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ABSTRACT

Runaway electron acceleration is the keystone process responsible for the production of energetic radiation by lightning and thunderstorms.
In the laboratory, it remains undetermined if runaway electrons are merely a consequence of high electric fields produced at the ionization
fronts of electrical discharges, or if they impact the discharge formation and propagation. In this work, we simulate photon pileup in a
detector next to a spark gap. We compare laboratory measurements to ensembles of monoenergetic electron beam simulations performed
with Geant4 (using the Monte Carlo method). First, we describe the x-ray emission properties of monoenergetic beams with initial energies
in the 20 to 75keV range. Second, we introduce a series of techniques to combine monoenergetic beams to produce general-shape electron
energy spectra. Third, we proceed to attempt to fit the experimental data collected in the laboratory, and to discuss the ambiguities created
by photon pileup and how it constrains the amount of information that can be inferred from the measurements. We show that pileup ambi-
guities arise from the fact that every single monoenergetic electron beam produces photon deposited energy spectra of similar qualitative
shape and that increasing the electron count in any beam has the same qualitative effect of shifting the peak of the deposited energy spectrum
toward higher energies. The best agreement between simulations and measurements yields a mean average error of 8.6% and a R-squared
value of 0.74.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0086579

I. INTRODUCTION

Research on the role of runaway electrons in transient plasma
discharges in the laboratory’ * and nature’ ’ has bloomed in
recent years. The basic idea of how runaway electrons emerge is
simple.” When an electric field is applied to air, a free electron
begins to accelerate. The electron interacts with air molecules, loses

This formula is obtained by fitting the effective friction force as
given by Berger et al.,'' and it corresponds to sea-level atmospheric
pressure. The Ky, approximation is shown as an orange dashed
curve in Fig. 1(a). In order to begin a runaway event (which
may grow to become a runaway electron avalanche'”), a high-
energy (>Ky,) seed electron is necessary.”” For instance for

energy due to numerous types of collisions, and decelerates. The
effects of these collisions can be represented by an energy-
dependent effective friction force, as shown in Fig. 1(a). If the field
supplies more energy to the electron than is lost due to collisions,
the electron may enter the runaway state.”'’ This phenomenon
happens for energies larger than 100 eV, where the friction force
experienced by electrons decreases with increasing electron energy
[marked by a red circle in Fig. 1(a)]. More precisely, in the energy
range between 300 eV and 300 keV, the runaway electron threshold
energy (in eV) can be approximated by the following formula K,
= 8.4 x 10°E™"4, where E is the applied electric field in kV/cm.

E=12.5kV/cm, Ky, = 23 keV, as marked in Fig. 1(a) with a trian-
gle. This high-energy seed electron can actually come from a vari-
ety of sources, including cosmic background radiation,'” other
high-energy electrons produced via positron and gamma-ray feed-
back effects,”” or low-energy electrons accelerated by the electric
field produced at streamer ionization fronts.”'* When electrons
are pushed into the runaway state [i.e., over the “hill” in Fig. 1(a)]
by the very high electric field at streamer tips, the process is known
as the thermal (or cold) runaway mechanism.'”'™'® The thermal
runaway electron mechanism is further supported by Monte Carlo
simulations’ and laboratory spark investigations.""”
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FIG. 1. (a) The dynamic friction force experienced by electrons in air at ground pressure. The solid line shows the total friction force, while the dashed lines the collisional (blue) and
radiative (green) contribution. The horizontal dot-dashed line shows the applied electric force corresponding to an electric field of 12.5kV/em. The intersection between both curves
(marked with a triangle) defines the runaway threshold energy for this electric field value (which is 23 keV). For low energies, the data in the figure come from the widely referenced
ICRU Report 37 (their Fig. 8.2), while for energies > 1keV we use the more recent NIST database. ' Panel (a) also shows the Ki, (E) approximation discussed in the text as an
orange dashed curve. (b) Schematic representation of the experimental setup simulated. (c) Screenshot of Geant4’s graphical interface. The copper cathode is the yellow rod, the alu-
minum anode is the white disk, and the LaBr3:Ce x-ray detector is the cylinder inside an aluminum shielding box. The red lines show electron paths, while the green ones photon paths.

When electrons in a runaway state approach the nucleus of the work by Moore,” Dwyer,” and colleagues showed that lightning pro-
background gas molecules they change their velocity and emit duces x-rays from several keV to many MeV. Since then, substantial
Bremsstrahlung x-ray radiation, = which allows researchers to progress has been made toward connecting the measured x-ray emis-
remotely probe the physics of this phenomenon.” In the early 2000s, sions with the properties of runaway electrons emitted by lightning
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leader tips,” *” but a long road still lies ahead of the atmospheric elec-
tricity community to fully probe the energy distribution of runaway
electrons emitted by lightning and their dependence on the lightning
channel properties. Lightning is a short-lived, stochastic, and danger-
ous phenomenon, making it challenging to study in close proximity.
For these reasons, researchers have relied heavily on laboratory experi-
ments to understand energetic electron and photon production by
electrical discharges.”*'”*%

Laboratory experiments have revealed that runaway electrons
can be readily produced in short laboratory discharges under applied
voltages of the order of —100kV. These experiments have revealed
that a number of factors can be adjusted to increase the flux of run-
away electrons (or their current), including the use of higher applied
voltages (or more precisely, average electric fields in the gap), faster
voltage risetimes, lower gas pressures, gasses with lower molecular
mass, cathodes made of materials with higher work functions (for volt-
age pulse risetimes longer than 1ns), and anodes made of materials
with higher atomic numbers."” Investigations with laboratory dis-
charges allow researchers to repeat the “miniaturized lightning flash”
multiple times and provide statistical inferences about runaway elec-
tron production and subsequent x-ray emissions. For instance, da
Silva et al." showed that runaway electrons and their associated x-ray
emissions are prolifically produced in an 8-cm-long, rod-to-plane gap
under an applied voltage of —100kV. These authors inferred that
median x-ray burst energies varied between 33 and 96 keV, depending
on the observation geometry, type of anode, and type of filter placed
between the source and x-ray detector. These authors also inferred
that the discharges produced between 5 x 10* and 0.5 x 10° runaway
electrons and that the x-ray emissions were produced when runaway
electrons collided with the anode.’

In this paper, we simulate photon pileup in a detector near a
spark gap. We do so by simulating monoenergetic runaway electron
beams in atmospheric pressure air under an applied electric field of
12.5kV/cm, imitating the experimental setup used by da Silva et al.’
Using Geant4, we calculate the expected behavior of the x-ray emis-
sions from electron beams with initial kinetic energy between 20 and
75keV. A key point of this article is the introduction of algebraic tools
that allow us to create general-shape electron energy spectra by com-
bining previously simulated monoenergetic beams. Finally, we use the
simulations to understand the ambiguities created by photon pileup at
the x-ray detector, which is a natural consequence of performing
close-range x-ray observations of electrical discharges. We conclude by
discussing avenues to circumvent pileup ambiguities when inferring
the energy spectrum of the source runaway electrons.

Il. METHODOLOGY
A. Geant4 simulation setup

In this work, we use the Geant4 (Geometry and Tracking) object-
oriented C ++ toolkit, which utilizes Monte Carlo techniques to simu-
late the complex interactions between a wide variety of particles and a
background medium.”" "’ Of particular interest to our project is
Geant4’s capability of tracking individual photons. This process can be
computationally intensive and time-consuming but allows us to almost
totally circumvent the issues associated with photon pileup—at least
within the modeling efforts. Geant4 has already been successfully used
to simulate runaway electrons in the past.”" *° Here, runaway electrons
are assumed to be formed by the thermal runaway acceleration

ARTICLE scitation.org/journal/php

mechanism in compact regions of strong electric fields ahead of
streamer tips.”'” We start the simulations when the streamer ionization
fronts are 2 cm away from the ground electrode. We assume that the
runaway electrons can be modeled as a series of monoenergetic beams,
with initial energies between 20 and 75keV. The underlying assump-
tion here is that when streamers are close to the ground electrode, the
runaway electrons detach from the streamer ionization front and prop-
agate under the applied average gap field, which is 12.5kV/cm in this
case. The minimum initial energy value of 20keV is just under the
threshold runaway value Ky, for the average gap field [marked in Fig.
1(a) with a triangle]. The maximum initial energy value of 75 keV is the
potentially maximum energy gain from the externally applied voltage
(= 12.5kV/cm x 6 cm) before the start of the simulation tracking. The
simulation setup is schematically shown in Fig. 1(b).

The Geant4 simulation starts with electrons released 2 cm away
from the ground electrode (anode in the figure); they accelerate under
an applied 12.5kV/cm electric field and experience a series of colli-
sions with air molecules, modeled with the Monte Carlo stochastic
simulation approach.” In this small-scale setup, electrons produce
bremsstrahlung x-rays when they collide with the anode (a disk with
10cm diameter and 2.5mm thick), as verified by our simulations.
Photons are detected by an accurate mass model of a Saint Gobain
LaBr;:Ce scintillation detector positioned 20 cm away, as shown in Fig.
1(b). The detector consists of a scintillating crystal, which has a
3.81cm diameter and 3.81 cm length, and is enclosed by a 0.5mm
thick aluminum shield. The x-ray emissions serve as a fingerprint of
the electron kinetic energy and, thus, are the primary focus of our
investigation. In our simulations, we used the Lawrence Livermore
National Laboratory physics list, which has been proven to work very
well at the energies of interest (<1 MeV)."” Our Geant4 simulation
code is based on example Bl provided in the Geant4 software man-
ual.”’” The version and patch of Geant4 used in this investigation were
version 4.10.05 and patch-01. A screenshot of the Geant4 graphical
user interface, showing the simulation setup, is shown in Fig. 1(c).

Our simulation setup mirrors the experiments performed by da
Silva et al,,' who measured x-ray emissions from ~100kV streamer
discharges in an 8 cm rod-to-plane discharge gap. More specifically, it
mirrors “case A” in their Table I. These authors constructed spectra of
x-ray energies deposited in the detector by collecting x-ray emissions
from hundreds of electrical discharges, assumed to be identical. In this

TABLE I. Summary of algebraic tools for combining and creating new electron
beams and their x-ray energy spectra. The check marks () indicate which type of
spectra can be recreated with a given technique.

Single Number  Total
photon of photons energy
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Section Operation energy detected deposited Application(s)
IB1 Weighted sum N J Interpolation
of distributions

IIB2  Convolution N Interpolation
and Synthesis
IIB3 Random N Interpolation
sampling and Synthesis

B4 Random N N N Synthesis

combination
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article, we repeat the strategy computationally. For each monoener-
getic electron beam energy and electron count, 200 different simula-
tions are performed, each one of them is seeded by a different random
number. The results are then aggregated to produce spectral informa-
tion, as shown in Fig. 2.

Figure 2 shows probability distributions for: individual photon
energies [Fig. 2(a)], number of photons detected [Fig. 2(b)], and total
energy deposited in the detector [Fig. 2(c)], for three sample monoe-
nergetic beams. Hereafter, these three distributions are referred to as
(&), p(N;(N)), and p(&aep), respectively. The beam energies and
their corresponding electron counts are listed in the main figure leg-
end. Three key points must be highlighted from this figure. First, the
single photon energy spectrum tail gets longer for higher beam ener-
gies, but it is independent of the number of electrons in the source
beam [Fig. 2(a)]. Also note that the maximum photon energy is higher
than the initial beam kinetic energy. This happens because electrons
gain more energy from the gap field before producing Bremsstrahlung
x-rays. Second, we verify that the amount of photons intercepted by
the detector is a Poisson process (similar to the findings of Carlson
et al.™) by fitting a Poisson function over our data. The analytical
expression for the Poisson distribution is given by

N o)
pov: ) = e m

\A LA B L L B

---- R? = 0.942 ]
---- R2 = 0.948 |
---- R2 = 0.984 ]

FIG. 2. Three sample monoenergetic elec-
tron beam x-ray spectra from: two 50-keV
beams, one with 1 x 10° and another with
2 x 10° electrons, plus one 75-keV beam
with 2 x 10° electrons. Results for each
monoenergetic beam are shown by curves
in different colors, as listed in the legend. (a)
Single-photon energy spectrum, shown as a
probability distribution function (PDF) in units
of keV~". (b) PDF of the number of photons
arriving simultaneously in the detector. Note
that the number of photons detected follows
a Poisson PDF, as verified by the fits shown
in the figure with excellent coefficients of
determination, R?. (c) Spectra of x-ray ener-

—— 50 keV ’ 2.0 million gies deposited in the detector (PDF in units

of keV™"). This quantity is what is typically

— 75 kev ’ 2.0 mi"ion reported in experimental investigations. Note:
i J 50 keV : 1.0 million in this article when we refer to the beam
| — y L=

kinetic energy we always mean the kinetic
energy of individual electrons in the monoe-
nergetic beam.

where N is the number of photons arriving at the detector each time
(i.e., the independent variable), and (N) is the average number of pho-
tons arriving at the detector (i.e., the parameter that defines the distri-
bution shape). We calculate (N) from the results of the Geant4
simulations, plug into Eq. (1), and compare to the distributions
derived directly from the Monte Carlo simulations. The good agree-
ment is evidenced by the high-value of the coefficient of determination
(R*) listed in the Fig. 2(b) legend. Figure 2(b) shows that multiple pho-
tons usually arrive at the same time at the detector (up to 22 for the
particular cases shown in the figure), this is what we refer to as photon
pileup in this paper. Third, the deposited energies shown in Fig. 2(c)
are what really can be measured in a laboratory experiment. It is easy
to see that the deposited energy spectra has a complicated dependence
on both the number of electrons in the beam and the initial electron
kinetic energy, and that in principle it may be very different from the
single-photon energy spectrum itself. Figure 2 makes the case that, due
to ambiguities arising from photon pileup, it can be very difficult to
retrieve the runaway electron properties solely based on the deposited
energy spectra.

B. Algebraic tools for creating and combining
electron beams

The ultimate goal of this paper is to reproduce x-ray deposited
energy spectra emitted by runaway electrons with an arbitrary energy

Phys. Plasmas 29, 053506 (2022); doi: 10.1063/5.0086579
Published under an exclusive license by AIP Publishing

29, 053506-4


https://scitation.org/journal/php

Physics of Plasmas

Average number of photons detected

ARTICLE

scitation.org/journal/php

) Weight, = 1 — dK /dK

tot
Ne,max

Weight, = (1 — dK,/dK_)(1 — dN,/dN, )
: NG

2 tot

' 2

dN,

2

Electron count

dK, -

Initial beam energy

FIG. 3. (a) A three-dimensional plot showing the average number of photons detected (sheet height) as a function of initial electron count and initial beam energy. (b)
Schematical representation of the two-dimensional linear interpolation algorithm used. In order to create beams within the grid of pre-tabulated simulations, we use bi-linear
interpolation (green dot). For points at the edge of the domain (orange dot), a simple, 1D linear interpolation is used instead.

distribution, such as what is obtained in laboratory measurements
(see, for instance, Fig. 4 of da Silva et al"). In this work, we aim to
devise a strategy to relate the spectrum of runaway electrons at the
source to the x-ray photons collected by the detector. This is done by
combining an ensemble of monoenergetic beams, as described below.
We start by extending the simulations shown in Fig. 2 to cover the 20
to 75 keV energy range (in steps of 5keV), and for beams with electron
counts ranging between 5 x 10* and 2 x 10° electrons (in steps of up
to 5 x 10°). The resulting grid of simulations is shown in Fig. 3(a). The
vertical axis (or the sheet height) shows the average number of photon
detections (up to 10). In our approach, these monoenergetic electron
beam simulations serve as basis functions, which can be superposed to
create general-shape electron energy spectra. The strategies used
for creating and combining electron beams are described in detail in
Secs. I B 1-11 B 4.

1. Weighted sum of distributions

Weighted sum of distributions is a method for interpolation
devised to create a monoenergetic beam with any energy and number
of electrons within the existing grid based on information from the
four nearest neighbors, which are results of direct Geant4 simulations.
When an initial electron count and beam energy are requested, a unit
rectangular area is created around the requested point, with corners at
the four nearest catalogued simulations. The area is divided into quad-
rants, and each of these four subareas is then designated as a weight
corresponding to the distribution at the nearest corner. The unit rect-
angle is schematically shown in Fig. 3(b). Mathematically, the weight
associated with each corner is (1 — dK;/dKi)(1 — dN;/dNiot),
where dK; and dN; are the distances to the point of interest, and dKi
= dK; + dK; and dN,,; = dN; + dN, are the total dimensions of the
rectangle, equal to the increment in electron energy or number of elec-
trons that discretizes the “quilt” in Fig. 3(a). Any of the three probabil-
ity distributions (shown in Fig. 2) for the point of interest is then
recreated as a weighted sum of the distributions of the four neighbor-
ing points. Additionally, the entire distribution is renormalized to

ensure that the area under the probability distribution function (PDF)
curve is 1. When recreating a point inside of the domain [green dot in
Fig. 3(b)], this algorithm is equivalent to a bilinear interpolation. On
the other hand, if the desired point lies at one of the edges of the
domain (orange dot in the figure), a simple linear interpolation is suffi-
cient. In this case, the weight is given based on the distance to the
point of interest, as 1 — K;/Ki, for a point at one of the N, edges of
the domain. When reconstructing the single-photon energy distribu-
tion, p(&), it is convenient to replace the green dot by the orange one
altogether (with N, = N, jpax = 2 X 10°), since p(&) does not depend
on the electron count, and the case with the highest number of photon
detections yields the most trustworthy statistics.

The distribution of the number of photons detected is well repre-
sented by a closed-form parametric distribution, as shown in Eq. (1)
and Fig. 2(b). Thus, when recreating the distribution of photons arriv-
ing at the detector, we use the procedure above to interpolate the sheet
shown in Fig. 3(a) to recreate (N), and then we plug it into Eq. (1) to
reconstruct the desired distribution.

2. Convolution

Convolution is a short-hand name to an alternative method used
to reconstruct the distribution of energy deposited in the detector
[same as shown in Fig. 2(c)]. Convolution of probability distributions
is commonly used to derive the probability distribution of sums of
random variables. Mathematically, the distribution of deposited ener-
gies is expressed as

Ninax

> p(N; (N))C(6;N),
N=1

where p(N; (N)) is the probability of N photons arriving at the detec-
tor given by Eq. (1), and C(&; N) is the resulting photon energy (&)
distribution when N photons arrive simultaneously at the detector. For
N=1, C(&;N = 1) is simply the single photon energy distribution
p(&), such as shown in Fig. 2(a). However for higher N values, this

P(Eaep) = )
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quantity is recursively defined by the following convolution: C(&;N)
= p(&)®C(&;N—1). This is why we refer to this method as
“convolution.” The method outlined in this subsection is an alternative
to the weighted sum of distributions (introduced in Sec. IIB 1) for rec-
reating the distribution of deposited energies whenever p(N;(N)) and
p(&) are known.

If both p(N; (N)) and p(&) are represented by closed-form dis-
tributions, p(&4,p) may also be represented in closed form. For
instance, if p(&) is given by an Exponential distribution, the resulting
P(6aep) is given in closed-form by the Erlang distribution, as noted by
Carlson et al.* [see their Egs. (2), (3), and (4)].

3. Random sampling

Random sampling is another alternative method for generating
the spectrum of deposited energies from the known spectra of single-
photon energies and number of detected photons. This is done by
drawing random numbers from the p(N; (N)) and p(&) distributions
a large number of times and combining this information to construct
P(&aep)- More precisely, one detection (equivalent to one Geant4 sim-
ulation or one spark trigger) is generated by drawing the number of
photons arriving at the detector from p(N; (N)). Let’s say that the
result is 3. Then three photons are drawn from p(&’) and their total
energy is summed up to yield &gep. All &gep values are then histo-
grammed to construct the compound probability distribution p(&ep)-

Algorithmically, one may proceed as follows to obtain the photon
energy, for example. First, a random number r is drawn between 0and 1.
Second, the cumulative distribution function, CDF(&') = f; p(&Hd& s
inverted to yield an energy value, & = CDF!(r). Thus, likelihood
of being selected is related to the weight associated with that energy
value in the distribution. Since a very large number of artificial
detections can be created with random sampling, this technique
works very well in cases where data are scant, e.g., for lower-energy
or lower-count beams. This technique is in some ways analogous to
the bootstrapping method used in statistics."’

4. Random combination

Random combination is used to combine beams together. Here, a
new distribution is created by randomly summing the constituent compo-
nents of the distributions. For example, consider two distributions created
from two data sets [A, B, C, D] and [a, b, ¢, d], where each of the elements
may be the single-photon energies, the number of photons detected, or
the total photon energy deposited in the detector. In principle, the two sets
can be combined by summing the elements of both arrays, ie., [A+a,
B+b, C+ ¢, D+d]. After the summation is performed, the probability
distributions of interest can be created. When the two arrays listed above
correspond to lists of individual photon energies, the addition operation
“4+” in A + a corresponds in practice to a concatenation of both arrays.

Combination can be further expanded upon by randomization.
Given two or more arrays, entries from every array are selected from a
random index and then summed together, yielding for instance, some-
thing like [B+¢, A+d, C+b, D+a, A+a, C+d, ...]. This method,
shorthanded random combination, improves upon a simple addition in
several ways. First, the random selection of elements allows for arrays of
varying lengths to be summed together, so no array needs to be truncated
or artificially expanded. Second, a large number of different random
combinations can be created, up to Hj M; =M, - M, -M;..., where M;

scitation.org/journal/php

is the number of entries in the jth set. In the example above, consisting of
two sets with four entries each, a total of 16 different combinations are
possible. The combined data set may effectively have a population size
(I1 ; M;) much larger than the original ones (M)).

5. Summary of algebraic tools

A summary of the algebraic tools is provided in Table 1. The table
indicates which type of spectra can be reconstructed with each technique,
and what are the key application(s) of each of the proposed methods. In
the far-right column, interpolation refers to the creation of monoener-
getic beams within the grid of pre-tabulated simulations [Fig. 3(a)], while
synthesis refers to the addition of two or more electron beams to create
new beams (including ones with more electrons than in the pre-
tabulated simulations), or to create spectra of arbitrary shape. As dis-
cussed and justified in Sec. I1I below, the weighted sum of distributions is
the preferred technique for beam interpolation, while the random sam-
pling is the preferred technique for creating synthetic p(&qep) spectra.

Ill. RESULTS
A. Monoenergetic electron beam properties

Figure 4 shows average properties of the simulated monoenergetic
beams as a function of the kinetic energy of electrons in the beam.
Each curve in the figure corresponds to beams with an increasing
number of electrons (N,). Each data point in the figure is the aggre-
gate result of 200 Geant4 simulations seeded by different random
numbers. The four panels in the figure show: the average energy of
detected photons [Fig. 4(a)], the average number of photons
detected [Fig. 4(b)], the average energy deposited in the detector
[Fig. 4(c)], and the detection frequency [Fig. 4(d)]. Error bars are
one standard deviation, shown only for the 0.5 and 2 x 10° electron
cases to avoid cluttering the figures. The average photon energy (&)
does not depend on N,, and thus all curves in Fig. 4(a) naturally lie
on top of each other. On the other hand, the average number of pho-
tons arriving at the detector (N), and the average x-ray energy
deposited in the detector (& aep), are directly proportional to N,. For
this reason, the curves in Figs. 4(b) and 4(c) are normalized to the
number of electrons in the monoenergetic beam. Similarly, the dis-
played error bars are normalized as well.

The data in Figs. 4(a)-4(c) can be approximately fitted by a poly-
nomial expression in the form o(K/Kmax)> 4 B(K/Kmax) + 7> where
K is the initial kinetic energy of electrons in the beam in units of keV,
Kinax = 75 keV is a normalization value, and ¢, f§, and y are the fit con-
stants. The coefficients that best fit the data are listed in Table II. The
normalization to K,y ensures that the units of o, f3, and y are the
same ones as of the quantities on the left-hand side; the units are listed
in the table’s fourth column. The far-right column shows the average
R? value when comparing the fit to all four curves shown in each fig-
ure. It can be seen from Fig. 4 and Table I1 that (&) and (N)/N, have
mostly a linear dependence on the electron energy, as evidenced by
the dominance of the f coefficient. In contrast, (€ 4ep)/N, mostly
trends quadratic with K. The fits for (N)/N, and (&aep) /N, do not
perform well for energies lower than ~30keV.

According to Attix”’ (p. 214), the Bremsstrahlung emission effi-
ciency of a monoenergetic electron beam impingent on a thick target
can be approximated as (&emit)/N, = KZK?, where (&eny) is the
expected total x-ray energy emitted, Z is the target (ground electrode)
atomic number, and x ~ 10 °keV is a constant.”’ > The emitted x-
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ray energy can be converted to deposited (or detected) energy by
accounting for two factors: the solid angle (= .7 4t /47td? for an isotro-
pic source, where .o 4 is the detector surface area and d is the source-
detector distance) and attenuation in air (=e "¢, where y = 0.065
m ! is the linear attenuation coefficient of 25-keV x-rays in air,””
which corresponds to a typical x-ray energy in our data set).
Combining these effects, we reach the following expression for the

expected detected energy:

Ege Ager
<N;’> - xzﬁe g2, (3)

This equation has the same shape as the fits shown in Table I, but
with f = y = 0. The resulting « coefficient is shown in the table. The
simple formula (3) derived and discussed in this paragraph performs

Initial Beam Energy (keV)

well against the direct results of Monte Carlo simulations (see the R*
value in the right-most column). If nothing else, it helps illustrate the
origin of the quadratic dependence of (&'4p) on K, displayed in Fig.
4(c).

The detection frequency, shown in Fig. 4(d), simply represents
the % fraction of all simulations in which at least one photon has been
detected. As a point of comparison, in case A of da Silva’s experimen-
tal data’ (which directly maps to the simulation setup used here), pho-
tons were detected in about 60% of all discharge triggers.

B. Beam interpolation

Three different methods can be used to create beams within the
pre-existing grid of simulations, i.e., to perform beam interpolation. The
primary one is the weighted sum of distributions described in Sec. 1T B 1.

TABLE Il. Curves in Figs. 4(a)-4(c) can be well fit by a polynomial expression in the format o(K /Kmax)? + B(K/Kmax) + 7 with fit coefficients o, 8, and 7 as given in the

table.

Quantity averaged Figure Expression Units o p Y R?

Single-photon energy 4(a) (&) keV —14.7 484 2.89 0.987

Number of detected photons 4(b) (N)/N, 10°° 0.25 8.13 -2.8 0.985

Deposited x-ray energy 4(c) (6 aep) /Ne 10 ®keV 209.3 34.27 —37.76 0.992

Dep. x-ray energy, Eq. (3) 4(c) (6 aep) /Ne 10 keV 163.71 0 0 0.907
Phys. Plasmas 29, 053506 (2022); doi: 10.1063/5.0086579 29, 053506-7
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FIG. 5. Reconstruction of the spectra corresponding to a 57 keV beam of 8.5 x 10° electrons. The figure is presented in the same format as Fig. 2. Presented in red is the
direct Geant4 data of such a run. Presented in blue is the interpolation by method of weighted sum of distributions. (a) Single-photon energy spectrum. (b) Distribution of num-
ber of photons arriving at the detector. (c) Spectrum of deposited energies. Panel (c) shows how the convolution (green curve) and random sampling (purple) compare to the

weighted sum of distributions.

This method can reconstruct all three types of spectra of interest:
p(&), p(N;(N)), and p(&qep). Additionally, there are two alternative
methods for reconstructing the spectrum of energies deposited in the
detector: the method of convolution described in Sec. 11 B2, and the
method of random sampling described in Sec. IT B 3. In order to validate
our beam interpolation algorithms, we ran a test run of 57keV and
8.5 x 10° electrons, a combination not available in our catalogued
Geant4 runs. The comparison is shown in Fig. 5. The accuracy of all
methods is evaluated using the R-squared value (R%), as well as the
mean average error (MAE in %), between the reconstructed py.. and ref-
erence pr.r distribution. The MAE is normalized to the peak value of the
reference distribution as MAE = (|prec — Pref|/max(pref))-

As can be seen in Fig. 5, the weighted sum of distributions is
excellent at reproducing the three types of spectra. The two alternative
methods for recreating p(&gep) perform reasonably well, but not as

well the weighted sum of distributions. For quantitative assurance, the
reader is referred to the R* and MAE values in the legend of Fig. 5(c).

C. Monoenergetic beam synthesis

Synthesis is the process of combining multiple beams to produce
electron energy spectra of any desired shape. In order to ensure that
our methods are accurate, we start by synthesizing the simplest type of
spectrum—a monoenergetic beam. Here, we combine two 50keV
beams, with 1 x 10° electrons each, into a single 50keV beam with
2 x 10° electrons. The results of our beam synthesis procedure is then
compared to an independent 50 keV beam, 2 x 10° electrons Geant4
simulation, as shown in Fig. 6.

Figure 6 shows that the primary synthesis technique, random
combination, performs very well in reproducing the three types of
spectra of interest. The mean average error in reconstructing the

Phys. Plasmas 29, 053506 (2022); doi: 10.1063/5.0086579
Published under an exclusive license by AIP Publishing

29, 053506-8


https://scitation.org/journal/php

Physics of Plasmas

ARTICLE scitation.org/journal/php

C I T T T I T T T T T T T T T T T T T T ] ]
r === Reference Data ] ==== Reference Data .
0.035— a) Random Combination J Random Combination ]
E m— RZ = 0.983 ] m— R? = 0.914 ]
- MAE = 2.8% - MAE = 7.5% .
0.030_— 7 -
—0.025F ] ]
> ] .
q_) a -
VA a —
=7 0.020 - 7
E 0.015 — i
0.010 - -
0.005 — -
! | c ] 1
0.000————5g a6 %0 80 0.00055 5550 75 10.0 12,5 15.0 175
Single Photon Energy(keV) Number of Photons Detected
I T T T T I T T T T I T T T T I T T T T I T ]
o.oosl_— —
- €) === Reference Data
r Random Combination
0.005r~ = RZ = 0.747
- MAE = 12.1%
C Convolution
30.004— === R? = 0.674
v C MAE = 14.2%
= L Random Sampling
~0.003— mmmm R2 = 0.778
E N MAE = 11.9%
a B
0.002-
0.001

0.000' T 2
Total Deposited Energy(keV)

FIG. 6. Reconstruction of a 50 keV, 2 x 10° electron beam from two 50keV, 1 x 10° electron beams. The figure is presented in the same format as Fig. 2. The red curves corre-
spond to the direct Geant4 run of a 50keV, 2 x 10° electron beam run. Presented in blue is the synthesis via random combination. (a) Single-photon energy spectrum. (b)
Distribution of number of photons arriving at the detector. (c) Spectrum of deposited energies. Panel (c) shows how the convolution (green curve) and random sampling (purple)

techniques compare to random combination.

single-photon energy, the number of detections, and deposited energy
spectra is 2.8, 7.5, and 12.1%, respectively. The alternative methods for
reconstructing p(&'aep) also perform well. Interestingly, the random
sampling technique further improves the reconstruction and yields
higher R* and lower MAE values. Additionally, we have noticed that
the randomization aspect of the random combination technique does
not improve the reconstruction of the single-photon energy spectrum.
In other words, simply concatenating the photons in the two beams
and histogramming them into p(&) yields a satisfactory result.

D. Synthesis of general-shape spectra

In this section, we discuss how monoenergetic electron beams
can be combined to create electron energy spectra of general/arbitrary
shape, and proceed to discuss how photon pileup ambiguities manifest

themselves. The general question we are posing is what is the electron
energy distribution N, = N,(K) that can best reproduce the experi-
mental data collected in the laboratory." Note that N, is not a normal-
ized probability distribution function. The results are shown in Fig. 7
and described below. The blue curve in Fig. 7(b) shows the spectrum
of deposited energies corresponding to case A in the experimental
data,’ which best matches the Geant4 simulation setup used here. This
distribution is constructed by repeating the experiment ~600 times
and histogramming the detected x-ray energy. The spectrum shown in
Fig. 7(b) has two peaks, with the second one at about 320keV due to
detector pulse height saturation. The maximum expected energy of
single photons is 100 keV, because that is also the maximum expected
kinetic energy gained by electrons under the 100kV gap voltage. It is
easy to see that the p(&'aep) distribution extends well beyond that and
even beyond the saturation level of the detector. As discussed earlier,
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this happens due to photon pileup, i.e., due to the fact that every time describe the electron energy spectrum. We assume that the electron
a successful detection is made, multiple photons arrive at the detector distribution follows an inverse power law N, (K) = A(K/ Kmax)b, with
virtually at the same time. b < 0. For a given choice of A and b parameters, the synthetic spectra
In order to constrain the number of free parameters we are oper- are constructed by first, determining the number of electrons in each

ating with, we use a simple two-parameter, monotonic function to beam according to the formula N, (K) = A(K /Kumax)"> where K takes
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TABLE Il Coefficients and errors associated with different power law fits for Figs. 7 and 8. The five components of the cost function are: 1 — R?, the mean average error
(MAE), the error at the two peaks (PE1 and PE2), and the detection frequency error compared to the detection frequency reported in case A of the measurements paper’
(DFE). The weights in the cost function that produced the fits for Fig. 7 were: 0.5, 1, 1, 0.2, and 0.5, for the five terms in the order shown in the table. For obtaining the fits shown

in Fig. 8, we swapped the weights of PE1 and PE2.

Figures Color A b R? MAE (%) PE1 (%) PE2 (%) DFE (%) Cost (%)
Attempts to fit the first peak of the measured x-ray deposited energy distribution (Fig. 7)
7(a) and 7(b) Red 40000 —0.6 0.4867 14.64 4.616 100 26.33 24.39
7(a) and 7(b) Green 40000 -0.2 0.5042 14.90 17.67 100.0 19.66 27.25
7(a) and 7(b) Purple 40000 —-1.0 0.4814 14.11 2.94 99.96 34.30 25.03
7(c) and 7(d) Orange 80000 3.4 0.498 6 14.03 2915 99.95 21.56 22.74
7(c) and 7(d) Green 60000 34 0.5208 15.41 21.49 100.0 5273 26.09
7(c) and 7(d) Purple 100 000 34 0.4783 12.96 15.69 99.96 33.99 28.64
Attempts to fit the second (saturation) peak of the measured x-ray deposited energy distribution (Fig. 8)
8(a) and 8(b) Red 160 000 —1.2 0.002 25 17.78 97.03 4.667 67.62 62.30
8(a) and 8(b) Orange 380000 4.2 0.01276 16.66 95.36 3.631 67.17 61.13

the values 20, 25, 30, ..., 75keV. If the number of electrons does not
coincide with one of the pre-tabulated simulations, the weighted sum
of distributions method (Secs. IIB 1 and III B) is used to interpolate
and provide all beams with the desired N, (K) values. Second, after all
12 beams are constructed, their combined x-ray emission spectra are
synthesized with the random sampling technique (Secs. IIB3 and
II1C) augmented by random combination. Second, we iteratively
adjust the two free parameters (A and b) until the discrepancy between
model and measurements reaches a minimum. More precisely, we
minimize a cost function given by the following expression: Cost
= Zj wjej/ W. In this summation, ¢; are five different types of error
metrics: the MAE, the error in both peaks (PE1 and PE2), the fraction
of variance unexplained by the model (= 1 — R?), and the error in
detection frequency (DFE). Additionally, w; are empirically adjusted
weights to ensure that all five error metrics have the desired relative
weights to one another, and W=} . w;. All terms in the cost function
are given in %.

Our fitting process covered an initial range in A values from 0 to
2 x 10° electrons and a range in the exponent b from —8 to 0. The
resulting best fit is shown in the top row of Fig. 7 (as the red curve).

Figure 7(a) shows the inferred electron distribution (red curve), while
Fig. 7(b) the resulting p(&4ep) and comparison with the experimental
measurements. The inferred values for A and b that best fit the data
are listed in Table IIL. It can be seen that the inverse power law electron
spectrum does a fairly decent job of capturing the low-energy peak in
the photon deposited energy spectrum. Figures 7(a)-7(b) also include
two other curves with higher and lower power-law indexes b, with val-
ues as listed in Table III. The additional curves show that increasing
the electron content at low energies (with everything else kept con-
stant) has the role of shifting the primary peak of p(&q¢p) to the right,
toward higher &4, values.

It is evident from Fig. 7(b) that an inverse power-law electron
energy spectrum cannot simultaneously capture the first peak in
P(6aep) and its long distribution tail. This may, in principle, be attrib-
uted to the fact that runaway electron acceleration is a nonequilibrium
process. In such a type of nonequilibrium process, it may be that the
system has a large number of electrons in the highest energy levels
available. For this reason, we proceed to attempt to fit a spectrum with
a monotonically increasing power-law dependence, i.e., with b > 0, ini-
tially ranging from 0 to 8. The results are shown in the middle row of

b) -

FIG. 8. Attempts to fit the saturation peak
of the measured spectrum of x-ray depos-
ited energies. (a) Power-law electron energy
spectra, and (b) resulting p(&aep). The fit
coefficients and associated errors are listed
in the bottom two rows of Table |l
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Fig. 7, where the best fit corresponds to the light-orange curve. Figure
7(c) shows the inferred electron distribution, while Fig. 7(d) the result-
ing p(&ayp) and comparison with the experimental measurements.
The values for A and b that best fit the data are listed in the fourth row
of Table III. Remarkably, using the same type of cost function in the
optimization problem (i.e., with the same weights w;), yields a best-fit
P(6aep) spectrum that is nearly identical to the descending power-law

case. The additional curves in Figs. 7(c) and 7(d) show that increasing
the electron content at high energies also shifts p(&'qep) toward higher
& qep Vvalues. Nonetheless, this effect is more aggressive in the middle
rather than in the top row of Fig. 7.

The bottom row of Fig. 7 emphasizes that the rather different
electron energy spectra [Fig. 7(e)] produce nearly identical spectra of
photon deposited energies [Fig. 7(f)]. Figures 7(e) and 7(f) illustrate
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that the attempt to infer p(&4ep) in a system with photon pileup is an
ill-posed problem. This happens even though the level of pileup is not
severe. The best fit cases shown in Fig. 7 have an average number of
photons detected in a given simulation equal to 1.4 and 1.3, for the
ascending and descending power-law spectra, respectively. The inher-
ent ambiguities arise from the fact that increasing the electron content
at any portion of the electron spectrum has the same effect of shifting
P(Eaep) to the right. This ambiguity can only be alleviated by feeding
the automated fitting algorithm progressively more information about
the experimental data, such as p(&q¢p) collected with the x-ray detec-
tor located at several different distances from the source, or with differ-
ent x-ray filters placed in front of the detector. Such a type of data has
been collected previously,' and attempting to simulate it will be the
subject of subsequent investigations by our team. The total number of
electrons for the two best-case fits are listed in Fig. 7. It can be seen
that 3-7 x 10° electrons are required to explain the measurements,
which agrees with the rough estimates provided before.'

Figure 8 shows additional attempts to match the experimentally
measured p(&gep) with power-law electron energy spectra. However
now, the weight associated with the second peak (saturation peak) in
P(64ep) in the optimization cost function is increased from 0.2 to 1.0,
while at the same time the weight associated with the first peak error is
reduced from 1.0 to 0.2. The figure shows that the saturation peak can
be matched very well, but at the expense of the first one. Generally
speaking, more electrons increase the detection frequency. All cases
listed in Table I1I overestimate the experimentally measured detection
frequency (see the second-to-last column in the table), which is 59.6%.
This detection frequency value implies that 40% of the triggers lie in
the &4ep < 5keV bin. Please note that this is omitted from the spectra
shown in Figs. 7 and 8, to aid the visualization.

IV. DISCUSSION

Figure 9 is produced to illustrate the origins of the pileup ambi-
guity. Figure 9 shows 12 different monoenergetic beams between 20
and 75keV. In each one of them the electron count (N,) is adjusted so
that the photon deposited energy spectrum best fits the measurements.
It can be seen that all 12 beams produce a qualitatively similar p(&gp)
response, and it is not trivial to tell them apart. Increasing the electron
count in each beam simply shifts the p(&'qep) peak to the right, and
also widens it. This effect can be seen in Fig. 2(c). Figure 9 emphasizes
two points: (first) adjusting the electron content at any location (K
value) has the same effect, and (second) composite spectra are domi-
nated by the higher-energy beams. Note that one needs 10° electrons
in the 20-keV beam to produce the same effect as 2 x 10° electrons in
the 75-keV one. Looking back at the spectra in Figs. 7 and 8, we have
revisited it and verified that most of its features can be reproduced by
including only beams with K > 50 keV. Photon pileup happens for all
12 beams shown in Fig. 9, with the average number of photons inter-
cepted by the detector per simulation ranging between 1.1 and 4.5, for
the 75 and 20 keV beams, respectively.

Another source of uncertainty is the variability from one electri-
cal discharge to the next. da Silva et al." provided spectra of deposited
x-ray energies under the assumption that all electrical discharges are
identical. However, due to the stochasticity of electrical breakdown,
the actual voltage at which the discharges fire may differ from one dis-
charge to the next. Suppose for instance that the electrical discharges
fall into two groups, one that fires at maximum voltage, and produces
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higher &4, on average, as shown in Fig. 8, and another that misfires
(i.e., fires earlier than expected at a lower applied voltage), and produ-
ces lower average & gep, such as shown in Fig. 7. In Fig. 10 we entertain
this possibility and reconstruct p(&qep) [Fig. 10(b)] by drawing &g,
50% of the time from each of the best descending power law fits [Fig.
10(2)], the ones that best fit the main (Fig. 7) and saturation (Fig. 8)
peaks, respectively. It can be seen that the generated p(&'aep) [red curve
in Fig. 10(b) with error metrics listed in the figure itself] improves sub-
stantially upon the “identical discharge” hypothesis, with higher R*
and lower MAE values than the ones listed in Table II1.

Figure 10(b) also shows what happens if the “misfires” happen
more often (80%-20% case, green curve) or less often (20%-80% case,
yellow curve). The figure illustrates that this effect may be a major
source of uncertainty, since the three displayed cases, with different
proportions between full-voltage triggers and misfires, generate sub-
stantially different p(&gep). Additionally, this effect may also explain
the long tail in the measured p(&aep). Under this hypothesis, the
low-energy peak would be (mostly) generated by the misfires (lower-
voltage discharges), while the long tail and the saturation peak would
arise from higher-voltage discharges. Figures 10(c)-10(d) illustrate the
same effect for the best ascending power-law fits. An improvement
with respect to the identical discharge hypothesis is also seen in this
case. However, it is still not possible to tell apart the descending and
ascending power-law electron energy spectra from their x-ray emis-
sions. Figure 10 helps emphasize that this effect needs to be carefully
accounted for in future experimental and modeling works.

Finally, we also explore whether effects of instrumental response
can help explain the long tail in the measured p(&'qep ). The energy res-
olution of the LaBr;:Ce detector used in the experiment' is 6% at
122keV.”* We reconstruct P(Eaep) for the best descending power-law
electron energy spectra shown in Fig. 7(¢) with added 6% Gaussian
broadening to mimic the effects of the detector’s energy resolution.
This is done by generating a Gaussian distribution centered at & gep
and with a width of 1.06 &g¢p, for each &'ge, value, and then redrawing
& 4ep from it. The resulting broadened p(&qep) spectrum is shown as a
gray dashed curve in Fig. 7(f). The difference with respect to the red
curve is insignificant and cannot explain the long tail in the measure-
ments (blue curve in the same figure).

V. CONCLUSIONS

In this work, we presented Geant4 simulations of runaway elec-
trons produced by short laboratory discharges. In the simulations, we
represent the runaway electrons by a series of monoenergetic electron
beams injected in the spark gap. The initial energy of electrons varies
between 20 and 75keV, but electrons are allowed to accelerate and
gain additional energy from the average gap field, of 12.5kV/cm. The
runaway electrons produce Bremsstrahlung x-ray emissions when
they hit the ground electrode. After characterizing the x-ray emissions
from the monoenergetic beams, we devised a series of algebraic opera-
tions that allow us to combine and create new beams from an existing
grid of simulations. A substantial amount of work has been done in
this paper to validate the proposed methods. Aided of these tools, we
proceeded to construct electron energy spectra of general shape, their
resulting x-ray emissions, and to compare them to laboratory mea-
surements. The strategies devised can, to some extent, reproduce the
spectrum of deposited x-ray energies collected in a laboratory experi-
ment." The results indicate that about 3-7 x 10° runaway electrons
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have been produced in these 8-cm-long, —100kV discharges. Due to
even a moderate amount of photon pileup, the precise shape of the
electron energy spectrum cannot be determined and, thus, this meth-
odology can only be employed to determine what are the best fit
parameters within a chosen model (determined by other means, such
as from first-principles calculations). We show that pileup ambiguities
arise from the fact that every single monoenergetic electron beam
(simulated) produces photon deposited energy spectra of similar quali-
tative shape and that increasing the electron count in any beam has
the same qualitative effect of shifting the peak of the deposited energy
spectrum toward higher energies. Photon pileup ambiguities can be
alleviated by feeding the fitting algorithm with progressively more
information about the single-photon energy spectrum. These may be
done by simultaneously fitting multiple data sets collected with distinct
detection configurations, such as different distances and angles, but we
leave this exercise for a subsequent investigation. Finally, we have also
discussed how an uncertainty in determining the precise voltage at
which the discharges happen may translate into a wide range of x-ray
burst energies measured. The discharge voltage uncertainty may be
the root cause of the long tail in the measured energy spectra, which
could not be explained by other means in this investigation.
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