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A central goal of condensed-matter physicsis to understand how the diverse
electronic and optical properties of crystalline materials emerge from the wavelike
motion of electrons through periodically arranged atoms. However, more than

90 years after Bloch derived the functional forms of electronic waves in crystals!

(now known as Bloch wavefunctions), rapid scattering processes have so far prevented
their direct experimental reconstruction. In high-order sideband generation®”,
electrons and holes generated in semiconductors by anear-infrared laser are
accelerated to a high kinetic energy by astrong terahertz field, and recollide to emit
near-infrared sidebands before they are scattered. Here we reconstruct the Bloch
wavefunctions of two types of hole in gallium arsenide at wavelengths much longer
than the spacing between atoms by experimentally measuring sideband polarizations
and introducing an elegant theory that ties those polarizations to quantum
interference between different recollision pathways. These Bloch wavefunctions are
compactly visualized on the surface of a sphere. High-order sideband generation can,
in principle, be observed from any direct-gap semiconductor or insulator. We thus
expect that the method introduced here can be used to reconstruct low-energy Bloch
wavefunctions in many of these materials, enabling importantinsights into the origin

and engineering of the electronic and optical properties of condensed matter.

Bloch’s theorem tells us how to calculate both the Bloch wavefunctions
and the spectrum of electronic energies (the ‘band structure’)’. A typi-
cal Bloch wave contains spatial oscillations with wavelengths ranging
from atomic to macroscopic length scales. Of special interest is the
low-energy, long-wavelength physics where the excited Bloch waves
canbedescribed by afinite-dimensional effective Hamiltonian (Meth-
ods). Knowledge about both the low-energy Bloch wavefunctions and
band structure are essential to calculating the response of crystalline
solids to most external stimuli. The band structure of many crystalline
materials can be experimentally reconstructed from angle-resolved
photoemissionspectroscopy (ARPES) of electrons emitted from their
surfaces'®. ARPES enables determination of the energies of electronic
waves as functions of their wavelengths and directions of propagation.
However, there are no comparably direct methods to reconstruct Bloch
wavefunctions. Asaresult, estimates of Bloch wavefunctions typically
depend on parameters derived from the fits of complex models'*** to
afew pieces of experimental data—such as the orbital frequency of an
electroninamagnetic field (cyclotron resonance)**—that are sensitive
only to averages over arange of electronic wave propagation directions
and wavelengths. A key obstacle to directly probing Bloch wavefunc-
tions in solids has been that, unlike molecules, where reconstructed
electron wavefunctions have been reported® 7, electronic waves in
solids are typically distorted in a few picoseconds by scattering.
Recently, strong laser fields have been used to significantly acceler-
ate electronic waves in solids before they are scattered. For example,

high-harmonic generation has been demonstratedinsolids'®*and led
toanalternative method to probe band structures®*, However, com-
plicated interference between quantum pathways of electronic waves
across multiple bands in high-harmonic-generation experiments®
hinders the reconstruction of Bloch wavefunctions.

High-order sideband generation

Here we present a direct experimental reconstruction of Bloch wave-
functions of holes in bulk gallium arsenide (GaAs) using high-order
sideband generation (HSG)**. In HSG, a relatively weak near-infrared
(NIR) laser with frequency fz and a strong laser with terahertz (THz)
frequency fr,,, simultaneously interact with asemiconductor, resulting
in the emission of sideband photons with frequencies fs; = fur + 1111,
where nis an integer. If the band structure is symmetric under inver-
sion, as in the (001) plane of GaAs studied here, n must be even. HSG
experiments have been conducted with both extremely narrow-band
quasi-continuous-wave fields with f7,,, <1 THz, which have enabled the
resolution of sidebands with n > 60 (ref.”), and broader-band pulsed
fields with fr,,, > 10 THz, which have enabled time resolution of the
recollision process even in materials with dephasing times of less than
10 fs (ref. ). A quasi-continuous-wave HSG spectrum from bulk GaAs
at 60 Kis shown in Fig. 1a. In the experiment, a100-mW NIR laser, and
2.01+0.13m),40 ns, 0.447 + 0.001 THz pulses generated by the Univer-
sity of California, Santa Barbara (UCSB) millimetre-wave free-electron
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laser* were linearly polarized and collinearly focused ona 500-nm GaAs
epilayer (Fig.1a, inset). The THz electric field strengthin the epilayer was
70 +2kV cm™ (Methods). In GaAs, HSG can be described by the following
three-step process (Fig.1b, Methods). First, electrons (E) and two species
of hole—light holes (LH) and heavy holes (HH)—are created by the NIR
laser.Second, the E-LH and E-HH pairs are driven apart and then back
towards each other along the direction defined by the THz field (Fig. 1b).
Crucially, during this acceleration phase, the Bloch waves associated
with the E-LH and E-HH pairs interfere with each other. Third, they
recollide with significant kinetic energy and emit sideband photons.

Information about the Bloch wavefunctions sampled by electrons
and holes on their journeys through the Brillouin zone is imprinted
on the polarization state of each sideband, which we measured by
Stokes polarimetry (Methods). As light from a particular sideband
can be associated with a quasi-momentum that is controlled by the
THz field, its polarization will be different from the incoherent light
emitted at the same energy in the absence of a strong THz field (pho-
toluminescence), whichis asuperposition of emission from electron-
hole pairs with all quasi-momenta satisfying energy conservation.
The linear orientation angle, a, and the ellipticity angle, y, for each
sideband are shownin Fig. 1c for four different NIR polarizations. The
polarizations of sidebands depend on the sideband index n and the
NIR polarization in a manifestation of dynamical birefringence®.
Although sideband intensities have a highly nonlinear dependence
onTHz power, they are proportional to the NIR power if it is sufficiently
small’. All data reported here were taken in this regime of linear NIR
response. In this linear regime, the sideband polarization can be
mapped onto the polarization state of the NIR laser by a dynamical
Jones matrix T (ref. ©), defined in a basis of circularly polarized fields
o* (with helicity +1) as

E+,n _ T++,n T+—,n E+,NIR

E—,n T—+,n T——,n E—,NIR ’
whereE, ,and £, s denote the 0* components of the electric field associ-
ated with the nthsideband and NIR laser, respectively,and T.. ,denote
the dynamicalJones matrix elements associated with the nth sideband.

T-matrix elements were determined by measuring the sideband polari-
zations for four different linear NIR laser polarizations.

Dynamical Jones matrices

Tounderstand the physics underlying each T-matrix element, itis nec-
essary to consider the spins of electrons and holes. The four recollision
pathways from the excitations generated by the oy ;g component of the
NIR laser are shown in Fig. 2. The electrons have spin 1/2, whereas the
HHs and LHs have total spin 3/2. Driven by the THz field from time t'to
t,an electron-hole pair acquires a dynamic phase

t
AHH(LH) (t,, t) = _It’ dt”(EC[k(t”)] - EHH(LH)[k(t”)])/h,

where E. and £, are the energies associated with the E and HH (LH)
bands, respectively, shown schematically in Fig. 1b, k is the quasi-
momentum and £ is the reduced Planck’s constant (Methods, Supple-
mentary Discussion). The spin+1/2 of the electron does not change dur-
ing acceleration. As the Bloch wavefunctions in both the HH and the LH
bands are superpositions of states with spin +1/2 and spin +3/2, the o g
component cangenerate sidebands with either oj;50r oy While satisfy-
ing angular-momentum conservation, giving rise to dynamical Jones
matrixelements 7__,and T._,, respectively. Similar recollision pathways
follow from the excitations generated by the oy,g component, giving rise
toT.,,andT.,,(Supplementary Discussion, Extended DataFig. 4).

The properties of dynamical Jones matrices canbe derived fromthe
Luttinger Hamiltonian®, which describes the physics of the HH and
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LH states at the relatively small energies and quasi-momenta probed
in this experiment. We tune the NIR laser just below the bandgap and
direct the THzfield to propagate along the zaxis to ensure the electrons
and holes have no zcomponent of quasi-momentumKk. In this case the
Luttinger Hamiltonian takes a block diagonal form

. h2k?
Hyk)=- 2—[)/11'0 - 2}’2“1"‘]

mo
__RME(NtY, =3 (y,5in(26) £iy;cos(26)) ®
2mo | -3 (y,sin(26) F iy;cos(20)) ¥,-v,

where 7, is theidentity matrix, Tis the vector of Pauli matrices, is the
angle between the THz field and the [110] crystal direction (Fig. 3d,
inset), y,, y,and y,are the scalar Luttinger parameters, m, isthe electron
restmass,andn, is

_ [ﬁ 3y
n,=

75]“(29), ¥ 2

] cos(26), - ;] 2)

The Bloch wavefunctions are found by diagonalizing equation (1)
andonly dependonthen, - Ttermbecause the first termis proportional
to the identity. As n, depends only on the crystal angle 8 and y,/y,, an
experimental measurement of y,/y, allows the reconstruction of the
Bloch wavefunctions. Even for k, # 0, although the Luttinger Hamilto-
nianis not block diagonal, knowing y,/y, is still sufficient to reconstruct
the Bloch wavefunctions.

Reconstruction of Bloch wavefunctions

We use ratios of T-matrix elements to check the validity of the theory
and measure y,/y,. As the diagonal elements of equation (1) are real,
whensideband and NIR laser polarizations are the same, for each path-
way producing a gj;sgphoton there is an equivalent pathway producing
aoysgphoton (Fig. 2, Supplementary Discussion, Extended DataFig. 4)
through statesrelated by time-reversal symmetry. Therefore, the ratio
of diagonal dynamical Jones matrix elements for all sideband indices
and crystal anglesis

To. n(6)
T_.0)

=£(6)=1 (3)

Asthe off-diagonal elements of equation (1) are complex, whenside-
band and NIR laser polarizations are different, for each pathway pro-
ducing ag{;sc photon there is an equivalent pathway producing a oygg
photon with a complex-conjugated phase factor (Supplementary
Discussion). Therefore, the ratio of off-diagonal dynamical Jones matrix
elements for all sideband indicesis

B ¥,8in(26) - iy,cos(26)
" 1,sin(26) +iy,cos(26)

T, 6)
() =x,(6) 4)

The magnitude of x,(6) in equation (4) is1for allangles, but the argu-
ment depends on y,/y,and 6.

The experimentally measured values x,(0) and €,(6) at various O are
compared with the predictions of equations (3) and (4) in Fig. 3 and
Extended Data Fig. 5 using values for y; and y, recommended inref. 2,
Within experimental error, X, (B)]and|¢ (6)lare1, as predicted by equa-
tions (3) and (4) (Fig. 3a, Extended Data Fig. 5b, c). The arguments of
X.(0) for eight different 8 are independent of n (Fig. 3b), lying within
22° of the constant values predicted by equation 4 (dashed lines) for
all @ except —45°. The values of x(6) = {x,(0)>and £(0) = (¢ (0)), where
averages areover n, are plotted ateach 8in Fig. 3¢, d. The magnitudes
[x(6)]and|£(0)|are independent of 6, with a value of 1, as predicted by
equations (3) and (4) (Fig. 3c). The argument of x(0) is plotted with
respect to @ in Fig. 3d, and is close to the prediction provided by
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Fig.1|High-ordersideband generationinbulk GaAs.a, An HSG spectrum
(blue). Thered dash-dot line indicates the NIR laser photon energy. Sidebands
(peaks) are spaced by twice the THz frequency. Inset: experimental set-up
schematic.b, Three-step model of HSGin GaAs. E-HH and E-LH recollision
trajectoriesare denotedinred andblue, respectively, and are classical
representations of interfering quantum pathways. The y axis (into page)
corresponds to time. Bottom plane: real-space trajectories of E-HH and E-LH
pairs. Three-dimensional mesh plot: k-space trajectories of the same pairs.
The z axis corresponds to energy and the x axis corresponds to dimensionless
quasi-momentum ka, where ais the lattice constant. Step 1: creation of E-HH
and E-LH pairs by NIR laser (up arrows of equal length). Step 2: acceleration by
the THzfield. Electrons and holesbegin at k = 0, and recollide with substantial
kineticenergy at |ka| > 0.1. Step 3: recombination of E-HH and E-LH pairs and

equation (4). Averaging the argument of x(0) over experimentally
sampled @ gives y,/y,=1.47 + 0.48, within experimental error of the
value1.42 recommended inref., We attribute the deviations in meas-
ured x,(0) and &,(0) from theoretical predictions, as well as much of
the experimental error in the determination of y,/y,, to small

1
32

emission of sideband (down arrows of equallength). Top line:linearly polarized
NIR laser photons (black double arrow) lead to emission of E-HH and E-LH
sideband components (red and blue double arrows) with rotated linear
polarizations and different phases, which combine to emitanelliptically
polarized sideband. Classical calculations of trajectories (Methods) are for the
24thordersideband. ¢, Sideband linear orientation angle a and ellipticity angle
yasfunctions of sideband index for NIR laser linear orientation ay;, = 0° (cyan),
ayr=90° (red), ayr =45° (orange) and ay, = —45° (green) defined inupper
inset. NIR laser polarization (pol.) angles are plotted as sidebands with n=0.
Thelowerinset definesaand ywithrespecttothelinearly polarized THz field.
Themeasured polarization ateachsideband index is displayed directly below
the corresponding peakinthe HSG spectrumina. The error bars denote the
standard deviation.

inhomogeneous strain in the GaAs membrane (Methods, Extended
DataFig. 2).

Fromy,/y,, wereconstruct the Bloch wavefunctions of the Luttinger
Hamiltonianin GaAs. For two coupled bands, the Bloch wavefunctions
can be represented as spinors on a Bloch sphere®. In the k,= 0 plane,
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Fig.2|Quantuminterferenceleadingto sideband polarization. A photon
fromthe NIR laser is decomposed into components gy, with helicity +1.
a,Aoyrphotonexciteseither aspin-up electronand hole of spin-3/2 ora
spin-down electron and hole of spin-1/2. b, Driven by the THz field, an
electron-hole pair accumulates dynamic phase A,,,or A,,, depending on the
band of the hole state (HH or LH). Theelectronspinis unchanged, whereas the
holestates originating from the spin -3/2 state are superpositions of spin -3/2
and +1/2 states and the states originating from the spin -1/2 state are
superpositions of spin -1/2 and +3/2 states. ¢, Upon recollision, either o{;s; 0r
oyscphotons are produced following angular momentum conservation—for
example, aspin+3/2hole recombining with aspin-down (-1/2) electron
produces aaj;scphoton with helicity +3/2 -1/2 = +1. The interference of the
evolution pathways from oz to 0} (011s6) produces the dynamical Jones
matrix element 7,_ (7). Photons with o,z resultin similar pathways to produce
toT_,and T, (Supplementary Discussion, Extended DataFig. 4).

eachblock of the Luttinger Hamiltonian is a two-by-two matrix, whose
eigenfunctions—the Bloch wavefunctions—depend on 6 but not on
| k |=k.Thus, inthe k,= 0 plane, for any 0, a single point on the Bloch

sphererepresents the Bloch wavefunctions for arbitrary k. The closed
black curves in the northern and southern hemispheres of the Bloch
sphereinFig. 4 represent the most likely Bloch wavefunctions consist-
ent with our measured y,/y, for the LHand HH, respectively. The north
and south poles represent the states with spin -3/2 and +1/2, respec-
tively. The Bloch wavefunctions for the degenerate partners of those
represented in Fig. 4 are related by time-reversal symmetry.

Discussion

The complete electronic structure of a crystalline solid should include
both its band structure and Bloch wavefunctions. We have recon-
structed low-energy Bloch wavefunctions of holes in GaAs from pola-
rimetry of high-order sideband spectra. GaAs is one of the most widely
studied semiconductors, and the consistency of our results with the
vastbody of complementary previous work validates the novel method
presented here. HSG can, in principle, be observed from any direct-gap
semiconductor or insulator, and has been observed in semiconduc-
tor quantum wells**7 and both monolayer and bulk semiconducting
transition metal dichalchogenides®®’. Thus, we expect polarimetry
of high-order sidebands can be measured from a large class of bulk
and nanostructured materials. As a probe of electronic structure, the
sensitivity of HSG to the bulk of electrically insulating materials has
the potential to complement ARPES, which works best on surfaces.
Holes in GaAs are an interesting special case because the Luttinger
Hamiltonian is one of the simplest non-trivial, low-energy effective
Hamiltoniansin solids. However, HSG spectra contain a wealth of infor-
mation about the portions of the Brillouin zone explored during the
acceleration phase, and straightforward extensions of the work pre-
sented here will enable reconstruction of Bloch wavefunctions froma
widerange of low-energy Hamiltonians. Each peakina HSG spectrum
canbe thought of as the output of an interferometer for Bloch waves.
During acceleration by the THz field, Bloch wavepackets generally
accumulate two types of phase: dynamic phases Ay, which have
been extensively discussed here, and geometric phases (also called
Berry phases)®. Dynamic phases depend on only the time-dependent
energy eigenvalues of electrons and holes during acceleration. Geo-
metric phases accumulate if the Bloch wavefunctions of electrons or
holes change along their trajectories. The Luttinger model predicts
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Fig.3|Ratios of Jonesmatrix elements, §,(0) = T.. ,(0)/T__,(0)andx,0) = T._,
(0)/T_, ,(6), measured by Stokes polarimetry. a, The magnitude of x,,(6) and §,(6)
at6=39°.The dash-dotline marks the magnitude of 1 predicted by equation (3).
Forother 6, see Extended DataFig. 5.b, The argument of x,,(8) as afunction of
sidebandindex n, at various 6. The dash-dot lines mark the expected values (noted
ontheright) fromequation (4), using values of y, and y;recommended in ref. 2,
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¢, Themagnitudesof x(0) = (Xn(e))and £(0) =<§,(0))averaged over sideband
indexn.The dash-dotlineindicates the magnitude of 1 predicted by equations
(3)and (4).d, The argument of y(6) at each experimentally probed 6. The solid blue
lineisthe expected argument from equation (4) using the values of y,and y,
recommendedinref. . Inset: the definition of 6, using the GaAs crystal lattice and
the THzelectricfield. Error bars denote one standard deviation.
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Fig.4|Reconstruction of the Bloch wavefunctionsfork, = 0.The Bloch
wavefunctions of HH and LH bands associated with H, inequation (1) are
plotted asblacklines. The orange shaded area corresponds to the uncertainty
inthe wavefunction associated with one standard deviationinthe
measurement of y,/y;. Foragiven 6, each wavefunctionis represented by a
pointontheBloch sphere. The arrows within the Bloch sphere point from the
origintothe LHand HH Bloch wavefunctions for the values of 6 defined by their
Millerindices in theinset below. The poles correspond to the spin-3/2 and spin
+1/2 states. The wavefunctions for H_are paths reflected across the x-zplane
onaBlochspherewith poles representing the spin +3/2 and spin -1/2 states.

that, along special trajectories that are straight lines through the I’ point
oriented along the constant angle 6 defined by the linearly polarized
THzelectricfield, electron-hole pairs acquire dynamic phases A,
butnoBerry phases (Supplementary Discussion, Extended DataFig. 7).
Experimental conditions (linearly polarized THz electric field and NIR
excitation with k = 0) were chosen to excite only such trajectories to
simplify analysis. However, in Hamiltonians with lower symmetry,
even for these simple experimental conditions, Berry phases will, in
general, accumulate during acceleration. For example, the addition of
asmall biaxial strain to GaAs lowers the symmetry, splits degeneracy
between HH and LH bands at the I' point, and makes it inevitable that
both dynamicand non-Abelian Berry phases contribute to the intensity
and polarization of sidebands (Supplementary Discussion, Extended
DataFig. 8). We are currently investigating the hypothesis that the
imperfect agreement between experiment and theory in Fig. 3 is due
to small strains in this sample.

We expect Bloch wavefunctions of nearly degenerate bands can
be reconstructed for a wide range of semiconducting and insulating
materials by minimizing the difference between measured Jones matrix
elements and those predicted by the appropriate effective Hamilto-
nian. We anticipate the following requirements on materials and light
sources to enable Bloch wavefunction reconstruction. The carrier
density should be sufficiently low that it does not interfere with the
recollision process. One must know the space group of the material
andthe spinand orbital angular momenta associated with each of the
optically excited bands at the band edge to construct a low-energy
effective Hamiltonian with the correct symmetry and set of parameters
usingk - ptheory. Thelaser tuned to the bandgap of the material should
be sufficiently weak that sideband intensities arein the linear regime.
The strong THz laser should have sufficiently narrow bandwidth and
low-enough frequency to resolve multiple sidebands in the portion of
the Brillouin zone of interest. The THz electric field should be strong

enough to ionize electron-hole pairs in a fraction of a cycle, and for
accelerationand recollision to occur for a detectable fraction of photo-
excited quasiparticles before scattering disrupts the process, but not so
strong that it creates electron-hole pairs spontaneously. By leveraging
avariety of state-of-the-art narrow-band THz sources”, we believe that
Bloch wavefunction reconstruction from polarimetry of high-order
sidebands can become an important technique for determining the
complete low-energy electronic structure of charged quasiparticles
inboth weakly and strongly correlated materials.
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Methods

Fabrication of GaAs sample

A 500-nm-thick GaAs epilayer was grown via molecular beam epitaxy
and then transferred onto a sapphire substrate through van der Waals
bonding® . The sapphire was transparent to both NIR and THz radia-
tion. The fact that the thermal expansion coefficients of sapphire and
GaAs are closely matched ensures relatively small strains in the GaAs
epilayer uponthermal cycling. To make the strain as small and homoge-
neous as possible, the GaAs epilayer was etched to be circular. A layer of
indiumtin oxide (ITO)—whichreflects THzradiation while transmitting
NIR radiation—was grown on the sapphire surface that was opposite to
the GaAsepilayer to create alow-quality-factor cavity that enhanced the
THzfieldin GaAs at selected THz frequencies. At the 447 GHz frequency
used in this study, the THz field is enhanced by a factor of 1.5 from the
ITOlayer (Extended DataFig.1). Asilicon dioxide (SiO,) anti-reflection
coating was grown on top of the ITO to minimize its NIR reflection and
avoid NIR Fabry-Perot oscillations in the sideband spectra. See Sup-
plementary Methods for a step-by-step fabrication procedure.

The absorbance spectra of the GaAs epilayer were measured in a
cryogenic chamber as a preliminary characterization on strains, as well
as the excitation gap, which motivated our choice of NIR laser wave-
lengths for HSG experiments. Extended Data Fig. 2 shows an absorbance
spectrummeasured at asample temperature of 60 K using awhite light
source, and calculated as A = -10 log(Transmitted power with sample
in cryostat/Transmitted power with cryostat (and sample) removed).
The sharp peaks are assigned to exciton resonances associated with
band-edge states with different angular momenta. These peaks are
separated by 2.6 meV. A recent study has associated a similar split-
ting with a strain of order 0.1% (ref. *?). The absorbance spectra in the
immediate neighbourhood of the illuminated spot chosen for the HSG
experiments in this study showed little variation.

Optical methods

TheNIRIaserwasgenerated fromanMSquared SolTiS titanium:sapphire
laser, witha7-W, 532-nm Sprout laser as the pump. The M Squared cavity
is tunable via piezoelectric response, with a precision of 0.01-A out-
put NIR wavelength, measured in real time by a WS6-600 wavemeter.
The linewidth of the SolTiS is less than 5 MHz, enabling excitation of
electron-hole pairs with very well defined energy and contributing
negligibly to sideband linewidth, which is determined primarily by
pulse-to-pulse fluctuations in the free-electron-laser (FEL) frequency’.
Anacousto-optic modulator was used to direct the NIR laser onto the
sample for1ps ata 0.0001% duty cycle, synchronized with the THz
output pulse from the FEL. After the modulation, only the first-order
beam propagated through therest of the optical elements. The polariza-
tionofthe NIR laser beamincident onto the GaAs epilayer was set with
aquarter-wave plate and a half-wave plate, and measured by a Thorlabs
PAX polarimeter. The NIR beam was focused down to about 500 pm at
the GaAs epilayer using a 500-mm lens.

The THz radiation was generated from the cavity-dumped UCSB
millimetre-wave free-electron laser******, Most of the variance in the
output frequency was due to variance in the terminal voltage of the elec-
trostatic accelerator that drives the FEL”. The THzbeam output froman
optical transport systemwas splitinto two beam paths. Ten per cent of
the THz output power was directed into a fast-response pyroelectric ref-
erence detector, which measured the output power of each FEL pulse.
Theother 90% of the THz output power was directed onto the cryostat
containing the GaAs epilayer. A12.5-cm, gold-coated off-axis parabolic
mirror was used to focus the THz beam into a 1.2-mm-diameter spot.
AnITOslide, which was transmissivein the NIR but reflectivein the THz
range, was used to adjust the THzbeam spot on the GaAs epilayer and
make sure that the NIR and THz fields were collinear. The pulse energy
was measured on each day before the HSG experiments using a Thomas
Keating absolute power/energy meter placed after the beam splitter

but before the parabolic mirror. The pulse energy measured by the
Thomas Keating power meter was used to calibrate the fast pyroelectric
reference detector.

The THz field strength in the GaAs epilayer is estimated to be
70 =2 kV cm™. This high THz field strength resulted in the large num-
ber of sidebandsreported here. However, the dependence of sideband
polarization angles on NIRlaser polarization angles measured at fields
aslowas35kV cm™was similar to the dependence reported in Fig. 1c.In
the calculation of THz field strength, we assume that the gold-coated
off-axis parabolic mirroris100% reflective, the ITO slide is 70% reflec-
tive, the cryostat window is 95% transmissive and the ITO coating on
the sapphire provides a150% field enhancement on the sample.

Thesidebandsgenerated from the GaAs sample werefirst transmitted
through aStokes polarimeter, which includes arotating quarter-wave
plate (RQWP) and a horizontal linear polarizer. The Stokes polarimeter
was calibrated by measuring the NIR laser polarizations with the Thor-
labs PAX polarimeter, whichwasimpractical for Stokes polarimetry of
the sidebands because it is optimized for use with a continuous-wave
laser beam at a single frequency. The intensity of each sideband was
measured either by aphotomultiplier tube or acharge-coupled device
(CCD), each coupled to a dedicated monochromator®. The photomulti-
plier tube measured thelowest-order sidebands, while the CCD imaged
many higher-order sidebands simultaneously. To optimize the efficien-
cies of the diffraction gratings, a half-wave plate was placed after the
Stokes polarimeter to rotate the sideband polarizations.

All measurements were performed at 60 K, which was the base
temperature of the cryostat during this experimental campaign. HSG
polarimetry spectrarecorded at lower temperatures were similar to
thosereported here.

Extraction of y,/y, from Stokes polarimetry

We characterize the polarization of each sideband using the four Stokes
parametersdefinedas S, =1, S; = Ipcos2acos2y, S, = Ipsin2acos2yand
S;=Ipsin2y, where/is the total intensity, p is the degree of polarization,
and the orientation angle a and ellipticity angle y are defined in the
inset of Extended Data Fig. 3b. After a sideband passes through the
RQWP and horizontal linear polarizer, the intensity of the outgoing
light, S,,.(¢), can be expressed as

Sout(®) = % + % - %sin(hp) + %cos(4¢) + %sin(4¢)

where ¢pis the angle between the fast-axis of the RQWP and the horizon-
tal. By measuringS,,. as afunction of ¢, the four Stokes parameters can
be extracted from the Fourier transform 7, =L§n Sou(@)e ™ dgp /21t
So=2Fy—4Re(F), §;=8Re(F), S,=-8Im(F) and S;=4Im(F).
We sampled the intensities of each sideband at 16 different angles ¢.
We define plots of S, as functions of the angle ¢» as ‘polaragrams’ (see
Extended DataFig.3a, cfor examples). For each angle ¢, four CCD scans
were taken to establish the variance of theintensity S,,. From the Stokes
parameters of the nth-order sideband, S; ,, the polarization state of the
sideband can be extracted by calculating the angles a,,and y,, from
relations

52 n
tan2a,) = ——
" Sin
S
tan(2y) = 31

St S5

Examples of extracted polarization states of sidebands are shown in
Extended Data Fig. 3b, d.

Toreconstruct the dynamical Jones matrices, the polarization states
of the sidebands were measured for four different polarization states



ofthe NIR laser. All polarizations of the NIR laser were linear (y, . = 0°)
withorientation angles ay;g = 0°, ayg = 45° ayr = 90°and ay g = — 45°,
respectively. Each dynamicalJones matrix 7 connects the electric fields
ofthe NIR laser and a sideband through

Ex,n _ jxx,n jxy,n Ex,NlR

Ey,n jyx,n Jyy,n Ey,NlR
Ecn| [cosa, —sina,|cOS,| [ cosB, .
E, .| |sina, cosa, | isiny, |~ e'nsing, ©
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Theratio £, ,/E, ,yields the equation
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xx,n
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which is linear with respect to the ratios 7, o/ Jux.n» Ty, o/ Tex,n AN
Tyl Tx,» Measurements for three polarization states of the NIR Iaser
give three suchlinear equations, which uniquely determine the ratios
between the dynamical Jones matrix elements. Fromthe measurements
for the four NIR polarizations, we obtained four linear equations, which
were solved by the method of least squares. The absolute values of the
dynamicalJones matrix elements, which are not concerns of this study,
can be determined through the absolute values of the Stokes param-
eters.

Each dynamical Jones matrix 7 was converted to the 7-matrixina
basis of circular polarizations through unitary transformation 7= U 7U,

where
-ip _alp
y=L[e” e
J2\jee  jelv

Here, @isthe angle between the THz polarization and the [100] crys-
tal direction.

From equation (4), with the measured 7T-matrix, the ratio y,/y, can
be calculated as

1-cosArg(T._ /T,
bz [N

A \[ 1+ cosArg(T._ ,/T_, )

where Arg(T._ ,/T_, ,)istheargumentofT,_ /T, , and fis the angle
between the THz polarization and the [110] crystal direction. From
each angle 6 (sin26, cos20 = 0) and theratio T, _ ,/T_, , for each side-
band, one value of y,/y, was obtained. An average over sideband index
nand angle yields y,/y,=1.47+0.48, where the quoted error is the
standard deviation of y5/y,.

A Monte Carlo simulation was performed to estimate the errors in
the dynamical Jones matrix elements from two sources, which were
added in quadrature: (1) the variance in the sideband intensity meas-
urementsand (2) the deviation 57 of RQWP retardance 7 fromitsideal
value /2. A small deviation &n in the RQWP retardance modifies the
relations between the Fourier transforms 7, and Stokes parameters
as: S, =2F,—4Re(F,)(1-6n)/(1+6n), S;=8Re(F,)/(1+6n), S,=-8Im
(Fp/1+6n) and S;=4Im(F,)/(1- 6n2/2) . The deviation 8n was cali-
brated to be in the range [-1/36, 11/36] . The angles &, and y, of the

nth-order sideband were randomly sampled from normal distributions,
withthe mean and standard deviation set as the measured meanvalues
anderrorsasshowninExtended Data Fig. 6a. Each setof &, and y were
sampled 10,000 times, generating 10,000 values for each of the dynam-
icalJones matrix elements. As an example, Extended Data Fig. 6b shows
the distribution 0f 1,000 sets of a;, and y,, for four polarization states
of the NIR laser. The value and error of each dynamical Jones matrix
element was calculated as the mean and the standard deviation of the
generated distribution, respectively. Note that the dynamical Jones
matrix elements are complex valued, and we set 7, ,=1inthis study.
Extended Data Fig. 6¢ shows the distributions of the dynamical Jones
matrix elements produced from the distributions of &y, and y,, in
Extended DataFig. 6b.

Effective Hamiltonian and low-energy Bloch wavefunctions

In the basis consisting the eigenvectors of the position operator f, a
Bloch wavefunction with band index N and quasi-momentum k has
the form (rlg, )= e™Tuy (1), whereuy (r) =(tluy ) is a periodic
function with the periodicity of the crystal. The eigenvalue problem
of the Bloch wave functions, lepN' W =En, klsz’ W)»can be equivalently
stated as an eigenvalue problem of the state |uy ) in the form
H(K)luy, 1> =Ey, iy, o where H(k) = e * FHe™ ¥ Accordingtothek - p
method®, in cases where the excited Bloch waves arelocated in energy
bandsthatarerelativelyisolated and their quasi-momentaarerestricted
inasmall portion of the Brillouin zone, afinite number of states|uy, )
atquasi-momentumkcan be approximately taken asacomplete basis.
On this finite basis, the Hamiltonian H(k) can be represented as a
finite-dimensional matrix—the effective Hamiltonian, whose eigenfunc-
tions, the low-energy Bloch wavefunctions, are linear combinations
of thestates{|uy, ko)}. Determination of the effective Hamiltonian does
notrely onthe exactrepresentations of the states{luy  )}inreal-space
coordinates but their symmetry properties. The Luttinger Hamiltonian
is an effective Hamiltonian with the basis chosen as four
valence-band-edge states (Supplementary Discussion).

Interference of Bloch waves

We consider the case where the photon energy of the NIR laser lies
justbelow the bandgap and assume that the sideband amplitudes are
dominantly determined by electron-hole pairs created atk = 0. Under
anapproximation of free electrons and holes, the amplitude of the nth
sideband can be written as (Supplementary Discussion)

t
21/w . iAgn(t’,t)
dte‘(m"“’)tj de'DIR [e 0 ]
$ 0

iw
B,= .
" gi 2nvado QAL (D)

—oco

RIDy-E . (¢)

where w and Q are the angular frequencies of the THz field and the NIR
laser, respectively, V is the volume of the material, Eyg(t) = Fyre % is
theelectricfield of the NIR laser under the rotating wave approximation,
the two components of D, = - d(o_, 6,/+/3)" (D_=-d(0,,6_/~3)") are
dipole matrix elements between spin-down (spin-up) electron and hole
states with spin+3/2 (-3/2) and spin-1/2 (+1/2), respectively (d isacon-
stantdipole matrix element), and R, is atwo-by-two unitary matrix that
diagonalizes the hole Hamiltonian [H;(k)]* through RI(f,*T)R, =1,
withfi, =n,/[n,|. The first and second column of R, (R_), respectively,
represent the wavefunction of HH and LH on the basis of hole states
with spin +3/2 (-3/2) and -1/2 (+1/2). The first (second) component of
the quantity RlHDiE(QHH,i, 9D,,,.)  represents the dipole matrix elements
between E and HH (LH) bands. The acceleration process is described
by the dynamicphase A, ) (¢’, 1), which contains the quasi-momentum
k. (t”) = eFy,(sinwt’ - sinwt’’)satisfying theinitial conditionk (") = 0
indicated by the subscriptt’and 70,k ,(t”’) = — eEpy,(t”), withebeing
the elementary charge and E,,(¢) = Fyy,coswt the THz electric field.
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Thethree-step process of HSG can thus be described as interference of
the following recollision pathways: a Bloch wave associated with an
electron-hole pair E-HH (E-LH) is first created by the NIR laser with
amplitude proportional to Dy, +Enr (¢, acquires a dynamic phase
Aunqn) (¢, t) during the acceleration phase from ¢’ to ¢, and generates
sidebands through the dipole vector D,y .- The major contribution
tothesideband amplitudes comes from the recollision pathways around
the saddle-points (t’, t) given by the stationary-phase conditions:

0A t,t
-n HHH) ( )+hQ

ar’
t
k("
= [ ae ) GBI )~ By ) =0
)
oA (.0
—h% = Elk (0]~ Eynnlk (0] =hQ + nhw

We have used the condition £(0) - £y 14(0) = E; = 1Q, where Egis the
2,2
bandgap. Substituting the energy dispersion relations £,(k) = £, + &<

(m,is the effective mass of the conduction band), £,,(k) =— 7;;’;1 and

2,2
E (k) =- % (myy=mo(y,= 2, In,l)" and myy=my(y, + 2p,In,)) ™" are
the effective masses of the HH and LH bands, respectively) into the
stationary-phase conditions, we obtain

t
[ dek =0
]

R0 _

nhw
2

-1 -1
(1, V1= 2r2 10| 1, "it2raing| .
where;zch = (mC + ) |Ha=me B isthereduced

mass of the E-HH (E-LH) pair. The first equation has the meaning that
the electron-hole pairs return to the position where they are created.
The second equation states energy conservation at recollision. For each
sideband order n, these two equations can be solved for the saddle-points
(¢, t), which determine k-space trajectories k,(t’), as well as classical
real-space trajectories with the velocities of E, HH and LH given by
Ak (t”)/m., —hKk(t"")/myy and —hK,.(t"")/m,y. Figure 1b shows the
shortest trajectory for the 24th-order sideband, and parameters
m.=0.067m,, my,=0.711m, and my;;=0.081m, are used in the
calculation.

Representation of Bloch wavefunctions

The wavefunctions of the Hamiltonian H%(k)are eigenfunctions of fi,T,
which is defined on the basis of spin 3/2 and +1/2 states. We define
A, = (sinO@cos®, sinBsin®, cosO) asa point on a Bloch sphere with polar
angle @and azimuthal angle @, and write the eigenfunctions of Hy(k)as:

JHH,) = (605@ e Si"@j
o {-sn(2) e en(3)

The point on the Bloch sphere with coordinates fi, (—f1,) represents
the state |HH,) (|LH,)) for the HH (LH) band. The angles O and @
are determined from the measured y,/y, and angle 6 through the

definitionn, = (gsin(ZG), ¥ %cos(ze), - %)
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Extended DataFig.1|Field enhancement at the GaAs epilayer from the ITO-coated sapphire substrate. The field enhancementis calculated as |1+ r(f;,,, )|
with the complexreflection coefficient r(f;,,, ) measured by a Vector Network Analyzer.



Article

Energy (eV)

1.54 1.53 1.52 1.51 1.50 1.49 1.48 1.47
T T T I T T T I T T T I T T T I T T T I T T T I T T T I T T T I T
8 — —
- 1.52 1.515 1.51 1.505 1.50 1.495 -1
5 s . . —
L P! LH E
Egap 11
- 1.511evi | g
7 P! 1
—~ 7 = ! ! -—
2 i
5 1 P .
S 6] o 1
fe - -
s
o ! ! HH
2 ] ] o 1
8 > P
2 ¢ I IENIR m
= I 11.509 eV
« T 4 T T —— T T T ]
'ag i 814 816 818 820 822 824 826 828 830 p
5
g i
[a)
5 —
4 T I T T T T I T T T T I T T T T I T T T T I T T T T I T T T T I T T T T I T T T T I
800 805 810 815 820 825 830 835 840 845

Wavelength (nm)

Extended DataFig.2|Anabsorbance spectrum of the GaAs epilayer
mounted on the ITO-coated sapphire substrate. The measurement was
takenatthe spotilluminated by awhite light source (leftinset). Therightinset
showsazoom-in of the spectrum, with the bandgap and the photon energy of

the NIRlaser denoted by dash-dot blue and red lines, respectively. The two
peaksare strain-split exciton resonances associated with band-edge states
with differentangular momenta. The temperature was 60 K.
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Extended DataFig. 3 | Stokes polarimetry with linearly polarized NIR laser
(Yanir = 0°).a, Polaragrams for sideband index n=12and orientation angle of
theNIR laser ayz = 0°. b, The polarization state of the sideband extracted from
the polaragramsina.c, Polaragrams for sideband index n=24 and orientation
angle of the NIR laser ayz =45°.d, The polarization state of the sideband
extracted from the polaragramsinc.Inaand c, the black dots show the
measured polaragrams, with error bars showing the standard deviation over 4
measurements, and thered solid lines are the reconstructed polaragram
through Fourier transform, with thered dotted lines showing thebounds.Inb
andd, the polarizationstates of the sidebands are represented as trajectories
ofthetips of the electricfield vectors (E,, Ey)over time. The orientationanglea
andellipticity angley are defined in theinsetinb.
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Extended DataFig.4|Quantuminterferenceinthree-step model of HSG
leading to sideband polarization. A photon fromthe NIR laser is decomposed
into components oy, With helicity £1.a, A oy, photon excites either aspin-up
electronand hole of spin -3/2 or aspin-down electron and hole of spin -1/2.
Aoy photon excites either aspin-up electronand hole of spin+1/2 ora
spin-down electron and hole of spin +3/2.b, Driven by the THz field, an
electron-hole pairaccumulates dynamic phase A, or A, depending onthe
band of the hole state (HH or LH). The electron spinis unchanged, while the
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hole states originating from the spin -3/2 state are superpositions of spin -3/2
and +1/2 states and the states originating from the spin-1/2 state are
superpositions of spin-1/2and +3/2 states. ¢, Upon recollision, either g,s;or
oysgphotons are produced following angular momentum conservation—for
example, aspin+3/2 holerecombining with a spin-down (-1/2) electron
produces aaysc photon with helicity +3/2-1/2 = +1. The interference of the
evolution pathways from oy g to 01356 (035 produces the dynamical Jones
matrixelement7,, (7T_,).
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Extended DataFig. 6| Monte Carlo simulationin calculating the dynamical 1,000iterations are shown, but the results of this paper are calculated from

Jones matrices. a, The polarization state of the n=12sideband (6 = 23°) for all

4 initial NIR polarizations (i-ayg = 0°, ii-otyg = 45°, iii- ayg = 90°, iv- ayr = — 45°).

Thehorizontaland vertical axes representa and y, respectively. Dashed ovals

correspond to confidenceintervalsinthe measurementofa andy.

b, Histograms of a and y for the 4 measured sidebands' polarizations. Normal
distributions ofa and y were sampled, with the central value and standard
deviation of the distributions set by the measured values. In this figure,

10,000iterations. c, The complex J-matrix elements resulting fromthea andy
inb. The horizontal and vertical axes represent the real and imaginary part,
respectively. Eachred dashed line shows one standard deviation of the
distribution of each 7-matrix element resulting from the Monte Carlo
simulation. All three plots have the same scale. The value of 7, ,issetas1in
these calculations.
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Extended DataFig.7|Berry connectionmatrix element A, ., inthe

k, = Oplane of the Brillouin zone. The double-headed black dotted arrow
representsapathofaholeaccelerated by alinearly polarized THz field, which
isperpendicular to the Berry connection (color arrows) atall points. The Berry
connectionis plotted inunits of a, whichis the lattice constant of GaAs.
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Extended DataFig. 8| Effect of abiaxial strain on the valence band
structure and non-Abelian Berry connection alongthe direction of
quasi-momentumkinthek, = O plane oftheBrillouinzone. The strainis
chosenastensilealong [001] direction to be consistent with the splitting of the
exciton peaksinthe absorbance spectrum (Extended DataFig.2).a, Valence
band structures along k= k, = 0for unstrained (top) and strained (bottom)
GaAs. Theblueand orange curves represent the heavy-hole and light-hole
bands, respectively. b, The magnitude of the diagonal Berry connection matrix

element Ay, 1y, along the direction of quasi-momentum for unstrained (top)
and strained (bottom) GaAs. ¢, The magnitude of the off-diagonal Berry
connection matrix element A, ,,, alongthedirection of quasi-momentum
for unstrained (top) and strained (bottom) GaAs. For the unstrained case, the
Berry connection along the quasi-momentumisidentically zeroin the plots
except for thesingularity at k=0. The Berry connectionis plotted in units of a,
whichisthelattice constant of GaAs.



