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Solutions to the two-body problem in general relativity allow us to predict the mass, spin, and recoil
velocity of a black-hole merger remnant given the masses and spins of its binary progenitors. We address
the inverse problem: given a binary black-hole merger, can we use the parameters measured by
gravitational-wave interferometers to determine whether the binary components are of hierarchical origin,
i.e., whether they are themselves remnants of previous mergers? If so, can we determine at least some of the
properties of their parents? This inverse problem is in general overdetermined. We show that hierarchical
mergers occupy a characteristic region in the plane composed of the effective-spin parameters y.q and y,,
and therefore a measurement of these parameters can add weight to the hierarchical-merger interpretation
of some gravitational-wave events, including GW190521. If one of the binary components has hierarchical
origin and its spin magnitude is well measured, we derive exclusion regions on the properties of its parents:
for example, we infer that the parents of GW190412 (if hierarchical) must have had unequal masses and
low spins. Our formalism is quite general, and it can be used to infer constraints on the astrophysical

environment producing hierarchical mergers.
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I. INTRODUCTION

Gravitational-wave (GW) astronomy is rapidly entering
a data-driven regime where astrophysical modeling uncer-
tainties are becoming the key limiting factor. The most
popular astrophysical formation channels for the merging
black-hole (BH) binaries detected by LIGO and Virgo
include isolated binary evolution in the galactic field and
dynamical assembly in either dense stellar clusters or
accretion disks [1,2]. Astrophysical predictions depend
on several poorly understood phenomena (nuclear-reaction
rates, supernova kicks, common-envelope efficiency, met-
allicity, formation and evolution of stellar clusters), which
make the various channels largely or partially degenerate.
While there is some evidence that multiple formation
channels provide comparable contributions to the overall
rate of merger events detectable in GWs [3,4], pinpointing
the origin of specific systems observed by LIGO and Virgo
remains challenging.

The difficulty of the task is greatly alleviated by the
so-called gaps in the BH binary parameter space: regions
that can be populated only by a subset of the proposed
formation channels. The mass spectrum of merging BHs
is predicted to present two such gaps. The typical time-
scales involved in the explosion mechanism may prevent
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the formation of compact objects between ~3 M, and
~5 Mg [5], while unstable pair production during the
advanced evolutionary stages of massive stars can impede
collapse to BHs with masses 250 Mg and <120 M [6,7].
The existence of both gaps is partially supported by current
observations, which show that the BH binary merger rate is
indeed suppressed in those regions [8]. However, obser-
vations also tell us that the gaps are somehow polluted, with
GW190814 [9] and GW 190521 [10] presenting component
masses that sit squarely in the lower and upper mass gap,
respectively.

Spin orientations are often invoked as a promising tool to
distinguish formation channels, with binaries born in the
field (assembled dynamically) being more likely to enter
the LIGO band with small (large) spin-orbit misalignments
[11-14]. However, the discriminating power of the spin
directions trivially fades if the spin magnitudes turn out to
be vanishingly small, as predicted by some [15,16] (but not
all [17,18]) models of stellar evolution. In analogy with the
mass gaps highlighted above, we previously referred to the
putative absence of high-spinning BHs as the “spin gap”
[19]. While the bulk of the observed population appears
to be compatible with small but nonzero spins [8], both
GW190521 [10] and GW190412 [20] present strong evi-
dence for spin dynamics.

Hierarchical BH mergers are a natural strategy to
populate both the upper mass gap and the spin gap
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[21,22] (see [23] for a review). By avoiding stellar collapse
altogether, assembling objects from older generations of
BH mergers bypasses the constraint imposed by both
pair production instabilities and core-envelope interactions.
The masses of merger remnants are roughly equal to the
sum of the masses of the merging BHs, while their spins
follow a characteristic distribution that is highly peaked at
~0.7. The key prediction is that of a positive correlation
between masses and spins, with a depleted region in the
high-mass/low-spin corner of the parameter space [24,25].
Hierarchical mergers could explain the mass/spin gap
properties of both GW190412 [26,27] and GW190521
[28]. Some population analyses are tentatively reporting
that a subpopulation of hierarchical mergers might be
present in the data [29-31], although current evidence is
inconclusive [8]. In order to host hierarchical mergers,
astrophysical environments need to possess a sufficiently
large escape speed to retain merger remnants following
relativistic recoils [32]. Nuclear star clusters, accretion
disks surrounding active galactic nuclei (AGN), and pos-
sibly globular clusters are among the most plausible
hosts [19,33-38].

This line of reasoning leads to two deeply connected
questions, which are illustrated schematically in Fig. 1.
First, do the measured parameters of a GW event allow us to
tell whether it originated hierarchically from previous
mergers? If so, what are the properties of the parent
BHs? While the main goal of LIGO/Virgo data analysis
is to infer the properties of the merging BHs from the
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FIG. 1. Schematic representation of the inverse problem ad-
dressed in this paper. In Sec. II we ask: if we detect GWs from a
binary BH merger with mass ratio ¢, effective spin y.y, and
precessional spin y,,, can we establish whether one of the binary
components (in this sketch, the one with remnant spin y, = )
originated from a previous merger? In Sec. III we instead ask: if
indeed one of the binary components comes from a previous
merger and we measure y,, can we determine the mass ratio Q,
spin magnitudes & », and recoil velocity of the parent binary? The
merger remnant does not necessarily have to be the primary
component of the observed binary, as shown in this sketch (i.e.,
the arguments in Sec. IIT also apply to the case where y, = y»).

observed GWs, here we take one step backward in the BH
family tree and try to constrain the properties of the parent
BHs that generated the observed binary. This problem is in
general overdetermined, but we show that it is possible to
infer many properties of the parent binary.

Current spin inference is largely limited to estimates of
some effective combinations of the two spins. In Sec. II, we
show that hierarchical mergers occupy a distinct region in
the plane composed of the two commonly used parameters
Xefr and y,, which can thus be used to infer whether one or
both of the merging BHs originated from a previous
merger. We apply this argument to GW190521 and show
that, together with its mass-gap properties, its spin values
add considerable weight to a hierarchical-merger interpre-
tation. Next, in Sec. III we show that events with a well-
constrained component spin magnitude allow for a unique
reconstruction of the previous generation of BHs. Our
argument relies on inverting a numerical-relativity fit for
the remnant spin. We apply this inversion to GW190412
and find that its parent binary must have had a moderate
mass ratio and moderately low spins. Finally, in Sec. IV we
present conclusions and directions for future work. We use
geometrical units G = ¢ =1 and GW posterior samples
from Ref. [39].

II. HIERARCHICAL BLACK-HOLE MERGERS
IN THE (xsr.%,) PLANE

A GW signal depends in principle on all 6 degrees of
freedom corresponding to the two spin vectors y; and y»,
but most of the discriminating power is contained in a
limited number of effective parameters. In this section we
illustrate how, even with this limited set of information, one
can draw powerful constraints on the likelihood that a given
GW event originated from previous mergers.

A. Effective spins

The two spin components parallel to the binary’s orbital
angular momentum are often combined into the mass-
weighted expression [40]

x1co0s6; + qy,cos,
Aeff =
1+gqg

; (1)

where ¢ = m,/m, <1 is the mass ratio, y; = |S;|/m; are
the dimensionless Kerr parameters of the individual BHs,
and 6; = arccos(S; - L) are the spin-orbit angles. The
effective spin y.; is a constant of motion at second
post-Newtonian (2PN) order [40,41].

The precession of the orbital plane is encoded in the
variation of the direction of the orbital angular momentum
|dL/d1|. Tt is usually described in terms of a spin parameter
Xp first defined in a heuristic fashion as [42]

)(l(aheu) = max (y11.x21) (2)
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where

4q +3

= Clmﬂ(z sin,.  (3)

Y11 = x18in6y, X21

This parameter is routinely used in GW data analysis [8].

The quantity y® € [0,1] retains some, but not all,

precession-timescale variations. This inconsistency was
rectified in Ref. [43] using a complete precession average

of |dL/dt| at 2PN. Their augmented definition )(I(Jav) €
[0, 2] has the desirable properties of (i) being conserved on
the short spin-precession timescale of the problem, (ii) con-
sistently including two-spin effects, (iii) agreeing with the
heuristic expression in the single-spin limit. In the large-
separation limit r — oo (corresponding to GW emission
frequencies fgw — 0), the quantity )(gw) can be written in
closed form as [43]

: - 4
lim)(l()dv) _ 1L ZZJ_|E|:_ X11X21 2]
r—oo T (e —x11)
+ 4
+)(u )(uE{ X1LX21 2]’ (4)
T (1L +x21)

where E(m) is the complete elliptic integral of the second
kind. In practice, this expression is accurate down to
<0.1%(1%) for r = 10°M(10*M) (where M = m; + m,
is the total mass of the binary), and thus well describes BH
binaries at the large separations where they form. For
configurations in the sensitivity window of LIGO/Virgo
(fow =2 10 Hz), one instead needs to use ;(gav)
Eq. (16) of Ref. [43].

as given in

B. Elliptical arcs

Let us assume for simplicity that first-generation (1g)
BH binaries have uniformly distributed spin magnitudes
i € [0, ¥max), While their mass ratio ¢ has a power-law
distribution p(g)  ¢”. Large, positive values of 3 indicate
a scenario where BHs pair selectively with companions of
similar masses, as expected in mass-segregated clusters.
The case = 0 models a random pairing process, and it is
tentatively supported by current GW observations [8].
We compute the effective spins for 1g + 1g mergers by
assuming the spin directions to be isotropically distributed,
as expected in dynamical formation channels.

From this population of 1g 4 1g mergers, we estimate
the spin of the second-generation (2g) merger remnants
using fits to numerical-relativity simulations [44]. This
yields the probability distribution p(y,) of 2g BHs. To
construct the population of 1g + 2g and 2g + 2g mergers,
the 2g BHs [with spin distribution p(y,)] are paired with 1g
and 2g BHs [with spin distributions U(0, ymax) and p(x,)],
assuming the pairing probability p(g) « ¢”. In Fig. 2 we
show the three populations, 1g+ 1g, 1g+2g, and

2g 4 2g, where we contrast y.; against both the heuristic
expression ;(l(gheu) [Eqg. (2)] and the asymptotic limit of the

fully averaged expression )(l(,av) [Eq. (4)].

We find that 1g 4 1g BH binaries are confined to a
region near the origin of the (.. x,) plane. Interestingly,
the populations involving 2g BHs cluster in arc-shaped
structures extending to regions of the plane where y,, % 0.5
and |/1/eff| z 0.5.

The leftmost panels of Fig. 2 show a case where BH
spins at birth are low (y.« = 0.1) and pairing is highly
selective (# =5). In this case, the 1g + 2g and 2g + 2¢g
spin distributions are well separated from their 1g + 1g
progenitors, indicating that future GW measurements
with accuracies of ~10% on y.; and y, will allow us to
confidently pinpoint their hierarchical generation.

To better understand this analytically, let us analyze the
limit where ... <1 and B> 1. Because pairing is
selective, most sources will have g ~ 1.

For the 1g + 2g population, one has y, ~ 0 (because 1g
spins are assumed to be low) and y; ~ 0.7 (because the 2g
BH is the remnant of a previous merger). The condition

x> < yi implies that ;(I(,heu) ~ lim, o ;(I(,av) [43], thus
explaining why the two orange arcs in the left panels
of Fig. 2 are very similar to each other. From the defini-
tions (1) and (2) it follows that y.; =~ y;cos#,/2 and

Xp = x18in6;, and therefore

— — | ~1 5
(o.ﬂeff) + (0.7> : )

which is the equation of an ellipse. The effective spins are
thus limited by —0.35 < yer £0.35 and 0 < y, $0.7.

For the 2g + 2g case, one has g ~ 1 and y; ~ y, ~0.7.
This yields the relation

o) 2 x(heu) 2
(ﬁ/’(eff 4+ cos 19) -+ ( 87 > oy 1, (6)

where cos d is a random number distributed uniformly in
[—1, 1]. The additional term compared to Eq. (5) has the
effect of splitting the ellipse and shifting it horizontally
in both directions, resulting in the double-arc blue struc-

tures observed in Fig. 2. Equation (6) also implies that

)(éheu) < 0.7. However, this is an artificial limit introduced

by the heuristic definition of y,, as evidenced by the sharp
truncation of the blue arcs in the top panels of Fig. 2.
We can estimate the upper bound of the fully averaged

. (av) . - . _
precession parameter yp, = by imposing y.¢ ~ 0, which in
this case corresponds to setting cos #; ~ —cos 6, and thus
X111~ X2l in Eq (4), with the result

w _4x07
lim 7 <270 /1 - cos? 9 < 09. (7)

T
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FIG.2. Distribution of different BH generations in the (e, x,) plane. Green, orange, and blue regions indicate 1g + 1g, 1g + 2g, and
2g + 2g mergers, respectively, with contours marking the 68% and 90% levels. We consider a simple population model where y,.«
indicates the largest BH spins at formation, and f indicates the binary pairing properties. In particular, we consider (ymax, ) = (0.1,5)
(small spins and selective pairing, left panels), (yma. ) = (0.5,5) (large spins and selective pairing, middle panels), and (¥ ax, f) =
(0.1,0) (small spins and random pairing, right panels). We contrast the aligned effective spin y.; with the heuristic value of the

precession parameter ;(I(,heu) (bottom panels) and the asymptotic limit of the consistently averaged quantity lim,_, o, ;(l(,av>. Gray contours

indicate the posterior distribution of GW190521 (68% and 90% levels). Samples have been backpropagated to fgw = 0 Hz (r = o) to

model how the source formed.

This is consistent with the extended blue arcs in the bottom-
left panel of Fig. 2.

The trends that we just described remain valid, although in
amore approximate fashion, for generic values of # and .-
For uniform pairing (# = 0; rightmost panels in Fig. 2), the
2g spins follow a broader distribution extending from ~0 to
~0.7. This increases the area covered by the arcs in Fig. 2.
Small-spin 2g mergers end up populating the region where
Xefr and y, are both small, leading to some overlap with the
lg + 1g distribution. If instead the 1g spins are larger
(¥max = 0.5; middle panels in Fig. 2), the 1g + 1g spins
end up spanning a larger region in the ( yesr, ¥,) plane, but the
2g spins remain peaked at large values.

C. Backpropagating GW190521

At present, the most promising candidate of hierarchical
origin is GW190521 [10]. This conclusion is largely driven
by its masses, at least one of which lies in the pair-
instability gap. The “effective-spin arcs” that we just
explored allow us to cross-check whether this interpretation
is also compatible with its spin properties. The measured

values of . and y, for GW190521 are indicated in Fig. 2
with gray contours. In the posterior distribution samples
provided in Ref. [39], the spin directions are provided at the
arbitrary reference frequency fgw = 11 Hz. We backpro-
pagate the spin distributions to fgw = 0 Hz using the
formalism and the code of Refs. [41,45,46]. This is
because, much like any other astrophysical model, our
populations describe BH binaries at formation, not at
detection, so it would be wrong to use the LIGO posterior
samples at face value. To the best of our knowledge, this is
the first time that samples from a real GW event have been
backpropagated from detection to formation.

GW190521 is more easily accommodated by the 1g + 2g
and 2g + 2g populations for all values of y,,,, and  explored
in Fig. 2. To quantify this statement, we compute the
likelihood that GW190521 belongs to generation ¢ as
follows:

Py(Ymax: B: |d)

P (Xetrs 2pld)
= | dyedy,———— , max>B)s (8
/ KetrdXp . Py(Xefts Xpl Hmax> B)> (8)
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TABLE 1. Likelihood ratios for GW190521 when comparing
lg +2g and 2g + 2g origins against 1g + 1g origin.

)(p _ Xéav) Xy = XE]heu)
(Xmax:#) Ligi2g Logi2e Ligiog Logiog
0.1, 5) 53 8.9 6.1 6.3
0.5,5) 35 5.1 34 3.6
0.1, 0) 3.8 4.7 4.5 4.8

where g = {l1g+1g, 1g+2g.2g+2g}, p(xerr. 2pld) is
the LIGO posterior for GW190521, z(yes. x,) is the
LIGO prior, and p,(xefr» ¥p|Xmax- ) is the probability
distribution of (yefr, v,) for given (yma.p). Note that in
the expression above we are implicitly neglecting selection
effects [47,48], which are largely irrelevant in this case
because we are integrating only over the spin parameters
[49]. Since the event priors and posteriors are provided as
discrete samples, the integral in Eq. (8) is computed as a
Monte Carlo summation with p, and 7 evaluated on the
posterior samples. The prior values are estimated with a
bounded kernel density fit to the LIGO prior samples.
The likelihood ratios

r _ P1g+2g()(max’ﬂ’ d)
let2e Plg—Hg()(max’ﬂ’ |d)

©)

and

d
Q)

P2g+2g ()(ma)u ﬂ7
Plg-l—lg()(maxv ﬂv

£2g+2g = ( 10)

are given in Table I for all values of y,.. and f explored
in Fig. 2. For small 1g spins and selective pairing
(Xmax = 0.1 and p=15), large precessing spins of
GW190521 can only be explained by 2g populations.
On the other hand, if y,, = 0.5, 1g populations have
extended support to large (v, ), leading to a reduction
in Ly, and L5, 5,. In the limit yp,, — 1, which allows
for the possibility that the large-spin BHs observed in
high-mass x-ray binaries [50] may contribute to multiple-
generation mergers, one has Ly,,5, = 1.1 (L5540, = 1.1)
if Xp= )(E)heu
;(Efvg), blurring the lines between the spin distribution of
1g + 1g mergers and mergers involving 2g BHs. Similarly,
random pairing at = 0 also leads to smaller 2g spins, and
hence relatively less support at large spins, again reducing
Lyg42 and Loy, 5,. While large values of yp,, and small
values of f reduce the likelihood ratio, they might also
diminish the population of 2g BHs. This is because the
larger recoils experienced by remnants of 1g + 1g mergers
will make it harder for clusters to retain them.

Vor Ligiag = 13 (Laging = 1.4) if g, =

In Table I we did not include a prior ratio, which is model
dependent.

III. THE PARENTS OF HIERARCHICAL
BLACK-HOLE MERGERS

Constraints on hierarchical mergers would become more
informative if GW data were to provide accurate measure-
ments of the individual spins of the merging BHs—not only
of some effective combination thereof. In this case, one can
reconstruct not only the generation of the observed events
but also the properties of its parents.

A. Constraints on the remnant black-hole spin

Suppose that we have measured the dimensionless spin
x: of one binary component. This is likely to be the spin of
the heavier BH in the observed binary (i.e., y, = y1),
although this is not required for the argument presented
here to be valid. Assuming that the measured BH with spin
x: 1s the remnant of a previous merger, we now wish to
infer the properties of its parents.

Consider a parent binary with masses M ,, spins &,
and mass ratio Q = M, /M, <1 (recall that m », y;, and
q = my/my denote the corresponding quantities for the
observed binary; cf. Fig. 1). Using the numerical-relativity

fits of Ref. [51], y, is given by
& +0%,

’“:“’m{l’ (1+0)

2 2
+S4<%> +(S57[+t0+2)<

+nL [2\/§+ 1+ ty?

& +Q2§2> I:}
1+0°

},
(11)

where 7 = Q/(1 + Q)? and L denotes the angular momen-
tum of the parent binary. The fitting coefficients are 7, =
—2.8904, t, = —3.51712, t; = 2.5763, s, = —0.1229, and
ss = 0.4537 [51]. We use the fits of Ref. [51], as opposed
to newer fits like those in Refs. [44,52], to keep the
analytical treatment of the problem tractable. This has a
negligible effect on our analysis because the systematic
error in the fits is smaller than typical statistical errors in the
measurement of y,.

When both spins of the parent binary are either aligned
(L-& =1-& = +1; henceforth denoted by 1) or anti-
aligned (L -& = L-& = —1; denoted by | |) relative to
the orbital angular momentum, y, is given by

)(rM/H :‘2\@,7 + ot + 13 +i2§2

(1=2n)
(ssn+1to+2)]5
i{lJrn =2 }5‘ (12)

where
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&+ 0%

S=itor

(13)
The plus and minus signs correspond to aligned (11) and
antialigned (| J) spins, respectively. We dropped the
minimum operation that was present in Eq. (11) and,
consequently, our inversion is valid only for y, < 1.

In most of the three-dimensional parameter space
(Q,&1,&,), the remnant spin y, is maximal when the

binary spins are aligned (y, = ;(rT ") and it is minimal when
they are antialigned (y, = )(ri i). In the corner of the
parameter space with Q/(1 + Q)% < 0.28Z, the minimum
- 1s instead obtained when the primary BH is antialigned
and the secondary BH is aligned, i.e., L - 21 =-L. 32 =
—1 (denoted by | 1). The value of ;(rl " can be obtained by
replacing & — (£, — 0%&,)/(1 4+ Q)? in the expression for
)(rl L. Because
& - 0%

W =&+ 0(0%) (14)

and the condition )(rl T < )(rl v requires unequal mass bina-
ries, in the following we approximate the minimum of y,
with )(ri Y for all values of 0, &, and &,. The error
introduced by this approximation is Ay, < 0.07, and it is
largest for the extremal spins & ~ 1 and Q ~ 0.26.

B. Inferring the parents’ mass ratio
from the remnant spin

Our next goal is to find the spin combinations that yield a
given y.. We can invert the relation

0.8 <x <209 (15)
to obtain the & needed to form a remnant with spin y,:

f—()(rs Q) < 2 < -7:+()(r’Q)’ (16)

where the functions F_(y,, Q) and F , (y,, Q) are obtained
by inverting Eq. (12) and are shown in Fig. 3. The detection
of a BH with spins y, restricts the progenitor’s properties to
a specific wedge of the (Q, &) plane.

There is a special value of the mass ratio Q, for which
F_(x:» Qo) = 0. This case corresponds to the merger of
nonspinning BHs (§; = & = 0). From Eq. (11) one gets

2 = 10(2V3 + tag + t3173), (17)

where 5, = Qy/(1 + Qy)>. For instance, for y, = 0.5 one
has Qq = 0.28. If the parent binary had a mass ratio Q,,
there would be no restriction on the component spin
magnitudes of the progenitors that could have formed

1.0~ ‘
—_—r =05 ]

081 feixr =0.69 ]
£/ xr=0.9 |
0.6 =
k\‘\‘ Xmax::[-

1.0

Q

FIG. 3. Bounds on the mass ratio Q and spin combination & of
the parent binary producing a remnant with spins y, = 0.5 (solid
black line), y, = 0.69 (thin dashed line), and y, = 0.9 (thin dash-
dotted line). The lower and upper bounds are given by the
functions F .. defined in Eq. (16). For clarity, in this figure we
explicitly label these functions only when y, = 0.5. Blue lines
represent further upper limits that can be imposed if the parent
BH spins are bounded by &; 5 < ymax With ¥ = 0.2,0.5 and 1
(in different shades of blue): cf. Eq. (18). For given values of y,
and y .y the allowed region for the progenitors lies within the
wedges above the black curves corresponding to the given y,, and
below the blue curves corresponding to the given y .-

the observed remnant. For all other values of Q # Q,,
the parents must have had nonzero spin magnitudes.

When the remnant spin reaches a value y, ~0.69, we
find that Q) = 1. Equal-mass parents can form this remnant
irrespective of their spin magnitudes, but larger BH spins
are required if Q is smaller. If y. = 0.69, the equation
F_(x:» Qo) = 0 does not admit solutions with Q, € [0, 1].
Nonspinning BHs cannot possibly form such a remnant. If
interpreted as a hierarchical merger, a putative GW obser-
vation of a BH with y, 2 0.69 would indicate that the BHs
of the previous generation were also spinning.

One might want to further impose an upper bound on
the spin magnitudes of the previous-generation BHs, say,
&12 < XYmax- If the parent’s binary consists of 1g BHs, the
parameter y .. has the clear physical interpretation of the
largest BH spin resulting from stellar collapse. This addi-
tional condition translates to

140’

E<——— ¥ 18

é—(l_i_Q)g/l/mdx ( )
and further restricts the allowed region in the (Q, &) plane.
The upper bounds corresponding to selected values of ..«
are shown in Fig. 3 as solid colored lines. For instance, if
xr = 0.5 and y,.c = 0.1, the parent’s mass ratio must

satisfy 0.22 < 0 < 0.34.
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1.0—

0.8 1.0

Xr

FIG. 4. Allowed range of the parent binary mass ratio Q for a
given value of the observed spin y,. A single value Q = Qy (solid
black curve) is allowed if both parents are nonspinning, i.e.,
Fmax = 0- AS ynax increases, the allowed range of Q for a given
v (shown in different shades of blue) widens.

This point is further explored in Fig. 4. For a given value
of y., there is a finite range of allowed mass ratios Q.
The width of this range depends on the largest spin
magnitude of the progenitor y,,... In particular, it shrinks
to zero for yn. =0 (corresponding to the condition
0 = Q) and widens progressively if larger progenitor
spins are allowed.

C. Not all parents are equally likely

The exclusion regions on the parents’ properties pre-
sented so far were obtained by requiring that there

exists some orientation of the progenitor spins 31,2
that can produce a given remnant. The distribution
p(x:|Q,&1,&) is shown in Fig. 5, where isotropic spin
directions are assumed, as expected for dynamical for-
mation channels that may produce hierarchical mergers.

As Q — 1, the probability is narrowly peaked at around
0.7. The location of the peak value of y, decreases at
smaller mass ratios. Larger progenitor spins also lead to
broader distributions of remnant spins (see, e.g., [24,53]).

Using the inversion formalism described above, we can
now explore which of the possible parents are more or less
likely. The left panel of Fig. 6 illustrates how the proba-
bility of forming a BH of spin y, = 0.5 depends on the
progenitors’ spins and mass ratio. We have fixed &; = &, to
reduce the number of parameters for illustrative purposes,
but the argument can be made more general. The solid
black lines represent the bounds derived from Eq. (16).
There are two distinct regions of parameter space where the
probability is highest:

(1) When the mass ratio is close to the critical value

0 ~ Q, and the spins are small, i.e., &, ~0.

—aq-02 (1 |
—Q-08 | |
WF—g =6 =02 | | 1
e =6 =05 ]

p(Xr|Q7 &1, £2)

Xr

FIG. 5. Probability density function of the primary spin in a
putative 1g + 2g GW event as a function of the mass ratio Q and
spin magnitude &, , of the parent binary. Blue (green) curves refer
to Q =0.2 (Q =0.8), and solid (dashed) lines refer to & =
& =02 (& =& = 0.5). Vertical lines show the remnant spin
values for the simpler case where both parents have zero

spin, & = & = 0.

(2) When Q ~0and &, ~ y,, corresponding to the trivial
case of a very small body merging into a larger Kerr
BH with spin y,.
The spin orientations lose meaning in both the zero-spin
(case 1) and test-particle (case 2) limits, which implies a
higher concentration of possible remnants.

Crucially, these are the very same limits that minimize
the kick imparted to the BH remnant. This is illustrated in
the right panel of Fig. 6, where we use the kick fitting
formula of Ref. [46], selecting the spin directions that can
produce the targeted y,. The kick is suppressed in both of
the “special” regions near Q ~0 and &, = &, ~ 0. Parents
with these properties are not only more likely to form a
remnant with the targeted properties but also more likely to
form a remnant that is retained in its astrophysical host—a
prerequisite condition in the scenario depicted here, where
we are observing the GWs emitted by the subsequent
merger.

D. Application to GW190412

The arguments above require that the spin of one BH
binary component can be reliably measured from the data.
As explored in Sec. II, we often have access only to the
effective spins. For ¢ <1, the spin of the secondary is
negligible and one can reconstruct the spin of the primary

BH as y; =~/ x% + 13-

Although most of the binaries detected to date are
compatible with having comparable masses, there are
two notable exceptions: GW190412 with g = 0.2870:13,
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FIG. 6. Left panel: probability p(y, = 0.5|Q, & = &) (in arbitrary units) as a function of the parent’s mass ratio Q and spins &; = &,
(here taken to be equal to each other for simplicity), assuming isotropic spin directions. Right panel: kick velocity vy imparted to BHs
with spin y, = 0.5 as a function of the mass ratio Q and spins &; = &, of the merging binary. Areas of high probability (dark regions in
the left panel) correlate with areas of low kick (light regions in the right panel). The white areas beyond the solid black lines represent
forbidden regions where a remnant with y, = 0.5 cannot be formed.

and GW190814 with ¢ = 0.11220%¢ [39]. In particular,
GW190412 was shown to be compatible with a hierarchical
merger [26] and was interpreted as such in both cluster [27]
and AGN [54] formation models. Using the spin inversion
formalism derived in this paper and the LIGO measurement
X = 0.441“8_‘213 [39], can we infer the properties of the
parents of GW190412?
Given the event data d, we calculate

P(0.61.&]d)  7(0.£1.8,) / (0. &1 E)p(ld)dz,.
(19)

where p(y;|d) denotes the LIGO posterior for GW 190412,
p(x:|0, &1, &) is the probability distribution introduced in
Sec. III C (where we assumed isotropic orientations), and
7(Q, &, &) is a prior, which we assume to be flat in Q €
[0,1] and &, € [0,1]. We sample p(Q,¢&;.&|d) using
Markov-chain Monte Carlo [55].

Figure 7 shows the resulting constraints on the parents of
GW190412’s primary BH. In particular, we infer that the
progenitor binary must have had a relatively small ratio
Q = 0.21192. This follows mainly from the small value of
xr = 0.44. As illustrated in Fig. 6, the regions around Q =~
00.61,~0 and Q ~0,&, ~ y, are favored. Similar fea-
tures can also be seen in Fig. 7, although these are
somewhat washed out by measurement errors on y,.
Small values of &; are favored, while &, cannot be inferred.
If the mass ratio Q is small, one has Ezél, and the
likelihood becomes largely independent of &,.

Now that we have (samples of) the parent binary’s
properties, we can estimate the energy E. 4 that was

dissipated in GWs during the earlier merger that formed
the primary component of GW190412. For each sample
in the three-dimensional parameter space (Q,¢,&,) of

Fig. 7, we solve for the spin directions &; , that correspond

-\

00 1 1 1
0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0

Q & &

FIG. 7. Assuming that the primary BH in GW190412 is of
hierarchical nature, we show (in blue) the posterior distribution of
the mass ratio Q and spin magnitudes &, , of its parents. Contours
indicate the 50% and 90% confidence intervals. The medians and
90% credible intervals of the marginalized distributions are
Q0 =0217032 & =03710%, and & = 0.50704). The green
line shows the posterior of Q under the assumption that & , = 0,

with median and 90% confidence intervals Q = 0.227-1}.
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FIG. 8. Masses M, and M, of the parents of the primary

component in GW190412 (blue) under the uniform-spin priors.
Contours indicate the 50% and 90% confidence intervals. The
medians and 90% credible intervals of the marginalized distri-
butions are M| = 25.24'30 Mg and M, = 5.61735] My The
green lines show 90% confidence intervals when the progenitors
are nonspinning: M, = 25247332 My and M, = 544535 M.,

to a given remnant spin y, in the LIGO posterior. We then
plug the resulting values of (Q,&;,&,) into the numerical-
relativity fit of Ref. [56] to estimate E,,q. When combined
with the samples of m; = 30.112 [39] provided by LIGO,
this allows us to reconstruct the masses

_om

Ml - 1+ Q(l Erad)’ (20)
_ Omy

M2 - 1+ Q(l Erad) (21)

of the parent BHs.

The results of this procedure are shown in Fig. 8. We find
that the parents of the primary BH in GW190412 had
masses M, = 25.241320 Mg and M, = 5.61138] M. The
negative correlation between M; and M, apparent in Fig. 8
follows from the constraint M; + M, ~m;, which is
accurate up to small corrections due to the radiated energy
Erad < 5%.

Using the procedure that we just described, we can also
estimate how much linear momentum was emitted during
the merger of the parents, and hence the kick imparted to
the primary component of GW190412 when it formed.
Using the numerical-relativity fit assembled in Ref. [46],
we find vy = 1581’%‘2‘2 km/s. The resulting distribution is
shown in Fig. 9. The observed bimodality is a direct
consequence of the distributions of Q found in Fig. 7.
The peak at QO ~ 0.2 is responsible for the dominant mode

0.20

0.05F

0-00 ===~ 200 300 400 500
Vkick [km/s]

FIG. 9. Kick imparted to the primary BH in GW190412,
assuming that it originates from a previous BH merger. The
blue curve represents the uniform-spin prior, while the green
curve corresponds to the zero-spin prior. The median and 90%
credible interval are vy = 158*_’%;2 km/s (uniform-spin prior)

and V= 14lf§f km/s (zero-spin prior).

at v > 100 km/s [57], while the tail at Q > 0 produces
the secondary mode at v;y = 0, as predicted in the test-
particle limit.

This estimate implies that if GW190412 is indeed a
hierarchical merger, it must have formed in an environment
with escape speed v, = 100 km/s (otherwise, the primary
BH would have been ejected, preventing the formation of
GW190412 itself), in agreement with previous work by
Gerosa et al. [26]. Astrophysical environments with such
escape speeds include nuclear star clusters and AGN disks,
but not globular clusters [58], with their escape speeds
ranging from 10 to 100 km/s [59]. In particular, we find
(e > 10 km/s) = 0.94, p(vq > 50 km/s) = 0.87,
and p(vyg > 100 km/s) = 0.75.

Under a more restrictive—but arguably astrophysically
motivated—prior where the progenitors are assumed to be
nonspinning (§; = &, = 0), we obtain a similar estimate
for the mass ratio: Q = 0.221)1} (green line in the top
panel of Fig. 7). The masses and recoil velocities calculated
for nonspinning progenitors are consistent with those
obtained under uniform-spin priors, but with smaller
errors: we find M, =25.241232 My, M, =5.4435 Mo,
and vyg= 141733 km/s.

When interpreting our results, one should keep in mind
that our error budget takes into account only the statistical
uncertainties on the parameters of the GW events. Much
like anything else in science, our procedure also suffers
from systematics (for instance, in the specific numerical-
relativity fits used here).

IV. CONCLUSIONS

Most of the literature on compact binaries is concerned
with determining the properties of a merger remnant from
the properties of its progenitors. In this paper we addressed
the inverse problem in two steps (see Fig. 1):

(a) If we observe a binary system that ends up merging in
LIGO, can we tell from the observed properties of
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the binary—and in particular from the effective-spin
parameters (¥, ¥,)—Whether one of the BHs came
from a previous (hierarchical) merger?

(b) Ifindeed one of the BHs came from a previous merger,
can we determine at least some of the properties of its
parents?

Given the parameters of a binary system, the direct
problem has a well-defined solution that can be found by
solving the field equations of general relativity. On the
contrary, the inverse problem is in general overdetermined
because the only information available to us comes from
the gravitational radiation emitted by the observed binary.
We have demonstrated that this is enough to infer at least
some of the properties of the parent binary.

In particular, our key results are as follows:

(a) Hierarchical mergers occupy a distinct region in the
(Xefr> xp) plane. Therefore, a measurement of these
spin parameters can add considerable weight to a
hierarchical-merger interpretation of an event located
in the pair-instability mass gap. Notably, this is the
case for GW190521.

(b) If one of the BH binary components (not necessarily
the primary) does indeed have hierarchical origin and
its spin magnitude is well measured, one can place
significant constraints on the properties of its parents.
For example, we can infer that the parents of the
heavier BH in GW190412 must have had a moderate
mass ratio Q = 0.217072 and moderately low spins.

We stress that, while we focused on the examples of
GW190521 and GW190412, the formalism developed in
this work is quite general.

The inversion procedure presented in Sec. III requires
estimates of the individual spin components. While chal-
lenging at the current detector sensitivity, these are bound
to become routine in the future. For stellar-mass BH
binaries, third-generation ground-based detectors will mea-
sure component spin magnitudes within ~1% (see, e.g.,
[60]). A similar accuracy is expected for supermassive
BH binaries observed with the spaceborne interferometer
LISA [61]. In that case, the BH parents’ problem is
arguably even more relevant than in the LIGO context,

given that supermassive BHs are firmly believed to grow
hierarchically following the assembly of large-scale struc-
tures in the Universe [62].

Measurements of the masses, spins, and kicks of the
progenitor of a hierarchical merger can be translated into
constraints on their birthplace. In the LIGO context, for
example, they can be used to infer bounds on the escape
speeds and masses of the clusters that may have produced
such mergers via dynamical interactions [32]. We have
illustrated this point through a constraint of the cluster’s
escape speed for GW190412, but a more rigorous imple-
mentation of this idea requires better astrophysical model-
ing, which will be the subject of future work.

The identification of the parents’ properties can be used
to validate or reject the hierarchical origin of a GW event
because the inferred parents should presumably be part of
the same population of merging BHs observed by our
detectors. A posterior predictive check using the rest of the
observed GW catalog could be used to verify this hypoth-
esis (see, e.g., [63]). If ad hoc population outliers are
required, this would rule out (or cast serious doubt on) the
assumed hierarchical origin for the observed event. Such a
test is a natural follow-up of this work.
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