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Moiré systems provide a rich platform for studies of strong correlation physics. Recent experiments on
heterobilayer transition metal dichalcogenide Moiré systems are exciting in that they manifest a relatively
simple model system of an extended Hubbard model on a triangular lattice. Inspired by the prospect of the
hetero-transition metal dichalcogenide Moiré system’s potential as a solid-state-based quantum simulator,
we explore the extended Hubbard model on the triangular lattice using the density matrix renormalization
group. Specifically, we explore the two-dimensional phase space spanned by the key tuning parameters in
the extended Hubbard model, namely, the kinetic energy strength and the further-range Coulomb
interaction strengths. We find competition between Fermi fluid, chiral spin liquid, spin density wave,
and charge order. In particular, our finding of the optimal further-range interaction for the chiral correlation
presents a tantalizing possibility.
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The triangular lattice Hubbard model has long been of
intense interest [1–14], since the geometric frustration and
quantum fluctuation can lead to a rich set of possibilities. In
particular, previous density matrix renormalization group
(DMRG) studies have shown a robust metal-insulator
transition (MIT) at half-filling [4]. More recently, the
possibility of the chiral spin liquid (CSL) phase pre-empting
the MIT [7,12] has been predicted. Other possible ordered
phases have been proposed [13]. However, the well-studied
standard Hubbard model dismisses the long-range inter-
actions which are ubiquitous in materials explored in experi-
ments; therefore, predictions made by previous works are
challenging to test in realistic experimental setups.
Following the proposal of [15] that heterobilayer tran-

sition metal dichalcogenide (TMD) moiré systems can
realize the triangular lattice Hubbard model [16], recent
experiments on hetero-TMD moiré systems have indeed
observed Mott insulating states at half-filling [17,18].
Furthermore, continuous control over hopping strength
relative to the interaction strength is now accessible
[19,20]. However, as evidenced by the charge order at
fractional fillings [21,22] the TMD systems have further-
range interactions due to a low charge density and resulting
low screening. Excitingly, these further-range interactions
can also be tuned in experiments [19], presenting a two-
dimensional space, spanned by the hopping and the further
range interaction strengths with respect to the on-site
Coulomb interaction strength, to explore a plethora of
quantum phases. In comparison, computational investiga-
tions have so far been restricted to systems with only on-
site interactions, confining us to a one-dimensional phase
space controlled purely by the ratio of on-site Coulomb
interaction and hopping strength.

Motivated by the experimental developments, in this
Letter, we explore the extended Hubbard model on a
triangular lattice and study the phase space upon tuning
the ratio of hopping to on-site interaction t=U and the
relative strengths of long-range interactions parametrized
by V1=U [Fig. 1(b)]. Using DMRG, we make the first pass
over this large phase space and benchmark our results
against the standard Hubbard model limit [4,5,7,12]. By
studying the effect of further-range interactions, we study
competition between charge order, chiral spin liquid, and
spin density wave at half-filling. The rest of the Letter is
organized as follows. We first introduce the extended
Hubbard model under study and identify a rich phase
diagram with Fermi fluid (FF), CSL, and spin density wave
(SDW) phases in a weak long-range interaction region,
showing consistency between the extended Hubbard model
in the small V1=U limit and the standard Hubbard model.
Interestingly, we find that intermediate long-range inter-
action can enhance the chiral order. Finally, we discuss the
charge-ordered states (CO) promoted by stronger long-
range interactions. We close with a summary of the
quantum phases we observe and provide future outlooks.
Model.—We consider the following extended Hubbard

model on a triangular lattice,

H ¼ −t
X

hiji
ðc†i cj þ H:c:Þ þ U

X

i

ni;↑ni;↓

þ V1

X

hiji
ninj þ V2

X

⟪ij⟫

ninj þ V3

X

⋘ij⋙
ninj; ð1Þ

where t; U; Vi represent hopping, on-site interaction,
ith nearest neighbor interaction strength, respectively.
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We follow a heterobilayer TMD experiment setup [19] and
set V2=V1 ≈ 0.357 and V3=V1 ≈ 0.260 (derivation shown
in Supplemental Material [23]). The choice of V2=V1 and
V3=V1 does not quantitatively change the phases observed
in the phase space within an experimentally feasible
parameter range (see Supplemental Material [23] for results
comparing different V2=V1 and V3=V1 ratios). Therefore,
the relative strength of further-range interactions is tuned by
the single parameter V1=U. Given the independent exper-
imental control over the bandwidth and the range of
interaction, we explore the ground state in a phase space
spanned by the on-site interaction strength U=t and the
further-range interaction strength represented by V1=U.
With the MIT in mind, we focus on the half-filling state at
zero total spin S ¼ 0. We perform large-scale DMRG
calculations on YC4 cylinders as sketched in Fig. 1(a).
Note that the YCn (XCn) cylinders have one of the lattice
edge parallel (perpendicular) to the periodic direction and
have n sites (n=2 unit cells) along the periodic direction. To
investigate the effect of further-range interaction on the
CSL phase, we focus on YC geometry in which previous
studies on standard triangular Hubbard model have
observed that chiral phase is easier to observe [7,12] as
opposed to the XC geometry. The YC4 geometry can lead
to double counting in the second and third nearest neigh-
boring sites; we avoid the double counting by coupling

each pair of sites only once. We compare various cylinder
lengths, Lx ¼ 16, 32, 48, and keep 10000 to 30000 [24]
states to get high-accuracy numerical results (see
Supplemental Material [23] for more details).
We observe a rich phase space in a parameter space

reachable by existing experimental devices. As shown in
Fig. 1(b), the phases we observe include CSL, SDW, CO,
and FF, with the long-range interactions further enriching
the phase space compared to the standard Hubbard model.
In the absence of further-range interactions, the system in
the largeU=t limit can be well-captured by an effective spin
model [25] with antiferromagnetic nearest neighbor inter-
action driven by superexchange on the triangular lattice.
The quantum fluctuation in intermediate U=t with the
geometric frustration of the triangular lattice might drive
CSL [26]. The further-range interaction V1 can impact the
ground state both in the spin and charge sectors. First, in the
small V1=U limit, V1 interaction enhances the spin
exchange interactions by a factor U=ðU − V1Þ, while it
can also be mapped to ferromagnetic direct exchange
interaction between nearest neighbors, suppressing anti-
ferromagnetic ordering tendencies. This expectation is
borne out in our discovery that the chiral order peaks at
a finite small V1=U in the intermediate U=t range as
highlighted by the color intensity in Fig. 1(b). Second, as
the long-range interaction strength increases, charge order
is promoted, and spin ordering is suppressed. Thus we see
the melting of CSL and SDW and then the emergence of
CO as V1=U increases [27]. The richness of the phase space
demonstrates the importance of long-range interactions.
Beyond the intuitive understanding of these phases, we
present detailed numerical evidence for each phase below.
Small V1=U limit.—In the small V1=U limit (V1=U≈

0.0175), we reproduce the latest results of the Hubbard
model with V1=U ¼ 0 [5,7,12]. First, we detect the MIT by
calculating the double occupancy, nd ¼ hn↑n↓i. It shows a
discontinuous drop at the critical value of ðU=tÞMIT ∼ 9.2,
upon increasing U=t [Fig. 2(a)]. This observation is con-
sistent with an earlier study [12], which reports the MIT at
U=t ≈ 9.0 for the Hubbard model.
Next, we identify the above metal-insulator transition to

take the system into a CSL phase by calculating the spin
structure factor [Fig. 2(c)] and the chiral correlation
function (Fig. 3). We consider the chiral correlation
function hχmχni, where the chiral order parameter χi ¼
 Si · ð  Sj ×  SkÞ is defined on a triangle centered around
lattice site i, involving all three corner sites i, j, and k
[28]. We observe, in Fig. 2(b) between U=t ≈ 9.4 and 10.8,
a long-range chiral correlation hχiχji that is orders of
magnitude higher than that in neighboring phases. The lower
boundary of the long-range chiral correlation U=t ≈ 9.4
matches where the MIT is observed from the double
occupancy [see Fig. 2(a)]. In addition, the featureless

spin structure factor hSqð  kÞi ¼ ð1=NÞPij e
i  k·  rijh  Si ·  Sji

(a)

(b)

FIG. 1. The system under study and the phase diagram. (a) A
partial sketch of a YC4 cylinder used in the DMRG calculation,
where x, y directions are specified by the arrows. The number of
lattice sites along the y direction Ly ¼ 4. The boundary condition
is periodic in y and open along the cylinder axis direction. (b) The
phase diagram of the extended Hubbard model on a triangular
lattice. The symbols represent phases observed using DMRG; the
color shadings are the schematic extents of the phases. The color
intensity of the CSL markers (triangles) represents the strength of
chiral ordering. The dashed line marks the V1=U accessed by an
instance of the experimental setup.
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confirms the absence of magnetic order associated with the
intermediate U=t insulating phase. Note that the slight
anisotropy is caused by the finite-size geometry of the
YC4 cylinders. We also analyze the real space correlation
function in Supplemental Material [23]. Observing long-
range chiral correlations that are at the same order of
magnitude as reported in Refs. [7,12] for the Hubbardmodel
with V ¼ 0 [29], we conclude that the insulating state
immediately after the MIT is CSL.
Increasing U=t further, we observe an additional phase

transition within the insulating phase. Upon this second
transition, the spin structure factor gains sharp peaks at
corners of the Brillouin zone [see Fig. 2(c)]. Similar peaks
in hSqð  kÞi have been observed in the Hubbard model
[5,12]. These peaks distinguish the large U=t insulating

phase from the intermediate U=t CSL phase and show
evidence of the emergence of spin density waves with wave
vectors QSDW ¼ ð ffiffiffi

3
p

π=2a; π=2aÞ and ð ffiffiffi
3

p
π=2a;−π=2aÞ.

At the same time, the chiral correlation dives down,
indicating the nonchiral nature of the spin density wave
state [see Fig. 2(b)].

(a)

(b)

FIG. 3. Chiral correlation function. (a) Chiral correlation
function hχiχiþli versus V1=U at U=t ¼ 10.0. The red dashed
horizontal line denotes hχiχiþli at V1=U ¼ 0. Data points are
obtained from 4 × 32 cylinders, and the site separation is chosen
to be by half the cylinder length, l ¼ Lx=2 ¼ 16. (b) Chiral
correlation hχiχiþdi as a function of site separation d with fixed
U=t ¼ 10.0 and different V1=U. Results from two systems sizes,
Ly ¼ 4, Lx ¼ 32, and 48 are presented.

(a)

(b)

(c)

FIG. 2. Small V1=U limit. (a) Double occupancy nd as a
function of U=t at V1=U ≈ 0.0175. The discontinuous drop
highlighted in the inset shows the transition from a metallic to
an insulating phase. Data are from 4 × 16 YC cylinder calcu-
lations. (b) Chiral correlation function hχiχiþli versus U=t at
V1=U ≈ 0.0175 in a log scale. As a guide to the eye, the gray
shaded region marks the range of U=t where CSL lives. (c) Spin
structure factors hSqð  kÞi plotted in momentum space at
V1=U ≈ 0.0175. Three panels correspond to U=t ¼ 7.0, 10.0,
and 12.0 from left to right, respectively. The black dashed lines
mark the boundary of the Brillouin zone. Data are from 4 × 32
YC cylinders for (b),(c).

(a) (b)

FIG. 4. Charge gap. (a) Charge gap Δc along a vertical cut in
phase diagram at U ¼ 10 with varying further-range interaction
strength parametrized by V1=U. (b) Charge gap along a hori-
zontal cut in phase diagram at V1=U ≈ 0.6119 with varying U=t.
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Effects of further-range interactions.—We study phase
transitions driven by the further-range interactions, fixing
the on-site interaction strength at U=t ¼ 10, which is close
to the center of the CSL phase. The further-range inter-
action has a nonmonotonic effect on the CSL phase as it is
shown through the chiral correlation at half the length of the
YC4 cylinder, l ¼ Lx=2 as a function of V1=U in Fig. 3(a).
The nonmonotonicity comes with the dramatic enhance-
ment in the chiral correlation at intermediate V1=U com-
pared to the original Hubbard model. Upon further
increasing V1=U, the system leaves the sweet spot, and
chiral correlation dies out at V1=U ≳ 0.07. Within the CSL
phase, we investigate the chiral correlation strength as a
function of distance d. As shown in Fig. 3(b), we find the
chiral correlation to be long ranged, nearly constant as a
function of d in the CSL phase. We present results from
systems with Lx ¼ 32 and 48. Despite the finite-size effects
near the end of the cylinder, both systems have consistent

chiral correlation strength. The region of nearly constant
correlations grows with Lx, indicating true chiral order at
the large Lx limit.
As V1=U increases, the CSL melts into a Fermi fluid

phase. As shown in Fig. 4, we look at the charge gap Δc
along a vertical line in the phase diagram (Fig. 1) at
U=t ¼ 10. The charge gap diminishes as the further-range
interaction strength increases, showing evidence of the
melting of CSL insulating phase to a FF phase. This FF
phase fills in the large space between CSL, SDW, and CO
in the phase diagram. The FF being a gapless phase makes
it challenging to investigate in a finite size study, and thus
we hereby focus mainly on the qualitative signature of FF.
The signature of this phase lies in its electron momentum

distribution nk ¼ ð1=NÞPij e
−i  k·  rijhc†i cji. The representa-

tive data for FF are obtained at V1=U ≈ 0.0175 as shown in
Fig. 5. At U=t ¼ 7.0, which is in the FF phase, we observe
a rapid drop in occupation at qx=π ¼ 0.75, resembling a
finite residue similar to a Fermi liquid (for larger U=t ≳ 12
in FF, the nature of the liquid phase becomes more complex
and difficult to be characterized, which we leave for future
studies). In contrast, other phases show continuous changes
in nk through the Brillouin zone.
In the large U=t region, increasing further-range inter-

actions parametrized by V1=U melts the SDW into FF and
then drives the formation of CO. Figure 6(a) shows the spin
structure factor hSqð  kÞi along a cut in the momentum space.

We observe that the amplitude of the hSqð  kÞi peaks decreases
as V1=U increases, and ultimately the peaks disappear at
V1=U ≈ 0.2. Increasing the further-range interaction
strength across V1=U ≈ 0.2, we see the FF until the CO
emerges at V1=U ≈ 0.5. We identify the existence of CO
from the charge density with a shift to remove amplitude at

zero wave vector, Nk ¼ ð1= ffiffiffiffi
N

p ÞPiðni − 1Þe−i  k·  ri . As
shown in Fig. 6(b), peaks in Nk appear at two corners of
the Brillouin zone, corresponding to CO wave vector

FIG. 5. Electron momentum distribution nk along a momentum
space cut at fixed further-range interaction strength V1=U ¼
0.0175 and various on-site interaction strengths U=t ¼ 7.0, 9.0,
and 12.0. The inset shows a Brillouin zone with the cut marked by
the red line.

(a) (b) (d)

(e)(c)

FIG. 6. Large U=t limit. (a) Spin structure factor SqðkÞ with U=t ¼ 12.0 at various V1=U along a cut in momentum space highlighted
by the yellow line in the inset. The peaks are observed around the K point. Panels (b)–(e) show charge density at V1=U ≈ 0.612.
(b) Charge density in momentum space Nk for U=t ¼ 6.0. (c) Nk for U=t ¼ 12.0. The black dashed lines represent the boundary of the
Brillouin zone. (d) Charge density in real space ni for U=t ¼ 6.0. (e) ni for U=t ¼ 12.0.
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QCO ¼ ð0; π=aÞ, where a is the lattice constant.
Alternatively, in Fig. 6(c), we show the charge density in
real space. Given the circular Fermi surface (see
Supplemental Material [23], Appendix E) and wave vector
far from 2kF, the CO is not driven by nesting or the quasi 1D
geometry. Rather, as the strong coupling analysis in
Appendix E suggests the observed CO is driven by strong
coupling physics, as in the generalized Wigner crystal
phenomena so far only observed at fractional filling
[17,21,30].
Conclusion and outlook.—In summary, we investigated

the triangular lattice Hubbard model with an extended
range of interactions, as motivated by recent experimental
developments in hetero-TMD moiré systems. Specifically,
we explored the two-dimensional phase diagram controlled
by the electron hopping t and the further-range interactions
V1. In the small V1=U limit, we reproduce results from
[5,7,12] showing transitions from a metallic state to a chiral
spin liquid and then to a spin density wave phase as U=t
increases. Upon increasing long-range interactions V1, V2,
and V3, we find that the chiral spin liquid is strengthened
with small long-range interaction before it gives way to the
metallic state. On the other hand, the spin density wave is
continuously weakened by increasing long-range inter-
actions. Further increasing further-range interactions, the
CO emerges with the wave vector that is not dictated by the
quasi-1D geometry of the simulation but rather has perio-
dicity in the direction perpendicular to the cylinder long
direction (the x direction as shown in Fig. 6).

The enhancement of chiral correlation with small but
finite further-range interaction we observed presents a
tantalizing potential. While we cannot rule out the finite
size effect, one possible mechanism for such a phenomena
would be that further-range interaction-driven direct
exchange can suppress SDW ordering and further frus-
tration. The observation warrants further computational and
experimental exploration. The MIT between the interac-
tion-driven CO state and the FF has the potential of
supporting a superconducting state that preempts the
MIT, similar to the CSL phase preempting the direct phase
transition between FF and SDW. Given that the CO state
has a localized doubly occupied site, introducing phase
coherence and liberating the pairs to move could result in a
pair density wave state [14] in an experimentally realizable
setting. Our preliminary results support such a possibility,
which is an interesting direction for future investigation
[31]. In general, the rich phase diagram we uncovered upon
tuning the further-range interactions can guide experimen-
tal exploration of the new solid-state quantum simulator
platform of hetero-TMD moiré systems.
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