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The nondissipative (Hall) viscosity is known to play an interesting role in two-dimensional (2D) topological
states of matter, in the hydrodynamic regime of correlated materials, and in classical active fluids with broken
time-reversal symmetry (TRS). However, generalizations of these effects to 3D have remained elusive. In this
work, we address this question by studying the Hall viscoelastic response of 3D crystals. We show that for
systems with tetrahedral symmetries, there exist new, intrinsically 3D Hall viscosity coefficients that cannot be
obtained via a reduction to a quasi-2D system. To study these coefficients, we specialize to a theoretically and
experimentally motivated tight-binding model for a chiral magnetic metal in (magnetic) space group [(M)SG]
P2,3 (No. 198.9), a nonpolar group of recent experimental interest that hosts both chiral magnets and topological
semimetals (TSMs). Using the Kubo formula for viscosity, we compute two forms of the Hall viscosity, phonon
and “momentum” (conventional) and show that for the tight-binding model we consider, both forms realize the
novel cubic Hall viscosity. We conclude by discussing the implication of our results for transport in 2D magnetic
metals and discuss some candidate materials in which these effects may be observed.
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Introduction. The discovery of hydrodynamic flow in two-
dimensional (2D) metallic systems [1,2] has renewed interest
in the study of nondissipative “Hall” viscosity. In rotationally
invariant 2D fluids, there is a single Hall viscosity coefficient
related to the topological properties of the occupied electronic
states [3—11]. In clean systems, the Hall viscosity manifests in
width-dependent corrections to the Hall conductance of meso-
scopic channels, backflow corrections to the local current
density near point contacts, and in moments of the semiclassi-
cal distribution function [12—15]. Local voltage measurements
on graphene samples in magnetic fields have shown signatures
of the Hall viscosity [16]. Hall viscosity also appears in clas-
sical fluids with broken time-reversal symmetry (TRS) like
chiral active fluids [17,18]. This “momentum” Hall viscosity
(MHYV) describes a stress response that can be related to a
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change in momentum density. The MHV contains meaningful
information even beyond the hydrodynamic regime [3,19-21].

In parallel, a related geometric response coefficient—
the phonon Hall viscosity (PHV)—has gained attention. A
response to dynamic strains via electron-phonon coupling,
and also a rank four tensor, the PHV is expected to appear
in the dispersion for acoustic phonons [20,22] and in spin-
phonon-coupled systems through a contribution to thermal
Hall conductance [23-26].

Beyond 2D, the role of nondissipative viscosity in transport
remains largely unexplored. Reports of hydrodynamic behav-
ior in topological semimetals (TSMs) [27], and the growing
interest in magnetic TSMs [28], raise the question of how
to generalize the Hall viscosity to 3D. Preliminary efforts
have focused on quasi-2D transport [29-35], or made use of
preferred “polar” directions such as the Weyl node separation
direction in TSMs. Furthermore, octahedral symmetry forbids
the presence of a nonzero Hall viscosity [19,36]. However,
magnetic crystals may have nonpolar point group symmetries
that are not octahedral; the nondissipative geometric response
of such systems remains an open question.

Looking beyond 2D, in this work we find that tetrahedral
symmetry allows for the appearance of a new, fundamentally
3D “cubic” Hall viscosity. To our knowledge this has not been
encountered before in the literature and could be realized in a
wide array of classical and quantum fluids with broken TRS.
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For uniaxial flows, this new viscosity gives a force perpendic-
ular to the flow direction which vanishes when the velocity is
constant along the direction of flow. As a proof-of-principle,
we focus on a toy model in the experimentally interesting case
of the cubic MSG P2;3 (No. 198.9), with TRS breaking chiral
magnetism. Chiral multifold fermions such as these act as
point sources of Berry curvature in the Brillouin zone [37-45],
making them ideal models to explore topological response
functions [40,46-48]. We compute the MHV and PHV for this
model. For the PHV, we consider an electron-phonon coupling
ansatz to derive the “phonon” strain coupling [20,22,34,49,50]
which will yield us a resulting “phonon” stress tensor. For the
MHY, we use the recently introduced lattice formulation of
stress response [11] to derive a coarse-grained strain coupling
corresponding to a conserved momentum density. Using the
Kubo formula for viscosity [10], we derive both the MHV
and the PHV for a spin-1 fermion. We discuss the implication
of our work for chiral magnetic TSMs such as the fam-
ily Mn3IrSi, Mn3IrGe, Mn3lr;_,Co,Si, and Mn3CoSi;_,Ge,
[28,51,52] in MSG P2;3 (No. 198.9).

Hall viscosity with cubic symmetry. Let us examine the
symmetry properties of the Hall viscosity tensor in systems
with tetrahedral symmetry. The symmetry analysis in this
section holds for both the MHV and the PHYV, although the
interpretation of the resulting stress differs. The tetrahedral
point group (denoted 23) is the simplest cubic group, gen-
erated by twofold rotations about the X, §, and Z axes, as
well as a threefold rotation about the X 4+ § + 2 cubic body
diagonal. For details of the irreducible representations (irreps)
of the point group 23, we refer the reader to the supplemental
material (SM) [53], as well as to the group theory tables
on the Bilbao Crystallographic Server [54-56]. We define
the Hall viscosity tensor as the antisymmetric (and there-
fore nondissipative) component of the viscosity tensor 7’ ij
[4,11,19,29,57],
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where i, j, k, £ index the three spatial directions. The Hall
viscosity is odd under TRS [58], and for a fluid with a nonuni-
form velocity field vt, leads to a viscous stress [59],

8ti = —(nw)' k0" 2

Our goal is to identify the independent symmetry-allowed
Hall viscosity coefficients. Since these coefficients are scalars,
we can determine them by finding all rank four antisymmetric
tensors invariant under 23. Introducing the irreducible tensors,
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with €;;; the Levi-Civita symbol, we can form two invariant
tensors and thus identify two viscosity coefficients compatible
with tetrahedral symmetry:
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where €., is the 2D Levi-Civita symbol. In the second line
we have reexpressed the antisymmetric product of irreducible
tensors in terms of the Gell-Mann matrices A [53]. This shows
that the 7, term is the antisymmetric dot product of matrices
transforming in two 3D T (vector) irreps,

L= T()"7’ _)"Sa A-Z)

. (6)
L =T (h¢, As, A1),

each spanned by a triplet of Gell-Mann matrices.

Crucially, neither of 7, require a preferred spatial di-
rection. This contrasts with the familiar “quasi-2D” Hall
viscosities which are proportional to a pseudovector (i.e., a
magnetic field). Thus, n; and 7, are new, essentially 3D Hall
viscosities, which can be nonzero in systems with broken ro-
tational symmetry. By contrast, octahedral symmetry requires
n = np = 0, as the two tensors in Eq. (5) do not transform in
the trivial representation of the group 432 (O). Furthermore,
n, and 7, can be nonzero in centrosymmetric point groups
such as T}, (m3). Next, we compute the viscous force density
that is produced by these Hall viscosities, noting a difference
in interpretation for forces due to MHV and PHV [60],

I = —353Tij = (TIH)ijkzaiakU[’ O

where f" is the force density and Bl’ij is the viscous stress
tensor. We find that n; and n, contribute additively to f7:

r,_771+772

We see that the fully symmetric tensor A, which is only
invariant in systems with tetrahedral symmetry, plays a key
role in generating the nondissipative forces. Contrast this with
quasi-2D Hall viscous forces, which take the form,

£170 = napB"V? (€mjer’), ©)

and require a symmetry-breaking pseudovector B.

Finally, since only the sum 7; + 1, appears in the viscous
forces, there must exist a divergenceless contact term which
shifts between n; and 1, in the bulk. This term is

A’"”‘aiak (ijgve). (8)

8T’ = Coe™™ Apjediv”, (10)
which shifts
V3C,
m= o 0 (11)
V3C
m — M — 20, (12)

analogous to the bulk redundancy between Hall viscosity and
odd pressure in 2D systems [11,61]. We show the effects of
n,2 in Flg 1.

Tight-binding model. Let us now consider a model for a
cubic chiral magnetic system and compute 7, for both the
MHV and the PHV as a proof-of-principle [62]. Our tight-
binding Hamiltonian is

— 7oy
H = E Cprtum Cmrs (13)
nm,r,r’

consisting of s-type orbitals at 4a Wyckoff position of SG
P23 (No. 198). The indices n and m label the four orbitals,
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FIG. 1. Schematic of n; and n,. Dynamic strains (yellow) and
viscosity give rise to stresses (orange). In response to a dynamic
strain that elongates the length and width of a cubic parcel of fluid
while compressing the depth, 1, produces a diagonal shear stress.
In response to a dynamic rotation of the parcel, 1, produces an
off-diagonal shear stress

and r, r’ index the unit cells of the crystal with lattice spacing
a. The nearest-neighbor hopping t,f;: has uniform magnitude
t, and we break TRS with a cubic-symmetric magnetic flux
¢ via a Peierls substitution [63]. Shifting to momentum space

and suppressing the orbital n and m indices, we write

H= Z et F(K)ek. (14)

nmk

We give f(k) explicitly in the SM [53], and we show the
spectrum in Fig. 2(a). As a simple example of where to
find nonvanishing cubic Hall viscosity, we focus on the
physics near the I' = (k,, ky, k;) = (0, 0, 0) point. Expanding
the Hamiltonian around I and working in the basis of a non-
degenerate (spin-0) and a threefold degenerate (spin-1) bands,
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FIG. 2. (a) Band structure of the full tight-binding model
Eq. (15). The gap at the I' point scales with the hopping strength
t. (b) Effective three band description of the I" point for p near the
threefold degeneracy, with A a momentum cutoff chosen to regulate
the Hall viscosity, which is plotted in (c) for the PHV “(p)” and MHV
“(c)” methods (in the plot @* = 8‘)’%)

we find [40]

6t cos(¢p) | ivpek” )’ (15)

f(k) ~ < —ivpe_l¢k | h

where v = ta. The lower-right block corresponds to the spin-
1 bands and can be expressed in terms of the vectors L and L
as,

h = vp(cos(¢p)k - L + sin(¢p) k - L) — 2t cos(p)rg,  (16)

when ¢ = 0, & describes an SO(3)-invariant spin-1 fermion.
The vector L in Eq. (6) parameterizes the breaking of SO(3)
to the discrete point group 23.

From Eq. (15), we see that when ¢ is small there is a gap of
order ¢ separating the spin-0 and spin-1 fermions at I". Thus
for small ¢ and Kk, transitions from the threefold to onefold
degeneracies mediated by the off-diagonal elements of f(k)
are parametrically small, and we can restrict our attention to
the spin-1 fermion. Furthermore, in the continuum limit a —
0 with vy = ta fixed, we see that the gap becomes infinitely
large. With this in mind, we focus specifically on the threefold
fermion.

Stress response. To compute the MHV and PHV, we em-
ploy the stress-stress form of the Kubo formula [10] (in the
limit 0™ — 0),

oo
Hyw A _ iott A
Wy =5y /0 dte ([T (1), T} (0)]
— [T} @), T/ (O)]). (17)
To do so we first must define a stress tensor,
T;Lv = ZCZkT;w(k)kaa (18)
nmk

corresponding to Eq. (13). For the PHV, we define the stress
by considering an electron-phonon coupling ansatz [20,22,64]
and perturbing the background lattice, yielding the phonon
stress tensor. The phonon stress results from microscopically
perturbing the lattice via phonons, relating to atomic dis-
placements. For the MHV, we perturb the electronic degrees
of freedom directly via coupling to background geometry
[10,11], yielding the continuity stress tensor. This is a coarse-
grained stress tensor that directly corresponds to momentum
transport in the long-wavelength limit and can be identified
with the stress tensor of fluid dynamics.

In the phonon method, strain is introduced into the model
through small displacements of the orbital positions, modify-
ing the hopping parameters 7,7 "as

1" — e O 4 O(8r?). (19)

Above, ér is the change in distance between orbitals given
by the applied (unsymmetrized) strain as u,, = 9,8r, [65].
Applying this prescription to Eq. (13) we define the phonon
stress tensor as

TP — SH (uyy)
uv :

20
Suyy (20)
Given the structure of the viscosity tensor Eq. (5) and the fact
that antisymmetric strains enter only at higher orders in ér in
Eq. (19), it suffices to consider “diagonal” strains (i.e., Uy, Uy,
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and u;) [66]. We find that to first order (see SM [53]),

tor, 13 = t 4+ (e + uyy)t
top, 113 > 1 + (”yy + uzz)l (21)
to3, t1o —> t + (“ZZ + Ut

The diagonal phonon stress tensor restricted to the spin-1
fermions is then

TP(k) = vp cos(¢)(k Ly + kyLy)
+ vp sin(@) (ke Ly + kL) (22)

TP (K)=vr cos(¢)(kyLy + k:L;) + mvp sin(@) (ke Ly + kyLy).
(23)

T,f{,’) transforms as a tensor in the point group 23, which is the
point group describing both the underlying lattice and the I"
point. Note that even when ¢ = 0, although the Hamiltonian
h is invariant under SO(3), Tu(ﬁ) is covariant only under the
discrete group 23.

The continuity stress Tﬂ(f)) is defined via a lattice analog of
the momentum continuity equation (see SM) [11], resulting in

(k) = <kvaﬂf(k> + Sl £, Li:“]). (24)

T/jf)) contains contributions from “kinetic” strains (spatial de-
formations) and from “spin” strains due to the internal angular
momentum L;,.. The continuity stress generalizes the Belin-
fante (improved) stress tensor [11,67,68].

In our model, we have LI, = 0 & L describing the spin-0
and spin-1 fermions. Using this, we can compute the stress
tensor near the I" point restricted to the spin-1 fermion to find
(see SM),

(© _ VFcos()
="

(k L, + k,L,)

+ %ﬂw) <3kviu — kL + Y ewp@;jkkkeabvb),

api

(25)

where a, b = 1, 2 as in Eq. (3).

Note that T,fi) #* T,fff). In the continuity approach, antisym-
metric stress (caused by anisotropy) enters at order ¢ and TM(‘C))
matches the symmetries of the Bloch Hamiltonian at the T’
point—when ¢ = 0 the continuity stress is SO(3)-covariant.
By contrast, when ¢ = 0 the phonon stress is anisotropic.
The distinction between the two stress tensors stems from
their different physical interpretations: The phonon stress is
sensitive to the nonzero orbital positions of the 4a Wyckoff
position (see SM), which result in anisotropy in T#(f,’) when
¢ = 0. Contrarily, the continuity stress averages over intraunit
cell momentum transport and so is sensitive only to the sym-
metries of the effective Hamiltonian. Below, we will compute
the PHV with 7;{{’ and the MHV with 7.

Hall viscosity. Next we compute the Hall viscosity coef-
ficients n; and 1, from Eq. (5), and the physical response
Nt = N1 + 12, for both the MHV and PHV. Focusing on the
spin-1 fermion, we can simplify the Kubo formula Eq. (17) in

terms of eigenstates |n) of & as

A€?

nm

-1 Onm
= s [ 4 X (T ) i i), 26)
n#m

where Ae,,, =€, — €, and the relative occupation factor
is Oy =n(e, — 0, T) —n(e,, — u, T) with n(e, T) = (1 +
¢/T)~! the Fermi distribution with chemical potential 1 and
temperature 7. We now specify to 7 = 0.

For the PHYV, the stress tensor Eq. (20) is explicitly sym-
metric under u <> v and therefore 17, = 112, is zero. The
total PHV in this case is entirely due to n; = 112, and given
by (to first order in ¢):

w _ . _ VF {,31(—171\3 +603)¢,

Vi nw>0
Mot == B3 | Bi(—17A% + 42049,

u <0,

(27)
where the momentum cutoff A (Fig. 2(b)) regulates the inte-
gral in Eq. (26), and 8| = 2‘;—’;5 ~ 0.00443.

By contrast, for the MHYV, the total viscosity to first order
in ¢ is entirely due to 1. Using the energies and eigenvectors
given in the SM [53], we find that the integrand for n; in
Eqg. (26) has an energy denominator that is odd in k, at order
¢, which suppresses the zeroth order contribution from the
numerator. When the states are taken to zeroth order in ¢, the
numerator is odd in k, and k,, and when the states are taken
to first order in ¢, the only nonvanishing matrix elements in
the numerator are odd in k., all of which leads to n; = 0 [69].
The total MHV is

2 3 3
© _ (© _ VF |B(A=pu)p u>0 )
Tot =M {—ﬂz(A3 +up w<o, @Y

where 8, = %rf ~ 0.0310. Around p = 0, the viscosity is
discontinuous. This arises from the fact that, since the an-
tisymmetric part of the coninuity stress is linear in ¢, we
must consider the unperturbed band structure in the energy
denominators in Eq. (26). When ¢ = 0, the band structure has
a flat band bisecting two linearly dispersing bands. The filling
of the flat band when p passes through zero then causes the
discontinuity in 7,, which we can attribute to the contribution
of this band to the Hall viscosity. We plot r;t(g[’p ) in Fig. 2(c).

Similar to the Hall viscosity for Dirac fermions in 2D
[11,20,70], we see that both 7 and 7S consist of two
terms, one of which depends explicitly on the cutoff A. We
can interpret the cutoff-independent contribution (or, more
properly, its derivative with respect to chemical potential) as
the Fermi surface contribution to the Hall viscosity, while the
cutoff-dependent term parametrizes unknown contributions to
the viscosity from occupied states at large momenta. Using
the continuity stress tensor, we can go beyond this approxi-
mation to compute the MHYV for the full tight-binding model
numerically (see SM).

Conclusion. We have highlighted a manifestly 3D cubic
Hall viscosity (MHV and PHV), which appears with tetrahe-
dral symmetry. As a proof-of-concept, we have shown that
these viscosities are nonzero for a threefold fermion at the I"
point in MSG P23 (No. 198.9). Using our phonon and con-
tinuity methods to examine the stress response in this model,
we found that the MHV and PHV were nonzero in this system.
We also emphasize that the MHV and PHV are responses
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defined for distinct stress tensors. The MHV corresponds to
the “continuity” stress that exactly matches the symmetries
at the I" point, while the PHV corresponds to the “phonon”
stress which is intimately connected to the elastic response of
the underlying lattice model.

Beyond our proof-of-principle calculation, the manifestly
3D nature of the cubic Hall viscosity suggests that viscous
transport in 3D magnetic materials can be phenomeno-
logically different than in two dimensions. In particular,
measuring the local flow profiles [2,31] or thermoelectric
transport coefficients [27] in magnets in the tetrahedral SGs
(Nos. 195-206) would reveal the signatures of our 3D viscos-
ity. For example, outside of MSG 198.9, we could consider
a 3D cubic magnet with approximate Galilean symmetry at
low energies. For such a system the force tensor Eq. (7), and
therefore the MHV [71], is proportional to the wave-vector-
dependent Hall conductivity [10,57,72],

w*80}! o i A qrqeen; = 1S Ve(@enj,  (29)
where the vector V(q) highlights the structural parallel with
the natural optical activity of a crystal [40]. We can de-
compose V into longitudinal and transverse components as
Vi =4a@@- V) = 6nuqgrqyq:/1ql and Vi =V — V. We then
see that V| gives a q-dependent correction to natural optical
activity, while V leads to a Hall current proportional to the
longitudinal component of the electric field. Note, crucially,
that V| vanishes for plane waves at normal incidence. Fur-
thermore, in tetrahedral systems without Galilean invariance,
this wave-vector-dependent contribution to the conductivity
need not be zero; the fate of the viscosity-conductivity relation
in these systems (generalizing work such as Ref. [73]) is an
interesting avenue for further study. Analogous considerations
for flow in narrow channels suggest that 1, may play a role
in interaction-dominated transport in narrow channels [12,13].
The physical signatures of PHV proposed in spin-phonon and
electron-phonon-coupled systems [22,24-26], such as con-

tributions to thermal Hall conductance and modifications to
phononic dispersion, could be probed as well in these systems
to measure the cubic PHV. The frequency and disorder [74]
dependence of the MHV and PHV could also yield interesting
insights. As none of our results are specific to the hydrody-
namic regime, we expect disorder that preserves the symmetry
on average will not modify our qualitative conclusions.

Chiral magnets such as the family of Mn3IrSi [51,52] are
promising platforms to study these effects. As shown in Ref.
[28], this compound has a noncollinear magnetic configura-
tion preserving the size of the unit cell; group theory analysis
showed further that the ground-state magnetic order preserved
all of the unitary symmetry operations consistent with MSG
P2,3. Another interesting candidate is MnTe, in MSG Pa3
(No. 205.33) [75-77]. It has a reported noncollinear magnetic
structure, with the magnetic moments of the four inequivalent
manganese ions pointing along the cubic body diagonals. Al-
though naturally a semiconductor, Ag-doping could increase
the carrier concentration [78].
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