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Abstract
In this paper, we are concerned about a time-domain carpet cloak model, which was
originally derived in our previous work Li et al. (SIAM J. Appl. Math., 74(4), pp.
1136–1151, 2014). Some finite element schemes have been developed for this model
and used to simulate the cloaking phenomenon in Li et al. (SIAM J. Appl. Math.,
74(4), pp. 1136–1151, 2014) and Li et al. (Methods Appl. Math., 19(2), pp. 359–
378, 2019). However, numerical stabilities for those proposed explicit schemes are
only proved under the time step constrain τ = O(h2), which is impractical and
too restricted. To overcome this disadvantage, we propose two new finite element
schemes for solving this carpet cloak model: one is the implicit Crank-Nicolson (CN)
scheme, and another one is the explicit leap-frog (LF) scheme. Inspired by a totally
new energy developed for the continuous model, we prove the unconditional stabil-
ity for the CN scheme and conditional stability for the LF scheme under the usual
CFL constraint τ = O(h). Both numerical stabilities inherit the exact form as the
continuous stability. Optimal error estimate is also established for the LF scheme.
Finally, numerical results using the LF scheme are presented to support our analysis
and demonstrate the cloaking phenomenon.
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1 Introduction

Since the first successful construction of negative index metamaterial in 2000, the
study of metamaterial has been a very hot research topic in sciences and engineer-
ing due to their many potential applications in subwavelength imaging, invisibility
cloaks, and nano-optic devices, etc. Since Leonhardt and Pendry et al. [23, 41] inde-
pendently proposed the idea of designing invisibility cloaks with metamaterials in
2006, there have been a growing interest in the study of cloaking devices. In addi-
tion to a great amount of publications in engineering and physics [27, 46], we have
seen many excellent works published recently in mathematics community. For exam-
ple, abstract mathematical analysis of cloaking phenomena has been done in [1, 14,
15, 20, 21], numerical analysis and simulations of cloaking phenomena have recently
been carried out by the FDTD method [16, 19, 33], finite element method (FEM) [5,
22, 40], and the spectral element method [48, 49]. An interesting “carpet cloak” was
proposed in 2008 by Li and Pendry [31] by using quasi-conformal mapping. Their
strategy is to transform a bulging reflecting surface into a flat one, rendering anything
within the bulging surface invisible from outside observers. Later on, experimen-
tal realizations of carpet cloaking were successfully demonstrated from microwave
regime to terahertz and optical frequencies.

Broadband cloaking [15, 24, 34] inspires us to pursue the development and analy-
sis of the finite element time-domain (FETD) method for cloaking simulation, which
needs to solve the time-dependent Maxwell’s equations in complex media [4, 25, 26,
44, 47]. Over the last three decades, many important results have been established
for solving Maxwell’s equations [3, 10, 11, 13]. For example, Monk [36] derived
optimal approximation error estimates for edge element methods for the full time-
dependent Maxwell system in homogeneous media. Ciarlet and Zou [8] were the first
who derived the optimal approximation error estimates for edge element methods
when the electric and magnetic fields are only regular inHα(curl; �) for 1

2 < α < 1.
More references can be found in some recent review papers [2, 7, 18] and related
monographs [12, 17, 27, 37].

In 2014, Li and collaborators [29] carried out some preliminary mathematical
analysis for the time-domain carpet cloak model. In [30], a revised FETD scheme was
proposed and a corresponding stability was established. Unfortunately, the proofs
of stabilities in [29, 30] were established with the impractical time step constraint
τ = O(h2). In this paper, we re-investigate this interesting carpet cloak model and
find that a new energy is the key to reduce the time step constraint to τ = O(h),
the usual requirement for those explicit FEM and FDTD schemes for solving time-
dependent Maxwell’s equations. With this newly discovered energy, we can establish
a new continuous stability for the original cloak model. Then, we propose both an
implicit Crank-Nicolson scheme and an explicit leap-frog scheme for solving the
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carpet cloak model. By following closely the proof of the continuous stability, we
manage to prove the discrete stability for both schemes. Both schemes inherit beauti-
fully the same stability established in the continuous case. Furthermore, the leap-frog
scheme’s stability is established under the usual time step constraint τ = O(h).

The rest of the paper is organized as follows. In Section 2, we present the carpet
cloak model and establish a new stability which is different from our previous works
[29, 30]. In Section 3, we propose a Crank-Nicolson scheme and prove its discrete
stability which inherits the same form as the continuous case. Then, in Section 4, we
propose a leap-frog scheme and carry out its stability analysis, which turns out just
a minor change of the Crank-Nicolson scheme. We also present the optimal error
estimate of the scheme. In Section 5, we present some numerical results to support
our theoretical analysis. Finally, we conclude the paper in Section 6.

2 The carpet cloakmodel and its stability analysis

The governing equations for modeling the wave propagation in the carpet cloak are
derived in [29] and given as follows (cf. [29, (2.3)-(2.5)]):

∂tD = ∇ × H, (2.1)

ε0λ2

(
M−1

A ∂t2E + ω2
pM−1

A E
)

= ∂t2D + MCD, (2.2)

μ0μ∂tH = −∇ × E, (2.3)

where we denote D for the 2D electric displacement, E for the 2D electric field, and
H for the magnetic field. Furthermore, we denote ∂tku for the k-th derivative ∂ku/∂tk

of a function u for any k ≥ 1, we adopt the 2D vector and scalar curl operators:

∇ × H = (
∂H

∂y
, −∂H

∂x
)′, ∇ × E = ∂Ey

∂x
− ∂Ex

∂y
, ∀ E = (Ex, Ey)

′,

where Ex and Ey denote the x and y components of the electric field E, respectively.
Note that (2.2) is revised from [29, (2.4)] by left-multiplying both sides M−1

A and
denoting matrix MC = M−1

A MB , where we denote M−1
A as the inverse of matrix MA,

which is proved to be symmetric positive definite [29, Lemma 2.1]. The governing
equations (2.1)–(2.3) hold true in the cloaking region formed by the cloaking region
formed by the quadrilateral with vertices (−d, 0), (0, H1), (d, 0) and (0, H2), where
d, H1 andH2 are positive constants andH2 > H1 > 0. The cloaked region, where the
hiding objects can be placed, is formed by the triangle with vertices (0, H1), (−d, 0)
and (d, 0).

In order to make those objects inside the cloaked region invisible, the permittivity
and permeability in the cloaking region need to be specially designed and are given
by [29]:

MA =
(

p2
1λ2 + p2

2 p2p4 + p1p3λ2
p2p4 + p1p3λ2 p2

3λ2 + p2
4

)
, MB =

(
p2
2 p2p4

p2p4 p2
4

)
ω2

p, (2.4)
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where the positive constant ωp is the plasma frequency resulting from the Drude
dispersion model [29, p.1138], elements pi, i = 1, 2, 3, 4, are

p1=
√

λ2 − a

λ2−λ1
, p2=−

√
a − λ1

λ2−λ1
· sgn(x), p3=

√
λ2 − c

λ2−λ1
· sgn(x), p4=

√
c − λ1

λ2−λ1
,

(2.5)
and λ1 and λ2 are the eigenvalues of matrix ε given as:

λ1 = a + c −√
(a − c)2 + 4b2

2
, λ2 = a + c +√

(a − c)2 + 4b2

2
. (2.6)

To complete the carpet cloak model (2.1)–(2.3), we assume that (2.1)–(2.3) satisfy
the initial conditions

D(x, 0) = D0(x), E(x, 0) = E0(x), H(x, 0) = H0(x),

∂tD(x, 0) = D1(x), ∂tE(x, 0) = E1(x), ∀ x ∈ �, (2.7)

and the perfect conducting boundary condition (PEC):

n × E = 0 on ∂�, (2.8)

where D0, D1, E0, E1 and H0 are some properly given functions, n is the unit
outward normal vector to ∂�, and � denotes a polygonal domain in R2.

Before we prove a novel stabilty for (2.1)–(2.3), we need to prove the following
result.

Lemma 2.1 The matrix MC := M−1
A MB is positive semi-definite.

Proof Since MA is symmetric positive definite [29, Lemma 2.1], its inverse M−1
A

exists and is given by

M−1
A = 1

det(MA)

(
p2
3λ2 + p2

4 −(p2p4 + p1p3λ2)

−(p2p4 + p1p3λ2) p2
1λ2 + p2

2

)
, (2.9)

where det(MA) is the determinant of MA and is positive.
Through direct matrix multiplication, we have

M−1
A MB = ω2

p

det(MA)
· λ2(p1p4 − p2p3)

(−p2p3 −p3p4
p1p2 p1p4

)
. (2.10)

From (2.5) and (2.6), we easily obtain

p1p2 =
√

(λ2−a)(a−λ1)

(λ2 − λ1)2
· sgn(x)=

√√
(a−c)2+4b2−(a−c)

2 ·
√√

(a−c)2+4b2+(a−c)

2

λ2 − λ1

·sgn(x),

−p3p4 =
√

(λ2−c)(c−λ1)

(λ2 − λ1)2
· sgn(x)=

√√
(a−c)2+4b2+(a−c)

2 ·
√√

(a−c)2+4b2−(a−c)

2

λ2 − λ1

·sgn(x),



Adv Comput Math           (2022) 48:24 Page 5 of 30   24 

which shows that p1p2 = −p3p4. Hence, the matrix MC is symmetric.
Furthermore, by (2.6), we see that

(λ2−a)(c−λ1) = c − a +√
(a − c)2 + 4b2

2
· c − a +√

(a − c)2 + 4b2

2
, (2.11)

(λ2−c)(a−λ1) = a − c +√
(a − c)2 + 4b2

2
· a − c +√

(a − c)2 + 4b2

2
. (2.12)

Hence, from (2.5), (2.6), and (2.11)–(2.12), we have

p1p4 − p2p3 =
√

(λ2−a)(c−λ1)
λ2−λ1

+
√

(λ2−c)(a−λ1)
λ2−λ1

= (c−a)+
√

(a−c)2+4b2

2(λ2−λ1)
+ (a−c)+

√
(a−c)2+4b2

2(λ2−λ1)
=

√
(a−c)2+4b2

λ2−λ1
> 0. (2.13)

Finally, to prove that MC is positive semi-definite, we want to find out its eigen-
values, which can be obtained by solving the following characteristic polynomial

0 =
∣∣∣∣
ξ + p2p3 p3p4
−p1p2 ξ − p1p4

∣∣∣∣ = (ξ + p2p3)(ξ − p1p4) + p1p2p3p4

= ξ [ξ − (p1p4 − p2p3)], (2.14)

which yields ξ1 = 0 and ξ2 = p1p4 − p2p3 > 0 by (2.13), i.e., both eigenvalues of
MC are nonnegative. This shows that MC is positive semi-definite.

Since MC is positive semi-definite, we can introduce its square root M
1
2
C . Below

we establish a novel stability for (2.1)–(2.3), which is totally different from what we
previously obtained in [29, 30] and provide an important guidance to the proof of
discrete stability for the numerical scheme.

Theorem 2.2 For the solution (D, H, E) of (2.1)–(2.3), denote the energy

ENG(t) :=
[
ε0λ2||M− 1

2
A ∂t2E||2 + 2ε0λ2ω

2
p||M− 1

2
A ∂tE||2 + ε0λ2ω

4
p||M− 1

2
A E||2

+ 1

μ0μ
||∇×∂tE||2+ ω2

p

μ0μ
||∇×E||2+||∂tD||2+||M

1
2
CD||2

]
(t), (2.15)

where we denote || · ||2 := || · ||2
L2(�)

. Then, we have the following energy identity:

ENG(t) − ENG(0)

= 2
∫ t

0

[
ε0λ2(M

−1
A ∂t2E + ω2

pM−1
A E, ∂tD) + (MC∂tD, ∂t2E)

+ω2
p(MCD, ∂tE)

]
dt . (2.16)

Furthermore, this leads to the stability:

ENG(t) ≤ ENG(0) · exp(C∗t), ∀ t ∈ [0, T ], (2.17)

where the constant C∗ > 0 depends on the physical parameters ε0, μ0, d, H1, H2
and ωp.
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Proof To make our proof easy to follow, we break it into several major steps.
(I). Multiplying (2.2) by ∂tD and integrating the result over domain �, we have

1

2

d

dt

(
||∂tD||2 + ||M

1
2
CD||2

)
= ε0λ2(M

−1
A ∂t2E + ω2

pM−1
A E, ∂tD). (2.18)

Differentiating (2.2) with respect to t , we obtain

ε0λ2

(
M−1

A ∂t3E + ω2
pM−1

A ∂tE
)

= ∂t3D + MC∂tD. (2.19)

Multiplying (2.19) by ∂t2E and integrating the result over domain �, we have

ε0λ2

2

d

dt

(
||M− 1

2
A ∂t2E||2 + ω2

p||M− 1
2

A ∂tE||2
)

= (∂t3D + MC∂tD, ∂t2E). (2.20)

(II). Differentiating (2.1) with respect to t twice, and using the differentiation of
(2.3) with respect to t once, we obtain

∂t3D = ∇ × ∂t2H = −1

μ0μ
∇ × ∇ × ∂tE. (2.21)

Now, multiplying (2.21) by ∂t2E, integrating over domain�, and using integration
by parts and the PEC boundary condition (2.8), we have

(∂t3D, ∂t2E) = −1

μ0μ
(∇ × ∇ × ∂tE, ∂t2E)

= −1

μ0μ
(∇ × ∂tE, ∇ × ∂t2E) = −1

2μ0μ

d

dt
||∇ × ∂tE||2. (2.22)

Adding (2.18), (2.20) and (2.22) together, we obtain

1

2

d

dt

(
||∂tD||2 + ||M

1
2
CD||2 + ε0λ2(||M− 1

2
A ∂t2E||2 + ω2

p||M− 1
2

A ∂tE||2)

+ 1

μ0μ
||∇ × ∂tE||2

)

= ε0λ2(M
−1
A ∂t2E + ω2

pM−1
A E, ∂tD) + (MC∂tD, ∂t2E). (2.23)

(III). Note that all right-hand side (RHS) terms of (2.23) can be controlled by the
corresponding left-hand side (LHS) terms except that E term in (M−1

A E, ∂tD). To
control this, we multiply (2.2) by ∂tE and integrate over domain � to obtain

ε0λ2

2

d

dt

(
||M− 1

2
A ∂tE||2 + ω2

p||M− 1
2

A E||2
)

= (∂t2D + MCD, ∂tE). (2.24)

To bound the ∂t2D term in (2.24), using (2.1), (2.3), and integration by parts, we
have

(∂t2D, ∂tE) = (∇ × ∂tH, ∂tE) = −1

μ0μ
(∇ × ∇ × E, ∂tE)

= −1

μ0μ
(∇ × E, ∇ × ∂tE) = −1

2μ0μ

d

dt
||∇ × E||2. (2.25)
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Substituting (2.25) into (2.24), multiplying the result by ω2
p, then adding the result

to (2.23), we have

1

2

d

dt
ENG(t) = ε0λ2(M

−
A ∂t2E + ω2

pM−1
A E, ∂tD)

+(MC∂tD, ∂t2E) + ω2
p(MCD, ∂tE). (2.26)

Integrating (2.26) with respect to t from 0 to t , we obtain the energy identity (2.16).
Then, applying the Cauchy-Schwarz inequality to all RHS terms of (2.16) and the
Gronwall inequality, we complete the proof.

3 The Crank-Nicolson scheme and its stability analysis

To solve our carpet model, we assume that domain � is partitioned by a family of
regular rectangular or triangular mesh T h with maximum mesh size h, and adopt the
standard Raviart-Thomas-Nédélec (RTN) mixed finite element spaces Uh and V h

(cf. [6, 38, 39, 43]): For rectangular elements K ∈ T h and any integer p ≥ 0,

Uh = {ψh ∈ L2(�) : ψh|K ∈ Qp,p, ∀ K ∈ T h},
V h = {φh ∈ H(curl; �) : φh|K ∈ Qp,p+1 × Qp+1,p, ∀ K ∈ T h}, (3.1)

whereQi,j denotes the space of polynomials whose degrees are less than or equal to i

and j in variables x and y, respectively. For triangular elements, the RTN spaces can
be defined also. To accommodate the PEC boundary condition (2.8), we introduce
the subspace

V 0
h = {φh ∈ V h : n × φh = 0 on ∂�}.

To carry out a time discretization, we divide the time interval I = [0, T ] into N

uniform subintervals Ii = [ti−1, ti] by points tn = nτ, n = 0, 1, ..., N,where τ = T
N
.

Furthermore, we introduce the following standard averaging operators: For any time
sequence function un,

un+ 1
2 := un+1 + un

2
, ũn := un+1 + un−1

2
,

and central difference operators in time:

δτ u
n+ 1

2 := un+1 − un

τ
, δ2τ u

n := δτ u
n+ 1

2 − δτ u
n− 1

2

τ
= un+1 − 2un + un−1

τ 2
.

First, let us construct the following Crank-Nicolson (CN) scheme for solving the
model (2.1)-(2.3): For n ≥ 0 find Dn+1

h , En+1
h ∈ V 0

h, Hn+1
h ∈ Uh such that

(
δτD

n+ 1
2

h , φh

)
= (H

n+ 1
2

h , ∇ × φh), (3.2)

ε0λ2

(
M−1

A δ2τE
n
h + ω2

pM−1
A Ẽ

n

h, φh

)
=
(
δ2τD

n
h + MCD̃

n

h, φh

)
, (3.3)

μ0μ

(
δτH

n+ 1
2

h , ψh

)
= −(∇ × E

n+ 1
2

h , ψh), (3.4)
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hold true for any φh ∈ V 0
h and ψh ∈ Uh. The needed initial approximations

H 0
h , D0

h, E
0
h, D

−1
h , E−1

h can be obtained from discretizing the given initial conditions
(2.7) as follows:

D0
h = �cD0, E0

h = �cE0, H 0
h = �2H0,

δ2τD
0
h := D1

h − D−1
h

2τ
= �cD1, δ2τE

0
h := E1

h − E−1
h

2τ
= �cE1, (3.5)

where �c and �2 are the Nédélec interpolation and L2 projection operators in space
V h and into space Uh, respectively. It is known that the following interpolation and
projection error estimates hold true (cf. [27, 37]):

||u − �cu||H(curl;�) ≤ chp||u||Hp(curl;�), ∀ u ∈ Hp(curl; �), (3.6)

||u − �2u||L2(�) ≤ chp||u||Hp(�), ∀ u ∈ Hp(�), (3.7)

where we denote the norm ||u||Hp(�) for the Sobolev space Hp(�), and norm
||u||Hs(curl;�) := (||u||2

(Hs(�))2
+ ||∇ × u||2Hs(�))

1/2 for the Sobolev space

Hs(curl; �) = {u ∈ (Hs(�))2 | ∇ × u ∈ Hs(�)}.
In the rest of this section, we will show that the scheme (3.2)–(3.4) satisfies a

discrete stability, which is the discrete form of the continuous stability proved in
Theorem 2.1.

To prove a discrete stability, we will use the following discrete Gronwall inequality.

Lemma 3.1 [42, Lemma 1.4.2] Assume that the sequence un satisfies

u0 ≤ g0, and un ≤ g0 + rτ

n−1∑
s=0

us, ∀ n ≥ 1,

for some positive constants g0, r and τ . Then, un satisfies

un ≤ g0 · (1 + rτ )n ≤ g0 · exp(rnτ), ∀ n ≥ 1.

Let us introduce the induced matrix norm. For a s × s matrix A, we denote

||A||2 = sup
0
=u∈Rs

||Au||2
||u||2 .

Now, we present the proof of an unconditional stability for our proposed CN
scheme (3.2)–(3.4) given in Theorem 3.1.

Theorem 3.2 For the FE solution (Dn+1
h , En+1

h , Hn+1
h ) of the CN scheme (3.2)–

(3.4), denote the discrete energy at time level n:

ENGcn(n) := ||δτD
n+ 1

2
h ||2 + ||M

1
2
CDn+1

h ||2 + ||M
1
2
CDn

h||2
2

+ ε0λ2||M− 1
2

A δ2τE
n
h||2

+ε0λ2ω
2
p

⎡
⎣ ||M− 1

2
A δτE

n+ 1
2

h ||2 + ||M− 1
2

A δτE
n− 1

2
h ||2

2
+ ||M− 1

2
A δτE

n+ 1
2

h ||2
⎤
⎦ (3.8)
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+ 1

μ0μ
||∇ × δτE

n

h||2 + ε0λ2ω
4
p

⎛
⎝ ||M− 1

2
A En+1

h ||2 + ||M− 1
2

A En
h||2

2

⎞
⎠

+ ω2
p

μ0μ
||∇ × E

n+ 1
2

h ||2.

Suppose that the time step size satisfies the constraint

τ ≤ min

⎧⎨
⎩1/

⎛
⎝√ε0λ2||M− 1

2
A ||2 + ||M− 1

2
A MB ||2
2
√

ε0λ2

⎞
⎠ ,

√
ε0λ2

ωp||M
1
2
CM

1
2
A ||2

⎫⎬
⎭ , (3.9)

then we have

ENGcn(m) ≤ 2ENGcn(0) · exp(2mτ), ∀ m ≥ 1.

Remark 3.3 We like to remark that the time step constraint (3.9) only depends on
those model physical parameters, but is independent of mesh size h. Hence, the CN
scheme (3.2)-(3.4) is unconditionally stable.

Proof The proof follows closely to the continuous case given for Theorem 2.1, and
is also composed of several major parts.

(I). Choosing φh = τδτD
n

h in (3.3), and using the following identities:

(δ2τD
n
h, τδτD

n

h) = (
δτD

n+ 1
2

h − δτD
n− 1

2
h

τ
, τ · δτD

n+ 1
2

h + δτD
n− 1

2
h

2
)

= 1

2
(||δτD

n+ 1
2

h ||2 − ||δτD
n− 1

2
h ||2), (3.10)

and

(MCD̃
n

h, τδτD
n

h) = (MC

Dn+1
h + Dn−1

h

2
, τ · δτD

n+ 1
2

h + δτD
n− 1

2
h

2
)

= (MC

Dn+1
h + Dn−1

h

2
,
(Dn+1

h − Dn
h) + (Dn

h − Dn−1
h )

2
)

= 1

4
(||M

1
2
CDn+1

h ||2 − ||M
1
2
CDn−1

h ||2), (3.11)

we have

1

2
(||δτD

n+ 1
2

h ||2 − ||δτD
n− 1

2
h ||2) + 1

4
(||M

1
2
CDn+1

h ||2 − ||M
1
2
CDn−1

h ||2)
= τε0λ2

(
M−1

A δ2τE
n
h + ω2

pM−1
A Ẽ

n

h, δτD
n

h

)
. (3.12)
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(II). Using (3.3) with n increased to n + 1 to subtract (3.3), then dividing the
result by τ , we obtain

ε0λ2

(
M−1

A

δ2τE
n+1
h − δ2τE

n
h

τ
+ ω2

pM−1
A

Ẽ
n+1
h − Ẽ

n

h

τ
, φh

)

=
(

δ2τD
n+1
h − δ2τD

n
h

τ
+ MC

D̃
n+1
h − D̃

n

h

τ
, φh

)
. (3.13)

Using (3.2) and (3.4), we have

(
δ2τD

n+1
h −δ2τD

n
h

τ
, φh

)
=
⎛
⎝(δτD

n+ 3
2

h −δτD
n+ 1

2
h )−(δτD

n+ 1
2

h −δτD
n− 1

2
h )

τ 2
, φh

⎞
⎠

by(3.2)=
⎛
⎝ (H

n+ 3
2

h − H
n+ 1

2
h ) − (H

n+ 1
2

h − H
n− 1

2
h )

τ 2
, ∇ × φh

⎞
⎠

=
(

δτH
n+1
h − δτH

n

h

τ
, ∇ × φh

)

=
⎛
⎝ (δτH

n+ 3
2

h + δτH
n+ 1

2
h ) − (δτH

n+ 1
2

h + δτH
n− 1

2
h )

2τ
, ∇ × φh

⎞
⎠

=
⎛
⎝ (δτH

n+ 3
2

h − δτH
n+ 1

2
h ) + (δτH

n+ 1
2

h − δτH
n− 1

2
h )

2τ
, ∇ × φh

⎞
⎠

by(3.4)= −1

2μ0μ

⎛
⎝∇ × E

n+ 3
2

h − E
n+ 1

2
h

τ
+ ∇ × E

n+ 1
2

h − E
n− 1

2
h

τ
, ∇ × φh

⎞
⎠

= −1

2μ0μ

(
∇ × δτE

n+1
h + ∇ × δτE

n

h, ∇ × φh

)
, (3.14)

where in the above derivation, we used the fact that ∇ × φh ∈ Uh for any φh ∈ V h.

Choosing φh = τδ2τE
n+ 1

2
h = τ

2 (δ2τE
n+1
h +δ2τE

n
h) in (3.13), then using the fact that

φh = δτE
n+1
h − δτE

n

h in (3.14), we have

ε0λ2

2
(||M− 1

2
A δ2τE

n+1
h ||2 − ||M− 1

2
A δ2τE

n
h||2)

+ ε0λ2ω
2
p

4
(||M− 1

2
A δτE

n+ 3
2

h ||2 − ||M− 1
2

A δτE
n− 1

2
h ||2)

+ 1

2μ0μ
(||∇ × δτE

n+1
h ||2−||∇ × δτE

n

h||2)=τ(MCδτ D̃
n+ 1

2
h , δ2τE

n+ 1
2

h ), (3.15)
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where we used the following facts

Ẽ
n+1
h − Ẽ

n

h

τ
= (En+2

h + En
h) − (En+1

h + En−1
h )

2τ

= (En+2
h −En+1

h ) + (En
h−En−1

h )

2τ
= 1

2
(δτE

n+ 3
2

h + δτE
n− 1

2
h ), (3.16)

and

φh = δτE
n+1
h − δτE

n

h = δτ

⎛
⎝E

n+ 3
2

h + E
n+ 1

2
h

2
− E

n+ 1
2

h + E
n− 1

2
h

2

⎞
⎠

= δτ

⎛
⎝E

n+ 3
2

h − E
n− 1

2
h

2

⎞
⎠ . (3.17)

(III). Choosing φh = τδτE
n

h in (3.3), and by the same argument as (I), we have

ε0λ2

2
(||M− 1

2
A δτE

n+ 1
2

h ||2 − ||M− 1
2

A δτE
n− 1

2
h ||2)

+ε0λ2ω
2
p

4
(||M− 1

2
A En+1

h ||2 − ||M− 1
2

A En−1
h ||2)

= τ
(
δ2τD

n
h + MCD̃

n

h, δτE
n

h

)
. (3.18)

To control the term δ2τD
n
h on the RHS of (3.18), by using (3.2) and (3.4), we see that

τ(δ2τD
n
h, δτE

n

h) = (δτD
n+ 1

2
h − δτD

n− 1
2

h , δτE
n

h)

by(3.2)= (H
n+ 1

2
h − H

n− 1
2

h , ∇ × δτE
n

h) = τ(δτH
n

h, ∇ × δτE
n

h)

= τ

2
(δτH

n+ 1
2

h + δτH
n− 1

2
h , ∇ × δτE

n

h)

by(3.4)= −τ

2μ0μ
(∇ × E

n+ 1
2

h + ∇ × E
n− 1

2
h , ∇ × δτE

n

h)

= −1

2μ0μ
(∇ × E

n+ 1
2

h + ∇ × E
n− 1

2
h , ∇ × E

n+ 1
2

h − ∇ × E
n− 1

2
h )

= −1

2μ0μ

(
||∇ × E

n+ 1
2

h ||2 − ||∇ × E
n− 1

2
h ||2

)
. (3.19)

(IV). Note that term δτ D̃
n+ 1

2
h = δτD

n+ 3
2

h +δτD
n− 1

2
h

2 in (3.15) can not be controlled
by the like term on the LHS of (3.12). Hence, we add (3.15) with all n’s reduced by
one to (3.12), and (3.18) multiplied by ω2

p with the substitution of (3.19), we obtain

1

2
(||δτD

n+ 1
2

h ||2 − ||δτD
n− 1

2
h ||2) + 1

4
(||M

1
2
CDn+1

h ||2 − ||M
1
2
CDn−1

h ||2)

+ε0λ2

2
(||M− 1

2
A δ2τE

n
h||2 − ||M− 1

2
A δ2τE

n−1
h ||2)
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+ε0λ2ω
2
p

4
(||M− 1

2
A δτE

n+ 1
2

h ||2 − ||M− 1
2

A δτE
n− 3

2
h ||2)

+ 1

2μ0μ
(||∇ × δτE

n

h||2 − ||∇ × δτE
n−1
h ||2)

+ε0λ2ω
2
p

2
(||M− 1

2
A δτE

n+ 1
2

h ||2 − ||M− 1
2

A δτE
n− 1

2
h ||2)

+ε0λ2ω
4
p

4
(||M− 1

2
A En+1

h ||2 − ||M− 1
2

A En−1
h ||2)

+ ω2
p

2μ0μ

(
||∇ × E

n+ 1
2

h ||2 − ||∇ × E
n− 1

2
h ||2

)

= τε0λ2

(
M−1

A δ2τE
n
h + ω2

pM−1
A Ẽ

n

h, δτD
n

h

)

+ τ(MCδτ D̃
n− 1

2
h , δ2τE

n− 1
2

h ) + τω2
p

(
MCD̃

n

h, δτE
n

h

)
. (3.20)

Multiplying (3.20) by 2
τ
, we can rewrite (3.20) as:

||δτD
n+ 1

2
h ||2 − ||δτD

n− 1
2

h ||2
τ

+ ||M
1
2
CDn+1

h ||2 − ||M
1
2
CDn−1

h ||2
2τ

+ε0λ2
||M− 1

2
A δ2τE

n
h||2 − ||M− 1

2
A δ2τE

n−1
h ||2

τ

+ε0λ2ω
2
p

||M− 1
2

A δτE
n+ 1

2
h ||2 − ||M− 1

2
A δτE

n− 3
2

h ||2
2τ

+ 1

μ0μ
· ||∇ × δτE

n

h||2 − ||∇ × δτE
n−1
h ||2

τ

+ε0λ2ω
2
p

||M− 1
2

A δτE
n+ 1

2
h ||2 − ||M− 1

2
A δτE

n− 1
2

h ||2
τ

+ε0λ2ω
4
p

||M− 1
2

A En+1
h ||2 − ||M− 1

2
A En−1

h ||2
2τ

+ ω2
p

μ0μ
· ||∇ × E

n+ 1
2

h ||2 − ||∇ × E
n− 1

2
h ||2

τ

= 2ε0λ2
(
M−1

A δ2τE
n
h + ω2

pM−1
A Ẽ

n

h, δτD
n

h

)

+ 2(MCδτ D̃
n− 1

2
h , δ2τE

n− 1
2

h ) + 2ω2
p

(
MCD̃

n

h, δτE
n

h

)
, (3.21)

which has really the same form (in a discrete sense) as (2.23).
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Now, summing up (3.21) multiplied by τ from n = 1 to any m ≥ 2, and using
notation ENGcn defined in (3.8), we obtain

ENGcn(m) − ENGcn(0) = τ

m∑
n=1

2ε0λ2
(
M−1

A δ2τE
n
h + ω2

pM−1
A Ẽ

n

h, δτD
n

h

)

+ τ

m∑
n=1

2(MCδτ D̃
n− 1

2
h , δ2τE

n− 1
2

h ) + τ

m∑
n=1

2ω2
p

(
MCD̃

n

h, δτE
n

h

)
. (3.22)

(V). Now, we just need to bound those RHS terms of (3.22) and use the discrete
Gronwall inequality given in Lemma 3.1 to conclude the proof. To see clearly, below
we present the estimate for those RHS terms of (3.22) one by one.

Using the following inequalities

2ab ≤ a2 + b2, |1
2
(a + b)|2 ≤ 1

2
(a2 + b2), (3.23)

we have

τ

m∑
n=1

2ε0λ2(M
−1
A δ2τE

n
h, δτD

n

h) ≤ τ

m∑
n=1

2ε0λ2||M− 1
2

A δ2τE
n
h|| · ||M− 1

2
A ||2||δτD

n

h||

≤ τ
√

ε0λ2||M− 1
2

A ||2
m∑

n=1

2

[
ε0λ2||M− 1

2
A δ2τE

n
h||2+

1

2
(||δτD

n+ 1
2

h ||2+||δτD
n− 1

2
h ||2)

]
. (3.24)

By the same argument, we have

τ

m∑
n=1

2ε0λ2(ω
2
pM−1

A Ẽ
n

h, δτD
n

h) ≤ τ

m∑
n=1

2ε0λ2ω
2
p||M− 1

2
A Ẽ

n

h|| · ||M− 1
2

A ||2||δτD
n

h||

≤ τ
√

ε0λ2||M− 1
2

A ||2
m∑

n=1

(
ε0λ2ω

4
p||M− 1

2
A Ẽ

n

h||2 + ||δτD
n

h||2
)

≤ τ
√

ε0λ2||M− 1
2

A ||2
m∑

n=1

[
ε0λ2ω

4
p

2

(
||M− 1

2
A En+1

h ||2 + ||M− 1
2

A En−1
h ||2

)

+1

2
(||δτD

n+ 1
2

h ||2 + ||δτD
n− 1

2
h ||2)

]
, (3.25)

τ

m∑
n=1

2(MCδτ D̃
n− 1

2
h , δ2τE

n− 1
2

h ) = τ

m∑
n=1

2(M−1
A MBδτ D̃

n− 1
2

h , δ2τE
n− 1

2
h )

≤ τ

m∑
n=1

2||M− 1
2

A MB ||2√
ε0λ2

||δτ D̃
n− 1

2
h || ·√ε0λ2||M− 1

2
A δ2τE

n− 1
2

h ||
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≤ τ · ||M− 1
2

A MB ||2√
ε0λ2

m∑
n=1

(
||δτ D̃

n− 1
2

h ||2 + ε0λ2||M− 1
2

A δ2τE
n− 1

2
h ||2

)

≤ τ · ||M− 1
2

A MB ||2√
ε0λ2

m∑
n=1

[
1

2
(||δτD

n+ 1
2

h ||2 + ||δτD
n− 3

2
h ||2)

+ε0λ2

2
(||M− 1

2
A δ2τE

n

h||2 + ||M− 1
2

A δ2τE
n−1
h ||2)

]
, (3.26)

and

τ

m∑
n=1

2ω2
p(MCD̃

n

h, δτE
n

h) = τ

m∑
n=1

2ω2
p(M

1
2
C D̃

n

h, M
1
2
CM

1
2
AM

− 1
2

A δτE
n

h)

≤ τ

m∑
n=1

2ω2
p||M

1
2
C D̃

n

h|| · ||M
1
2
CM

1
2
A ||2||M− 1

2
A δτE

n

h||

≤ τ
ωp||M

1
2
CM

1
2
A ||2√

ε0λ2

m∑
n=1

(
||M

1
2
C D̃

n

h||2 + ε0λ2ω
2
p||M− 1

2
A δτE

n

h||2
)

≤ τ
ωp||M

1
2
CM

1
2
A ||2√

ε0λ2

m∑
n=1

[
1

2
(||M

1
2
CDn+1

h ||2 + ||M
1
2
CDn−1

h ||2)

+ε0λ2ω
2
p

2
(||M− 1

2
A δτE

n+ 1
2

h ||2 + ||M− 1
2

A δτE
n− 1

2
h ||2)

]
. (3.27)

Substituting the estimates (3.24), (3.25), (3.26), and (3.27) into (3.22), and choos-

ing τ such that the coefficients of δτD
m+ 1

2
h , δ2τE

m
h , E

m+1
h , and δτE

m+ 1
2

h on the RHS
of (3.22) are smaller than the corresponding LHS terms, such as

τ(
√

ε0λ2||M− 1
2

A ||2 + ||M− 1
2

A MB ||2
2
√

ε0λ2
) ≤ 1

2
,

τ

√
ε0λ2||M− 1

2
A ||2

2
≤ 1

4
, τ

ωp||M
1
2
CM

1
2
A ||2

2
√

ε0λ2
≤ 1

2
, (3.28)

which is equivalent to (3.9), we obtain

1

2
ENGcn(m) − ENGcn(0) ≤ τ

2

m−1∑
n=0

ENGcn(n). (3.29)

Applying the discrete Gronwall inequality given in Lemma 3.1 to (3.29), we complete
the proof.
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4 The leap-frog scheme and its analysis

Now, we can construct a leap-frog (LF) scheme for solving (2.1)–(2.3): For n ≥ 0

find H
n+ 1

2
h ∈ Uh, D

n+1
h , En+1

h ∈ V 0
h, such that(

δτD
n+ 1

2
h , φh

)
= (H

n+ 1
2

h , ∇ × φh), (4.1)

ε0λ2

(
M−1

A δ2τE
n
h + ω2

pM−1
A Ẽ

n

h, φh

)
=
(
δ2τD

n
h + MCD̃

n

h, φh

)
, (4.2)

μ0μ
(
δτH

n
h , ψh

) = −(∇ × En
h, ψh), (4.3)

hold true for any φh ∈ V 0
h and ψh ∈ Uh.

The needed initial approximations H
− 1

2
h , D−1

h , D0
h, E

−1
h , E0

h can be obtained
from discretising the given initial conditions (2.7) as follows:

D0
h = �cD0, E0

h = �cE0, H
0
h := H

1
2
h + H

− 1
2

h

2
= �2H0, (4.4)

δ2τD
0
h := D1

h − D−1
h

2τ
= �cD1, δ2τE

0
h := E1

h − E−1
h

2τ
= �cE1. (4.5)

The implementation of leap-frog scheme is quite simple. At each time step, we

first solve (4.3) for H
n+ 1

2
h , then solve for Dn+1

h from (4.1), and finally update En+1
h

from (4.2). We like to remark that in the first time step (when n = 0), we have to
couple the initial conditions (4.4)-(4.5) with the scheme. More specifically, we first

solve for H
1
2
h from

(H
1
2
h , ψh) = (�2H0, ψh) − τ

2μ0μ
(∇ × E0

h, ψh).

Then, we can obtain D1
h from

(D1
h, φh) = (D0

h, φh) + τ(H
1
2
h , ∇ × φh).

After substitution of (4.5) into (4.2) with n = 0 and some algebra operations, we find
that E1

h can be obtained by solving the equation:

ε0λ2(2 + τ 2ω2
p)(E1

h, φh) =
(
2ε0λ2E

0
h + τε0λ2(2 + τ 2ω2

p)�cE1, φh

)

+
(
2MA(D1

h − D0
h − τ�cD1) + τ 2MB(D1

h − τ�cD1), φh

)
.

4.1 The stability analysis

In this section, we will present the stability analysis for the leap-frog scheme (4.1)–
(4.3).

Denote the positive constant Cinv appearing in the standard inverse estimate:

||∇ × uh|| ≤ Cinvh
−1||uh||, ∀ uh ∈ V h. (4.6)
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Theorem 4.1 For the FE solution (Dn+1
h , En+1

h , H
n+ 1

2
h ) of the leap-frog scheme

(4.1)–(4.3), suppose that the time step size satisfies the following constraint

τ ≤min

⎧⎨
⎩1/

⎛
⎝√ε0λ2||M− 1

2
A ||2+ ||M− 1

2
A MB ||2
2
√

ε0λ2

⎞
⎠ ,

√
ε0λ2

ωp||M
1
2
CM

1
2
A ||2

,
h
√

μ0με0λ2

Cinv||M
1
2
A ||2

⎫⎬
⎭ ,

(4.7)
then we have

ENGcn(m) ≤ 4ENGcn(0) · exp(4mτ), ∀ m ≥ 1.

Remark 4.2 Compared to the time step constraint (3.9) imposed on the Crank-
Nicolson scheme, the current constraint (4.7) depends on the mesh size h and needs
τ = O(h), which makes the leap-frog scheme a conditionally stable scheme.

Proof The proof closely follows the continuous case given for Theorem 2.1 and is
quite similar to the proof established for the CN scheme. We will point out some
significant differences during the following proof. To make our proof easy to follow,
we divide the proof into several major parts also.

(I). Choosing φh = τδτD
n

h in (4.2), and noting that (4.2) is exactly the same as
(3.3) in the CN scheme, hence we have (3.12), i.e.,

1

2
(||δτD

n+ 1
2

h ||2 − ||δτD
n− 1

2
h ||2) + 1

4
(||M

1
2
CDn+1

h ||2 − ||M
1
2
CDn−1

h ||2)
= τε0λ2

(
M−1

A δ2τE
n
h + ω2

pM−1
A Ẽ

n

h, δτD
n

h

)
. (4.8)

(II). Since (4.2) is the same as (3.3) in the CN scheme, (3.13) holds true for the
LF scheme also, i.e., we have

ε0λ2

(
M−1

A

δ2τE
n+1
h − δ2τE

n
h

τ
+ ω2

pM−1
A

Ẽ
n+1
h − Ẽ

n

h

τ
, φh

)

=
(

δ2τD
n+1
h − δ2τD

n
h

τ
+ MC

D̃
n+1
h − D̃

n

h

τ
, φh

)
. (4.9)

To estimate (
δ2τD

n+1
h −δ2τD

n
h

τ
, φh), using (4.1) and (4.3), we have

(
δ2τ D

n+1
h − δ2τ D

n
h

τ
, φh

)
=
⎛
⎝ (δτ D

n+ 3
2

h − δτ D
n+ 1

2
h ) − (δτ D

n+ 1
2

h − δτ D
n− 1

2
h )

τ 2
, φh

⎞
⎠

by(4.1)=
⎛
⎝ (H

n+ 3
2

h − H
n+ 1

2
h ) − (H

n+ 1
2

h − H
n− 1

2
h )

τ 2
, ∇ × φh

⎞
⎠ =

(
δτ H

n+1
h − δτ H

n
h

τ
, ∇ × φh

)

by(4.3)= −1

μ0μ

(
∇ × En+1

h − ∇ × En
h

τ
, ∇ × φh

)

= −1

μ0μ

(
∇ × δτ E

n+ 1
2

h , ∇ × φh

)
. (4.10)
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Choosing φh = τδ2τE
n+ 1

2
h = δτE

n+1
h − δτE

n

h in (4.10), we have
(

δ2τD
n+1
h − δ2τD

n
h

τ
, φh

)
= −1

μ0μ

(
∇ × δτE

n+ 1
2

h , ∇ × (δτE
n+1
h − δτE

n

h)

)

= −1

μ0μ

(
∇ × δτE

n+ 1
2

h − ∇ × (
δτE

n+1
h + δτE

n

h

2
), ∇ × (δτE

n+1
h − δτE

n

h)

)

− 1

2μ0μ
(||∇ × δτE

n+1
h ||2 − ||∇ × δτE

n

h||2). (4.11)

To simplify the first term on the RHS of (4.11), we notice that
(

∇ × δτ (
E

n+1
h + E

n

h

2
) − ∇ × δτE

n+ 1
2

h , ∇ × (δτE
n+1
h − δτE

n

h)

)

=
⎛
⎝∇ × δτ (

E
n+ 3

2
h + E

n+ 1
2

h + E
n+ 1

2
h + E

n− 1
2

h

4
− E

n+ 1
2

h ), ∇ × (τδ2τE
n+ 1

2
h )

⎞
⎠

= τ

⎛
⎝∇ × δτ (

E
n+ 3

2
h − 2E

n+ 1
2

h + E
n− 1

2
h

4
), ∇ × δ2τE

n+ 1
2

h

⎞
⎠

= τ 2

(
∇ × δτ (

δτE
n+1
h − δτE

n
h

4
), ∇ × δ2τE

n+ 1
2

h

)

= τ 2

4

(
∇ × (δ2τE

n+1
h − δ2τE

n
h), ∇ × δ2τ (

En+1
h + En

h

2
)

)

= τ 2

8

(
||∇ × δ2τE

n+1
h ||2 − ||∇ × δ2τE

n
h||2

)
. (4.12)

Substituting the estimate (4.11) with the application of (4.12), and the identity (by
using (3.16) and (3.17))

(
Ẽ

n+1
h − Ẽ

n

h

τ
, δτE

n+1
h − δτE

n

h) = 1

4

(
||δτE

n+ 3
2

h ||2 − ||δτE
n− 1

2
h ||2

)
(4.13)

into (4.10), and then into (4.9) with φh = τδ2τE
n+ 1

2
h , we obtain

ε0λ2

2
(||M− 1

2
A δ2τE

n+1
h ||2 − ||M− 1

2
A δ2τE

n
h||2)

+ ε0λ2ω
2
p

4
(||M− 1

2
A δτE

n+ 3
2

h ||2 − ||M− 1
2

A δτE
n− 1

2
h ||2)

+ 1

2μ0μ
(||∇ × δτE

n+1
h ||2 − ||∇ × δτE

n

h||2)

= τ 2

8μ0μ
(||∇ × δ2τE

n+1
h ||2−||∇ × δ2τE

n
h||2)+τ(MCδτ D̃

n+ 1
2

h , δ2τE
n+ 1

2
h ). (4.14)
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(III). Choosing φh = τδτE
n

h in (4.2), and by the same argument as (I), we have

ε0λ2

2
(||M− 1

2
A δτE

n+ 1
2

h ||2 − ||M− 1
2

A δτE
n− 1

2
h ||2)

+ε0λ2ω
2
p

4
(||M− 1

2
A En+1

h ||2 − ||M− 1
2

A En−1
h ||2)

= τ
(
δ2τD

n
h + MCD̃

n

h, δτE
n

h

)
. (4.15)

To estimate the term δ2τD
n
h on the RHS of (4.15), by using (4.1) and (4.3), we obtain

τ(δ2τD
n
h, δτE

n

h) = (δτD
n+ 1

2
h − δτD

n− 1
2

h , δτE
n

h)

by(4.1)= (H
n+ 1

2
h − H

n− 1
2

h , ∇ × δτE
n

h) = τ(δτH
n
h , ∇ × δτE

n

h)

by(4.3)= −τ

μ0μ
(∇ × En

h, ∇ × δτE
n

h)

= −1

μ0μ

⎛
⎝∇ × (En

h − E
n+ 1

2
h + E

n− 1
2

h

2
)

+∇ × E
n+ 1

2
h + E

n− 1
2

h

2
, ∇ × (E

n+ 1
2

h − E
n− 1

2
h )

⎞
⎠

= −1

2μ0μ

(
||∇ × E

n+ 1
2

h ||2 − ||∇ × E
n− 1

2
h ||2

)

+ 1

μ0μ

⎛
⎝∇ × E

n+ 1
2

h + E
n− 1

2
h − 2En

2
, ∇ × (E

n+ 1
2

h − E
n− 1

2
h )

⎞
⎠ . (4.16)

The second RHS term of (4.16) can be simplified further as (similar to (4.12))

1

μ0μ

⎛
⎝∇ × E

n+ 1
2

h + E
n− 1

2
h − 2En

2
, ∇ × (E

n+ 1
2

h − E
n− 1

2
h )

⎞
⎠

= τ

4μ0μ

(
∇ × (δτE

n+ 1
2

h − δτE
n− 1

2
h ), τ∇ × δτE

n

h

)

= τ 2

8μ0μ

(
||∇ × δτE

n+ 1
2

h ||2 − ||∇ × δτE
n− 1

2
h ||2

)
. (4.17)

Substituting (4.17) into (4.16), then into (4.15), we have

ε0λ2

2
(||M− 1

2
A δτ E

n+ 1
2

h ||2−||M− 1
2

A δτ E
n− 1

2
h ||2) + ε0λ2ω

2
p

4
(||M− 1

2
A En+1

h ||2 − ||M− 1
2

A En−1
h ||2)

+ 1

2μ0μ

(
||∇ × E

n+ 1
2

h ||2 − ||∇ × E
n− 1

2
h ||2

)

= τ 2

8μ0μ

(
||∇ × δτ E

n+ 1
2

h ||2 − ||∇ × δτ E
n− 1

2
h ||2

)
+ τ

(
MCD̃

n

h, δτ E
n

h

)
. (4.18)
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(IV). Since term δτ D̃
n+ 1

2
h in (4.14) can not be controlled by the like LHS term of

(4.8), we add (4.14) with all n’s reduced by one to (4.8), and (4.18) multiplied by ω2
p

(to get the same coefficient for ||M− 1
2

A δτE
n+ 1

2
h ||2), we obtain

1

2
(||δτD

n+ 1
2

h ||2 − ||δτD
n− 1

2
h ||2) + 1

4
(||M

1
2
CDn+1

h ||2 − ||M
1
2
CDn−1

h ||2)

+ε0λ2

2
(||M− 1

2
A δ2τE

n
h||2 − ||M− 1

2
A δ2τE

n−1
h ||2)

+ε0λ2ω
2
p

4
(||M− 1

2
A δτE

n+ 1
2

h ||2 − ||M− 1
2

A δτE
n− 3

2
h ||2)

+ 1

2μ0μ
(||∇ × δτE

n

h||2 − ||∇ × δτE
n−1
h ||2)

+ε0λ2ω
2
p

2
(||M− 1

2
A δτE

n+ 1
2

h ||2 − ||M− 1
2

A δτE
n− 1

2
h ||2)

+ε0λ2ω
4
p

4
(||M− 1

2
A En+1

h ||2 − ||M− 1
2

A En−1
h ||2)

+ ω2
p

2μ0μ

(
||∇ × E

n+ 1
2

h ||2 − ||∇ × E
n− 1

2
h ||2

)

= τ 2

8μ0μ
(||∇ × δ2τE

n
h||2 − ||∇ × δ2τE

n−1
h ||2)

+ τ 2ω2
p

8μ0μ

(
||∇ × δτE

n+ 1
2

h ||2 − ||∇ × δτE
n− 1

2
h ||2

)

+τε0λ2

(
M−1

A δ2τE
n
h + ω2

pM−1
A Ẽ

n

h, δτD
n

h

)

+ τ(MCδτ D̃
n− 1

2
h , δ2τE

n− 1
2

h ) + τω2
p

(
MCD̃

n

h, δτE
n

h

)
. (4.19)

Comparing (4.19) to (3.20) obtained for the CN scheme, we amazingly see that
(4.19) contains exactly the same terms as (3.20) except the first two extra RHS terms!
We will show that these two extra terms cause the LF scheme to be conditionally
stability, i.e., the time step is constrained by the mesh size.

Now, multiplying (4.19) by 2, then summing up the result from n = 1 to any
m ≥ 2, and using notation ENGcn defined in (3.8), we obtain

ENGcn(m) − ENGcn(0)

= τ 2

4μ0μ
(||∇ × δ2τ E

m
h ||2−||∇ × δ2τ E

0
h||2) + τ 2ω2

p

4μ0μ

(
||∇ × δτ E

m+ 1
2

h ||2 − ||∇ × δτE
1
2
h ||2

)

+ τ

m∑
n=1

2ε0λ2
(
M−1

A δ2τ E
n
h + ω2

pM−1
A Ẽ

n

h, δτD
n

h

)

+ τ

m∑
n=1

2(MCδτ D̃
n− 1

2
h , δ2τE

n− 1
2

h ) + τ

m∑
n=1

2ω2
p

(
MCD̃

n

h, δτE
n

h

)
. (4.20)
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(V). Now, we just need to bound the first two RHS terms of (4.20), since the rest
of RHS terms can be bounded in exactly the same ways as the CN scheme.

By using the inverse estimate (4.6), we have

τ 2

4μ0μ
(||∇ × δ2τE

m
h ||2 − ||∇ × δ2τE

0
h||2)

≤ τ 2

4μ0μ
· (Cinvh

−1)2(||δ2τEm
h ||2 + ||δ2τE0

h||2)

= τ 2

4μ0μ
· (Cinvh

−1)2(||M
1
2
AM

− 1
2

A δ2τE
m
h ||2 + ||M

1
2
AM

− 1
2

A δ2τE
0
h||2)

≤ (τCinvh
−1||M

1
2
A ||2)2

4μ0με0λ2

(
ε0λ2||M− 1

2
A δ2τE

m
h ||2 + ε0λ2||M− 1

2
A δ2τE

0
h||2

)
, (4.21)

and

τ 2ω2
p

4μ0μ

(
||∇ × δτE

m+ 1
2

h ||2 − ||∇ × δτE
1
2
h ||2

)

≤ τ 2ω2
p

4μ0μ
· (Cinvh

−1)2
(

||δτE
m+ 1

2
h ||2 + ||δτE

1
2
h ||2

)

≤ (τCinvh
−1||M

1
2
A ||2)2

4μ0με0λ2

(
ε0λ2ω

2
p||M− 1

2
A δτE

m+ 1
2

h ||2+ε0λ2ω
2
p||M− 1

2
A δτE

1
2
h ||2

)
. (4.22)

Suppose that the time step size τ satisfies (3.28) and

(τCinvh
−1||M

1
2
A ||2)2

4μ0με0λ2
≤ 1

4
, or τ ≤ h

√
μ0με0λ2

Cinv||M
1
2
A ||2

, (4.23)

which leads to (4.7), we obtain

1

4
ENGcn(m) − ENGcn(0) ≤ 3τ

4

m−1∑
n=0

ENGcn(n). (4.24)

Applying the discrete Gronwall inequality given in Lemma 3.1 to (4.24), we complete
the proof.

4.2 Convergence analysis

Furthermore, we denote the errors between the numerical solution (Dn+1
h , En+1

h ,

H
n+ 1

2
h ) of (4.1)-(4.3) and the exact solution (D(x, tn+1), E(x, tn+1), H(x, t

n+ 1
2
)) of

(2.1)–(2.3):

Dn+1
h − D(x, tn+1)=(Dn+1

h − �cD
n+1) − (Dn+1−�cD

n+1)=Dn+1
hξ − Dn+1

hη ,

En+1
h − E(x, tn+1)=(En+1

h − �cE
n+1) − (En+1−�cE

n+1)=En+1
hξ − En+1

hη ,

H
n+ 1

2
h −H(x, t

n+ 1
2
)=(H

n+ 1
2

h −�2H
n+ 1

2 )−(Hn+ 1
2 −�2H

n+ 1
2 )=H

n+ 1
2

hξ −H
n+ 1

2
hη ,
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here and below for simplicity we just denote

Dn+1 = D(x, tn+1), En+1 = E(x, tn+1), Hn+ 1
2 = H(x, t

n+ 1
2
).

First, let us establish the error equations. From (2.1) and (4.1), we have

(δτD
n+ 1

2
hξ , φh) − (H

n+ 1
2

hξ , ∇ × φh)

=
(

δτ (D
n+ 1

2
h − �cD

n+ 1
2 ), φh

)
− (H

n+ 1
2

h − �2H
n+ 1

2 , ∇ × φh)

by (4.1) and (2.1)=
(
δτ (I − �c)D

n+ 1
2 + ∂tD

n+ 1
2 − δτD

n+ 1
2 , φh

)

−(∇ × Hn+ 1
2 , φh) + (�2H

n+ 1
2 , ∇ × φh)

= (δτ (I − �c)D
n+ 1

2 , φh) + (∂tD
n+ 1

2 − δτD
n+ 1

2 , φh), (4.25)

where in the last step we used integration by parts and the L2 projection property

((I − �2)H
n+ 1

2 , ∇ × φh) = 0, since ∇ × φh ∈ Uh.
Similarly, from (4.2) and (2.2), we have

ε0λ2(M
−1
A δ2τE

n
hξ + ω2

pM−1
A Ẽ

n

hξ , ϕh) − (δ2τD
n
hξ + MCD̃

n

hξ , ϕh)

= ε0λ2

(
M−1

A δ2τ (E
n
h − �cE

n) + ω2
pM−1

A (Ẽ
n

h − �cẼ
n
), ϕh

)

−
(
δ2τ (D

n
h − �cD

n) + MC(D̃
n

h − �cD̃
n
), ϕh

)

by (4.2),(2.2)= ε0λ2

(
M−1

A δ2τ (I − �c)E
n + M−1

A (∂t2E
n − δ2τE

n), ϕh

)

+ε0λ2ω
2
p

(
M−1

A (En − Ẽ
n
) + M−1

A (I − �c)Ẽ
n
, ϕh

)
(4.26)

−
(
δ2τ (I − �c)D

n + ∂t2D
n − δ2τD

n, ϕh

)

+
(
MC(Dn − D̃

n
) + MC(I − �c)D̃

n
, ϕh

)
.

Finally, from (4.3) and (2.3), we obtain

μ0μ
(
δτH

n
hξ , ψh

)
+ (∇ × En

hξ , ψh)

= μ0μ
(
δτ (H

n
h − �2H

n), ψh

)+ (∇ × (En
h − �cE

n), ψh)

by (4.3),(2.3)= μ0μ
(
δτ (I − �2)H

n + ∂tH
n − δτH

n, ψh

)+ (∇ × (I − �c)E
n, ψh)

= μ0μ
(
∂tH

n − δτH
n, ψh

)+ (∇ × (I − �c)E
n, ψh), (4.27)

where in the last step we used the L2 projection property ((I − �2)H
n, ψh) = 0 for

any ψh ∈ Uh.
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In summary, we obtain the error equations given as follows:

(I ) (δτD
n+ 1

2
hξ , φh) − (H

n+ 1
2

hξ , ∇ × φh)

= (δτ (I − �c)D
n+ 1

2 , φh) + (∂tD
n+ 1

2 − δτD
n+ 1

2 , φh), (4.28)

(II ) ε0λ2(M
−1
A δ2τE

n
hξ + ω2

pM−1
A Ẽ

n

hξ , ϕh) − (δ2τD
n
hξ + MCD̃

n

hξ , ϕh)

= ε0λ2

(
M−1

A δ2τ (I − �c)E
n + M−1

A (∂t2E
n − δ2τE

n), ϕh

)

+ε0λ2ω
2
p

(
M−1

A (En − Ẽ
n
) + M−1

A (I − �c)Ẽ
n
, ϕh

)
(4.29)

−
(
δ2τ (I − �c)D

n + ∂t2D
n − δ2τD

n, ϕh

)

+
(
MC(Dn − D̃

n
) + MC(I − �c)D̃

n
, ϕh

)
,

(III ) μ0μ
(
δτH

n
hξ , ψh

)
+ (∇ × En

hξ , ψh)

= μ0μ
(
∂tH

n − δτH
n, ψh

)+ (∇ × (I − �c)E
n, ψh), (4.30)

hold true for any φh, ϕh ∈ V 0
h and ψh ∈ Uh.

Note that those LHS terms on the error equations (4.28)–(4.30) have exactly the same
form as the leap-frog scheme (4.1)–(4.3), and the RHS terms are error terms incurred
by interpolation and time approximations. Using the interpolation error estimate and
Taylor expansion (cf. [30]), we can see that all the RHS terms have local errors O(hp

+τ 2), where p ≥ 1 is the degree of the basis function in the FE spaces V 0
h and Uh.

Then, following the same procedure developed for the stability proof, we can
prove the errors between the finite element solutions and their projections or interpo-
lations given as:

||δτD
n+ 1

2
hξ ||2 + ||M

1
2
CDn+1

hξ ||2 + ||M
1
2
CDn

hξ ||2
2

+ ε0λ2||M− 1
2

A δ2τE
n
hξ ||2

+ε0λ2ω
2
p

⎡
⎣ ||M− 1

2
A δτE

n+ 1
2

hξ ||2 + ||M− 1
2

A δτE
n− 1

2
hξ ||2

2
+ ||M− 1

2
A δτE

n+ 1
2

hξ ||2
⎤
⎦

+ 1

μ0μ
||∇ × δτE

n

hξ ||2 + ε0λ2ω
4
p

⎛
⎝ ||M− 1

2
A En+1

hξ ||2 + ||M− 1
2

A En
hξ ||2

2

⎞
⎠

+ ω2
p

μ0μ
||∇ × E

n+ 1
2

hξ ||2

≤ C(τ 2 + hp)2. (4.31)

Now, using the triangle inequality, the estimate (4.31), the interpolation and pro-
jection error estimates (3.6)-(3.7), we have

||δτD
n+ 1

2
h − ∂tD

n+ 1
2 ||2

= ||δτ (D
n+ 1

2
h − �cD

n+ 1
2 ) + δτ ((�c − I )Dn+ 1

2 ) + (δτD
n+ 1

2 − ∂tD
n+ 1

2 )||2
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≤ 3

(
||δτ (D

n+ 1
2

h −�cD
n+ 1

2 )||2+||δτ ((�c−I )Dn+ 1
2 )||2+||δτD

n+ 1
2 −∂tD

n+ 1
2 ||2

)

≤ C(τ 4 + h2p) + C

τ

∫ tn+1

tn

||(�c − I )D||2ds + Cτ 4||∂t3D||2
C([0,T ];(L2(�))3)

≤ C(τ 4 + h2p) + Ch2p||∂tD||2C([0,T ];Hp(curl;�)) + Cτ 4||∂t3D||2
C([0,T ];(L2(�))3)

,

where we used the inequalities (cf. [27, Lemma 3.16])

||δτu
n||2 := ||u

n+ 1
2 − un− 1

2

τ
||2

≤ 1

τ

∫ t
n+ 1

2

t
n− 1

2

||∂tu||2ds, ∀ u ∈ H 1(0, T ; L2(�)), (4.32)

and

|δτD
n+ 1

2 − ∂tD
n+ 1

2 | ≤ Cτ 2 max
0≤t≤T

|∂t3D|. (4.33)

By the same technique, we can obtain the error estimate of the rest terms, which
leads to the following optimal error estimate.

Theorem 4.3 Suppose that the analytical solution (D, E, H) of (2.1)–(2.3) are
smooth enough and the time step size τ satisfies (4.7), then for any n ≥ 1 we have

||δτD
n+ 1

2
h − ∂tD

n+ 1
2 ||2 + ||M

1
2
C (Dn+1

h − Dn+1)||2 + ||M
1
2
C (Dn

h − Dn)||2
2

+ε0λ2||M− 1
2

A (δ2τE
n
h − ∂t2E

n)||2

+ε0λ2ω
2
p

⎡
⎣ ||M− 1

2
A (δτE

n+ 1
2

h − ∂tE
n+ 1

2 )||2 + ||M− 1
2

A (δτE
n− 1

2
h − ∂tE

n− 1
2 )||2

2

+||M− 1
2

A (δτE
n+ 1

2
h − ∂tE

n+ 1
2 ))||2

⎤
⎦

+ 1

μ0μ
||∇ × (δτE

n

h − ∂tE
n
))||2

+ε0λ2ω
4
p

⎛
⎝ ||M− 1

2
A (En+1

h − En+1)||2 + ||M− 1
2

A (En
h − En)||2

2

⎞
⎠

+ ω2
p

μ0μ
||∇ × (E

n+ 1
2

h − E
n+ 1

2 )||2 ≤ C(τ 2 + hp)2, (4.34)

where the constant C > 0 is independent of h and τ , and p is the degree of the basis
functions in Uh and V h.
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5 Numerical results

In this section, we first present some numerical results to justify the convergence
result we proved for the leap-frog scheme, then we show that the interesting cloaking
phenomenon can still be obtained by our new leap-frog scheme.

To test the convergence, we implement the leap-frog scheme (4.1)-(4.3) by using
FEniCS [35] version 2016.1.0 installed under Ubuntu 14.04 on ThinkPad T440s
Notebook (with 1.70-GHz CPU and 8-GB memory). Since an exact solution to the
complicated model (2.1)–(2.3) is unknown, we just assume that the model has a
solution for the electric field given as

E(x, y, t) =
(

Ex

Ey

)
=
(
cos(ωx) sin(ωy)

− sin(ωx) cos(ωy)

)
e−ωf t . (5.1)

Then, we integrate (2.3) to obtain a magnetic solution

H(x, y, t) = − 1

μ0μ

∫ t

∇ × Edt = 2

μ0μ

∫ t

cos(ωx) cos(ωy)e−ωf tdt

= − 2

μ0μωf

e−ωf t cos(ωx) cos(ωy). (5.2)

Substituting (5.2) into (2.1), and integrating the result with respect to t , we obtain

D(x, t, t) =
∫ t

∇ × Hdt =
∫ t −2

μ0μωf

(−ω cos(ωx) sin(ωy)

ω sin(ωx) cos(ωy)

)
e−ωf tdt

= −2ω

μ0μω2
f

(
cos(ωx) sin(ωy)

− sin(ωx) cos(ωy)

)
e−ωf t . (5.3)

To accommodate the above exact solutions, we have to add a source term f to the
original governing equation (2.2) such that

f (x, y, t) = ε0λ2(∂tE + ω2
pE) − MA∂t2D − MBD. (5.4)

Hence, the implementation of (4.2) becomes

ε0λ2

(
δ2τE

n
h + ω2

pẼ
n

h

)
= MAδ2τD

n
h + MBD̃

n

h + f (tn). (5.5)

In our simulation, we simply choose the physical domain � as the unit square,
which is partitioned by a structured triangular mesh. A sample coarse mesh is shown
in Fig. 1. To test the convergence rate, we use a sequence of uniformly refined
meshes.

Example 1. For this test, we chose the physical parameters as follows:

H1 = 0.05, H2 = 0.2, d = 0.2, ε0 = μ0 = ωf = π, ω = 4π,

T = 1e − 4, τ = 1e − 6.

The scheme (4.1), (5.5), and (4.3) is solved with the pth order Nédélec curl con-
forming edge element space V h and the (p − 1)th order L2 finite element space Uh

on triangular elements with p = 1 and p = 2. We solved this example on a series of
uniformly refined n × n triangular meshes as Fig. 1. In Table 1, we presented the L2
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Fig. 1 A sample 8 × 8 mesh for our numerical test

errors ||En+1
h − E(tn+1)||, ||En+1

h − E(tn+1)||, and ||Hn+ 1
2

h − H(t
n+ 1

2
)|| obtained

at the last time step. Table 1 shows clearly the convergence rate of O(hp) in the L2

norm for E and D proved in Theorem 4.2, though we do not have theoretical con-
vergence for H . The corresponding CPU times (in seconds) are presented in Table 1
too.

Example 2. This example mimics Example 2 of our previous simulation [29] by
the new leap-frog scheme (4.1)–(4.3). No equation is to be solved in the cloaked
region. To show the invisibility cloaking phenomenon, we have to cover the cloaking
region by a vaccum region where the standard Maxwell’s equations in vacuum has
to be solved. This can be done easily since (2.1)–(2.3) can be reduced to Maxwell’s
equations in vacuum by ignoring (2.2) and choosing μ = 1 in (2.3). More specifi-
cally, in implementation of (4.1)–(4.3), we do not update (4.2) in the vaccum region,
instead of just updating En+1

h = ε−1
0 Dn+1

h .
In this example, the cloaking region parameters H1 = 0.1 m, H2 = 0.4 m, d =

0.4 m, the expanded physical domain [−0.6, 0.6] m × [0, 0.6] m covers the cloaking
region and is partitioned by an unstructured triangular mesh with mesh size h =
0.01 m. We use a time step τ = 10−13 s, and the classical Berenger perfectly matched
layer (PML) of thickness 15h. An incident Gaussian wave

Hz(x, y, t) = sin(2πf ) exp(−|x − xc|2
L2

)

is imposed along a slanted line segment with endpoints (−d, d/2) and (−d/2, d),
where x = (x, y) denotes arbitrary point on this line segment, xc is the midpoint
of this segment, and L = 0.25

√
2d . Snapshots of the numerical magnetic fields
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Fig. 2 Example 2 (with metamaterial). The magnetic fields Hz obtained at 12000, 24000, 40000, and
50000 time steps (oriented counterclockwise)

Hz obtained with frequency f = 2 GHz up to 50000 time steps are presented in
Fig. 2, which clearly shows that the incident wave seems totally reflected from the
flat ground. This reproduced the invisibility cloaking phenomenon obtained in [29]
and also similar to the simulation obtained by COMSOL for the acoustic carpet cloak
in [9, Fig. 7.7].

To appreciate the cloaking performance with metamaterial, we solve Example 2
again by replacing the cloaking region with air and keeping the rest parameters invari-
ant. The obtained magnetic fields Hz at various time steps are presented in Fig. 3,
which shows that the wave scatters. Hence, the cloak phenomenon disappears when
the cloaking metamaterial is removed.

Fig. 3 Example 2 (without metamaterial). The magnetic fields Hz obtained at 12000, 24000, 40000, and
50000 time steps (oriented counterclockwise)
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Fig. 4 Example 3. The magnetic fields Hz obtained at 12000, 24000, 40000, and 50000 time steps
(oriented counterclockwise)

Example 3. This example mimics Example 1 of our previous simulation [29] by
the new leap-frog scheme (4.1)–(4.3). Here we use the same physical parameters as
Example 2, except that a plane incident source wave Hz(x, y, t) = sin(2πf ) with
frequency f = 2 GHz is imposed on edge x = −0 : 6 m. Snapshots of the obtained
magnetic fields Hz are presented in Fig. 4, which shows that the wave resumes its
plane wave patten after passing through the cloaked region. Hence, the invisibility
cloaking phenomenon is achieved in this case.

6 Conclusions

In this paper, we proposed two new finite element schemes for solving the time-
domain carpet cloak model. The major novelty of the paper is that both the Crank-
Nicolson and leap-frog schemes are new, and they proved to be unconditionally stable
and conditionally stable (under the usual CFL constraint τ = O(h)), respectively.
This overcomes the impractical CFL constraint τ = O(h2) imposed on the stability
analysis in previous works [29, 30]. Optimal error estimate is proved for the leap-frog
scheme. An optimal error estimate can be similarly proved for the Crank-Nicolson
scheme. We will continue exploring and analyzing more efficient algorithms such as
LDG method [32, 45] for this interesting model in the future.
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