PHYSICAL REVIEW D 105, 063510 (2022)

How to assess the primordial origin of single gravitational-wave events
with mass, spin, eccentricity, and deformability measurements

Gabriele Franciolini ,1’2'* Roberto Cotesta ,3 Nicholas Loutlrel,l’2 Emanuele Berti ,3 Paolo Pzalni,l‘2 and Antonio Riotto*
IDiparrimem‘o di Fisica, Sapienza Universita di Roma, Piazzale Aldo Moro 5, 00185 Roma, Italy
QINFN, Sezione di Roma, Piazzale Aldo Moro 2, 00185 Roma, Italy
3Departmem of Physics and Astronomy, Johns Hopkins University, 3400 North Charles Street,
Baltimore, Maryland 21218, USA
*Département de Physique Théorique and Centre for Astroparticle Physics (CAP),
Université de Genéve, 24 Quai Ernest-Ansermet, CH-1211 Geneva, Switzerland

® (Received 23 December 2021; accepted 16 February 2022; published 9 March 2022)

A population of primordial black holes formed in the early Universe could contribute to at least a fraction
of the black-hole merger events detectable by current and future gravitational-wave interferometers. With
the ever-increasing number of detections, an important open problem is how to discriminate whether a
given event is of primordial or astrophysical origin. We systematically present a comprehensive and
interconnected list of discriminators that would allow us to rule out, or potentially claim, the primordial
origin of a binary by measuring different parameters, including redshift, masses, spins, eccentricity, and
tidal deformability. We estimate how accurately future detectors (such as the Einstein Telescope and LISA)
could measure these quantities, and we quantify the constraining power of each discriminator for current
interferometers. We apply this strategy to the GWTC-3 catalog of compact binary mergers. We show that
current measurement uncertainties do not allow us to draw solid conclusions on the primordial origin of
individual events, but this may become possible with next-generation ground-based detectors.
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I. INTRODUCTION

The collapse of very large inhomogeneities during the
radiation-dominated era could produce primordial black
holes (PBHs) [1-4] across a wide mass range [5-8].
Despite several observational constraints on these objects
(see [9] for a recent review), in certain mass ranges PBHs
could comprise the entirety of the dark matter, and could
seed supermassive black holes (BHs) at high redshift
[10-12]. Furthermore, PBHs could contribute to at least
a fraction of the BH merger events detected by LIGO-Virgo
[13—15] so far [16-38], and to those that will be detected by
future gravitational-wave (GW) instruments [33,39,40]: see
Refs. [15,41] for the most recent LIGO-Virgo-KAGRA
(LVK) collaboration catalog and population studies, and
Refs. [42—44] for reviews on PBHs as GW sources.

“Special” events such as GW190425 (with a total mass
that exceeds that of known galactic neutron star binaries)
and the mass-gap events (such as GWI190814 [45],
GW190521 [46], and GW190426_190642) may have a
PBH origin. Also, a subpopulation of PBHs may be
competitive with certain astrophysical population models
at explaining a fraction of events detected thus far by

uncertainties make it hard to draw definite conclusions
at a population level, and confidently claiming the primor-
dial origin of an individual BH merger is much more
challenging. Indeed, an important problem in the “PBHs as
GW sources” program is to disentangle a PBH candidate
from the astrophysical foreground, thus discriminating
between the primordial or astrophysical origin of a given
binary. Attempts have been made for single-event detections
using Bayesian model selection based on astrophysically or
primordial-motivated different priors [47], whereas catalog
analyses could use the peculiar mass-spin-redshift distribu-
tions predicted for PBH binaries [22,28] or perform pop-
ulation studies [29-31,33,36]. Given current measurement
accuracy, the relatively modest number of GW events, and the
uncertainties in both PBH and astrophysical models, none of
the aforementioned strategies is currently able to give
irrefutable evidence for or against the PBH scenario [36].
This state of affairs is expected to improve greatly in
the era of next-generation detectors, such as the third-
generation (3G) ground-based interferometers Cosmic
Explorer (CE) [48] and Einstein Telescope (ET) [49],
and the future space mission LISA [50]. In particular,

the LVK collaboration [36]. However, astrophysical 3G detection rates will be orders of magnitude larger than
current ones [51-53], and much more accurate measure-
ments will be possible for “golden” events with high

“gabriele.franciolini@uniromal .it signal-to-noise ratio (SNR).
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FIG. 1. Schematic flowchart to systematically rule out or potentially assess the primordial nature of a binary merger based on

measurements of the redshift z, eccentricity e, tidal deformability A, component masses m, and dimensionless spins y. Each arrow
indicates if the condition in the box is met (green) or violated (red). The various marks indicate: (green tick) likely to be a PBH binary;
(red cross) cannot to be a PBH binary; (question mark) may be a PBH binary.

The main goal of this paper is to present a systematic
discussion of the various discriminators that would allow us
to either rule out or confidently claim the primordial origin
of a GW event by measuring different key binary para-
meters: the redshift, masses, spins, eccentricity, and tidal
deformability (see Sec. II). A systematic strategy to use
these discriminators is summarized in the flowchart of
Fig. 1, based on the predictions of the standard PBH
scenario summarized in Sec. II (where we also discuss
some caveats). In Sec. III we estimate the measurement
errors on the PBH discriminators needed to apply this
flowchart, and we quantify their constraining power for
current and future detectors. In Sec. IV we apply the
strategy to the GWTC-3 event catalog. We conclude in
Sec. V with a summary of our findings and a discussion of
future research directions.

We will focus on binaries with individual component
masses up to around O(10%) M, which comprise all of the
events currently observed by LVK. We do not attempt to
assess the primordial nature of more massive BHs, up to
the supermassive range potentially detectable by LISA.
Accretion throughout the cosmological evolution prior to
the reionization epoch is still poorly modeled for those
PBHs, and the predictions used in this paper (following
Refs. [28,54]) have not been properly extended including
feedback effects: see the discussion in Ref. [55]. Therefore
we leave this effort for future work. Throughout this paper
we adopt geometrical units (G = ¢ = 1).

II. KEY PREDICTIONS FOR PBHs

In this section, we review the main properties of PBH
binaries, whose characteristic features will be used in the rest
of the paper to address the question: how can we rule out or
confirm the primordial origin of a merger signal? We
highlight that throughout this work we will consider the
“standard” PBH formation scenario, in which PBHs are
formed out of large density fluctuations in the radiation
dominated Universe [42]. We will comment later on about
other possible PBH scenarios, and whether they may lead to
different predictions.

To clarify our notation, we consider binaries with masses
m; and m,, mass ratio g =m,/m; <1, total mass
M = m; + m,, and dimensionless spins y; = J;/m? (with
0 <x; £ 1),located at redshift z. Additionally, an important
parameter measurable through GW observations is the
effective spin

_)(1 COS +q/’(2COS(12
Heft = 1+gq

: (1)

which is a function of the mass ratio ¢, of both BH spin
magnitudes y; (j = 1, 2), and of their orientation with respect
to the orbital angular momentum, parametrized by the tilt
angles a;.

A. PBH binary formation vs redshift

In the standard formation scenario, PBHs are generated
from the collapse of large overdensities in the primordial
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Universe [5-8] (see [43] for a recent review). As the PBH
mass is related to the size of the cosmological horizon at the
time of collapse, the formation of a PBH of mass mppy

takes place deep in the radiation-dominated era, at a typical
redshift [42]

)
Z 72 % 10! <?) . (2)
(0]

At that epoch, the standard scenario predicts that PBH
locations in space are described by a Poisson distribution
[56-60]. In simple terms, this means that the number of
PBHs in a given volume V is described by a Poisson
distribution with mean A = npgg X V, where nppy is the
average number density of PBHs in the Universe. This
initial condition is used to compute the properties of the
population of PBH binaries formed at high redshift and
contributing to the PBH merger rate.

It is important to stress that the merger rate of PBHs is
dominated by binaries formed in the early Universe via
gravitational decoupling from the Hubble flow before the
matter-radiation equality [61,62]. Another binary formation
mechanism is possible, i.e. the formation of binaries taking
place in present-day halos through gravitational capture.
This second possibility was previously considered in the
literature, see for example Refs. [16,63], but it was later on
shown to produce a largely subdominant contribution to the
overall merger rate [20,25,64,65]. We will, therefore, only
consider the former mechanism throughout this paper. As a
consequence, in contrast to the astrophysical channels,
primordial binary BHs (BBHs) have a merger rate density
that monotonically increases with redshift as [20,22,28]

R (2) (l(zt(i)())>_34/37,

extending up to redshifts z > O(10%). Notice that the
evolution of the merger rate with time shown in Eq. (3)
is entirely determined by the binary formation mechanism
(i.e. how pairs of PBHs decouple from the Hubble flow)
before the matter-radiation equality era. Equation (3) is,
therefore, a robust prediction of the PBH model in the
standard formation scenario.

On the contrary, astrophysical-origin mergers should not
occur at z 2 30. The redshift corresponding to the epoch of
first star formation is poorly known: theoretical calculations
and cosmological simulations suggest this to fall below
7~ 40 [66-73] (but see Refs. [74,75], where Pop III star
formation was suggested to start at higher or lower red-
shift). The time delay between Pop III star formation and
BBH mergers was studied using population synthesis
models, and found to be around O(10) Myr [73,76-84].
This means that we can conservatively assume BBHs from
Pop III remnants to merge below z= 30, and consider

3)

merger redshifts z 2 30 to be smoking guns for primordial
binaries [33,71,85].

B. PBH masses and spins

The distribution of PBH masses mppy is determined by
the characteristic size and statistical properties of the
density perturbations, corresponding to curvature pertur-
bations generated during the inflationary epoch. As mpgy is
related to the mass contained in the cosmological horizon at
the time of collapse, a much wider range of masses is
accessible compared to astrophysical BHs [42]. In particu-
lar, PBHs can have subsolar masses, which are unexpected
from standard stellar evolution, and they can also populate
the astrophysical mass gaps [45,46].

Given an accurate mass measurement, we can discrimi-
nate among three cases:

(1) m; SMy: subsolar compact objects could be
PBHs,l white dwarfs, brown dwarfs, or exotic
compact objects [87], e.g. boson stars [88]. Distin-
guishing PBHs from other compact objects requires
taking into account tidal disruption and tidal de-
formability measurements (see Sec. [I D below). As
we will see, less compact objects like brown and
white dwarfs are tidally disrupted well before the
contact frequency, so detecting the merger of a
subsolar compact object would imply new physics,
regardless of the nature of the object [89].

() 1 <m;/Mgy <3: PBHs in this mass range can be
confused with neutron stars (NSs). Once again, tidal
deformability measurement can in principle be used
to break the degeneracy. Additionally, solar-mass
BHs can form out of NS transmutation in certain
particle-dark-matter scenarios [90-93]. In the upper
half of this mass range (2 <m;/Mg <3), the
component BHs in the binary may form out of
previous NS-NS mergers and then pair again to
produce a light binary [94]. In this case, however, the
second-generation BH formed as a result of the
NS-NS merger is expected to be spinning [95]. This is
in contrast with the prediction for the PBH scenario in
this mass range, as we shall see in the following.

(iii) m; >3 My: PBHs in this mass range must be
distinguished from stellar-origin BHs by other means.
Obviously, the boundaries between the mass ranges dis-
cussed above should be understood as approximate, and
taken with a grain of salt.

Another important property of a PBH is its spin y. Since
extreme Gaussian perturbations tend to have nearly spherical
shape [96] and the collapse takes place in a radiation-
dominated Universe, the initial dimensionless Kerr param-
eter y = J/M? (where J and M are the angular momentum
and mass of the BH) is expected to be below the percent level

1See, however, Ref. [86] for models in which subsolar BHs are
born out of dark sector interactions.
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[97,98]. However, a nonvanishing spin can be acquired by
PBHs forming binaries through an efficient phase of accre-
tion [28,54] prior to the reionization epoch.

Accretion during the cosmic evolution was shown to be
effective only for PBHs with masses above mpgy
O(10) M. Therefore, the PBH model predicts binaries
with negligible spins in the “light” portion of the observable
mass range of current ground-based detectors. At larger
masses, a defining characteristic of the PBH model is the
expected correlation between large binary total masses and
large values of the spins of their PBH constituents, induced
by accretion effects. In addition, the spin directions of PBHs
in binaries are, at least following the modeling of accretion
described in Ref. [28], independent and randomly distributed
on the sphere. We will consider this scenario in the remainder
of the paper, but we warn the reader that details of the
accretion dynamics are still rather uncertain, and exceptions
to the prediction of random spin orientations are possible.
Overall, PBH accretion is still affected by large uncertainties,
in particular coming from the impact of feedback effects
[20,99], structure formation [24,100], and early x-ray pre-
heating (e.g. [101]). Therefore, in recent years, an additional
hyperparameter (the cutoff redshift z ¢ € [10,30]) was
introduced to account for accretion model uncertainties [54].
For each value of 7. there is a one-to-one correspondence
between the initial and final masses, which can be computed
according to the accretion model described in detail in
Refs. [28,54,55,99,102]. We highlight, for clarity, that a
lower cutoffis associated to stronger accretion and vice versa.
Values above 7z, = 30 effectively correspond to negligible
accretion in the mass range of interest for LVK observations.
For detections at high redshift 7 > z s (as those potentially
achievable with 3G detectors), one expects a characteristic
Z — y correlation.

It is possible to derive an analytical fit of the relation
between the masses and spins predicted at low redshift (that
iS, 7 < Zewotr) as a function of zye D [10,30]. This fit
describes the magnitude of both individual spins y; (where
i = 1, 2) in PBH binaries as a function of the primary mass
and mass ratio in the ranges m; < 10> Mg and ¢ 2 0.1,
respectively. The fit was derived using the results of the
numerical integration of the equations describing accretion
onto PBH in binaries as modeled in Refs. [28,54]. It could
be useful when performing Bayesian parameter estimations
assuming PBH motivated priors, or for searches in GW
catalogs for a PBH-motivated mass-spin relation. It can be
written parametrically as

<

Xi (m1 q, Zcutoff) ~ 10~ -2 + Min |:O 988 IOfb <M— - fa>

o(r)

where © is the Heaviside theta function, and each coef-

ficient f” depends on both z.y and ¢. Those functions
are expanded as a polynomial series of the form

3

Z
0 § : z.j cutoff 2 : q.j
f(ll (Zculoff’ - at + al < > + a q]

j=1

2
+Z(I,] <Zcut0ff>]qk’ (5)

J.k=1

with a = [a, b, c]. Note that the terms in the polynomial
expansion involving the cutoff redshift are renormalized as
a function of (zyefr/10) for numerical convenience. The fit
percentile error is below 10% in the vast majority (> 98%)
of the parameter space, while it degrades to around 30%
close to the boundaries of the (m, q, Zeuorr) Space. The
coefficients in the analytical relation are reported in
Appendix A. In Fig. 2, we show the expected distribution
of y.ir produced using Eq. (4) and by averaging over the
spin angles, as a function of PBH masses in binaries for
various choices of Zqyfr-

After this summary, we would like to stress once more
that these predictions assume the standard PBH scenario,
where PBHs are formed through the collapse of large
overdensities during the radiation phase. There are other
possible scenarios, such as formation from assembly of
matterlike objects (particles, Q-balls, oscillons, etc.),
domain walls and heavy quarks of a confining gauge
theory, which may lead to different predictions for the
PBH spin at formation [103-106]. For instance, during an
early matter-dominated phase, possibly following the end
of inflation and preceding the reheating phase, PBHs may
be formed in a pressureless environment and develop initial
large, and possibly maximal, spins [103,107]. Such sce-
narios would require dedicated analyses, but we remark
that the impact of accretion (when relevant) onto the mass-
spin correlation and the properties of the remaining
observables (i.e. redshift distribution, eccentricity and
masses) remain consistent with the standard scenario.

C. PBH eccentricity

Another key prediction of the primordial model involves
the eccentricity e of PBH binaries. While formed with large
eccentricity at high redshift, PBH binaries then have
enough time to circularize before the GW signal can enter
the observation band of current and future detectors.” In this
section we quantify this statement.

1. Eccentricity distribution at formation

We start by defining the mean PBH separation at matter-
radiation equality as

References [63,108] analyzed the scenario where PBH
binaries are formed dynamically in the late-time Universe and
potentially retain large eccentricities. This channel was shown to
provide a subdominant contribution to the overall merger rate in
the standard scenario [20], as we discussed at the beginning of
this section, and therefore we disregard it.
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FIG. 2. Left: predicted primary (y;) and secondary (y,) spins as a function of primary mass and mass ratio for various values of Z,.
(indicated by the same colors as in the right panel). The plot highlights that for unequal mass binaries, the PBH accretion model predicts
the secondary spin component y, to be larger than the primary component y,. Right: predicted distribution of y.; as a function of

m; = m, for three selected values of z -

= (R ) .

4”f PBHpeq
where p is the average energy density at matter-radiation
equality and fppy is the fraction of dark matter in PBHs. As
predicted by the standard formation scenario in the absence
of primordial non-Gaussianities, PBHs follow a Poisson
spatial distribution at formation. One can show that the
differential probability distribution of the rescaled angular

momentum j = V1 — e? reads [20,109,110]
o y(j)?
P(j)=—2

PO =500

/ ()
0.5(1 + qu/f%BH)l/z(x/X)3 ’

y(j) =

where 0.4 ~ 0.005 indicates the variance of the Gaussian
large-scale density perturbations at matter-radiation equa-
lity. This distribution is the result of both the surrounding
PBHs and matter perturbations producing a torque on the
PBH binary system during its formation.” Finally, the
distribution describing both j and the semimajor axis a
can be written as

Pa, j) = LL;W (%) P p(j)exp [— (@ﬂ G

where

Note that the description of the formation properties of PBH
binaries was slightly improved in Ref. [22], accounting for the
results of N-body simulations. We neglect this small correction in
our estimates, as it would not affect our conclusion that the
eccentricity must be small when PBH binaries enter the sensi-
tivity band of GW detectors.

(e = () o)

Axape,

and @ ~ 0.1 [20]. This distribution is shown in Fig. 3.

We are interested in finding the probability distribution
of the angular momentum of binaries constrained by the
requirement of merging at redshift zyerge (OF iME Zerge)-
We compute, therefore, the merger time ¢, Of primordial
binaries using Peter’s formula [111,112] (see also [113]).
For a binary of equal masses m; = m, = mpgy, initial
eccentricity e, and semimajor axis ag, and in the limit of
large initial eccentricity, one finds

3 aé

= 1—¢3)7>. 10
T 170 ml:iBH ( 60) ( )

In the left panel of Fig. 3 we also show by dashed black
lines the set of parameters (a, j) giving rise to a merger at
redshift z = [0, 30, 100]. Note that while the value of fppy
has a major impact on the overall probability of forming a
PBH binary (and the consequent overall merger rate), it
affects only slightly the shape of the probability density
function for the orbital parameters.

2. Eccentricity evolution

The predictions for the initial binary parameters of PBHs
should be used to forecast the final eccentricity when the
GW enters the observability band of current ground-based
detectors. As PBH binaries form at very high redshift,
observable signals are coming from binaries which are
initially wide enough so that the merger time is close to the
current age of the Universe. As GW emission circularizes
the orbit, one expects PBH binaries to lose any relevant
eccentricity before detection.

Let us show this explicitly. Rearranging the equations
describing the orbital evolution under the effect of GW
emission, and defining the pericenter distance
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Left: probability distribution of semimajor axis a and rescaled angular momentum j for PBH binaries of a population

described by fpgy = 107 and mpgy = 30 M. The black dashed lines indicate the combination of parameters giving a merger time
equal to the age of the Universe at various redshift z = [0, 30, 500]. Right: eccentricity evolution for a characteristic binary merging at
low redshift (z ~ 0) formed from a PBH population with fpgy = 107 and mpgy = 30 M, whose initial pericenter distance r p at the
binary formation epoch is indicated by the arrow. As an indication, we also show the power-law scaling relating the eccentricity e to r),.

(11)

r,=a(l —e),
one obtains [114]

304 + 121¢2
192 — 112¢ + 168¢* + 47¢%°

de

,
p
dr,

=e(l+e) (12)

which, in the limit of quasicircular orbits e < 1, simplifies
to

dine 304
dinr, 192

1.6. (13)

We show the evolution of the eccentricity as a function of e
in Fig. 3 (right panel). For a characteristic PBH binary formed
by anarrow PBH population with fpgy = 1072 and mpgy =
30 M and expected to merge at z ~ 0, one finds an initial
binary pericenter distance of the order of r, ~4 x 10° m.
In the figure we also indicate the eccentricity at which
the binary would approximately enter the ET and LVK
observable band with a frequency of 1 and 10 Hz, respec-
tively. Those frequencies corresponds to roughly r), =~
22Rsep 22 x 10° m (r, 2 102Rs., 29 x 10° m) for mppyy =
30 M, where the eccentricity of the orbit has already been
reduced to a value below e ~ 107

We can use the GW frequency evolution as a function of
the eccentricity to estimate the eccentricity of the binary at
the smaller frequencies accessible to 3G detectors. Since

(see e.g. [111,112,115])
121
14— 2
[ 304°

B 2 (1 —6‘2)3/2

3/2
_p_o o18/19 s (14)

few(e)

:| —1305/2299

where ¢o = [ey” " (1 + 121} /304)1395/2299] /(1 — ¢}) and
Py is the initial orbital period, we can infer that in the limit
of small eccentricity

~19/18
ex fow -

(15)

Since detectors such as ET are potentially sensitive down to
frequencies ~1 Hz, the above scaling shows that the
eccentricity of the binary when it enters the 3G band is
only a factor O(10) bigger than when it enters the LIGO
band, and it is still negligible for PBH binaries.”

So far we have considered mergers happening at low
redshift z < 1. In case of high-redshift mergers (z 2 30)
predicted by the primordial scenario, the initial PBH binary
semimajor axis is reduced by only a factor O(2), as shown
in Fig. 3. This small change is due to the large sensitivity of
the merger time to the initial semimajor axis: 7 « ag, see
Eq. (10). Therefore, when the binary enters the detectable
frequency band of GW experiments, it is expected to have
already circularized its orbit to an undetectable level. This
property allows us to distinguish primordial binaries from
binaries produced by astrophysical dynamical formation
channels, which may retain significant eccentricities (see
e.g. Refs. [117-121]).

Let us recall one more time that our predictions are based
on the assumption that PBH mergers are dominated by the

*For the mass range considered in this work, LISA will only be
able to observe inspiralling binaries at frequencies >2 x 10~ Hz
(assuming an observation time 7'y, = 1 yr) [116]. The problem
in this case is that large eccentricities are expected also in
astrophysical dynamical formation channels, so eccentricity
would not be a good way to discriminate individual PBH binaries
in the LISA band [117-121]. However, it may be possible to
distinguish the PBH channel from other astrophysical models
from the eccentricity distribution of the whole BBH population.
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FIG. 4. Left: maximum between the Roche radius and the contact radius, r, 4+ 2m,, normalized by the total binary mass M, as a
function of the primary mass m; for two representative examples of secondary object: a white dwarf (blue) and a solar-mass miniboson
star (green). The horizontal gray band brackets the ISCO of a spinning BH (1 < rigco/M < 9). This plot indicates that compact objects
such as white dwarfs and miniboson stars are usually disrupted before reaching the ISCO. For both chosen examples,
Max ("Roches Feontact) = FRoche- Right: focusing on NS-BH binaries, the plot shows the minimum mass ratio above which the NSs
get disrupted depending on the NS compactness C and BH spin y. We use the disruption criterion of Ref. [129], which is based on

numerical NS-BH merger simulations.

binaries formed in the early Universe. If late-time Universe
binaries contribute substantially to the observed events, the
PBH binary eccentricity may be larger, and comparable to
expectations from the astrophysical dynamical formation
scenarios. This situation may be realized with strong PBH
clustering suppressing the early-Universe binary merger
rate, while enhancing the late-time Universe contribution
[25,65,122,123]. However, we stress that this scenario
would require a large value of the PBH abundance
(fpeu = 1), which is in contrast with current PBH con-
straints in the LVK mass range [9].

D. Tidal disruption and tidal deformability

While PBHs below a few solar masses can be easily
distinguished from a population of (heavier) stellar-origin
BHs, they might be confused with other compact objects.
For example, in standard astrophysical scenarios, white
dwarfs and NSs are formed with masses above ~0.2 M
[124] and =1 M [125-128], respectively.

A relevant discriminator in this case is provided by the
Roche radius, rgoche, below which the secondary object in a
binary system gets tidally disrupted, if it is not a BH. The
Roche radius is approximately

TRoche ™~ 1~26r2q_1/3’ (16)

where r, is the radius of the secondary object. If
FRoche > Tisco ~ O(M), where rigco is the radius of the
Innermost Stable Circular Orbit (ISCO), the binary is tidally
disrupted before merger, thus effectively cutting off the GW
signal at the GW frequency corresponding to 7goche- Another
relevant quantity to check is the contact radius which,
assuming the primary is a BH, can be estimated as

Tcontact ™~ 2Wll + 7. (17)

If reonwer > Tsco the contact frequency of the objects is
lower than the ISCO frequency, and the point-particle
approximation breaks down.

The left panel of Fig. 4 shows that, for a typical white
dwarf, max(rroche> 7contact) = TRoche 15 larger than the ISCO.
Therefore, the star is tidally disrupted well before the GW
signal reaches the ISCO frequency. Less compact objects,
such as brown dwarfs, are disrupted at even larger radii
(smaller orbital frequencies). Therefore, if m, < M (thus
excluding NSs) the maximum frequency of the coalescence
can be used to detect a tidal disruption event and discrimi-
nate whether the secondary is a BH or a less compact star.
When the secondary is a NS, the possible outcomes are
more complicated. We may still have nondisruptive merg-
ers if the NS compactness (i.e. the ratio between the mass
and the size of the NS, C = myg/rns) is large enough, or if
the ratio between the secondary (NS) mass and the primary
(BH) mass is sufficiently small: see the right panel of Fig. 4,
based on the criterion in Ref. [129]. In this case, the
absence of tidal disruption may not be used as a discrimi-
nator for the (primordial) BH nature of the secondary
object.

Exotic compact objects [87] (e.g. boson stars [130])
would provide another possible explanation for a (sub)solar
compact object. The compactness of a boson star depends
strongly on its mass and on the scalar self-interactions
[131]. For the vanilla “mini” boson star model without self-
interactions [132], the compactness is m,/r, = (0(0.01)
near the maximum mass. The left panel of Fig. 4 shows
that also solar-mass miniboson stars would be tidally
disrupted before the ISCO. In the presence of strong scalar
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self-interactions, boson stars can be as compact as a NS
[131,133], so in that case the tidal disruption is not a clear-
cut discriminator.

Another key discriminator between PBHs and (sub)solar
horizonless objects is the absence, in the former case, of
tidal deformability contributions to the gravitational wave-
form. The tidal Love numbers are identically zero for a BH
(see Refs. [134—147] for literature on this topic), whereas
they are generically nonzero and model dependent for any
other compact object [131]. The tidal Love numbers enter
the GW phase in Eq. (B3) starting at 5 post-Newtonian
(PN) order. We write

AWSE = AgS 1 5ALS + O(v7), (18)

where v = (zMf)'/3 is the PN orbital velocity parameter,
and the 5PN and 6PN terms are given by [148,149]

(1)
288\ 1
A= (264 —-"") 24 (1 < 2),
( 171>M5+( < 2)

sh— (4395 15895 5715y, 325 £+(1<—>2)
28 281, 14 7 )M ’

(19)

in terms of the dominant (i.e. electric-type, quadrupolar)

tidal Love number, /1(21‘) =2m? k(zi) /3, of the ith body. In the
Newtonian approximation, the tidal Love number of an
object is (see e.g. [150])

(@) ri\’
K~ 0001 -0.1)( L), (20)

i

where the precise value of the dimensionless prefactor
depends on the nature of the object (for instance, on the
equation of state in the case of a NS). Thus, less compact
objects have the larger tidal deformability, and hence can be
more easily discriminated from a BH.

Overall, any measurement of a nonzero tidal deform-
ability in an object above a few solar masses would
automatically imply that either the object is not a BH, or
that the BH is surrounded by matter fields, in which case
the total tidal Love number of the dressed BH is nonzero
[151,152].

Finally, a further discriminator would be the waveform
corrections due to tidal heating terms in the case of BHs.
This correction is due to dissipation at the event horizon
[153] and is negligible for other compact objects [87,154].
However, the contribution of the tidal heating is typically
small. Unless the object is extremely compact so that
k, ~ 0, tidal heating is subdominant with respect to the tidal
deformability correction presented above.

III. MEASUREMENT ACCURACY FOR KEY PBH
BINARY DISCRIMINANTS

In this section we quantify the measurability of the PBH
discriminators presented above, following the flowchart of
Fig. 1. The statistical errors are computed using a Fisher
information matrix approach, which provides an accurate
estimate of the statistical errors in the high-SNR limit with
Gaussian noise and in the absence of systematic biases in
the waveform parameters [155]. Our methodology is
standard, and reviewed in Appendix B for completeness.

We will present results for the planned future stage of the
LIGO experiment (Advanced LIGO), the 3G detector ET
(in its ET-D configuration [49]) and LISA [156]. We do not
explicitly report the analysis for the CE detector, because
the CE noise power spectral density is qualitatively similar
to ET. The noise power spectral densities used in our
analysis are listed in Appendix B 2 a.

As we discussed in the Introduction, we will focus on
binary mergers with individual component masses below
O(10%) M. We leave the analysis of more massive events,
up to the supermassive range of interest for LISA, for
future work.

A. Redshift measurement accuracy

Next-generation interferometers such as CE and ET will
be able to search for PBH mergers at redshift z > 30, where
mergers of astrophysical origin should not occur [33,71].
However, redshift measurements for such distant cosmo-
logical sources are typically inaccurate and prior dependent
[85]. In Fig. 5, we show the measurement errors estimated
using the Fisher matrix analysis for distant events with
large source redshift and four selected values of the total
mass. The measurement accuracy we obtain is consistent
with the errors computed using a full Bayesian parameter
estimation in Ref. [85], but the Fisher formalism does not

50
wol” M =10M,; ET
— M =20Ms  x1=Xx2=
g 30_ M = 40M® € = O ]
- M =60M; g¢q=1
" —
— _
0 1 1 1
10 20 30 40 50
z
FIG. 5. Relative percentage errors on redshift measurement for

an optimally oriented source located at redshift z, detected with
ET. The various colors correspond to different choices of total
mass M.
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FIG. 6. Left: horizon redshift as a function of SNR for subsolar-mass mergers assuming noneccentric, spinless and optimally oriented
binaries for different values of the mass ratio. In this mass range, due to the different range of frequencies probed by space-based
detectors, LISA will have very limited reach and its horizon can only be seen in the bottom right corner. Right: measurement errors of the
binary’s primary and secondary masses in the subsolar range. The binaries are assumed to be located at the horizon redshift of Advanced
LIGO following the same assumptions as in the left panel. We assumed the same distance for ET to highlight the improved precision of
the 3G detector. The dashed and dotted lines indicate smaller values of the mass ratio. In the cases g # 1, the percentile uncertainties on
the primary (secondary) mass is indicated with a darker (lighter) color, which corresponds to the higher (lower) line.

allow us to reproduce the bias towards smaller redshift
observed in their results. This systematic bias is due to a
combination of the assumed prior on the source redshift,
and the asymmetric dependence of the errors on binary
inclination angles [85], and it is partly responsible for
the difficulty in confidently assessing the high-redshift
(z 2 30) nature of distant binaries. Note also that we do not
report results for total masses M 2 60 M because, in that
case, the SNR is dominated by the merger-ringdown
portion of the GW signal, which we are not including in
our simple estimates.

LISA will also be able to observe events with z > 30 if
the total mass of the binary is above M =2 x 10° M, (see
e.g. Refs. [39,157]). Consistently with the rest of the paper,
we defer a dedicated discussion of the high-mass region of
the parameter space to future work.

B. Horizon of subsolar detection and mass
measurement accuracy

In Fig. 6 (left panel), we show the horizon redshift for
detecting subsolar binaries for Advanced LIGO, ET, and
LISA.” We assume negligible spins and eccentricity, as
expected for primordial BBHs.

As one can infer from the plot, ET will extend the
horizon redshift of Advanced LIGO by more the 1 order of
magnitude. In terms of maximum distance, in the subsolar
mass range one obtains

’See also [89] for a similar analysis in the context of extreme
mass-ratio inspirals detectable by LISA and ET.

0.40 Gpc (MMS)S/ ® for Advanced LIGO,

71 Gpc(MMG)S/G (21)

d"r {

where we introduced the chirp mass M = /M. This
simple scaling is obtained thanks to the following sim-
plifying conditions being met in this mass range: (i) the
horizon falls below redshift z < 1; (ii) the frequencies to
which ground-based detectors are mostly sensitive practi-
cally always fall below the ISCO frequency for those light
binaries; and (iii) the amplitude of the GW signal scales like
Ax M3/6, see Eq. (B2).

On the other hand, due to the smaller frequencies probed
by space-based detectors, LISA will have very limited reach
in this mass range. Therefore, the maximum distance that
can be observed is greatly reduced, with a horizon falling
much below the Mpc scale for the subsolar mass range and
scaling as

for ET,

0.030 Mpe () for M 501 Mo,
dhr ~ N

(22)

0.20 Mpc (MM) " for M2 0.1 My,

assuming an observation duration of T, =1 yr. The
change in slope of the horizon luminosity distance as a
function of mass can be explained by inspecting Eq. (B26),
which describes the frequencies spanned by the GW signal
within the observation time T,,. For M <0.1 M, the
observed GW signal becomes effectively monochromatic
and the SNR (or the horizon) is only affected by the GW
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amplitude, which in turn is controlled by the binary’s chirp
mass. For M 2 0.1 Mg, LISA starts resolving part of the
frequency evolution, and the SNR grows more steeply as a
function of the binary mass due to the larger accessible
frequency range.

In Fig. 6 (right panel), we also show the error estimate on
individual masses. To facilitate the comparison between the
performance of the two experiments, for both Advanced
LIGO and ET we assume the binaries to be located at the
same distance, chosen to be the Advanced LIGO horizon.
Errors decrease for smaller masses due to our choice of
fixing the SNR of the source (SNR = 8 for Advanced
LIGO by construction, much larger but almost constant
around SNR ~ 110 for ET), and to the corresponding larger
number of cycles spanned by the GW signal in the detector
band. For ET (green lines), we observe a similar depend-
ence of the error on the primary mass, but with an improved
overall measurement accuracy, which scales faster than the
linear dependence on the SNR because 3G detectors have a
smaller frequency cutoff than Advanced LIGO, and there-
fore a larger number of observable cycles. At fixed SNR,
more asymmetric binaries yield smaller relative errors on
the reconstructed mass parameters.

Overall, our results indicate that 3G detectors will be
able to measure the mass of subsolar events with an
extremely high precision, below the percent level.

C. Tidal deformability and tidal disruption

In Fig. 7, we show the measurement errors on the binary
tidal deformability A as a function of the total mass
M < 10 M, assuming negligible spins, eccentricity, and
deformability, as predicted by the PBH scenario. We also
report two representative values of the mass ratio (¢ =1
and g = 1/4), to show its effects of the measurement errors
on A. In this case, we show the errors as a function of the

—_ =

o O
> =1
T T

e 10% ]
— ET
103k —_—g=1
102k ---g=1/4
10t d;, = 100Mpc | | u
107! 10° 10!

M[Mp)

FIG. 7. Measurement precision of the deformability parameter
A at both Advanced LIGO and ET. The binary is assumed to have
spinless components and negligible eccentricity and deformabil-
ity, as predicted by the PBH scenario. The solid (dashed) line
indicates the result for ¢ =1 (¢ = 1/4).

binary total mass M and not of the primary mass m,, as
done in the previous plots. Indeed, we find that 6, depends
mostly on M.

The typical deformability expected for a BH-NS binary
is approximately in the range A € (100, 5000), depending
on the NS equation of state [158] and on the mass ratio.
Figure 7 shows that Advanced LIGO (ET) would be able to
exclude A =0 at 36 (i.e. A — 30, > 0) for a symmetric
subsolar-mass binary at d;, = 100 Mpc only if A > 1.3 x
10* (A > 6.27 x 10%).° Therefore, the constraining power
of Advanced LIGO is limited for this discriminator, while
ET could exclude the primordial origin of a subsolar-mass
binary, based on the tidal deformability measurements,
only for the least compact NSs, which are already margin-
ally in tension with GW170817 [161].

Less compact objects like white dwarfs (or hypothetical
miniboson stars) have much larger tidal deformability,
which can be therefore measured accurately given the
estimates in Fig. 7. However, as previously discussed,
these objects are tidally disrupted well before the ISCO
frequency. In this case the GW signal is abruptly sup-
pressed at the frequency corresponding to the Roche or
contact radius, so it can presumably be distinguished more
easily from the “smooth” inspiral signal of a BH binary.

For this range of masses the measurement accuracy on A
with LISA is very low, since LISA can only observe the
early inspiral and tidal effects enter at high PN order.
Therefore, we do not show LISA results in this case.

Finally, note that our Fisher analysis for the errors on A
include the eccentricity in the waveform parameters. We
explicitly checked that removing e (i.e. assuming e = 0 or
that it is known a priori) does not affect the error estimates,
even though one expects that reducing the dimensionality
of the problem would result in better constraining power.
This is because the eccentricity and deformability mostly
impact separate phases of the inspiral: eccentricity is larger
at small frequencies, while the tidal deformability (SPN+)
effects become relevant close to the ISCO frequency.
Therefore, e and A are effectively uncorrelated in the
Fisher matrix, and removing one of the two parameters
does not reduce uncertainties on the other one.

D. Eccentricity measurement accuracy

A firm prediction of the scenario involving PBH binaries
formed in the early Universe is that their orbit circularizes
before entering the observability band of ground-based
detectors (see Sec. IIC). In Fig. 8, we show the orbital
eccentricity measurement accuracy in Advanced LIGO, ET,
and LISA as a function of the binary eccentricity for
selected values of the binary masses. Consistently with the

®The errors estimated with the present analysis are consistent
with the one reported in Ref. [159] (found by a full Bayesian
parameter estimation) once translated in terms of the reduced
deformability parameter A = —2A/39 (see also Ref. [160]).

063510-10



HOW TO ASSESS THE PRIMORDIAL ORIGIN OF SINGLE ...

PHYS. REV. D 105, 063510 (2022)

103

10° e

102 N0\

10"}

e/ [%)]

10%

LISA
d,, = 100Mpc

103
102k 102
S 10k S 101
= — M =20M,, =
© — M = 60M,, ©
M = 120M,,
ol ol
10% a7 = 20001, 10
Ad. LIGO
d, = 500Mpe \ d, = 500Mpe
1072 107! 1073
€0
FIG. 8.

1072 107! 1073 1072 107!

€ €

Percentage measurement uncertainty on eccentricity for various values of BBH total mass M. The solid, dashed lines

correspond to ¢ = | and ¢ = 1/3, respectively. We can confidently exclude vanishing eccentricity (at 3-¢ level) below the horizontal
gray dashed line. The binaries are assumed to be at a distance of d;, = 500 Mpc (100 Mpc) for the ground-based (space-based)
experiment, respectively. We have checked that varying the BH spins does not significantly affect the eccentricity measurements. Left:

Advanced LIGO. Center: ET. Right: LISA.

results of Ref. [162] for the case of Advanced LIGO, we
find that vanishing eccentricity can be ruled out at 3¢ level,
for a binary with total mass M located at a distance
d, = 500 Mpc, if e, is larger than (see also Ref. [163])

M 0.62
eoAdvancedLIGO R 5.5 % 10_3 (M—o> 5 (23)

with only a negligible dependence on the individual spins
of the binary components and a minor dependence on the
mass ratio. ET will be able to constrain the eccentricity
down to lower values, with a minimum resolvable eccen-
tricity scaling with the binary total mass as

M\ 048
¢ET > 1.8 x 107 (M> . (24)

o}

Finally, assuming a binary located at d; = 100 Mpc dis-
tance, for LISA one obtains (see also Refs. [118,120])

M \ —0.56
e5™t 2 1.6 x 1072 <—> . (25)
M O]

It is interesting to stress the trend observed in the relative
accuracy as a function of M. As the eccentricity decreases
during the binary evolution, most of the constraining
power comes from low frequencies (see the discussion
in Sec. I C 2). In both the Advanced LIGO and ET cases, a
heavier binary enters in the observable frequency band
closer to the merger time. For this reason, a larger mass
implies larger errors on the eccentricity. On the other hand,
LISA is mostly sensitive to smaller frequencies, and larger
masses imply smaller errors 6, due both to the wider
frequencies observable at fixed observation time, and to the
larger SNR. This trend can be observed in the right panel
of Fig. 8.

E. Spin measurement accuracy

In the standard PBH formation scenario, binaries com-
posed of individual PBHs lighter than mpgy ~ 10 My
retain small spins, as accretion is always ineffective in
spinning up individual components (see Sec. IIB).
Therefore, measuring a nonzero spin for a sub-10 My
object would be in tension with a primordial origin (unless
we allow for other PBH formation scenarios). At larger
masses, the prediction for the spins of primordial binaries
becomes uncertain. In particular, binary component spins
may still remain negligible up to masses above
mpgy 2 10? M, provided accretion is inefficient (i.e. with
the accretion hyperparameter z.,.p = 30, see Sec. I B).
Therefore, for completeness, we also report whether the
spin measurement accuracy is enough to exclude negligible
spins in the range of masses [10, 10?] M. In Sec. III F we
will address the case of more efficient accretion, and tests of
the resulting mass-spin correlation.

In Fig. 9 (left and center panels), we show the parameter
space in which Advanced LIGO and ET can confidently
exclude negligible spins: i.e. we impose y — 30, > 0, so that
we can rule out the primordial origin of an event. We place the
source at a distance d; = 500 Mpc. The performance of the
detectors would, of course, improve for closer sources. Under
the assumption of aligned spins, in the limit ¢ = 1 it is not
possible to make independent measurements of the individ-
ual component spins. This is because, when setting ¢ = 1,
our waveform model described in Appendix B 1 is com-
pletely determined by y, = (1/2)(y; + x»), and the deriva-
tive with respect to the antisymmetric spin y,=
(1/2)(x1 —x») in the Fisher information matrix vanishes
identically. Therefore, in this limit, the results of the Fisher
analysis only provide the uncertainty on y,, and there is a
complete degeneracy between y; and y,.

In the Advanced LIGO case (left panel), the primary spin
can be distinguished from zero for fairly asymmetric sources
(g <0.5)and large primary spin y; 2 0.3. On the other hand,
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FIG.9. The region below black/red lines indicates the combinations of (1, g) for which one can confidently exclude vanishing spins
(at 3-0 level) assuming different values of the component BH spins (y; = y» = x). The solid, dashed and dotted lines correspond to
x =10.3,0.6,0.9], respectively. Black (red) lines correspond to the primary (secondary) BH spins. The color code indicates the SNR,
and the source is assumed to be at a distance d = 500 Mpc (dp, = 100 Mpc) for ground-based (spaced-based) detectors, respectively.

Left: Advanced LIGO. Center: ET. Right: LISA.

the secondary spin is never distinguishable from zero within
the 3o confidence limit (C.L.). We can also explain the nearly
horizontal behavior of the bound in the (m, ¢) plane. While
for a binary located at a fixed distance, larger BBH masses
imply larger SNR, they also lead to a smaller number of
cycles in the detector band. The two effects compensate each
other, giving rise to a comparable spin measurement accuracy
in the mass range mpgy C [10, 102] M,

In the ET case (central panel), when m; 2 10 M the
larger SNR reduces the error on both spins. We can now
rule out negligible primary or secondary spins if the mass
ratiois g < 0.8 for y;, 2 0.6. When instead m; < 10 My, a
primary spin of magnitude y; = [0.3,0.6,0.9] can be
constrained away from zero if ¢ <[0.35,0.6,0.75], and
the secondary spin is only resolved if y, 2 0.9 and g < 0.6.

LISA (right panel) has a smaller reach in this mass range,
so we report results for binaries located at a distance
d, = 100 Mpc. Due to the small SNR, it is not possible to
place bounds on the individual spins for primary masses
below O(10) M. For heavier masses, we can only con-
strain away from zero large primary spins, and only as long
as the mass ratio ¢ < 0.4.

F. Testing the predicted mass-spin correlations

Asdiscussed in Sec. II B, accretion effects would imprinta
characteristic correlation between masses and spins of PBHs
in binaries. If the modeling of PBH accretion is accurate
enough, the mass-spin relation can (at least in principle) be
compared with a single event to test its consistency with a
primordial origin. In this section we forecast the accuracy
with which current and future experiments could measure
both masses and spins in the range above m; 2 10 M,
where accretion effects may become relevant. For concrete-
ness, we will fix the hyperparameter z i = 23, motivated
by recent comparisons between the PBH scenario and
current data [30,33,36], even though different values are
still possible. This should only be regarded as illustrative.
A more precise determination of z.¢ 1S necessary before the
test proposed here can be applied to GW events.

In Fig. 10 we show the accuracy with which various GW
detectors could constrain the mass-spin correlation. We
assume that we are observing a binary with ¢ = 0.8, and
that the mass-spin correlation is consistent with the
predictions of the primordial scenario with zg.¢ = 23.
The top (bottom) panel shows measurement errors for the

1.0 1.0 1.0
— PBH (2001 = 23)
0.8 0.8} 0.8
0.6 0.6} 0.6
=< = =~
0.4 0.4 0.4
0.2 3 0.2 0.2
= L4f ¢g=08 e=0 Ad LIGO ] X o4f ¢=08 e=0 ET K 8 ¢=08 e=0 LISA
= 1.2F i = < 6
= = =
= it ] = 0.2F = 4
2 3 Iz
0.8 0
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FIG. 10. Constraints (at 1, 2, and 3¢) around the PBH mass-spin correlation of Eq. (4) with z . = 23. For illustration, we consider
circular binaries with ¢ = 0.8 at d, = 100 Mpc. Left: Advanced LIGO. Center: ET. Right: LISA.
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FIG. 11. Same as Fig. 10, but we now show in green the region in the (m,, y) parameter space in which we can conclude at 3¢ C.L. that
the event is incompatible with the primordial scenario with 7., = 23 (the predicted correlation is shown with a black line). Left:

Advanced LIGO. Center: ET. Right: LISA.

individual spins (total mass). For both Advanced LIGO and
LISA, the SNR for a source located at di. = 100 Mpc is too
low to allow for a significant measurement of the individual
PBH spins, even though the measurement accuracy on the
total mass is rather high. On the contrary, ET will be able to
measure the total mass with subpercent accuracy and also
to constrain the spin of both individual components, as long
as my; 240 M,

In Fig. 11 we identify the parameter space in the mass-spin
plane that is incompatible with the PBH prediction within the
GW measurement errors. We inject GW signals in the entire
(m,y) plane, and determine which region can be deemed
incompatible with the primordial hypothesis at 3¢. In agree-
ment with the qualitative results in Fig. 10, we find that both
Advanced LIGO and LISA will not be able to test the
primordial hypothesis on a single-event basis, while ET can
place good constraints in most of the parameter space. We
conclude that 3G detectors will have large enough SNR to test
the primordial hypothesis based on the mass-spin relation, as
long as systematic uncertainties in the accretion model are
small enough by the time the detectors are taking data.

IV. A CASE STUDY: THE GWTC-3 CATALOG AS
OBSERVED NOW AND BY 3G DETECTORS

In this section we apply the algorithm to assess the
primordial nature of individual GW sources developed
above, and summarized in Fig. 1, to the events reported in
the GWTC-3 catalog [15,41]. In Sec. IV A we ask whether
we can draw any conclusion from the observed properties
of the GWTC-3 events. Then, in Sec. IV B, we extrapolate
current observations to the estimated measurement accu-
racy achievable with 3G detectors to understand if any
of the current may be confidently classified as primordial
(or not) in the near future.

A. GWTC-3 events

As the current GW detection horizon is within z < 1, no
indication of the primordial nature of the single events can
be drawn from current redshift observations.

Additionally, in the GWTC-3 LVK catalog, the eccen-
tricity of the binaries was not measured, as the waveform
models used for this analysis work under the assumption of
zero eccentricity [15]. However, a reanalysis of the events
from the O1/02/03a runs [164] suggested that GW190521
and GW190620 may present hints of a nonzero eccentricity
(see also [165-169]). Most of these analyses use waveform
models that neglect higher harmonics and spin precession.
Since both of these effects are known to be important for an
unbiased estimation of the parameters of the binary
[167,170], a nonzero eccentricity measurement may still
be driven by the inaccuracy of the waveform models. Even
if these events are confirmed as having nonzero eccentric-
ity, this would only exclude the primordial origin of two
events. In summary, the large majority of the events
detected so far has an eccentricity compatible with zero,
and therefore this discriminant of their PBH nature is still
inconclusive.

As for the tidal deformability, the only LVK event having
tidal deformability signatures is GW170817, whose pos-
terior is anyway compatible with A = 0. Had the electro-
magnetic counterpart [171] of this event not been observed,
it would have been impossible to confidently rule out the
possibility that GW170817 may be a PBH binary, rather
than a NS binary.

Short of constraints coming from redshift, eccentricity,
and tidal deformabilities, we are left with the masses and
spins to test whether the mergers detected so far are of
primordial origin. No events with masses below the thresh-
old of ~1 M have been confidently detected so far,
implying that no smoking-gun detection based on light
PBH binaries is available [172-175].

In Figs. 12 and 13 we show summary plots of the events
reported in the GWTC-3 catalog having false-alarm-rate
(FAR) above the threshold of 1/yr. We divide the events in
the catalog following the analysis in Ref. [41]. The first
class includes events having at least one object with mass
below ~3 M (potentially consistent with binaries com-
prising NSs). The second class includes events where both
component masses are above X3 M.
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FIG. 12. Summary plot showing all seven events reported in the GWTC-3 catalog having FAR < 1/yr and at least one of the masses
below 3 M [15,41]. Left: posterior distributions in the (m,, m,) plane. The shaded region corresponds to 50% C.L., while the outer
contour to 90% C.L. The posterior shapes roughly follow lines of constant chirp mass M, as that is the best measured parameter from
the waveform. To facilitate the discussion in the text, we report the mean value of mass ratio ¢ within brackets on the side of each event’s
name. Right: posterior distributions for both the individual spins y; and the effective inspiral spin parameter y.g, following the same

color code as in the left panel.
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FIG. 13.

M[My)

Summary plot showing all 69 events reported in the GWTC-3 catalog having FAR < 1/yr and both masses 23 M which

are confidently regarded as BBH events [15,41]. We show the posterior distribution for the total mass of the binaries (bottom panel),
while the color code indicates the mean effective spin parameter. The top panel shows the 90% C.L. for y.; of each event, following the
same color code (the dashed horizontal lines bracket each color group).

Let us first focus on the distribution of y.s for the first
class. In Fig. 12 (right panel) we clearly see that the
distribution of y.; is mostly peaked around zero. The
legend of the left panel of Fig. 12 shows their inferred mass
ratio (in round parentheses). At smaller mass ratios the
primary spin becomes better constrained: for example, the
posterior distribution of GW190814 falls almost entirely
within y.; <0.1. Given the small mass ratio and the
relatively small total mass, the observed smallness of the
primary spin of GW190814 would not be in tension with

the primordial scenario even in the presence of strong
accretion (say, with z.,es = 10).

The secondary spin is always mostly unconstrained.
A potential exception is GW 170817 [161], for which we
can infer y, < 0.5 at 90% C.L., mainly because the
mass ratio ¢ is close to unity (m; = 1.467)12 M and
m, = 1.271“8:83 M ). Overall, we conclude that it is not
possible to rule out the primordial origin of GWTC-3 in the
“first class” based only on their mass and spin measure-
ments. The one obvious exception is GW 170817, where the
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observed electromagnetic counterpart [171] (not expec-
ted from a BBH merger’) allows us to confidently identify
the event as a binary NS merger.8

Consider now the second class of GWTC-3 events, those
for which both masses are above ~3 M (see Fig. 13). We
can further divide these events in two broad categories: one
containing events with mean total mass below =30 Mg
(corresponding to the first peak in the BBH population
distribution identified by the latest LVK population ana-
lysis [41]) and the remaining, more massive binaries.

Within the first category, even though no precise
measurement of individual spins was performed so far,
we can check whether individual events are consistent with
the primordial hypothesis by assessing whether y.¢ can be
compatible with || < 1072, which is the prediction for
PBH binaries in this mass range. Out of the 14 events
in the first class, five (GW151226, GW190720_000836,
GW190728_064510, GW191103_012549, GW191204_
171526, and GW191216_213338) have y. > 1072 at
99% C.L., so they are in tension with the standard PBH
scenario.

At larger masses, only three events are found to be
spinning (that is, in our context, |y.¢| = 1072 at 99% C.L.).
The fastest spinning one, GW190517_055101, has
Ketr = 0.527019 and it could only be compatible with
the PBH scenario in the presence of some accretion
(Zeuofr < 20). In addition, due to its smaller total mass,
GW190412 would be compatible with the primordial
scenario only if zeyofr < 16. Finally, the large |ye| of
GW190519_153544 cannot be used to provide information
on its primordial origin because the event has large mass,
which would allow for any values of z.; Wwithin the
posterior.

Finally, let us focus on the individual spins. Only two out
of the 69 massive binaries in the GWTC-3 catalog have
primary BH spins incompatible with zero at more than
99% C.L.: these are the aforementioned GW190517
055101 and GW191109_010717. The latter event is
“special” also because the posterior for the effective spin
Jeit has the largest support at negative values. Given their
masses, we can only conclude that these two events would
be incompatible with large values of cutoff z s (close to
~30), i.e. with negligible accretion.

’A possible association between the BBH event GW 190521
and an EM flare was suggested in Ref. [176], assuming that the
merger took place in an Active Galactic Nuclei (AGN) disk.

¥We do not address the possibility of mixed astrophysical-PBH
mergers (i.e. binaries formed dynamically with a compact object
coming from each population) because, generally, the merger
rates produced by dynamical capture are insufficient to explain
the observed events under reasonable assumptions on the dark
matter overdensity in star clusters [32,177,178]. We note,
however, that multiple exchange interactions may boost the
formation rate for those mixed objects, as suggested in
Refs. [32,179].

We remark that the qualitative analysis of the GWTC-3
events presented in this section is based on the LVK
parameter estimation analysis, which assumes uniformative
priors. As current detections are still characterized by
relatively small SNR values, the interpretation of some
events can be sensitive to the choice of priors [180-184]
(see Ref. [47] for an interpretation of the events assuming
PBH-motivated priors). Additionally, as pointed out by
Ref. [164], there is a correlation between the aligned spins
and eccentricity obtained from GW parameter estimation.
Therefore, GW data analyzed with waveforms neglecting
eccentricity may be affected by systematic errors, so that
eccentric systems may be misinterpreted as quasicircular
systems with nonzero aligned spin.

It was first suggested in Ref. [185] (and then confirmed
in Ref. [41]) that a fraction of the GWTC-3 events shows a
peculiar correlation between ¢ and y.¢: more asymmetric
binaries tend to have larger positive values of y.g. This
property of the population cannot conclusively determine
the PBH origin of individual events, but the observed
correlation would be in contrast with the primordial
scenario, which predicts a wider distribution of y.; for
large total masses, and small values of |y.g| for small g at
fixed primary mass. As pointed out in Ref. [186], GWTC-3
data also support the hypothesis that a fraction of events
may be characterized by a mass-spin correlation which
closely resembles the one expected in the PBH scenario
discussed here. However, the PBH origin of the events is
still indistinguishable from astrophysical formation in the
dynamical channel with current statistics.

B. GWTC-3-like events as observed by 3G detectors

It is interesting to test whether future experiments would
be able to provide enough information to exclude or
confirm the primordial origin of some of the GWTC-3
events. We can consider explicit examples and use their
inferred parameters in a Fisher matrix analysis to forecast
how accurately ET could measure the two individual spins
(we neglect z, ¢, and A since, as discussed above, the
measured values for these quantities in the GWTC-3
catalog are uninteresting for ruling out PBHs).

We consider a representative candidate from each of the
various groups of events, including low-mass events, events
belonging to the two peaks in the mass distribution
identified in GWTC-3 [41], and upper mass gap events.

Low-mass events (e.g. GWI190814).—This event is
regarded as a potential outlier of both the astrophysical
BH and NS populations [41]. A similar event detected by
ET would have SNR ~ 820, so we would measure the mass
parameters with percent precision and the primary spin
with 6, ~ 0.04. This implies that, given the current median
value of y; = 0.034, one would not be able to rule out the
primordial origin for the primary component of the binary.
Because of the small mass ratio, the secondary spin will be
poorly measured, with o,, ~ 0.46. Therefore, it would not
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be possible to rule out the possibility that the second object
may be either a BH formed from stellar collapse, or a
second-generation BH resulting from a previous binary NS
merger. Similar conclusions apply to GW190917_114630,
despite the relatively smaller difference between the indi-
vidual masses.

First peak in the mass distribution (e.g. GWI191204_
171526).—This is a representative event for the first
peak in the BBH mass distribution identified by the
LVK population analysis [41], with individual masses
my = 11.973 My and m, = 8214 My. As previously
discussed, PBHs with such masses are predicted to retain
small spins in the standard scenario. A detection of such an
event by ET would have SNR x~455 and subpercent
precision in measuring mass parameters. The relative errors
on the spins would be around ¢, ~0.16 and o, % 0.25,
thus allowing us to rule out the primordial origin at 3¢ for
similar events with spins larger than y; 2 0.5 and
x> 2 0.75. Ruling out of the primordial origin for events
in this region of the parameter space would not be possible
with Advanced LIGO. Given the large number of events
falling in this mass range, which is currently expected to
dominate the BBH population, these findings confirm the
importance of 3G detectors for identifying PBH binaries.

Second peak in the mass distribution (e.g. GW200129_
065458).—Similarly to the previous case, we pick this
event as representative of the second peak in the BBH mass
distribution. In ET this event would have SNR =~ 860, but
owing to the larger masses, the spin measurement accuracy
is somewhat reduced, with 6,, % 0.24 and 6, ~ 0.33. The
reduced spin measurement accuracy and the uncertainties
in the accretion model make it challenging to probe
the PBH nature of events in this mass range even for
ET, unless less distant events are observed (as assumed in
Figs. 10 and 11).

Upper mass gap events (e.g. GW190521).—Our con-
clusions on the massive events of the GWTC-3 catalog
apply also to GW190521-like objects.

V. CONCLUSIONS AND FUTURE WORK

In previous work we carried out a population analysis
and asked whether subpopulations of PBHs can be com-
patible with the observed catalog of GW events, given
current uncertainties in astrophysical formation scenarios
[36]. In this work we asked a complementary question:
what are the key observables which may allow us to assess
the primordial origin of BHs at the single-event level?

We have taken a conservative point of view: we first
identified the crucial combinations of binary parameters that
would allow us to draw conclusions on the primordial origin
of the events, and then we quantified how accurately present
and planned experiments (including Advanced LIGO, ET,
and LISA) could measure those key observables.

Our findings can be summarized as follows (see Fig. 1):

Large-redshift observations.—A smoking-gun signal of
PBHs would be the detection of a GW signal at redshift
larger than z = 30, as long as we can confidently set lower
bounds on the source redshift. We have estimated uncer-
tainties in the source redshift measurements as a function of
the PBH mass, essentially confirming the findings of
Ref. [85]. For events at 7 > Z ., (Which might be smaller
than z = 30), another possibility is to use the characteristic
z — y correlation predicted in the standard PBH formation
scenario.

Eccentricity.—In the standard formation scenario con-
sidered here, primordial binaries do not retain any relevant
eccentricity at observable redshifts. We investigated the
lower bounds on e above which the primordial nature of the
mergers may be excluded. This signature will be useful to
rule out the primordial origin of an event only when it
retains some significant eccentricity, and even then we
should allow for the possibility of an astrophysical origin in
dynamical formation scenarios.

Subsolar-mass events and tidal deformability.—Even
subsolar, zero-eccentricity events may not be PBHs if their
tidal deformability is nonzero. Future 3G detectors will be
able to measure the mass of BHs in binaries with sub-
percent accuracy. This is often sufficient to confidently
claim the primordial nature of the compact object. Possible
alternatives, such as white dwarfs and miniboson stars, can
be distinguished from PBHs by using the characteristic pre-
ISCO cutoff in the GW signal caused by tidal disruption.

Masses and spins.—We have quantified the mass and
spin measurement accuracy achievable by 3G detectors in
the solar mass range, showing that ET will be able to test
the mass-spin correlation predicted in the standard PBH
formation scenario (see Figs. 10 and 11). This test could
only be performed on single events in the future if
systematic theoretical uncertainties on PBH accretion are
significantly reduced.

As a proof of principle, we have applied this strategy to
the events in the recently released GWTC-3 catalog. Due to
the relatively low SNR of the binary mergers observed in
current detectors, there are very few events that can be
deemed incompatible with a primordial origin, and there
are no smoking-gun signatures of PBHs in the current
catalog. We then quantified how 3G detectors will amelio-
rate the current state of affairs by estimating what could be
learned at higher SNRs from the same GW events already
present in the GWTC-3 catalog. This is, of course, a very
conservative scenario, because the most informative events
are likely to be just those that are not observable with
current interferometers.

This work can be extended in various directions. It will
be interesting to study what can be learned from LISA
observations of massive BHs, for which PBH formation
predictions are still under investigation, mainly because it is
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difficult to quantify the effect of accretion. The simple
inspiral Fisher matrix analysis we performed can and
should be improved through a full Bayesian parameter
estimation framework of the complete inspiral-merger-
ringdown waveforms (see e.g. [162,166,187,188]). This
is especially relevant for low-SNR events. In addition, it is
possible that the correlations between certain observable
parameters (such as chirp mass and eccentricity) may differ
between primordial and astrophysical formation models
(see e.g. [119]). These correlations may either enhance or
reduce the constraining power of future detectors. Finally, it
will be interesting to understand how to best optimize the
3G detector network and to investigate the potential of
multiband events [189—195] to better assess the (primordial
or astrophysical) nature of the observed merging events.
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APPENDIX A: FITS OF MASS-SPIN RELATION
FOR PBH BINARIES AS A RESULT
OF ACCRETION

In this Appendix we provide the numerical coefficients
specifying the analytical relation between masses and spins

for PBH binaries at redshift smaller than z.,.g € [10, 30],
see Eq. (4). These coefficients are reported in Table I.
Mathematica and PYTHON codes with the relevant tabulated
functions are publicly available at the GIT repository linked
in [196]. The analytical fit may be useful when performing
Bayesian parameter estimations assuming PBH motivated
priors, or for searches in the GW catalog for a PBH
motivated mass-spin relation.

APPENDIX B: METHODOLOGY

In this Appendix we review the methodology adopted to
derive the main results contained in the paper. We start by
reviewing the waveform model we use, mainly following
Ref. [162] and references therein. Then we review the
Fisher matrix method and we list our chosen power spectral
density curves for the GW experiments discussed in
this work, as well as the frequency range used in the
integrations.

1. Waveform model

We define the GW signal in Fourier space adopting the
stationary phase approximation (SPA). We can write

h(f) = Ae'™, (B1)
where
an\ /2 [ M2
) ()
x [(1 + cos?(1))2F% +4cos®(1)F2]'/2.  (B2)

Eccentric corrections are only introduced in the phase
evolution ¥ via a “postcircular” [197] low-eccentricity
expansion accurate to O(e3), presented below. This wave-
form is an extension of the one presented in Ref. [198] with
the inclusion of spin effects performed in [162]. Also, in the
previous formula, we introduced the binary inclination
angle 1 relative to the line of sight, the distance to the

TABLE I. Mass-spin relation for PBH binaries: numerical coefficients in the analytical fit described in Eq. (5).
a a?.l a?.z af'3 a(]/.l a’{'2 a(l,.3 a{.l a%.l a%.z a%.z
57.8531 —66.8879 43.9529 546522 -56.4905 39.4605 —10.5127 374532 —17.5600 —17.5899  7.32670
b(l) b?l bTZ bTS b?l bqu b?3 b}l b%l b{Z b%Z
2.14680  —3.65483 1.23732 —0.185276 —1.59262 —1.33445 0.940219 2.48367 0.0136971 —0.313974 —-0.218091
e C?.l C?z Czl.3 Ci/.l Cl{.z C({.S c:.l C%.l C}.z C%.z
0.441418 —0.738179 0.834177 —0.175491 —0.231674 2.12451 —-0.787300 —0.0461876 —1.20687 —0.234563 0.477210
al azz,.l azz,.z a§'3 ag.l ag.z ag'3 aé.l a%‘l a;z ag.z
443220  =72.7617 509837 —8.27027 19.8378 —33.8142 18.3605 —6.80676 1.95003 0.0581762 —0.957243
bg bél b%z b§3 bgl ng b(213 bél b%l béZ b§2
3.65282  —6.94442 3.55860 —0.630911 —0.474109 —0.199862 0.0523957 0.737077 0.0855668 —0.178022 —0.0212303
0 ol ci? &3 e a2 43 el sl cl2 22

2 2 2 2 2 2 2 2 2

—0.189439 1.28502 —0.587638 0.0864602 —0.905386

2 2
1.25085 —0.346207 0.158765 —0.447706 —0.0109165 0.0945026
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detector D, the antenna pattern functions F, , and the
symmetric mass ratio 7 = m,m,/M?. The SPA phase can
be written as a sum of PN corrections:

Y(f) = ¢, + 2xft. + 5(1+A‘P21§4N1

128y

AW, AW L ARES).  (BD)
where 7. and ¢, are the coalescence time and phase, and
v = (zMf)'/3 is the PN orbital velocity parameter. The
tidal deformability terms we include in the waveform,
starting at SPN order, are defined in Eq. (18).

The standard 3.5PN circular contribution is

7
AV SN = Z cn(m)v (B4)

n=2

where the coefficients ¢, (1) are found in Eq. (3.18) of
[199], and the 2.5PN and 3PN coefficients depend also
on Inv.

Spin effects up to 4PN order add a contribution

e 40
ATZF}’;;.C“C = 4ﬂ1.5 U3 - 1001)4 + US ln 1}3 |:Eﬂ2'5

3715 220 )
’B15<189 t >] + Pev

+ P7 1)7 + Pgl)g, (BS)
where f; 5 is the 1.5PN spin-orbit term [200-202]
113 m? 25
= . B6
ﬂlS lz;zﬂ(z l<12 M2 4’7> ( )

The 2PN spin-spin term includes three distinct contribu-
tions ¢ = 0'5152 -+ oQM + O-selfspin [203]
(i) the standard spin-spin interaction [200,202]

2 (721k,k, — 247y1,); - (B7)

1
Oss, — E

(i) the quadrupole-monopole term [204]

wou=3 Y () G -5 @)

i=1.2

(iii) the self-spin interaction [203,205]

Oss_self = 962 ( >(7—,<) (B9)

In the previous equations y; denotes the dimension-
less spin parameter, k; = §; - Ly is the cosine of the

angle between the ith spin direction §; and the
Newtonian orbital angular momentum direction
i‘N’ and Y12 = §1 '§2.

The 2.5PN spin-orbit term /3, 5 is [206]

2
0\~ [m}( 31319 1159
25 l.;z”’ [M2< 008 " 28"

L2899, 281
N~%8a "8

where BH absorption terms (i.e. tidal heating) were
neglected [153]. The subsequent 3PN, 3.5PN, and 4PN
terms Pg, P, and Pg can be found in Ref. [207]. This
analysis assumes nonprecessing (aligned) spins, and there-
fore the parameters f3.. and o (..., are constant in time and
functions of y;.

Leading order in eccentricity corrections to the SPA
phase were derived up to 3PN order in Ref. [198], building
upon previous results on eccentric binaries [208-213].
Following Ref. [162], we use the full 3PN expression in
our calculations, whose structure is of the form

(299076223

2355 , (v 193 e
——ey| — v
1462 °\ » 81976608

18766963 ) (2833 197 >

(B10)

ecc
AlP3PN -

2927736 1 1008~ 36

- 1)

Here, ¢ is the eccentricity at a reference frequency f, and
vy = (M f,)'/3. The choice of f is arbitrary, and through-
out this paper we set f, = 10 Hz, following Ref. [162].

We additionally introduce the effect of cosmological
redshift by replacing, in Eq. (B1), the distance D by the
luminosity distance d,, defined as

dL(Z) =

(B12)

C
g
Ho( +2)

| e
0 VOu(1+2)P+Q

where Hy = 100h (km/s)/Mpc, h =0.6790, Q,, = 0.3065,
and Q, = 0.6935 [214]. Also, the redshift of the GW
frequency can be accounted for in Eq. (B1) by replacing
the total mass with the observer-frame total mass
M — M, = (1 + z)M. Throughout this work, M refers
to the source-frame total mass.

2. Fisher matrix analysis

The Fisher information matrix is often used to assess the
parameter estimation capabilities of GW detectors (see, for
example, Refs. [131,215-220], as well as Refs. [155,221]
for discussions of the limitations of this approach).
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The output s(7) of a general GW interferometer can be

written as the sum of the GW signal h(t, E) and the
stationary detector noise n(t). The posterior distribution

for the hyperparameters 6 can be approximated by
p(8]s) o« m(B)e HHE=s1®)-s) (B13)

in terms of the prior distribution 7(f). Here we have
introduced the inner product

) =2 [ ag MO DLIDAD (g

In Eq. (B14), S,(f) is the detector noise power spectral
density, and f;, (fmax) 18 the characteristic minimum
(maximum) frequency of integration. The frequency band
of interest for each GW experiment will be discussed in
Sec. B 2 b below.

Following the principle of the maximum-likelihood esti-
mator, the central values of the hyperparameters are approxi-
mated by the point & = 6, where the likelihood peaks. In the
limit of large signal-to-noise ratio (SNR = /(h|h)), one can
perform a Taylor expansion of Eq. (B13) and get

p(B)s) o« m(B)eTawho"a0", (B15)

where AG — ép — 6 and we have introduced the Fisher matrix

(o]0
&=\ 69| gP id,

The errors on the hyperparameters are, therefore, given by
6, = VX%, where X% = (I'~1)% is the covariance matrix.
Our parameter set is the following:

(B16)

ga = (tcs¢c’lnM~ln’/[’)(h)(ZslneO)’ (B17)
with the addition of the redshift z in Sec. III A and of the
tidal deformability A in Sec. III C. Following Ref. [162],
we use Gaussian priors on the parameters ¢, € [—x, 7],
x12 € [—1, 1], corresponding to

5¢c =7, 6)(1.2 = 17 (BIS)
by adding to the diagonal elements of our Fisher matrix
terms of the form IV, = 1/(56,)>.

Throughout this work, we always consider sources
which are optimally oriented with respect to the detector.
This means that orientation-dependent terms in the ampli-
tude take the value

(14 cos?(1))?F2% +4cos*(1)F2 =4 (B19)

and the optimal SNR p,, can be computed using

5/3 1’]M5/3 Shigh f_7/3
dE(Z) Slow Sn(f)

5

a. Power spectral density curves

For Advanced LIGO, we consider the expected power
spectral density (PSD) of the “zero-detuning, high power”
configuration [222]:

S,(f) =107 Hz71(0.0152x* + 0.2935x"/4

+2.7951x%% — 6.5080x%* + 17.7622),  (B21)
where x = f/(245.4 Hz) [see also Eq. (4.7) of Ref. [223]].
We adopt the ET-D sensitivity curves from Ref. [49].
Finally, we consider the LISA PSD of Ref. [156] (see also
[2247]), which provides an analytic fit for the detector noise.
The PSD consists of two parts: the instrumental noise and
the confusion noise produced by unresolved galactic
binaries, i.e.

Su(f) = Sis(f) + SYPN(), (B22)
where
SIs(f) = A, (POMS +2[1 4 cos?(f/£.)] (;‘}34)
6 f?
X (1 +1—0f_%> (B23)

A, =10/3L% L =25 Gm, f, = 19.09 mHz, while

2 mHz\ 4
Pos = (1.5 x 107" 1m)? [1+< ; Z) ] Hz™,

0.4 mHz\ 2
PACC = (3 x 10715 ms~2)? [1 + <7Z> }

f
o\ _
X[”(mﬂm -

For the white dwarf contribution, we use

(B24)

SWON = A, f~7/3=1" 4PN ] +tanh(y (fr— f))].  (B25)

with the amplitude A, = 9 x 107 Hz™!, and the coeffi-
cients (a,f,x,7, fr) = (0.171,292, 1020, 1680, 0.00215).
The noise spectral densities are shown in Fig. 14.

b. Frequency range

We set fin to the minimum frequency detectable by the
interferometer. In particular, we adopt as minimum

frequencies fdvancedllGO — 10 Hz (fET =1 Hz) for the
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FIG. 14. Noise power spectral densities for LISA, ET and
Advanced LIGO. The dashed vertical lines indicate the two
minimum frequencies for ground-based detectors, i.e.
.lAdvanced ET _ 1 Hz and fﬁ(&yanced LIGO _ 10 Hz.
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Advanced LIGO (ET) case. For LISA we take

LISA — max[1075 Hz, fLI4], i.e. the maximum frequency
between the cutoff frequency below which the LISA noise
curve is not well characterized (10~ Hz) and the frequency
corresponding to a binary that spends T, = 1 yr to span
the frequency band up to fL5A, We use a LISA maximum

frequency fLSA = 1 Hz Therefore, we find [219]

LISA _ ) +49 M o0 @ -/ Hz
obs .
Hz Mg yr

(B26)

On the other hand, the maximum frequency is set by the
smallest value between either the maximum frequency
reached by the detector

fl(r,;()i(vanced LIGOET.LISA) _ (10%,10%,1) Hz (B27)

or the ISCO frequency of the binary system, defined as

1 leco()(f)
1 + Z ﬂ'Mf

Jisco. = , (B28)

where Qigco(¥) = MyenQusco is the dimensionless angu-
lar frequency for a circular, equatorial orbit around a Kerr
BH with mass M., and spin parameter y [225], while y,
and M, are the final spin and mass of the BH merger
remnant, whose full expressions (based on fits to numeri-
cal relativity simulations [95,226]) can be found in
Appendix B of Ref. [162].
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