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Abstract

We consider the non-relativistic quantum Boltzmann equation for fermions and bosons. Using the non-
linear energy method and mild formulation, we justify the global well-posedness when the density function 
is near the global Maxwellian and vacuum. This work is a generalization and adaptation of the classical 
Boltzmann theory. Our main contribution is a detailed analysis of the nonlinear operator Q in the quantum 
context. This is the first piece of a long-term project on the quantum kinetic equations.
© 2022 Elsevier Inc. All rights reserved.
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1. Introduction

1.1. Problem setup

We consider the quantum Boltzmann equation in three dimensions with hard-sphere colli-
sions:

∂tF + v · ∇xF = Q[F,F ;F ], (1.1)

where the collision operator

Q[F,F ;F ] :=
ˆ

R3

ˆ

S2

q(ω, |v − u|)
[
F(u′)F (v′)

(
1 + θF (u)

)(
1 + θF (v)

)
(1.2)

− F(u)F (v)
(
1 + θF (u′)

)(
1 + θF (v′)

)]
dωdu.

for q(ω, |v − u|) = ∣∣ω · (v − u)
∣∣ (ω ∈ S2). Here the unknown F(t, x, v) is the density function 

(for quantum particles), at time t ∈ R+, at the position x ∈ T 3 or R3, and having the velocity 
v ∈R3.

In the integral of (1.2), (u, v) denotes the pre-collision velocity, and (u′, v′) the post-collision 
velocity with u′ = u + ω

(
ω · (v − u)

)
, v′ = v − ω

(
ω · (v − u)

)
. They satisfy the conservation of 

momentum u + v = u′ + v′ and energy |u|2 + |v|2 = ∣∣u′∣∣2 + ∣∣v′∣∣2. θ = ±1 corresponds to the 
fermions (−) or bosons (+), respectively. The equation is equipped with initial data

F(0, x, v) = F0(x, v). (1.3)

The collision operator Q is essentially cubic, since the cancellation reveals that
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Q[F,F ;F ] =
ˆ

R3

ˆ

S2

q(ω, |v − u|)
[
F(u′)F (v′)

(
1 + θF (u) + θF (v)

)
(1.4)

− F(u)F (v)
(
1 + θF (u′) + θF (v′)

)]
dωdu.

For fermions (θ = −1), we require that 0 ≤ F0 ≤ 1. For bosons (θ = 1), we require that F0 ≥ 0.
In this paper, we intend to study the global well-posedness and decay of the solution F when 

it is close to the global Maxwellian or the vacuum.

Remark 1.1. When θ = 0, the cubic terms in Q vanish and the equation (1.1) reduces to the 
classical Boltzmann equation.

1.2. Background and modelling

In this section, we briefly discuss various quantum kinetic equations. We refer to [65,12] for 
more detailed discussion.

Quantum kinetic theory concerns the dynamics of a large number of quantum particles, in-
cluding fermions and bosons. The equation arising from first principles to describe N identical 
interacting particles is the N -body Schrödinger equation. Under proper scaling and in suitable 
regime, asymptotically the overall behavior of this particle system can be characterized by the 
quantum kinetic equations.

Model 1: Low density scaling: time ∼ ε−1, volume ∼ ε−3 and N ∼ ε−2.

• The particles are typically far apart and the difference between classical, Fermi, or Bose gas 
is irrelevant. All three statistics should be described by the same equation.

• The interacting potential φ(x) is short-ranged.
• The mean free path and mean free time is of O(ε−1).
• In the classical regime, this model corresponds to dilute gas dynamics, which is described 

by the classical Boltzmann equation.
• In the quantum regime, this model is described by the quantum Boltzmann equation

∂tF + v · ∇xF = QL[F,F ], (1.5)

where

QL[F,F ] =
ˆ

R3

ˆ

S2

BL(ω,v − u)
[
F(u′)F (v′) − F(u)F (v)

]
dωdu. (1.6)

Here the collision kernel

BL(ω,v − u) ∼ ∣∣ω · (v − u)
∣∣ ∣∣∣φ̂(

ω
(
ω · (v − u)

))∣∣∣2 +
∑
n≥3

B
(n)
L (ω, v − u), (1.7)

for φ̂(k) as the Fourier transform of φ(x), and higher-order Born approximation B(n)
L (see 

[12]).
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• The quantum Boltzmann equation has the same structure as the classical Boltzmann equa-
tion, but the collision kernel may be different.

Model 2: Weak coupling scaling: time ∼ ε−1, volume ∼ ε−3 and N ∼ ε−3.

• The gas is dense, but the coupling of neighboring particles is weak.

• The scaling for the potential is ε
1
2 φ(x).

• For classical particles, the first scaling gives rise to the classical Landau equation and the 
second scaling is equivalent to the low-density limit (which means that it will lead to the 
classical Boltzmann equation).

• However, for quantum particles, both scalings are genuine weak coupling. This is described 
by the quantum Boltzmann equation (or the so-called Uehling-Uhlenbeck equation [70])

∂tF + v · ∇xF = QW [F,F ;F ], (1.8)

where

QW [F,F ;F ] =
ˆ

R3

ˆ

S2

BW(ω,v − u)
[
F(u′)F (v′)

(
1 + θF (u)

)(
1 + θF (v)

)
(1.9)

− F(u)F (v)
(
1 + θF (u′)

)(
1 + θF (v′)

)]
dωdu.

Here θ = 1 corresponds to Bose-Einstein statistics (for bosons), θ = −1 corresponds to 
Fermi-Dirac statistics (for fermions), and θ = 0 corresponds to Maxwell-Boltzmann statis-
tics (for classical particles). The collision kernel is

BW(ω,v − u) ∼ ∣∣ω · (v − u)
∣∣ ∣∣∣φ̂(v′ − v) + θφ̂(v′ − u)

∣∣∣2
. (1.10)

Model 3: Mean field scaling: time ∼ ε−1, volume ∼ ε−3 and N ∼ ε−3.

• Particles are affected not only by its neighboring particles, but all the others.
• The potential φ(x) can be short- or long-ranged. The scaling is ε3φ(εx).
• In classical mechanics, this corresponds to the Vlasov equation, which is applicable to the 

long-ranged potential.
• In quantum mechanics, this is described by the quantum Vlasov equation

∂tF + v · ∇xF +
ˆ

R3

ˆ

R3

F(y,u)
[∇xφ(y − x) · ∇vF (x, v)

]
dudy = 0. (1.11)

In this paper, we focus on the weak coupling model with formal hard-sphere potential φ(x) =
δ0(x), which yields φ̂(k) = 1. Hence, the collision kernel reduces to q(ω, |v − u|), which is 
exactly the same as the classical one.

Remark 1.2. Some comments regarding the models above:
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1. The hard-sphere model is not quite physical for fermions (noticing that BW = 0 for θ = −1
in (1.10)). Since this model has been discussed by many authors (e.g. Lu-Wennberg [55]), 
for mathematical completeness, we also include the fermions case here. Also, the techniques 
we develop can potentially be used to treat models of inverse power law for both bosons and 
fermions.

2. We will discuss the more general models (e.g. inverse power laws) in the subsequent work. 
Note that a direct computation reveals that for φ(x) ∼ |x|−p with p ≥ 1, unlike the hard-
sphere case, the quantum collision kernel is not the same as the classical hard/soft potential 
one. Hence, some of the work in the related literature using classical hard/soft potential may 
need reexamination.

3. The low density model with hard-sphere collisions will roughly reduce to the classical Boltz-
mann equation (if we ignore the higher-order Born approximation terms), which is less 
appealing in the quantum context. Note that for general potential φ, the low density model 
is also of interest. There are much less work in this direction.

4. For classical particles, the Boltzmann equation describes the low-density limit and the Lan-
dau equation describes weak-coupling limit (See Spohn [64] and Balescu [7]). However, for 
quantum particles, both cases give rise to the quantum Boltzmann equations. In other words, 
in the quantum regime, Boltzmann equation can be applied to more general scenarios.

5. Similar to the classical Landau equation, quantum Landau equation can be derived by tak-
ing grazing collision limit in quantum Boltzmann equation. The typical quantum Landau 
equation is

∂tF + v · ∇xF = QLan[F,F ;F ], (1.12)

where the collision operator

QLan[F,F ;F ] :=∇v ·
ˆ

R3

	(v − u)
[
F(u)

(
1 + θF (u)

)∇vF (v) (1.13)

− F(v)
(
1 + θF (v)

)∇uF (u)
]
du,

for a semi-positive definite matrix

	(v) = |v|γ+2
(

I − v ⊗ v

|v|2
)

with − 3 ≤ γ ≤ 1. (1.14)

1.3. Motivation and previous results

The study of the quantum Boltzmann equation dates back to Uehling-Uhlenbeck [70]. Since 
then, there are many papers devoted to its theory and applications in physics, chemistry and 
engineering. Here, we briefly summarize the relevant literature regarding its mathematical theory.

So far, the study mainly focuses on two types of problems: the derivation of quantum Boltz-
mann equations and homogeneous equations.

The rigorous derivation of classical/quantum equation is an outstanding problem in kinetic 
theory (see Villani [71]). The formal derivation of quantum Boltzmann equation from N -body 
Schrödinger equation can be found in Erdős-Salmhofer-Yau [23] and Spohn [65]. In a series of 
475



Z. Ouyang and L. Wu Journal of Differential Equations 316 (2022) 471–551
papers [9–11,13], Benedetto-Castella-Esposito-Pulvirenti partially derived the quantum Boltz-
mann equation both in the low-density limit and weak-coupling limit. The brief surveys of their 
results can be found in [12] and [62], and the references there are also very informative. Some 
recent progress can be found in Colangeli-Pezzotti-Pulvirenti [18] and Chen-Guo [17]. Also, 
Lukkarinen-Spohn [57] proposed a non-conventional approach inspired by the study of weakly 
nonlinear Schrödinger equation (see Lukkarinen-Spohn [58]). In summary, this problem is still 
largely open so far.

Just like in the classical Boltzmann theory, the homogeneous quantum equation

∂tF = Q[F,F ;F ], (1.15)

is a good starting point to develop the whole theory. There are quite a few results in this direction. 
We refer to Lu [46], Lu-Wennberg [55] for fermions, and Lu [45,47,48], Lu-Zhang [56], Briant-
Einav [15] for bosons. Their results basically follow from the moment-entropy approach and are 
based on L1 theory. The theory has been developed to treat both the isotropic and anisotropic 
cases.

One of the most interesting facts about the quantum Boltzmann equation is for bosons. Physi-
cists have long predicted the existence of the so-called Bose-Einstein condensation and it was 
observed in 1995. Since then, the mathematical justification of such phenomenon has attracted 
a lot of attention. Mathematically, it means that for bosons, the solution to the quantum Boltz-
mann equation may have singularity (e.g. δ-function) at certain spatial point. The existence of 
equilibria with δ-function have been justified by minimizing the entropy functional by Escobedo-
Mischler-Valle [24].

On one hand, it will be thrilling to justify the generation of such singular solutions when the 
temperature is sufficiently low (physical requirement). Escobedo-Velázquez [28] justifies that 
for some well-prepared initial data (e.g. smooth, radial, and sufficiently localized), the solution 
will become unbounded (i.e. blow up) within finite time. The work is done for the homogeneous 
equation with isotropic data. Such localization restriction for the initial data has been removed 
in Cai-Lu [16]. We refer to Escobedo-Mischler-Velázquez [25,26], Escobedo-Velázquez [27], 
Spohn [66], Lu [51,52], Bandyopadhyay-Velázquez [8] for more information.

On the other hand, studying the general well-posedness and regularity becomes much harder. 
We have to develop measure solutions for the Boltzmann equation. There are a lot of progress 
in this direction for the homogeneous equation (see Lu [53,54], Li-Lu [44]). In particular, the 
stability of Bose-Einstein distribution has also been studied in the sense of measure.

There are also some results regarding the dynamics of the excited states and interactions with 
the condensed states, see Arkeryd-Nouri [2–4] and Nguyen-Tran [61].

Compared with the homogeneous equation, there are much fewer results on the non-
homogeneous equation, see Dolbeault [19], Zhang-Lu [72,73], Lu [49,50] and Arkeryd-Nouri 
[5]. In particular, all of the known results so far regarding the Bose-Einstein condensation con-
cerns the homogeneous equation. Also, we refer to the nice introduction to the quantum Landau 
equation by Lemou [43]. The semi-classical limit from quantum Boltzmann equation to quantum 
Landau equation can be found in He-Lu-Pulvirenti [40].

As far as we are aware of, so far there are very limited study on the non-homogeneous quan-
tum Boltzmann equation, and the Bose-Einstein condensation. In this paper, we plan to utilize 
the well-known nonlinear energy method (see Guo [33,32,37,35,34,36,38], Strain-Guo [67–69], 
Kim-Guo-Hwang [42]) and mild formulation (see Guo [31], Illner-Shinbrot [41], Duan-Yang-
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Zhu [22] and the references in [29]) to investigate the global well-posedness of solutions near 
the Maxwellian and the vacuum.

When we are preparing this work, we are aware of the recent preprint by Bae-Jang-Yun [6]
on the relativistic quantum Boltzmann equation. They used the nonlinear energy method similar 
to ours. However, there are some key differences:

• They only consider the system in the periodic setting near the Maxwellian. On the other 
hand, we consider both the periodic and whole space settings near the Maxwellian and the 
whole space setting near the vacuum. This provides a more comprehensive picture of the 
solutions in these classical frameworks.

• More importantly, the nonlinear estimates are different. While in [6] they can bound the 
nonlinear term in the relativistic case without using L∞ bounds in velocity, such an estimate 
is absent in the non-relativistic scenario. Therefore, we must take velocity derivatives and 
use Sobolev embedding, which introduces a lot of technical difficulties.

1.4. Main results

1.4.1. Near the Maxwellian
Denote the quantum Maxwellian

μ(v) = 1

ρe|v|2 − θ
(1.16)

with some given ρ > 1 and its perturbed version

M(v) = μ(1 + θμ) = ρe|v|2

(ρe|v|2 − θ)2
. (1.17)

For the case � =T 3, let the multi-indices γ and β be

γ = (γ1, γ2, γ3), β = (β1, β2, β3). (1.18)

Denote the differential operator by

∂
γ
β = ∂

γ1
x1 ∂

γ2
x2 ∂

γ3
x3 ∂β1

v1
∂β2
v2

∂β3
v3

. (1.19)

If each component of θ is not greater than θ̄ , we denote by θ ≤ θ̄ .
Let N ≥ 8. Denote

|||f (t)||| :=
∑

|γ |+|β|≤N

∥∥∥∂
γ
β f (t)

∥∥∥
L2

x,v

, (1.20)

|||f (t)|||ν :=
∑

|γ |+|β|≤N

∥∥∥∂
γ
β f (t)

∥∥∥
Lν

x,v

, (1.21)

where ‖f ‖Lν :∼ ‖f ‖ 1 is defined in Definition 3.2. Denote also

x,v 2, 2
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E[f (t)] := |||f (t)|||2 +
tˆ

0

|||f (s)|||2ν ds, (1.22)

and

E[f0] := |||f0|||2. (1.23)

Theorem 1.1 (GWP near Maxwellian, periodic case). Let � =T 3. Assume that the initial data 
F0(x, v) = μ(v) + M 1

2 (v)f0(x, v) ≥ 0 with μ(v) and M(v) defined in (1.16) and (1.17), and 
f0(x, v) satisfying

E[f0] ≤ M0

2
(1.24)

for some M0 > 0, as well as the conservation laws

ˆ

�

ˆ

R3

f0(x, v)M 1
2 (v)dvdx =

ˆ

�

ˆ

R3

f0(x, v)M 1
2 (v)vidvdx

=
ˆ

�

ˆ

R3

f0(x, v)M 1
2 (v) |v|2 dvdx = 0. (1.25)

Then there exists a unique global classical solution F(t, x, v) = μ(v) +M 1
2 (v)f (t, x, v) ≥ 0 to 

the quantum Boltzmann equation (1.1) such that

E[f (t)] ≤ M0 (1.26)

for any t ∈ [0, ∞). Also, the perturbation f (t, x, v) satisfies

|||f (t)||| ≤ Ce−kt |||f0||| (1.27)

for some constant C, K > 0.

For the case � =R3, let the multi-indices γ and β be

γ = (γ0, γ1, γ2, γ3), β = (β1, β2, β3). (1.28)

Denote the differential operator by

∂
γ
β = ∂

γ0
t ∂

γ1
x1 ∂

γ2
x2 ∂

γ3
x3 ∂β1

v1
∂β2
v2

∂β3
v3

. (1.29)

If each component of θ is not greater than θ̄ , we denote by θ ≤ θ̄ .
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Let N ≥ 8. Denote

|||f (t)||| :=
∑

|γ |+|β|≤N

∥∥∥∂
γ
β f (t)

∥∥∥
L2

x,v

, (1.30)

|||f (t)|||ν :=
∑

|γ |+|β|≤N

∥∥∥∂
γ
β f (t)

∥∥∥
Lν

x,v

. (1.31)

Denote also

E[f (t)] := |||f (t)|||2 +
tˆ

0

|||f (s)|||2ν ds, (1.32)

and

E[f0] := |||f0|||2. (1.33)

Theorem 1.2 (GWP near Maxwellian, whole space case). Let � = R3. Assume that the initial 
data F0(x, v) = μ(v) + M 1

2 (v)f0(x, v) ≥ 0 with μ(v) and M(v) defined in (1.16) and (1.17), 
and f0(x, v) satisfying

E[f0] ≤ M0

2
(1.34)

for some M0 > 0, as well as the conservation laws (1.25). Then there exists a unique global 
classical solution F(t, x, v) = μ(v) +M 1

2 (v)f (t, x, v) ≥ 0 to the quantum Boltzmann equation 
(1.1) such that

E[f (t)] ≤ M0 (1.35)

for any t ∈ [0, ∞).

Remark 1.3. In the whole space case, since the dissipation lacks the lowest-order term, we can-
not easily obtain decay estimates. This loss of lowest-order terms is purely due to the absence of 
the Poincaré-type inequality. The optimal t− 3

4 decay may be obtained under other norms based 
on a different framework (see Glassey [29], Duan-Strain [21,20]). However, it is beyond the 
scope of our paper.

Remark 1.4. For both � =T 3 and � =R3, the global solution satisfies the following positivity 
bounds:

• for fermions θ = −1, if 0 ≤ F0(x, v) ≤ 1, then 0 ≤ F(t, x, v) ≤ 1;
• for bosons θ = 1, if F0(x, v) ≥ 0, then F(t, x, v) ≥ 0.

See Proposition 3.11. This is a byproduct of the standard iteration argument.
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1.4.2. Near the vacuum
Given β > 0, define

S :=
{
F ∈ C0(R+ ×R3 ×R3) : |F(t, x, v)| ≤ ce−β(|x|2+|v|2) for some c > 0

}
, (1.36)

equipped with the norm

|||F ||| := sup
t,x,v

(
eβ(|x|2+|v|2) |F(t, x, v)|

)
. (1.37)

Define also the solution set

SR := {
F ∈ S : |||F ||| ≤ R

}
. (1.38)

We say F(t, x, v) ∈ S is a mild solution to the equation (1.1) if

F(t, x, v) = F0(x − tv, v) +
tˆ

0

Q[F,F ;F ](s, x − sv, v)ds, (1.39)

for (t, x, v) ∈ R+ ×R3 ×R3 almost everywhere.

Theorem 1.3 (GWP near vacuum, whole space case). There exists an R0 > 0 sufficiently small 
such that if |||F0||| ≤ R0

2 , then the equation (1.1) has a unique mild solution F ∈ SR0 .

Remark 1.5. In the near vacuum case, the global solution also satisfies the positivity bounds 
as in Remark 1.4. However, the proof is highly non-trivial. See Proposition 4.8 for bosons and 
Proposition 4.11 for fermions.

Remark 1.6. We will skip the periodic case near the vacuum due to the following:

• The framework developed here highly relies on the dispersion properties of the transport 
operator ∂t +v ·∇x . However, such dispersive decay in time is absent in the periodic case for 
mild solution (smoothness may improve the decay). It is far beyond our methods discussed 
here.

• In the periodic case for the classical Boltzmann equation, as Mouhot [60] and Briant [14]
proved, the solution will instantaneously fill the vacuum and be above a Maxwellian. This 
indicates that the near Maxwellian framework is more suitable for this case. We anticipate 
that the similar result will hold for the quantum Boltzmann equation.

• The general theory for solutions merely satisfying |F(t, x, v)| � e−β|v|2 is far from mature 
and there are very limited results on the global well-posedness.

Remark 1.7. All of these results reveal that if the initial data is sufficiently close to the 
Maxwellian or vacuum, then the solution will remain finite and not blow up. Hence, for bosons, 
the Bose-Einstein condensation will not occur. In other words, the occurrence of Bose-Einstein 
condensation requires more delicate analysis. This is a sharp contrast with the result in Escobedo-
Velázquez [28].
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1.4.3. Notations
Throughout this paper, C > 0 denotes a constant that only depends on the domain �, but does 

not depend on the data. It is referred as universal and can change from one inequality to another. 
When we write C(z), it means a certain positive constant depending on the quantity z. We write 
a � b to denote a ≤ Cb for some universal constant C > 0; we will use � and � in a similar 
standard way.

1.5. Difficulties and ideas

The framework of studying the non-quantum Boltzmann equation near the Maxwellian is 
classical (see [29,33,32,36]). It is customary to linearize the solution F(t, x, v) around the global 
Maxwellian μ̄(v) = e−|v|2 as F = μ̄ + μ̄

1
2 f , where the perturbation f (t, x, v) satisfies

∂tf + v · ∇xf + L[f ] = �[f,f ], (1.40)

for the linearized Boltzmann operator L and quadratic operator �.
For the quantum Boltzmann equation, the first difficulty is that the naive perturbation F =

μ + μ
1
2 f around the quantum Maxwellian μ(v) defined in (1.16) will result in a linearized 

Boltzmann operator without coercivity, which is devastating for the energy method. To get around 
this, a crucial observation is that we need to redesign the perturbation as F = μ + M 1

2 f with 
M(v) as in (1.17). Then as Proposition 3.1 reveals, we have that L is a self-adjoint operator on 
L2

v(R
3) and

ˆ

R3

f · L[f ]dv � ‖(I− P)[f ]‖Lν
v
, (1.41)

where P[f ] is the orthogonal projection of f onto the five-dimensional null space of L, i.e.

Null space of L =
{
M 1

2 (a + b · v + c |v|2) : a, c ∈R, b ∈ R3
}
. (1.42)

Then this recovers the basic energy structure as in the classical Boltzmann equation.
The most important distinction between the classical and quantum Boltzmann equation frame-

work lies in the nonlinear estimates. Compared with [33, Lemma 2.3] using only L2
v norms, 

Lemma 3.9 depends on supv f . Thus in order to obtain L∞
v estimate of f in the Sobolev-space 

framework, we resort to the high-regularity framework with derivatives in both space and veloc-
ity.

Intuitively, for the classical Boltzmann equation, the nonlinear operator � only involves inte-
gral for dudv of the form (we ignore the collision kernel)

ˆ
f (u)f (v) or

ˆ
f (u′)f (v′). (1.43)

These can be handled with the pre-post change-of-variable (u, v) ↔ (u′, v′). However, for the 
quantum Boltzmann equation, due to the cubic nonlinearity, we must estimate the mixed-type 
integral
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ˆ
f (u)f (v′) or

ˆ
f (u)f (u′) or

ˆ
f (v)f (u′) or

ˆ
f (v)f (v′). (1.44)

Then the pre-post change-of-variable cannot resolve the difficulty. This kind of integrals has 
long been captured as an important ingredient to tackle long-range interactions and non-cutoff 
Boltzmann equations. So far, there are mainly two approaches to deal with them:

• The proof of Alexandre-Desvillettes-Villani-Wennberg [1, Lemma 1] justifies that under 
proper sense, du′

du
and dv′

dv
have positive lower bounds. With this in hand, we may bound ´

f (u)f (v′) and 
´

f (v)f (u′). However, the difficulty lies in the remaining two integrals ´
f (u)f (u′) and 

´
f (v)f (v′). It has been shown that du′

dv
and dv′

du
do not have positive 

lower bounds. In the literature, some authors claimed that it is possible to use the well-
known cancellation lemma to finish the job, but we cannot see the viability and it does 
not look hopeful. Actually, cancellation lemma is used to bound 

´
f (u)(f (v) − f (v′))

and 
´

f (v)(f (u) − f (u′)), which can help handle 
´

f (u)f (v′) and 
´

f (v)f (u′), but not ´
f (u)f (u′) and 

´
f (v)f (v′), so the difficulty remains.

• In the analysis of non-cutoff Boltzmann equation, Gressman-Strain [30] introduces two 
Carleman-type representations. Roughly speaking, [30, Proposition A.1] makes the change-
of-variables v → v′ and u → u′ with the help of σ integral, which is controllable (see 
[30, Section 3]). This results in the same good bounds as the above Alexandre-Desvillettes-
Villani-Wennberg argument. On the other hand, [30, Proposition A.2] forcefully makes the 
change-of-variables u → v′ and v → u′ with the help of σ integral. However, as [30, Section 
7] reveals, this representation will generate singularity ∼ ∣∣v − v′∣∣−1 which cannot fit into our 
needs. The similar result was also proved by Silvestre [63, Lemma A.1]. All in all, we still 
cannot handle the remaining two integrals 

´
f (u)f (u′) and 

´
f (v)f (v′).

Note that [6, Lemma 3.4, Lemma 3.7] introduced another method, i.e. rewriting σ ∈ S2 integral 
with δ function due to the conservation of momentum and energy. While it works for the rela-
tivistic models there, we may easily check that in the non-relativistic case, the resulting formula 
is equivalent to the Carleman-type representation in [30, Proposition A.2]. Hence, it does not 
work as expected.

At the end of the day, we arrive at the conclusion that we have to resort to L∞
v estimate of f , 

which depends on high-regularity framework in the velocity variable and Sobolev embedding. 
This in turn creates a lot of technical difficulties. For example, we need to estimate the velocity 
derivatives of L and � operators. Such estimates have been done for classical hard-sphere case in 
[33, Lemma 2.1, Lemma 2.2]. However, the proof there highly depends on the explicit formula 
of L (see [29, Section 3.2, Section 3.3]), which we do not have. Then we have to use the fact that 
μ(v) � μ̄(v) and M(v) � μ̄(v) and the conservation laws to bound the derivatives term by term. 
In particular, we need to find the partially explicit formula as in [29, Section 3.2, Section 3.3] to 
complete the estimates.

For the quantum Boltzmann equation near the vacuum, we utilize the robust framework intro-
duced in Illner-Shinbrot [41] (we refer to Glassey [29, Section 2] for clarity). While the global 
well-posedness is not too difficult to adapt, the positivity proof needs more thinking. The proof 
for the classical Boltzmann equation relies on a monotonicity argument to construct two approx-
imate sequences from above and below. In particular, it highly depends on the monotonicity of 
the gain term 

´
F(u′)F (v′). While this still holds for bosons with θ = 1, such a naive adaptation 

does not work for fermions θ = −1 since 
´

F(u′)F (v′)
(
1 + θF (u) + θF (v)

)
does not have the 
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desired monotonicity. Our strategy is to redesign the artificial gain and loss terms to enforce the 
monotonicity. In particular, we also need to redesign the approximate sequences such that the 
convergence is preserved.

1.6. Organization of the paper

Our paper is organized as follows: In Section 2, we record some preliminary results on the 
quantum Boltzmann collision operator Q, including the conservation laws, the entropy and H -
Theorem, and the quantum Maxwellian. In Section 3, we study the near Maxwellian case through 
the nonlinear energy method, which comes with a careful derivation of the perturbation form, 
linear and nonlinear estimates, and the proof of local and global well-posedness. In Section 4, 
we study the near vacuum case via the mild formulation, proving the global well-posedness and 
positivity of solutions.

2. Properties of the collision operator

In this section, we present some basic results regarding the collision operator Q. They are 
mostly well-known for the classical Boltzmann equation and we derive them in the quantum 
context. We mainly adapt from Glassey [29].

2.1. Conservation laws

Lemma 2.1. For all smooth functions F(v) and φ(v), small at infinity,

ˆ

R3

Q[F,F ;F ](v)φ(v)dv (2.1)

=
ˆ

R3

ˆ

R3

ˆ

S2

q(ω, |v − u|)
[
F(u′)F (v′)

(
1 + θF (u)

)(
1 + θF (v)

)
− F(u)F (v)

(
1 + θF (u′)

)(
1 + θF (v′)

)]
φ(v)dωdudv

=
ˆ

R3

ˆ

R3

ˆ

S2

q(ω, |v − u|)
[
F(u′)F (v′)

(
1 + θF (u)

)(
1 + θF (v)

)
− F(u)F (v)

(
1 + θF (u′)

)(
1 + θF (v′)

)]
φ(u)dωdudv

= −
ˆ

R3

ˆ

R3

ˆ

S2

q(ω, |v − u|)
[
F(u′)F (v′)

(
1 + θF (u)

)(
1 + θF (v)

)
− F(u)F (v)

(
1 + θF (u′)

)(
1 + θF (v′)

)]
φ(v′)dωdudv

= −
ˆ

R3

ˆ

R3

ˆ

S2

q(ω, |v − u|)
[
F(u′)F (v′)

(
1 + θF (u)

)(
1 + θF (v)

)
− F(u)F (v)

(
1 + θF (u′)

)(
1 + θF (v′)

)]
φ(u′)dωdudv.
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Proof. The first equality is the definition of Q. Then switching the status of u and v, we find that 
the integral does not change, so the second equality naturally follows.

The third equality comes from the pre-post collision substitution (u, v) �→ (u′, v′). Based on 
[29, Lemma 1.4.1, Lemma 1.6.1], we may directly verify that ω · (v − u) = −ω · (v′ − u′), and 
the Jacobian J satisfies |J | = 1. Also, under this substitution, we know (u′, v′) �→ (u, v). Hence, 
after renaming the variables, we get the third equality. Similarly, switching the status of u and v, 
we get the fourth equality. �
Corollary 2.1.1. For all smooth functions F(v) and φ(v), small at infinity,

ˆ

R3

Q[F,F ;F ](v)φ(v)dv (2.2)

= 1

4

ˆ

R3

ˆ

R3

ˆ

S2

q(ω, |v − u|)
[
F(u′)F (v′)

(
1 + θF (u)

)(
1 + θF (v)

)
− F(u)F (v)

(
1 + θF (u′)

)(
1 + θF (v′)

)]{
φ(v) + φ(u) − φ(v′) − φ(u′)

}
dωdudv.

Proof. Adding the four equalities in Lemma 2.1, this result naturally follows. �
Corollary 2.1.2. For any smooth function F(v), small at infinity,

ˆ

R3

Q[F,F ;F ](v)dv = 0,

ˆ

R3

Q[F,F ;F ](v)vi dv = 0,

ˆ

R3

Q[F,F ;F ](v) |v|2 dv = 0,

(2.3)

for i = 1, 2, 3.

Proof. Taking φ(v) = 1, vi, |v|2 in Corollary 2.1.1, which satisfy φ(v) +φ(u) −φ(v′) −φ(u′) =
0, we immediately obtain the results. �
Remark 2.1. The test function φ(v) satisfying φ(v) + φ(u) − φ(v′) − φ(u′) = 0 is called a 
collisional invariant. Corollary 2.1.2 justifies that 1, vi, |v|2 are collisional invariants.

Proposition 2.2. If F(t, x, v) is a solution to the equation (1.1) which is suitable small at infinity, 
then we have for any t > 0 and for � =T 3 or R3,

ˆ

�

ˆ

R3

F(t, x, v)dvdx =
ˆ

�

ˆ

R3

F0(x, v)dvdx, (Conservation of Mass) (2.4)

ˆ

�

ˆ

R3

F(t, x, v)vi dvdx =
ˆ

�

ˆ

R3

F0(x, v)vi dvdx, (Conservation of Momentum) (2.5)

ˆ ˆ

3

F(t, x, v) |v|2 dvdx =
ˆ ˆ

3

F0(x, v) |v|2 dvdx. (Conservation of Energy) (2.6)
� R � R
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Proof. We multiply 1, vi, |v|2 on both sides of the equation (1.1), and then integrate the resulting 
equation over (x, v) ∈ � ×R3. Using Corollary 2.1.2 and integration by parts, we get

d

dt

¨

�×R3

F(t, x, v)φ(v)dvdx ≡ 0

for φ(v) = 1, vi, |v|2, which implies the desired result. �
Remark 2.2. The above is the basic conservation laws for the quantum Boltzmann equation.

2.2. Entropy and the H -theorem

Proposition 2.3 (Entropy: H -Theorem). If F(t, x, v) > 0 is a solution to the equation (1.1)
which is suitable small at infinity (for θ = −1, we further require F(t, x, v) < 1 to ensure 
1 + θF (t, x, v) > 0), then we have for any t > 0 and for � =T 3 or R3,

d

dt

ˆ

�

ˆ

R3

[
F(t, x, v) ln

(
1

F(t, x, v)

)
− θ

(
1 + θF (t, x, v)

)
ln

(
1

1 + θF (t, x, v)

)]
dvdx ≥ 0.

(2.7)

Proof. Denote

S[F ](t, x, v) := F(t, x, v) ln

(
1

F(t, x, v)

)
− θ

(
1 + θF (t, x, v)

)
ln

(
1

1 + θF (t, x, v)

)
. (2.8)

We may directly compute

∂S[F ]
∂t

= ∂tF ln

(
F

1 + θF

)
. (2.9)

Hence, multiplying ln
(

F
1+θF

)
on both sides of the equation (1.1) and integrating over (x, v) ∈

� ×R3, we obtain

d

dt

ˆ

�

ˆ

R3

S[F ]dvdx =
ˆ

�

ˆ

R3

∂tF ln

(
F

1 + θF

)
dvdx (2.10)

= −
ˆ

�

ˆ

R3

{
v · ∇xF + Q[F,F ;F ]

}
ln

(
F

1 + θF

)
dvdx

= −
ˆ

�

ˆ

R3

Q[F,F ;F ] ln

(
F

1 + θF

)
dvdx.
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Based on Corollary 2.1.1 with φ = ln
(

F
1+θF

)
, we have

ˆ

R3

Q[F,F ;F ] ln

(
F

1 + θF

)
dv (2.11)

= 1

4

ˆ

R3

ˆ

R3

ˆ

S2

q(ω, |v − u|)
[
F(u′)F (v′)

(
1 + θF (u)

)(
1 + θF (v)

)

− F(u)F (v)
(
1 + θF (u′)

)(
1 + θF (v′)

)]
ln

(
F(u)F (v)

(
1 + θF (u′)

)(
1 + θF (v′)

F (u′)F (v′)
(
1 + θF (u)

)(
1 + θF (v)

))
dωdudv

= 1

4

ˆ

R3

ˆ

R3

ˆ

S2

q(ω, |v − u|)F (u′)F (v′)
(
1 + θF (u)

)(
1 + θF (v)

)
(1 − A) ln(A)dωdudv,

where A := F(u)F (v)
(
1+θF (u′))(1+θF (v′))

F(u′)F (v′)(1+θF (u)
)(

1+θF (v)
) . Since the function (1 − A) ln(A) ≤ 0 for any A > 0, we 

thus have

ˆ

�

ˆ

R3

Q[F,F ;F ] ln

(
F

1 + θF

)
dvdx ≤ 0. (2.12)

Hence, we know

d

dt

ˆ

�

ˆ

R3

S[F ]dvdx ≥ 0. � (2.13)

Remark 2.3. We usually call S[F ] the entropy density.

2.3. Equilibrium: the quantum Maxwellian

In this section, we study the equilibrium, which is independent of time and space.

Proposition 2.4 (Equilibrium). The equilibrium (a.k.a. global Maxwellian) of the equation (1.1)
is

μ(v) = 1

e−(a+b·v+c|v|2) − θ
, (2.14)

for some a, c ∈ R, b ∈ R3 with c < 0. For bosons θ = 1, we also require a < 0.

Proof. An equilibrium means that it is invariant when time evolves. Suppose that the solution 
F(t, x, v) to the equation (1.1) is an equilibrium, then we must have

d

dt

ˆ

�

ˆ

R3

S[F ]dvdx ≡ 0, (2.15)
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which, from the proof of Proposition 2.3, yields

ˆ

�

ˆ

R3

Q[F,F ;F ] ln

(
F

1 + θF

)
dvdx ≡ 0. (2.16)

We use the notation from the proof of Proposition 2.3. In the last line of (2.11), since the integrand 
is of one sign, we must have A = 1, i.e.

F(u)F (v)(
1 + θF (u)

)(
1 + θF (v)

) = F(u′)F (v′)(
1 + θF (u′)

)(
1 + θF (v′)

) . (2.17)

Hence, for φ = ln
(

F
1+θF

)
, we must have

φ(v) + φ(u) = φ(v′) + φ(u′). (2.18)

Then based on [29, Lemma 1.7.2], for continuous φ, we must have

φ(v) = a + b · v + c |v|2 , (2.19)

for some a, c ∈ R, b ∈ R3 with c < 0 (to guarantee integrability). For bosons θ = 1, we also 
require a < 0 to avoid singularity of the denominator. Therefore, we know that if F is an equi-
librium, then it must have the form

F(v) = 1

e−(a+b·v+c|v|2) − θ
. (2.20)

On the other hand, it is easy to verify that such F indeed satisfies the equation (1.1). �
Remark 2.4. Actually, there exist solutions to the equation (1.1) in the form of (2.20) where 
a, b, c depend on time and space. We call such a solution the local Maxwellian.

Remark 2.5. Based on Escobedo-Mischler-Valle [24] on minimization of the entropy functional, 
for bosons we actually allow the presence of δ-function. For any given mass, momentum and 
energy, there exists an equilibrium in the sense of distribution of the form

1

e−(a+b·v+c|v|2) − 1
+ dδ− b

2c
, (2.21)

where a, c, d ∈ R and b ∈ R3. The presence of δ-function at finite time indicates the Bose-
Einstein condensation.

For now on, we will consider the simplest equilibrium with b = 0 and c = −1, which is

μ(v) = 1

e|v|2−a − θ
. (2.22)
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When θ = 0 and a = 0 for the classical particles, this reduces to the standard Maxwellian μ(v) =
e−|v|2 . Actually, we allow any a ∈ R. However, for fermion gas (θ = −1) or boson gas (θ = 1), 
this Maxwellian is highly non-trivial.

For fermions, the Maxwellian is well-defined for any a ∈ R. However, for bosons, we must re-
quire a < 0 to guarantee the positivity of F . If a = 0, the Maxwellian might contain a singularity 
at v = 0.

To handle all cases in a uniform fashion, we require a < 0 and denote

μ(v) := 1

�e|v|2 − θ
(2.23)

with � = e−a > 1.

Remark 2.6. Although it is easy to justify that for � > 1,

ˆ

R3

1

�e|v|2 − θ
dv < ∞, (2.24)

it is almost impossible to evaluate this integral explicitly. This has serious consequences. For 
the classical Boltzmann equation with hard-sphere collision, the analysis heavily depends on the 
explicit computation of such type of integrals (see the beautiful arguments in [29, Section 3.2] for 
Gaussian functions). However, now we have to find other approaches to get around this difficulty.

3. Global stability of the Maxwellian

3.1. Perturbation formulation

3.1.1. The quantum Boltzmann operator
Recall the quantum Boltzmann collision operator

Q[F,F ;F ] :=
ˆ

R3

ˆ

S2

q(ω, |v − u|)
[
F(u′)F (v′)

(
1 + θF (u)

)(
1 + θF (v)

)
(3.1)

− F(u)F (v)
(
1 + θF (u′)

)(
1 + θF (v′)

)]
dωdu

=
ˆ

R3

ˆ

S2

q(ω, |v − u|)
[
F(u′)F (v′)

(
1 + θF (u) + θF (v)

)
− F(u)F (v)

(
1 + θF (u′) + θF (v′)

)]
dωdu.

We may further decompose

Q[F,F ;F ] = Q1[F,F ] + θQ2[F,F ;F ], (3.2)

where
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Q1[F,F ] =
ˆ

R3

ˆ

S2

q(ω, |v − u|)
[
F(u′)F (v′) − F(u)F (v)

]
dωdu, (3.3)

Q2[F,F ;F ]
=
ˆ

R3

ˆ

S2

q(ω, |v − u|)
[
F(u′)F (v′)

(
F(u) + F(v)

) − F(u)F (v)
(
F(u′) + F(v′)

)]
dωdu.

(3.4)

Here Q1 is identical to the classical Boltzmann collision operator, and Q2 is a trilinear form 
which contains the quantum effects. Note that Q2 is not necessarily smaller than Q1 (we should 
simply regard it as a correction), so the quantum effects will play a significant role.

Denote the symmetrized operators

Q[F,G] := 1

2

ˆ

R3

ˆ

S2

q(ω, |v − u|)
[
F(u′)G(v′) + G(u′)F (v′) − F(u)G(v) − G(u)F (v)

]
dωdu,

(3.5)

and

Q[F,G;H ] := 1

2

ˆ

R3

ˆ

S2

q(ω, |v − u|)
[
F(u′)G(v′)

(
H(u) + H(v)

) + G(u′)F (v′)
(
H(u) + H(v)

)
(3.6)

− F(u)G(v)
(
H(u′) + H(v′)

) − G(u)F (v)
(
H(u′) + H(v′)

)]
dωdu.

Obviously, we know

Q[F,F ] = Q1[F,F ], Q[F,F ;F ] = Q2[F,F ;F ]. (3.7)

Recall that the quantum Maxwellian is

μ(v) := 1

�e|v|2 − θ
(3.8)

with � > 1. Define also

M(v) := μ(1 + θμ) = μ + θμ2 = �e|v|2

(�e|v|2 − θ)2
. (3.9)

We define the perturbation f (t, x, v) via

F(t, x, v) = μ(v) +M 1
2 (v)f (t, x, v), (3.10)

with

F0(x, v) = μ(v) +M 1
2 (v)f0(x, v), (3.11)
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satisfying the conservation laws

ˆ

�

ˆ

R3

f (t, x, v)M 1
2 (v)dvdx =

ˆ

�

ˆ

R3

f0(x, v)M 1
2 (v)dvdx = 0, (Mass) (3.12)

ˆ

�

ˆ

R3

f (t, x, v)M 1
2 (v)vi dvdx =

ˆ

�

ˆ

R3

f0(x, v)M 1
2 (v)vi dvdx = 0, (Momentum)(3.13)

ˆ

�

ˆ

R3

f (t, x, v)M 1
2 (v) |v|2 dvdx =

ˆ

�

ˆ

R3

f0(x, v)M 1
2 (v) |v|2 dvdx = 0. (Energy) (3.14)

Then we may write the equation (1.1) as

M 1
2 ∂tf +M 1

2

(
v · ∇xf

)
=Q

[
μ +M 1

2 f,μ +M 1
2 f

]
+ θQ

[
μ +M 1

2 f,μ +M 1
2 f ;μ +M 1

2 f
]
. (3.15)

Note that

Q[μ,μ] + θQ[μ,μ;μ] = Q[μ,μ;μ] = 0. (3.16)

Hence, we have

Q
[
μ +M 1

2 f,μ +M 1
2 f

]
+ θQ

[
μ +M 1

2 f,μ +M 1
2 f ;μ +M 1

2 f
]

(3.17)

= 2Q
[
μ,M 1

2 f
]
+Q

[
M 1

2 f,M 1
2 f

]
+ θ

(
2Q

[
μ,M 1

2 f ;μ
]
+ Q

[
μ,μ;M 1

2 f
])

+ θ

(
Q

[
M 1

2 f,M 1
2 f ;μ

]
+ 2Q

[
μ,M 1

2 f ;M 1
2 f

])
+ θQ

[
M 1

2 f,M 1
2 f ;M 1

2 f
]
.

Hence, we may rewrite the equation (3.15) as

∂tf + v · ∇xf + L[f ] = �[f,f ;f ], (3.18)

where

L[f ] := − 2M− 1
2 Q

[
μ,M 1

2 f
]
− 2θM− 1

2 Q
[
μ,M 1

2 f ;μ
]
− θM− 1

2 Q
[
μ,μ;M 1

2 f
]
,

(3.19)

and
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�[f,f ;f ] := M− 1
2 Q

[
M 1

2 f,M 1
2 f

]
+ θM− 1

2 Q
[
M 1

2 f,M 1
2 f ;μ

]
(3.20)

+ 2θM− 1
2 Q

[
μ,M 1

2 f ;M 1
2 f

]
+ θM− 1

2 Q
[
M 1

2 f,M 1
2 f ;M 1

2 f
]
.

Here L[f ] is a linear operator on f and �[f, f ; f ] is a nonlinear operator on f .

Remark 3.1. M(v) is chosen in such a way that after “linearization” it is convenient to express 
the null space of the linear operator L in terms of M(v) (see Lemma 3.1 and its proof). Note that 
unlike the standard perturbation formulation for the classical Boltzmann and Landau equations 
(see Glassey [29, Section 3]), here M does not necessarily coincide with μ.

3.1.2. Linear estimates
Recall that

L[f ] = −2M− 1
2 Q

[
μ,M 1

2 f
]
− 2θM− 1

2 Q
[
μ,M 1

2 f ;μ
]
− θM− 1

2 Q
[
μ,μ;M 1

2 f
]
.

(3.21)

We use 〈·, ·〉 to denote the standard L2 inner product on R3
v for a pair of functions f (v) and g(v):

〈f,g〉 :=
ˆ

R3

f (v)g(v)dv .

Lemma 3.1 (Properties of L). (1) Non-negativity: For any f (v) small at infinity, we have 
〈L[f ], f 〉 ≥ 0, and the equality holds if and only if f (v) = M 1

2
(
a + b · v + c |v|2) with a, c ∈ R

and b ∈R3.
(2) Self-adjointness: L is a self-adjoint (symmetric) operator, i.e. for any f (v), g(v) small at 

infinity, we have 〈L[f ], g〉 = 〈f, L[g]〉.
(3) Null space: L[f ] = 0 if and only if f (v) = M 1

2

(
a + b · v + c |v|2

)
with a, c ∈ R and 

b ∈R3.

Proof. (1) We may write each term explicitly:

− 2M− 1
2 Q

[
μ,M 1

2 f
]

(3.22)

= −M− 1
2 (v)

ˆ

R3

ˆ

S2

q(ω, |v − u|)
[
μ(u′)M 1

2 (v′)f (v′) +M 1
2 (u′)μ(v′)f (u′)

− μ(u)M 1
2 (v)f (v) −M 1

2 (u)μ(v)f (u)
]
dωdu,

− 2θM− 1
2 Q

[
μ,M 1

2 f ;μ
]

(3.23)

= −θM− 1
2 (v)

ˆ

R3

ˆ

S2

q(ω, |v − u|)
[
μ(u′)M 1

2 (v′)f (v′)
(
μ(u) + μ(v)

)
+M 1

2 (u′)μ(v′)f (u′)
(
μ(u) + μ(v)

)
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− μ(u)M 1
2 (v)f (v)

(
μ(u′) + μ(v′)

) −M 1
2 (u)μ(v)f (u)

(
μ(u′) + μ(v′)

)]
dωdu,

and

− θM− 1
2 Q

[
μ,μ;M 1

2 f
]

(3.24)

= −1

2
θM− 1

2 (v)

ˆ

R3

ˆ

S2

q(ω, |v − u|)
[
μ(u′)μ(v′)

(
M 1

2 (u)f (u) +M 1
2 (v)f (v)

)
+ μ(u′)μ(v′)

(
M 1

2 (u)f (u) +M 1
2 (v)f (v)

) − μ(u)μ(v)
(
M 1

2 (u′)f (u′)

+M 1
2 (v′)f (v′)

) − μ(u)μ(v)
(
M 1

2 (u′)f (u′) +M 1
2 (v′)f (v′)

)]
dωdu

= −θM− 1
2 (v)

ˆ

R3

ˆ

S2

q(ω, |v − u|)
[
μ(u′)μ(v′)

(
M 1

2 (u)f (u) +M 1
2 (v)f (v)

)
− μ(u)μ(v)

(
M 1

2 (u′)f (u′) +M 1
2 (v′)f (v′)

)]
dωdu.

Hence, summarizing all above, we have

L[f ] =M− 1
2 (v)

ˆ

R3

ˆ

S2

q(ω, |v − u|)
[(

μ(v) + θμ(v)μ(u′) + θμ(v)μ(v′)

− θμ(u′)μ(v′)
)
M 1

2 (u)f (u) (3.25)

+
(
μ(u) + θμ(u)μ(u′) + θμ(u)μ(v′) − θμ(u′)μ(v′)

)
M 1

2 (v)f (v)

−
(
μ(v′) + θμ(v′)μ(u) + θμ(v′)μ(v) − θμ(u)μ(v)

)
M 1

2 (u′)f (u′)

−
(
μ(u′) + θμ(u′)μ(u) + θμ(u′)μ(v) − θμ(u)μ(v)

)
M 1

2 (v′)f (v′)
]

dωdu.

Direct computation reveals that

μ(v) + θμ(v)μ(u′) + θμ(v)μ(v′) − θμ(u′)μ(v′) = μ(v)μ(u′)μ(v′)�e|v|2(�e|u|2 − θ
)
,

(3.26)

μ(u) + θμ(u)μ(u′) + θμ(u)μ(v′) − θμ(u′)μ(v′) = μ(u)μ(u′)μ(v′)�e|u|2(�e|v|2 − θ
)
,

(3.27)

μ(v′) + θμ(v′)μ(u) + θμ(v′)μ(v) − θμ(u)μ(v) = μ(v′)μ(u)μ(v)�e
∣∣v′∣∣2(

�e
∣∣u′∣∣2 − θ

)
,

(3.28)

μ(u′) + θμ(u′)μ(u) + θμ(u′)μ(v) − θμ(u)μ(v) = μ(u′)μ(u)μ(v)�e
∣∣u′∣∣2(

�e
∣∣v′∣∣2 − θ

)
.

(3.29)

Hence, we have
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L[f ] =M− 1
2 (v)

ˆ

R3

ˆ

S2

q(ω, |v − u|)μ(u)μ(v)μ(u′)μ(v′)�2e|u|2+|v|2 (3.30)

[
μ−1(u)�e−|u|2(�e|u|2 − θ

)
M 1

2 (u)f (u) + μ−1(v)�e−|v|2(�e|v|2 − θ
)
M 1

2 (v)f (v)

− μ−1(u′)�e−∣∣u′∣∣2(
�e

∣∣u′∣∣2 − θ
)
M 1

2 (u′)f (u′)

− μ−1(v′)�e−∣∣v′∣∣2(
�e

∣∣v′∣∣2 − θ
)
M 1

2 (v′)f (v′)
]

dωdu

=M− 1
2 (v)

ˆ

R3

ˆ

S2

q(ω, |v − u|)μ(u)μ(v)μ(u′)μ(v′)�2e|u|2+|v|2

[
M− 1

2 (u)f (u) +M− 1
2 (v)f (v) −M− 1

2 (u′)f (u′) −M− 1
2 (v′)f (v′)

]
dωdu,

due to |u|2 + |v|2 = ∣∣u′∣∣2 + ∣∣v′∣∣2 and μ−1(v)�e−|v|2
(
�e|v|2 − θ

)
=M−1(v).

Hence, using the similar techniques as in the proof of Proposition 2.3 (by symmetry of the 
“kernel” and change of variables), we have that

〈L[f ], f 〉 = 1

4

ˆ

R3

ˆ

R3

ˆ

S2

q(ω, |v − u|)μ(u)μ(v)μ(u′)μ(v′)�2e|u|2+|v|2 (3.31)

[
M− 1

2 (u)f (u) +M− 1
2 (v)f (v) −M− 1

2 (u′)f (u′) −M− 1
2 (v′)f (v′)

]2
dωdudv.

Since the integrand is always nonnegative, we know

〈L[f ], f 〉 ≥ 0. (3.32)

In particular, if the equality holds, then we have

M− 1
2 (u)f (u) +M− 1

2 (v)f (v) −M− 1
2 (u′)f (u′) −M− 1

2 (v′)f (v′) = 0, (3.33)

which implies that

f (v) =M 1
2

(
a + b · v + c |v|2

)
, (3.34)

for a, c ∈R and b ∈ R3.
(2) Based on (3.30) and (3.31) in the proof of (1), it is clear that L is self-adjoint.

(3) If f (v) = M 1
2

(
a+b ·v+c |v|2

)
, inserting it into (3.30), we know L[f ] = 0. On the other 

hand, if L[f ] = 0, then using (3.31) (being zero and noting the non-negativity of the integrand), 

we have f (v) = M 1
2

(
a + b · v + c |v|2

)
for some a, c ∈R and b ∈ R3. �
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Now we know that the linear operator L given by (3.21) is a self-adjoint non-negative op-
erator on L2

v(R
3). Its null space (kernel) is a five-dimensional subspace of L2

v(R
3) spanned by {

M 1
2 , vM 1

2 , |v|2M 1
2

}
. We introduce the following notations:

Definition 3.1 (Projection P onto the null space of L). Let N(L) := {
g ∈ L2

v(R
3) : L[g] = 0 

}
denote the null space of the linear operator L with a set of basis e0 := M 1

2 , ei := viM
1
2 (i =

1, 2, 3) , e4 := |v|2M 1
2 , and write

N(L) := span
{
M 1

2 , viM
1
2 (i = 1,2,3) , |v|2M 1

2

}
. (3.35)

For the function f (t, x, v) with fixed (t, x), we define the projection of f in L2
v(R

3) onto N(L)

as

Pf (t, x, v) :=
4∑

i=0

〈
f (t, x, · ), ei

〉
ei =:

{
af (t, x) + v · bf (t, x) + |v|2 cf (t, x)

}
M 1

2 ,

where

af (t, x) := 〈
f (t, x, · ), e0

〉 =
ˆ

R3

f (t, x, · )M 1
2 dv ,

bi
f (t, x) := 〈

f (t, x, · ), ei

〉 =
ˆ

R3

f (t, x, · )viM
1
2 dv ,

cf (t, x) := 〈
f (t, x, · ), e4

〉 =
ˆ

R3

f (t, x, · )|v|2M 1
2 dv .

From (3.30), we may rewrite

L[f ] = νf − K[f ], (3.36)

where

ν(v) :=
ˆ

R3

ˆ

S2

q(ω, |v − u|)μ(u)μ(v)μ(u′)μ(v′)�2e|u|2+|v|2M−1(v)dωdu, (3.37)

and K = K2 − K1 for

K1[f ] := M− 1
2 (v)

ˆ

R3

ˆ

S2

q(ω, |v − u|)μ(u)μ(v)μ(u′)μ(v′)�2e|u|2+|v|2M− 1
2 (u)f (u)dωdu,
(3.38)

494



Z. Ouyang and L. Wu Journal of Differential Equations 316 (2022) 471–551
K2[f ] := M− 1
2 (v)

ˆ

R3

ˆ

S2

q(ω, |v − u|)μ(u)μ(v)μ(u′)μ(v′)�2e|u|2+|v|2

×
(
M− 1

2 (u′)f (u′) +M− 1
2 (v′)f (v′)

)
dωdu. (3.39)

Lemma 3.2 (ν estimate). ν(v) satisfies that

ν1
(
1 + |v| ) ≤ ν(v) ≤ ν2

(
1 + |v| ), (3.40)

for some ν1, ν2 > 0.

Proof. We have the naive bounds for μ and M:

e−|v|2 � μ(v) � e−|v|2, e−|v|2 �M(v) � e−|v|2 . (3.41)

Hence, considering |u|2 + |v|2 = ∣∣u′∣∣2 + ∣∣v′∣∣2, we may bound

ˆ

R3

ˆ

S2

q(ω, |v − u|)e−|u|2dωdu� ν(v) �
ˆ

R3

ˆ

S2

q(ω, |v − u|)e−|u|2dωdu, (3.42)

which implies

ˆ

R3

|v − u| e−|u|2 dωdu� ν(v) �
ˆ

R3

|v − u| e−|u|2dωdu. (3.43)

Then following the same proof as [29, Section 3.3.1], we obtain the desired result. �
Lemma 3.3. We have 

∣∣∂βν
∣∣ � 1 for |β| ≥ 1.

Proof. We first rearrange ν as

ν(v) =
ˆ

R3

ˆ

S2

{
q(ω, |v − u|)μ(u)

}{
μ(v)M−1(v)

}{
μ(u′)μ(v′)�2e|u|2+|v|2}dωdu (3.44)

=
ˆ

R3

ˆ

S2

A(u,v,ω)B(v)C(u, v,ω)dωdu.

We directly take v derivatives in ν, so it might hit one of A, B, C. Then we have

∇vA ∼ ∇v

( |v − u|μ(u)
) = v − u

|v − u|μ(u), (3.45)

∇vB = ∇v

(
1 − �θe−|v|2) = 2v�θe−|v|2 , (3.46)
495



Z. Ouyang and L. Wu Journal of Differential Equations 316 (2022) 471–551
∇vC = ∇v

(
1

�2 − �θ(e−|u′|2 + e−|v′|2) + θ2e−|u|2−|v|2

)
(3.47)

=
2�θ

(
u′ · ∇vu

′e−∣∣u′∣∣2 + v′ · ∇vv
′e−∣∣v′∣∣2) − 2vθ2e−|u|2−|v|2(

�2 − �θ(e−|u′|2 + e−|v′|2) + θ2e−|u|2−|v|2
)2 ,

where ∇vu
′ = ω ⊗ ω and ∇vv

′ = I − ω ⊗ ω. Then we have

|∇vA(u, v,ω)| � μ(u), (3.48)

|∇vB(v)| � e− 1
2 |v|2, (3.49)

|∇vC(u, v,ω)| � e− 1
2

∣∣u′∣∣2 + e− 1
2

∣∣v′∣∣2 + e− 1
2 |u|2− 1

2 |v|2 . (3.50)

Then using the substitution v − u → w (the integral is transformed to be with respect to dw), we 
know

A(w,v,ω) = w

|w|μ(v − w). (3.51)

Obviously, we know 
∣∣∂βμ(v − w)

∣∣� e− 1
2 |v−w|2 . B(v) does not change and any v derivative will 

be controlled by e−|v|2 . The structure of C(w, v, ω) will be preserved. In particular,

u′ = v − w + ω(ω · w), v′ = v − ω(ω · w). (3.52)

Hence, any v derivative will be controlled by e−∣∣u′∣∣2
, e−∣∣v′∣∣2

and e−|u|2−|v|2 , and thus our result 
follows. �
Definition 3.2 (ν norms). We define

‖f ‖Lν
v
:=

(ˆ
R3

ν(v) |f (v)|2 dv

) 1
2 ∼ |f |2, 1

2
, (3.53)

and

‖f ‖Lν
x,v

:=
(ˆ

�

ˆ

R3

ν(v) |f (v)|2 dvdx

) 1
2 ∼ ‖f ‖2, 1

2
, (3.54)

Lemma 3.4 (Compactness of K). K is a compact operator on Lν
v(R

3) and on L2
v(R

3).

Proof. We may denote

Ki[f ] =
ˆ

R3

ki(u, v)f (u)du (3.55)
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for some kernel functions ki , i = 1, 2.
We first consider K1. Obviously,

k1(u, v) = �2e|u|2+|v|2M− 1
2 (u)M− 1

2 (v)μ(u)μ(v)

ˆ

S2

q(ω, |v − u|)μ(u′)μ(v′)dω. (3.56)

Based on a (3.41), we know

e− |u|2
2 − |v|2

2 �M− 1
2 (u)M− 1

2 (v)μ(u)μ(v) � e− |u|2
2 − |v|2

2 , (3.57)

and

1 � e|u|2+|v|2μ(u′)μ(v′) � 1. (3.58)

Thus, though we cannot derive an explicit formula for k1, we know it can be well-controlled by 
the corresponding k̃1 for the classical Boltzmann equation, where

k̃1(u, v) = π |v − u| exp

(
−|u|2

2
− |v|2

2

)
. (3.59)

For K2, k2 is not easy to obtain. We first split

K2[f ] =
ˆ

R3

ˆ

S2

q(ω, |v − u|)μ(u)μ(v)μ(u′)μ(v′)�2e|u|2+|v|2M− 1
2 (v)M− 1

2 (u′)f (u′)dωdu

(3.60)

+
ˆ

R3

ˆ

S2

q(ω, |v − u|)μ(u)μ(v)μ(u′)μ(v′)�2e|u|2+|v|2M− 1
2 (v)M− 1

2 (v′)f (v′)dωdu.

Following the argument as in [29, (3.34),(3.51)], we obtain that

K2[f ] =
ˆ

R

{ˆ
R2

2

|η − v|
[
μ(η + V⊥)μ(v)μ(v + V⊥)μ(η)�2e|η+V⊥|2+|v|2

M− 1
2 (v)M− 1

2 (η)
]
dV⊥

}
f (η)dη (3.61)

where

V = u − v, V‖ = (V · ω)ω, V⊥ = V − (V · ω)ω, η = v + V‖, (3.62)

or equivalently

u = η + V⊥, u′ = v + V⊥, v′ = η. (3.63)
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Therefore, we know

k2(v, η) =
ˆ

R2

2

|η − v|
[
μ(η + V⊥)μ(v)μ(v + V⊥)μ(η)�2e|η+V⊥|2+|v|2M− 1

2 (v)M− 1
2 (η)

]
dV⊥.

(3.64)

Unfortunately, due to the complexity of μ and M in the quantum Boltzmann equation, we can 
hardly further simplify k2 as in [29, (3.45),(3.52)] to get an explicit formula. Hence, we turn to 
direct bounds.

Note that in the original variables

e− 1
2 |u|2− 1

2

∣∣u′∣∣2 � μ(u)μ(v)μ(u′)μ(v′)�2e|u|2+|v|2M− 1
2 (v)M− 1

2 (v′)

� e− 1
2 |u|2− 1

2

∣∣u′∣∣2
. (3.65)

Thus in the new variables, we know

e− 1
2 |η+V⊥|2− 1

2 |v+V⊥|2 � μ(η + V⊥)μ(v)μ(v + V⊥)μ(η)�2e|η+V⊥|2+|v|2M− 1
2 (v)M− 1

2 (η)

� e− 1
2 |η+V⊥|2− 1

2 |v+V⊥|2 . (3.66)

Compared with [29, (3.35)], we know the upper bound and lower bound can be computed ex-
plicitly. In other words, though we cannot obtain explicitly formula of k2, we know that it can be 
well-controlled by the corresponding k̃2 for the classical Boltzmann equation, where based on 
[29, (3.52)]

k̃2(u, v) = 2π

|u − v| exp

(
−1

4
|u − v|2 − 1

4

(|u|2 − |v|2)2

|u − v|2
)

. (3.67)

Then similarly to the argument in [29, Section 3.5], we know K is compact. �
Corollary 3.4.1. We have

sup
v∈R3

ˆ

R3

k1(u, v)du < ∞, sup
v∈R3

ˆ

R3

∣∣k1(u, v)
∣∣2du < ∞, (3.68)

sup
v∈R3

ˆ

R3

k2(u, v)du < ∞, sup
v∈R3

ˆ

R3

∣∣k2(u, v)
∣∣2du < ∞. (3.69)

Proof. See [29, Section 3.3.2]. �
Corollary 3.4.2. K is bounded on L2

v(R
3) and on Lν

v(R
3).

Proof. See [29, Section 3.5]. �
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Corollary 3.4.3. Let α > 0 and k = k2 − k1. Then we have

ˆ

R3

|k(u, v)| (1 + |u|2)− α
2 du� (1 + |u|2)− α+1

2 (3.70)

Proof. See [29, Lemma 3.3.1]. �
Lemma 3.5. Let |β| = k. Then we have∥∥∂βK[g]∥∥2

L2
v
� ‖g‖2

L2
v
+

∑
|α|=k

‖∂αg‖2
L2

v
. (3.71)

Also, for any small η > 0, there exists Ck,η > 0 such that for any g(v) ∈ Hk
v (R3) and β ′ ≤ β , we 

have ∥∥∂β ′K[g]∥∥2
L2

v
≤ Ck,η ‖g‖2

L2
v
+ η

∑
|α|=k

‖∂αg‖2
L2

v
. (3.72)

Proof. Due to the standard interpolation estimate∥∥∥∇j
v g

∥∥∥
L2

v

� ‖g‖L2
v

∥∥∥∇k
v g

∥∥∥
L2

v

(3.73)

for 0 ≤ j ≤ k, it suffices to justify the L2 boundedness of ∂βK . Furthermore, it suffices to show 
that ∂βK is compact.

We introduce substitution w = v − u. Then we regroup K1 to obtain

K1[g] =M− 1
2 (v)

ˆ

R3

ˆ

S2

|ω · w|μ(v − w)μ(v)μ(u′)μ(v′)�2e|v−w|2+|v|2M− 1
2 (u)g(u)dωdw

(3.74)

=
ˆ

R3

ˆ

S2

{
|ω · w|μ(v − w)M− 1

2 (v − w)
}

× �2
{
M− 1

2 (v)μ(v)
}{

μ(u′)μ(v′)e|v−w|2+|v|2}g(u)dωdw

=
ˆ

R3

ˆ

S2

A(w,v,ω)B(v)C(w,v,ω)g(v − w)dωdw.

Then similar to the proof of Lemma 3.3, after taking v derivatives, we know∣∣∂β1A
∣∣� e− 1

2 |v−w|2 , (3.75)∣∣∂β2B
∣∣� e− 1

2 |v|2 , (3.76)∣∣∂β3C
∣∣� e− 1

2

∣∣u′∣∣2− 1
2

∣∣v′∣∣2
. (3.77)
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Hence, following the proof of Lemma 3.4, we know ∂βK1 is compact.
Similarly, for K2, using the substitution w = v − u and regrouping, we obtain

K2[g] =M− 1
2 (v)

ˆ

R3

ˆ

S2

|ω · w|μ(v − w)μ(v)μ(u′)μ(v′)

× �2e|v−w|2+|v|2(M− 1
2 (u′)g(u′) +M− 1

2 (v′)g(v′)
)

dωdw

=
ˆ

R3

ˆ

S2

{
|ω · w|μ 1

2 (v − w)
}
�2

{
M− 1

2 (v)μ
1
2 (v)

}{
μ(u′)μ(v′)e|v−w|2+|v|2}

{
μ

1
2 (v − w)μ

1
2 (v)

(
M− 1

2 (u′)g(u′) +M− 1
2 (v′)g(v′)

)}
dωdw

=
ˆ

R3

ˆ

S2

A(w,v,ω)B(v)C(w,v,ω)D(w,v,ω)dωdw. (3.78)

Here, A, B, C can be handled as in K1 case, so we focus on D. In particular,

∇v

(
μ

1
2 (v − w)μ

1
2 (v)M− 1

2 (u′)
)

(3.79)

=
(
μ− 1

2 (v − w)μ− 1
2 (v)M 1

2 (u′)
)

×
(
∇v

(
M−1(u′)

)(
μ(v − w)μ(v)

) + ∇v

(
μ(v − w)μ(v)

)
M−1(u′)

)
.

Then direct computation reveals that∣∣∣∇v

(
M−1(u′)

)∣∣∣ � ∣∣u′∣∣ e|u′|2 , (3.80)∣∣∇v

(
μ(v − w)μ(v)

)∣∣ � ( |v| + |v − w| )e−|v|2−|v−w|2 . (3.81)

Hence, we know∣∣∣∇v

(
μ

1
2 (v − w)μ

1
2 (v)M− 1

2 (u′)
)∣∣∣� ( ∣∣u′∣∣ + |v| + |v − w| )e− 1

2 |v′|2 (3.82)

�
( ∣∣v′∣∣ + |v| + |v − w| )e− 1

2 |v′|2

�
(
1 + |v| + |v − w| )e− 1

4 |v′|2 .

Similar technique justifies that∣∣∣∇v

(
μ

1
2 (v − w)μ

1
2 (v)M− 1

2 (v′)
)∣∣∣� (

1 + |v| + |v − w| )e− 1
4 |u′|2 . (3.83)

The similar structure will be preserved when taking higher-order v derivatives. Therefore, we 
know
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∣∣∂β4D
∣∣� (

1 + |v||β4| + |v − w||β4|
)(

e− 1
4

∣∣u′∣∣2 + e− 1
4

∣∣v′∣∣2)
×

( ∣∣∂β4g(u′)
∣∣ + ∣∣∂β4g(v′)

∣∣ ). (3.84)

Here, 
(

1 + |v||β4| + |v − w||β4|
)

can be handled by A and B . Summarizing all above, we know 
that v derivatives of K2 will not change its fundamental structure, so we may follow the proof of 
Lemma 3.4 to show that ∂βK2 is compact. �
Proposition 3.6 (Semi-Positivity of L). There exists a δ > 0 such that

〈L[g], g〉 ≥ δ ‖(I− P)[g]‖2
Lν

v
(3.85)

for a general function g(v).

Proof. We prove by contradiction. Assume that there exists a sequence of functions {gn}∞n=1
satisfying P[gn] = 0, ‖gn‖Lν

v
= 1 and

〈L[gn], gn〉 ≤ 1

n
. (3.86)

Since L2
ν is a Hilbert space, based on the Eberlain-Shmulyan Theorem, we have the weakly 

convergent sequence (up to extracting a subsequence with an abuse of notation) gn ⇀ g in L2
ν . 

Therefore, by the weak semi-continuity, we have

‖g‖Lν
v
≤ 1. (3.87)

Notice that

〈L[gn], gn〉 = ‖gn‖2
Lν

v
− 〈K[gn], gn〉 = 1 − 〈K[gn], gn〉 . (3.88)

Since K is a compact operator on Lν
v , we know it maps weakly convergent sequence into strongly 

convergent sequence, i.e.

lim
n→∞‖K[gn] − K[g]‖Lν

v
= 0. (3.89)

Hence, we naturally have

lim
n→∞

( 〈K[gn], gn〉 − 〈K[g], g〉 ) = 0. (3.90)

Therefore, using (3.86), we may direct take limit n → ∞ in (3.88) to get

〈L[g], g〉 = 1 − 〈K[g], g〉 = 0. (3.91)

On the other hand, the above equality may be written as
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〈L[g], g〉 = (
1 − ‖g‖2

Lν
v

) + (‖g‖2
Lν

v
− 〈K[g], g〉 ) = 0. (3.92)

Based on the weak semi-continuity, we just proved that the first term is non-negative. Also, the 
second term is actually 〈L[g], g〉 which is also non-negative due to Lemma 3.1 (1). Hence, both 
of them must be zero, i.e. L[g] = 0 and ‖g‖2

Lν
v
= 1. Then based on Lemma 3.1 (3), we know

g =M 1
2

(
a + b · v + c |v|2

)
. (3.93)

Then our assumption P[gn] = 0 implies that the limit P[g] = 0, which means a = c = 0 and 
b = 0. Therefore, we must have g = 0, which contradicts with ‖g‖Lν

v
= 1. �

3.1.3. Nonlinear estimates
Recall that

�[f1, f2;f3] =M− 1
2 Q

[
M 1

2 f1,M
1
2 f2

]
+ θM− 1

2 Q
[
M 1

2 f1,M
1
2 f2;μ

]
(3.94)

+ θM− 1
2 Q

[
M 1

2 f1,μ;M 1
2 f3

]
+ θM− 1

2 Q
[
μ,M 1

2 f2;M 1
2 f3

]
+ θM− 1

2 Q
[
M 1

2 f1,M
1
2 f2;M 1

2 f3

]
.

Lemma 3.7. For any f (v), we have

P
[
�[f,f ;f ]] = 0. (3.95)

Proof. Since

Q
[
μ +M 1

2 f,μ +M 1
2 f ;μ +M 1

2 f
]

= Q[μ,μ;μ] +M 1
2 L[f ] +M 1

2 �[f,f ;f ] (3.96)

= M 1
2 L[f ] +M 1

2 �[f,f ;f ],
and by direct computation in the same spirit as the proof of Corollary 2.1.2,

P
[
M− 1

2 Q[μ +M 1
2 f,μ +M 1

2 f ;μ +M 1
2 f ]

]
= P

[
L[f ]] = 0, (3.97)

we must have

P
[
�[f,f ;f ]] = 0. � (3.98)

Lemma 3.8. For fixed ω and v, the Jacobian of the transformation u → u′ satisfies∣∣∣∣du′

du

∣∣∣∣ ≥ 1

8
, (3.99)

and for fixed ω and u, the Jacobian of the transformation v → v′ satisfies
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∣∣∣∣dv′

dv

∣∣∣∣ ≥ 1

8
. (3.100)

Proof. This is based on the proof of Alexandre-Desvillettes-Villani-Wennberg [1, Lemma 
1]. �
Lemma 3.9. Let fi for i = 1, 2, 3, and g be smooth functions. Then we have∣∣∣∣∣∣∣

ˆ

R3

�[f1, f2;f3]g dv

∣∣∣∣∣∣∣ (3.101)

�‖g‖L2
v
‖f1‖L2

v
‖f2‖L2

v
‖f3‖L2

v
+ ‖g‖Lν

v
‖fa‖L2

v
‖fb‖Lν

v

+ ‖g‖Lν
v

min

{(
‖f1‖Lν

v
‖f2‖L2

v
+ ‖f1‖L2

v
‖f2‖Lν

v

)
sup
v

|f3| , sup
v

|f1| sup
v

|f2| ‖f3‖Lν
v

}
+ ‖g‖Lν

v
min

{(
‖f1‖Lν

v
‖f2‖L2

v
+ ‖f1‖L2

v
‖f2‖Lν

v

)
sup
v

|f3| ,

+
(

sup
v

∣∣∣ν 1
2 f1

∣∣∣‖f2‖L2
v
+ ‖f1‖L2

v
sup
v

∣∣∣ν 1
2 f2

∣∣∣ )‖f3‖L2
v

}
+ ‖g‖Lν

v
min

{
‖f1‖Lν

v
sup
v

|f3| , sup
v

∣∣∣ν 1
2 f1

∣∣∣‖f3‖L2
v

}
+ ‖g‖Lν

v
min

{
‖f2‖Lν

v
sup
v

|f3| , sup
v

∣∣∣ν 1
2 f2

∣∣∣‖f3‖L2
v

}
.

Also, we have∣∣∣∣∣∣∣
ˆ

R3

�[f1, f2;f3]g dv

∣∣∣∣∣∣∣� sup
v

∣∣∣ν3g

∣∣∣‖fa‖L2
v
‖fb‖L2

v
+

(
‖g‖Lν

v
+ sup

v
|νg|

)
‖f1‖L2

v
‖f2‖L2

v
‖f3‖L2

v
,

(3.102)

and

∥∥�[f1, f2;f3]g
∥∥

L2
v
� sup

v
|νg|

(
‖f1‖L2

v
‖f2‖L2

v
‖f3‖L2

v
+ ‖fa‖L2

v
‖fb‖L2

v
(3.103)

+ min
{

sup
v

|f3| ‖f1‖L2
v
‖f2‖L2

v
, sup

v
|f1| sup

v
|f2| ‖f3‖L2

v

}
+ min

{
sup
v

|f3| ‖f1‖L2
v
‖f2‖L2

v
, sup

v
|f2| ‖f1‖L2

v
‖f3‖L2

v

}
+ min

{
sup
v

|f3| ‖f1‖L2
v
‖f2‖L2

v
, sup

v
|f1| ‖f2‖L2

v
‖f3‖L2

v

})
.

Here (a, b) runs all combinations of {1, 2, 3}.
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Proof. We look at formula (3.94) for the � operator and estimate term by term.

Step 1. Estimate of quadratic terms. For M− 1
2 Q 

[
M 1

2 f1,M
1
2 f2

]
and θM− 1

2 Q
[
M 1

2 f1,

M 1
2 f2; μ

]
, based on [33, Lemma 2.3], we have∣∣∣∣∣∣∣

ˆ

R3

M− 1
2 Q

[
M 1

2 f1,M
1
2 f2

]
g dv

∣∣∣∣∣∣∣� ‖f1‖Lν
v
‖f2‖L2

v
‖g‖Lν

v
, (3.104)

∣∣∣∣∣∣∣
ˆ

R3

M− 1
2 Q

[
M 1

2 f1,M
1
2 f2

]
g dv

∣∣∣∣∣∣∣� sup
v

∣∣∣ν3g

∣∣∣‖f1‖L2
v
‖f2‖L2

v
, (3.105)

∥∥∥M− 1
2 Q

[
M 1

2 f1,M
1
2 f2

]
g

∥∥∥
L2

v

� sup
v

|νg| ‖f1‖L2
v
‖f2‖L2

v
, (3.106)

and ∣∣∣∣∣∣∣
ˆ

R3

θM− 1
2 Q

[
M 1

2 f1,M
1
2 f2;μ

]
g dv

∣∣∣∣∣∣∣� ‖f1‖Lν
v
‖f2‖L2

v
‖g‖Lν

v
, (3.107)

∣∣∣∣∣∣∣
ˆ

R3

θM− 1
2 Q

[
M 1

2 f1,M
1
2 f2;μ

]
g dv

∣∣∣∣∣∣∣� sup
v

∣∣∣ν3g

∣∣∣‖f1‖L2
v
‖f2‖L2

v
, (3.108)

∥∥∥θM− 1
2 Q

[
M 1

2 f1,M
1
2 f2;μ

]
g

∥∥∥
L2

v

� sup
v

|νg| ‖f1‖L2
v
‖f2‖L2

v
. (3.109)

Step 2-1. Estimate of cubic terms for (3.101). We then focus on θM− 1
2 Q

[
M 1

2 f1, M
1
2 f2;

M 1
2 f3

]
. Recalling (3.41), we have∣∣∣θM− 1

2 Q
[
M 1

2 f1,M
1
2 f2;M 1

2 f3

]∣∣∣ (3.110)

� e
1
2 |v|2
ˆ

R3

ˆ

S2

q(ω, |v − u|)e− 1
2

∣∣u′∣∣2− 1
2

∣∣v′∣∣2( ∣∣f1(u
′)f2(v

′)
∣∣ + ∣∣f1(v

′)f2(u
′)
∣∣ )

×
(

e− 1
2 |u|2 |f3(u)| + e− 1

2 |v|2 |f3(v)|
)

dωdu

+ e
1
2 |v|2
ˆ

R3

ˆ

S2

q(ω, |v − u|)e− 1
2 |u|2− 1

2 |v|2( |f1(u)f2(v)| + |f1(v)f2(u)|
)

×
(

e− 1
2

∣∣u′∣∣2 ∣∣f3(u
′)
∣∣ + e− 1

2

∣∣v′∣∣2 ∣∣f3(v
′)
∣∣ )dωdu

�
ˆ

3

ˆ

2

q(ω, |v − u|)e− 1
2 |u|2( ∣∣f1(u

′)f2(v
′)
∣∣ + ∣∣f1(v

′)f2(u
′)
∣∣ )
R S
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×
(

e− 1
2 |u|2 |f3(u)| + e− 1

2 |v|2 |f3(v)|
)

dωdu

+
ˆ

R3

ˆ

S2

q(ω, |v − u|)e− 1
2 |u|2( |f1(u)f2(v)| + |f1(v)f2(u)|

)

×
(

e− 1
2

∣∣u′∣∣2 ∣∣f3(u
′)
∣∣ + e− 1

2

∣∣v′∣∣2 ∣∣f3(v
′)
∣∣ )dωdu

= J1 + J2.

For both parts, we have the naive bound

q(ω, |v − u|)e− 1
2 |u|2 � ν(v). (3.111)

Also, noticing that q(ω, |v − u|) = ∣∣ω(
ω · (v − u)

)∣∣ = ∣∣u − u′∣∣, we have

q(ω, |v − u|)e− 1
2 |u|2 � ν(u′). (3.112)

For J1, we split ∣∣∣∣∣∣∣
ˆ

R3

J1(v)g(v)dv

∣∣∣∣∣∣∣ (3.113)

�
ˆ

R3

ˆ

R3

ˆ

S2

q(ω, |v − u|)e− 1
2 |u|2( ∣∣f1(u

′)f2(v
′)
∣∣ + ∣∣f1(v

′)f2(u
′)
∣∣ )

×
(

e− 1
2 |u|2 |f3(u)|

)
|g(v)|dωdudv

+
ˆ

R3

ˆ

R3

ˆ

S2

q(ω, |v − u|)e− 1
2 |u|2( ∣∣f1(u

′)f2(v
′)
∣∣ + ∣∣f1(v

′)f2(u
′)
∣∣ )

×
(

e− 1
2 |v|2 |f3(v)|

)
|g(v)|dωdudv

= I11 + I12.

We may directly use Cauchy’s inequality to bound I11,

I11 �
(ˆ
R3

ˆ

R3

ˆ

S2

(
f 2

1 (u′)f 2
2 (v′) + f 2

1 (v′)f 2
2 (u′)

)
dωdudv

) 1
2

(3.114)

×
(ˆ
R3

ˆ

R3

ˆ

S2

ν2(v)e−|u|2f 2
3 (u)g2(v)dωdudv

) 1
2

� ‖g‖L2
v
‖f1‖L2

v
‖f2‖L2

v
‖f3‖L2

v
.
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The estimate of I12 is a bit complicated due to g(v)f3(v) term. We may bound it in two different 
ways

I12 �
(ˆ
R3

ˆ

R3

ˆ

S2

ν(u′)
(
f 2

1 (u′)f 2
2 (v′) + f 2

1 (v′)f 2
2 (u′)

)
dωdudv

) 1
2

(3.115)

×
(ˆ
R3

ˆ

R3

ˆ

S2

|v − u| e− |u|2
2 e−|v|2f 2

3 (v)g2(v)dωdudv

) 1
2

� ‖g‖Lν
v

(
‖f1‖Lν

v
‖f2‖L2

v
+ ‖f1‖L2

v
‖f2‖Lν

v

)
sup
v

|f3| .

and

I12 � sup
v

|f1| sup
v

|f2|
(ˆ
R3

ˆ

R3

ˆ

S2

|v − u|g2(v)e− 1
2 |u|2 e− 1

2 |v|2dωdudv

) 1
2

(3.116)

×
(ˆ
R3

ˆ

R3

ˆ

S2

|v − u|f 2
3 (v)e− 1

2 |u|2e− 1
2 |v|2 dωdudv

) 1
2

� ‖g‖L2
v

sup
v

|f1| sup
v

|f2| ‖f3‖L2
v
.

Hence, we know

I12 � ‖g‖Lν
v

min

{(
‖f1‖Lν

v
‖f2‖L2

v
+ ‖f1‖L2

v
‖f2‖Lν

v

)
sup
v

|f3| , sup
v

|f1| sup
v

|f2| ‖f3‖L2
v

}
.

(3.117)

In total, we have∣∣∣∣∣∣∣
ˆ

R3

J1(v)g(v)dv

∣∣∣∣∣∣∣� ‖g‖L2
v
‖f1‖L2

v
‖f2‖L2

v
‖f3‖L2

v
(3.118)

+ ‖g‖Lν
v

min

{(
‖f1‖Lν

v
‖f2‖L2

v
+ ‖f1‖L2

v
‖f2‖Lν

v

)
sup
v

|f3| , sup
v

|f1| sup
v

|f2| ‖f3‖L2
v

}
.

For J2, we may use two different ways to bound it:∣∣∣∣∣∣∣
ˆ

R3

J2(v)g(v)dv

∣∣∣∣∣∣∣ � sup
v

|f3|
(ˆ
R3

ˆ

R3

ˆ

S2

|v − u|g2(v)e− 1
2 |u|2 dωdudv

) 1
2

(3.119)

×
(ˆ

3

ˆ

3

ˆ

2

ν(v)f 2
i (v)f 2

j (u)dωdudv

) 1
2

R R S
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� ‖g‖Lν
v

(
‖f1‖Lν

v
‖f2‖L2

v
+ ‖f1‖L2

v
‖f2‖Lν

v

)
sup
v

|f3| ,

and using the fact that |q(ω, |v − u|)| = ∣∣v − v′∣∣,∣∣∣∣∣∣∣
ˆ

R3

J2(v)g(v)dv

∣∣∣∣∣∣∣ �
(ˆ
R3

ˆ

R3

ˆ

S2

ν(v)g2(v)f 2
i (u)dωdudv

) 1
2

(3.120)

×
(ˆ
R3

ˆ

R3

ˆ

S2

ν(u′)f 2
j (v)e−∣∣u′∣∣2

f 2
3 (u′)dωdudv

) 1
2

+
(ˆ
R3

ˆ

R3

ˆ

S2

ν(v)g2(v)f 2
i (u)dωdudv

) 1
2

×
(ˆ
R3

ˆ

R3

ˆ

S2

∣∣v − v′∣∣ e− 1
2 |u|2f 2

j (v)e−∣∣v′∣∣2
f 2

3 (v′)dωdudv

) 1
2

= I21 + I22.

Using Lemma 3.8 with substitution u → u′, we may obtain

I21 � ‖g‖Lν
v
‖fi‖L2

v

∥∥fj

∥∥
L2

v
‖f3‖L2

v
. (3.121)

Using Lemma 3.8 with substitution v → v′, we may obtain

I22 � sup
v

∣∣∣ν 1
2 fj

∣∣∣‖g‖Lν
v
‖fi‖L2

v
‖f3‖L2

v
. (3.122)

In total, we know∣∣∣∣∣∣∣
ˆ

R3

J2(v)g(v)dv

∣∣∣∣∣∣∣� ‖g‖Lν
v

(
‖f1‖L2

v
‖f2‖L2

v
+ sup

v

∣∣∣ν 1
2 f1

∣∣∣‖f2‖L2
v
+ ‖f1‖L2

v
sup
v

∣∣∣ν 1
2 f2

∣∣∣ )‖f3‖L2
v
.

Hence, we know∣∣∣∣∣∣∣
ˆ

R3

J2(v)g(v)dv

∣∣∣∣∣∣∣�‖g‖Lν
v

min

{(
‖f1‖Lν

v
‖f2‖L2

v
+ ‖f1‖L2

v
‖f2‖Lν

v

)
sup
v

|f3| , (3.123)

(
‖f1‖L2

v
‖f2‖L2

v
+ sup

v

∣∣∣ν 1
2 f1

∣∣∣‖f2‖L2
v
+ ‖f1‖L2

v
sup
v

∣∣∣ν 1
2 f2

∣∣∣ )‖f3‖L2
v

}
.

Summarizing all above, we know
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∣∣∣∣∣∣∣
ˆ

R3

θM− 1
2 Q

[
M 1

2 f1,M
1
2 f2;M 1

2 f3

]
g dv

∣∣∣∣∣∣∣ (3.124)

� ‖g‖L2
v
‖f1‖L2

v
‖f2‖L2

v
‖f3‖L2

v

+ ‖g‖Lν
v

min

{(
‖f1‖Lν

v
‖f2‖L2

v
+ ‖f1‖L2

v
‖f2‖Lν

v

)
sup
v

|f3| , sup
v

|f1| sup
v

|f2| ‖f3‖Lν
v

}
+ ‖g‖Lν

v
min

{(
‖f1‖Lν

v
‖f2‖L2

v
+ ‖f1‖L2

v
‖f2‖Lν

v

)
sup
v

|f3| ,(
sup
v

∣∣∣ν 1
2 f1

∣∣∣‖f2‖L2
v
+ ‖f1‖L2

v
sup
v

∣∣∣ν 1
2 f2

∣∣∣ )‖f3‖L2
v

}
.

Step 2-2. Estimate of cubic terms for (3.102). On the other hand, similar to the estimates in 
Step 2-1, if we take supremum over v on g, we have∣∣∣∣∣∣∣

ˆ

R3

J1(v)g(v)dv

∣∣∣∣∣∣∣�
(

‖g‖Lν
v
+ sup

v
|νg|

)
‖f1‖L2

v
‖f2‖L2

v
‖f3‖L2

v
, (3.125)

and ∣∣∣∣∣∣∣
ˆ

R3

J2(v)g(v)dv

∣∣∣∣∣∣∣ �
(

‖g‖Lν
v
+ sup

v
|νg|

)
‖f1‖L2

v
‖f2‖L2

v
‖f3‖L2

v
,

Hence, we have

ˆ

R3

θM− 1
2 Q

[
M 1

2 f1,M
1
2 f2;M 1

2 g
]

dv �
(

‖g‖Lν
v
+ sup

v
|νg|

)
‖f1‖L2

v
‖f2‖L2

v
‖f3‖L2

v
.

(3.126)

Step 2-3. Estimate of cubic terms for (3.103). Also, in a similar fashion, for any h ∈ L2
v , we 

have ∣∣∣∣∣∣∣
ˆ

R3

J1(v)g(v)h(v)dv

∣∣∣∣∣∣∣ (3.127)

� sup
v

|νg| ‖h‖L2
v

(
‖f1‖L2

v
‖f2‖L2

v
‖f3‖L2

v

+ min
{

sup
v

|f3| ‖f1‖L2
v
‖f2‖L2

v
, sup

v
|f1| sup

v
|f2| ‖f3‖L2

v

})
,

and
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∣∣∣∣∣∣∣
ˆ

R3

J2(v)g(v)h(v)dv

∣∣∣∣∣∣∣ (3.128)

� sup
v

|νg| ‖h‖L2
v

(
min

{
sup
v

|f2| ‖f1‖L2
v
‖f3‖L2

v
, sup

v
|f3| ‖f1‖L2

v
‖f2‖L2

v

}
+ min

{
sup
v

|f1| ‖f2‖L2
v
‖f3‖L2

v
, sup

v
|f3| ‖f1‖L2

v
‖f2‖L2

v

})
.

Therefore, due to duality of L2, we have∥∥∥θM− 1
2 Q

[
M 1

2 f1,M
1
2 f2;M 1

2 g
]∥∥∥

L2
v

(3.129)

� sup
v

|νg|
(

‖f1‖L2
v
‖f2‖L2

v
‖f3‖L2

x,v
+ min

{
sup
v

|f3| ‖f1‖L2
v
‖f2‖L2

v
, sup

v
|f1| sup

v
|f2| ‖f3‖L2

v

}
+ min

{
sup
v

|f3| ‖f1‖L2
v
‖f2‖L2

v
, sup

v
|f2| ‖f1‖L2

v
‖f3‖L2

v

}
+ min

{
sup
v

|f3| ‖f1‖L2
v
‖f2‖L2

v
, sup

v
|f1| ‖f2‖L2

v
‖f3‖L2

v

})
.

Step 3. More estimate of quadratic terms. By a similar argument, we can handle

θM− 1
2 Q

[
M 1

2 f1,μ;M 1
2 f3

]
and θM− 1

2 Q
[
μ,M 1

2 f2;M 1
2 f3

]
. For (3.101), we obtain

∣∣∣∣∣∣∣
ˆ

R3

θM− 1
2 Q

[
M 1

2 f1,μ;M 1
2 f3

]
g dv

∣∣∣∣∣∣∣ (3.130)

� ‖g‖Lν
v
‖f1‖L2

v
‖f3‖Lν

v
+ ‖g‖Lν

v
min

{
‖f1‖Lν

v
sup
v

|f3| , sup
v

∣∣∣ν 1
2 f1

∣∣∣‖f3‖L2
v

}
,

and ∣∣∣∣∣∣∣
ˆ

R3

θM− 1
2 Q

[
μ,M 1

2 f2;M 1
2 f3

]
g dv

∣∣∣∣∣∣∣ (3.131)

� ‖g‖Lν
v
‖f2‖L2

v
‖f3‖Lν

v
+ ‖g‖Lν

v
min

{
‖f2‖Lν

v
sup
v

|f3| , sup
v

∣∣∣ν 1
2 f2

∣∣∣‖f3‖L2
v

}
.

In addition, for (3.102),∣∣∣∣∣∣∣
ˆ

R3

θM− 1
2 Q

[
M 1

2 f1,μ;M 1
2 f3

]
g dv

∣∣∣∣∣∣∣�
(
‖g‖Lν

v
+ sup

v
|νg|

)
‖f1‖L2

v
‖f3‖L2

v
, (3.132)

and
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∣∣∣∣∣∣∣
ˆ

R3

θM− 1
2 Q

[
μ,M 1

2 f2;M 1
2 f3

]
g dv

∣∣∣∣∣∣∣�
(

‖g‖Lν
v
+ sup

v
|νg|

)
‖f2‖L2

v
‖f3‖L2

v
. (3.133)

Also, for (3.103),

∥∥∥θM− 1
2 Q

[
M 1

2 f1,μ;M 1
2 f3

]
g

∥∥∥
L2

v

(3.134)

� sup
v

|νg| ‖f1‖L2
v
‖f3‖L2

v
+ sup

v
|νg|min

{
‖f1‖L2

v
sup
v

|f3| , sup
v

|f1| ‖f3‖L2
v

}
,

and

∥∥∥θM− 1
2 Q

[
μ,M 1

2 f2;M 1
2 f3

]
g

∥∥∥
L2

v

(3.135)

� sup
v

|νg| ‖f2‖L2
v
‖f3‖L2

v
+ sup

v
|νg|min

{
‖f2‖L2

v
sup
v

|f3| , sup
v

|f2| ‖f3‖L2
v

}
. �(3.136)

Remark 3.2. The nonlinear estimate for the quantum case is much more complicated than the 
classical Boltzmann version. In particular, unlike the classical Boltzmann equation, here we need 
supv estimate via Sobolev embedding, which implies that we have to consider velocity deriva-
tives.

Lemma 3.10. Let fi for i = 1, 2, 3, and g be smooth functions. Then we have

∣∣∣∣∣∣∣
ˆ

R3

∂
γ
β �[f1, f2;f3]g dv

∣∣∣∣∣∣∣ (3.137)

� ‖g‖L2
v

∥∥f ′
1

∥∥
L2

v

∥∥f ′
2

∥∥
L2

v

∥∥f ′
3

∥∥
L2

v
+ ‖g‖Lν

v

∥∥f ′
a

∥∥
L2

v

∥∥f ′
b

∥∥
Lν

v

+ ‖g‖Lν
v

min

{(∥∥f ′
1

∥∥
Lν

v

∥∥f ′
2

∥∥
L2

v
+ ∥∥f ′

1

∥∥
L2

v

∥∥f ′
2

∥∥
Lν

v

)
sup
v

∣∣f ′
3

∣∣ , sup
v

∣∣f ′
1

∣∣ sup
v

∣∣f ′
2

∣∣ ∥∥f ′
3

∥∥
Lν

v

}
+ ‖g‖Lν

v
min

{(∥∥f ′
1

∥∥
Lν

v

∥∥f ′
2

∥∥
L2

v
+ ∥∥f ′

1

∥∥
L2

v

∥∥f ′
2

∥∥
Lν

v

)
sup
v

∣∣f ′
3

∣∣ ,
(

sup
v

∣∣∣ν 1
2 f ′

1

∣∣∣ ∥∥f ′
2

∥∥
L2

v
+ ∥∥f ′

1

∥∥
L2

v
sup
v

∣∣∣ν 1
2 f ′

2

∣∣∣ )∥∥f ′
3

∥∥
L2

v

}
+ ‖g‖Lν

v
min

{∥∥f ′
1

∥∥
Lν

v
sup
v

∣∣f ′
3

∣∣ , sup
v

∣∣∣ν 1
2 f ′

1

∣∣∣ ∥∥f ′
3

∥∥
L2

v

}
+ ‖g‖Lν

v
min

{∥∥f ′
2

∥∥
Lν

v
sup
v

∣∣f ′
3

∣∣ , sup
v

∣∣∣ν 1
2 f ′

2

∣∣∣ ∥∥f ′
3

∥∥
L2

v

}
.

Thus, we have
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∣∣∣∣∣∣∣
ˆ

R3

∂
γ
β �[f1, f2;f3]g dv

∣∣∣∣∣∣∣
� sup

v

∣∣∣ν3g

∣∣∣ ∥∥f ′
a

∥∥
L2

v

∥∥f ′
b

∥∥
L2

v
+

(
‖g‖Lν

v
+ sup

v
|νg|

)∥∥f ′
i

∥∥
L2

v

∥∥∥f ′
j

∥∥∥
L2

v

∥∥f ′
k

∥∥
L2

v
,

and ∥∥∥∂
γ
β �[f1, f2;f3]g

∥∥∥
L2

v

� sup
v

|νg|
(∥∥f ′

1

∥∥
L2

v

∥∥f ′
2

∥∥
L2

v

∥∥f ′
3

∥∥
L2

v
+ ∥∥f ′

a

∥∥
L2

v

∥∥f ′
b

∥∥
L2

v
(3.138)

+ min
{

sup
v

∣∣f ′
3

∣∣ ∥∥f ′
1

∥∥
L2

v

∥∥f ′
2

∥∥
L2

v
, sup

v

∣∣f ′
1

∣∣ sup
v

∣∣f ′
2

∣∣ ∥∥f ′
3

∥∥
L2

v

}
+ min

{
sup
v

∣∣f ′
3

∣∣ ∥∥f ′
1

∥∥
L2

v

∥∥f ′
2

∥∥
L2

v
, sup

v

∣∣f ′
2

∣∣ ∥∥f ′
1

∥∥
L2

v

∥∥f ′
3

∥∥
L2

v

}
+ min

{
sup
v

∣∣f ′
3

∣∣ ∥∥f ′
1

∥∥
L2

v

∥∥f ′
2

∥∥
L2

v
, sup

v

∣∣f ′
1

∣∣ ∥∥f ′
2

∥∥
L2

v

∥∥f ′
3

∥∥
L2

v

})
.

Here (a, b) runs all combinations of {1, 2, 3}. For s = 1, 2, 3, f ′
s := ∂

γs

βs
fs where |β1| + |β2| +

|β3| = |β| and |γ1| + |γ2| + |γ3| = |γ |.

Proof. The proof is similar to that of Lemma 3.9 and Lemma 3.3. Note that the spatial and 
velocity derivatives will be distributed among the three arguments in �, but it will not change the 
fundamental structure here. �
3.2. Local solutions

Proposition 3.11 (Local well-posedness). There exists M > 0 and T (M) > 0 such that if

E[f0] ≤ M

2
, (3.139)

then there exists a unique solution f (t, x, v) to the quantum Boltzmann equation (3.18) such that

E[f (t)] ≤ M, (3.140)

for any t ∈ [0, T ]. Moreover, the energy E[f (t)] is continuous over t ∈ [0, T ]. Furthermore,

• for fermions θ = −1, if 0 ≤ F0(x, v) ≤ 1, then 0 ≤ F(t, x, v) ≤ 1;
• for bosons θ = 1, if F0(x, v) ≥ 0, then F(t, x, v) ≥ 0.

Proof. In the following, we mainly study Q[F, F ; F ], so we rearrange the terms as

Q[F,F ;F ] = Qp[F,F ;F ] − Qq [F,F ;F ], (3.141)

where
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Qp[F,G;H ] :=
ˆ

R3

ˆ

S2

q(ω, |v − u|)F (u′)G(v′)
(
1 + θH(u)

)
dωdu, (3.142)

Qq [F,G;H ]
:=
ˆ

R3

ˆ

S2

q(ω, |v − u|)
[
− θF (u′)G(v′)H(v) + F(u)H(v)

(
1 + θG(u′) + θG(v′)

)]
dωdu.

(3.143)

Qq [F, F ; F ] contains all terms that depends on F(v), and Qp[F, F ; F ] contains all the other 
terms. (Here the F, G, H is not the same as (3.1)). We may further rewrite

Qq [F,G;H ] = HQ̃p[F,G], (3.144)

with

Q̃p[F,G] =
ˆ

R3

ˆ

S2

q(ω, |v − u|)
[
− θF (u′)G(v′) + F(u)

(
1 + θG(u′) + θG(v′)

)]
dωdu.

(3.145)

Similar to the decomposition in (3.141), we may also decompose � as

�[f,g;h] = �p[f,g;h] − �q [f,g;h], (3.146)

where �p comes from the linearization of Qp, and �q from Qp .
Step 1. Boundedness. Define the iteration sequence via

∂tF
n+1 + v · ∇xF

n+1 + Qq [Fn,Fn;Fn+1] = Qp[Fn,Fn;Fn], (3.147)

with

Fn+1(0, x, v) = F0(x, v). (3.148)

This is equivalent to the perturbation form

∂tf
n+1 + v · ∇xf

n+1 + νf n+1 = K[f n] + �p[f n,f n;f n] − �q [f n,f n;f n+1], (3.149)

with

f n+1(0, x, v) = f0(x, v). (3.150)

The iteration starts with f 0(t, x, v) = f0(x, v). Taking ∂γ
β on both sides of (3.149), we obtain

∂t

(
∂

γ
β f n+1

)
+ v · ∇x

(
∂

γ
β f n+1

)
+ ∂

γ
β

(
νf n+1

)
= ∂

γ
β K[f n] + ∂

γ
β �p[f n,f n;f n] − ∂

γ
β �q [f n,f n;f n+1]. (3.151)
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Multiplying ∂γ
β f n+1 on both sides of (3.151) and integrating over � ×R3, we obtain

1

2

d

dt

∥∥∥∂
γ
β f n+1

∥∥∥2

L2
x,v

+
¨

�×R3

(
∂

γ
β f n+1

)
· ∂γ

β

(
νf n+1

)
(3.152)

=
¨

�×R3

(
∂

γ
β f n+1

)
· ∂γ

β K[f n] +
¨

�×R3

(
∂

γ
β f n+1

)
· ∂γ

β �p[f n,f n;f n]

−
¨

�×R3

(
∂

γ
β f n+1

)
· ∂γ

β �q [f n,f n;f n+1].

Let η > 0 be sufficiently small and Cη > 0. For the second term on the LHS of (3.152), using 
Lemma 3.2 and Lemma 3.3, we have

¨

�×R3

(
∂

γ
β f n+1

)
· ∂γ

β

(
νf n+1

)
(3.153)

�
¨

�×R3

(
∂

γ
β f n+1

)
·
(
ν∂

γ
β f n+1

)
−

∣∣∣∣∣∣∣
∑
β ′<β

¨

�×R3

(
∂

γ
β f n+1

)
· ∂γ

β ′
(
νf n+1

)∣∣∣∣∣∣∣
�

∥∥∥∂
γ
β f n+1

∥∥∥2

Lν
x,v

− η

∥∥∥∂
γ
β f n+1

∥∥∥2

L2
x,v

− Cη

∑
β ′<β

∥∥∥∂
γ

β ′f n+1
∥∥∥2

L2
x,v

.

For the first term on the RHS of (3.152), using Lemma 3.5, we have

¨

�×R3

(
∂

γ
β f n+1

)
· ∂γ

β K[f n] � η

∥∥∥∂
γ
β f n+1

∥∥∥2

L2
x,v

+ Cη

∑
β ′≤β

∥∥∥∂
γ

β ′f n
∥∥∥2

L2
x,v

. (3.154)

For the second term on the RHS of (3.152), using the first inequality in Lemma 3.10 with supv

falling on the term with the lowest v derivative, combining with Sobolev Embedding Theorem 
H 2

v ↪→ L∞
v , we obtain

¨

�×R3

(
∂

γ
β f n+1

)
· ∂γ

β �p[f n,f n;f n] �
∥∥∥∂

γ
β f n+1

∥∥∥
Lν

x,v

∑
β ′≤β

∥∥∥∂
γ

β ′f n
∥∥∥

Lν
x,v

·
∑
β ′≤β

∥∥∥∂
γ

β ′f n
∥∥∥2

L2
x,v

,

(3.155)

and
¨

�×R3

(
∂

γ
β f n+1

)
· ∂γ

β �q [f n,f n;f n+1] (3.156)

�
∥∥∥∂

γ
β f n+1

∥∥∥
Lν

x,v

( ∑
′

∥∥∥∂
γ

β ′f n+1
∥∥∥

Lν
x,v

·
∑
′

∥∥∥∂
γ

β ′f n
∥∥∥2

L2
x,v
β ≤β β ≤β
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+
∑
β ′≤β

∥∥∥∂
γ

β ′f n+1
∥∥∥

L2
x,v

·
∑
β ′≤β

∥∥∥∂
γ

β ′f n
∥∥∥

L2
x,v

·
∑
β ′≤β

∥∥∥∂
γ

β ′f n
∥∥∥

Lν
x,v

)
.

Summarizing all above and running over |γ | + |β| ≤ N , we have

d

dt

∣∣∣∣∣∣∣∣∣f n+1
∣∣∣∣∣∣∣∣∣2 +

∣∣∣∣∣∣∣∣∣f n+1
∣∣∣∣∣∣∣∣∣2

ν
�

∣∣∣∣∣∣∣∣∣f n+1
∣∣∣∣∣∣∣∣∣2 + ∣∣∣∣∣∣f n

∣∣∣∣∣∣
ν

∣∣∣∣∣∣f n
∣∣∣∣∣∣2

∣∣∣∣∣∣∣∣∣f n+1
∣∣∣∣∣∣∣∣∣

ν
+ ∣∣∣∣∣∣f n

∣∣∣∣∣∣2 (3.157)

+ ∣∣∣∣∣∣f n
∣∣∣∣∣∣2

∣∣∣∣∣∣∣∣∣f n+1
∣∣∣∣∣∣∣∣∣2

ν
+ ∣∣∣∣∣∣f n

∣∣∣∣∣∣2 + ∣∣∣∣∣∣f n
∣∣∣∣∣∣

ν

∣∣∣∣∣∣f n
∣∣∣∣∣∣ ∣∣∣∣∣∣∣∣∣f n+1

∣∣∣∣∣∣∣∣∣
ν

∣∣∣∣∣∣∣∣∣f n+1
∣∣∣∣∣∣∣∣∣.

Then integrating over [0, t] and using the definition of E , with the help of Cauchy’s inequality, 
we have

E[f n+1(t)] � E[f0] + t sup
s∈[0,t]

E[f n+1(s)] + t sup
s∈[0,t]

E[f n(s)]

+ sup
s∈[0,t]

E[f n(s)] sup
s∈[0,t]

E[f n+1(s)]. (3.158)

Assume that sup
s∈[0,T ]

E[f n(s)] ≤ M and E[f0] ≤ M
2 . Then taking supremum over s ∈ [0, T ], we 

have

sup
s∈[0,T ]

E[f n+1(s)] � M

2
+ T sup

s∈[0,T ]
E[f n+1(s)] + T M + M sup

s∈[0,T ]
E[f n+1(s)]. (3.159)

Hence, for M sufficiently small and T (M) sufficiently small, we know

sup
s∈[0,T ]

E[f n+1(s)] ≤ M. (3.160)

Therefore, we know this iteration is uniformly bounded.
Step 2. Contraction. On the other hand, taking the difference of the equations for f n+1 and 

f n, we obtain

∂t

(
f n+1 − f n

) + v · ∇x

(
f n+1 − f n

) + ν
(
f n+1 − f n

)
(3.161)

=K[f n − f n−1] + �p[f n − f n−1, f n;f n] + �p[f n−1, f n − f n−1;f n−1]
+ �p[f n−1, f n−1;f n − f n−1] − �q [f n − f n−1, f n;f n+1]
− �q [f n−1, f n − f n−1;f n+1] − �q [f n−1, f n−1;f n+1 − f n],

with (
f n+1 − f n

)
(0, x, v) = 0. (3.162)

Similarly to the above argument, we first take ∂γ
β , multiply ∂γ

β

(
f n+1 − f n

)
on both sides of 

(3.161), and integrate over � × R3. Using similar techniques as in proving boundedness, we 
obtain
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sup
s∈[0,T ]

E
[(

f n+1 − f n
)]

(s) � sup
s∈[0,T ]

E
[(

f n − f n−1)](s), (3.163)

where we use the nonlinear estimates
¨

�×R3

∂
γ
β

(
f n+1 − f n

) · ∂γ
β �p[f n − f n−1, f n;f n] (3.164)

�
(

sup
s∈[0,T ]

E
[(

f n+1 − f n
)]

(s)
) 1

2
(

sup
s∈[0,T ]

E
[(

f n − f n−1)](s)) 1
2

×
(

sup
s∈[0,T ]

E[f n](s)
) 1

2
(

sup
s∈[0,T ]

E[f n](s)
) 1

2

�M
(

sup
s∈[0,T ]

E
[(

f n+1 − f n
)]

(s)
) 1

2
(

sup
s∈[0,T ]

E
[(

f n − f n−1)](s)) 1
2
,

¨

�×R3

∂
γ
β

(
f n+1 − f n

) · ∂γ
β �p[f n−1, f n − f n−1;f n] (3.165)

�
(

sup
s∈[0,T ]

E
[(

f n+1 − f n
)]

(s)
) 1

2
(

sup
s∈[0,T ]

E
[(

f n − f n−1)](s)) 1
2

×
(

sup
s∈[0,T ]

E[f n−1](s)
) 1

2
(

sup
s∈[0,T ]

E[f n](s)
) 1

2

�M
(

sup
s∈[0,T ]

E
[(

f n+1 − f n
)]

(s)
) 1

2
(

sup
s∈[0,T ]

E
[(

f n − f n−1)](s)) 1
2
,

¨

�×R3

∂
γ
β

(
f n+1 − f n

) · ∂γ
β �p[f n−1, f n−1;f n − f n−1] (3.166)

�
(

sup
s∈[0,T ]

E
[(

f n+1 − f n
)]

(s)
) 1

2
(

sup
s∈[0,T ]

E
[(

f n − f n−1)](s)) 1
2
(

sup
s∈[0,T ]

E[f n−1](s)
)

�M
(

sup
s∈[0,T ]

E
[(

f n+1 − f n
)]

(s)
) 1

2
(

sup
s∈[0,T ]

E
[(

f n − f n−1)](s)) 1
2
,

and
¨

�×R3

∂
γ
β

(
f n+1 − f n

) · ∂γ
β �q [f n − f n−1, f n;f n+1] (3.167)

�
(

sup
s∈[0,T ]

E
[(

f n − f n−1)](s)) 1
2
(

sup
s∈[0,T ]

E
[(

f n+1 − f n
)]

(s)
) 1

2

×
(

sup E[f n](s)
) 1

2
(

sup E[f n+1](s)
) 1

2

s∈[0,T ] s∈[0,T ]
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�M
(

sup
s∈[0,T ]

E
[(

f n − f n−1)](s)) 1
2
(

sup
s∈[0,T ]

E
[(

f n+1 − f n
)]

(s)
) 1

2
,

¨

�×R3

∂
γ
β

(
f n+1 − f n

) · ∂γ
β �q [f n−1, f n − f n−1;f n+1] (3.168)

�
(

sup
s∈[0,T ]

E
[(

f n − f n−1)](s)) 1
2
(

sup
s∈[0,T ]

E
[(

f n+1 − f n
)]

(s)
) 1

2

×
(

sup
s∈[0,T ]

E[f n−1](s)
) 1

2
(

sup
s∈[0,T ]

E[f n+1](s)
) 1

2

�M
(

sup
s∈[0,T ]

E
[(

f n − f n−1)](s)) 1
2
(

sup
s∈[0,T ]

E
[(

f n+1 − f n
)]

(s)
) 1

2
,

¨

�×R3

∂
γ
β

(
f n+1 − f n

) · ∂γ
β �q [f n−1, f n−1;f n+1 − f n] (3.169)

� sup
s∈[0,T ]

E
[(

f n+1 − f n
)]

(s) · sup
s∈[0,T ]

E[f n−1](s)

�M sup
s∈[0,T ]

E
[(

f n − f n−1)](s).
Hence, we know the iteration is a contraction, and thus defines a (uniform) Cauchy sequence. 
Therefore, we know that there exists a classical solution f . The uniqueness follows naturally 
from the contraction proof and the Gronwall’s inequality. The inequality (3.157) also justifies the 
continuity of E[f (t)] with respect to t .

The positivity of F follows from a standard induction. Our iteration is actually

∂tF
n+1 + v · ∇xF

n+1 + Q̃p[Fn,Fn]Fn+1 = Qq [Fn,Fn;Fn]. (3.170)

We may verify that for θ = ±1, Fn satisfies the positivity estimate

Qq [Fn,Fn;Fn] ≥ 0. (3.171)

In addition, for θ = −1, Fn satisfies the positivity estimate

Q̃p[Fn,Fn] =
ˆ

R3

ˆ

S2

q(ω, |v − u|)
[
− θFn(u′)F n(v′)

(
1 + θFn(u)

)
+ Fn(u)

(
1 + θFn(u′)

)(
1 + θFn(v′)

)]
dωdu ≥ 0. (3.172)

Hence, by solving the ODE for Fn+1, we may derive the positivity naturally. �
3.3. Global solutions for � =T 3

In this section, we will justify the global well-posedness and decay for � =T 3 case.
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3.3.1. Positivity estimate for L

Lemma 3.12. Assume f (t, x, v) satisfies (3.15) for t ∈ [0, T ] with T ≥ 1. Also, f (t, x, v) satis-
fies sup

t∈[0,T ]
E[f (t)] ≤ M . Then for 0 ≤ s < t ≤ T , we have

∑
|γ |≤N

(∥∥∂γ f (t)
∥∥2

L2
x,v

+
tˆ

s

∥∥∂γ f (τ)
∥∥2

Lν
x,v

dτ

)
≤ eC(t−s)

∑
|γ |≤N

∥∥∂γ f (s)
∥∥2

L2
x,v

, (3.173)

and

∑
|γ |≤N

tˆ

s

∥∥∂γ f (τ)
∥∥2

Lν
x,v

dτ ≥
(

1 − eC(t−s)
) ∑

|γ |≤N

∥∥∂γ f (s)
∥∥2

L2
x,v

. (3.174)

Proof. Similar to the proof of Proposition 3.11, applying ∂γ on both sides of the equation (3.15), 
multiplying ∂γ f , and integrating over � ×R3, we have

1

2

d

dt

∥∥∂γ f
∥∥2

L2
x,v

+
¨

�×R3

∂γ f · (ν∂γ f
) =

¨

�×R3

∂γ f · K[
∂γ f

] +
¨

�×R3

∂γ f · ∂γ �[f,f ;f ].

(3.175)

Then using Lemma 3.2, Lemma 3.4 and Lemma 3.9, and summing over |γ | ≤ N , we have

d

dt

( ∑
|γ |≤N

∥∥∂γ f
∥∥2

L2
x,v

)
+

( ∑
|γ |≤N

∥∥∂γ f
∥∥2

Lν
x,v

)
�

( ∑
|γ |≤N

∥∥∂γ f
∥∥2

L2
x,v

)
+ M

( ∑
|γ |≤N

∥∥∂γ f
∥∥2

L2
x,v

)
.

(3.176)

When M is small, we may absorb the last term into the LHS to obtain

d

dt

( ∑
|γ |≤N

∥∥∂γ f
∥∥2

L2
x,v

)
+

( ∑
|γ |≤N

∥∥∂γ f
∥∥2

Lν
x,v

)
�

( ∑
|γ |≤N

∥∥∂γ f
∥∥2

L2
x,v

)
. (3.177)

Then by Gronwall’s inequality, we obtain∑
|γ |≤N

∥∥∂γ f (t)
∥∥2

L2
x,v

≤ eC(t−s)
∑

|γ |≤N

∥∥∂γ f (s)
∥∥2

L2
x,v

. (3.178)

Then we integrate over τ ∈ [s, t] to obtain

∑
|γ |≤N

tˆ

s

∥∥∂γ f (τ)
∥∥2

Lν
x,v

dτ ≤ eC(t−s)
∑

|γ |≤N

∥∥∂γ f (s)
∥∥2

L2
x,v

. (3.179)

This justifies the first inequality in the lemma.
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On the other hand, we may rearrange the terms in (3.175)

1

2

d

dt

∥∥∂γ f
∥∥2

L2
x,v

= −
¨

�×R3

∂γ f · (ν∂γ f
) +
¨

�×R3

∂γ f · K[
∂γ f

] +
¨

�×R3

∂γ f · ∂γ �[f,f ;f ].

(3.180)

Similar to the above argument, we have

d

dt

( ∑
|γ |≤N

∥∥∂γ f
∥∥2

L2
x,v

)

� −
( ∑

|γ |≤N

∥∥∂γ f
∥∥2

Lν
x,v

)
−

( ∑
|γ |≤N

∥∥∂γ f
∥∥2

L2
x,v

)
− M

( ∑
|γ |≤N

∥∥∂γ f
∥∥2

L2
x,v

)
, (3.181)

which yields

d

dt

( ∑
|γ |≤N

∥∥∂γ f
∥∥2

L2
x,v

)
� −

( ∑
|γ |≤N

∥∥∂γ f
∥∥2

Lν
x,v

)
, (3.182)

Integrating over τ ∈ [s, t], we have

∑
|γ |≤N

∥∥∂γ f (t)
∥∥2

Lν
x,v

�
∑

|γ |≤N

∥∥∂γ f (s)
∥∥2

L2
x,v

−
∑

|γ |≤N

tˆ

s

∥∥∂γ f (τ)
∥∥2

Lν
x,v

dτ. (3.183)

Then by Gronwall’s inequality, we obtain

∑
|γ |≤N

tˆ

s

∥∥∂γ f (τ)
∥∥2

Lν
x,v

dτ ≥
(

1 − eC(t−s)
) ∑

|γ |≤N

∥∥∂γ f (s)
∥∥2

L2
x,v

. (3.184)

This justifies the second inequality in the lemma. �
Lemma 3.13. Assume f (t, x, v) satisfies (3.15) for t ∈ [0, T ] with T ≥ 1. Assume the initial data 
f0 satisfies the conservation laws. Also, f (t, x, v) satisfies supt∈[0,T ] E[f (t)] ≤ M . Then there 
exists a constant δM ∈ (0, 1) such that

∑
|γ |≤N

1ˆ

0

ˆ

T 3

ˆ

R3

L
[
∂γ f (t)

] · ∂γ f (t)dvdxdt ≥ δM

∑
|γ |≤N

1ˆ

0

∥∥∂γ f (t)
∥∥2

Lν
x,v

dt. (3.185)

Proof. We prove by contradiction. If the result is not true, then there exists a sequence of solu-
tions 

{
fn(t, x, v)

}∞
n=1 to (3.15) such that

sup
t∈[0,1]

∑
|γ |+|β|≤N

∥∥∥∂
γ
β fn(t)

∥∥∥2

L2
x,v

≤ M, (3.186)
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and

0 ≤
∑

|γ |≤N

1ˆ

0

ˆ

T 3

ˆ

R3

L
[
∂γ fn(t)

] · ∂γ fn(t) ≤ 1

n

∑
|γ |≤N

1ˆ

0

∥∥∂γ fn(t)
∥∥2

Lν
x,v

. (3.187)

We normalize

Zn(t, x, v) = fn(t, x, v)√∑
|γ |≤N

´ 1
0 ‖∂γ fn(t)‖2

Lν
x,v

dt

. (3.188)

Then noticing that L = νI − K , we know

0 ≤ 1 −
∑

|γ |≤N

1ˆ

0

ˆ

T 3

ˆ

R3

K
[
∂γ Zn(t)

] · ∂γ Zn(t) ≤ 1

n
. (3.189)

On the other hand, by Lemma 3.12, we know

∑
|γ |≤N

∥∥∂γ fn(t)
∥∥2

L2
x,v

�
∑

|γ |≤N

∥∥∂γ fn(0)
∥∥2

L2
x,v

, (3.190)

and

∑
|γ |≤N

1ˆ

0

∥∥∂γ fn(t)
∥∥2

Lν
x,v

�
∑

|γ |≤N

∥∥∂γ fn(0)
∥∥2

L2
x,v

. (3.191)

Then based on the definition of Zn, we know that

sup
t∈[0,1]

∑
|γ |≤N

∥∥∂γ Zn(t)
∥∥2

L2
x,v

� 1. (3.192)

Based on the equation (3.15), we know Zn satisfies

∂tZn + v · ∇xZn + L[Zn] = �[fn,fn;Zn]. (3.193)

After applying ∂γ on both sides, we obtain

∂t

(
∂γ Zn

) + v · ∇x

(
∂γ Zn

) + L
[
∂γ Zn

] = ∂γ �[fn,fn;Zn]. (3.194)

Also, we have the conservation laws
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ˆ

�

ˆ

R3

Zn(t, x, v)M 1
2 (v)dvdx = 0, (Mass) (3.195)

ˆ

�

ˆ

R3

Zn(t, x, v)M 1
2 (v)vi dvdx = 0, (Momentum) (3.196)

ˆ

�

ˆ

R3

Zn(t, x, v)M 1
2 (v) |v|2 dvdx = 0. (Energy) (3.197)

Due to the boundedness, we can extract weakly convergent subsequence in L2([0, 1] ×T 3 ×R3)

to get

∂γ Zn ⇀ ∂γ Z, ∂γ fn ⇀ ∂γ f, (3.198)

where Z and f are the limit functions, respectively.

Step 1. K[∂γ Zn] → K[∂γ Z] in L2([0, 1] ×T 3 ×R3) for |γ | ≤ N .

Based on Lemma 3.4, we know K is a bounded operator in L2(T 3 ×R3). Then for any ε > 0, 
we have

εˆ

0

∥∥K[∂γ Zn]
∥∥2

L2
x,v

+
1ˆ

1−ε

∥∥K[∂γ Zn]
∥∥2

L2
x,v

� ε. (3.199)

Hence, there is no time concentration in a neighborhood of t = 0 or t = 1. Then it suffices to 
consider K[∂γ Zn] → K[∂γ Z] in L2([ε, 1 − ε] ×T 3 ×R3).

Notice that

K[∂γ Zn] =
ˆ

R3

k(u, v)∂γ Zn(u)du. (3.200)

Due to the proof of Lemma 3.4, we know that though we cannot write k(u, v) explicitly, it actu-
ally can be pointwise bounded by the corresponding operator k̃(u, v) for the classical Boltzmann 
equation as in [29, Section 3.2&3.3]. Hence, [29, Lemma 3.5.1] justifies that for any ε > 0, there 
exists m > 0 such that we may split

k(u, v) = km(u, v) + (
k(u, v) − km(u, v)

)
, (3.201)

where

km(u, v) = k(u, v)1{(u,v):|u−v|≥ 1
m

and |v|≤m}, (3.202)

satisfying
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1ˆ

0

∥∥∥∥∥∥∥
ˆ

R3

(k − km)∂γ Zn(t)du

∥∥∥∥∥∥∥
L2

x,v

≤ ε

1ˆ

0

∥∥∂γ Zn(t)
∥∥

L2
x,v

� ε. (3.203)

Then naturally km ∈ L2(R3 ×R3). Based on the density lemma, we may find a smooth function 
κε(u, v) = κ1(u)κ2(v) with compact support satisfying

‖km − κε‖L2
u,v

� ε. (3.204)

Hence, we know

1ˆ

0

∥∥∥∥∥∥∥
ˆ

R3

(km − κε)∂
γ Zn(t)du

∥∥∥∥∥∥∥
L2

x,v

≤ ‖km − κε‖L2
u,v

1ˆ

0

∥∥∂γ Zn(t)
∥∥

L2
x,v

� ε. (3.205)

Then it suffices to justify

ˆ

R3

κ1(u)∂γ Zn(t)du →
ˆ

R3

κ1(u)∂γ Z(t)du (3.206)

in L2([ε, 1 − ε] ×T 3) since we can later multiply κ2(v) and integrating over v ∈ R3 to complete 
the proof.

Let χ(t, x) be a smooth cutoff function in (0, 1) × R3 such that χ = 1 in [ε, 1 − ε] × T 3. 
Multiplying κ1(v)χ(t, x) on both sides of (3.194) to obtain

∂t

(
κ1χ∂γ Zn

) + v · ∇x

(
κ1χ∂γ Zn

)
= −κ1χL

[
∂γ Zn

] + κ1χ∂γ �[fn,fn;Zn] + ∂γ Zn

(
∂t + v · ∇x

)
(κ1χ). (3.207)

Due to compact support in (t, x, v) variables of κ1χ , we know

1ˆ

0

∥∥κ1χL
[
∂γ Zn

]∥∥2
L2

x,v
�

1ˆ

0

∥∥∂γ Zn

∥∥2
L2

x,v
� 1, (3.208)

and

1ˆ

0

∥∥∂γ Zn

(
∂t + v · ∇x

)
(κ1χ)

∥∥2
L2

x,v
�

1ˆ

0

∥∥∂γ Zn

∥∥2
L2

x,v
� 1. (3.209)

Then we are left with the nonlinear term. Based on the third inequality in Lemma 3.10 and our 
assumption of the lemma, we always put L2

v,x on the term with highest-order derivative and use 
Sobolev embedding to handle the supremum in (x, v), to obtain
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1ˆ

0

∥∥κ1χ∂γ �[fn,fn;Zn]
∥∥2

L2
x,v

� M

1ˆ

0

(∥∥∂γ Zn

∥∥2
L2

x,v
+ ∥∥∂γ fn

∥∥2
L2

x,v

)
� 1. (3.210)

In total, we know that

∂t

(
κ1χ∂γ Zn

) + v · ∇x

(
κ1χ∂γ Zn

) ∈ L2([0,1] ×R3 ×R3). (3.211)

Then from the averaging lemma, we obtain

ˆ

R3

κ1χ∂γ Zn(t, x,u)du ∈ H
1
4 ([0,1] ×R3). (3.212)

Then by the compact embedding, we may extract a weakly convergent subsequence in H
1
4 , which 

is a strongly convergent subsequence in L2 such that

ˆ

R3

κ1χ∂γ Zn(t, x,u)du →
ˆ

R3

κ1χ∂γ Z(t, x,u)du. (3.213)

Hence, our result naturally follows.

Step 2. Z(t, x, v) = a(t, x)M 1
2 + b(t, x) · vM 1

2 + c(t, x) |v|2 M 1
2 .

From Step 1, we know that

1ˆ

0

ˆ

T 3

ˆ

R3

K
[
∂γ Zn

] · ∂γ Zn →
1ˆ

0

ˆ

T 3

ˆ

R3

K
[
∂γ Z

] · ∂γ Z. (3.214)

Hence, taking limit n → ∞ in (3.189), we obtain

0 ≤ 1 −
∑

|γ |≤N

1ˆ

0

ˆ

T 3

ˆ

R3

K
[
∂γ Z

] · ∂γ Z ≤ 0. (3.215)

Hence, we must have

∑
|γ |≤N

1ˆ

0

ˆ

T 3

ˆ

R3

K
[
∂γ Z

] · ∂γ Z = 1. (3.216)

On the other hand, the lower semi-continuity of ν-norm implies

∑
|γ |≤N

1ˆ

0

∥∥∂γ Z(t)
∥∥2

Lν
x,v

≤ 1. (3.217)
522



Z. Ouyang and L. Wu Journal of Differential Equations 316 (2022) 471–551
Therefore, we know

0 ≤
∑

|γ |≤N

1ˆ

0

ˆ

T 3

ˆ

R3

L
[
∂γ Z

] · ∂γ Z (3.218)

=
∑

|γ |≤N

1ˆ

0

∥∥∂γ Z(t)
∥∥2

Lν
x,v

−
∑

|γ |≤N

1ˆ

0

ˆ

T 3

ˆ

R3

K
[
∂γ Z

] · ∂γ Z

≤1 − 1 = 0.

Therefore, we have

∑
|γ |≤N

1ˆ

0

∥∥∂γ Z(t)
∥∥2

Lν
x,v

= 1, (3.219)

and

∑
|γ |≤N

1ˆ

0

ˆ

T 3

ˆ

R3

L
[
∂γ Z

] · ∂γ Z = 0. (3.220)

In particular, the weak convergence and norm convergence imply strong convergence, i.e. 
∂γ Zn → ∂γ Z in L2([0, 1] ×R3 ×R3).

Hence, we know Z belongs to the null space of L, i.e.

Z(t, x, v) = a(t, x)M 1
2 + b(t, x) · vM 1

2 + c(t, x) |v|2 M 1
2 , (3.221)

where a, b, c are given by Z. In particular, the boundedness of Z implies

sup
t∈[0,1]

(∥∥∂γ a(t)
∥∥2

L2
x
+ ∥∥∂γ b(t)

∥∥2
L2

x
+ ∥∥∂γ c(t)

∥∥2
L2

x

)
� 1. (3.222)

Then taking limit n → ∞ in (3.194), we know that in the sense of distribution

∂t

(
∂γ Z

) + v · ∇x

(
∂γ Z

) = ∂γ �[f,f ;Z]. (3.223)

Also, we have the conservation laws
ˆ

�

ˆ

R3

Z(t, x, v)M 1
2 (v)dvdx = 0, (Mass) (3.224)

ˆ

�

ˆ

R3

Z(t, x, v)M 1
2 (v)vi dvdx = 0, (Momentum) (3.225)

ˆ

�

ˆ

R3

Z(t, x, v)M 1
2 (v) |v|2 dvdx = 0. (Energy) (3.226)
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Step 3. 
∑

|γ |≤N

´ 1
0 ‖∂γ Z(t)‖2

Lν
x,v

� M .
If this is justified, then it contradicts (3.219) and we conclude our proof. Plugging (3.221) into 

(3.223), we obtain that(∇x∂
γ c

) · v |v|2 M 1
2 + (

∂t ∂
γ c |v|2 + v · ∇x(v · ∂γ )

)
M 1

2 (3.227)

+(
∂t ∂

γ b + ∇x∂
γ a

) · vM 1
2 + (

∂t ∂
γ a

)
M 1

2 = ∂γ �[f,f ;Z].
Since

vi |v|2 M 1
2 , vivjM

1
2 , viM

1
2 , M 1

2 (3.228)

are linearly independent, in the sense of distribution, their coefficients on both sides of the equa-
tion should be equal, i.e. the so-called macroscopic equations

∂xi
∂γ c = h

γ

ci, (3.229)

∂t ∂
γ c + ∂xi

∂γ bi = h
γ

i , (3.230)

∂xi
∂γ bj + ∂xj

∂γ bi = h
γ

ij for i �= j, (3.231)

∂t ∂
γ bi + ∂xi

∂γ a = h
γ

bi, (3.232)

∂t ∂
γ a = h

γ
a , (3.233)

where hγ

ci , h
γ

i , hγ

ij , hγ

bi and hγ
a are linear combinations of

ˆ

R3

∂γ �[f,f ;Z]vi |v|2 M 1
2 ,

ˆ

R3

∂γ �[f,f ;Z]vivjM
1
2 ,

ˆ

R3

∂γ �[f,f ;Z]viM
1
2 ,

ˆ

R3

∂γ �[f,f ;Z]M 1
2 . (3.234)

In particular, based on the second inequality of Lemma 3.10, we know

sup
t∈[0,1]

(∥∥h
γ

ci

∥∥
L2

x
+ ∥∥h

γ

i

∥∥
L2

x
+

∥∥∥h
γ

ij

∥∥∥
L2

x

+ ∥∥h
γ

bi

∥∥
L2

x
+ ∥∥h

γ
a

∥∥
L2

x

)
� M. (3.235)

From (3.229), we know ∥∥∇x∂
γ c

∥∥
L2

x
�

∥∥h
γ

ci

∥∥
L2

x
� M. (3.236)

For b, we directly compute from (3.230) and (3.231)

�x∂
γ bi =

∑
i �=j

∂xj xj
∂γ bi + ∂xixi

∂γ bi (3.237)

=
∑(

− ∂xixj
∂γ bj + ∂xj

h
γ

ij

)
+

(
− ∂t ∂xi

∂γ c + ∂xi
h

γ

i

)

i �=j
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=
∑
i �=j

(
∂t ∂xi

∂γ c − ∂xi
h

γ

j

)
+

(∑
i �=j

∂xj
h

γ

ij

)
+

(
− ∂t ∂xi

∂γ c + ∂xi
h

γ

i

)
= ∂t ∂xi

∂γ c +
∑
i �=j

(
∂xj

h
γ

ij − ∂xi
h

γ

j

)
+ ∂xi

h
γ

i

=
(

− ∂xixi
∂γ bi + ∂xi

h
γ

i

)
+

∑
i �=j

(
∂xj

h
γ

ij − ∂xi
h

γ

j

)
+ ∂xi

h
γ

i

= −∂xixi
∂γ bi +

∑
i �=j

(
∂xj

h
γ

ij − ∂xi
h

γ

j

)
+ 2∂xi

h
γ

i .

Then multiplying ∂γ bi in the above equation and integrating by parts, we obtain∥∥∇x∂
γ bi

∥∥
L2

x
�

∥∥∥h
γ

ij

∥∥∥
L2

x

+ ∥∥h
γ

i

∥∥
L2

x
� M. (3.238)

We assume t > 1
2 and focus on [0, t] (otherwise, we can focus on [t, 1]). We integrate (3.232)

over [0, t] to obtain that for 0 ≤ |γ | ≤ N − 1

∂γ bi(t) − ∂γ bi(0) +
tˆ

0

∂xi
∂γ a(s)ds =

tˆ

0

h
γ

bi(s)ds. (3.239)

Then since ∂t∂xi
∂γ a = ∂xi

h
γ
a , we have

∂xi
∂γ a(s) = ∂xi

∂γ a(t) +
sˆ

t

∂xi
h

γ
a (τ )dτ. (3.240)

Then plug this into the above equation, we have

∂xi
∂γ a(t) = − 1

t

(
∂γ bi(t) − ∂γ bi(0)

)
− 1

t

´ t

0

´ s

t
∂xi

h
γ
a (τ )dτds + 1

t

´ t

0 h
γ

bi(s)ds. (3.241)

Then taking xi derivative, we obtain

∂xixi
∂γ a(t) = −1

t

(
∂xi

∂γ bi(t) − ∂xi
∂γ bi(0)

)
− 1

t

tˆ

0

sˆ

t

∂xixi
h

γ
a (τ )dτds + 1

t

tˆ

0

∂xi
h

γ

bi(s)ds.

(3.242)

Then multiplying ∂γ a in the above equation and integrating by parts, we obtain∥∥∇x∂
γ a

∥∥
L2

x
� sup

t∈[0,1]
‖b‖L2

x
+ ∥∥∇xh

γ
a

∥∥
L2

x
+ ∥∥h

γ

bi

∥∥
L2

x
�M. (3.243)

In total, we have proved
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∑
0<|α|≤N

1ˆ

0

(∥∥∂γ a
∥∥2

L2
x
+ ∥∥∂γ b

∥∥2
L2

x
+ ∥∥∂γ c

∥∥2
L2

x

)
� M. (3.244)

Let |γ | = 0 in (3.229)-(3.233), we know

1ˆ

0

(
‖∂ta‖2

L2
x
+ ‖∂tb‖2

L2
x
+ ‖∂t c‖2

L2
x

)
� M. (3.245)

Therefore, applying Poincaré’s inequality in [0, t] ×T 3, we have

1ˆ

0

(
‖a‖2

L2
x
+ ‖b‖2

L2
x
+ ‖c‖2

L2
x

)
(3.246)

�
1ˆ

0

(∥∥∇t,xa
∥∥2

L2
x
+ ∥∥∇t,xb

∥∥2
L2

x
+ ∥∥∇t,xc

∥∥2
L2

x

)
+

(∣∣∣∣∣∣∣
tˆ

0

ˆ

R3

a

∣∣∣∣∣∣∣ +

∣∣∣∣∣∣∣
tˆ

0

ˆ

R3

b

∣∣∣∣∣∣∣ +

∣∣∣∣∣∣∣
tˆ

0

ˆ

R3

c

∣∣∣∣∣∣∣
)

�M +
(∣∣∣∣∣∣∣

tˆ

0

ˆ

R3

a

∣∣∣∣∣∣∣ +

∣∣∣∣∣∣∣
tˆ

0

ˆ

R3

b

∣∣∣∣∣∣∣ +

∣∣∣∣∣∣∣
tˆ

0

ˆ

R3

c

∣∣∣∣∣∣∣
)

.

The conservation law for Z implies

tˆ

0

ˆ

R3

a = 0,

tˆ

0

ˆ

R3

b = 0,

tˆ

0

ˆ

R3

c = 0. (3.247)

Hence, we have

1ˆ

0

(
‖a‖2

L2
x
+ ‖b‖2

L2
x
+ ‖c‖2

L2
x

)
� M. (3.248)

This concludes our proof. �
Remark 3.3. This proof highly relies on Poincaré’s inequality, so it cannot be naturally extended 
to � =R3 case.

Lemma 3.14. Assume f (t, x, v) satisfies (3.15) for t ∈ [0, T ] with T ≥ 1. Assume the initial data 
f0 satisfies the conservation laws. Also, f (t, x, v) satisfies supt∈[0,T ] E[f (t)] ≤ M . Then there 
exists a constant δM ∈ (0, 1) such that for any t ′ ≥ 0 and a positive integer n with t ′ +n ∈ [0, T ],
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∑
|γ |≤N

t ′+nˆ

t ′

ˆ

T 3

ˆ

R3

L
[
∂γ f (t)

] · ∂γ f (t)dvdxdt ≥ δM

∑
|γ |≤N

t ′+nˆ

t ′

∥∥∂γ f (t)
∥∥2

Lν
x,v

dt. (3.249)

Proof. We apply Lemma 3.13 to each of the intervals [t ′, t ′ + 1], [t ′ + 1, t ′ + 2], · · · , [t ′ + (n −
1), t ′ + n] and then sum them up. �
Remark 3.4. It is not very easy to further extend the result to intervals with arbitrary length. In 
particular, if we take f0 satisfying (I − P)[f0] = 0, then for a short period of time, we know 
the results in Lemma 3.13 cannot be true. Hence, the lower bound of interval length is very 
important.

3.3.2. Global well-posedness and time decay

Proposition 3.15. There exists M0 > 0 such that if

E[f0] ≤ M0

2
, (3.250)

then there exists a unique solution f (t, x, v) to the quantum Boltzmann equation (3.15) such that

E[f (t)] ≤ M0, (3.251)

for any t ∈ [0, ∞).

Proof. We first choose the initial data E[f0] ≤ M
2 . Denote

T = sup
{
t ≥ 0 : sup

s∈[0,t]
E[f (s)] ≤ M

}
. (3.252)

Based on Proposition 3.11 for the local well-posedness, we know T > 0. For any t ∈ [0, T ], 
applying ∂γ on both sides of the equation (3.15), multiplying ∂γ f , and integrating over T 3 ×R3, 
we have

1

2

d

dt

∥∥∂γ f
∥∥2

L2
x,v

+
ˆ

T 3×R3

∂γ f · L[
∂γ f

] =
ˆ

T 3×R3

∂γ f · ∂γ �[f,f ;f ]. (3.253)

We further integrate over time to obtain

∥∥∂γ f (t)
∥∥2

L2
x,v

+
tˆ

0

ˆ

T 3×R3

∂γ f · L[
∂γ f

] = ∥∥∂γ f0
∥∥2

L2
x,v

+
tˆ

0

ˆ

T 3×R3

∂γ f · ∂γ �[f,f ;f ].

(3.254)

For each t , we split t = t ′ +n, where t ′ ∈ [0, 1) and n is a positive integer. Then using Lemma 3.6, 
Lemma 3.14 and Lemma 3.10, and summing over |γ | ≤ N , we have
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( ∑
|γ |≤N

∥∥∂γ f (t)
∥∥2

L2
x,v

)
+

tˆ

t ′

( ∑
|γ |≤N

∥∥∂γ f
∥∥2

Lν
x,v

)
� CME[f0] + CM sup

s∈[0,t]
E[f (s)]2,

for some constant CM ≥ 1 depending on M . However, the second term in LHS still lacks the 
information on [0, t ′]. We fill this gap by adding the missing piece (the integral over [0, t ′]) on 
both sides

( ∑
|γ |≤N

∥∥∂γ f (t)
∥∥2

L2
x,v

)
+

tˆ

0

( ∑
|γ |≤N

∥∥∂γ f
∥∥2

Lν
x,v

)

� CME[f0] + CM sup
s∈[0,t]

E[f (s)]2 +
t ′ˆ

0

( ∑
|γ |≤N

∥∥∂γ f
∥∥2

Lν
x,v

)
. (3.255)

Then based on Lemma 3.12, we know for t ′ ∈ [0, 1)

t ′ˆ

0

( ∑
|γ |≤N

∥∥∂γ f
∥∥2

Lν
x,v

)
�

∑
|γ |≤N

∥∥∂γ f0
∥∥2

L2
x,v

. (3.256)

Hence, in total, we obtain

∑
|γ |≤N

∥∥∂γ f (t)
∥∥2

L2
x,v

+
tˆ

0

( ∑
|γ |≤N

∥∥∂γ f
∥∥2

Lν
x,v

)

≤ CME[f0] + CM sup
s∈[0,t]

E[f (s)]2. (3.257)

Next, we consider the mixed derivative case. For any t ∈ [0, T ], applying ∂γ
β on both sides of the 

equation (3.15), multiplying ∂γ
β f , and integrating over T 3 ×R3, we have

1

2

d

dt

∥∥∥∂
γ
β f

∥∥∥2

L2
x,v

+
ˆ

T 3×R3

∂
γ
β f · L[

∂
γ
β f

]

= −
ˆ

T 3×R3

∂
γ
β f ·

(
∂βL[∂γ f ] − L

[
∂

γ
β f

]) +
ˆ

T 3×R3

∂
γ
β f · ∂γ

β �[f,f ;f ]. (3.258)

Note that each term in ∂βL
[
∂γ f

] − L
[
∂

γ
β f

]
has ∂γ

β ′f with 0 ≤ ∣∣β ′∣∣ < |β|. Hence, we may use a 
simple induction over |β| = 0, 1, 2, · · · , N to obtain

E[f (t)] ≤ CME[f0] + CM sup
s∈[0,t]

E[f (s)]2. (3.259)
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Note that we cannot directly absorb the last term into the LHS since we are not clear whether 
CMM < 1. We further choose M0 such that

CMM0 ≤ 1

2
. (3.260)

Also, we choose the initial data

E[f0] ≤ εM = M0

4CM

<
M0

2
<

M

2
. (3.261)

Denote

T0 = sup
{
t ≥ 0 : sup

s∈[0,t]
E[f (s)] ≤ M0

}
. (3.262)

For 0 < t < T0 ≤ T , the bound (3.259) still holds. Hence, we have

E[f (t)] ≤ CME[f0] + CM sup
s∈[0,t]

E[f (s)]2 ≤ M0

4
+ 1

2
sup

s∈[0,t]
E[f (s)]. (3.263)

Taking supremum over t ∈ [0, T0], we have

sup
t∈[0,T0]

E[f (s)] ≤ M0

2
< M0. (3.264)

Then by standard continuity argument, we know T0 = ∞. �
Proposition 3.16. Under the same assumption as in Proposition 3.15, the global solution 
f (t, x, v) satisfies

|||f (t)||| ≤ Ce−kt |||f0|||, (3.265)

for some constant C, K > 0.

Proof. We mainly use an argument similar to Hadžić-Guo [39] and Maslova [59]. Based on the 
proof of Proposition 3.15, we know for any s < t with |t − s| ≥ 1,

|||f (t)|||2 +
tˆ

s

|||f (τ)|||2ν dτ ≤ C0|||f (s)|||2. (3.266)

Since |||f (t)|||� |||f (t)|||ν , we know

|||f (t)|||2 +
tˆ

s

|||f (τ)|||2dτ ≤ C0|||f (s)|||2. (3.267)

Denote
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V (s) =
∞̂

s

|||f (τ)|||2dτ. (3.268)

Then naturally

V (s) ≤ C0|||f (s)|||2, (3.269)

and thus

V ′(s) = −|||f (s)|||2 ≤ − 1

C0
V (s). (3.270)

Therefore, we know

V (s) ≤ V (0)e
− 1

C0
s
. (3.271)

Then we integrate over s ∈ [t,2t] for t ≥ 1 in (3.267), we have

t |||f (t)|||2 ≤
2tˆ

t

|||f (τ)|||2dτ ≤
∞̂

t

|||f (τ)|||2dτ = V (t) (3.272)

Hence, we have

|||f (t)|||2 ≤ V (0)e
− 1

C0
t
. (3.273)

Since V (0) � M0, our result naturally follows. �
3.4. Global solutions for � =R3

In this section, we will prove the global well-posedness when � =R3.
Denote a special dissipation rate

|||f |||ν,0 = ‖(I− P)f ‖Lν
x,v

+
∑

0<|γ |≤N

∥∥∥∂
γ
β f

∥∥∥
Lν

x,v

. (3.274)

Note that this does not include ‖Pf ‖Lν
x,v

, which has not time or spatial derivatives.

3.4.1. Positivity estimate for L
Similar to � =T 3 case, we denote

f (t, x, v) = P[f ](t, x, v) + (I− P)[f ](t, x, v) (3.275)

= a(t, x)M 1
2 + b(t, x) · vM 1

2 + c(t, x) |v|2 M 1
2 + (I− P)[f ](t, x, v),

where a, b, c are given by f .
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Plugging (3.275) into (3.15) and compare the two sides with the basis

vi |v|2 M 1
2 , vivjM

1
2 , viM

1
2 , M 1

2 (3.276)

we obtain the so-called macroscopic equations

∂xi
∂γ c = �

γ

ci + h
γ

ci, (3.277)

∂t ∂
γ c + ∂xi

∂γ bi = �
γ

i + h
γ

i , (3.278)

∂xi
∂γ bj + ∂xj

∂γ bi = �
γ

ij + h
γ

ij for i �= j, (3.279)

∂t ∂
γ bi + ∂xi

∂γ a = �
γ

bi + h
γ

bi, (3.280)

∂t ∂
γ a = �

γ
a + h

γ
a , (3.281)

where �γ

ci , �
γ

i , �γ

ij , �γ

bi and �γ
a are the coefficients corresponding to the above basis for the lin-

ear term −(
∂t + v · ∇x + )

(I − P)[∂γ f ], and hγ

ci , h
γ

i , hγ

ij , hγ

bi and hγ
a are corresponding to 

∂γ �[f, f ; f ].

Lemma 3.17. We have∑
|γ |≤N−1

(∥∥�
γ

ci

∥∥
L2

x
+ ∥∥�

γ

i

∥∥
L2

x
+

∥∥∥�
γ

ij

∥∥∥
L2

x

+ ∥∥�
γ

bi

∥∥
L2

x
+ ∥∥�

γ
a

∥∥
L2

x

)
�

∑
|γ |≤N

∥∥(I− P)[∂γ f ]∥∥
L2

x
.

(3.282)

Proof. Assume the basis in (3.276) is {εn(v)}. Then the coefficients �γ

ci , �
γ

i , �γ

ij , �γ

bi and �γ
a are 

just linear combinations of

ˆ

R3

(
∂t + v · ∇x + L

)
(I− P)[∂γ f ] · εn. (3.283)

Note that with Lemma 3.4 and Lemma 3.6,∥∥∥∥∥∥∥
ˆ

R3

(
∂t + v · ∇x + L

)
(I− P)[∂γ f ] · εn

∥∥∥∥∥∥∥
2

L2
x

(3.284)

�
ˆ

R3

|εn| ·
ˆ

R3×R3

|εn|
( ∣∣(I− P)[∂t ∂

γ f ]∣∣2 + |v|2 ∣∣(I− P)[∇x∂
γ f ]∣∣2 + ∣∣(I− P)[L[∂γ f ]]∣∣2

)

�
∥∥(I− P)[∂t ∂

γ f ]∥∥2
L2

x
+ ∥∥(I− P)[∇x∂

γ f ]∥∥2
L2

x
+ ∥∥(I− P)[∂γ f ]∥∥2

L2
x
.

Hence, our result is obvious. �
Remark 3.5. This lemma indicates that we must include ∂t in the definition of γ .
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Lemma 3.18.∑
|γ |≤N

(∥∥h
γ

ci

∥∥
L2

x
+ ∥∥h

γ

i

∥∥
L2

x
+

∥∥∥h
γ

ij

∥∥∥
L2

x

+ ∥∥h
γ

bi

∥∥
L2

x
+ ∥∥h

γ
a

∥∥
L2

x

)
� |||f |||2 |||f |||ν,0 . (3.285)

Proof. Similar to the above lemma, it suffices to bound∥∥∥∥∥∥∥
ˆ

R3

∂γ �[f,f ;f ] · εn

∥∥∥∥∥∥∥
L2

x

. (3.286)

This is a bit delicate since |||f |||ν,0 does not include the lowest order terms.
For |γ | > 0, the derivative is distributed among the three arguments in �. Based on the second 

inequality in Lemma 3.9, we may assign L2
x to the term with highest-order derivative to bound it 

by |||f |||ν,0. Then we assign L∞
x for the other two terms, and the Sobolev embedding helps bound 

them by |||f |||2.
The more delicate case is |γ | = 0. We split f = P[f ] + (I − P)[f ] and get

�[f,f ;f ] =�
[
f,f ; (I− P)[f ]

]
+ �

[
f, (I− P)[f ];P[f ]

]
+ �

[
(I− P)[f ],P[f ];P[f ]

]
(3.287)

+ �
[
P[f ],P[f ];P[f ]

]
.

Since |||f |||ν,0 includes ‖(I− P)[f ]‖L2
x
, so the first three terms are good to go. We just need the 

estimates as in |γ | > 0 case. The difficult part is the last term∥∥∥∥∥∥∥
ˆ

R3

�
[
P[f ],P[f ];P[f ]

]
· εn

∥∥∥∥∥∥∥
L2

x

. (3.288)

Since P[f ] = a(t, x)M 1
2 + b(t, x) · vM 1

2 + c(t, x) |v|2 M 1
2 , we have∥∥∥∥∥∥∥

ˆ

R3

�
[
P[f ],P[f ];P[f ]

]
· εn

∥∥∥∥∥∥∥
L2

x

�
∥∥∥|a|3 + |b|3 + |c|3

∥∥∥
L2

x

� ‖a‖3
L6

x
+ ‖b‖3

L6
x
+ ‖c‖3

L6
x
.

(3.289)

Due to Sobolev inequality in R3, we have

‖a‖3
L6

x
+ ‖b‖3

L6
x
+ ‖c‖3

L6
x
� ‖∇xa‖3

L2
x
+ ‖∇xb‖3

L2
x
+ ‖∇xc‖3

L2
x
� |||f |||2 |||f |||ν,0 . (3.290)

Hence, our result naturally follows. �
Remark 3.6. The Sobolev inequality in R3 plays a key role in the proof of this lemma. It does 
not hold in � =T 3 case.
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Lemma 3.19. Assume f (t, x, v) satisfies (3.15) for t ∈ [0, T ] with T ≥ 1. Assume the initial data 
f0 satisfies the conservation laws. Also, f (t, x, v) satisfies sup

t∈[0,T ]
|||f (t)||| ≤ M . Then there exists 

a constant δM ∈ (0, 1) such that

∑
0<|γ |≤N

ˆ

T 3

ˆ

R3

L
[
∂γ f (t)

] · ∂γ f (t)dvdx

≥ δM

∑
0<|γ |≤N

∥∥∂γ f (t)
∥∥2

Lν
x,v

− d

dt

ˆ

R3

a(∇x · b) − |||f |||4 |||f |||2ν,0 . (3.291)

Proof. Due to Lemma 3.6, we know

∑
0<|γ |≤N

ˆ

T 3

ˆ

R3

L
[
∂γ f (t)

] · ∂γ f (t)dvdx ≥ δ
∑

0<|γ |≤N

∥∥∂γ (I− P)[f ](t)∥∥2
Lν

x,v
. (3.292)

Hence, it suffices to bound ‖∂γP[f ](t)‖Lν
x,v

. Similar the bound of Z in the proof of Lemma 3.13, 
and using the proof of Lemma 3.17 and Lemma 3.18, we know∥∥∇x∂

γ c
∥∥

L2
x
�

∥∥�
γ

ci

∥∥
L2

x
+ ∥∥h

γ

ci

∥∥
L2

x
�

∑
0<|γ |≤N

∥∥(I− P)[∂γ f ]∥∥
L2

x
+ |||f |||2 |||f |||ν,0 , (3.293)

and ∥∥∇x∂
γ bi

∥∥
L2

x
�

∥∥∥�
γ

ij

∥∥∥
L2

x

+ ∥∥�
γ

i

∥∥
L2

x
+

∥∥∥h
γ

ij

∥∥∥
L2

x

+ ∥∥h
γ

i

∥∥
L2

x
(3.294)

�
∑

0<|γ |≤N

∥∥(I− P)[∂γ f ]∥∥
L2

x
+ |||f |||2 |||f |||ν,0 .

Also, from (3.230), we have∥∥∂t ∂
γ c

∥∥
L2

x
�

∥∥∂xi
∂γ bi

∥∥
L2

x
+ ∥∥�

γ

i

∥∥
L2

x
+ ∥∥h

γ

i

∥∥
L2

x

�
∑

0<|γ |≤N

∥∥(I− P)[∂γ f ]∥∥
L2

x
+ |||f |||2 |||f |||ν,0 . (3.295)

The remaining term is for temporal derivative of b, which will be discussed later.
For a, (3.233) implies∥∥∂t ∂

γ a
∥∥

L2
x
�

∥∥�
γ
a

∥∥
L2

x
+ ∥∥h

γ
a

∥∥
L2

x

�
∑

0<|γ |≤N

∥∥(I− P)[∂γ f ]∥∥
L2

x
+ |||f |||2 |||f |||ν,0 . (3.296)

The remaining term is for purely spatial derivative of a. Let γ = [0, γ1, γ2, γ3]. For |γ | > 0, 
taking ∂x in (3.232) yields
i
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∂xixi
∂γ a = −∂t ∂xi

∂γ bi + ∂xi
(�

γ

bi + h
γ

bi). (3.297)

Multiplying ∂γ a on both sides, integrating over R3, and integrating by parts, we have

∥∥∇x∂
γ a

∥∥
L2

x
�

∥∥∂t ∂
γ bi

∥∥
L2

x
+ ∥∥�

γ

bi

∥∥
L2

x
+ ∥∥h

γ

bi

∥∥
L2

x

�
∑

0<|γ |≤N

∥∥(I− P)[∂γ f ]∥∥
L2

x
+ |||f |||2 |||f |||ν,0 . (3.298)

For |γ | = 0, the same procedure implies

‖∇xa‖2
L2

x
�
ˆ

R3

a(∇x · ∂tb) + ‖�bi‖L2
x
+ ‖hbi‖L2

x
. (3.299)

In particular, we know

ˆ

R3

a(∇x · ∂tb) = d

dt

ˆ

R3

a(∇x · b) −
ˆ

R3

∂ta(∇x · b) ≤ d

dt

ˆ

R3

a(∇x · b) + ‖∂ta‖2
L2

x
+ ‖∇xb‖2

L2
x
.

(3.300)

In summary, we have

‖∇xa‖2
L2

x
� d

dt

ˆ

R3

a(∇x · b) +
∑

0<|γ |≤N

∥∥(I− P)[∂γ f ]∥∥2
L2

x
+ |||f |||4 |||f |||2ν,0 . (3.301)

Finally, we come to the purely temporal derivative of b. For γ = [γ0, 0, 0, 0] with |γ | ≥ 0 in 
(3.280), we have

∥∥∂t ∂
γ bi

∥∥
L2

x
�

∥∥∂xi
∂γ a

∥∥
L2

x
+ ‖�bi‖L2

x
+ ‖hbi‖L2

x
. (3.302)

The RHS has been estimated as above. In particular, for |γ | = 0, we need to introduce 
d
dt

´
R3 a(∇x · b). �

3.4.2. Global well-posedness
Denote

E[f (t)] := |||f (t)|||2 +
tˆ

0

|||f (s)|||2ν,0 ds, (3.303)

and

E[f0] := |||f0|||2. (3.304)
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Proposition 3.20. There exists M0 > 0 such that if

E[f0] ≤ M0

2
, (3.305)

then there exists a unique solution f (t, x, v) to the quantum Boltzmann equation (3.15) such that

E[f (t)] ≤ M0, (3.306)

for any t ∈ [0, ∞).

Proof. Applying ∂γ with |γ | > 0 to (3.15), multiplying ∂γ f on both sides and integrating over 
R3 ×R3, we get

1

2

∑
0<|γ |≤N

∥∥∂γ f
∥∥2

L2
x,v

+
∑

0<|γ |≤N

ˆ

R3×R3

L
[
∂γ f

] · ∂γ f =
∑

0<|γ |≤N

ˆ

R3×R3

∂γ �[f,f ;f ] · ∂γ f.

(3.307)

Using Lemma 3.19 and similar techniques as in the proof of Lemma 3.18, we have

d

dt

( ∑
0<|γ |≤N

∥∥∂γ f
∥∥2

L2
x,v

−
ˆ

R3

a(∇x · b)

)
+

∑
0<|γ |≤N

∥∥∂γ f
∥∥2

Lν
x,v

� |||f |||4 |||f |||2ν,0 . (3.308)

For |γ | = 0, we have

1

2
‖f ‖2

L2
x,v

+
ˆ

R3×R3

L[f ] · f =
ˆ

R3×R3

�[f,f ;f ] · f. (3.309)

Note that
ˆ

R3×R3

�[f,f ;f ] · f =
ˆ

R3×R3

�[f,f ;f ] · (I− P)[f ]. (3.310)

Using similar techniques as in the proof of Lemma 3.18, we have

‖f ‖2
L2

x,v
+ ‖(I− P)[f ]‖2

L2
x,v

� |||f |||2 |||f |||2ν,0 . (3.311)

In total, we have

d

dt

(
C ‖f ‖L2

x,v
+

∑
0<|γ |≤N

∥∥∂γ f
∥∥2

L2
x,v

−
ˆ

R3

a(∇x · b)

)
(3.312)

+
( ∑

0<|γ |≤N

∥∥∂γ f
∥∥2

Lν
x,v

+ ‖(I− P)[f ]‖2
L2

x,v

)
� |||f |||2 |||f |||2ν,0 .
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In particular, we may choose C sufficiently large to kill 
´
R3 a(∇x · b). Hence, we have

d

dt

(
‖f ‖L2

x,v
+

∑
0<|γ |≤N

∥∥∂γ f
∥∥2

L2
x,v

)
+

( ∑
0<|γ |≤N

∥∥∂γ f
∥∥2

Lν
x,v

+ ‖(I− P)[f ]‖2
L2

x,v

)
� |||f |||2 |||f |||2ν,0 . (3.313)

This is for |β| = 0 case. When |β| > 0, we use similar induction as in the proof of Proposi-
tion 3.15 to obtain

d

dt
|||f |||2 + |||f |||ν,0 � |||f |||2 |||f |||2ν,0 . (3.314)

Here note the key fact that

ˆ

R3

L[f ] · g =
ˆ

R3

L
[
(I− P)[f ]] · (I− P)[g], (3.315)

and

ˆ

R3

�[f1, f2;f3] · g =
ˆ

R3

�[f1, f2;f3] · (I− P)[g]. (3.316)

This helps handle the case when the velocity derivative hits ν, K or �. Since I − P part is 
included in the dissipation, we are good to go. Then by a similar argument as in the proof of 
Proposition 3.15, we obtain the global well-posedness. �
Remark 3.7. This provides a different framework to justify global well-posedness. It also works 
for � = T 3 case. However, note that Proposition 3.15 is slightly better since there we do not 
need to take temporal derivatives.

4. Global stability of the vacuum

In this section, we focus on the global well-posedness and positivity of the mild solution near 
the vacuum.

4.1. Mild formulation

As in the classical Boltzmann equation, we decompose the collision term

Q[F,F ;F ] = Qgain[F,F ;F ] − Qloss[F,F ;F ], (4.1)

where
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Qgain[F,F ;F ] :=
ˆ

R3

ˆ

S2

q(ω, |v − u|)F (u′)F (v′)
(
1 + θF (u) + θF (v)

)
dωdu, (4.2)

Qloss[F,F ;F ] :=
ˆ

R3

ˆ

S2

q(ω, |v − u|)F (u)F (v)
(
1 + θF (u′) + θF (v′)

)
dωdu. (4.3)

In particular, we might write

Qloss[F,F ;F ](v) = F(v) · R[F,F ](v), (4.4)

where

R[F,F ] :=
ˆ

R3

ˆ

S2

q(ω, |v − u|)F (u)
(
1 + θF (u′) + θF (v′)

)
dωdu. (4.5)

Given β > 0, define

S :=
{
F ∈ C0(R+ ×R3 ×R3) : there exists c > 0 such that |F(t, x, v)| ≤ ce−β(|x|2+|v|2)},

(4.6)

equipped with norm

|||F ||| := sup
t,x,v

(
eβ(|x|2+|v|2) |F(t, x, v)|

)
. (4.7)

We name the weight function

w(x, v) := eβ(|x|2+|v|2). (4.8)

We introduce the transported solution

F #(t, x, v) = F(t, x + tv, v). (4.9)

Then the quantum Boltzmann equation can be rewritten as

∂tF
# = Q#[F,F ;F ] = Q#

gain[F,F ;F ] − Q#
loss[F,F ;F ], (4.10)

where

Q#
gain[F,F ;F ](t, x, v) = Q#

gain[F,F ;F ](t, x + tv, v) (4.11)

=
ˆ

R3

ˆ

S2

q(ω, |v − u|)F (t, x + tv, u′)F (t, x + tv, v′)

× (
1 + θF (t, x + tv, u) + θF (t, x + tv, v)

)
dωdu,
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=
ˆ

R3

ˆ

S2

q(ω, |v − u|)F #(t, x + t (v − u′), u′)F #(t, x + t (v − v′), v′)
=

(
1 + θF #(t, x + t (v − u),u

) + θF #(t, x, v
))

dωdu,

Q#
loss[F,F ;F ](t, x, v) = Q#

loss[F,F ;F ](t, x + tv, v) (4.12)

=
ˆ

R3

ˆ

S2

q(ω, |v − u|)F (t, x + tv, u)F (t, x + tv, v)

=(
1 + θF (t, x + tv, u′) + θF (t, x + tv, v′)

)
dωdu,

=
ˆ

R3

ˆ

S2

q(ω, |v − u|)F #(t, x + t (v − u),u
)
F #(t, x, v

)
=

(
1 + θF #(t, x + t (v − u′), u′) + θF #(t, x + t (v − v′), v′))dωdu.

4.2. Global well-posedness

The equation (4.10) can be written in the mild formulation

F #(t, x, v) = F0(x, v) +
tˆ

0

Q#[F,F ;F ](τ, x, v)dτ. (4.13)

We call the function F ∈ S satisfying the above a mild solution to (4.10). Hence, the key is to 

bound 

tˆ

0

Q#
gain[F, F ; F ](τ, x, v)dτ and 

tˆ

0

Q#
loss[F, F ; F ](τ, x, v)dτ .

Lemma 4.1. We have

∞̂

0

e−β|x+τ(v−u)|2dτ ≤
√

β

π

1

|v − u| . (4.14)

Proof. This is [29, Lemma 2.1.1]. �
Lemma 4.2. We have

∣∣x + τ(u − v′)
∣∣2 +

∣∣∣x + τ(v − v′)2
∣∣∣ = |x|2 + |x + τ(v − u)|2 . (4.15)

Proof. This is [29, (2.19)]. Note that the conservation laws of the classical and quantum Boltz-
mann equations are the same, i.e. u + v = u′ + v′ and |u|2 + |v|2 = ∣∣u′∣∣2 + ∣∣v′∣∣2. �
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Lemma 4.3. For F # ∈ S and any t ≥ 0, we have∣∣∣∣∣∣
tˆ

0

Q#
loss[F,F ;F ](τ, x, v)dτ

∣∣∣∣∣∣ � β−2w−1(x, v)
(∣∣∣∣∣∣F #

∣∣∣∣∣∣2 + ∣∣∣∣∣∣F #
∣∣∣∣∣∣3

)
. (4.16)

Proof. We may further decompose

Q#
loss[F,F ;F ](t, x, v)

= Q#
loss,1[F,F ](t, x, v) + θQ#

loss,2[F,F ;F ](t, x, v)

+ θQ#
loss,3[F,F ;F ](t, x, v), (4.17)

where

Q#
loss,1[F,F ](t, x, v) =

ˆ

R3

ˆ

S2

q(ω, |v − u|)F #(t, x + t (v − u),u
)
F #(t, x, v

)
dωdu,

Q#
loss,2[F,F ;F ](t, x, v)

=
ˆ

R3

ˆ

S2

q(ω, |v − u|)F #(t, x + t (v − u),u
)
F #(t, x, v

)
F #(t, x + t (v − u′), u′)dωdu,

Q#
loss,3[F,F ;F ](t, x, v)

=
ˆ

R3

ˆ

S2

q(ω, |v − u|)F #(t, x + t (v − u),u
)
F #(t, x, v

)
F #(t, x + t (v − v′), v′)dωdu.

We first consider Q#
loss,1. Direct computation reveals

∣∣∣∣∣∣
tˆ

0

Q#
loss,1[F,F ](τ, x, v)dτ

∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
tˆ

0

F #(τ, x, v
)
dτ

ˆ

R3

|v − u|F #(τ, x + τ(v − u),u
)
du

∣∣∣∣∣∣∣ (4.18)

� w−1(x, v)
∣∣∣∣∣∣F #

∣∣∣∣∣∣
∣∣∣∣∣∣∣

tˆ

0

ˆ

R3

|v − u|F #(τ, x + τ(v − u),u
)
dudτ

∣∣∣∣∣∣∣
� w−1(x, v)

∣∣∣∣∣∣F #
∣∣∣∣∣∣2

∣∣∣∣∣∣∣
tˆ

0

ˆ

R3

|v − u| e−β|u|2e−β|x+τ(v−u)|2dudτ

∣∣∣∣∣∣∣
= w−1(x, v)

∣∣∣∣∣∣F #
∣∣∣∣∣∣2

∣∣∣∣∣∣∣
ˆ

R3

|v − u| e−β|u|2 du

tˆ

0

e−β|x+τ(v−u)|2 dτ

∣∣∣∣∣∣∣ .
Based on Lemma 4.1, we know
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tˆ

0

e−|x+τ(v−u)|2dτ ≤
∞̂

0

e−|x+τ(v−u)|2 dτ ≤
√

β

π

1

|v − u| . (4.19)

Hence, we have

∣∣∣∣∣∣
tˆ

0

Q#
loss,1[F,F ](τ, x, v)dτ

∣∣∣∣∣∣ � β− 1
2 w−1(x, v)

∣∣∣∣∣∣F #
∣∣∣∣∣∣2
ˆ

R3

e−β|u|2du� β−2w−1(x, v)
∣∣∣∣∣∣F #

∣∣∣∣∣∣2
.

(4.20)

Next, we turn to Q#
loss,2. We have

∣∣∣∣∣∣
tˆ

0

Q#
loss,2[F,F ;F ](τ, x, v)dτ

∣∣∣∣∣∣ (4.21)

=

∣∣∣∣∣∣∣
tˆ

0

F #(τ, x, v
)
dτ

ˆ

R3

ˆ

S2

|ω · (v − u)|F #(τ, x + τ(v − u),u
)
F #(τ, x + τ(v − u′), u′)dωdu

∣∣∣∣∣∣∣
� w−1(x, v)

∣∣∣∣∣∣F #
∣∣∣∣∣∣3

∣∣∣∣∣∣∣
tˆ

0

ˆ

R3

ˆ

S2

|ω · (v − u)| e−β|u|2 e−β
∣∣u′∣∣2

e−β|x+τ(v−u)|2e−β
∣∣x+τ(v−u′)

∣∣2
dωdudτ

∣∣∣∣∣∣∣ .

Since e−β
∣∣u′∣∣2 ≤ 1 and e−β

∣∣x+τ(v−u′)
∣∣2 ≤ 1, it reduces to Q#

loss,1 case. Hence, we have

∣∣∣∣∣∣
tˆ

0

Q#
loss,2[F,F ;F ](τ, x, v)dτ

∣∣∣∣∣∣ � β−2w−1(x, v)
∣∣∣∣∣∣F #

∣∣∣∣∣∣3
. (4.22)

Similarly, we know

∣∣∣∣∣∣
tˆ

0

Q#
loss,3[F,F ;F ](τ, x, v)dτ

∣∣∣∣∣∣ � β−2w−1(x, v)
∣∣∣∣∣∣F #

∣∣∣∣∣∣3
. � (4.23)

Lemma 4.4. For F # ∈ S and any t ≥ 0, we have

∣∣∣∣∣∣
tˆ
Q#

gain[F,F ;F ](τ, x, v)dτ

∣∣∣∣∣∣ � β−2w−1(x, v)
(∣∣∣∣∣∣F #

∣∣∣∣∣∣2 + ∣∣∣∣∣∣F #
∣∣∣∣∣∣3

)
. (4.24)
0
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Proof. We may further decompose

Q#
gain[F,F ;F ](t, x, v) = Q#

gain,1[F,F ](t, x, v) + θQ#
gain,2[F,F ;F ](t, x, v)

+ θQ#
gain,3[F,F ;F ](t, x, v), (4.25)

where

Q#
gain,1[F,F ](t, x, v)

=
ˆ

R3

ˆ

S2

q(ω, |v − u|)F #(t, x + t (v − u′), u′)F #(t, x + t (v − v′), v′)dωdu,

Q#
gain,2[F,F ;F ](t, x, v)

=
ˆ

R3

ˆ

S2

q(ω, |v − u|)F #(t, x + t (v − u′), u′)F #(t, x + t (v − v′), v′)
× F #(t, x + t (v − u),u

)
dωdu,

Q#
gain,3[F,F ;F ](t, x, v)

=
ˆ

R3

ˆ

S2

q(ω, |v − u|)F #(t, x + t (v − u′), u′)F #(t, x + t (v − v′), v′)F #(t, x, v
)
dωdu.

We first consider Q#
gain,1. Direct computation reveals

∣∣∣∣∣∣
tˆ

0

Q#
gain,1[F,F ](τ, x, v)dτ

∣∣∣∣∣∣ (4.26)

=

∣∣∣∣∣∣∣
tˆ

0

ˆ

R3

ˆ

S2

|v − u|F #(τ, x + τ(v − u′), u′)F #(τ, x + τ(v − v′), v′)dωdudτ

∣∣∣∣∣∣∣
�

∣∣∣∣∣∣F #
∣∣∣∣∣∣2

∣∣∣∣∣∣∣
tˆ

0

ˆ

R3

ˆ

S2

|v − u| e−β
∣∣u′∣∣2

e−β
∣∣v′∣∣2

e−β
∣∣x+τ(v−u′)

∣∣2
e−β

∣∣x+τ(v−v′)
∣∣2

dωdudτ

∣∣∣∣∣∣∣ .
Using Lemma 4.2 and the conservation laws for (u, v) and (u′, v′), we have

∣∣∣∣∣∣
tˆ

0

Q#
gain,1[F,F ](τ, x, v)dτ

∣∣∣∣∣∣ � ∣∣∣∣∣∣F #
∣∣∣∣∣∣2

∣∣∣∣∣∣∣
tˆ

0

ˆ

R3

|v − u| e−β|u|2e−β|v|2e−β|x|2e−β|x+τ(v−u)|2dudτ

∣∣∣∣∣∣∣
(4.27)
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≤ w−1(x, v)
∣∣∣∣∣∣F #

∣∣∣∣∣∣2

∣∣∣∣∣∣∣
tˆ

0

ˆ

R3

|v − u| e−β|u|2e−β|x+τ(v−u)|2dudτ

∣∣∣∣∣∣∣ .
Then it reduces to the Q#

loss,1 case in Lemma 4.3, so we know

∣∣∣∣∣∣
tˆ

0

Q#
gain,1[F,F ](τ, x, v)dτ

∣∣∣∣∣∣ � β−2w−1(x, v)
∣∣∣∣∣∣F #

∣∣∣∣∣∣2
. (4.28)

Next, we turn to Q#
gain,2. We have

∣∣∣∣∣∣
tˆ

0

Q#
gain,2[F,F ;F ](τ, x, v)dτ

∣∣∣∣∣∣ (4.29)

�
∣∣∣∣∣∣F #

∣∣∣∣∣∣3

∣∣∣∣∣
tˆ

0

ˆ

R3

ˆ

S2

|ω · (v − u)| e−β|u|2 e−β
∣∣u′∣∣2

e−β
∣∣v′∣∣2

e−β|x+τ(v−u)|2

× e−β
∣∣x+τ(v−u′)

∣∣2
e−β

∣∣x+τ(v−v′)
∣∣2

dωdudτ

∣∣∣∣∣.
Using the same technique as in Q#

gain,1 case, we have

∣∣∣∣∣∣
tˆ

0

Q#
gain,2[F,F ;F ](τ, x, v)dτ

∣∣∣∣∣∣ (4.30)

�
∣∣∣∣∣∣F #

∣∣∣∣∣∣3

∣∣∣∣∣∣∣
tˆ

0

ˆ

R3

|v − u| e−2β|u|2e−β|v|2e−β|x|2e−2β|x+τ(v−u)|2 dudτ

∣∣∣∣∣∣∣
� β−2w−1(x, v)

∣∣∣∣∣∣F #
∣∣∣∣∣∣3

.

For Q#
gain,3, we directly get

∣∣∣∣∣∣
tˆ

0

Q#
gain,3[F,F ;F ](τ, x, v)dτ

∣∣∣∣∣∣ � w−1(x, v)
∣∣∣∣∣∣F #

∣∣∣∣∣∣ ∣∣∣∣∣∣
tˆ

0

Q#
gain,1[F,F ](τ, x, v)dτ

∣∣∣∣∣∣ (4.31)

� β−2w−2(x, v)
∣∣∣∣∣∣F #

∣∣∣∣∣∣3
. �
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Define the operator

F[F #](x, v) = F0(x, v) +
tˆ

0

Q#[F,F ;F ](τ, x, v)dτ. (4.32)

Define the solution set

SR := {F ∈ S : |||F ||| ≤ R}. (4.33)

Proposition 4.5. There exists a constant R0 such that if |||F0||| < R0
2 , then the equation (4.10) has 

a unique mild solution F ∈ SR0 .

Proof. Using Lemma 4.4 and Lemma 4.3, we know for |||F0||| ≤ R0
2 , we have

∣∣F[F #]∣∣ ≤ |F0| +
∣∣∣∣∣∣

tˆ

0

Q#
gain[F,F ;F ](τ, x, v)dτ

∣∣∣∣∣∣ +
∣∣∣∣∣∣

tˆ

0

Q#
loss[F,F ;F ](τ, x, v)dτ

∣∣∣∣∣∣ (4.34)

≤ w−1(x, v)|||F0||| + β−2w−1(x, v)
(∣∣∣∣∣∣F #

∣∣∣∣∣∣2 + ∣∣∣∣∣∣F #
∣∣∣∣∣∣3

)
.

Therefore, we know ∣∣∣∣∣∣F[F #]∣∣∣∣∣∣� |||F0||| + β−2
(∣∣∣∣∣∣F #

∣∣∣∣∣∣2 + ∣∣∣∣∣∣F #
∣∣∣∣∣∣3

)
(4.35)

� R0

2
+ β−2(R2

0 + R3
0) ≤ R0.

Hence, F is a mapping from SR0 to SR0 . A similar argument justifies that this is a contraction. 
Hence, the solution exists uniquely. �
Remark 4.1. This proposition justifies that for both fermions and bosons, in the space S, the 
solution remains small and smooth. Hence, if the initial data is in S and is sufficiently small, 
there is no possibility of Bose-Einstein condensation. This is significantly different from the 
result of homogeneous equation.

In the homogeneous equation, the lack of transport operator means that we lose the dispersion 
and cannot handle the time integral. This is exactly the key in non-homogeneous case.

4.3. Positivity of F for bosons θ = 1

Recall

Qgain[F,G;H ] =
ˆ

R3

ˆ

S2

q(ω, |v − u|)F (u′)G(v′)
(
1 + θH(u) + θH(v)

)
dωdu, (4.36)

and
543



Z. Ouyang and L. Wu Journal of Differential Equations 316 (2022) 471–551
Qloss[F,G;H ](v) = F(v) · R[G,H ](v), (4.37)

where

R[G,H ] =
ˆ

R3

ˆ

S2

q(ω, |v − u|)G(u)
(
1 + θH(u′) + θH(v′)

)
dωdu. (4.38)

Suppose ST is the restriction of element F ∈ S to [0, T ] × R3 × R3. Assume �0(t, x, v) ≤
u0(t, x, v) with �0, u0 ∈ S. Define a sequence

∂t�
#
k+1 + �#

k+1R
#[uk,uk] = Q#

gain[�k, �k;�k], (4.39)

∂tu
#
k+1 + u#

k+1R
#[�k, �k] = Q#

gain[uk,uk;uk], (4.40)

with initial data �k+1 = F0 and uk+1 = F0.
We would like to select some special starting point (�0, u0) and study the convergence prop-

erty of (�#
k, u

#
k).

Lemma 4.6. If |||F0||| and β−2(R0 + R2
0) are sufficiently small, then there exists �0, u0 ∈ ST such 

that the Beginning Condition (BC)

0 ≤ �0 ≤ �1 ≤ u1 ≤ u0 (4.41)

holds for t ∈ [0, T ].

Proof. We take �0 = 0, which implies R#[�0, �0] = 0 and Q#
gain[�0, �0; �0] = 0. Hence, we have

∂t�
#
1 + �#

1R
#[u0, u0] = 0, (4.42)

∂tu
#
1 = Q#

gain[u0, u0;u0]. (4.43)

Due to the positivity of R#[u0, u0] and Q#
gain[u0, u0; u0], this naturally implies

0 ≤ �#
1 ≤ F0 ≤ u#

1. (4.44)

Hence, it remains to show u#
1 ≤ u#

0. This does not hold for arbitrary u0, so we need a delicate 
construction.

Let

ψ(v) = sup
x

eβ|x|2 |F0(x, v)| . (4.45)

Then we know

ψ(v)� e−β|v|2 . (4.46)

We know
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u#
1(t, x, v) = F0 +

tˆ

0

Q#
gain[u0, u0;u0](τ, x, v)dτ, (4.47)

or equivalently

u1(t, x + tv, v) =F0 +
tˆ

0

ˆ

R3

ˆ

S2

|ω · (v − u)|u0(τ, x + τv,u′)u0(τ, x + τv, v′) (4.48)

× (
1 + θu0(τ, x + τv,u) + θu0(τ, x + τv, v)

)
dωdudτ.

We will look for u0 = ṽ(x − tv, v), Therefore, u1 ≤ u0 if and only if

tˆ

0

ˆ

R3

ˆ

S2

|ω · (v − u)| ṽ(x + τ(v − u′), u′)ṽ(x + τ(v − v′), v′) (4.49)

×(
1 + θṽ(x + τ(v − u),u) + θṽ(x, v)

)
dωdudτ ≤ ṽ(x, v) − F0(x, v).

Then we further require ṽ(x, v) = e−β|x|2w(v). Then we know

ṽ(x + τ(v − u′), u′)ṽ(x + τ(v − v′), v′) = w(u′)w(v′)e−β
∣∣x+τ(v−u′)

∣∣2
e−β

∣∣x+τ(v−v′)
∣∣2

= w(u′)w(v′)e−β|x|2e−β|x+τ(v−u)|2 . (4.50)

Hence, u1 ≤ u0 if and only if

tˆ

0

ˆ

R3

ˆ

S2

|ω · (v − u)|w(u′)w(v′)e−β|x+τ(v−u)|2

× (
1 + θe−β|x+τ(v−u)|2w(u) + θw(v)

)
dωdudτ ≤ w(v) − ψ(v). (4.51)

Using Lemma 4.1, we know√
π

β

(
1 + θw(v)

)ˆ
R3

ˆ

S2

w(u′)w(v′)dωdu + θ

√
π

2β

ˆ

R3

ˆ

S2

w(u′)w(v′)w(u)dωdu ≤ w(v) − ψ(v).

(4.52)

To prove the existence of solution w(v) ≥ 0, we introduce the space

W :=
{
w ∈ C(R3) : there exists c > 0 such that |w(v)| ≤ ce−β|v|2

}
, (4.53)

equipped with norm
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|||w|||W := sup
v

eβ|v|2 |w(v)| . (4.54)

Define operator

T [w] := ψ(v) +
√

π

β

(
1 + θw(v)

)ˆ
R3

ˆ

S2

w(u′)w(v′)dωdu + θ

√
π

2β

ˆ

R3

ˆ

S2

w(u′)w(v′)w(u)dωdu.

(4.55)

If w ≥ 0, then naturally T [w] ≥ 0. Then similar to the proof of Lemma 4.4 and Lemma 4.3, we 
have

|||T [w]|||W � |||ψ ||| + β−2
(
|||w|||2W + |||w|||3W

)
. (4.56)

Hence, when |||F0||| and β−2(R0 + R2
0) are sufficiently small, we can easily justify that T maps 

a small ball under W norm into the same ball and it is a contraction. Therefore, such w must 
exist. �
Lemma 4.7. If �0, u0 ∈ ST such that the Beginning Condition (BC)

0 ≤ �0 ≤ �1 ≤ u1 ≤ u0 (4.57)

for t ∈ [0, T ], then the iterative sequence (�k, uk) are always well-defined for t ∈ [0, T ] and 
satisfies

�k ≤ �k+1 ≤ uk+1 ≤ uk. (4.58)

Proof. The sequence is naturally well-defined due to basic ODE theory. We will focus on the 
inequality. Rewrite the iteration into mild formulation

�#
k+1(t) = F0e−´ t

0 R#[uk,uk] +
tˆ

0

e−´ t
τ R#[uk,uk]Q#

gain[�k, �k;�k]dτ, (4.59)

and

�#
k(t) = F0e−´ t

0 R#[uk−1,uk−1] +
tˆ

0

e−´ t
τ R#[uk−1,uk−1]Q#

gain[�k−1, �k−1;�k−1]dτ. (4.60)

Also, we assume

�k−1 ≤ �k ≤ uk ≤ uk−1. (4.61)

Then
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�#
k+1(t) − �#

k(t) =F0

(
e−´ t

0 R#[uk,uk] − e−´ t
0 R#[uk−1,uk−1]

)
(4.62)

+
tˆ

0

(
e−´ t

τ R#[uk,uk] − e−´ t
τ R#[uk−1,uk−1]

)
Q#

gain[�k, �k;�k]dτ

+
tˆ

0

e−´ t
τ R#[uk−1,uk−1]

(
Q#

gain[�k, �k;�k] − Q#
gain[�k−1, �k−1;�k−1]

)
dτ.

Due to the monotonicity of R and Qgain, we know all the three terms on the RHS are nonnegative. 
Hence, we know �#

k+1 ≥ �#
k . Similarly, we have u#

k+1 ≤ u#
k . By induction, we know the desired 

inequality holds. �
Proposition 4.8. There exists a constant R0 such that if |||F0||| and β−2(R0 + R2

0) are sufficiently 
small with F0 ≥ 0, then the equation (4.10) for bosons has a unique mild solution F ∈ SR0 with 
F ≥ 0.

Proof. Let k → ∞ in the iteration, since we know �k and uk are pointwise monotone with proper 
upper and lower bounds, dominated convergence theorem implies �k → � and uk → u satisfying

�# − F0 +
tˆ

0

�#R#[u,u] =
tˆ

0

Q#
gain[�, �;�], (4.63)

u# − F0 +
tˆ

0

u#R#[�, �] =
tˆ

0

Q#
gain[u,u;u]. (4.64)

Taking the difference, we have

u# − �# =
( tˆ

0

�#R#[u,u] −
tˆ

0

u#R#[�, �]
)

+
( tˆ

0

Q#
gain[u,u;u] −

tˆ

0

Q#
gain[�, �;�]

)
. (4.65)

Hence, we have

∣∣∣∣∣∣u# − �#
∣∣∣∣∣∣� β−2

(
R2

0 + R3
0

)∣∣∣∣∣∣u# − �#
∣∣∣∣∣∣, (4.66)

which implies u# = �#. They both converge to the solution F to the equation (4.10). Based on 
our construction, we know F is nonnegative. �
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4.4. Positivity of F for fermions θ = −1

Recall

Qgain[F,G;H ] =
ˆ

R3

ˆ

S2

q(ω, |v − u|)F (u′)G(v′)
(
1 + θH(u) + θH(v)

)
dωdu, (4.67)

and

Qloss[F,G;H ](v) = F(v) · R[G,H ](v), (4.68)

where

R[G,H ] =
ˆ

R3

ˆ

S2

q(ω, |v − u|)G(u)
(
1 + θH(u′) + θH(v′)

)
dωdu. (4.69)

Since θ = −1, we have to define the iterative sequence in a different fashion

∂t�
#
k+1 + �#

k+1R
#[uk, �k] = Q#

gain[�k, �k;uk], (4.70)

∂tu
#
k+1 + u#

k+1R
#[�k, uk] = Q#

gain[uk,uk;�k], (4.71)

with initial data �k+1 = F0 and uk+1 = F0.
We would like to select some special starting point (�0, u0) and study the convergence prop-

erty of (�#
k, u

#
k).

Lemma 4.9. If |||F0||| and β−2(R0 + R2
0) are sufficiently small, then there exists �0, u0 ∈ ST such 

that the Beginning Condition (BC)

0 ≤ �0 ≤ �1 ≤ u1 ≤ u0 (4.72)

holds for t ∈ [0, T ].

Proof. We take �0 = 0, which implies R#[�0, �0] = 0 and Q#
gain[�0, �0; �0] = 0. Hence, we have

∂t�
#
1 + �#

1R
#[u0,0] = 0, (4.73)

∂tu
#
1 = Q#

gain[u0, u0;0]. (4.74)

Due to the positivity of R#[u0, 0] and Q#
gain[u0, u0; 0], this naturally implies

0 ≤ �#
1 ≤ F0 ≤ u#

1. (4.75)

The rest of the proof follows from that of Lemma 4.6. �
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Lemma 4.10. If �0, u0 ∈ ST such that the Beginning Condition (BC)

0 ≤ �0 ≤ �1 ≤ u1 ≤ u0 (4.76)

for t ∈ [0, T ], then the iterative sequence (�k, uk) are always well-defined for t ∈ [0, T ] and 
satisfies

�k ≤ �k+1 ≤ uk+1 ≤ uk. (4.77)

Proof. This follows naturally from that of Lemma 4.7 based on the monotonicity of R and 
Qgain. �
Proposition 4.11. There exists a constant R0 such that if |||F0||| and β−2(R0 +R2

0) are sufficiently 
small with F0 ≥ 0, then the equation (4.10) for fermions has a unique mild solution F ∈ SR0 with 
F ≥ 0.

Proof. This follows from that of Proposition 4.8. �
Remark 4.2. Since we consider the near vacuum case, F ≤ 1 is naturally true when R is small.
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[39] M. Hadžić, Y. Guo, Stability in the Stefan problem with surface tension (I), Commun. Partial Differ. Equ. 35 (2010) 

201–244.
[40] L.-B. He, X. Lu, M. Pulvirenti, On semi-classical limit of spatially homogeneous quantum Boltzmann equation: 

weak convergence, Commun. Math. Phys. (2020), in press, https://arxiv.org /abs /2010 .01529.
[41] R. Illner, M. Shinbrot, The Boltzmann equation: global existence for a rare gas in an infinite vacuum, Commun. 

Math. Phys. 95 (1984) 217–226.
[42] J. Kim, Y. Guo, H.J. Hwang, An L2 to L∞ framework for the Landau equation, Peking Math. J. 3 (2020) 131–202.
[43] M. Lemou, Linearized quantum and relativistic Fokker-Planck-Landau equations, Math. Methods Appl. Sci. 23 

(2000) 1093–1119.
550

http://refhub.elsevier.com/S0022-0396(22)00071-7/bib536EAAC2F06274F2B2DB2096B4F65FF7s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib536EAAC2F06274F2B2DB2096B4F65FF7s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibFFE62E4935866AC7FFA4DF8C045E2C95s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibFFE62E4935866AC7FFA4DF8C045E2C95s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibFFE62E4935866AC7FFA4DF8C045E2C95s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibD2A0EDD1B1CEE3D530A49D8C320D7272s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibD2A0EDD1B1CEE3D530A49D8C320D7272s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib91BEFF45CC807737AB8DDA8DD6C3FECFs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib91BEFF45CC807737AB8DDA8DD6C3FECFs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib22F133A86EDD6B7576CCCC55DEFA3D8Es1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib22F133A86EDD6B7576CCCC55DEFA3D8Es1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib7F086976E088FCF48D940C1A2DCB1B78s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib7F086976E088FCF48D940C1A2DCB1B78s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibBBD46BF21AA9F13A9911FA02EE62E54Bs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib5AC90893ADCCAB71217A37D23E68C7E8s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib5AC90893ADCCAB71217A37D23E68C7E8s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib734655D7006CB5084E7F8C597C7B0C17s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib734655D7006CB5084E7F8C597C7B0C17s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibC807FE6BCED1A98DF225313A529099B3s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibC807FE6BCED1A98DF225313A529099B3s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib2D0EE770DDEB231649DDEE0AEE1C51B4s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib2D0EE770DDEB231649DDEE0AEE1C51B4s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib0EFC150AACC43C9E4EF718522DE90E2Es1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib66BC5264BBB0457703713582E3F0BA88s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib66BC5264BBB0457703713582E3F0BA88s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibD642CDA0C06E54F390FD5606C902EB0Es1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibD642CDA0C06E54F390FD5606C902EB0Es1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib02417B942DAA15441C4B9470D6F851EAs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib02417B942DAA15441C4B9470D6F851EAs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib395CE7D3138647968C4236D41891275Bs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib395CE7D3138647968C4236D41891275Bs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib3FF9345A02129AA0356D621F669F76DDs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib3FF9345A02129AA0356D621F669F76DDs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibFB772BAEC6A7A88DDAF1B0525013257As1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibFB772BAEC6A7A88DDAF1B0525013257As1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib35831F3AFC270AFCDD66BE18490EA3CBs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib35831F3AFC270AFCDD66BE18490EA3CBs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib9C06247697F7C864EB5CC3706711C7BDs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib2ACFFB70649C35DD80D70A129BB4827Cs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib70FA88F8F83303D4C5E230406DCC4C43s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib70FA88F8F83303D4C5E230406DCC4C43s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibE25D00A1FD0F18BE7FF0F07F53FABD8Es1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibE25D00A1FD0F18BE7FF0F07F53FABD8Es1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib11CE9DBDF6D2B756AB659B53B8A17D01s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib53FD72228E1D77387A4C0B506D6DB640s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib9DA8E40F63F378280528E442DD7A4ACEs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib9DA8E40F63F378280528E442DD7A4ACEs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibC24F42859C0B42D61CEF03DC77925099s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib83D13EEB6942A722E5826547A8417525s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib83D13EEB6942A722E5826547A8417525s1
https://arxiv.org/abs/2010.01529
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib248DD08C7B9F4BC29A6632D2218126DFs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib248DD08C7B9F4BC29A6632D2218126DFs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibBE2ADEB65537EE8703503D99772F12FFs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib4000AADDABA519610E1D470F6820390Es1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib4000AADDABA519610E1D470F6820390Es1


Z. Ouyang and L. Wu Journal of Differential Equations 316 (2022) 471–551
[44] W. Li, X. Lu, Global existence of solutions of the Boltzmann equation for Bose-Einstein particles with anisotropic 
initial data, J. Funct. Anal. 276 (2019) 231–283.

[45] X. Lu, A modified Boltzmann equation for Bose-Einstein particles: isotropic solutions and long-time behavior, J. 
Stat. Phys. 98 (2000) 1335–1394.

[46] X. Lu, On spatially homogeneous solutions of a modified Boltzmann equation for Fermi-Dirac particles, J. Stat. 
Phys. 105 (2001) 353–388.

[47] X. Lu, On isotropic distributional solutions to the Boltzmann equation for Bose-Einstein particles, J. Stat. Phys. 116 
(2004) 1597–1649.

[48] X. Lu, The Boltzmann equation for Bose-Einstein particles: velocity concentration and convergence to equilibrium, 
J. Stat. Phys. 119 (2005) 1027–1067.

[49] X. Lu, On the Boltzmann equation for Fermi-Dirac particles with very soft potentials: averaging compactness of 
weak solutions, J. Stat. Phys. 124 (2006) 517–547.

[50] X. Lu, On the Boltzmann equation for Fermi-Dirac particles with very soft potentials: global existence of weak 
solutions, J. Differ. Equ. 245 (2008) 1705–1761.

[51] X. Lu, The Boltzmann equation for Bose-Einstein particles: condensation in finite time, J. Stat. Phys. 150 (2013) 
1138–1176.

[52] X. Lu, The Boltzmann equation for Bose-Einstein particles: regularity and condensation, J. Stat. Phys. 156 (2014) 
493–545.

[53] X. Lu, Long time convergence of the Bose-Einstein condensation, J. Stat. Phys. 162 (2016) 652–670.
[54] X. Lu, Long time strong convergence to Bose-Einstein distribution for low temperature, Kinet. Relat. Models 11 

(2018) 715–734.
[55] X. Lu, B. Wennberg, On stability and strong convergence for the spatially homogeneous Boltzmann equation for 

Fermi-Dirac particles, Arch. Ration. Mech. Anal. 168 (2003) 1–34.
[56] X. Lu, X. Zhang, On the Boltzmann equation for 2D Bose-Einstein particles, J. Stat. Phys. 143 (2011) 990–1019.
[57] J. Lukkarinen, H. Spohn, Not to normal order—notes on the kinetic limit for weakly interacting quantum fluids, J. 

Stat. Phys. 134 (2009) 1133–1172.
[58] J. Lukkarinen, H. Spohn, Weakly nonlinear Schrödinger equation with random initial data, Invent. Math. 183 (2010) 

79–188.
[59] N.B. Maslova, Nonlinear Evolution Equations. Kinetic Approach, World Scientific Publishing Co., Inc., River Edge, 

NJ, USA, 1993.
[60] C. Mouhot, Quantitative lower bounds for the full Boltzmann equation. I. Periodic boundary conditions, Commun. 

Partial Differ. Equ. 30 (2005) 881–917.
[61] T.T. Nguyen, M.-B. Tran, Uniform in time lower bound for solutions to a quantum Boltzmann equation of bosons, 

Arch. Ration. Mech. Anal. 231 (2019) 63–89.
[62] M. Pulvirenti, The weak-coupling limit of large classical and quantum systems, in: International Congress of Math-

ematicians, Vol. III, 2006, pp. 229–256.
[63] L. Silvestre, A new regularization mechanism for the Boltzmann equation without cut-off, Commun. Math. Phys. 

348 (2016) 69–100.
[64] H. Spohn, Large Scale Dynamics of Interacting Particles, Springer-Verlag, 1991.
[65] H. Spohn, Quantum Kinetic Equations, on Three Levels, Plenum Press, 1994, pp. 1–10.
[66] H. Spohn, Kinetics of the Bose-Einstein condensation, Physica D 239 (2010) 627–634.
[67] R.M. Strain, Y. Guo, Stability of the relativistic Maxwellian in a collisional plasma, Commun. Math. Phys. 251 

(2004) 263–320.
[68] R.M. Strain, Y. Guo, Almost exponential decay near Maxwellian, Commun. Partial Differ. Equ. 31 (2006) 417–429.
[69] R.M. Strain, Y. Guo, Exponential decay for soft potentials near Maxwellian, Arch. Ration. Mech. Anal. 187 (2008) 

287–339.
[70] E.A. Uehling, G.E. Uhlenbeck, Transport phenomena in Einstein-Bose and Fermi-Dirac gases. I, Phys. Rev. 43 

(1933) 552.
[71] C. Villani, A review of mathematical topics in collisional kinetic theory, in: Handbook of Mathematical Fluid 

Dynamics, vol. I, 2002, pp. 71–305.
[72] Y. Zhang, X. Lu, Boltzmann equations with quantum effects. I. Long time behavior of spatial decay solutions, 

Tsinghua Sci. Technol. 7 (2002) 215–218.
[73] Y. Zhang, X. Lu, Boltzmann equations with quantum effects. II. Entropy identity, existence and uniqueness of spatial 

decay solutions, Tsinghua Sci. Technol. 7 (2002) 219–222.
551

http://refhub.elsevier.com/S0022-0396(22)00071-7/bibDAAB415A5E9BEADE25EA9C276C133632s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibDAAB415A5E9BEADE25EA9C276C133632s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib6BA7DA6416B934DFD143CB1CAD4D8FF9s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib6BA7DA6416B934DFD143CB1CAD4D8FF9s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib6EBD8BD05F9715AC0D858428735C7747s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib6EBD8BD05F9715AC0D858428735C7747s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib7076951292FB12F8184553D1FCCA4C51s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib7076951292FB12F8184553D1FCCA4C51s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib46AE75BD4843444446D1B16293A15B27s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib46AE75BD4843444446D1B16293A15B27s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibEAA8D80E1152AD1B4CAFA0BB973A20EFs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibEAA8D80E1152AD1B4CAFA0BB973A20EFs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib753DC7998D8F211418597E84D918801Es1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib753DC7998D8F211418597E84D918801Es1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib5D940AA99BCEF2C70A93C2A1E1EEDA6Cs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib5D940AA99BCEF2C70A93C2A1E1EEDA6Cs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibE8E2F4EFA2E1B8645A05FD05856EB080s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibE8E2F4EFA2E1B8645A05FD05856EB080s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibD6DD1C5CD599C4608C3BF913075C1C2Fs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib9F23A1D883CC0983CE9610C8B2D87236s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib9F23A1D883CC0983CE9610C8B2D87236s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib3B25A4D8089E7C7B551F1FD23F377353s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib3B25A4D8089E7C7B551F1FD23F377353s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib474C6E58CC9582D2DBAE7C02D93A785Es1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibEA64F582096207CAC4C583E0F79E1545s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibEA64F582096207CAC4C583E0F79E1545s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib5B2EB30C3F1BE76394D80CFE77F5DF4Bs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib5B2EB30C3F1BE76394D80CFE77F5DF4Bs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib77D64B9A683A03F05278E372DDE718D2s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib77D64B9A683A03F05278E372DDE718D2s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibC5D593CB16686DCA36251E874C900DA1s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibC5D593CB16686DCA36251E874C900DA1s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib0EA4ABA527E1D51A033EFD697374F90Ds1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib0EA4ABA527E1D51A033EFD697374F90Ds1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibA7399A34D8674E5423D08EC0023CB687s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibA7399A34D8674E5423D08EC0023CB687s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib6A33689C5F6A0F66EBAC5C19BCC5E62Cs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib6A33689C5F6A0F66EBAC5C19BCC5E62Cs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib0B7F92DBD8FF8B7F65083D2166F7F2D2s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bibB11410850A473A0291D36AEF8AAC4F2Fs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib20E7D1FD1E45A968F1677BBECB232244s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib1667BF218DCBF1455C673A0CA64A54CFs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib1667BF218DCBF1455C673A0CA64A54CFs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib3413D2BCA9364B1EF326453AC6E82211s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib84101061A7A27A7AD3B142F8325DB12Bs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib84101061A7A27A7AD3B142F8325DB12Bs1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib3189F4E54E5203B44F4AC01E7978D762s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib3189F4E54E5203B44F4AC01E7978D762s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib3DFEF4019228EF8B3FBB69F5DDC1DF03s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib3DFEF4019228EF8B3FBB69F5DDC1DF03s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib56DC943696F98EB76842C0C5E54FB429s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib56DC943696F98EB76842C0C5E54FB429s1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib2C43A150D3D95277A66AB4FB35D9F96As1
http://refhub.elsevier.com/S0022-0396(22)00071-7/bib2C43A150D3D95277A66AB4FB35D9F96As1

	On the quantum Boltzmann equation near Maxwellian and vacuum
	1 Introduction
	1.1 Problem setup
	1.2 Background and modelling
	1.3 Motivation and previous results
	1.4 Main results
	1.4.1 Near the Maxwellian
	1.4.2 Near the vacuum
	1.4.3 Notations

	1.5 Difficulties and ideas
	1.6 Organization of the paper

	2 Properties of the collision operator
	2.1 Conservation laws
	2.2 Entropy and the H-theorem
	2.3 Equilibrium: the quantum Maxwellian

	3 Global stability of the Maxwellian
	3.1 Perturbation formulation
	3.1.1 The quantum Boltzmann operator
	3.1.2 Linear estimates
	3.1.3 Nonlinear estimates

	3.2 Local solutions
	3.3 Global solutions for Ω=T3
	3.3.1 Positivity estimate for L
	3.3.2 Global well-posedness and time decay

	3.4 Global solutions for Ω=R3
	3.4.1 Positivity estimate for L
	3.4.2 Global well-posedness


	4 Global stability of the vacuum
	4.1 Mild formulation
	4.2 Global well-posedness
	4.3 Positivity of F for bosons θ=1
	4.4 Positivity of F for fermions θ=−1

	Acknowledgments
	References


