7), and the number of bcc atoms can reach as high as 80% depending on the undercooling 

temperature. Thus, it is apparently inaccurate to consider ico atoms as precursors for formation of 

bcc atoms. It should be noted that the number of ico atoms in the simulation box can be influenced 

by the cut off used to identify them or the algorithm used for identification (see the Methods section). 

Also, it should be noted that the accurate percentage of ico atoms can be significantly impacted if 

the interatomic potential used for the MD simulation is not accurate enough for studying 

solidification.  

  As shown in Fig. 7(a), during the initial stages of the nucleation (~200-250 ps), the number 

of both ico and bcc atoms increases in the system. As we look into the detailed structure of the 

undercooled Fe (Fig.7(b)), it is not necessary to have dense ico atoms for the origination of bcc-Fe 

nuclei. Considering atoms having 0.3 < 6Q  < 0.45 possess SRO, instead of the ico atoms, there are 

a large number of SRO (solid or liquid) atoms in the system before bcc atoms form. The density of 

the SRO atoms increases in the areas where the bcc-Fe nuclei forms and vice versa. It is worthy to 

note that although few atoms are detected by CNA algorithm as ico atoms during the solidification, 

they do not necessarily influence the nucleation process as the number of ico atoms never reach 5% 

of total atoms in the system.  Heterogeneity also comes from the TBs and GBs in Fe nucleation, 

which is similar to the heterogeneities in homogenous nucleation of Al and Mg. The ico atoms might 

be considered as an artifact of the visualization algorithms. If other methods such as bond 

orientational order parameters are utilized, ico atoms may not have any significance on studying the 

nucleation process.  
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The parallel comparison of CNA and 6Q  (Fig. 7(c)-(e)) shows nucleation in the initial stages 

are spontaneous. For the few initial nuclei, the nucleation stays purely homogenous. Once the nuclei 

grow in size, embryos form on them. As an embryo has a different orientation than the original 

nucleus, there is an obvious TB or GB between the parent and an embryo, which brings down the 

free energy and eases the process of nucleation. The heterogeneity in homogenous nucleation 

originates from the formation of embryo along TBs or GBs. The embryo accelerates the nucleation 

process. The acceleration in nucleation process can also be attributed to the SROs in the liquid atoms 

prior to solidification. As long as the visualization and analysis can detect those changes in atomic 

scale, we can detect the heterogeneity in homogenous nucleation of any metallic systems.  

 

 

Fig. 7. Time evolution of ico-bcc atoms during solidification. (a) Time evolution of bcc and ico 
atoms in nucleation of Fe at 1100 K isothermal solidification simulation.  (b) Bcc and ico Fe atoms 
before the formation of critical nuclei. (c)-(e) The CNA and the bond orientational order parameters 
at 180 ps, 204 ps and 240 ps.  In CNA, the white atoms are liquid/amorphous solid, blue atoms are 
bcc and yellow atoms are ico. Bond order coloring is shown in the color bar. 
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Besides the aforementioned sources of heterogeneities, if we assume that there might be 

another origin of heterogeneity from the structures of the semi-crystalline solids that actually 

contribute towards the nucleation process in the first place, we should also focus on the structural 

characterization of the atoms during solidification.  

 

3.5. Heterogeneities explained by landau free energy landscape 

To further investigate the origins and mechanisms of heterogeneity in homogenous 

nucleation, we analyzed the joined probability function considering both the density and order 

parameter. From the perspective of the solidification, it makes sense to investigate the details of 

whether the nuclei appear in dense precursors or in bond orientational-ordered precursors. The study 

of  “density first” shows the increase of density leads to nucleation[83]. In the case of homogenous 

nucleation in a metallic system, we define the Landau free energy[84, 85] by taking joint probability 

of 6Q  and density ( )  as 

𝐹ሺ𝑄଺ሻ ൌ െ𝑘୆𝑇 log𝑃 ሺ𝑄଺,𝜌ሻ.                                                       (4) 

In Eq. (4), 𝑘୆ represents the Boltzmann’s constant. Fig. 6 represents the joint probability plot of 6Q  

and   for Al solidification; a similar behavior for Fe and Mg are observed, please refer to S12 and 

S13, respectively in the supplementary materials. An interesting decoupling between 6( )P Q  and 

( )P   can be noticed, expressing the fact that 6Q  and   capture the fluctuations in bond 

orientational order and mass density independently. This decoupling indicates a two-step nucleation 

process. At first the density increases, and the liquid atoms comes together and then the cluster of 

liquid (a seed for the nucleus) atoms gradually form SRO, and this process increases the bond order. 

The change in order continues until most of the clustered atoms are crystalline. We assume a cubic 

fit to the free energy that shows that the dominant cubic term is of the form 
2

6Q  for possible free 

energy functional. A similar function was used for studying the comparison of bond order and 

density in the literature [85, 86].  
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Fig. 8. Landau free energy. The joint probability 6( , )P Q   of the density and the bond orientational 

order parameter is plotted for Al at 500 K at (a) 0 ps, (b) 90 ps, (c) 135 ps and (d) 180 ps.  

As the interaction between density and bond order is quadratic in   and linear in 6Q , the 

system can actually increase its bond orientational order parameters without affecting the 

translational order, but the contrary is not possible. This constrains the fluctuations towards a 

stronger increase in its orientational order. The interaction between the density and bond order also 

indicates a weak linear coupling between 2  and 6Q , which can be attributed to a low value of 

correlation coefficient (~0.20). This linear term also suggests that regions with a high orientational 

order will have a higher density on average than the other parts of the melt, which is consistent with 

our previous analysis in Figs. 5 and 6. As we observe in Fig. 8, there is a weak linear coupling 

between the bond-orientational order and the density, which ensures that fluctuations toward a 

higher density happen first then it directs towards higher orientational order parameters, meaning it 

forms the solid.  From the joint probability of occurrence of 6Q  and  , as shown in Fig. 8, it can 
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be observed that the higher probability region gets extended along an axis as the time elapses. The 

slope of the joint probability distribution along the extended region reduces with increasing time 

step and it becomes almost parallel to the horizontal axis at 135 ps and 180 ps. Note that a higher 

slope indicates a high correlation between the parameters of the horizontal and vertical axis, while 

the parameters can be regarded as negligibly correlated as the slope becomes close to zero. This 

indicates a decaying correlation between density and bond orientation order in the system with 

elapsing time.  The behavior of the joint probability is very similar for Fe and Mg as shown in Figs. 

S12 and S13, respectively, in the supplementary materials. 

Based on the preceding discussions in the context of the heterogeneity in homogenous 

nucleation, it can be claimed that the ordering appears at the very early stage of the solidification 

while density increases. The increase in density brings the liquid atoms closer to each other creating 

amorphous SRO, and they can be also compared to glassy structures. The long-range crystalline 

order appears from the random fluctuations of the glassy structures in a highly dense environment. 

As shown in Fig. 8(a) in the initial liquid structure, the atoms have low 6( )P Q  and low ( )P  . The 

atoms move towards a higher density region as the whole simulation box is being solidified. As the 

solidification proceeds, the number of atoms having higher 6( )P Q  gradually increases with a 

constant density, and this is evident by changes in the threshold of the colorbar in Fig. 8(b) (in a 

probabilistic framework), and at this intermediate stage, the SRO appears. These SRO can be 

designated as a part of the heterogeneity in homogenous nucleation. This heterogeneity exists later 

when the crystalline atoms form. As the solidification continues, the joint probability moves towards 

a higher 6Q  at a constant   (Fig. 8(c) and (d)). These steps for Fe and Mg (refer to Figs. S12 and 

S13 in the supplementary information) are similar to Al.  

 

4. Conclusions  

The homogenous nucleation during solidification from undercooled Al, Fe and Mg is studied 

by MD simulations utilizing the most accurate 2NN-MEAM interatomic potentials. MD simulations 

of homogenous nucleation predict formation of nuclei with bcc crystalline in Fe, fcc crystalline in 

Al, and hcp crystalline in Mg (see Figs. S4, S5, S7, S9 and S10 in the supplementary information). 

Al and Mg are always found to nucleate with stacking faults and TBs. 
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The TBs and GBs act as a catalyst to the nucleation process, as different orientations of the 

neighboring nuclei create a wetting angle and reduce the free energy of the nucleation. There is also 

clear evidence of purely heterogeneous nucleation during the homogenous nucleation process when 

an embryo forms on top of a previously formed solid nucleus. The heterogeneities were further 

explored by using bond order parameters for identifying SRO. Bond order parameter shows the 

intermediate non-crystalline solid phases which remain as heterogeneities during homogenous 

nucleation from a pure melt, regardless of the element type. It is found that the ico atoms are not 

precursors for formation of bcc-Fe nuclei, rather the SRO are responsible for forming the initial bcc-

nuclei from Fe melt. Similar pathways are also found for fcc-Al and hcp-Mg, and all the fcc or hcp 

atoms form the random movement of SRO atoms at undercooled temperature. Overall, the process 

of crystallization from melt can be described in two stages. First, we observe the formation of 

supercooled dense liquid with bond orientational order indicating formation of SRO, which result 

in intermediate semi-ordered phases (crystalline and non-crystalline solids).  In the next step the 

SRO transforms into long range crystalline phases. 

The probability density function of bond order parameter 6( )P Q  indicates SRO when 

plotted against the density. The joint probability distribution of order parameter and density shows 

a weak linear coupling as the corresponding correlation coefficient is found to remain in a low range 

(~0.2). The joint probability also represents the Landau free energy functional, and accordingly the 

joint probability 6( , )P Q   is assumed to be in the form of 
2

6Q . The interaction is quadratic in 

and linear in 6Q , meaning that the system can increase its orientational order without noticeably 

increasing the translational order. This constrains the fluctuations towards a stronger increase in its 

orientational order, resulting in large number of SRO atoms.  

In the conventional/classical nucleation theory, the homogeneous nucleation does not 

consider any heterogeneity in the embryo; we have quantitatively shown that there are 

heterogeneities in the embryo and during homogeneous nucleation (no foreign materials) arising 

from heterogenous liquid ordering or difference in orientations between two nuclei separated by a 

grain or twin boundary. Even though the embryo itself doesn’t cause the heterogeneity during the 

homogenous nucleation, the lower free energy at the twin/grain boundaries causes the embryo to 

form at the first place, indicate heterogeneity remains in homogenous nucleation. In summary, our 

findings comprehensively confirm the evidence of heterogeneity in homogenous nucleation during 
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solidification of different metals. The presence of SRO along with the primary crystalline phase can 

be considered as heterogeneity in the homogenous nucleation of pure metals. In the later stages when 

the initially formed critical nuclei grow in size, then embryo with different orientations or the 

twin/stacking faults can be considered as the heterogeneity in homogenous nucleation. This paper 

essentially looked into a fundamental aspect of solidification, the outcome of which is valid for a 

wide range of pure metals. Solidification being an elementary aspect of a broad variety of 

manufacturing techniques starting from metal casting to 3D printing, the inferences of this work 

could be helpful for further developments in multiple relevant scientific areas. 
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