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ABSTRACT 

Semicrystalline polymers of low glass transition temperature, such as polyethylene (PE), can be 

either brittle or ductile depending on their content of intercrystallite stress transmitters—such as 

tie molecules (TMs), chains that directly bridge the intercrystalline amorphous layer.  TM content 

will increase with increasing molecular weight (M), or with the fraction of high-M chains in a 

disperse polymer, and with decreasing intercrystallite repeat spacing d, which can be manipulated 

through thermal history and the incorporation of comonomer.  The present work examines the 

failure mode of model narrow-distribution linear PEs (LPEs) of high crystallinity, where d is varied 

through crystallization history (either quenching or slowly cooling), and ethylene-butene 

copolymers (hydrogenated polybutadienes, hPBs) of moderate crystallinity, where d is limited by 

the short-branch content. For each series (LPEs with different thermal histories and quenched 

hPBs), a rather sharp brittle-to-ductile transition (BDT) is observed with increasing M, at a value 

MBDT. However, across the three series, the value of MBDT does not depend solely on the value of 

d; indeed, a higher M is required to achieve ductility in quenched samples of hPB than in LPE, 

despite the much lower values of d for hPB.  Consequently, the calculated value of TM fraction at 

the BDT increases strongly as crystallinity decreases, by a factor of approximately 50 from slow-

cooled LPE to quenched hPB.  This strong dependence is explained by considering the influence 

of TMs on the brittle fracture stress (b), with the BDT occurring when there are sufficient TMs 

for b to exceed the yield stress (y), which is strongly dependent on crystallinity but independent 

of TM content.  
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INTRODUCTION 

In semicrystalline polymers, tie molecules (TMs) – chains that bridge two or more 

crystalline lamellae across the interlamellar amorphous layer – are widely recognized1 as important 

determinants of mechanical behavior, including aspects such as yielding,2,3 strain-hardening3–6, 

and slow crack growth (SCG).7–11  Bundles of TMs were directly observed by Keith et al.12,13 more 

than half a century ago, in blends of polyethylene (PE) and paraffin wax from which the wax had 

been extracted.  In the intervening decades, researchers have endeavored to quantify (vs. simply 

observe) TM content by a variety of indirect methods, such as measurements of brittle fracture 

stress at cryogenic temperatures,14 infrared dichroism in strained specimens,15 and the extent of 

swelling in solvent vapor,16 but no direct experimental method has emerged.  More commonly, 

TM content is modeled:  calculated from experimentally-accessible quantities, such as a polymer’s 

molecular weight distribution and the average crystallite and amorphous layer thicknesses.  This 

approach was pioneered by Huang and Brown (HB),8,9 by comparing the polymer coil size (radius 

of gyration Rg, or root-mean-square end-to-end distance R0) to the critical distance (Lcrit) which a 

tie molecule must span (scaling roughly with the intercrystallite repeat spacing d), as shown 

schematically in Figure 1.  In such calculations, the coil size in the solid is taken to match that in 

the melt (the “solidification hypothesis”,17,18 confirmed by small-angle neutron scattering (SANS) 

experiments on PE19–21 and isotactic polypropylene22).  Thus, TM content can be increased either 

by: a) increasing the molecular weight (M) of the polymer (or more precisely, the fraction of chains 

of sufficiently high M to form a TM), or b) decreasing the intercrystalline spacing d, which can be 

achieved either by quenching or via copolymerization, as counits are typically excluded from 

crystals.23  The copolymerization approach has been used to great advantage in the development 

of TM-rich bimodal PE grades with enhanced SCG resistance (and thus greatly extended lifetime 
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in pipe applications), wherein d is reduced by incorporating low levels of comonomer into the 

high-M component.24–26  Subsequent refinements of the HB approach have incorporated additional 

microstructural features,6,27,28 but the central idea remains:  the relative magnitudes of the polymer 

coil size and the intercrystalline distance are the principal determinants of TM content. 

 

Figure 1. Schematic representation of the Huang-Brown idea.  If the end-to-end distance of a coil 

r is sufficiently large (red) that portions of the same chain can form stems embedded in different 

crystallites, then that chain can form a TM upon solidification, whereas chains that are too short 

(blue) cannot.  The average intercrystallite repeat distance d is also illustrated; in the simple two-

phase model, d is the sum of the crystal thickness (Lc) and the amorphous layer thickness (La).   

Though the post-yield and SCG behaviors of PE have been the subjects of extensive study 

in recent decades, the question of whether a polymer will be brittle or ductile in a simple stress-

strain test is simultaneously both older and less-studied.  Even well before the work of Huang and 

Brown, M was recognized as a key parameter in promoting ductility, and several early studies29–33 

on fractions of linear PE (LPE, devoid of comonomer or branching) found a brittle-to-ductile 

transition (BDT) in room-temperature tensile tests as M was increased.  Values of M at the BDT 

(MBDT) derived from published data on narrow-distribution LPE fractions vary somewhat, even in 

quenched or molded samples, from <30 kg/mol31 to >40 kg/mol;34 moreover, MBDT increases when 
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the polymers are crystallized at shallower undercoolings.34  One might hypothesize that a critical 

TM content is required for a polymer to show ductility; in this case, the variability in MBDT in these 

studies, and the observed increase in MBDT at shallower undercoolings, could simply reflect 

variations in d, through variations in thermal history. 

The aim of the present work is to test this hypothesis, with the broader goal of elucidating 

the qualities and microstructural features required for room-temperature ductility.  A range of 

narrow-distribution model PEs is investigated, especially LPEs obtained by hydrogenation of 

polycyclopentene (PCP, synthesized by ring-opening metathesis polymerization, ROMP), and 

binary blends of these LPEs.  These high-crystallinity LPEs are supplemented by data for lower-

crystallinity model ethylene-butene copolymers, obtained by hydrogenation of low-vinyl 

polybutadiene (synthesized by anionic polymerization), denoted hPB here.  TM content is 

calculated via the HB approach.  We find that while reducing d indeed favors ductility, the BDT 

does not in fact occur at a particular value of TM content across the range of materials, and that 

the TM content at the BDT increases strongly as the crystallinity decreases.  This unanticipated 

result is explained by consideration of how TMs separately impact the brittle fracture stress and 

the yield stress. 

EXPERIMENTAL PROCEDURE 

Materials.  For ROMP, cyclopentene (CP) monomer (Sigma-Aldrich, 96%) was distilled 

through a 71 cm Hempel column filled with 8 mm ceramic Berl saddles to reduce the 1-pentene 

level to < 5 ppm (undetectable by 1H NMR) and thereby suppress acyclic chain transfer.35 The 

distilled fractions were subjected to freeze-pump-thaw cycles to remove oxygen and dried over s-

butyllithium and 1,1-diphenylethylene until the red adduct formed; cyclopentene was then vacuum 

transferred into a storage flask. The Mo-based Schrock initiator, 2,6-
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diisopropylphenylimidoneophylidenemolybdenum(VI) bis(t-butoxide), was purchased from 

Strem Chemicals and used as received.  Trimethylphosphine, PMe3 (Sigma-Aldrich, 97%), was 

stirred overnight with sodium to remove water, degassed via freeze-pump-thaw cycles, and 

vacuum transferred. Propionaldehyde (Sigma-Aldrich, 97%) was stirred over 3 Å molecular sieves 

to remove water and degassed via freeze-pump-thaw cycles. Toluene (solvent for ROMP) was 

passed through an MBraun solvent purification system connected to the glovebox.  For anionic 

polymerization, butadiene was collected and purified as previously described.36  The solvent for 

anionic polymerization, mixed hexanes (>98.5%), was dried over t-butyllithium (Sigma Aldrich, 

1.7 M in pentane) and 1,1-diphenylethylene until the red adduct formed, and degassed by freeze-

pump-thaw cycles.  For hydrogenation, palladium supported on calcium carbonate (Pd/CaCO3, 5 

wt% Pd)  was purchased from Alfa Aesar, while H2 (99.999%) was purchased from Airgas; both 

were used as received.  

Polymerizations.  All degassed and dried ROMP reagents were moved into an MBraun 

UNIlab glovebox with an N2 atmosphere (O2, H2O < 0.1 ppm). ROMPs were performed in round 

bottom flasks with magnetic stirring. The Schrock initiator was first dissolved in toluene in a 

scintillation vial and transferred into the flask. PMe3 and CP were added sequentially such that the 

initial CP concentration was 10 mol/L. A CP/Mo ratio of 5000:1 was used except for the synthesis 

of the PCPs of highest and second-highest molecular weight, where CP/Mo = 25000 and 7500 

were used, respectively. PMe3 was added to slow propagation relative to initiation and thereby 

decrease the dispersity of resulting polymer;35,37 the PMe3/Mo ratio was 15:1. Each ROMP was 

terminated at a specific time, corresponding to a specific CP conversion (8-16%), to achieve a 

targeted value of Mn, according to a previously-developed kinetic model.35  The terminating agent 

was propionaldehyde, added in 50-fold excess to the initiator. After polymerization, PCP was 
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precipitated into methanol and dried under vacuum overnight.  The detailed procedure employed 

for anionic polymerization of butadiene has been described previously;36 polymerizations were 

conducted at 60 °C in mixed hexanes, initiated by t-butyllithium, yielding polybutadienes (PBs) 

with approximately 8% 1,2-addition.36,38,39 

Hydrogenation.  Catalytic hydrogenation was conducted over Pd/CaCO3. Each polymer 

was dissolved (PCP in n-heptane, PB in cyclohexane) at 5 g/L with 0.5 wt% of butylated 

hydroxytoluene (BHT) relative to polymer to prevent oxidative degradation. The polymer solution 

was transferred to a 2 L Parr stainless steel reactor and Pd/CaCO3 was added at a 2:1 weight ratio 

of catalyst (including support) to polymer. The reactor was charged with 400 psi of H2 at room 

temperature and stirred at 130 °C for PCP or 100 °C for PB for 24 h, by which point saturation 

had reached >99.9% for PCP by determined by 1H NMR spectroscopy40 and >99% for PB 

determined by FTIR spectroscopy.36 The hydrogenated polymers were recovered by hot filtration, 

precipitated into methanol, and dried under vacuum overnight. Previous studies have repeatedly 

shown that hydrogenation over Pd/CaCO3 under these conditions is not accompanied by chain 

rearrangements.38,40–43 

Molecular characterization.  Molecular weights of the PCPs were determined by gel 

permeation chromatography (GPC) with tetrahydrofuran (THF) as the mobile phase (1 mL/min), 

employing two 30 cm Agilent PLgel Mixed-C columns, and Wyatt Optilab T-rEX differential 

refractive index (DRI; 25 °C, 658 nm wavelength) and miniDAWN TREOS three-angle light 

scattering (ambient temperature, 658 nm) detectors. Dispersities (Đ) were determined from the 

DRI elution time trace calibrated against narrow-distribution polystyrene (PS) standards, and the 

true molecular weight distribution curves were obtained by correcting44 the DRI output for the 

difference in hydrodynamic volume between PS and PCP or PB at a common M (hydrodynamic 
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equivalence ratio rPB
44 = 1.96, rPCP

35
 = 2.11). Weight-average molecular weight (Mw) values were 

determined from the light scattering results, using a specific refractive index increment dn/dc = 

0.1212 mL/g for PCP35 and 0.1251 mL/g for PB,36 both in THF, at 25 °C and 658 nm. Values of 

the number-average molecular weight Mn were obtained as Mn = Mw/Đ.  

Solution blending.  Bimodal LPE blends were prepared from the LPEs having Mn = 27 

and 78 kg/mol, by solution blending in xylene. The content of 78 kg/mol LPE was varied from 5 

wt% to 80 wt%. To prevent oxidative degradation, xylene was first degassed by boiling, cooled to 

room temperature, and 1 wt% of BHT (relative to solvent) was added. The necessary masses of 

the component LPEs were added to degassed xylene to make a solution containing 3 wt% total 

polymer. The xylene was heated to boiling with vigorous stirring until the LPEs were completely 

dissolved, according to thorough visual inspection; the solution was then poured into -20 °C 

methanol, causing near-instantaneous crystallization with no indication of polymer in the 

supernatant.  Precipitated blends were recovered by filtration and dried under vacuum at 70 °C 

overnight to remove any residual solvent.  1H NMR confirmed complete removal of BHT from the 

polymer. 

Crystallization.  Polymers were crystallized by melt-pressing specimens between 

poly(ethylene terephthalate) sheets (0.254 mm thick) at 160 °C to make approximately 0.3 mm 

films, and either quenching (Q) into room temperature water or slowly cooling (SC) in the press. 

These thermal treatments correspond to cooling at approximately 1000 °C/min (Q) or 1 °C/min 

(SC) through the freezing point of PE as measured previously.45 

Tensile testing.  Room-temperature uniaxial stress-strain tensile testing was performed 

using an Instron 5865. Specimens were stamped out with an ASTM D1708 die (dogbone-shaped, 

2.22 cm gauge length) from the compression-molded sheets. Specimens were extended at a 
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constant crosshead speed of 2.54 cm/min (initial strain rate = 0.87 min-1) until break.  The 

deformation rate is known to weakly influence the BDT in LPE, with order-of-magnitude 

reductions in the strain rate favoring ductility;46 consequently, all specimens were tested with a 

common strain rate history.  Three specimens were tested to obtain an average and standard 

deviation of the yield stress (y, engineering stress; force at yield divided by initial cross-sectional 

area) and apparent overall breaking strain (b, crosshead displacement at break divided by initial 

gauge length) except for a few materials that were too brittle to successfully prepare multiple 

dogbone samples.  

Small-angle x-ray scattering (SAXS).  SAXS measurements were conducted using an 

Anton-Paar compact Kratky camera. CuKα radiation (wavelength λ = 0.15418 nm) was produced 

by a PANalytical PW3830 generator with a long-fine-focus Cu tube, and an MBraun OED-50 M 

position sensitive detector was used to obtain the scattering profile.  Rectangular specimens were 

cut from the same compression-molded sheets used for tensile testing.  Data were corrected for 

detector linearity and sensitivity, empty beam scattering, sample thickness, and transmittance and 

desmeared for slit length using the iterative method of Lake.47 Scattered intensity was calibrated 

to absolute units (I/IeV) using a polyethylene standard,48 and plotted against the magnitude of the 

momentum transfer vector q = (4/)sin,  where θ is half the scattering angle.  The long spacing, 

d, was determined as d = 2/q*, where q* is the primary peak position in a plot of q2(I/IeV) vs q; 

the q2 factor approximately corrects for the form factor of lamellae.49    

Differential scanning calorimetry (DSC).  DSC was conducted on specimens punched 

from the same compression-molded sheets employed for tensile testing, on a PerkinElmer DSC 7 

equipped with a Type II intracooler and calibrated with indium and mercury standards. 

Thermograms were collected during the initial heating at 10 °C/min to preserve the samples’ 
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crystallization history (SC vs Q).  Weight fraction crystallinities were determined by dividing the 

measured melting enthalpy by 290 J/g,50 corresponding to the melting enthalpy of 100% crystalline 

PE.  These values were converted to room-temperature volume fraction crystallinities c using 

crystalline51 and amorphous phase52 densities of c = 1.000 g/cm3 and a = 0.855 g/cm3. 

RESULTS AND DISCUSSION 

 Table 1 summarizes essential quantities for the PEs examined in this work, including both 

molecular parameters (Mn and Đ), and characteristics (volume fraction crystallinity c; breaking 

strain b; etc.) which depend on specimen crystallization history:  here, either quenched (Q) or 

slow-cooled (SC). Individual LPE and hPB polymers are coded by their Mn value; molecular 

weight distribution curves are provided in the Supporting Information (Figures S1 and S2).  Binary 

LPE blends, prepared from LPE27K and LPE78K, are coded by the weight fraction of the high-M 

component (e.g., B15 contains 15 wt% PE78K); Mn and Đ values for the bimodal blends were 

calculated from the values for the two constituents and the blend ratio.  Data collected for this 

work on two hPBs (hPB49K and hPB82K) were supplemented by drawing from the extensive 

work of Crist et al.53,54 on hPBs of varying Mn, synthesized similarly.  hPBs are model linear low-

density polyethylenes (ethylene-butene copolymers55) with approximately 20 ethyl branches per 

1000 backbone carbons, with significantly lower intercrystallite repeat spacings and degrees of 

crystallinity than the model LPEs synthesized by ROMP.  Only quenched specimens of the hPBs 

were examined; thermal history is known54 to have a much weaker effect on c and especially on 

d in hPB than in LPE.  
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Table 1. Selected molecular, mechanical, and morphological parameters for PEs examined in this 

work. 

Thermal 

History 
Polymer 

Mn  

(g/mol) 
Ð b (%)b 

y 

(MPa) 
c 

2Lc+La 

(nm) 
log10(P2Lc+La) 

Q 

LPE27K 26700 1.09 4c - 0.64 33.2 -2.06 

LPE31Ka 31200 1.08 170 ± 50 26.1 0.62 33.9 -1.88 

LPE37K 37400 1.12 960 ± 190 25.5 0.59 35.7 -1.76 

LPE43K 43300 1.15 1020 ± 290 25.6 0.59 37.1 -1.62 

LPE54K 53600 1.18 1840 ± 50 23.5 0.55 38.7 -1.49 

LPE78K 77700 1.16 1740 ± 410 20.6 0.53 43.6 -1.38 

LPE135K 135000 1.21 720 ± 220 20.3 0.47 47.4 -1.07 

SC 

LPE27K 26700 1.09 -d - 0.82 55.1 -4.41 

LPE31K 31200 1.08 4c - 0.78 52.6 -3.69 

LPE37K 37400 1.12 6 ± 2 - 0.74 55.7 -3.39 

LPE43K 43300 1.15 10 ± 2 - 0.72 54.4 -2.82 

LPE54Ka 53600 1.18 60 ± 10 30.3 0.70 56.4 -2.52 

LPE78K 77700 1.16 1400 ± 160 29.4 0.70 58.7 -2.09 

LPE135K 135000 1.21 1040 ± 10 28.0 0.67 69.3 -1.74 

Q 

B5 27600 1.16 10 ± 5 - 0.64 33.1 -1.98 

B15a 29600 1.29 190 ± 20 24.3 0.61 33.0 -1.83 

B25 31900 1.39 390 ± 50 23.2 0.60 33.5 -1.75 

B40 36200 1.48 1020 ± 170 24.2 0.60 34.7 -1.65 

B60 44000 1.49 1140 ± 310 23.3 0.57 37.1 -1.55 

B80 56200 1.39 1590 ± 80 19.5 0.53 37.0 -1.34 

SC 

B25 31900 1.39 5c - 0.78 55.8 -2.92 

B40 36200 1.48 6 ±1 - 0.76 55.1 -2.63 

B60a 44000 1.49 30 ±3 30.6 0.73 57.4 -2.49 

B80a 56200 1.39 100 ± 30 30.4 0.72 58.8 -2.33 
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Q 

hPB13Ke 12600 1.05 9 - 0.41 19.7 -1.73 

hPB42Ka,e 41500 1.05 80 5.8 0.28 18.0 -0.71 

hPB49K 49000 1.07 420 ± 40 4.7 0.24 15.2 -0.59 

hPB58Ke 57800 1.05 300 4.5 0.24 17.3 -0.61 

hPB82K 82100 1.12 690 ± 10 4.4 0.24 16.0 -0.54 

hPB91Ke 91000 1.05 620 4.5 0.24 17.3 -0.55 

hPB118Ke 118000 1.05 680 3.8 0.21 17.0 -0.53 

hPB143Ke 143000 1.05 660 4.5 0.21 17.0 -0.51 

hPB189Ke 189000 1.05 620 3.9 0.21 16.9 -0.50 

 

aPolymers that fail in “transition” mode. 

bAverage  standard deviation. 

cOnly one specimen was successfully tested due to extreme brittleness. 

dPolymer was too brittle to stamp out any dogbone specimen without fracture. 

eData from Crist et al.53,54 

Brittle-to-ductile transition with increasing M.  The room-temperature failure mode of 

each LPE specimen was categorized as either brittle, ductile, or transition,34 as represented by the 

stress-strain curves for three LPEs in Figure 2.  Brittle failure is characterized by sample fracture 

prior to reaching a yield point (b < 20%), while ductile samples develop a stable neck across the 

entire specimen and draw, achieving b > 200%.  Samples in the transition region14 are 

characterized by the formation of an unstable neck followed by tearing, with an apparent specimen 

b = 20 – 200% measured by the Instron crosshead displacement.  Post-failure photographs of 

representative LPE specimens are provided in the Supporting Information (Figure S3), along with 
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all stress-strain curves (Figures S4-S17).  The same ranges of b were applied to categorize the 

failure mode of the hPBs.  

 

Figure 2. Representative stress-strain curves illustrating the brittle (LPE31K, SC), transition 

(LPE54K, SC), and ductile (LPE78K, SC) failure modes. 

Table 1 lists the breaking strains (b) for the various specimens, along with the yield stress 

(y) for the specimens in the transition and ductile regimes.  For each chemistry (LPE vs hPB) and 

thermal history (SC vs Q, for LPE), there is a narrow range of Mn over which the transition between 

brittle and ductile failure occurs; these transitions are centered near MBDT = 60 kg/mol (LPE, SC), 

30 kg/mol (LPE, Q), and 45 kg/mol (hPB, Q).  The binary LPE blends exhibit the BDT at very 

similar values of Mn to the individual LPEs, suggesting that the breadth of the molecular weight 

distribution does not play a strong role (at fixed Mn), at least for the modest breadths examined 

here.  LPE27K is brittle for either thermal history; blending LPE78K into LPE27K can thus impart 

ductility, although a much larger content of LPE78K is required to achieve ductility in SC blends 

(>80 wt% LPE78K) than in Q blends (20 wt%).  The larger value of MBDT for SC vs Q specimens 

of LPE (or equivalently, the higher weight fraction of LPE78K in the SC vs Q blends at the BDT) 
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is qualitatively consistent with the Huang-Brown idea, as SC specimens will have larger values of 

d.  However, the significantly larger value of MBDT for hPB vs LPE (Q specimens) is unanticipated, 

as the hPBs are expected to have significantly smaller values54 of d, but very similar values56 of 

melt R0 at given M.  This motivated a deeper study of the morphology of these specimens, for a 

quantitative comparison of the failure mode with respect to calculated tie molecule content across 

the series. 

Solid-state morphology.  The volume fraction crystallinities c for the LPEs and blends 

(both thermal histories), and the two hPBs synthesized in-house, were determined from the DSC 

melting enthalpy.  Crist et al.54 reported densities rather than melting enthalpies for their hPBs; an 

adjustment was made to values of the fractional crystallinity derived from density to place them 

on the same footing as c derived from DSC (see Supporting Information).  The intercrystalline 

spacing d was measured by SAXS (SAXS patterns for all materials are presented in the Supporting 

Information, Figures S18-S22), and the crystalline and amorphous layer thicknesses were 

calculated according to the simple two-phase model as Lc = cd and La = (1-c)d (values of d, La, 

and Lc are listed in the Supporting Information, Tables S1-S3).   

For hPB, d is largely set by the ethyl branch content; Mn and thermal history have little 

influence54 on d.  On the other hand, both Mn and thermal history have a substantial effect on d for 

LPE, as shown in Figure 3a; d increases monotonically with Mn for both thermal histories (Q and 

SC), at a similar rate, with a difference between Q and SC specimens of approximately 9 nm. This 

is consistent with the observations made by Robelin-Souffaché and Rault57,58 on narrow-

distribution LPE fractions, where 𝑑 was found to scale roughly with √𝑀𝑛 (see Figure S23 for a 

plot of d vs √𝑀𝑛). Figure 3c shows that c drops with increasing Mn, also as observed  
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Figure 3. Plots of (a) long spacing d, (b) crystal thickness Lc, (c) volume fraction crystallinity (c), 

and (d) amorphous layer thickness La of the individual LPEs and bimodal LPE blends crystallized 

from the 160 °C melt by either quenching (Q) or slow cooling (SC).  Dashed lines are guides to 

the eye. 

 

previously,34,57 reaching values of 0.67 and 0.47 for SC and Q samples of LPE135K, respectively. 

Figures 3b and 3d together show that, for both thermal histories, the increase in d with Mn primarily 

reflects dilation of the amorphous layer; for each thermal history, Lc remains within a band of 

10% over the range of Mn examined, while La increases by 130% for the Q series, and 240% for 
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the SC series, as Mn is increased from 27 to 135 kg/mol.  At a fixed Mn, SC samples have 

substantially larger Lc values (by 10 nm on average) compared to Q samples, while La values for 

SC samples are slightly smaller than for Q samples (by approximately 2 nm). The difference in Lc 

between Q and SC samples, and the relative constancy of Lc for a given crystallization history, are 

as expected from theory, where the degree of undercooling sets the crystal thickness.59,60  Figure 

3 shows that all the solid-state quantities (d and c, and therefore Lc and La) are quite similar 

between the individual narrow-distribution LPEs and the bimodal blends, at the same Mn; hence d 

and c are primarily affected by thermal history and Mn and not significantly by Ð, at least at the 

modest dispersities characteristic of these blends (<1.5).  

TM fraction calculation.  The HB model is employed to calculate the probability P that a polymer 

chain’s end-to-end distance (𝑟) in the melt is greater than the critical distance (𝐿𝑐𝑟𝑖𝑡) which a chain 

must span to form a tie between two crystalline lamellae.8,9 For a monodisperse polymer, the HB 

model is given by Equations (1) – (3): 

𝑃 =
1

3

∫ 𝑟2 exp(−𝑏2𝑟2)𝑑𝑟
∞

𝐿𝑐𝑟𝑖𝑡

∫ 𝑟2 exp(−𝑏2𝑟2)𝑑𝑟
∞

0

 Equation (1) 

𝑏2 =
3

2𝑅0
2 Equation (2) 

𝑅0
2  = 𝐾𝑀 Equation (3) 

where P is the fraction of polymer chains which form ties and K is a constant reflecting the chain 

stiffness. For LPE,19,56 K = 1.25 Å2-mol/g (1.21 Å2-mol/g for hPB56), which translates to a 

characteristic ratio C = 7.4, slightly larger than the value of 6.8 used originally by Huang and 

Brown.8,9  The prefactor 1/3 accounts for the fact that the lateral dimensions of the lamellae are 
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typically orders of magnitude greater than the interlamellar distance.8,9 For polydisperse polymers, 

Equation (1) is integrated over the molecular weight distribution, yielding: 

𝑃𝑎𝑣𝑔 =
∫ 𝑛𝑃(𝑀)𝑑𝑀

∞

0

∫ 𝑛𝑑𝑀
∞

0

 Equation (4) 

where Pavg is the (number) fraction of chains which form TMs, P(M) is P calculated from Equation 

(1) at each value of M across the molecular weight distribution, and n is the mole fraction of chains 

having molecular weight M.  To apply Equation (1), a value of the critical distance Lcrit must be 

selected; here, following the later work of Huang and Brown,9 we chose Lcrit = 2Lc + La.  While 

other choices for Lcrit have been proposed (e.g., Lcrit = 2Lc + 2La = 2d in reference 8, or Lcrit = √6d 

in reference 61)—and the choice of Lcrit (like the prefactor of 1/3) certainly affects the absolute 

magnitude of Pavg—it does not substantially influence any of the comparisons made in this work.  

(See the Supporting Information, Figure S24, for results with Lcrit = 2Lc + 2La, and Figure S25, 

where the correlating parameter is simply R0/d, rather than P.)  Similarly, bridging 

entanglements—formed by interlocking loops emanating from adjacent crystallites—are also 

effective stress transmitters and should favor ductility.16  While such interlocking loops are 

undoubtedly present,16,62 their content must scale comparably to that of tie chains (increasing with 

M, decreasing with d), and thus the straightforward HB calculation of TMs should be sufficient to 

rank and compare the content of stress transmitters across the series of PEs we examine here. 

For each individual LPE and the two hPBs synthesized in-house, Pavg was calculated 

according to Equation (4), using the experimentally-measured molecular weight distributions 

(Figures S1 and S2); this value of Pavg is denoted as P2Lc+La henceforth, to indicate the specific 

choice of Lcrit.   Values of 2Lc + La are given for each polymer and thermal history in Table 1, along 
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with calculated values of log10(P2Lc+La).  For the bimodal LPE blends, P2Lc+La was calculated 

following Equation (5): 

(𝑃2𝐿𝑐+𝐿𝑎)𝑏𝑙𝑒𝑛𝑑 = 𝑛1(𝑃2𝐿𝑐+𝐿𝑎)1 + 𝑛2(𝑃2𝐿𝑐+𝐿𝑎)2 Equation (5) 

where n1 and n2 are the mole fractions of LPE27K and LPE78K, respectively, and the values of 

(P2Lc+La)i are calculated using the value of 2Lc + La appropriate to the blend.  For the hPBs studied 

by Crist et al.,53,54 values of P2Lc+La were calculated by Equation (1), considering the polymer to be 

monodisperse at its Mn value.  Since P2Lc+La is a number-fraction quantity, the modest distribution 

of chain lengths present in these anionically-synthesized polymers has a negligible influence on 

the calculated value of P2Lc+La at a given Mn. 

Figure 4 shows the variation in 2Lc + La and in P2Lc+La with Mn, for the LPEs and bimodal 

blends with both thermal histories.  2Lc + La is approximately 19 nm smaller in Q vs SC samples, 

leading to a dramatic increase in P2Lc+La, which is 5 higher in Q vs SC specimens at the highest 

Mn, with the factor increasing as Mn is reduced.  While 2Lc + La increases slowly with Mn within 

each series (Q and SC), this has a relatively minor effect on the calculated values of P2Lc+La.  For 

the hPBs, 2Lc + La is essentially invariant with Mn (Table 1). 
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Figure 4. Plots of (a) 2Lc + La and (b) P2Lc+La of individual LPEs and bimodal LPE blends with 

different thermal histories (Q and SC) vs Mn.  Note the much higher value of P2Lc+La for Q 

specimens, due to the lower d achieved by quenching.  Dashed lines are guides to the eye. 

The breaking strain (b) values of all materials are plotted against log10(P2Lc+La) in Figure 

5.  Notably, for a given thermal history (Q vs SC), the blend and individual LPE data superimpose 

well.  Also notable is that the hPB data collected in this work agree well with those from Crist et 

al.53,54   But contrary to expectations, the data do not even approximately collapse onto a single 

curve of b vs P.  Rather, they divide into three clear groups:  LPE(SC), LPE(Q), and hPB, each 

with a very different threshold tie molecule content at the BDT.  Numerically, the differences in 

this threshold value (PBDT) amongst the three series are strikingly large (note the logarithmic 

abscissa in Figure 5): a factor of 3 between LPE(SC) and LPE(Q), and a further factor of 15 

between LPE(Q) and hPB(Q). 
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Figure 5. Breaking strain (b) vs log10(P2Lc+La) of individual LPEs and bimodal LPE blends with 

different thermal histories, and quenched hPBs, showing three different sharp brittle-to-ductile 

transitions. Dashed lines are guides to the eye.  Note logarithmic ordinate scale for b. 

Figure 5 shows that while—as expected9—the ethyl branches in hPB do indeed greatly 

increase the TM content, hPB also requires substantially higher TM content to exceed the BDT 

and achieve ductility. As shown in Table 1, LPE37K(Q) is ductile (b =  960%), while hPB42K, 

with a comparable Mn, is calculated to have an 11-fold higher TM content (P2Lc+La = 0.19, where 

the maximum value of P allowed by Equation (1) is 1/3), but falls in the transition regime (b = 

84%). In other words, the increase in P which is achieved by incorporating short branches (thereby 

reducing d) is more than compensated for by the increase in PBDT for hPB vs LPE crystallized 

under the same thermal history.  Thus, Figure 5 unequivocally demonstrates that there is no 

universal threshold TM content dictating the BDT, but that in PE, PBDT depends on thermal history 

and branch content. 

The most obvious difference between the three classes of specimens in Figure 5 is their 

crystallinity.  Figure 6 plots PBDT vs c for all specimens which fall in the “transition” regime 
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between brittle and ductile (20 < b < 200%), showing that PBDT decreases exponentially with 

increasing c. In these materials, c and Lc are strongly correlated (see Table 1), so a comparable 

dependence is obtained when PBDT is plotted against Lc (see Figure S26). 

 

Figure 6. TM fraction at the BDT (log10(P2Lc+La)BDT) vs volume fraction crystallinity (c). Points 

correspond to the specimens that fail in “transition” mode, with 20 < b < 200%, also indicated 

with footnote “a” in Table 1. Dashed line is a guide to the eye.  

 

Stresses for yield vs brittle fracture.  For PE to be ductile, stress transmitters (TMs and 

interlocking loops) must be able to transfer stress between crystal lamellae without significant 

pullout or chain rupture, such that yielding and fragmentation (either by crystallographic slip63 or 

partial melting64) can initiate and propagate throughout the specimen. Thus, the BDT results from 

a competition between the brittle fracture stress (b) and the yield stress (y),
65-68 which represent 

the polymer’s strength to resist rupture vs shear yielding of its crystals, respectively.  If b < y, a 

polymer fractures in brittle fashion before it can yield.65,68 Thus, ductility is favored by raising b 
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or lowering y—although to obtain a material which is both strong and ductile, the former is much 

preferred.   

Over the broad range of c and Lc explored here, y is expected34,69 to show some 

dependence on both quantities—and as noted above, c and Lc are strongly correlated in these 

materials.  Figure 7 shows the room-temperature y for all materials in this study (values in Table 

1) plotted against c, demonstrating an excellent correlation.  A comparable overall correlation is  

 

Figure 7. Yield stress (y) vs volume fraction crystallinity (c) for LPEs, LPE blends, and hPBs.  

 

obtained for y vs Lc (Supporting Information, Figure S27); the overall trend is that y increases 

strongly with either c or Lc.  However, within either the LPE(SC) or LPE(Q) series, a steady 

decrease of y with increasing Mn is observed (see Table 1), and as noted above, c decreases 

substantially with Mn (Figure 3c) while Lc increases slightly (Figure 3b).  Thus, a somewhat better 

correlation is obtained between y and c than between y and Lc.  In the following discussion, we 
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will refer to y as being principally controlled by c, while recognizing that Lc can also be an 

important quantity.  

There is no direct influence of M on y, since yielding involves processes at the length 

scale of the crystal stems, smaller than the whole-chain scale.  The influence of M on y is only 

indirect, through the effect of M on c (Table 1 and Figure 3c), while c is much more strongly 

modulated in LPE via thermal history (Q vs SC), or by the incorporation of branches/comonomer 

(as in hPB).  Consequently, TM content has no influence on the value of y (although as noted 

above, for y to be measurable, the TM content must be sufficiently high that b > y). 

 On the other hand, a strong influence of TM content on the brittle fracture stress b is 

expected.  Indeed, measurement of b at cryogenic temperatures, where the strengths of the crystal 

and amorphous phases are comparable, has been proposed as a method for measuring the content 

of TMs,14 taking advantage of the fact that the ideal fracture strength of a solid is proportional to 

its modulus.  Lu et al.70 found that, for a range of PEs, quenching produced a higher cryogenic b 

than slow-cooling, demonstrating that higher TM content in quenched specimens leads to higher 

b.  However, the situation at room temperature is rather different; since the modulus of the 

crystalline phase far exceeds that of the amorphous phase, b is not solely a function of TM 

content, but depends on crystallinity as well.  As an example, low-M waxes (paraffins) – which do 

not have any TMs, and thus always exhibit brittle failure – do have a nonzero strength, contributed 

by the crystallite framework (i.e., by c).  Measurements of the shear strength of paraffin waxes71 

show a clear correlation with the n-alkane (vs branched alkane) content, i.e., with c.  Adding TMs 

to the crystallite framework will further increase b.   However, the amount contributed by each 

TM to b may depend on how “well-anchored” the TM is in the crystal.  PE has a much-studied  
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transition,72 corresponding to a twist-shift motion of chain segments through the crystal;73 the 

modulus of the amorphous phase can drop by an order of magnitude on passing through this 

transition.54,72 The peak  transition temperature, T, decreases as the average crystal thickness Lc 

decreases;74 as T approaches, and eventually drops below, the test temperature, the “anchoring” 

strength of the TM in the crystal is reduced, such that chain relaxation and even pullout become 

possible, effectively decreasing the contribution each TM makes to b. 

This idea is illustrated in Figure 8, which sketches y and b as functions of TM content, 

for three values of c, corresponding conceptually to the three distinct classes of materials in Figure 

5:  LPE(SC), LPE(Q), and hPB (neglecting the modest variation of c with M within each class).  

Since y depends only on c and not on TM content, y is a horizontal line for each class, with 

y(SC) > y(Q) > y(hPB).  For the brittle fracture stress, at zero TM content, b is entirely 

contributed by the crystallite framework (b0), and like y, b0 increases with c.  TMs make an 

additional contribution to b, but with a slope related to the value of T relative to room 

temperature, which is correlated with the average crystal thickness Lc.   For each case, the BDT 

occurs when the solid line (y) and dashed line (b) intersect.  The depiction in Figure 8 is 

necessarily schematic, as neither the functional dependence of b0 on c, nor the slopes of the 

dashed lines (corresponding to the TM contributions) are known.  However, this schematic 

provides a qualitative framework for understanding the variation in PBDT, and the BDT itself, as 

resulting from the subtle interplay between b (a function of c, TM content, and the strengths of 

the TMs as reflected in the slopes of the dashed lines in Figure 8) and y (a function of c only), 

and rationalizes the counterintuitive result that the BDT does not occur at a fixed value of PBDT.   
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Figure 8. Schematic variation of b (dashed lines) and y (solid lines) with TM content, for 

polymers of high (blue), medium (red), and low (green) c, qualitatively corresponding to 

LPE(SC), LPE(Q), and hPB, respectively. The dotted vertical lines correspond to the TM contents 

at the BDT (PBDT), i.e., where b = y for each of the three cases. 

 

CONCLUSIONS 

For a fixed thermal treatment or branch content, increasing M favors ductility in PE; in 

low-dispersity polymers, the BDT occurs over a relatively narrow range in Mn.  However, the BDT 

does not occur at a universal TM fraction (P) across the series of thermal treatments and branch 

contents; rather, PBDT increases strongly as c decreases, by 50 between the LPE(SC) and hPB 

materials.  This is most evident in comparing quenched samples of hPB and LPE; although d is 

2 lower for hPB vs LPE, MBDT is 1.5 higher.  Thus, some molecular alterations made with 

the aim of increasing ductility (e.g., adding ethyl branches to reduce d at fixed M) actually favor 

brittle fracture instead.  This behavior results from the fact that the BDT reflects the competition 

between brittle fracture (at a stress b) and crystal yielding (at a stress y); TMs raise b but do not 



26 

 

influence y, which is governed by crystallinity.  In other words, MBDT reflects not only the TM 

content, but also the crystallinity (both through y, and through the contribution b0 made by the 

crystallite framework to b).  For the particular case of PE, the magnitude of the TM contribution 

to b may depend significantly on the average crystal thickness, through the temperature of the PE 

 transition relative to the test temperature; the relative values of these two temperatures 

substantially influence the strength of the amorphous layer in PE.  Future work will investigate 

whether this dependence is reduced or eliminated in polymers which do not show significant 

motion of the crystalline stems at room temperature, even in thin crystals. 
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