
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

SIAM J. MATH. ANAL. © 2022 Society for Industrial and Applied Mathematics
Vol. 54, No. 2, pp. 2508–2569

HYDRODYNAMIC LIMIT OF 3DIMENSIONAL EVOLUTIONARY
BOLTZMANN EQUATION IN CONVEX DOMAINS∗

LEI WU† AND ZHIMENG OUYANG‡

Abstract. This is the second half of our work on the hydrodynamic limit (the first half [L. Wu
and Z. Ouyang, manuscript] focuses on the stationary problem). We consider the 3D evolutionary
Boltzmann equation in convex domains with diffusive-reflection boundary condition. We rigorously
derive the unsteady incompressible Navier–Stokes–Fourier system and justify the asymptotic con-
vergence as the Knudsen number ε shrinks to zero. The proof is based on an innovative remainder
estimate and an intricate analysis of boundary layers with geometric correction.
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1. Introduction.

1.1. Problem presentation. We consider the evolutionary Boltzmann equa-
tion in a three-dimensional smooth convex domain Ω ∋ x = (x1, x2, x3) with velocity
v = (v1, v2, v3) ∈ R3. The density function Fε(t, x, v) satisfies

ε2∂tF
ε + εv · ∇xF

ε = Q[Fε,Fε] in R+ × Ω× R3,

Fε(0, x, v) = Fε0(x, v) in Ω× R3,

Fε(t, x0, v) = P ε[Fε](t, x0, v) for t ∈ R+, x0 ∈ ∂Ω, and v · n(x0) < 0,

(1.1)

where n(x0) is the unit outward normal vector at x0.
The Knudsen number ε characterizes the average distance a particle might travel

between two collisions, and we assume 0 < ε << 1. Intuitively, as ε→ 0, the collisions
occur more and more frequently and the overall behaviors of this particle system get
closer and closer to that of the fluids.

In this paper, we assume that Q is the hard-sphere collision operator (see [15,
Chapter 1] and the following subsections), and in the diffusive-reflection boundary
condition

P ε[Fε](t, x0, v) := µεb(t, x0, v)

∫
u·n(x0)>0

Fε(t, x0, u) |u · n(x0)| du.(1.2)

It describes that the particles are absorbed by the boundary and then reemitted based
on a boundary Maxwellian µεb.
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HYDRODYNAMIC LIMIT OF 3D BOLTZMANN EQUATION 2509

Boundary assumption: The boundary Maxwellian,

µεb(t, x0, v) :=
ρεb(t, x0)

2π
(
θεb(t, x0)

)2 exp

(
−|v − uεb(t, x0)|

2

2θεb(t, x0)

)
,(1.3)

is a perturbation of the standard Maxwellian

µ(v) =
1

2π
exp

(
−|v|2

2

)
.(1.4)

We assume that both µεb and µ satisfies the normalization condition∫
v·n(x0)>0

µεb(t, x0, v) |v · n(x0)| dv =

∫
v·n(x0)>0

µ(v) |v · n(x0)| dv = 1.(1.5)

In addition, we require that the particles are only reflected on ∂Ω without in-flow or
out-flow, i.e., ∫

R3

µεb(t, x0, v)
(
v · n(x0)

)
dv =

∫
R3

µ(v)
(
v · n(x0)

)
dv = 0.(1.6)

We also assume that (ρεb, u
ε
b, θ

ε
b) ∈ C3(R+ × ∂Ω) can be expanded into a power series

with respect to ε,

ρεb(t, x0) := 1 +

∞∑
k=1

εkρb,k(t, x0), uεb(t, x0) := 0 +

∞∑
k=1

εkub,k(t, x0),(1.7)

θεb(t, x0) := 1 +
∞∑
k=1

εkθb,k(t, x0),

i.e.,
(
ρεb, u

ε
b, θ

ε
b

)
is a perturbation of (1, 0, 1). Naturally, we know ρb,k, ub,k, θb,k ∈ C3.

Hence, we may also expand the boundary Maxwellian µεb into a power series with
respect to ε,

µεb(t, x0, v) = µ(v) + µ
1
2 (v)

( ∞∑
k=1

εkµk(t, x0, v)

)
(1.8)

with µk ∈ C3. In particular, we have

µ1(t, x0, v) := µ
1
2 (v)

(
ρb,1(t, x0) + ub,1(t, x0) · v + θb,1(t, x0)

|v|2 − 3

2

)
.(1.9)

We further assume that∣∣∣∣eK0t ⟨v⟩ϑ eϱ|v|
2 µεb − µ

µ
1
2

∣∣∣∣+ ∣∣∣∣eK0t ⟨v⟩ϑ eϱ|v|
2 ∂t(µ

ε
b − µ)

µ
1
2

∣∣∣∣ ≤ C0ε(1.10)

for any 0 ≤ ϱ < 1
4 and 3 < ϑ ≤ ϑ0 with some given large ϑ0. Here C0,K0 > 0

are constants and C0 > 0 is sufficiently small. This indicates that the boundary
Maxwellian µεb is very close to the global Maxwellian µ and its time derivative is also
very small.
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2510 LEI WU AND ZHIMENG OUYANG

Based on (1.5), (1.6), and (1.8), we know∫
R3

µk(t, x0, v)µ
1
2 (v) |v · n(x0)| dv = 0 for k ≥ 1,(1.11) ∫

v·n(x0)≶0

µk(t, x0, v)µ
1
2 (v) |v · n(x0)| dv = 0 for k ≥ 1.

Remark 1.1. In particular for k = 1, we know ub,1 · n = 0. In fluid mechanics,
this corresponds to a nonpenetration boundary condition.

Initial assumption: We assume that the initial data F0 ≥ 0 are a perturbation of
the standard Maxwellian

Fε0(x, v) := µ(v) + µ
1
2 (v)f0(x, v) := µ(v) + µ

1
2 (v)

∞∑
k=1

εkf0,k(x, v).(1.12)

We assume that f0 ∈ C3(Ω) for any v and satisfies∫∫
Ω×R3

µ
1
2 (v)f0(x, v)dvdx = 0,(1.13)

which means that f0,k ∈ C3(Ω) for any v and∫∫
Ω×R3

µ
1
2 (v)f0,k(x, v)dvdx = 0 for k ≥ 1.(1.14)

In particular, we assume that the initial data f0,1 ∈ N , i.e.,

f0,1(x, v) := µ
1
2 (v)

(
ρ0,1(x) + u0,1(x) · v + θ0,1(x)

|v|2 − 3

2

)
(1.15)

for some smooth function (ρ0,1, u0,1, θ0,1) satisfying the Boussinesq relation ρ0,1 +
θ0,1 = constant.

Remark 1.2. The assumption on f0,1 is designed to simplify the discussion of
the initial layer and highlight the boundary effects. For example, if Fε0 is a local
Maxwellian like µεb in (1.3), then this requirement is naturally verified.

Also, we assume the smallness of initial perturbation∣∣∣(1 + |v|2)ϑ2 eϱ|v|
2

f0

∣∣∣ ≤ C0ε(1.16)

for any 0 ≤ ϱ < 1
4 and 3 < ϑ ≤ ϑ0. Here the constant C0 > 0 is sufficiently small.

Compatibility assumption: Also, the initial and boundary data satisfy the com-
patibility conditions at t = 0 and x0 ∈ ∂Ω:

µk(0, x0, v) = 0, ∂tµk(0, x0, v) = 0 for k ≥ 1,

(1.17)

f0,k(x0, v) = ρ0,k(x0)µ
1
2 , ∇xf0,k(x0, v) = 0, ∇2

xf0,k(x0, v) = 0 for k ≥ 1.

Remark 1.3. Roughly speaking, the compatibility conditions require that µεb ∼ µ
and Fε0 ∼ Cµ at (0, x0, v), i.e., the initial data and boundary data do not have severe
variations at the intersection point. They are designed to simplify the interaction of
the initial layer and boundary layer.
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HYDRODYNAMIC LIMIT OF 3D BOLTZMANN EQUATION 2511

We may directly check that the solution Fε satisfies the mass conservation

∫∫
Ω×R3

Fε(t, x, v)dvdx =

∫∫
Ω×R3

F0(x, v)dvdx =

∫∫
Ω×R3

µ(v)dvdx =
√
2π |Ω| .

(1.18)

We intend to study the behavior of Fε as ε→ 0.

1.2. Perturbation equation. We rewrite the solution Fε as a perturbation of
the standard Maxwellian

Fε(t, x, v) =µ(v) + µ
1
2 (v)fε(t, x, v).(1.19)

(1.18) implies that fε satisfies the conservation law∫∫
Ω×R3

fε(t, x, v)µ
1
2 (v)dvdx = 0,(1.20)

and the equation
ε2∂tf

ε + εv · ∇xf
ε + L[fε] = Γ[fε, fε] in R+ × Ω× R3,

fε(0, x, v) = f0(x, v) in Ω× R3,

fε(t, x0, v) = Pε[fε](t, x0, v) for t ∈ R+, x0 ∈ ∂Ω, and v · n(x0) < 0,

(1.21)

where

L[fε] := −2µ− 1
2Q
[
µ, µ

1
2 fε
]
, Γ[fε, fε] := µ− 1

2Q
[
µ

1
2 fε, µ

1
2 fε
]
,(1.22)

and

Pε[fε](t, x0, v) := µεb(t, x0, v)µ
− 1

2 (v)

∫
u·n(x0)>0

µ
1
2 (u)fε(t, x0, u) |u · n(x0)| du(1.23)

+ µ− 1
2 (v)

(
µεb(t, x0, v)− µ(v)

)
.

Hence, in order to study Fε, it suffices to consider fε.

1.3. Linearized Boltzmann operator. To clarify, we specify the hard-sphere
collision operator Q in (1.1) and (1.21),

Q[F,G] :=

∫
R3

∫
S2
q(ω, |u− v|)

(
F (u∗)G(v∗)− F (u)G(v)

)
dωdu(1.24)

with

u∗ := u+ ω
(
(v − u) · ω

)
, v∗ := v − ω

(
(v − u) · ω

)
,(1.25)

and the hard-sphere collision kernel

q(ω, |u− v|) := q0 |ω · (v − u)|(1.26)

for a positive constant q0.
Based on [15, Chapter 3], the linearized Boltzmann operator L is

L[f ] =− 2µ− 1
2Q
[
µ, µ

1
2 f
]
:= ν(v)f −K[f ],(1.27)
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2512 LEI WU AND ZHIMENG OUYANG

where

ν(v) =

∫
R3

∫
S2
q(ω, |u− v|)µ(u)dωdu = π2q0

((
2 |v|+ 1

|v|

)∫ |v|

0

e−z
2

dz + e−|v|2
)
,

(1.28)

K[f ](v) = K2[f ](v)−K1[f ](v) =

∫
R3

k(u, v)f(u)du,

(1.29)

K1[f ](v) = µ
1
2 (v)

∫
R3

∫
S1
q(ω, |u− v|)µ 1

2 (u)f(u)dωdu =

∫
R3

k1(u, v)f(u)du,

(1.30)

K2[f ](v) =

∫
R3

∫
S2
q(ω, |u− v|)µ 1

2 (u)
(
µ

1
2 (v∗)f(u∗) + µ

1
2 (u∗)f(v∗)

)
dωdu

(1.31)

=

∫
R3

k2(u, v)f(u)du

for some kernels

k(u, v) = k2(u, v)− k1(u, v),(1.32)

k1(u, v) = πq0 |u− v| exp
(
− 1

2
|u|2 − 1

2
|v|2

)
,(1.33)

k2(u, v) =
2πq0
|u− v|

exp

(
− 1

4
|u− v|2 − 1

4

(|u|2 − |v|2)2

|u− v|2

)
.(1.34)

In particular, L is self-adjoint in L2(R3) and the null space N is a five-dimensional
space spanned by the orthonormal basis

µ
1
2

{
1, v,

|v|2 − 3

2

}
.(1.35)

We denote N⊥ as the orthogonal complement of N in L2(R3).

1.4. Main result. Let ⟨·, ·⟩ be the standard L2 inner product for v ∈ R3. Define
the Lp and L∞ norms in R3:

|f(t, x)|p :=
(∫

R3

|f(t, x, v)|p dv
) 1
p

, |f(t, x)|∞ := ess sup
v∈R3

|f(t, x, v)| .(1.36)

Furthermore, we define the Lp and L∞ norms in Ω× R3:

∥f(t)∥p :=
(∫∫

Ω×R3

|f(t, x, v)|p dvdx
) 1
p

, ∥f(t)∥∞ := ess sup
(x,v)∈Ω×R3

|f(t, x, v)| .

(1.37)

Moreover, we define the Lp and L∞ norms in R+ × Ω× R3:

|||f |||p :=
(∫

R+

∫∫
Ω×R3

|f(x, v)|p dvdx
) 1
p

, |||f |||∞ := ess sup
(t,x,v)∈R+×Ω×R3

|f(t, x, v)| .

(1.38)
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HYDRODYNAMIC LIMIT OF 3D BOLTZMANN EQUATION 2513

Define the weighted L2 norms

|f(t, x)|ν :=
∣∣∣ν 1

2 f(t, x)
∣∣∣
2
, ∥f(t)∥ν :=

∥∥∥ν 1
2 f(t)

∥∥∥
2
, |||f |||ν :=

∣∣∣∣∣∣∣∣∣ν 1
2 f
∣∣∣∣∣∣∣∣∣

2
.(1.39)

Denote the Japanese bracket by

⟨v⟩ :=
(
1 + |v|2

) 1
2

.(1.40)

Define the weighted L∞ norm for ϱ, ϑ ≥ 0:

|f(t, x)|∞,ϑ,ϱ := ess sup
v∈R3

(
⟨v⟩ϑ eϱ|v|

2

|f(t, x, v)|
)
,(1.41)

∥f(t)∥∞,ϑ,ϱ := ess sup
(x,v)∈Ω×R3

(
⟨v⟩ϑ eϱ|v|

2

|f(t, x, v)|
)
,

|||f |||∞,ϑ,ϱ := ess sup
(t,x,v)∈R+×Ω×R3

(
⟨v⟩ϑ eϱ|v|

2

|f(t, x, v)|
)
.

In (1.1) and (1.21), based on the flow direction, we can divide the boundary γ :=
{(x0, v) : x0 ∈ ∂Ω, v ∈ R3} into the in-flow boundary γ−, the out-flow boundary γ+,
and the grazing set γ0:

γ− := {(x0, v) : x0 ∈ ∂Ω, v · n(x0) < 0},(1.42)

γ+ := {(x0, v) : x0 ∈ ∂Ω, v · n(x0) > 0},(1.43)

γ0 := {(x0, v) : x0 ∈ ∂Ω, v · n(x0) = 0}.(1.44)

It is easy to see γ = γ+ ∪ γ− ∪ γ0. In particular, the boundary condition is only given
on R+ × γ−.

Define dγ = |v · n| dϖdv on γ for the surface measure ϖ. Define the Lp and L∞

norms on the boundary:

∥f(t)∥γ,p :=
(∫∫

γ

|f(t, x, v)|p dγ
) 1
p

, ∥f(t)∥γ,∞ := ess sup
(x,v)∈γ

|f(t, x, v)| .(1.45)

Define the Lp and L∞ norms on the boundary with time:

|||f |||γ,p :=
(∫

R+

∫∫
γ

|f(t, x, v)|p dγ
) 1
p

, |||f |||γ,∞ := ess sup
(t,x,v)∈R+×γ

|f(x, v)| .(1.46)

Also, define the weighted L∞ norm for ϱ, ϑ ≥ 0:

∥f(t)∥γ,∞,ϱ,ϑ := ess sup
(x,v)∈γ

(
⟨v⟩ϑ eϱ|v|

2

|f(t, x, v)|
)
,(1.47)

|||f |||γ,∞,ϱ,ϑ := ess sup
(t,x,v)∈R+×γ

(
⟨v⟩ϑ eϱ|v|

2

|f(t, x, v)|
)
.

The similar notation also applies to γ±. In all the above notation, we can replace R+

by [0, t] or even [s, t], and it can be understood from the context without confusion.
Now we are ready to state our main theorem.
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2514 LEI WU AND ZHIMENG OUYANG

Theorem 1.1. For given µεb and Fε0 satisfying the assumptions in section 1.1,

there exists a unique positive solution Fε = µ + µ
1
2 fε ≥ 0 to the evolutionary Boltz-

mann equation (1.1). In particular, fε satisfies (1.21) with (1.20), and fulfils that for
0 ≤ ϱ < 1

4 and 3 < ϑ ≤ ϑ0, there exists K > 0, such that∣∣∣∣∣∣∣∣∣eKt(fε − εF
)∣∣∣∣∣∣∣∣∣

∞,ϑ,ϱ
≲δ ε

4
3−δ(1.48)

for any 0 < δ << 1, where

F =µ
1
2

(
ρ+ u · v + θ

|v|2 − 3

2

)
(1.49)

in which (ρ, u, θ) satisfies the unsteady Navier–Stokes–Fourier system
∂tu+ u · ∇xu− γ1∆xu+∇xp = 0,

∇x · u = 0,

∂tθ + u · ∇xθ − γ2∆xθ = 0

(1.50)

with initial and boundary data

ρ(0, x) = ρ0,1, u(0, x) = u0,1, θ(0, x) = θ0,1,
(1.51)

ρ(t, x0) = ρb,1(t, x0) +M(t, x0), u(t, x0) = ub,1(t, x0), θ(t, x0) = θb,1(t, x0).
(1.52)

Here γ1 > 0 and γ2 > 0 are some constants, M(t, x0) is a function chosen such that
the Boussinesq relation

∇x(ρ+ θ) = 0,(1.53)

and the conservation law (1.20) hold for all time t.

Remark 1.4. The Boussinesq relation implies that ρ(t, x) + θ(t, x) = C(t) for
some time-dependent function C(t) in the whole domain Ω. However, at each t, the
boundary data ρb,1(t, x0) and θb,1(t, x0) do not necessarily have the same sum at
different x0. Hence, M(t, x0) is designed to fill this gap. Note that we are still free
to choose the C(t) (i.e., M still has one dimension of freedom at each t) and it is
eventually determined by the conservation law (1.20).

Remark 1.5. From the above theorem, we know fε ∼ εF is of order O(ε). The
difference fε − εF = o(ε) as ε→ 0.

Remark 1.6. The case ρb,1(t, x0) = 0, ub,1(t, x0) = 0, and θb,1(t, x0) ̸= 0 is
called the nonisothermal model, which represents a system that only has heat transfer
through the boundary but has no particle exchange and no work done between the
environment and the system. Based on the above theorem, the hydrodynamic limit
is an unsteady Navier–Stokes–Fourier system with nonslip boundary condition. This
provides a rigorous derivation of this important fluid model.

Remark 1.7. In the smallness assumption (1.10), if K0 = 0, then the main theo-
rem still holds with K = 0. Exponential decay in time is not necessary.

Remark 1.8. Our proof of the main theorem relies on the assumptions in section
1.1. To remove these technical requirements will be a main topic of our future research.
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1.5. History and motivation.

1.5.1. Previous results. The hydrodynamic limit is central to connecting the
kinetic theory and fluid mechanics. It provides rigorous derivation of fluid equations
(like Euler equations or Navier–Stokes equations, etc.) from the kinetic equations
(like Boltzmann equations, Landau equations, etc.). As an integrated step to tackle
the well-known Hilbert’s sixth problem, since the early 20th century, these types
of problems have been extensively studied in many different settings: stationary or
evolutionary, linear or nonlinear, strong solution or weak solution, etc.

The early result [26] by Hilbert dates back to 1916, using the so-called Hilbert’s
expansion, i.e., an expansion of the density function Fε as a power series of the
Knudsen number ε.

The general theory of initial-boundary-value problems for hydrodynamic limits
was first developed by Grad [18], and then extended by Sone [34, 35, 36] and Sone and
Aoki [39], for both the evolutionary and stationary equations. The classical books by
Sone [37, 38] provide a comprehensive summary of previous results and give a complete
analysis of such approaches. However, the results in [37, 38] are only formal and lack
rigorous justifications.

On a large time scale ∼ ε−1, the diffusion effects dominate and the formal deriva-
tion reveals that the Boltzmann solution is close to that of the incompressible Navier–
Stokes–Fourier system. A lot of works for Rn or Tn domains have been presented,
e.g., Golse and Saint-Raymond [17], Bardos, Golse, and Levermore [2, 3, 4], Bardos
and Ukai [5], Briant [6], Briant, Merino-Aceituno, and Mouhot [7], Gallagher and
Tristani [14], Guo [19], for either smooth solutions or renormalized solutions.

For other time scales and models, due to the huge number, it is almost impossible
to give a complete list of all the related publications. Reader may refer to Golse
and Saint-Raymond [16], Saint-Raymond [32], Masmoudi and Saint-Raymond [31],
Masi, Esposito, and Lebowitz [30], Guo [19], Guo and Jang [21], Guo, Jang, and
Jiang [22, 23] and the references therein. It is also worth noting that the book by
Saint-Raymond [33] and the references therein provide a nice summary of the progress.

Due to its physical significance, the study of the kinetic equation in bounded
domains has attracted a lot of attention recently. In the case ε = 1 and µεb = µ, Guo
[20] justifies the global well-posedness and decay of the Boltzmann equation under
various boundary conditions. In particular, for specular boundary, Guo [20] requires
analyticity of the domain, which is removed by Kim and Lee [28, 27]. Esposito et al.
[10] handles the case when ε = 1 and µεb is an O(1) small perturbation of µ. The idea is
also adapted to treat the Vlasov–Poisson–Boltzmann system in Cao, Kim, and Lee [8].

For the hydrodynamic limits ε → 0 in bounded domains, the geometry of the
domain will play a key role in the analysis. We refer to Esposito, Lebowitz, and
Marra [13], Esposito et al. [11], Esposito, Guo, and Marra [12], Arkeryd et al. [1],
Wu [42, 44] and the references therein.

Note that the boundary layer plays a significant role in proving the asymptotic
convergence in the L∞ sense. If instead we consider Lp convergence for 1 ≤ p < ∞
which is technically easier, then the boundary layer is of order ε

1
p due to rescaling,

which is negligible compared with the interior solution as ε→ 0. As far as we are aware
of, at this stage the best result of hydrodynamic limits for the three-dimensional (3D)
evolutionary problem in bounded domains is [11], which justifies the L2 convergence
without boundary layer analysis. As for the stationary problem, the best result is our
paper [46], which justifies the L∞ convergence with a detailed discussion of boundary
layers.
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2516 LEI WU AND ZHIMENG OUYANG

In this paper, we will fill the last piece and focus on the 3D evolutionary problem
with L∞ convergence.

1.5.2. Asymptotic analysis. For the evolutionary Boltzmann equation where
the state of gas is close to a uniform state at rest, the expansion of the perturbation
fε = O(ε) consists of three parts: the interior solution fεin which is based on a
hierarchy of linearized Boltzmann equations and satisfies a steady Navier–Stokes–
Fourier system, the initial layer fεil which is based on a nonlocal ODE and decays
rapidly when it is away from t = 0, and the boundary layer fεbl which is based on a
half-space kinetic equation and decays rapidly when it is away from the boundary.

The justification of hydrodynamic limits usually involves two steps: well-posedness
of expansion and remainder estimates:

• Step 1: Expanding fεin =
∑∞
k=1 ε

kFk, f
ε
il =

∑∞
k=1 ε

kFk, and fεbl =
∑∞
k=1 ε

kFk

as power series of ε and proving the coefficients Fk, Fk, and Fk are well-
defined. This is doable by inserting the above expansion ansatz into the
Boltzmann equation and comparing the order of ε to get a hierarchy of equa-
tions for Fk, Fk, and Fk. Traditionally, the estimates of interior solutions
Fk and initial layers Fk are relatively straightforward. On the other hand,
boundary layers Fk satisfy one-dimensional half-space problems which lose
some key structures of the original equations. The well-posedness of bound-
ary layer equations is sometimes extremely difficult to prove and it is possible
that they are actually ill-posed (e.g., certain types of Prandtl layers).

• Step 2: Proving that R = fε− εF1− εF1− εF1 = o(ε) as ε→ 0. Ideally, this
should be done just by expanding to the leading-order level F1, F1, and F1.
However, in singular perturbation problems, the estimates of the remainder
R usually involve negative powers of ε, which requires expansion to higher-
order terms FN and FN for N ≥ 2 in order to provide sufficient power of ε.
In other words, we define R = fε −

∑N
k=1 ε

kFk −
∑N
k=1 ε

kFk −
∑N
k=1 ε

kFk

for N ≥ 2 instead of R = fε− εF1− εF1− εF1 to get a better estimate of R.

1.6. Methodology. The geometric effects in boundary layer analysis have been
observed for a long time (see [13]). Inspired by [9], a new formulation of boundary
layer based on the Milne problem with geometric correction was proposed in [45]
to study a simple kinetic model—neutron transport equations, in a two-dimensional
(2D) plate domain. The key component of the proof is the L∞ well-posedness and
decay of the boundary layer equation. Furthermore, through a careful discussion of
the weighted W 1,∞ regularity and quasi-W 2,∞ regularity, such results were extended
in [24, 25, 43, 41] to treat more general 2D/3D domains and boundary conditions.

The neutron transport equation is a linear equation with homogeneous collision
kernels. In contrast, the Boltzmann equation poses more technical complications due
to the higher dimension of null space and more singular collision kernels. As far as we
are aware of, the best result for the Boltzmann boundary layer is the weighted W 1,∞

regularity obtained in our paper [46].

1.6.1. Upshots of the paper. While the sister paper [46] contains a complete
analysis of the well-posedness and regularity of the boundary layer equation, in this
paper, we will focus on the remainder estimates. This is equivalent to considering
the linearized Boltzmann equation with diffusive boundary. The first such result
was proposed in [20] by a novel L2 − L∞ framework, and the argument is improved
in [10]. Such a method is further adapted to treat hydrodynamic limits to form the
L2−L6−L∞ framework in [11] for the Boltzmann equation and [24, 41] for the neutron
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transport equation. All of these frameworks have both stationary and evolutionary
versions.

The major difficulty of our paper lies in the fact that the remainder estimates
of the evolutionary problem are much worse compared to the stationary problem in
[44, 46]. Neither the L2−L∞ nor L2−L6−L∞ framework provides sufficient control
of the remainder Re.

To be more specific, the validity of our main theorem requires ε1+δ convergence
for the remainder Re. The stationary remainder estimate reads

∥Rs∥L∞(Ω×R3) ≲ ε−
5
2 ∥Ss∥

L
6
5 (Ω×R3)

+ good terms,(1.54)

where Rs is the stationary remainder and Ss = (v · ∇x + ε−1L)[Rs] ∼ ε3. Also, the
main contribution of Ss—the boundary layer term contains a rescaling η ∼ ε−1N for
normal distance N which provides additional ε

5
6 under L

6
5 norm. Eventually, we get

∥Rs∥L∞ ≲ ε−
5
2 ×ε3+ 5

6 = ε
4
3 convergence. However, for the evolutionary problem, the

L2 − L∞ framework (as in [42]) justifies

∥Re∥L∞(R+×Ω×R3) ≲ ε−
7
2 ∥Se(t)∥L2(Ω×R3) + good terms,(1.55)

where Se(t) = (ε∂t + v · ∇x + ε−1L)[Re(t)] ∼ ε3 and we only obtain an extra ε
1
2

from the boundary layer rescaling under the L2 norm. Hence, we have ∥Re∥L∞ ≲
ε−

7
2 × ε3+

1
2 = ε0 ∼ 1 which is far from closing the proof. On the other hand, the

L2 − L6 − L∞ framework (as in [11]) justifies

∥Re∥L∞(Ω×R3) ≲ ε−
5
2 ∥Se∥L2(Ω×R3) + good terms.(1.56)

Hence, we have ∥Re∥L∞ ≲ ε−
5
2 × ε3+

1
2 = ε which is still not enough. Unfortunately,

the strategy in [41] for the neutron transport equation also will not work for our case.
In [41], the proof requires the coercivity bound〈

L[Re], R5
e

〉
≳ ∥(I− P)[Re]∥6L6 ,(1.57)

which is absent in the Boltzmann equation.
In summary, we have to develop new ideas to tackle this difficulty. Our strat-

egy mainly includes two steps, and we need to make significant modifications and
improvements in both the remainder estimates and boundary layer construction.

First, we introduce a modified L2 −L6 −L∞ boostrap framework. This is rooted
in the nonlinear energy method and we use an intricate energy-dissipation structure
to bound both the instantaneous and accumulative Re with mutual dependence. In
detail, we justify L2 bounds of Re and ∂tRe with a nonstandard energy method and
prove the L6 bound of Re(t) with a fresh kernel estimate with interpolation argument.
To be more specific, we show that

∥Re∥L∞(R+×Ω×R3) ≲ ε−
5
2

(
∥Se(t)∥

L
6
5 (Ω×R3)

+ ∥∂tSe∥L2(R+×Ω×R3)

)
+ good terms.

(1.58)

Next, our central idea is to smartly utilize the “good” stationary remainder esti-
mates. We design the highest-order boundary layer in a rather unusual way. Specif-
ically, we reformulate the ε-Milne problem with geometric correction, such that it
recovers the stationary equation as in [46]. This allows us to use the stationary
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2518 LEI WU AND ZHIMENG OUYANG

remainder estimate (1.54) to control boundary layers, leaving several nontrivial re-
mainder terms which can be delicately handled. In this fashion, we get

∥Se(t)∥
L

6
5 (Ω×R3)

+ ∥∂tSe∥L2(R+×Ω×R3) ≲ ε3+
5
6 .(1.59)

Hence, we get the same ε
4
3 convergence as in the stationary case.

1.6.2. Notation and convention. Throughout this paper, C > 0 denotes a
constant that only depends on the domain Ω, but does not depend on the data or ε.
It is referred to as universal and can change from one inequality to another. When
we write C(z), it means a certain positive constant depending on the quantity z. We
write a ≲ b to denote a ≤ Cb.

This paper is organized as follows: in section 2, we perform the asymptotic ex-
pansion and matching procedure; in section 3, we record the main theorems proved
in [46] on the well-posedness and regularity of the boundary layer equation, i.e., the
ε-Milne problem with geometric correction; in sections 4 and 5, we study the remain-
der estimates for both the stationary and evolutionary equations; finally, in section 6,
we prove the main theorem.

2. Asymptotic expansion.

2.1. Interior expansion. We define the interior expansion

fεin(t, x, v) =
3∑
k=1

εkFk(t, x, v).(2.1)

Plugging it into (1.21) and comparing the orders of ε, we obtain

L[F1] = 0,(2.2)

L[F2] = −v · ∇xF1 + Γ[F1, F1],(2.3)

L[F3] = −∂tF1 − v · ∇xF2 + 2Γ[F1, F2].(2.4)

The analysis of Fk solvability is standard and well known. Note that the null space
N of the operator L is spanned by

µ
1
2

{
1, v1, v2, v3,

|v|2 − 3

2

}
= {φ0, φ1, φ2, φ3, φ4}.(2.5)

Then L[f ] = S is solvable if and only if S ∈ N⊥, the orthogonal complement of N
in L2(R3). In the spirit of [37, Chapter 4] and [38, Chapter 3], similar to stationary
problems in [46, section 2.1], each Fk consists of three parts:

Fk(t, x, v) := Ak(t, x, v) +Bk(t, x, v) + Ck(t, x, v).(2.6)

• Principal contribution Ak :=
4∑
i=0

Ak,iφi ∈ N , where the coefficients Ak,i must

be determined at each order k independently.

• Connecting contribution Bk :=
4∑
i=0

Bk,iφi ∈ N , where the coefficients Bk,i

depend on As for 1 ≤ s ≤ k− 1. In other words, Bk is accumulative informa-
tion from previous orders and thus is not independent. This term is present
due to the nonlinearity in Γ.
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• Orthogonal contribution Ck ∈ N⊥ satisfying

L[Ck] = ∂tFk−2 − v · ∇xFk−1 +
k−1∑
i=1

Γ[Fi, Fk−i],(2.7)

which can be uniquely determined. Similar to Bk, here Ck is also accumula-
tive information from previous orders and thus is not independent.

All in all, we will focus on how to determine Ak. Traditionally, we write

Ak = µ
1
2

(
ρk + uk · v + θk

(
|v|2 − 3

2

))
,(2.8)

where the coefficients ρk, uk, and θk represent density, velocity, and temperature on
the macroscopic scale. In particular, (ρk, uk, θk) satisfies as follows:

(2.3) implies

p1 − (ρ1 + θ1) = 0,(2.9)

∇xp1 = 0,(2.10)

∇x · u1 = 0;(2.11)

(2.4) implies

p2 − (ρ2 + θ2 + ρ1θ1) = 0,(2.12)

∂tu1 + u1 · ∇xu1 − γ1∆xu1 +∇xp2 = 0,(2.13)

∂tθ1 + u1 · ∇xθ1 − γ2∆xθ1 = 0,(2.14)

∇x · u2 + u1 · ∇xρ1 = 0.(2.15)

Here p1 and p2 represent the pressure, γ1 and γ2 are constants. The higher-order
expansion produces more complicated fluid equations, which can be found in [37,
Chapter 4]. If the interior solution Fk cannot satisfy the initial and boundary con-
ditions, then we have to introduce initial layer Fk and boundary layer Fk to handle
the gap.

2.2. Initial-layer expansion (temporal substitution). We define the
rescaled time variable τ by making the scaling transform τ = t

ε2 , which implies
∂
∂t =

1
ε2

∂
∂τ . Then, under the substitution t→ τ , (1.21) is transformed into


∂τf

ε + εv · ∇xf
ε + L[fε] = Γ[fε, fε] in R+ × Ω× R3,

fε(0, x, v) = f0(x, v) in Ω× R3,

fε(τ, x0, v) = Pε[fε](τ, x0, v) for τ ∈ R+, x0 ∈ ∂Ω, and v · n(x0) < 0.

(2.16)
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2520 LEI WU AND ZHIMENG OUYANG

We define the initial layer expansion,

fεil(τ, x, v) =
4∑
k=1

εkFk(τ, x, v),(2.17)

where Fk can be determined by comparing the order of ε via plugging (2.17) into
(2.16). Thus, we have

∂τF1 + L[F1] = 0,
(2.18)

∂τF2 + L[F2] = −v · ∇xF1 + Γ[F1,F1] + 2Γ[F1,F1],
(2.19)

∂τF3 + L[F3] = −v · ∇xF2 + 2Γ[F1,F2] + 2Γ[F1,F2] + 2Γ[F2,F1],
(2.20)

∂τF4 + L[F4] = −v · ∇xF3 + 2Γ[F1,F3] + Γ[F2,F2] + 2Γ[F1,F3] + 2Γ[F3,F1]
(2.21)

+ 2Γ[F2,F2].

2.3. Boundary layer expansion. This is very similar to the stationary prob-
lem in [46, section 2.2]. We need to introduce several geometric substitutions.

1. In a neighborhood of x0 ∈ ∂Ω define an orthogonal curvilinear coordinates
system (ι1, ι2) such that at x0 the coordinate lines coincide with the principal
directions. Let N be the normal distance to the boundary. Then (N, ι1, ι2)
forms a local orthogonal coordinate system.
Assume ∂Ω is parameterized by r = r(ι1, ι2). Denote Pi = |∂ir| for i = 1, 2.
Then define the two orthogonal unit tangential vectors

ς1 :=
∂1r

P1
, ς2 :=

∂2r

P2
.(2.22)

Also, the outward unit normal vector is

n :=
∂1r × ∂2r

|∂1r × ∂2r|
= ς1 × ς2.(2.23)

Let κ1 and κ2 denote two principal curvatures and R1 and R2 two radii of
principal curvatures.

2. We also decompose the velocity into normal and tangential directions −v · n = vη,
−v · ς1 = vϕ,
−v · ς2 = vψ.

(2.24)

Denote v = (vη, vϕ, vψ).
3. Define the scaled variable η = N

ε , which implies ∂
∂N = 1

ε
∂
∂η .
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Under these substitutions (x, v) → (η, ι1, ι2, v), (1.21) is transformed into



ε2∂tf
ε + vη

∂fε

∂η
− ε

R1 − εη

(
v2ϕ
∂fε

∂vη
− vηvϕ

∂fε

∂vϕ

)
− ε

R2 − εη

(
v2ψ
∂fε

∂vη
− vηvψ

∂fε

∂vψ

)

− ε

P1P2

(
∂11r · ∂2r

P1(εκ1η − 1)
vϕvψ +

∂12r · ∂2r
P2(εκ2η − 1)

v2ψ

)
∂fε

∂vϕ

− ε

P1P2

(
∂22r · ∂1r

P2(εκ2η − 1)
vϕvψ +

∂12r · ∂1r
P1(εκ1η − 1)

v2ϕ

)
∂fε

∂vψ

− ε

(
vϕ

P1(εκ1η − 1)

∂fε

∂ι1
+

vψ
P2(εκ2η − 1)

∂fε

∂ι2

)
+ L[fε] = Γ[fε, fε] in R+ × Ω× R3,

fε(0, η, ι1, ι2, v) = f0(η, ι1, ι2, v) in Ω× R3,

fε(t, 0, ι1, ι2, v) = Pε[fε](t, 0, ι1, ι2, v) for vη > 0.

(2.25)

We define the boundary layer expansion as follows:

fεbl(t, η, ι1, ι2, v) =

3∑
k=1

εkFk(t, η, ι1, ι2, v),(2.26)

where Fk can be defined by comparing the order of ε via plugging (2.26) into (2.25).
Thus, in a neighborhood of the boundary, we have

vη
∂F1

∂η
− ε

R1 − εη

(
v2ϕ

∂F1

∂vη
− vηvϕ

∂F1

∂vϕ

)
− ε

R2 − εη

(
v2ψ

∂F1

∂vη
− vηvψ

∂F1

∂vψ

)
+ L[F1] = 0,

(2.27)

vη
∂F2

∂η
− ε

R1 − εη

(
v2ϕ

∂F2

∂vη
− vηvϕ

∂F2

∂vϕ

)
− ε

R2 − εη

(
v2ψ

∂F2

∂vη
− vηvψ

∂F2

∂vψ

)
+ L[F2] = Z1,

(2.28)

where Z1 = Z1

[
F1,F1,

∂F1

∂vϕ
,
∂F1

∂vψ
,
∂F1

∂ι1
,
∂F1

∂ι2

]
as

Z1 := 2Γ[F1,F1] + Γ[F1,F1] +
1

P1P2

(
∂11r · ∂2r

P1(εκ1η − 1)
vϕvψ +

∂12r · ∂2r
P2(εκ2η − 1)

v2ψ

)
∂F1

∂vϕ

(2.29)

+
1

P1P2

(
∂22r · ∂1r

P2(εκ2η − 1)
vϕvψ +

∂12r · ∂1r
P1(εκ1η − 1)

v2ϕ

)
∂F1

∂vψ
+

vϕ
P1(εκ1η − 1)

∂F1

∂ι1

+
vψ

P2(εκ2η − 1)

∂F1

∂ι2
.
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2522 LEI WU AND ZHIMENG OUYANG

However, we define F3 in a completely different fashion. Let F3 satisfy

vη
∂F3

∂η
− ε

R1 − εη

(
v2ϕ
∂F3

∂vη
− vηvϕ

∂F3

∂vϕ

)
− ε

R2 − εη

(
v2ψ
∂F3

∂vη
− vηvψ

∂F3

∂vψ

)
(2.30)

− ε

P1P2

(
∂11r · ∂2r

P1(εκ1η − 1)
vϕvψ +

∂12r · ∂2r
P2(εκ2η − 1)

v2ψ

)
∂F3

∂vϕ

− ε

P1P2

(
∂22r · ∂1r

P2(εκ2η − 1)
vϕvψ +

∂12r · ∂1r
P1(εκ1η − 1)

v2ϕ

)
∂F3

∂vψ

− ε

(
vϕ

P1(εκ1η − 1)

∂F3

∂ι1
+

vψ
P2(εκ2η − 1)

∂F3

∂ι2

)
+ L[F3] = Z2,

where

Z2 := 2Γ[F1,F2] + 2Γ[F1,F2] + 2Γ[F2,F1](2.31)

+
1

P1P2

(
∂11r · ∂2r

P1(εκ1η − 1)
vϕvψ +

∂12r · ∂2r
P2(εκ2η − 1)

v2ψ

)
∂F2

∂vϕ

+
1

P1P2

(
∂22r · ∂1r

P2(εκ2η − 1)
vϕvψ +

∂12r · ∂1r
P1(εκ1η − 1)

v2ϕ

)
∂F2

∂vψ

+
vϕ

P1(εκ1η − 1)

∂F2

∂ι1
+

vψ
P2(εκ2η − 1)

∂F2

∂ι2
.

Obviously, (2.30) actually contains all terms in (2.25) except the time derivative, so
it is essentially

εv · ∇xF3 + L[F3] = Z2.(2.32)

Hence, we will resort to the well-posedness and decay theory of the linearized station-
ary problem instead of that of the half-space boundary layer equation (the so-called
ε-Milne problem with geometric correction).

2.4. Initial condition expansion. The bridge between the interior solution
and initial layer is the initial condition. Plugging the combined expansion from (2.1)
and (2.17),

fε ∼
3∑
k=1

εkFk +
4∑
k=1

εkFk,(2.33)

into the initial condition (1.21), and comparing the order of ε, we obtain

F1 + F1 = f0,1,(2.34)

F2 + F2 = f0,2,(2.35)

F3 + F3 = f0,3.(2.36)

Since we do not expand the interior solution fεin to higher order, we simply require
the initial condition such that F4 decays to zero as τ → ∞.
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2.5. Boundary condition expansion. The bridge between the interior solu-
tion and boundary layer is the boundary condition. Define

P[f ](t, x0, v) := µ
1
2 (v)

∫
u·n(x0)>0

µ
1
2 (u)f(t, x0, u) |u · n(x0)| du.(2.37)

Plugging the combined expansion from (2.1) and (2.26),

fε ∼
3∑
k=1

εkFk +
2∑
k=1

εkFk,(2.38)

into the boundary condition (1.21) and (1.23), and comparing the order of ε, we obtain

F1 + F1 = P[F1 + F1] + µ1(x0, v),

(2.39)

F2 + F2 = P[F2 + F2]+µ1(x0, v)

∫
u·n(x0)>0

µ
1
2 (u)(F1+F1) |u · n(x0)| du+ µ2(x0, v).

(2.40)

For F3 and F3, since the boundary layer F3 is defined differently, we can assign the
stronger version

F3 + F3 = P[F3 + F3] + ε−2
(
µεb − µ− εµ

1
2µ1

)
µ−1P[F1 + F1](2.41)

+ ε−1
(
µεb − µ

)
µ−1P[F2 + F2]

+ ε−3µ− 1
2

(
µεb − µ− εµ

1
2µ1 − ε2µ

1
2µ2

)
.

2.6. Matching procedure. Define the length of boundary layer L = ε−
1
2 . Also,

denote R[vη, vϕ, vψ] = (−vη, vϕ, vψ).

Step 1: Construction of F1, F1, and F1.
A direct computation reveals that F1 = A1+B1+C1, where B1 = C1 = 0. Define

F1 = µ
1
2

(
ρ1 + u1 · v + θ1

|v|2 − 3

2

)
,(2.42)

where (ρ1, u1, θ1) satisfies the Navier–Stokes–Fourier system
∂tu1 + u1 · ∇xu1 − γ1∆xu1 +∇xp2 = 0,

∇x · u1 = 0,

∂tθ1 + u1 · ∇xθ1 − γ2∆xθ1 = 0

(2.43)

with the initial condition

ρ1(0, x) = ρ0,1(x), u1(0, x) = u0,1(x), θ1(0, x) = θ0,1(x),(2.44)

and the boundary condition

ρ1(t, x0) = ρb,1(t, x0) +M1(t, x0), u1(t, x0) = ub,1(t, x0), θ1(t, x0) = θb,1(t, x0).
(2.45)
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2524 LEI WU AND ZHIMENG OUYANG

Here M1(t, x0) is such that the Boussinesq relation

∇x(ρ1 + θ1) = 0(2.46)

is satisfied. Note that the above requirement means that for fixed t, M1 still has one
dimension of freedom. It is eventually fully determined by enforcing the conservation
law ∫∫

Ω×R3

F1(t, x, v)µ
1
2 (v)dvdx = 0.(2.47)

Then based on the compatibility condition of µ1 which is∫
u·n(x0)>0

µ
1
2 (u)µ1(t, x0, u) |u · n(x0)| du = 0,(2.48)

we naturally obtain P[F1] =M1µ
1
2 , which means

F1 = P[F1] + µ1 on ∂Ω.(2.49)

Therefore, compared with (2.39), it is not necessary to introduce the boundary layer
at this order and we simply take F1 = 0. Also, the interior solution can already
satisfy the initial data, so it is not necessary to introduce the initial layer at this order
and we simply take F1 = 0.

Step 2: Construction of F2, F2, and F2.
Define F2 = A2+B2+C2, where B2 and C2 can be uniquely determined following

previous analysis in section 2.1 and [46, section 2.1], and

A2 = µ
1
2

(
ρ2 + u2 · v + θ2

|v|2 − 3

2

)
,(2.50)

satisfying a linear fluid-type equation provided F1 is known. Now F2 does not satisfy
(2.40) alone, so we have to introduce the boundary layer. Let F2 satisfy the ε-Milne
problem with geometric correction



vη
∂F2

∂η
− ε

R1 − εη

(
v2ϕ
∂F2

∂vη
− vηvϕ

∂F2

∂vϕ

)
− ε

R2 − εη

(
v2ψ
∂F2

∂vη
− vηvψ

∂F2

∂vψ

)
+L[F2] = 0,

F2(t, 0, ι1, ι2, v) = h(t, ι1, ι2, , v)− h̃(t, ι1, ι2, , v) for vη > 0,

F2(t, L, ι1, ι2, , v) = F2(t, L, ι1, ι2, ,R[v])

(2.51)

with the in-flow boundary data

h(t, ι1, ι2, v) =M1µ1(t, x0, v) + µ2(t, x0, v)−
(
(B2 + C2)− P [B2 + C2]

)
.(2.52)

Based on Theorems 3.2 and 3.4, there exists a unique

h̃(t, ι1, ι2, v) = µ
1
2

4∑
k=0

D̃k(t, ι1, ι2)ek,(2.53)
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such that (2.51) is well-posed and the solution decays exponentially fast to zero (here
ek with k = 0, 1, 2, 3, 4 form a basis of null space N of L). In particular, D̃1 = 0.
Then we further require that A2 satisfies the boundary condition

A2(t, x0, v) = h̃(t, ι1, ι2, v) +M2(t, x0)µ
1
2 (v).(2.54)

Here x0 corresponds to (ι1, ι2) and v corresponds to v, based on substitution in section
2.3. Here, the constant M2(t, x0) is chosen to enforce the Boussinesq relation

p2 − (ρ2 + θ2 + ρ1θ1) = 0,(2.55)

where p2 is the pressure solved from (2.43) and it is determined up to a time-dependent
function. Similar to the construction of F1, due to (1.20), we can choose M2 to satisfy
the conservation law∫∫

Ω×R3

(F2 + F2 + F2)(t, x, v)µ
1
2 (v)dvdx = 0.(2.56)

We can verify that such construction satisfies the boundary condition (2.40) as in [46,
section 2.5].

Also, the initial layer is no longer zero at this order. It satisfies{
∂σF2 + L[F2] = 0,

F2(0, x, v) = (B2 + C2)(0, x, v)−F2,∞,
(2.57)

where F2,∞(x, v) ∈ N is chosen based on Theorem 6.4 such that

lim
τ→∞

F2(τ, x, v) = 0.(2.58)

Then we further require that A2 satisfies the initial condition

A2(0, x, v) = F2,∞(x, v).(2.59)

Step 3: Construction of F3, F3, and F3.
This is almost the same as in Step 2. Define F3 = A3 + B3 + C3, where B3 and

C3 can be uniquely determined following previous analysis, and

A3 =µ
1
2

(
ρ3 + u3 · v + θ3

|v|2 − 3

2

)
,(2.60)

satisfying a linear fluid-type equation provided F1 and F2 are known. In particular,
since the boundary layer at this order is defined in a trickier way, we simply define
the boundary condition

A3(t, x0, v) = 0.(2.61)

On the other hand, define the boundary layer F3 by

vη
∂F3

∂η
− ε

R1 − εη

(
v2ϕ
∂F3

∂vη
− vηvϕ

∂F3

∂vϕ

)
− ε

R2 − εη

(
v2ψ
∂F3

∂vη
− vηvψ

∂F3

∂vψ

)
(2.62)

− ε

P1P2

(
∂11r · ∂2r

P1(εκ1η − 1)
vϕvψ +

∂12r · ∂2r
P2(εκ2η − 1)

v2ψ

)
∂F3

∂vϕ
(2.63)

− ε

P1P2

(
∂22r · ∂1r

P2(εκ2η − 1)
vϕvψ +

∂12r · ∂1r
P1(εκ1η − 1)

v2ϕ

)
∂F3

∂vψ
(2.64)

− ε

(
vϕ

P1(εκ1η − 1)

∂F3

∂ι1
+

vψ
P2(εκ2η − 1)

∂F3

∂ι2

)
+ L[F3] = Z,(2.65)
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2526 LEI WU AND ZHIMENG OUYANG

where

Z := 2Γ[F1,F2] +
1

P1P2

(
∂11r · ∂2r

P1(εκ1η − 1)
vϕvψ +

∂12r · ∂2r
P2(εκ2η − 1)

v2ψ

)
∂F2

∂vϕ
(2.66)

+
1

P1P2

(
∂22r · ∂1r

P2(εκ2η − 1)
vϕvψ +

∂12r · ∂1r
P1(εκ1η − 1)

v2ϕ

)
∂F2

∂vψ

+
vϕ

P1(εκ1η − 1)

∂F2

∂ι1
+

vψ
P2(εκ2η − 1)

∂F2

∂ι2
.

This is essentially,

εv · ∇xF3 + L[F3] = Z.(2.67)

The boundary condition is taken as

F3 = P[F3] + ε−2
(
µεb − µ− εµ

1
2µ1

)
µ−1P[F1 + F1] + ε−1

(
µεb − µ

)
µ−1P[F2 + F2]

(2.68)

+ ε−3µ− 1
2

(
µεb − µ− εµ

1
2µ1 − ε2µ

1
2µ2

)
−
(
(B3 + C3)− P [B3 + C3]

)
.

Also, the initial layer satisfies ∂σF3 + L[F3] = −v · ∇xF2 + 2Γ[F1,F2],

F3(0, x, v) = (B3 + C3)(0, x, v)−F3,∞,
(2.69)

where F3,∞(x, v) ∈ N is chosen based on Theorem 6.4 such that

lim
τ→∞

F3(τ, x, v) = 0.(2.70)

Then we further require that A3 satisfies the initial condition

A3(0, x, v) = F3,∞(x, v).(2.71)

In a similar fashion, we can define F4 ∂σF4 + L[F4] = −v · ∇xF3 + 2Γ[F1,F3] + 2Γ[F3,F1] + 2Γ[F2,F2],

F4(0, x, v) = −F4,∞,
(2.72)

where F4,∞(x, v) ∈ N is chosen based on Theorem 6.4 such that

lim
τ→∞

F4(τ, x, v) = 0.(2.73)

3. Well-posedness and regularity of boundary layers. This section has
been well studied in [46, sections 3 and 4], so we just present the formulation and
notation, and record the main theorems without giving detailed proofs.
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3.1. Well-posedness and decay. In this subsection, we will study the well-
posedness and decay of the ε-Milne problem with geometric correction. Let the null

spaceN of the operator L be spanned by µ
1
2

{
1, vη, vϕ, vψ,

|v|2−3
2

}
= {e0, e1, e2, e3, e4}.

Given data h(v) and S(η, v), we intend to find

h̃(v) :=
4∑
i=0

D̃iei ∈ N(3.1)

with D̃1 = 0 and the other D̃i are constants such that the ε-Milne problem with
geometric correction for G(η, v) in the domain (η, v) ∈ [0, L]× R3 as


vη
∂G
∂η

− ε

R1 − εη

(
v2ϕ
∂G
∂vη

− vηvϕ
∂G
∂vϕ

)
− ε

R2 − εη

(
v2ψ

∂G
∂vη

− vηvψ
∂G
∂vψ

)
+ L[G] = S,

G(0, v) = h(v)− h̃(v) for vη > 0,

G(L, v) = G(L,R[v]),

(3.2)

is well-posed, and G decays exponentially fast to zero as η becomes larger and larger.
Here R[v] = (−vη, vϕ, vψ) and L = ε−

1
2 . For simplicity, we temporarily ignore the

dependence of ι1, ι2, but our estimates are uniform in these variables. Also, the
estimates and decaying rate should be uniform in ε.

In this section, we introduce some special notation to describe the norms for
(η, v) ∈ [0, L]× R3. Define the L2 norms as follows:

∥f∥2 :=

(∫ L

0

∫
R3

|f(η, v)|2 dvdη
) 1

2

.(3.3)

Define the weighted L∞ norms as follows:

∥f∥∞,ϑ,ϱ := ess sup
(η,v)∈[0,L]×R3

(
⟨v⟩ϑ eϱ|v|

2

|f(η, v)|
)
,(3.4)

Here, we require 0 ≤ ϱ < 1
4 and ϑ > 3.

Since the boundary data h(v) are only defined on vη > 0, we naturally extend the
above definitions to this half-domain as follows:

|h|∞,ϑ,ϱ := sup
vη>0

(
⟨v⟩ϑ eϱ|v|

2

|h(v)|
)
.(3.5)

Throughout this section, we assume

|h|∞,ϑ,ϱ ≲ 1,
∥∥eKηS∥∥∞,ϑ,ϱ

≲ 1(3.6)

for some constant K > 0 uniform in ε.

Theorem 3.1 (L2 well-posedness of G). Assume (3.6) holds. Then there exists
h̃ ∈ N such that there exists a unique solution G(η, v) to the ε-Milne problem with
geometric correction (3.2) satisfying

∥G∥2 ≲ 1.(3.7)
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2528 LEI WU AND ZHIMENG OUYANG

Theorem 3.2 (L2 decay). Assume (3.6) holds. Then there exists 0 < K0 < K
such that the solution g(η, v) to (3.2) satisfying∥∥eK0ηG

∥∥
2
≲ 1.(3.8)

Theorem 3.3 (L∞ well-posedness of G). Assume (3.6) holds. Then there ex-
ists a unique solution G(η, v) to the ε-Milne problem with geometric correction (3.2)
satisfying for ϱ ≥ 0 and integer ϑ ≥ 3,

∥G∥∞,ϑ,ϱ ≲ 1.(3.9)

Theorem 3.4 (L∞ decay). Assume (3.6) holds. Then there exists 0 < K0 < K
such that the solution g(η, v) to (3.2) satisfying for ϱ ≥ 0 and ϑ > 3,∥∥eK0ηG

∥∥
∞,ϑ,ϱ

≲ 1.(3.10)

3.2. Regularity estimates. Now we begin to study the regularity of the so-
lution G to (3.2). In this subsection, denote the boundary data p = h − h̃. Besides
(3.6), throughout this section, we further require the regularity bound that for ϱ ≥ 0
and ϑ > 3

|∇vp|∞,ϑ,ϱ ≲ 1,
∥∥eKη∂ηS∥∥∞,ϑ,ϱ

+
∥∥eKη∇vS

∥∥
∞,ϑ,ϱ

≲ 1.(3.11)

Define a weight function

ζ(η; v) =

((
v2η + v2ϕ + v2ψ

)
−
(
R1 − εη

R1

)2

v2ϕ −
(
R2 − εη

R2

)2

v2ψ

) 1
2

.(3.12)

It is easy to see that the closer a point (η; vη, vϕ, vψ) is to the grazing set (η; vη, vϕ, vψ) =
(0; 0, vϕ, vψ), the smaller ζ is. In particular, at the grazing set, ζ(0; 0, vϕ, vψ) = 0.

Lemma 3.5 (weight function in ε-Milne problem). Let ζ be defined as in (3.12).
We have

vη
∂ζ

∂η
− ε

R1 − εη

(
v2ϕ

∂ζ

∂vη
− vηvϕ

∂ζ

∂vϕ

)
− ε

R2 − εη

(
v2ψ

∂ζ

∂vη
− vηvψ

∂ζ

∂vψ

)
= 0.(3.13)

Theorem 3.6. Assume (3.6) and (3.11) hold. For K0 > 0 sufficiently small, we
have ∥∥∥∥eK0ηζ

∂G
∂η

∥∥∥∥
∞,ϑ,ϱ

+

∥∥∥∥eK0ηνζ
∂G
∂vη

∥∥∥∥
∞,ϑ,ϱ

≲ |ln(ε)|8 ,(3.14) ∥∥∥∥eK0ηνζ
∂G
∂vϕ

∥∥∥∥
∞,ϑ,ϱ

+

∥∥∥∥eK0ηνζ
∂G
∂vψ

∥∥∥∥
∞,ϑ,ϱ

≲ 1.(3.15)

Corollary 3.7. Assume (3.6) and (3.11) hold. We have

ε

∥∥∥∥eK0ηv2ϕ
∂G
∂vη

∥∥∥∥
∞,ϑ,ϱ

+ ε

∥∥∥∥eK0ηv2ψ
∂G
∂vη

∥∥∥∥
∞,ϑ,ϱ

≲ |ln(ε)|8 .(3.16)

Theorem 3.8. Assume (3.6) and (3.11) hold. We have∥∥∥∥eK0η
∂G
∂ι1

∥∥∥∥
∞,ϑ,ϱ

≲ |ln(ε)|8 ,
∥∥∥∥eK0η

∂G
∂ι2

∥∥∥∥
∞,ϑ,ϱ

≲ |ln(ε)|8 .(3.17)
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Theorem 3.9. Assume (3.6) and (3.11) hold. We have∥∥∥∥eK0ην
∂G
∂vϕ

∥∥∥∥
∞,ϑ,ϱ

≲ |ln(ε)|8 ,
∥∥∥∥eK0ην

∂G
∂vψ

∥∥∥∥
∞,ϑ,ϱ

≲ |ln(ε)|8 .(3.18)

Remark 3.1. Theorem 3.6, Corollary 3.7, Theorems 3.8 and 3.9 provide bounds
of all kinds of normal and velocity derivatives. However, note that the ∂G

∂η estimate
must be accompanied by the weight ζ since it may have a singularity near the grazing
set. Similarly, the ∂G

∂vη
estimate should be with either ζ or ε. On the other hand, ∂G∂ιi ,

∂G
∂vϕ

, and ∂G
∂vψ

can avoid the introduction of ζ or ε, since they do not directly interact

with the grazing set.

4. Stationary remainder estimates. Our analysis of boundary layers relies
on the study of the linearized stationary Boltzmann equation{

εv · ∇xf + L[f ] = S(x, v) in Ω× R3,

f(x0, v) = P[f ](x0, v) + h(x0, v) for x0 ∈ ∂Ω and v · n < 0,
(4.1)

where

P[f ](x0, v) = µ
1
2 (v)

∫
γ+

f(x0, v)µ
1
2 (v)dγ.(4.2)

The data S and h satisfy the compatibility condition∫∫
Ω×R3

S(x, v)µ
1
2 (v)dvdx+

∫
γ−

h(x, v)µ
1
2 (v)dγ = 0.(4.3)

It is easy to see that if f is a solution to (4.1), then f + Cµ
1
2 is also a solution for

arbitrary C ∈ R. Hence, to guarantee uniqueness, the solution should satisfy the
normalization condition ∫∫

Ω×R3

f(x, v)µ
1
2 (v)dvdx = 0.(4.4)

This problem has been well studied in [44, section 4], so we will only present the
main theorems.

Lemma 4.1 (time-independent Green’s identity). Assume f(x, v), g(x, v) ∈
L2(Ω× R2) and v · ∇xf, v · ∇xg ∈ L2(Ω× R2) with f, g ∈ L2(γ). Then∫∫

Ω×R2

(
(v · ∇xf)g + (v · ∇xg)f

)
dxdv =

∫∫
γ+

fgdγ −
∫∫

γ−

fgdγ.(4.5)

Proof. See [10, Lemma 2.2] for the proof.

Lemma 4.2. For Boltzmann collision operator k, we have

|k(u, v)| ≲
(
|u− v|+ 1

|u− v|

)
e
− 1

8 |u−v|2− 1
8

||u|2−|v|2|2
|u−v|2 .(4.6)

Proof. See [20, Lemma 3] for the proof.

Lemma 4.3. Let 0 ≤ ϱ < 1
4 and ϑ ≥ 0. Then for δ > 0 sufficiently small and any

v ∈ R3, ∫
R3

eδ|u−v|2 |k(u, v)| ⟨v⟩
ϑ
eϱ|v|

2

⟨u⟩ϑ eϱ|u|2
du ≲

1

⟨v⟩
.(4.7)

Proof. See [20, Lemma 3] for the proof.
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4.1. L2m estimates.

Lemma 4.4. The solution f(x, v) to (4.1) satisfies

ε∥P[f ]∥2m ≲ ε ∥(1− P)[f ]∥γ+, 4m3 + ∥(I− P)[f ]∥2 + ε∥(I− P)[f ]∥2m(4.8)

+
∥∥∥ν− 1

2S
∥∥∥
2
+ ε ∥h∥γ−, 4m3 .

Theorem 4.5. The solution f(x, v) to (4.1) satisfies the estimate

1

ε
1
2

∥(1− P)[f ]∥γ+,2 +
1

ε
∥(I− P)[f ]∥ν + ∥P[f ]∥2m ≲ o(1)ε

3
2m

(
∥f∥γ+,∞ + ∥f∥∞

)(4.9)

+
1

ε2
∥P[S]∥ 2m

2m−1
+

1

ε

∥∥∥ν− 1
2 (I− P)[S]

∥∥∥
2
+ ∥h∥γ−, 4m3 +

1

ε
∥h∥γ−,2 .

4.2. L∞ estimates.

Theorem 4.6. Assume (4.3) and (4.4) hold. The solution f(x, v) to (4.1) satis-
fies for ϑ ≥ 0 and 0 ≤ ϱ < 1

4 ,

∥f∥∞,ϑ,ϱ + ∥f∥γ+,∞,ϱ,ϑ(4.10)

≲
1

ε2+
3

2m

∥P[S]∥ 2m
2m−1

+
1

ε1+
3

2m

∥∥∥ν− 1
2 (I− P)[S]

∥∥∥
2
+
∥∥ν−1S

∥∥
∞,ϑ,ϱ

+
1

ε
3

2m

∥h∥γ−, 4m3 +
1

ε1+
3

2m

∥h∥γ−,2 + ∥h∥γ−,∞,ϱ,ϑ .

Remark 4.1. Inserting Theorem 4.6 into Theorem 4.5, we actually have

1

ε
1
2

∥(1− P)[f ]∥γ+,2 +
1

ε
∥(I− P)[f ]∥ν + ∥P[f ]∥2m(4.11)

≲
1

ε2
∥P[S]∥ 2m

2m−1
+

1

ε

∥∥∥ν− 1
2 (I− P)[S]

∥∥∥
2
+
∥∥ν−1S

∥∥
∞,ϑ,ϱ

+ ∥h∥γ−, 4m3 +
1

ε
∥h∥γ−,2 + ∥h∥γ−,∞,ϱ,ϑ .

5. Evolutionary remainder estimates. We consider the linearized evolution-
ary Boltzmann equation

ε2∂tf + εv · ∇xf + L[f ] = S(t, x, v) in R+ × Ω× R3,

f(0, x, v) = z(x, v) in Ω× R3,

f(t, x0, v) = P[f ](t, x0, v) + h(t, x0, v) on R+ × γ−,

(5.1)

where

P[f ](t, x0, v) = µ
1
2 (v)

∫
u·n(x0)>0

µ
1
2 (u)f(t, x0, u) |u · n(x0)| du.(5.2)

The data z, S, and h satisfy the additional requirement∫∫
Ω×R3

z(x, v)µ
1
2 (v)dvdx = 0,(5.3) ∫∫

Ω×R3

S(t, x, v)µ
1
2 (v)dvdx+

∫
γ−

h(t, x, v)µ
1
2 (v)dγ = 0.
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Then we can easily derive ∫∫
Ω×R3

f(t, x, v)µ
1
2 (v)dvdx = 0.(5.4)

Our analysis is based on the ideas in [10], [20], [42], and [44]. In particular, we will
invoke the results of the stationary problem in the previous section. Since proof of
the well-posedness of (5.1) is standard, we will focus on the a priori estimates here.

5.1. Preliminaries. We first introduce the well-known micro-macro decompo-
sition. Define P as the orthogonal projection onto the null space of L:

P[f ] := µ
1
2 (v)

(
af (t, x) + v · bf (t, x) +

|v|2 − 3

2
cf (t, x)

)
∈ N ,(5.5)

where af , bf , and cf are coefficients. When there is no confusion, we will simply write

a, b, c. Definitely, L
[
P[f ]

]
= 0. Then the operator I− P is naturally

(I− P)[f ] := f − P[f ],(5.6)

which satisfies (I− P)[f ] ∈ N⊥, i.e., L[f ] = L
[
(I− P)[f ]

]
.

Lemma 5.1. The linearized collision operator L = νI − K defined in (1.27) is
self-adjoint in L2. It satisfies

⟨v⟩ ≲ ν(v) ≲ ⟨v⟩ ,(5.7)

⟨f,L[f ]⟩ (t, x) =
〈
(I− P)[f ],L

[
(I− P)[f ]

]〉
(t, x),(5.8)

|(I− P)[f(t, x)]|2ν ≲ ⟨f,L[f ]⟩ (t, x) ≲ |(I− P)[f(t, x)]|2ν .(5.9)

Proof. These are standard properties of L. See [15, Chapter 3] and [20, Lemma
3].

Lemma 5.2. For 0 < δ << 1, define the near-grazing set of γ±,

γδ± :=

{
(x, v) ∈ γ± : |n(x) · v| ≤ δ or |v| ≥ 1

δ
or |v| ≤ δ

}
.(5.10)

Then ∫ t

s

∥∥∥f1γ±\γδ±

∥∥∥
γ,1

≤ C(δ)

(
ε∥f(s)∥1 +

∫ t

s

(
∥f∥1 + ∥ε∂tf + v · ∇xf∥1

))
.(5.11)

Proof. See [10, Lemma 2.1] with a standard time rescaling argument.

Lemma 5.3 (time-dependent Green’s identity). Assume f(t, x, v), g(t, x, v) ∈
L2(R+ × Ω × R3) and ∂tf + v · ∇xf, ∂tg + v · ∇xg ∈ L2(R+ × Ω × R3) with f, g ∈
L2(R+ × γ). Then for almost all s, t ∈ R+,∫ t

s

∫∫
Ω×R3

(
∂tf + v · ∇xf)g + (∂tg + v · ∇xg)f

)
(5.12)

=

∫ t

s

∫∫
γ+

fgdγ −
∫ t

s

∫∫
γ−

fgdγ +

∫∫
Ω×R3

f(t)g(t)−
∫∫

Ω×R3

f(s)g(s).

Proof. See [10, Lemma 2.2] for the proof.
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5.2. L2 estimates.

Lemma 5.4. Assume (5.3) and (5.4) hold. The solution f(t, x, v) to the equation
(5.1) satisfies

ε|||P[f ]|||2 ≲ ε
3
2 ∥f(t)∥2 + ε|||(1− P)[f ]|||γ+,2 + |||(I− P)[f ]|||2(5.13)

+
∣∣∣∣∣∣∣∣∣ν− 1

2S
∣∣∣∣∣∣∣∣∣

2
+ ε

3
2 ∥z∥2 + ε|||h|||γ−,2.

Proof. Apply Green’s identity in Lemma 5.3 to (5.1). Then for any ψ ∈ L2(R+×
Ω× R3) satisfying ε∂tψ + v · ∇xψ ∈ L2(R+ × Ω× R3) and ψ ∈ L2(R+ × γ), we have

ε

∫ t

0

∫∫
γ+

fψdγ − ε

∫ t

0

∫∫
γ−

fψdγ − ε

∫ t

0

∫∫
Ω×R3

(v · ∇xψ)f(5.14)

= ε2
∫ t

0

∫∫
Ω×R3

f∂tψ − ε2
∫∫

Ω×R3

f(t)ψ(t) + ε2
∫∫

Ω×R3

f(0)ψ(0)

−
∫ t

0

∫∫
Ω×R3

ψL
[
(I− P)[f ]

]
+

∫ t

0

∫∫
Ω×R3

Sψ.

The proof follows the same idea as in the proof of the stationary version (see Lemma
4.4) and [44, Lemma 4.3] with m = 1. Actually, we use almost the same test function

ψ ∼ µ
1
2 v · ∇xϕ to estimate a, b, and c, where ϕ satisfies proper elliptic equations.

Hence, we will omit the details and only present the main result. Compared with the
stationary estimate, the new terms only show up on the right-hand side of (5.14).
Using Hölder’s inequality, we know∣∣∣∣ε2 ∫ t

0

∫∫
Ω×R3

f∂tψ

∣∣∣∣ ≲ ε2|||f |||2|||∂tψ|||2 ≲ ε2|||∂tf |||2|||∂t∇xϕ|||2.(5.15)

In a similar fashion, we have∣∣∣∣ε2 ∫∫
Ω×R3

f(t)ψ(t)

∣∣∣∣ ≲ ε2∥f(t)∥2∥ψ(t)∥2 ≲ ε2∥f(t)∥2∥∇xϕ(t)∥2,(5.16)

∣∣∣∣ε2 ∫∫
Ω×R3

f(0)ψ(0)

∣∣∣∣ ≲ ε2∥f(0)∥2∥ψ(0)∥2 ≲ ε2∥z∥2∥∇xϕ(0)∥2.(5.17)

Step 1: Estimates of c.
We choose the test function

ψ = ψc = µ
1
2 (v)

(
|v|2 − βc

)(
v · ∇xϕc(t, x)

)
,(5.18)

where for fixed t, {
−∆xϕc = c(t, x) in Ω,

ϕc = 0 on ∂Ω,
(5.19)

and constant βc ∈ R is determined as in the proof of [44, Lemma 4.3]. Based on the
standard elliptic estimates (see [29]), we have

∥ϕc(t)∥H2(Ω) ≲ ∥c(t)∥L2(Ω).(5.20)
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Eventually, we have

ε∥c∥2L2([0,t]×Ω)

(5.21)

≲

(
|||(I− P)[f ]|||2 +

∣∣∣∣∣∣∣∣∣ν− 1
2S
∣∣∣∣∣∣∣∣∣

2
+ ε|||(1− P)[f ]|||γ+,2 + ε|||h|||γ−,2

)
∥c∥L2([0,t]×Ω)

+ ε2
(
|||f |||2|||∂t∇xϕc|||2 + ∥f(t)∥2∥c(t)∥L2(Ω) + ∥z∥2∥c(0)∥L2(Ω)

)
.

Step 2: Estimates of b.
We further divide this step into several substeps:

Substep 2.1: Estimates of

(
∂i∂j∆

−1
x bj

)
bi for i, j = 1, 2, 3.

Let b = (b1, b2, b3). We choose the test functions for i, j = 1, 2, 3,

ψ = ψb,i,j = µ
1
2 (v)

(
v2i − βb,i,j

)
∂jϕb,j ,(5.22)

where {
−∆xϕb,j = bj(t, x) in Ω,

ϕb,j = 0 on ∂Ω,
(5.23)

and constant βb,i,j ∈ R is determined as in the proof of [44, Lemma 4.3]. Eventually,
we obtain

ε

∣∣∣∣∫ t

0

∫
Ω

(
∂i∂j∆

−1
x bj

)
bi

∣∣∣∣
(5.24)

≲

(
|||(I− P)[f ]|||2 +

∣∣∣∣∣∣∣∣∣ν− 1
2S
∣∣∣∣∣∣∣∣∣

2
+ ε|||(1− P)[f ]|||γ+,2 + ε|||h|||γ−,2

)
∥b∥L2([0,t]×Ω)

+ ε2
(
|||f |||2|||∂t∇xϕb,j |||2 + ∥f(t)∥2∥b(t)∥L2(Ω) + ∥z∥2∥b(0)∥L2(Ω)

)
.

Substep 2.2: Estimates of

(
∂i∂i∆

−1
x bj

)
bj for i ̸= j.

Notice that the i = j case is included in Substep 2.1. We choose the test function

ψ = ψ̃b,i,j = µ
1
2 (v) |v|2 vivj∂iϕb,j for i ̸= j.(5.25)

Eventually, we obtain

ε

∣∣∣∣∫ t

0

∫
Ω

(
∂i∂i∆

−1
x bj

)
bj

∣∣∣∣
(5.26)

≲

(
|||(I− P)[f ]|||2 +

∣∣∣∣∣∣∣∣∣ν− 1
2S
∣∣∣∣∣∣∣∣∣

2
+ ε|||(1− P)[f ]|||γ+,2 + ε|||h|||γ−,2

)
∥b∥L2([0,t]×Ω)

+ ε2
(
|||f |||2|||∂t∇xϕb,j |||2 + ∥f(t)∥2∥b(t)∥L2(Ω) + ∥z∥2∥b(0)∥L2(Ω)

)
.
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Substep 2.3: Synthesis.
Summarizing (5.24) and (5.26), we may sum up over j = 1, 2, 3 to obtain, for any

i = 1, 2, 3,

ε∥bi∥2L2([0,t]×Ω)

(5.27)

≲

(
|||(I− P)[f ]|||2 +

∣∣∣∣∣∣∣∣∣ν− 1
2S
∣∣∣∣∣∣∣∣∣

2
+ ε|||(1− P)[f ]|||γ+,2 + ε|||h|||γ−,2

)
∥b∥L2([0,t]×Ω)

+ ε2
(
|||f |||2

3∑
j=1

|||∂t∇xϕb,j |||2 + ∥f(t)∥2∥b(t)∥L2(Ω) + ∥z∥2∥b(0)∥L2(Ω)

)
,

which further implies

ε∥b∥2L2([0,t]×Ω)

(5.28)

≲

(
|||(I− P)[f ]|||2 +

∣∣∣∣∣∣∣∣∣ν− 1
2S
∣∣∣∣∣∣∣∣∣

2
+ ε|||(1− P)[f ]|||γ+,2 + ε|||h|||γ−,2

)
∥b∥L2([0,t]×Ω)

+ ε2
(
|||f |||2

3∑
j=1

|||∂t∇xϕb,j |||2 + ∥f(t)∥2∥b(t)∥L2(Ω) + ∥z∥2∥b(0)∥L2(Ω)

)
.

Step 3: Estimates of a.
We choose the test function

ψ = ψa = µ
1
2 (v)

(
|v|2 − βa

)(
v · ∇xϕa(t, x)

)
,(5.29)

where  −∆xϕa = a(t, x) in Ω,
∂ϕa
∂n

= 0 on ∂Ω,
(5.30)

and constant βa ∈ R is determined as in the proof of [44, Lemma 4.3]. Eventually, we
get

ε∥a∥2L2([0,t]×Ω)

(5.31)

≲

(
|||(I− P)[f ]|||2 +

∣∣∣∣∣∣∣∣∣ν− 1
2S
∣∣∣∣∣∣∣∣∣

2
+ ε|||(1− P)[f ]|||γ+,2 + ε|||h|||γ−,2

)
∥a∥L2([0,t]×Ω)

+ ε2
(
|||f |||2|||∂t∇xϕa|||2 + ∥f(t)∥2∥a(t)∥L2(Ω) + ∥z∥2∥a(0)∥L2(Ω)

)
.

Step 4: First synthesis.
Collecting (5.21), (5.31), and (5.31), we deduce

ε|||P[f ]|||22 ≲

(
|||(I− P)[f ]|||2 +

∣∣∣∣∣∣∣∣∣ν− 1
2S
∣∣∣∣∣∣∣∣∣

2
+ ε|||(1− P)[f ]|||γ+,2 + ε|||h|||γ−,2

)
|||P[f ]|||2

(5.32)

+ ε2|||f |||2

(
|||∂t∇xϕa|||2 +

3∑
j=1

|||∂t∇xϕb,j |||2 + |||∂t∇xϕc|||2

)
+ ε2∥f(t)∥22 + ε2∥z∥22.
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In order to close the proof, we must bound |||∂t∇xϕa|||2, |||∂t∇xϕb,j |||2, and |||∂t∇xϕc|||2.
Apply Green’s identity in Lemma 4.1 to (5.1). Then for any ψ ∈ L2(Ω × R3)

independent of time t satisfying v · ∇xψ ∈ L2(Ω× R3) and ψ ∈ L2(γ), we have

ε2
∫∫

Ω×R3

∂tf(t)ψ =− ε

∫∫
γ+

f(t)ψdγ + ε

∫∫
γ−

f(t)ψdγ + ε

∫∫
Ω×R3

(v · ∇xψ)f(t)

(5.33)

−
∫∫

Ω×R3

ψL
[
(I− P)[f ](t)

]
+

∫∫
Ω×R3

S(t)ψ.

Step 5: Estimate of ∂t∇xϕc.

For fixed t, taking ψ = −µ 1
2
|v|2−3

2 ∂tϕc(t), using integration by parts, we have

ε2
∫∫

Ω×R3

∂tf(t)ψ = −ε2
∫∫

Ω×R3

∂tf(t)µ
1
2
|v|2 − 3

2
∂tϕc(t) = −ε2

∫
Ω

∂tc(t)∂tϕc(t)

(5.34)

= −ε2
∫
Ω

∆x∂tϕc(t)∂tϕc(t) = ε2
∫
Ω

|∂t∇xϕc(t)|2

= ∥∂t∇xϕc(t)∥2L2(Ω).

Following a similar argument as in Steps 1–3, we have

ε2|||∂t∇xϕc|||2 ≲ ε∥b∥L2([0,t]×Ω) + ε|||(I− P)[f ]|||2 +
∣∣∣∣∣∣∣∣∣ν− 1

2S
∣∣∣∣∣∣∣∣∣

2
.(5.35)

Step 6: Estimate of ∂t∇xϕb,j .

For fixed t, taking ψ = −µ 1
2 vj∂tϕb,j(t), using integration by parts, we have

ε2
∫∫

Ω×R3

∂tf(t)ψ = −ε2
∫∫

Ω×R3

∂tf(t)µ
1
2 vj∂tϕb,j(t) = −ε2

∫
Ω

∂tϕb,j(t)∂tϕb,j(t)

(5.36)

= −ε2
∫
Ω

∆x∂tϕb,j(t)∂tϕ
i
b(t) = ε2

∫
Ω

|∂t∇xϕb,j(t)|2

= ∥∂t∇xϕb,j∥2L2(Ω).

Following a similar argument as in Steps 1–3, we have

ε2|||∂t∇xϕb,j |||2 ≲ ε∥a∥L2([0,t]×Ω) + ε∥c∥L2([0,t]×Ω) + ε|||(I− P)[f ]|||2 +
∣∣∣∣∣∣∣∣∣ν− 1

2S
∣∣∣∣∣∣∣∣∣

2
.

(5.37)

Step 7: Estimate of ∂t∇xϕa.
For fixed t, taking ψ = −µ 1

2 ∂tϕa(t), using integration by parts, we have

ε2
∫∫

Ω×R3

∂tf(t)ψ = −ε2
∫∫

Ω×R3

∂tf(t)µ
1
2 ∂tϕa(t) = −ε2

∫
Ω

∂ta(t)∂tϕa(t)(5.38)

= −ε2
∫
Ω

∆x∂tϕa(t)∂tϕa(t) = ε2
∫
Ω

|∂t∇xϕa(t)|2

= ε2∥∂t∇xϕa(t)∥2L2(Ω).
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Following a similar argument as in Steps 1–3, we have

ε2|||∂t∇xϕa|||2 ≲ ε∥b∥L2([0,t]×Ω) +
∣∣∣∣∣∣∣∣∣ν− 1

2S
∣∣∣∣∣∣∣∣∣

2
.(5.39)

Step 8: Second synthesis.
Inserting (5.35), (5.37), and (5.39) into (5.32), we have

ε|||P[f ]|||22 ≲

(
|||(I− P)[f ]|||2 +

∣∣∣∣∣∣∣∣∣ν− 1
2S
∣∣∣∣∣∣∣∣∣

2
+ ε|||(1− P)[f ]|||γ+,2 + ε|||h|||γ−,2

)
|||P[f ]|||2

(5.40)

+ |||f |||2

(
ε|||P[f ]|||2 + ε|||(I− P)[f ]|||2 +

∣∣∣∣∣∣∣∣∣ν− 1
2S
∣∣∣∣∣∣∣∣∣

2

)
+ ε2∥f(t)∥22 + ε2∥z∥22.

Applying Cauchy’s inequality, we have

ε|||P[f ]|||22 ≲ o(1)ε|||P[f ]|||22 + ε2∥f(t)∥22 + ε|||(1− P)[f ]|||2γ+,2 +
1

ε
|||(I− P)[f ]|||22(5.41)

+
1

ε

∣∣∣∣∣∣∣∣∣ν− 1
2S
∣∣∣∣∣∣∣∣∣2

2
+ ε2∥z∥22 + ε|||h|||2γ−,2.

Hence, absorbing o(1)ε|||P[f ]|||22 into the left-hand side, we have

ε|||P[f ]|||2 ≲ ε
3
2 ∥f(t)∥2 + ε|||(1− P)[f ]|||γ+,2 + |||(I− P)[f ]|||2(5.42)

+
∣∣∣∣∣∣∣∣∣ν− 1

2S
∣∣∣∣∣∣∣∣∣

2
+ ε

3
2 ∥z∥2 + ε|||h|||γ−,2.

This completes our proof.

Theorem 5.5. Assume (5.3) and (5.4) hold. The solution f(t, x, v) to (5.1) sat-
isfies

∥f(t)∥2 +
1

ε
1
2

|||(1− P)[f ]|||γ+,2 +
1

ε
|||(I− P)[f ]|||ν + |||P[f ]|||2(5.43)

≲
1

ε2
|||P[S]|||2 +

1

ε

∣∣∣∣∣∣∣∣∣ν− 1
2 (I− P)[S]

∣∣∣∣∣∣∣∣∣
2
+

1

ε
|||h|||γ−,2 + ∥z∥2.

Proof.
Step 1: Energy estimate.
Multiplying f on both sides of (5.1) and applying Green’s identity in Lemma 5.3

imply

ε2

2
∥f(t)∥22 +

ε

2
|||f |||2γ+,2 −

ε

2
|||P [f ] + h|||2γ−,2 +

∫ t

0

∫
Ω×R3

fL[f ] = ε2

2
∥z∥22+

∫ t

0

∫
Ω×R3

fS.

(5.44)

Direct computation reveals that

ε

2
|||f |||2γ+,2 −

ε

2
|||P [f ] + h|||2γ−,2(5.45)

=
ε

2
|||f |||2γ+,2 −

ε

2
|||P [f ]|||2γ−,2 −

ε

2
|||h|||2γ−,2 + ε

∫ t

0

∫
γ−

hP[f ]dγ

=
ε

2
|||(1− P)[f ]|||2γ+,2 −

ε

2
|||h|||2γ−,2 + ε

∫ t

0

∫
γ−

hP[f ]dγ

≳ ε|||(1− P)[f ]|||2γ+,2 −
1

η
|||h|||2γ−,2 − ε2η|||P [f ]|||γ+,2,

D
ow

nl
oa

de
d 

05
/0

3/
22

 to
 1

31
.1

79
.2

22
.2

4 
. R

ed
is

tri
bu

tio
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.si
am

.o
rg

/te
rm

s-
pr

iv
ac

y



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

HYDRODYNAMIC LIMIT OF 3D BOLTZMANN EQUATION 2537

where 0 < η << 1 will be determined later. On the other hand, based on Lemma 5.1,
we know ∫ t

0

∫
Ω×R3

fL[f ] ≳ |||(I− P)[f ]|||2ν .(5.46)

Inserting (5.45) and (5.46) into (5.44), we have

ε2∥f(t)∥22 + ε|||(1− P)[f ]|||2γ+,2 + |||(I− P)[f ]|||2ν(5.47)

≲ ηε2|||P [f ]|||γ+,2 + ε2∥z∥22 +
1

η
|||h|||2γ−,2 +

∫ t

0

∫
Ω×R3

fS.

Step 2: |||P [f ]|||γ+,2.
Multiplying f on both sides of (5.1), we have

ε∂t(f
2) + v · ∇x(f

2) =
2

ε

(
− fL[f ] + fS

)
.(5.48)

Taking the absolute value and integrating (5.48) over [0, t] × Ω × R3, using Lemma
5.1, we deduce∣∣∣∣∣∣ε∂t(f2) + v · ∇x(f

2)
∣∣∣∣∣∣

1
≲

1

ε

(
|||(I− P)[f ]|||22 +

∣∣∣∣∫ t

0

∫
Ω×R3

fS

∣∣∣∣ ).(5.49)

On the other hand, applying Lemma 5.2 to f2, for near-grazing set γδ, we have

∣∣∣∣∣∣1γ\γδf ∣∣∣∣∣∣2γ,2 =
∣∣∣∣∣∣1γ\γδf2∣∣∣∣∣∣γ,1 ≤ C(δ)

(
ε
∥∥z2∥∥

1
+
∣∣∣∣∣∣f2∣∣∣∣∣∣

1
+
∣∣∣∣∣∣ε∂t(f2) + v · ∇x(f

2)
∣∣∣∣∣∣

1

)(5.50)

= C(δ)
(
ε∥z∥22 + |||f |||22 +

∣∣∣∣∣∣ε∂t(f2) + v · ∇x(f
2)
∣∣∣∣∣∣

1

)
≲ C(δ)

(
ε∥z∥22 + |||f |||22 +

1

ε
|||(I− P)[f ]|||22 +

1

ε

∣∣∣∣∫ t

0

∫
Ω×R3

fS

∣∣∣∣) .
We can rewrite P[f ](t, x0, v) = y(t, x)µ

1
2 (v). Then for δ small, we deduce

∣∣∣∣∣∣P[1γ\γδf ]
∣∣∣∣∣∣2
γ,2

=

∫ t

0

∫
∂Ω

|y(t, x)|2
(∫

v·n(x)≥δ,δ≤|v|≤δ−1

µ(v) |v · n(x)| dv

)
dx

(5.51)

≥ 1

2

(∫ t

0

∫
∂Ω

|y(t, x)|2
)(∫

γ+

µ(v) |v · n(x)| dv

)
=

1

2
|||P [f ]|||2γ+,2,

where we utilize the bounds that∫
v·n(x)≤δ

µ(v) |v · n(x)| dv ≲ δ,(5.52) ∫
|v|≤δ or |v|≥δ−1

µ(v) |v · n(x)| dv ≲ δ.(5.53)

Therefore, from (5.51) and the fact∣∣∣∣∣∣P[1γ\γδf ]
∣∣∣∣∣∣
γ+,2

≲
∣∣∣∣∣∣1γ\γδf ∣∣∣∣∣∣γ+,2 ≲

∣∣∣∣∣∣1γ\γδf ∣∣∣∣∣∣γ,2,(5.54)
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2538 LEI WU AND ZHIMENG OUYANG

we conclude

|||P [f ]|||2γ+,2 ≲
∣∣∣∣∣∣P[1γ\γδf ]

∣∣∣∣∣∣
γ+,2

≲
∣∣∣∣∣∣1γ\γδf ∣∣∣∣∣∣γ,2.(5.55)

Considering (5.50), we have

|||P [f ]|||2γ+,2 ≲C(δ)

(
ε∥z∥22 + |||f |||22 +

1

ε
|||(I− P)[f ]|||22 +

1

ε

∣∣∣∣∫ t

0

∫
Ω×R3

fS

∣∣∣∣) .(5.56)

For fixed 0 < δ << 1 and using f = P[f ] + (I− P)[f ], we obtain

|||P [f ]|||2γ+,2 ≲ ε∥z∥22 + |||P[f ]|||22 +
1

ε
|||(I− P)[f ]|||22 +

1

ε

∣∣∣∣∫ t

0

∫
Ω×R3

fS

∣∣∣∣ .(5.57)

Step 3: Synthesis.
Plugging (5.57) into (5.47) with ε sufficiently small to absorb |||(I− P)[f ]|||22 into

the left-hand side, we obtain

ε2∥f(t)∥22 + ε|||(1− P)[f ]|||2γ+,2 + |||(I− P)[f ]|||2ν ≲ ηε2|||P[f ]|||22 + ε2∥z∥22(5.58)

+
1

η
|||h|||2γ−,2 +

∣∣∣∣∫ t

0

∫
Ω×R3

fS

∣∣∣∣ .
We square on both sides of (5.13) to obtain

ε2|||P[f ]|||22 ≲ ε3∥f(t)∥22 + ε2|||(1− P)[f ]|||2γ+,2 + |||(I− P)[f ]|||22 +
∣∣∣∣∣∣∣∣∣ν− 1

2S
∣∣∣∣∣∣∣∣∣2

2
(5.59)

+ ε3∥z∥22 + ε2|||h|||2γ−,2.

Multiplying a small constant on both sides of (5.59) and adding to (5.58) with η suffi-

ciently small to absorb ε2|||(1− P)[f ]|||2γ+,2, |||(I− P)[f ]|||22, ε3∥f(t)∥
2
2 and ηε2|||P[f ]|||22

into the left-hand side, we obtain

ε2∥f(t)∥22 + ε|||(1− P)[f ]|||2γ+,2 + |||(I− P)[f ]|||2ν + ε2|||P[f ]|||22(5.60)

≲ |||h|||2γ−,2 + ε2∥z∥22 +
∣∣∣∣∣∣∣∣∣ν− 1

2S
∣∣∣∣∣∣∣∣∣2

2
+

∣∣∣∣∫ t

0

∫
Ω×R3

fS

∣∣∣∣ .
Applying Cauchy’s inequality, we have∣∣∣∣∫ t

0

∫
Ω×R3

fS

∣∣∣∣ ≲ ∣∣∣∣∫ t

0

∫
Ω×R3

(I− P)[f ](I− P)[S]
∣∣∣∣+ ∣∣∣∣∫ t

0

∫
Ω×R3

P[f ]P[S]
∣∣∣∣(5.61)

≲ o(1)|||(I− P)[f ]|||2ν +
∣∣∣∣∣∣∣∣∣ν− 1

2 (I− P)[S]
∣∣∣∣∣∣∣∣∣2

2

+ o(1)ε2|||P[f ]|||22 +
1

ε2
|||P[S]|||22.

Inserting (5.61) into (5.60) to absorb o(1)|||(I− P)[f ]|||22 and o(1)ε2|||P[f ]|||22 into the
left-hand side, we obtain

ε2∥f(t)∥22 + ε|||(1− P)[f ]|||2γ+,2 + |||(I− P)[f ]|||2ν + ε2|||P[f ]|||22(5.62)

≲
1

ε2
|||P[S]|||22 +

∣∣∣∣∣∣∣∣∣ν− 1
2 (I− P)[S]

∣∣∣∣∣∣∣∣∣2
2
+ |||h|||2γ−,2 + ε2∥z∥22.

Hence, our desired result naturally follows.
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Corollary 5.6. Since (5.1) is a linear equation, taking the time derivative on
both sides, we know ∂tf satisfies

ε2∂t(∂tf) + εv · ∇x(∂tf) + L[∂tf ] = ∂tS(t, x, v) in R+ × Ω× R3,

∂tf(0, x, v) = − 1

ε2
L[z(x, v)]− 1

ε
v · ∇xz(x, v) +

1

ε2
S(0, x, v) in Ω× R3,

∂tf(t, x0, v) = P[∂tf ](t, x0, v) + ∂th(t, x0, v) on R+ × γ−,

(5.63)

where we solve the initial data ∂tf(0, x, v) from (5.1). Then applying Lemma 5.5 to
(5.63), we obtain

∥∂tf(t)∥2 +
1

ε
1
2

|||(1− P)[∂tf ]|||γ+,2 +
1

ε
|||(I− P)[∂tf ]|||ν + |||P[∂tf ]|||2(5.64)

≲
1

ε2
|||P[∂tS]|||2 +

1

ε

∣∣∣∣∣∣∣∣∣ν− 1
2 (I− P)[∂tS]

∣∣∣∣∣∣∣∣∣
2
+

1

ε
|||∂th|||γ−,2 +

1

ε2
∥νz∥2

+
1

ε
∥v · ∇xz∥2 +

1

ε2
∥S(0)∥2.

5.3. L2m estimates. Throughout this section, we need 3
2 < m < 3. Let o(1)

denote a sufficiently small constant.

Lemma 5.7. Assume (5.3) and (5.4) hold. The solution f(t, x, v) to (5.1) satisfies

ε∥P[f(t)]∥2m ≲ ε ∥(1− P)[f(t)]∥γ+, 4m3 + ∥(I− P)[f(t)]∥2 + ε∥(I− P)[f(t)]∥2m

(5.65)

+
∥∥∥ν− 1

2S(t)
∥∥∥
2
+ ε ∥h(t)∥γ−, 4m3 + ε2∥∂tf(t)∥2.

Proof. This is very similar to the proof of Lemma 5.4 and the stationary version
(see Lemma 4.4) and [44, Lemma 4.3]. We apply Green’s identity to (5.1) and choose
particular test functions to control a, b, and c. However, there is no simple way to get
around the ∂t∇xϕ terms as in Steps 5–7 of the proof of Lemma 5.4. Here, we resort
to stationary techniques, i.e., to use a time-independent Green’s identity instead of
time-dependent one.

Apply Green’s identity in Lemma 4.1 to (5.1). Then for any ψ(t) ∈ L2(Ω × R3)
satisfying v · ∇xψ(t) ∈ L2(Ω× R3) and ψ(t) ∈ L2(γ), we have

ε

∫∫
γ+

f(t)ψ(t)dγ − ε

∫∫
γ−

f(t)ψ(t)dγ − ε

∫∫
Ω×R3

(
v · ∇xψ(t)

)
f(t)(5.66)

=−
∫∫

Ω×R3

ψ(t)L
[
(I− P)[f ](t)

]
+

∫∫
Ω×R3

S(t)ψ(t)− ε2
∫∫

Ω×R3

∂tf(t)ψ(t).

Then except from −ε2
∫∫

Ω×R3∂tf(t)ψ(t), this is exactly the same as the stationary
estimates in Lemma 4.4, so we just mimick the proof there and that of Lemma 5.4,
and point out the major differences. In particular, we always use the bound∣∣∣∣ε2 ∫∫

Ω×R3

∂tf(t)ψ(t)

∣∣∣∣ ≲ ε2|||∂tf(t)|||2|||ψ(t)|||2.(5.67)D
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Step 1: Estimates of c.
We choose the test function

ψ(t) = ψc(t) = µ
1
2 (v)

(
|v|2 − βc

)(
v · ∇xϕc(t, x)

)
,(5.68)

where  −∆xϕc(t) = c |c|2m−2
(t, x) in Ω,

ϕc(t) = 0 on ∂Ω,
(5.69)

and constant βc ∈ R is determined as in the proof of [44, Lemma 4.3]. Based on the
standard elliptic estimates in [29], we have

∥ϕc(t)∥
W

2, 2m
2m−1 (Ω)

≲
∥∥∥|c(t)|2m−1

∥∥∥
L

2m
2m−1 (Ω)

≲ ∥c(t)∥2m−1
L2m(Ω).(5.70)

Hence, by the Sobolev embedding theorem, we know

∥ψc(t)∥2 ≲ ∥ϕc∥H1(Ω) ≲ ∥ϕc(t)∥
W

2, 2m
2m−1 (Ω)

≲ ∥c(t)∥2m−1
L2m(Ω),(5.71)

∥ϕc(t)∥
W

1, 2m
2m−1 (Ω)

≲ ∥ϕc(t)∥
W

2, 2m
2m−1 (Ω)

≲ ∥c(t)∥2m−1
L2m(Ω).(5.72)

Also, for 1 ≤ m ≤ 3, using the Sobolev embedding theorem and trace estimates, we
have

|∇xϕc(t)|
L

4m
4m−3 (∂Ω)

≲ |∇xϕc(t)|
W

1
2m

, 2m
2m−1 (∂Ω)

≲ ∥∇xϕc(t)∥
W

1, 2m
2m−1 (Ω)

(5.73)

≲ ∥ϕc(t)∥
W

2, 2m
2m−1 (Ω)

≲ ∥c(t)∥2m−1
L2m(Ω).

Eventually, we have

ε∥c(t)∥L2m(Ω) ≲ ε ∥(1− P)[f(t)]∥γ+, 4m3 + ∥(I− P)[f(t)]∥2 + ε∥(I− P)[f(t)]∥2m

(5.74)

+
∥∥∥ν− 1

2S(t)
∥∥∥
2
+ ε ∥h(t)∥γ−, 4m3 + ε2∥∂tf(t)∥2.

Step 2: Estimates of b.
We further divide this step into several substeps:

Substep 2.1: Estimates of (∂i∂j∆
−1
x (bj |bj |2m−2

))bi for i, j = 1, 2, 3.
Let b = (b1, b2, b3). We choose the test functions for i, j = 1, 2, 3,

ψ(t) = ψb,i,j(t) = µ
1
2 (v)

(
v2i − βb,i,j

)
∂jϕb,j ,(5.75)

where  −∆xϕb,j(t) = bj |bj |2m−2
(t, x) in Ω,

ϕb,j(t) = 0 on ∂Ω,
(5.76)
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and constant βb,i,j ∈ R is determined as in the proof of [44, Lemma 4.3]. We can
recover the elliptic estimates and trace estimates. Eventually, we have

ε

∣∣∣∣∫
Ω

(
∂i∂j∆

−1
x

(
bj |bj |2m−2

))
bi

∣∣∣∣
(5.77)

≲ ∥b(t)∥2m−1
L2m(Ω)

(
ε ∥(1− P)[f(t)]∥γ+, 4m3 + ∥(I− P)[f(t)]∥2 + ε∥(I− P)[f(t)]∥2m

+
∥∥∥ν− 1

2S(t)
∥∥∥
2
+ ε ∥h(t)∥γ−, 4m3 + ε2∥∂tf(t)∥2

)
.

Substep 2.2: Estimates of

(
∂i∂i∆

−1
x

(
bj |bj |2m−2

))
bj for i ̸= j.

Notice that the i = j case is included in Substep 2.1. We choose the test function

ψ(t) = ψ̃b,i,j(t) = µ
1
2 (v) |v|2 vivj∂iϕb,j for i ̸= j.(5.78)

Eventually, we have

ε

∣∣∣∣∫
Ω

(
∂i∂i∆

−1
x

(
bj |bj |2m−2

))
bj

∣∣∣∣
(5.79)

≲ ∥b(t)∥2m−1
L2m(Ω)

(
ε ∥(1− P)[f(t)]∥γ+, 4m3 + ∥(I− P)[f(t)]∥2 + ε∥(I− P)[f(t)]∥2m

+
∥∥∥ν− 1

2S(t)
∥∥∥
2
+ ε ∥h(t)∥γ−, 4m3 + ε2∥∂tf(t)∥2

)
.

Substep 2.3: Synthesis.
Summarizing (5.77) and (5.79), we may sum up over j = 1, 2, 3 to obtain, for any

i = 1, 2, 3,

ε∥bi(t)∥2mL2m(Ω) ≲ ∥b(t)∥2m−1
L2m(Ω)

(
ε ∥(1− P)[f(t)]∥γ+, 4m3 + ∥(I− P)[f(t)]∥2(5.80)

+ ε∥(I− P)[f(t)]∥2m

+
∥∥∥ν− 1

2S(t)
∥∥∥
2
+ ε ∥h(t)∥γ−, 4m3 + ε2∥∂tf(t)∥2

)
,

which further implies

ε∥b(t)∥L2m(Ω) ≲ ε ∥(1− P)[f(t)]∥γ+, 4m3 + ∥(I− P)[f(t)]∥2 + ε∥(I− P)[f(t)]∥2m

(5.81)

+
∥∥∥ν− 1

2S(t)
∥∥∥
2
+ ε ∥h(t)∥γ−, 4m3 + ε2∥∂tf(t)∥2.

Step 3: Estimates of a.
We choose the test function

ψ(t) = ψa(t) = µ
1
2 (v)

(
|v|2 − βa

)(
v · ∇xϕa(t, x)

)
,(5.82)
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where 
−∆xϕa(t) = a |a|2m−2

(t, x)− 1

|Ω|

∫
Ω

a |a|2m−2
(t, x)dx in Ω,

∂ϕa(t)

∂n
= 0 on ∂Ω,

(5.83)

and constant βa ∈ R is determined as in the proof of [44, Lemma 4.3]. We can recover
the elliptic estimates and trace estimates. Eventually, we have

ε∥a(t)∥L2m(Ω) ≲ ε ∥(1− P)[f(t)]∥γ+, 4m3 + ∥(I− P)[f(t)]∥2 + ε∥(I− P)[f(t)]∥2m

(5.84)

+
∥∥∥ν− 1

2S(t)
∥∥∥
2
+ ε ∥h(t)∥γ−, 4m3 + ε2∥∂tf(t)∥2.

Step 4: Synthesis.
Collecting (5.74), (5.81), and (5.84), we deduce

ε∥P[f(t)]∥2m ≲ ε ∥(1− P)[f(t)]∥γ+, 4m3 + ∥(I− P)[f(t)]∥2 + ε∥(I− P)[f(t)]∥2m

(5.85)

+
∥∥∥ν− 1

2S(t)
∥∥∥
2
+ ε ∥h(t)∥γ−, 4m3 + ε2∥∂tf(t)∥2.

Theorem 5.8. Assume (5.3) and (5.4) hold. The solution f(t, x, v) to (5.1) sat-
isfies

1

ε
1
2

∥(1− P)[f(t)]∥γ+,2 +
1

ε
∥(I− P)[f(t)]∥ν + ∥P[f(t)]∥2m

(5.86)

+
1

ε
1
2

|||(1− P)[∂tf ]|||γ+,2 +
1

ε
|||(I− P)[∂tf ]|||ν + |||P[∂tf ]|||2

≲ o(1)ε
3

2m

(
∥f(t)∥γ+,∞ + ∥f(t)∥∞

)
+

1

ε2
∥P[S(t)]∥ 2m

2m−1

+
1

ε

∥∥∥ν− 1
2 (I− P)[S(t)]

∥∥∥
2
+

1

ε2
|||P[∂tS]|||2 +

1

ε

∣∣∣∣∣∣∣∣∣ν− 1
2 (I− P)[∂tS]

∣∣∣∣∣∣∣∣∣
2
+ ∥h(t)∥γ−, 4m3

+
1

ε
∥h(t)∥γ−,2 +

1

ε
|||∂th|||γ−,2 +

1

ε2
∥νz∥2 +

1

ε
∥v · ∇xz∥2 +

1

ε2
∥S(0)∥2.

Proof.
Step 1: Energy estimate.
Multiplying f on both sides of (5.1) and using similar estimates as in the proof

of Lemma 5.5, the stationary energy structure implies

ε ∥(1− P)[f(t)]∥2γ+,2 + ∥(I− P)[f(t)]∥2ν

(5.87)

≲ ηε2∥P[f(t)]∥22 +
1

η
∥h(t)∥2γ−,2 +

∣∣∣∣∫
Ω×R3

f(t)S(t)

∣∣∣∣+ ε2
∣∣∣∣∫

Ω×R3

f(t)∂tf(t)

∣∣∣∣ .
We square on both sides of (5.65) to obtain

ε2∥P[f(t)]∥22m ≲ ε2 ∥(1− P)[f(t)]∥2γ+, 4m3 + ∥(I− P)[f(t)]∥22 + ε2∥(I− P)[f(t)]∥22m

(5.88)

+
∥∥∥ν− 1

2S(t)
∥∥∥2
2
+ ε2 ∥h(t)∥2γ−, 4m3 + ε4∥∂tf(t)∥22.
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Hölder’s inequality implies

|||P[f(t)]|||2 ≲ |||P[f(t)]|||2m.(5.89)

Multiplying a small constant on both sides of (5.88) and adding to (5.87) with η

sufficiently small to absorb ηε2|||P[f(t)]|||22, and |||(I− P)[f(t)]|||22 into the left-hand
side, we obtain

ε ∥(1− P)[f(t)]∥2γ+,2 + ∥(I− P)[f(t)]∥2ν + ε2∥P[f(t)]∥22m

(5.90)

≲ ε2 ∥(1− P)[f(t)]∥2γ+, 4m3 + ε2∥(I− P)[f(t)]∥22m + ε4∥∂tf(t)∥22 +
∥∥∥ν− 1

2S(t)
∥∥∥2
2

+ ε2 ∥h(t)∥2γ−, 4m3 + ∥h(t)∥2γ−,2 +
∣∣∣∣∫

Ω×R3

f(t)S(t)

∣∣∣∣+ ε2
∣∣∣∣∫

Ω×R3

f(t)∂tf(t)

∣∣∣∣ .
Now we have to handle ε2|||(1− P)[f(t)]|||2γ+, 4m3 and ε2|||(I− P)[f(t)]|||22m on the right-

hand side.

Step 2: Interpolation argument.
By an interpolation estimate and Young’s inequality, we have

∥(1− P)[f(t)]∥γ+, 4m3 ≤ ∥(1− P)[f(t)]∥
3

2m
γ+,2

∥(1− P)[f(t)]∥
2m−3
2m

γ+,∞

(5.91)

=

(
1

ε
6m−9

4m2

∥(1− P)[f(t)]∥
3

2m
γ+,2

)(
ε

6m−9

4m2 ∥(1− P)[f(t)]∥
2m−3
2m

γ+,∞

)

≲

(
1

ε
6m−9

4m2

∥(1− P)[f(t)]∥
3

2m
γ+,2

) 2m
3

+ o(1)

(
ε

6m−9

4m2 ∥(1− P)[f(t)]∥
2m−3
2m

γ+,∞

) 2m
2m−3

≤ 1

ε
2m−3
2m

∥(1− P)[f(t)]∥γ+,2 + o(1)ε
3

2m ∥(1− P)[f(t)]∥γ+,∞

≤ 1

ε
2m−3
2m

∥(1− P)[f(t)]∥γ+,2 + o(1)ε
3

2m ∥(1− P)[f(t)]∥γ+,∞ .

Similarly, we have

∥(I− P)[f(t)]∥2m ≤ ∥(I− P)[f(t)]∥
1
m
2 ∥(I− P)[f(t)]∥

m−1
m

∞

(5.92)

=

(
1

ε
3m−3

2m2

∥(I− P)[f(t)]∥
1
m
2

)(
ε

3m−3

2m2 ∥(I− P)[f(t)]∥
m−1
m

∞

)

≲

(
1

ε
3m−3

2m2

∥(I− P)[f(t)]∥
1
m
2

)m
+o(1)

(
ε

3m−3

2m2 ∥(I−P)[f(t)]∥
m−1
m

∞

) m
m−1

≤ 1

ε
3m−3
2m

∥(I− P)[f(t)]∥2 + o(1)ε
3

2m ∥(I− P)[f(t)]∥∞.
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We need this extra ε
3

2m for the convenience of the L∞ estimate. Then we know for
sufficiently small ε and 3

2 < m < 3,

ε2 ∥(1− P)[f(t)]∥2γ+, 4m3 ≲ ε2−
2m−3
m ∥(1−P)[f(t)]∥2γ+,2 +o(1)ε

2+ 3
m ∥(1− P)[f(t)]∥2γ+,∞

(5.93)

≲ o(1)ε ∥(1− P)[f(t)]∥2γ+,2 + o(1)ε2+
3
m ∥f(t)∥2γ+,∞ .

Similarly, we have

ε2∥(I− P)[f(t)]∥22m ≲ ε2−
3m−3
m ∥(I− P)[f(t)]∥22 + o(1)ε2+

3
m ∥(I− P)[f(t)]∥2∞(5.94)

≲ o(1)∥(I− P)[f(t)]∥22 + o(1)ε2+
3
m ∥f(t)∥2∞.

Inserting (5.93) and (5.94) into (5.90), and absorbing o(1)ε ∥(1− P)[f(t)]∥2γ+,2 and

o(1)∥(I− P)[f(t)]∥22 into the left-hand side, we obtain

ε ∥(1− P)[f(t)]∥2γ+,2 + ∥(I− P)[f(t)]∥2ν + ε2∥P[f(t)]∥22m

(5.95)

≲ o(1)ε2+
3
m

(
∥f(t)∥2γ+,∞ +∥f(t)∥2∞

)
+ε4∥∂tf(t)∥22 +

∥∥∥ν− 1
2S(t)

∥∥∥2
2
+ε2 ∥h(t)∥2γ−, 4m3

+ ∥h(t)∥2γ−,2 +
∣∣∣∣∫

Ω×R3

f(t)S(t)

∣∣∣∣+ ε2
∣∣∣∣∫

Ω×R3

f(t)∂tf(t)

∣∣∣∣ .
Step 3: Synthesis.
We can decompose∫

Ω×R3

f(t)S(t) =

∫∫
Ω×R3

P[f(t)]P[S(t)] +
∫∫

Ω×R3

(I− P)[f(t)](I− P)[S(t)].(5.96)

Hölder’s inequality and Cauchy’s inequality imply∫∫
Ω×R3

P[f(t)]P[S(t)] ≤ ∥P[f(t)]∥2m∥P[S(t)]∥ 2m
2m−1

≲ o(1)ε2∥P[f(t)]∥22m(5.97)

+
1

ε2
∥P[S(t)]∥2 2m

2m−1
,

and

∫∫
Ω×R3

(I− P)[f(t)](I− P)[S(t)] ≲ o(1) ∥(I− P)[f(t)]∥2ν +
∥∥∥ν− 1

2 (I− P)[S(t)]
∥∥∥2
2
.

(5.98)

Inserting (5.97) and (5.98) into (5.96) and further (5.90), absorbing o(1)ε2∥P[f ](t)∥22m
and o(1) ∥(I− P)[f(t)]∥2ν into the left-hand side, we get

ε ∥(1− P)[f(t)]∥2γ+,2 + ∥(I− P)[f(t)]∥2ν + ε2∥P[f(t)]∥22m

(5.99)

≲ o(1)ε2+
3
m

(
∥f(t)∥2γ+,∞ + ∥f(t)∥2∞

)
+ ε4∥∂tf(t)∥22 +

1

ε2
∥P[S(t)]∥2 2m

2m−1

+
∥∥∥ν− 1

2 (I− P)[S(t)]
∥∥∥2
2
+ ε2 ∥h(t)∥2γ−, 4m3 + ∥h(t)∥2γ−,2 + ε2

∣∣∣∣∫
Ω×R3

f(t)∂tf(t)

∣∣∣∣ .D
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Now we handle the most difficult term:

ε2
∣∣∣∣∫

Ω×R3

f(t)∂tf(t)

∣∣∣∣ ≲ ε2∥f(t)∥2∥∂tf(t)∥2 ≲ o(1)ε2∥f(t)∥22 + ε2∥∂tf(t)∥22.(5.100)

Here o(1)ε2∥f(t)∥22 can be absorbed into the left-hand side of (5.99). Then we resort

to (5.64) to tackle ε2∥∂tf(t)∥22:

ε2∥∂tf(t)∥22 + ε|||(1− P)[∂tf ]|||2γ+,2 + |||(I− P)[∂tf ]|||2ν + ε2|||P[∂tf ]|||22(5.101)

≲
1

ε2
|||P[∂tS]|||22 +

∣∣∣∣∣∣∣∣∣ν− 1
2 (I− P)[∂tS]

∣∣∣∣∣∣∣∣∣2
2
+ |||∂th|||2γ−,2 +

1

ε2
∥νz∥22

+ ∥v · ∇xz∥22 +
1

ε2
∥S(0)∥22.

Multiplying a small constant on (5.99) and adding it to (5.101) to absorb ε2∥∂tf(t)∥22,
we have

ε ∥(1− P)[f(t)]∥2γ+,2 + ∥(I− P)[f(t)]∥2ν + ε2∥P[f(t)]∥22m

(5.102)

+ ε|||(1− P)[∂tf ]|||2γ+,2 + |||(I− P)[∂tf ]|||2ν + ε2|||P[∂tf ]|||22

≲ o(1)ε2+
3
m

(
∥f(t)∥2γ+,∞ + ∥f(t)∥2∞

)
+

1

ε2
∥P[S(t)]∥2 2m

2m−1
+
∥∥∥ν− 1

2 (I− P)[S(t)]
∥∥∥2
2
+

1

ε2
|||P[∂tS]|||22 +

∣∣∣∣∣∣∣∣∣ν− 1
2 (I− P)[∂tS]

∣∣∣∣∣∣∣∣∣2
2

+ ε2 ∥h(t)∥2γ−, 4m3 + ∥h(t)∥2γ−,2 + |||∂th|||2γ−,2 +
1

ε2
∥νz∥22 + ∥v · ∇xz∥22 +

1

ε2
∥S(0)∥22.

Then our desired result follows.

Remark 5.1. Roughly speaking, Theorem 5.8 justifies that in order to bound in-
stantaneously f in L2m, we need the accumulative bound for f and ∂tf in L2.

5.4. L∞ estimates. Now we begin to consider the mild formulation. When
tracking the solution backward along the characteristics, once it hits the in-flow
boundary or initial time, it either terminates (when hitting the initial time) or is
diffusively reflected (when hitting the boundary). Following this idea, we may de-
fine the backward stochastic cycles, with multiple hitting times and out-flow inte-
grals.

Definition 5.9 (hitting time and position). For any (t, x, v) ∈ R+×Ω×R3 with
(x, v) /∈ γ0, define the backward hitting time

tb(t, x, v) := inf{s > 0 : x− εsv /∈ Ω or t = ε2s}.(5.103)

Also, define the hitting position

xb := x− εtb(x, v)v.(5.104)

Note that xb ∈ Ω means the characteristic already hit the initial time, and xb ∈
∂Ω means the characteristic hits the boundary, so it can be reflected and continue
moving.
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2546 LEI WU AND ZHIMENG OUYANG

Definition 5.10 (stochastic cycle). For any (t, x, v) ∈ R+×Ω×R3 with (x, v) /∈
γ0, let (t0, x0, v0) = (t, x, v). Define the first stochastic triple

(t1, x1, v1) :=
(
t− ε2tb(x0, v0), xb(x0, v0), v1

)
(5.105)

for some v1 satisfying v1 · n(x1) > 0.
Inductively, assume we know the kth stochastic triple (tk, xk, vk) with tk > 0 (i.e.,

xk ∈ ∂Ω). Define the (k + 1)th stochastic triple

(tk+1, xk+1, vk+1) :=
(
tk − ε2tb(xk, vk), xk(xk, vk), vk+1

)
(5.106)

for some vk+1 satisfying vk+1 · n(xk+1) > 0.

Remark 5.2. Roughly speaking, this definition describes one characteristic line
with reflection (alternatively the so-called stochastic cycle), starting from (tk, xk, vk) ∈
γ+, then tracking back to (tk+1, xk+1, vk) ∈ {0} × Ω × R3 which will terminate, or
(tk+1, xk+1, vk) ∈ (0,∞) × γ−, diffusively reflected to (tk+1, xk+1, vk+1) ∈ γ+, and
beginning a new cycle. tk is the actual time the characteristic moves backward. Note
that we are free to choose any vk ·n(xk) > 0, so a different sequence {vk}∞k=1 represents
different stochastic cycles.

Definition 5.11 (diffusive reflection integral). Let Vk = {v ∈ R3 : v ·n(xk) > 0},
so the stochastic cycle must satisfy vk ∈ Vk. Let the iterated integral for k ≥ 2 be
defined as ∫

∏k−1
j=1 Vj

k−1∏
j=1

dσj :=

∫
V1

. . .

(∫
Vk−1

dσk−1

)
· · · dσ1,(5.107)

where dσj := µ(vj) |vj · n(xj)| dvj is a probability measure.

We define a weight function scaled with parameter ξ for 0 ≤ ϱ < 1
4 and ϑ ≥ 0,

w(v) := ⟨v⟩ϑ eϱ|v|
2

(5.108)

and

w̃(v) :=
1

µ
1
2 (v)w(v)

=
√
2π

e(
1
4−ϱ)|v|

2(
1 + |v|2

)ϑ
2

.(5.109)

Lemma 5.12. For T0 > 0 sufficiently large, there exists constants C1, C2 > 0

independent of T0, such that for k = C1T
5
4
0 and (x, v) ∈ ×Ω̄× R3,

∫
Πk−1
j=1Vj

1
{
t−tk(x,v,v1,...,vk−1)

ε2
<
T0
ε }

k−1∏
j=1

dσj ≤
(
1

2

)C2T
5
4
0

.(5.110)

Proof. This is a rescaled version of [10, Lemma 4.1]. Since our hitting time in
(5.103) is rescaled with ε, we should rescale back in the statement of the lemma.

Remark 5.3. Roughly speaking, Lemma 5.12 states that even though we have the
freedom to choose vk in each stochastic cycle, in the long run, the accumulative time
will not be too small. After enough reflections ∼ k, most characteristics have the
accumulative time that will exceed any set threshold T0.
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Theorem 5.13. Assume (5.3) and (5.4) hold. The solution f(t, x, v) to (5.1)
satisfies for ϑ ≥ 0 and 0 ≤ ϱ < 1

4 ,

|||f |||∞,ϑ,ϱ + |||f |||γ+,∞,ϱ,ϑ

(5.111)

≲
1

ε2+
3

2m

∥P[S(t)]∥ 2m
2m−1

+
1

ε1+
3

2m

∥∥∥ν− 1
2 (I− P)[S(t)]

∥∥∥
2
+

1

ε2+
3

2m

|||P[∂tS]|||2

+
1

ε1+
3

2m

∣∣∣∣∣∣∣∣∣ν− 1
2 (I− P)[∂tS]

∣∣∣∣∣∣∣∣∣
2
+
∣∣∣∣∣∣ν−1S

∣∣∣∣∣∣
∞,ϑ,ϱ

+
1

ε
3

2m

∥h(t)∥γ−, 4m3

+
1

ε1+
3

2m

∥h(t)∥γ−,2 +
1

ε1+
3

2m

|||∂th|||γ−,2 + |||h|||γ−,∞,ϱ,ϑ

+
1

ε2+
3

2m

∥νz∥2 +
1

ε1+
3

2m

∥v · ∇xz∥2 + ∥z∥∞,ϑ,ϱ +
1

ε2+
3

2m

∥S(0)∥2.

Proof.
Step 1: Mild formulation.
Denote the weighted solution

g(t, x, v) := w(v)f(t, x, v),(5.112)

and the weighted nonlocal operator

Kw(v)[g](v) := w(v)K
[ g
w

]
(v) =

∫
R3

kw(v)(v, u)g(u)du,(5.113)

where

kw(v)(v, u) := k(v, u)
w(v)

w(u)
.(5.114)

Multiplying w on both sides of (5.1), we have

ε2∂tg + εv · ∇xg + νg = Kw(t, x, v) + w(v)S(t, x, v) in R+ × Ω× R3,

g(0, x, v) = w(v)z(x, v) in Ω× R3,

g(t, x0, v) = w(v)µ
1
2 (v)

∫
u·n>0

w̃(u)g(t, x0, u)du+ wh(t, x0, v)

for x0 ∈ ∂Ω and v · n < 0,

(5.115)

We introduce the indicator function 1{tk=0} which implies the characteristic hits the
initial time and 1{tk>0} which implies the characteristic hits the boundary. We can
rewrite the solution of (5.1) along the characteristics by Duhamel’s principle as

g(t, x, v) =

(
1{t1=0}w(v)z(x1, v)e

−ν(v) t−t1
ε2 + 1{t1>0}w(v)h(t1, x1, v)e

−ν(v) t−t1
ε2

)(5.116)

+

∫ t−t1
ε2

0

w(v)S
(
t− ε2s, x− εsv, v

)
e−ν(v)sds

+

∫ t−t1
ε2

0

Kw(v)[g]
(
t− ε2s, x− εsv, v

)
e−ν(v)sds

+
e−ν(v)

t−t1
ε2

w̃(v)

∫
V1

g(t1, x1, v1)w̃(v1)dσ1,
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2548 LEI WU AND ZHIMENG OUYANG

where the last term refers to P[f ]. We may further rewrite the last term using (5.116)
along the stochastic cycle by applying Duhamel’s principle k times as

g(t, x, v) =

(
1{tk=0}w(v)z(x1, v)e

−ν(v) t−t1
ε2 + 1{tk>0}w(v)h(t1, x1, v)e

−ν(v) t−t1
ε2

)(5.117)

+

∫ t−t1
ε2

0

w(v)S
(
t− ε2s, x− εsv, v

)
e−ν(v)sds

+

∫ t−t1
ε2

0

Kw(v)[g]
(
t− ε2s, x− εsv, v

)
e−ν(v)sds

+
e−ν(v)

t−t1
ε2

w̃(v)

k−1∑
ℓ=1

∫
∏ℓ
j=1 Vj

(
Gℓ[t, x, v] +Hℓ[t, x, v]

)
w̃(vℓ)

×
( ℓ∏
j=1

e−ν(vj)
tj−tj+1

ε2 dσj

)

+
e−ν(v)

t−t1
ε2

w̃(v)

∫
∏k
j=1 Vj

g(tk, xk, vk)w̃(vk)

( k∏
j=1

e−ν(vj)
tj−tj+1

ε2 dσj

)
,

where

Gℓ[t, x, v] := 1{tℓ+1=0}w(vℓ)z(xℓ+1, vℓ) + 1{tℓ+1>0}w(vℓ)h(tℓ+1, xℓ+1, vℓ)(5.118)

+

∫ tℓ−tℓ+1

ε2

0

(
w(vℓ)S

(
tℓ − ε2s, xℓ − εsvℓ, vℓ

)
eν(vℓ)s

)
ds,

Hℓ[t, x, v] :=

∫ tℓ−tℓ+1

ε2

0

(
Kw(vℓ)[g]

(
tℓ − ε2s, xℓ − εsvℓ, vℓ

)
eν(vℓ)s

)
ds.(5.119)

Step 2: Estimates of source terms, initial terms, and boundary terms.

We set k = CT
5
4
0 for T0 defined in Lemma 5.12. Consider all terms in (5.117)

related to h and S.
Since t1 ≤ t, we have∣∣∣1{tk=0}w(v)z(x1, v)e

−ν(v) t−t1
ε2 + 1{tk>0}w(v)h(t1, x1, v)e

−ν(v) t−t1
ε2

∣∣∣(5.120)

≤ ∥wz∥∞ + |||wh|||γ−,∞.

Also,

∣∣∣∣∣
∫ t−t1

ε2

0

w(v)S
(
t− ε2s, x− εsv, v

)
e−ν(v)sds

∣∣∣∣∣ ≤ ∣∣∣∣∣∣ν−1wS
∣∣∣∣∣∣

∞

∣∣∣∣∣
∫ t−t1

ε2

0

ν(v)e−ν(v)sds

∣∣∣∣∣
(5.121)

≤
∣∣∣∣∣∣ν−1wS

∣∣∣∣∣∣
∞.
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Then we turn to terms defined in Gℓ of (5.118). Noting that 1
w̃ ≲ 1, we know

∣∣∣∣∣∣e
−ν(v) t−t1

ε2

w̃(v)

k−1∑
ℓ=1

∫
∏ℓ
j=1 Vj

1{tℓ+1=0}w(vℓ)z(xℓ+1, vℓ)w̃(vℓ)

( ℓ∏
j=1

e−ν(vj)
tj−tj+1

ε2 dσj

)∣∣∣∣∣∣
(5.122)

≲ ∥wz∥∞

∣∣∣∣∣∣
k−1∑
ℓ=1

∫
∏ℓ
j=1 Vj

w̃(vℓ)
ℓ∏
j=1

dσj

∣∣∣∣∣∣ ≲ ∥wz∥∞

∣∣∣∣∣
k−1∑
ℓ=1

∫
Vℓ
w̃(vℓ)dσℓ

∣∣∣∣∣ ≲ CT
5
4
0 ∥wz∥∞,

and

∣∣∣∣∣∣e
−ν(v) t−t1

ε2

w̃(v)

k−1∑
ℓ=1

∫
∏ℓ
j=1 Vj

1{tℓ+1>0}w(vℓ)h(tℓ+1, xℓ+1, vℓ)w̃(vℓ)

( ℓ∏
j=1

e−ν(vj)
tj−tj+1

ε2 dσj

)∣∣∣∣∣∣
(5.123)

≲ |||wh|||γ−,∞

∣∣∣∣∣∣
k−1∑
ℓ=1

∫
∏ℓ
j=1 Vj

w̃(vℓ)

ℓ∏
j=1

dσj

∣∣∣∣∣∣
≲ |||wh|||γ−,∞

∣∣∣∣∣
k−1∑
ℓ=1

∫
Vℓ
w̃(vℓ)dσℓ

∣∣∣∣∣ ≲ CT
5
4
0 |||wh|||γ−,∞.

Similarly,

∣∣∣∣∣∣e
−ν(v) t−t1

ε2

w̃(v)

k−1∑
ℓ=1

∫
∏ℓ
j=1 Vj

∫ tℓ−tℓ+1

ε2

0

(
w(vℓ)S

(
tℓ − ε2s, xℓ − εsvℓ, vℓ

)
eν(vℓ)s

)
dsw̃(vℓ)

(5.124)

×
( ℓ∏
j=1

e−ν(vj)
tj−tj+1

ε2 dσj

)∣∣∣∣∣∣
≲
∣∣∣∣∣∣ν−1wS

∣∣∣∣∣∣
∞

k−1∑
ℓ=1

∫
∏ℓ
j=1 Vj

∣∣∣∣∣∣
∫ tℓ−tℓ+1

ε2

0

ν(vℓ)e
ν(vℓ)

(
s−

tℓ−tℓ+1

ε2

)
ds

∣∣∣∣∣∣ w̃(vℓ)
ℓ∏
j=1

dσj

)
≲ CT

5
4
0

∣∣∣∣∣∣ν−1wS
∣∣∣∣∣∣

∞.

Collecting all terms in (5.120), (5.121), (5.122), (5.123), and (5.124), we have

initial term and boundary term contribution ≲ CT
5
4
0

(
∥wz∥∞ + |||wh|||γ−,∞

)(5.125)

≲ ∥wz∥∞ + |||wh|||γ−,∞

and

source term contribution ≲ CT
5
4
0

∣∣∣∣∣∣ν−1wS
∣∣∣∣∣∣

∞ ≲
∣∣∣∣∣∣ν−1wS

∣∣∣∣∣∣
∞.(5.126)
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Step 3: Estimates of multiple reflection.
We focus on the last term in (5.117), which can be decomposed based on accu-

mulative time tk+1:

∣∣∣∣∣∣e
−ν(v) t−t1

ε2

w̃(v)

∫
∏k
j=1 Vj

g(tk, xk, vk)w̃(vk)

( k∏
j=1

e−ν(vj)
tj−tj+1

ε2 dσj

)∣∣∣∣∣∣
(5.127)

≤

∣∣∣∣∣∣e
−ν(v) t−t1

ε2

w̃(v)

∫
∏k
j=1 Vj

1{ t−tk
ε2

≤T0
ε }g(tk, xk, vk)w̃(vk)

( k∏
j=1

e−ν(vj)
tj−tj+1

ε2 dσj

)∣∣∣∣∣∣
+

∣∣∣∣∣∣e
−ν(v) t−t1

ε2

w̃(v)

∫
∏k
j=1 Vj

1{ t−tk
ε2

≥T0
ε }g(tk, xk, vk)w̃(vk)

( k∏
j=1

e−ν(vj)
tj−tj+1

ε2 dσj

)∣∣∣∣∣∣
:= J1 + J2.

Based on Lemma 5.12, we have

J1 ≲ |||g|||∞

∣∣∣∣∣∣
∫
Πk−1
j=1Vj

1{ t−tk
ε2

≤T0
ε }

(∫
Vk
w̃(vk)dσk

)( k−1∏
j=1

dσj

)∣∣∣∣∣∣(5.128)

≲ |||g|||∞

∣∣∣∣∣∣
∫
Πk−1
j=1Vj

1{ t−tk
ε2

≤T0
ε }

( k−1∏
j=1

dσj

)∣∣∣∣∣∣ ≲
(
1

2

)C2T
5
4
0

|||g|||∞.

On the other hand, when tk is large, the exponential terms become extremely small,
so we obtain

J2 ≲ |||g|||∞

∣∣∣∣∣∣e−ν(v) t−t1ε2

∫
Πk−1
j=1Vj

1{ t−tk
ε2

≥T0
ε }

(∫
Vk
w̃(vk)dσk

)( k−1∏
j=1

e−ν(vj)
tj−tj+1

ε2 dσj

)∣∣∣∣∣∣
(5.129)

≲ |||g|||∞

∣∣∣∣∣∣e−ν(v) t−t1ε2

∫
Πk−1
j=1Vj

1{ t−tk
ε2

≥T0
ε }

( k−1∏
j=1

e−ν(vj)
tj−tj+1

ε2 dσj

)∣∣∣∣∣∣ ≲ e−
T0
ε |||g|||∞.

Summarizing (5.128) and (5.129), we get for δ arbitrarily small

multiple reflection term contribution ≲ δ∥g∥∞.(5.130)

Step 4: Estimates of Kw terms.
So far, the only remaining terms in (5.117) are related to Kw. We focus on

∣∣∣∣∣
∫ t−t1

ε2

0

Kw(v)[g]
(
t− ε2s, x− εsv, v

)
e−ν(v)sds

∣∣∣∣∣ ≲ ∣∣∣∣∣∣∣∣∣Kw(v)[g]
(
t− ε2s, x− εsv, v

)∣∣∣∣∣∣∣∣∣
∞
.

(5.131)

Denote T (s; t, x, v) := t− ε2s and X(s; t, x, v) := x− ε(t1 − s)v. Define the back-time
stochastic cycle from (T,X, v′) as (t′i, x

′
i, v

′
i) with (t′0, x

′
0, v

′
0) = (T,X, v′). Then we

can rewrite Kw along the stochastic cycle as (5.117):

∣∣∣Kw(v)[g]
(
t− ε2s, x− ε(t1 − s)v, v

)∣∣∣ = ∣∣Kw(v)[g](T,X, v)
∣∣

(5.132)D
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=

∣∣∣∣∫
R3

kw(v)(v, v
′)g(T,X, v′)dv′

∣∣∣∣
≤

∣∣∣∣∣∣
∫
R3

∫ T−t′1
ε2

0

kw(v)(v, v
′)Kw(v′)[g]

(
T − ε2r,X − εrv′, v′

)
e−ν(v

′)rdrdv′

∣∣∣∣∣∣
+

∣∣∣∣∣∣
∫
R3

e
−ν(v′)

T−t′1
ε2

w̃(v′)

k−1∑
ℓ=1

∫
∏ℓ
j=1 V′

j

kw(v)(v, v
′)Hℓ[T,X, v′]w̃(v′ℓ)

( ℓ∏
j=1

e
−ν(v′j)

t′j−t
′
j+1

ε2 dσ′
j

)
dv′

∣∣∣∣∣∣
+

∣∣∣∣∫
R3

kw(v)(v, v
′) (initial terms + boundary terms

+ source terms + multiple reflection terms) dv′
∣∣

:= I + II + III.

Using estimates (5.125), (5.126), (5.130) from Steps 2 and 3, and Lemma 4.3, we can
bound III directly:

III ≲ ∥wz∥∞ + |||wh|||γ−,∞ +
∣∣∣∣∣∣ν−1wS

∣∣∣∣∣∣
∞ + δ|||g|||∞.(5.133)

I and II are much more complicated. We may further rewrite I as

I =

∣∣∣∣∣∣
∫
R3

∫
R3

∫ T−t′1
ε2

0

kw(v)(v, v
′)kw(v′)(v

′, v′′)g
(
T − ε2r,X − εrv′, v′′

)
e−ν(v

′)rdrdv′dv′′

∣∣∣∣∣∣ ,
(5.134)

which will estimated in four cases:

I := I1 + I2 + I3 + I4.(5.135)

Case I: I1 : |v| ≥ N .
Based on Lemma 4.3, we have∣∣∣∣∫

R3

∫
R3

kw(v)(v, v
′)kw(v′)(v

′, v′′)dv′dv′′
∣∣∣∣ ≲ 1

1 + |v|
≲

1

N
.(5.136)

Hence, we get

I1 ≲
1

N
|||g|||∞.(5.137)

Case II: I2 : |v| ≤ N , |v′| ≥ 2N , or |v′| ≤ 2N , |v′′| ≥ 3N .
Notice this implies either |v′ − v| ≥ N or |v′ − v′′| ≥ N . Hence, either of the

following is correspondingly valid:∣∣kw(v)(v, v
′)
∣∣ ≤Ce−δN2 ∣∣kw(v)(v, v

′)
∣∣ eδ|v−v′|2 ,(5.138) ∣∣kw(v′)(v

′, v′′)
∣∣ ≤Ce−δN2 ∣∣kw(v′)(v

′, v′′)
∣∣ eδ|v′−v′′|2 .(5.139)

Based on Lemma 4.3, we know∫
R3

∣∣kw(v)(v, v
′)
∣∣ eδ|v−v′|2dv′ <∞,(5.140) ∫

R3

∣∣kw(v′)(v
′, v′′)

∣∣ eδ|v′−v′′|2dv′′ <∞.(5.141)
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2552 LEI WU AND ZHIMENG OUYANG

Hence, we have

I2 ≲ e−δN
2

|||g|||∞.(5.142)

Case III: I3 : 0 ≤ r ≤ δ and |v| ≤ N , |v′| ≤ 2N , |v′′| ≤ 3N .
In this case, since the integral with respect to r is restricted in a very short

interval, there is a small contribution as

I3 ≲

∣∣∣∣∣
∫ δ

0

e−rdr

∣∣∣∣∣ |||g|||∞ ≲ δ|||g|||∞.(5.143)

Case IV: I4 : r ≥ δ and |v| ≤ N , |v′| ≤ 2N , |v′′| ≤ 3N .
This is the most complicated case. Since kw(v)(v, v

′) has a possible integrable

singularity of 1
|v−v′| , we can introduce the truncated kernel kN (v, v′) which is smooth

and has a compactly supported range such that

sup
|v|≤3N

∫
|v′|≤3N

∣∣kN (v, v′)− kw(v)(v, v
′)
∣∣ dv′ ≤ 1

N
.(5.144)

Then we can split

kw(v)(v, v
′)kw(v′)(v

′, v′′) = kN (v, v′)kN (v′, v′′)+
(
kw(v)(v, v

′)− kN (v, v′)
)
kw(v′)(v

′, v′′)

(5.145)

+
(
kw(v′)(v

′, v′′)− kN (v′, v′′)
)
kN (v, v′).

This means that we further split I4 into

I4 := I4,1 + I4,2 + I4,3.(5.146)

Based on (5.144), we have

I4,2 ≲
1

N
∥g∥∞, I4,3 ≲

1

N
∥g∥∞.(5.147)

Therefore, the only remaining term is I4,1. Note that we always have X − εrv′ ∈ Ω.
Hence, we define the change of variable v′ → y as y = (y1, y2, y3) = X − εrv′. Then
the Jacobian ∣∣∣∣ dydv′

∣∣∣∣ =
∣∣∣∣∣∣
∣∣∣∣∣∣
−εr 0 0
0 −εr 0
0 0 −εr

∣∣∣∣∣∣
∣∣∣∣∣∣ = ε3r3 ≥ ε3δ3.(5.148)

Considering |v| , |v′| , |v′′| ≤ 3N , we know |g| ≲ |f |. Also, since kN is bounded, we
estimate

I4,1 ≲
∫ T−t′1

ε2

0

∫
|v′|≤2N

∫
|v′′|≤3N

1{X−εrv′∈Ω}
∣∣f(T−ε2r,X−εrv′, v′′)

∣∣ e−ν(v′)rdrdv′dv′′.
(5.149)

Using the decomposition f = P[f ] + (I − P)[f ], (5.148), and Hölder’s inequality, we
estimate them separately:

∫ T−t′1
ε2

0

∫
|v′|≤2N

∫
|v′′|≤3N

1{X−εrv′∈Ω}
∣∣P[f ](T − ε2r,X − εrv′, v′′)

∣∣ e−ν(v′)rdrdv′dv′′
(5.150)
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≤
∫ T−t′1

ε2

0

(∫
|v′|≤2N

∫
|v′′|≤3N

1{X−εrv′∈Ω}dv
′dv′′

) 2m−1
2m

×
(∫

|v′|≤2N

∫
|v′′|≤3N

1{X−εrv′∈Ω}

(
P[f ]

)2m
× (T − ε2r,X − εrv′, v′′)e−ν(v

′)rdv′dv′′
) 1

2m

e−rdr

≲
∫ T−t′1

ε2

0

(
1

ε3δ3

∫
|v′′|≤3N

∫
Ω

1{y∈Ω}

(
P[f ]

)2m
(T − ε2r, y, v′′)dydv′′

) 1
2m

e−rdr

≲
1

ε
3

2m δ
3

2m

sup
[0,T ]

∥P[f(t)]∥2m,

and

∫ T−t′1
ε2

0

∫
|v′|≤2N

∫
|v′′|≤3N

1{X−εrv′∈Ω}
∣∣(I− P)[f ](T − ε2r,X − εrv′, v′′)

∣∣
(5.151)

× e−ν(v
′)rdv′dv′′dr

≤
∫ T−t′1

ε2

0

(∫
|v′|≤2N

∫
|v′′|≤3N

1{X−εrv′∈Ω}dv
′dv′′

) 1
2

×
(∫

|v′|≤2N

∫
|v′′|≤3N

1{X−εrv′∈Ω}

(
(I− P)[f ]

)2

(T − ε2r,X − εrv′, v′′)dv′dv′′
) 1

2

e−rdr

≲
∫ T−t′1

ε2

0

(
1

ε3δ3

∫
|v′′|≤3N

∫
Ω

1{y∈Ω}

(
(I− P)[f ]

)2

(T − ε2r, y, v′′)dydv′′
) 1

2

e−rdr

≲
1

ε
3
2 δ

3
2

sup
[0,T ]

∥(I− P)[f(t)]∥2.

Inserting (5.150) and (5.151) into (5.149), we obtain

I4,1 ≲
1

ε
3

2m δ
3

2m

sup
[0,T ]

∥P[f(t)]∥2m +
1

ε
3
2 δ

3
2

sup
[0,T ]

∥(I− P)[f(t)]∥2.(5.152)

Combined with (5.147), we know

I4 ≲
1

N
|||g|||∞ +

1

ε
3

2m δ
3

2m

sup
[0,T ]

∥P[f(t)]∥2m +
1

ε
3
2 δ

3
2

sup
[0,T ]

∥(I− P)[f(t)]∥2.(5.153)

Summarizing all four cases in (5.137), (5.142), (5.143), and (5.153), we obtain

I ≲

(
1

N
+ e−δN

2

+ δ

)
|||g|||∞ +

1

ε
3

2m δ
3

2m

sup
[0,t]

∥P[f(t)]∥2m +
1

ε
3
2 δ

3
2

sup
[0,t]

∥(I− P)[f(t)]∥2.

(5.154)

Choosing δ sufficiently small and then taking N sufficiently large, we have

I ≲ δ|||g|||∞ +
1

ε
3

2m δ
3

2m

sup
[0,t]

∥P[f(t)]∥2m +
1

ε
3
2 δ

3
2

sup
[0,t]

∥(I− P)[f(t)]∥2.(5.155)
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By a similar but tedious computation, we arrive at

II ≲ δ|||g|||∞ +
1

ε
3

2m δ
3

2m

sup
[0,t]

∥P[f(t)]∥2m +
1

ε
3
2 δ

3
2

sup
[0,t]

∥(I− P)[f(t)]∥2.(5.156)

Combined with (5.133), we have∣∣∣∣∣
∫ t−t1

ε2

0

Kw(v)[g]
(
t− ε2s, x− εsv, v

)
e−ν(v)sds

∣∣∣∣∣(5.157)

≲ δ|||g|||∞ +
1

ε
3

2m δ
3

2m

sup
[0,t]

∥P[f(t)]∥2m +
1

ε
3
2 δ

3
2

sup
[0,t]

∥(I− P)[f(t)]∥2

+ ∥wz∥∞ + |||wh|||γ−,∞ +
∣∣∣∣∣∣ν−1wS

∣∣∣∣∣∣
∞.

All the other terms in (5.117) related to Kw can be estimated in a similar fashion. At
the end of the day, we have

Kw term contribution(5.158)

≲ δ|||g|||∞ +
1

ε
3

2m δ
3

2m

sup
[0,t]

∥P[f(t)]∥2m +
1

ε
3
2 δ

3
2

sup
[0,t]

∥(I− P)[f(t)]∥2

+ ∥wz∥∞ + |||wh|||γ−,∞ +
∣∣∣∣∣∣ν−1wS

∣∣∣∣∣∣
∞.

Step 5: Synthesis.
Summarizing all of above and inserting (5.125), (5.126), (5.130), and (5.158) into

(5.117), we obtain for any (t, x, v) ∈ R+ × Ω̄× R3,

|g(t, x, v)| ≲ δ|||g|||∞ +
1

ε
3

2m δ
3

2m

sup
[0,t]

∥P[f(t)]∥2m +
1

ε
3
2 δ

3
2

sup
[0,t]

∥(I− P)[f(t)]∥2(5.159)

+ ∥wz∥∞ + |||wh|||γ−,∞ +
∣∣∣∣∣∣ν−1wS

∣∣∣∣∣∣
∞.

Taking the supremum over [0, t] × γ+ in (5.159), we have

sup
[0,t]

∥g(t)∥γ+,∞ ≲ δ|||g|||∞ +
1

ε
3

2m δ
3

2m

sup
[0,t]

∥P[f(t)]∥2m +
1

ε
3
2 δ

3
2

sup
[0,t]

∥(I− P)[f(t)]∥2

(5.160)

+ ∥wz∥∞ + |||wh|||γ−,∞ +
∣∣∣∣∣∣ν−1wS

∣∣∣∣∣∣
∞.

Based on Theorem 5.8, for 3
2 < m < 3, we obtain

sup
[0,t]

∥g(t)∥γ+,∞ ≲ δ|||g|||∞ + o(1)
(
sup
[0,t]

∥f(t)∥γ+,∞ + sup
[0,t]

∥f(t)∥∞
)
+ E(5.161)

≲ δ∥g∥∞ + o(1)
(
sup
[0,t]

∥g(t)∥γ+,∞ + sup
[0,t]

∥g(t)∥∞
)
+ E,

where

E :=
1

ε2+
3

2m

∥P[S(t)]∥ 2m
2m−1

+
1

ε1+
3

2m

∥∥∥ν− 1
2 (I− P)[S(t)]

∥∥∥
2
+

1

ε2+
3

2m

|||P[∂tS]|||2

(5.162)

+
1

ε1+
3

2m

∣∣∣∣∣∣∣∣∣ν− 1
2 (I− P)[∂tS]

∣∣∣∣∣∣∣∣∣
2
+
∣∣∣∣∣∣ν−1wS

∣∣∣∣∣∣
∞ +

1

ε
3

2m

∥h(t)∥γ−, 4m3

+
1

ε1+
3

2m

∥h(t)∥γ−,2 +
1

ε1+
3

2m

|||∂th|||γ−,2 + |||wh|||γ−,∞

+
1

ε2+
3

2m

∥νz∥2 +
1

ε1+
3

2m

∥v · ∇xz∥2 + ∥wz∥∞ +
1

ε2+
3

2m

∥S(0)∥2.
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Absorbing o(1) sup[0,t] ∥g(t)∥γ+,∞ into the left-hand side, we have

sup
[0,t]

∥g(t)∥γ+,∞ ≲ δ|||g|||∞ + o(1) sup
[0,t]

∥g(t)∥∞ + E.(5.163)

On the other hand, taking the supremum over [0, t]× Ω× R3 in (5.159), we have

sup
[0,t]

∥g(t)∥∞ ≲ δ|||g|||∞ +
1

ε
3

2m δ
3

2m

sup
[0,t]

∥P[f(t)]∥2m +
1

ε
3
2 δ

3
2

sup
[0,t]

∥(I− P)[f(t)]∥2

(5.164)

+ ∥wz∥∞ + |||wh|||γ−,∞ +
∣∣∣∣∣∣ν−1wS

∣∣∣∣∣∣
∞.

Based on Theorem 5.8, we obtain

sup
[0,t]

∥g(t)∥∞ ≲ δ|||g|||∞ + o(1)
(
sup
[0,t]

∥g(t)∥γ+,∞ + sup
[0,t]

∥g(t)∥∞
)
+ E.(5.165)

Absorbing δ|||g|||∞ and o(1) sup[0,t] ∥g(t)∥∞ into the left-hand side, we have

sup
[0,t]

∥g(t)∥∞ ≲ o(1) sup
[0,t]

∥g(t)∥γ+,∞ + E.(5.166)

Inserting (5.163) into (5.166), and absorbing δ|||g|||∞ and o(1)|||g|||∞ into the left-hand
side, we get

sup
[0,t]

∥g(t)∥∞ ≲ E.(5.167)

Then (5.163) implies

sup
[0,t]

∥g(t)∥γ+,∞ ≲ E.(5.168)

In summary, we have

|||g|||∞ + |||g|||γ+,∞ ≲
1

ε2+
3

2m

∥P[S(t)]∥ 2m
2m−1

(5.169)

+
1

ε1+
3

2m

∥∥∥ν− 1
2 (I− P)[S(t)]

∥∥∥
2
+

1

ε2+
3

2m

|||P[∂tS]|||2 +
1

ε1+
3

2m

∣∣∣∣∣∣∣∣∣ν− 1
2 (I− P)[∂tS]

∣∣∣∣∣∣∣∣∣
2

+
∣∣∣∣∣∣ν−1wS

∣∣∣∣∣∣
∞ +

1

ε
3

2m

∥h(t)∥γ−, 4m3 +
1

ε1+
3

2m

∥h(t)∥γ−,2 +
1

ε1+
3

2m

|||∂th|||γ−,2

+ |||wh|||γ−,∞ +
1

ε2+
3

2m

∥νz∥2 +
1

ε1+
3

2m

∥v · ∇xz∥2 + ∥wz∥∞ +
1

ε2+
3

2m

∥S(0)∥2.

Then our result naturally follows.

Remark 5.4. In the above proof, we use the traces ∥g(t)∥∞, ∥g(t)∥γ+,∞, and

|||g|||γ+,∞ interchangeably with |||g|||∞ to perform absorbing argument. Roughly speak-
ing, we track the solution using a mild formulation, so it is always continuous along
the characteristics, which covers the whole domain R+ × Ω × R3, so |||g|||γ+,∞ will
control all the rest. To be more precise, it actually relies on Ukai’s trace theorem
in [40], which says that for transport operator ∂t + v · ∇x, such traces are always
well-defined and controllable.
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Remark 5.5 (exponential decay). Define f̃ = eK0tf . Then f̃ satisfies
ε2∂tf̃ + εv · ∇xf̃ + L[f̃ ] = ε2K0f̃ + eK0tS(t, x, v) in R+ × Ω× R3,

f̃(0, x, v) = z(x, v) in Ω× R3,

f̃(t, x0, v) = P[f̃ ](t, x0, v) + eK0th(t, x0, v) on R+ × γ−,

(5.170)

where

P[f̃ ](t, x0, v) = µ
1
2 (v)

∫
u·n(x0)>0

µ
1
2 (u)f̃(t, x0, u) |u · n(x0)| du.(5.171)

The extra term is ε2K0f̃ . Thanks to ε2, based on L2 and L2m energy estimates in
Lemma 5.5 and Theorem 5.8, for K0 small, we can absorb this term into the left-hand
side. Therefore, we can recover all estimates as in Theorem 5.13.

6. Hydrodynamic limit.

6.1. Nonlinear estimates.

Lemma 6.1. The nonlinear term Γ defined in (1.22) satisfies Γ[f, g] ∈ N⊥. Also,
for 0 ≤ ϱ < 1

4 and ϑ ≥ 0,

∥Γ[f, g]∥2 ≲
(
sup
x∈Ω

|νg(x)|2
)
∥νf∥2,(6.1) ∥∥ν−1Γ[f, g]

∥∥
∞,ϑ,ϱ

≲ ∥f∥∞,ϑ,ϱ∥g∥∞,ϑ,ϱ.(6.2)

Proof. See [46, Lemma 6.1] for the proof.

6.2. Perturbed remainder estimates. We consider the perturbed evolution-
ary Boltzmann equation


ε2∂tf + εv · ∇xf + L[f ] = Γ[f, g] + ε3Γ[f, f ] + S(t, x, v) in R+ × Ω× R3,

f(0, x, v) = z(x, v) in Ω× R3,

f(t, x0, v) = P[f ](t, x0, v) + (µεb − µ)µ−1P[f ] + h(t, x0, v)
for x0 ∈ ∂Ω and v · n < 0.

(6.3)

Assume that a priori

|||g|||∞,ϑ,ϱ + |||∂tg|||∞,ϑ,ϱ +
∣∣∣∣∣∣ε3f ∣∣∣∣∣∣∞,ϑ,ϱ

= o(1)ε.(6.4)

Theorem 6.2. Assume (5.3) and (5.4) hold. The solution f(t, x, v) to the equa-
tion (6.3) satisfies

1

ε
1
2

∥(1− P)[f(t)]∥γ+,2 +
1

ε
∥(I− P)[f(t)]∥ν + ∥P[f(t)]∥2m

(6.5)

∥f(t)∥2 +
1

ε
1
2

|||(1− P)[f ]|||γ+,2 +
1

ε
|||(I− P)[f ]|||ν + |||P[f ]|||2

+
1

ε
1
2

|||(1− P)[∂tf ]|||γ+,2 +
1

ε
|||(I− P)[∂tf ]|||ν + |||P[∂tf ]|||2
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≲ o(1)ε
3

2m

(
∥f(t)∥γ+,∞ + ∥f(t)∥∞

)
+

1

ε2
∥P[S(t)]∥ 2m

2m−1
+

1

ε

∥∥∥ν− 1
2 (I− P)[S(t)]

∥∥∥
2

+
1

ε2
|||P[S]|||2 +

1

ε

∣∣∣∣∣∣∣∣∣ν− 1
2 (I− P)[S]

∣∣∣∣∣∣∣∣∣
2
+

1

ε2
|||P[∂tS]|||2 +

1

ε

∣∣∣∣∣∣∣∣∣ν− 1
2 (I− P)[∂tS]

∣∣∣∣∣∣∣∣∣
2

+ ∥h(t)∥γ−, 4m3 +
1

ε
∥h(t)∥γ−,2 +

1

ε
|||h|||γ−,2 +

1

ε
|||∂th|||γ−,2 +

1

ε2
∥νz∥2

+
1

ε
∥v · ∇xz∥2 +

1

ε2
∥S(0)∥2.

Proof. Since the perturbed term Γ[f, g],Γ[f, f ] ∈ N⊥, we apply Theorem 5.8 to
(6.3) to obtain

1

ε
1
2

∥(1− P)[f(t)]∥γ+,2 +
1

ε
∥(I− P)[f(t)]∥ν + ∥P[f(t)]∥2m

(6.6)

+
1

ε
1
2

|||(1− P)[∂tf ]|||γ+,2 +
1

ε
|||(I− P)[∂tf ]|||ν + |||P[∂tf ]|||2

≲ o(1)ε
3

2m

(
∥f(t)∥γ+,∞ + ∥f(t)∥∞

)
+

1

ε2
∥P[S(t)]∥ 2m

2m−1

+
1

ε

∥∥∥ν− 1
2 (I− P)[S(t)]

∥∥∥
2
+

1

ε2
|||P[∂tS]|||2 +

1

ε

∣∣∣∣∣∣∣∣∣ν− 1
2 (I− P)[∂tS]

∣∣∣∣∣∣∣∣∣
2
+ ∥h(t)∥γ−, 4m3

+
1

ε
∥h(t)∥γ−,2 +

1

ε
|||∂th|||γ−,2 +

1

ε2
∥νz∥2 +

1

ε
∥v · ∇xz∥2 +

1

ε2
∥S(0)∥2

+
1

ε

∥∥∥ν− 1
2Γ[f, g](t)]

∥∥∥
2
+

1

ε

∣∣∣∣∣∣∣∣∣ν− 1
2 ∂tΓ[f, g]

∣∣∣∣∣∣∣∣∣
2

+
1

ε

∥∥∥ε3ν− 1
2Γ[f, f ](t)]

∥∥∥
2
+

1

ε

∣∣∣∣∣∣∣∣∣ε3ν− 1
2 ∂tΓ[f, f ]

∣∣∣∣∣∣∣∣∣
2

+
∥∥(µεb − µ)µ−1P[f(t)]

∥∥
γ−,

4m
3

+
1

ε

∥∥(µεb − µ)µ−1P[f(t)]
∥∥
γ−,2

+
1

ε

∣∣∣∣∣∣(µεb − µ)µ−1P[∂tf ]
∣∣∣∣∣∣
γ−,2

+
1

ε2
∥Γ[f, g](0)∥2 +

1

ε2
∥∥ε3Γ[f, f ](0)∥∥

2
.

Also, based on Lemma 5.5, we have the L2 estimate

∥f(t)∥2 +
1

ε
1
2

|||(1− P)[f ]|||γ+,2 +
1

ε
|||(I− P)[f ]|||ν + |||P[f ]|||2

(6.7)

≲
1

ε2
|||P[S]|||2 +

1

ε

∣∣∣∣∣∣∣∣∣ν− 1
2 (I− P)[S]

∣∣∣∣∣∣∣∣∣
2
+

1

ε
|||h|||γ−,2 + ∥z∥2

+
1

ε

∣∣∣∣∣∣∣∣∣ν− 1
2Γ[f, g]]

∣∣∣∣∣∣∣∣∣
2
+

1

ε

∣∣∣∣∣∣∣∣∣ε3ν− 1
2Γ[f, f ]]

∣∣∣∣∣∣∣∣∣
2
++

1

ε

∣∣∣∣∣∣(µεb − µ)µ−1P[f ]
∣∣∣∣∣∣
γ−,2

.

Step 1: Bulk perturbation terms.
Using Lemma 6.1 and (6.4), we have

1

ε

∥∥∥ν− 1
2Γ[f, g](t)

∥∥∥
2
≲ o(1)

∥∥∥ν 1
2 f(t)

∥∥∥
2
≲ o(1) ∥P[f(t)]∥ν + o(1) ∥(I− P)[f(t)]∥ν .(6.8)
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Note that direct computation reveals that

∥P[f(t)]∥2m ≳ ∥P[f(t)]∥ν ,(6.9)

so inserting (6.8) into (6.6), we can absorb o(1) ∥P[f(t)]∥ν and o(1) ∥(I− P)[f(t)]∥ν
into the left-hand side (LHS). On the other hand, Using Lemma 6.1 and (6.4), we
have

1

ε

∣∣∣∣∣∣∣∣∣ν− 1
2 ∂tΓ[f, g]

∣∣∣∣∣∣∣∣∣
2
≲ o(1)

∣∣∣∣∣∣∣∣∣ν 1
2 f
∣∣∣∣∣∣∣∣∣

2
+ o(1)

∣∣∣∣∣∣∣∣∣ν 1
2 ∂tf

∣∣∣∣∣∣∣∣∣
2
.(6.10)

Then o(1)
∥∥∥ν 1

2 f
∥∥∥
2
can be handled by L2 estimates and o(1)

∥∥∥ν 1
2 ∂tf

∥∥∥
2
can be absorbed

into the LHS. Similarly,

1

ε

∥∥∥ε3ν− 1
2Γ[f, f ](t)

∥∥∥
2
≲

1

ε

∥∥ε3f(t)∥∥∞,ϑ,ϱ

∥∥∥ν 1
2 f(t)

∥∥∥
2
≲ o(1)

∥∥∥ν 1
2 f(t)

∥∥∥
2
,(6.11)

1

ε

∣∣∣∣∣∣∣∣∣ε3ν− 1
2 ∂tΓ[f, f ]

∣∣∣∣∣∣∣∣∣
2
≲

1

ε

∣∣∣∣∣∣ε3f ∣∣∣∣∣∣∞,ϑ,ϱ

∣∣∣∣∣∣∣∣∣ν 1
2 ∂tf

∣∣∣∣∣∣∣∣∣
2
≲ o(1)

∣∣∣∣∣∣∣∣∣ν 1
2 ∂tf

∣∣∣∣∣∣∣∣∣
2
.(6.12)

Both of them can be absorbed into the LHS of (6.6). A similar argument justifies the
absorbing in (6.7)

Step 2: Boundary perturbation terms.
On the other hand, due to (1.10), we know∥∥(µεb − µ)µ−1P[f(t)]

∥∥
γ−,

4m
3

≲ o(1)ε ∥f(t)∥γ+,∞ ,(6.13)

which can be combined with the corresponding term on the right-hand side of (6.6).
Also,

1

ε

∥∥(µεb − µ)µ−1P[f(t)]
∥∥
γ−,2

≲ o(1) ∥P[f(t)]∥γ−,2 ,(6.14)

1

ε

∣∣∣∣∣∣(µεb − µ)µ−1P[∂tf ]
∣∣∣∣∣∣
γ−,2

≲ o(1)|||P [∂tf ]|||γ−,2.(6.15)

Note that both of them involve P[f ], which has been controlled by the proof of
Theorem 5.5 (Step 2). Hence, adding (6.7) to (6.6) and absorbing all new terms into
the LHS, we can close the proof.

Theorem 6.3. Assume (5.3) and (5.4) hold. The solution f(t, x, v) to (6.3) sat-
isfies for ϑ ≥ 0 and 0 ≤ ϱ < 1

4 ,

|||f |||∞,ϑ,ϱ + |||f |||γ+,∞,ϱ,ϑ

(6.16)

≲
1

ε2+
3

2m

∥P[S(t)]∥ 2m
2m−1

+
1

ε1+
3

2m

∥∥∥ν− 1
2 (I− P)[S(t)]

∥∥∥
2
+

1

ε2+
3

2m

|||P[S]|||2

+
1

ε1+
3

2m

∣∣∣∣∣∣∣∣∣ν− 1
2 (I− P)[S]

∣∣∣∣∣∣∣∣∣
2
+

1

ε2+
3

2m

|||P[∂tS]|||2 +
1

ε1+
3

2m

∣∣∣∣∣∣∣∣∣ν− 1
2 (I− P)[∂tS]

∣∣∣∣∣∣∣∣∣
2

+
∣∣∣∣∣∣ν−1S

∣∣∣∣∣∣
∞,ϑ,ϱ

+
1

ε
3

2m

∥h(t)∥γ−, 4m3 +
1

ε1+
3

2m

∥h(t)∥γ−,2 +
1

ε1+
3

2m

|||h|||γ−,2

+
1

ε1+
3

2m

|||∂th|||γ−,2 + |||h|||γ−,∞,ϱ,ϑ +
1

ε2+
3

2m

∥νz∥2 +
1

ε1+
3

2m

∥v · ∇xz∥2

+ ∥z∥∞,ϑ,ϱ +
1

ε2+
3

2m

∥S(0)∥2.
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Proof. Since we already have bounds for f in L2m as in Theorem 6.2, following
the proof of Theorem 5.13, we obtain

|||f |||∞,ϑ,ϱ + |||f |||γ+,∞,ϱ,ϑ

(6.17)

≲
1

ε2+
3

2m

∥P[S(t)]∥ 2m
2m−1

+
1

ε1+
3

2m

∥∥∥ν− 1
2 (I− P)[S(t)]

∥∥∥
2
+

1

ε2+
3

2m

|||P[S]|||2

+
1

ε1+
3

2m

∣∣∣∣∣∣∣∣∣ν− 1
2 (I− P)[S]

∣∣∣∣∣∣∣∣∣
2
+

1

ε2+
3

2m

|||P[∂tS]|||2 +
1

ε1+
3

2m

∣∣∣∣∣∣∣∣∣ν− 1
2 (I− P)[∂tS]

∣∣∣∣∣∣∣∣∣
2

+
∣∣∣∣∣∣ν−1S

∣∣∣∣∣∣
∞,ϑ,ϱ

+
1

ε
3

2m

∥h(t)∥γ−, 4m3 +
1

ε1+
3

2m

∥h(t)∥γ−,2 +
1

ε1+
3

2m

|||h|||γ−,2

+
1

ε1+
3

2m

|||∂th|||γ−,2 + |||h|||γ−,∞,ϱ,ϑ +
1

ε2+
3

2m

∥νz∥2 +
1

ε1+
3

2m

∥v · ∇xz∥2

+ ∥z∥∞,ϑ,ϱ +
1

ε2+
3

2m

∥S(0)∥2 +
∣∣∣∣∣∣ν−1Γ[f, g]

∣∣∣∣∣∣
∞,ϑ,ϱ

+
∣∣∣∣∣∣ε3ν−1Γ[f, f ]

∣∣∣∣∣∣
∞,ϑ,ϱ

+
∥∥(µεb − µ)µ−1P[f ]

∥∥
γ−,∞,ϱ,ϑ

.

Using Lemma 6.1 and (6.4), we have∣∣∣∣∣∣ν−1Γ[f, g]
∣∣∣∣∣∣

∞,ϑ,ϱ
≲ |||f |||∞,ϑ,ϱ|||g|||∞,ϑ,ϱ ≲ o(1)|||f |||∞,ϑ,ϱ,(6.18) ∣∣∣∣∣∣ε3ν−1Γ[f, f ]

∣∣∣∣∣∣
∞,ϑ,ϱ

≲ |||f |||∞,ϑ,ϱ

∣∣∣∣∣∣ε3f ∣∣∣∣∣∣∞,ϑ,ϱ
≲ o(1)|||f |||∞,ϑ,ϱ.(6.19)

Inserting (6.18) into (6.17), we can absorb o(1)∥f∥∞,ϑ,ϱ into the LHS. Also, using
(1.10), we have ∣∣∣∣∣∣(µεb − µ)µ−1P[f ]

∣∣∣∣∣∣
γ−,∞,ϱ,ϑ

≲ o(1)|||f |||γ+,∞,ϱ,ϑ.(6.20)

Inserting (6.20) into (6.17) and absorbing o(1)|||f |||γ+,∞,ϱ,ϑ into the LHS, we obtain
the desired result.

6.3. Analysis of asymptotic expansion.

6.3.1. Analysis of initial layers. We first prove a theorem about the well-
posedness and decay of the initial layer equation.

Theorem 6.4. For equation{
∂τg + L[g] = S(τ, v) in R+ × R3,

g(0, v) = z(v)
(6.21)

with

|z|∞,ϑ,ϱ ≲ 1,
∥∥eK0tS

∥∥
∞,ϑ,ϱ

≲ 1,(6.22)

there exists a unique solution g(τ, v) and a function g∞ ∈ N satisfying

|g∞| ≲ 1,
∥∥eK0τ (g − g∞)

∥∥
∞,ϑ,ϱ

≲ 1.(6.23)

Proof. This is very similar to the analysis of the ε-Milne problem with geometric
correction as [46, section 3], but much simpler. We decompose g = r + q, where

r ∈ N⊥ and q =
4∑
k=0

qk(τ)φk(v) ∈ N . Then using the same L2−L∞ estimates as [46,

section 3], we can get the desired result.
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With this theorem in hand, based on the analysis in section 2.6, we know F1 = 0
and F2,F3,F4 are well-defined.

Theorem 6.5. For K0 > 0 sufficiently small, the initial layer satisfies∥∥eK0τF2(x)
∥∥
∞,ϑ,ϱ

≲ 1,
∥∥eK0τF3(x)

∥∥
∞,ϑ,ϱ

≲ 1,
∥∥eK0τF4(x)

∥∥
∞,ϑ,ϱ

≲ 1.(6.24)

In particular, since ∂t = ε−2∂τ , we have the time derivative estimate.

Theorem 6.6. For K0 > 0 sufficiently small, the initial layer satisfies

∥∥∥∥eK0σ ∂F2(x)

∂t

∥∥∥∥
∞,ϑ,ϱ

≲ ε−2,

∥∥∥∥eK0σ ∂F3(x)

∂t

∥∥∥∥
∞,ϑ,ϱ

≲ ε−2,

∥∥∥∥eK0σ ∂F4(x)

∂t

∥∥∥∥
∞,ϑ,ϱ

≲ ε−2.

(6.25)

Note that due to rescaling τ = t
ε2 , the bound for ∂tFk is much worse than Fk.

This is the main reason that we have to expand the initial layer to more orders than
interior solutions and boundary layers. Also, this is why we have to enforce the
compatibility condition (1.17) and let F1 vanish.

The space derivative version follows the same fashion.

Theorem 6.7. For K0 > 0 sufficiently small, the initial layer satisfies

∥∥eK0τ∇xF2(x)
∥∥
∞,ϑ,ϱ

≲ 1,
∥∥eK0τ∇xF3(x)

∥∥
∞,ϑ,ϱ

≲ 1,
∥∥eK0τ∇xF4(x)

∥∥
∞,ϑ,ϱ

≲ 1.

(6.26)

The above estimates do not involve the spatial integral. Obviously, the x integral
estimates also hold.

6.3.2. Analysis of boundary layers. Based on the analysis in sections 2.6 and
3, we know F1 = 0 and F2 is well-defined.

Theorem 6.8. For K0 > 0 sufficiently small, the boundary layer F2 satisfies∥∥eK0ηF2(t)
∥∥
∞,ϑ,ϱ

≲ 1,(6.27)

and

∥∥∥∥eK0ηvη
∂F2(t)

∂η

∥∥∥∥
∞,ϑ,ϱ

+

∥∥∥∥eK0η
∂F2(t)

∂ι1

∥∥∥∥
∞,ϑ,ϱ

+

∥∥∥∥eK0η
∂F2(t)

∂ι2

∥∥∥∥
∞,ϑ,ϱ

≲ |ln(ε)|8 ,

∥∥∥∥eK0ην
∂F2(t)

∂vη

∥∥∥∥
∞,ϑ,ϱ

+

∥∥∥∥eK0ην
∂F2(t)

∂vϕ

∥∥∥∥
∞,ϑ,ϱ

+

∥∥∥∥eK0ην
∂F2(t)

∂vψ

∥∥∥∥
∞,ϑ,ϱ

≲ |ln(ε)|8 .

(6.28)

However, the tricky part is the estimate of F3, which essentially satisfies a sta-
tionary linearized Boltzmann equation εv · ∇xF3(t) + L[F3(t)] = Z(t) in Ω̃× R3,

F3(t)(x0, v) = P[F3(t)](x0, v) + b(t) for x0 ∈ ∂Ω and v · n < 0,
(6.29)D
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where

Z := 2Γ[F1,F2] + 2Γ[F1,F2] + 2Γ[F2,F1](6.30)

+
1

P1P2

(
∂11r · ∂2r

P1(εκ1η − 1)
vϕvψ +

∂12r · ∂2r
P2(εκ2η − 1)

v2ψ

)
∂F2

∂vϕ

+
1

P1P2

(
∂22r · ∂1r

P2(εκ2η − 1)
vϕvψ +

∂12r · ∂1r
P1(εκ1η − 1)

v2ϕ

)
∂F2

∂vψ

+
vϕ

P1(εκ1η − 1)

∂F2

∂ι1
+

vψ
P2(εκ2η − 1)

∂F2

∂ι2
,

and

b := ε−2
(
µεb − µ− εµ

1
2µ1

)
µ−1P[F1 + F1] + ε−1

(
µεb − µ

)
µ−1P[F2 + F2](6.31)

+ ε−3µ− 1
2

(
µεb − µ− εµ

1
2µ1 − ε2µ

1
2µ2

)
−
(
(B3 + C3)− P [B3 + C3]

)
.

Based on stationary L2m estimates in Remark 4.1, we obtain

1

ε
1
2

∥(1− P)[F3(t)]∥γ+,2 +
1

ε
∥(I− P)[F3(t)]∥ν + ∥P[F3(t)]∥2m

(6.32)

≲
1

ε2
∥P[Z(t)]∥ 2m

2m−1
+

1

ε

∥∥∥ν− 1
2 (I− P)[Z(t)]

∥∥∥
2
+
∥∥ν−1Z(t)

∥∥
∞,ϑ,ϱ

+ ∥b(t)∥γ−, 4m3

+
1

ε
∥b(t)∥γ−,2 + ∥b(t)∥γ−,∞,ϱ,ϑ

≲
1

ε1+
1

2m

|ln(ε)|8 ,

where we strongly rely on the rescaling η = N
ε and the exponential decay of Z in η.

Then using the stationary L∞ estimates in Theorem 4.6, we have

∥F3(t)∥∞,ϑ,ϱ + ∥F3(t)∥γ+,∞,ϱ,ϑ(6.33)

≲
1

ε2+
3

2m

∥P[Z(t)]∥ 2m
2m−1

+
1

ε1+
3

2m

∥∥∥ν− 1
2 (I− P)[Z(t)]

∥∥∥
2
+
∥∥ν−1Z(t)

∥∥
∞,ϑ,ϱ

+
1

ε
3

2m

∥b(t)∥γ−, 4m3 +
1

ε1+
3

2m

∥b(t)∥γ−,2 + ∥b(t)∥γ−,∞,ϱ,ϑ

≲
1

ε1+
2
m

|ln(ε)|8 .

Note that we lose the decay of F3 in η.
The above is only the instantaneous version. The corresponding accumulative

version for both Fk and ∂tFk also hold when taking time decay into consideration.

6.3.3. Analysis of interior solutions. Based on the analysis in matching pro-
cedure, we know Fk are well-defined satisfying corresponding fluid equations.

Theorem 6.9. For K0 > 0 sufficiently small, the interior solution satisfies∣∣∣∣∣∣∣∣∣⟨v⟩ϑ eϱ|v|2F1

∣∣∣∣∣∣∣∣∣
L∞
t H

3
xL

∞
v

≲ 1,
∣∣∣∣∣∣∣∣∣⟨v⟩ϑ eϱ|v|2F2

∣∣∣∣∣∣∣∣∣
L∞
t H

3
xL

∞
v

≲ 1,(6.34) ∣∣∣∣∣∣∣∣∣⟨v⟩ϑ eϱ|v|2F3

∣∣∣∣∣∣∣∣∣
L∞
t H

3
xL

∞
v

≲ 1.
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2562 LEI WU AND ZHIMENG OUYANG

6.3.4. Analysis of initial-boundary interaction. The compatibility condi-
tion (1.17) implies that at the corner points (0, x0, v), (1.21) is naturally satisfied.
Also, we have the simplified expansion at these points:

• By our construction in section 2.6, F1 = 0 and F1 = 0. Also,

F1(0, x0, v) = A1(t, x0, v) +B1(t, x0, v) + C1(t, x0, v) = ρ0,1(x0)(6.35)

with

A1(t, x0, v) = ρ0,1(x0)µ
1
2 (v), B1(t, x0, v) = 0, C1(t, x0, v) = 0.(6.36)

In the end, we know

F1(0, x0, v) = A1(t, x0, v) = ρ0,1(x0)µ
1
2 (v).(6.37)

• By our construction in section 2.6, at (t, x0, v), F2 and F2 satisfy triv-
ial equations with zero source term and zero data, so F2(0, x, v) = 0 and
F2(t, x0, v) = 0. Also,

F2(0, x0, v) = A2(t, x0, v) +B2(t, x0, v) + C2(t, x0, v) = ρ0,2(x0)(6.38)

with

A2(t, x0, v) = ρ0,2(x0)µ
1
2 (v), B2(t, x0, v) = 0, C2(t, x0, v) = 0.(6.39)

Here the space derivative ∇xf0,1(x0, v) = 0 plays a key role. In the end, we
know

F2(0, x0, v) = A2(t, x0, v) = ρ0,2(x0)µ
1
2 (v).(6.40)

• Based on our construction in section 2.6, we know

F3(0, x0, v) = A3(t, x0, v) +B3(t, x0, v) + C3(t, x0, v).(6.41)

In particular, have

B3(t, x0, v) = 0, C3(t, x0, v) = 0.(6.42)

Here the space derivative ∇xf0,1(x0, v) = ∇xf0,2(x0, v) = 0 and ∇2
xf0,1(x0, v)

= 0 play a key role. Also, these space derivatives accompanied with ∂tµ1

(t, x0, v) = 0 yield v · ∇xF2 = 0. Hence, we know F3 and F3 satisfy triv-
ial equations with zero source term and zero data, so F3(0, x, v) = 0 and
F3(t, x0, v) = 0. In the end, we know

F3(0, x0, v) = A3(t, x0, v) = ρ0,3(x0)µ
1
2 (v).(6.43)

• In summary, we have shown that at the corner point (0, x0, v), both the initial
layer and boundary layer are zero up to third order.

6.4. Proof of the main theorem. Now we turn to the proof of the main result,
Theorem 1.1. The asymptotic analysis already reveals that the construction of the
interior solution, initial layer, and boundary layer is valid. Here, we focus on the
remainder estimates. We divide the proof into several steps:
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Step 1: Remainder definitions.
Define the remainder as

ε3R =fε −Q− Q −Q,(6.44)

where

Q :=
3∑
k=1

εkFk, Q :=
3∑
k=1

εkFk, Q :=
4∑
k=1

εkFk.(6.45)

In other words, we have

fε = Q+ Q +Q+ ε3R.(6.46)

We write L to denote the linearized Boltzmann operator:

L [f ] =ε2∂tf + εv · ∇xf + L[f ].(6.47)

In studying initial layer in section 2.2, we utilize the equivalent form:

L [f ] = ∂τf + εv · ∇xu+ L[f ].(6.48)

In studying boundary layer in section 2.3, we use another equivalent form:

L [f ] = ε2∂tf + vη
∂f

∂η
− ε

R1 − εη

(
v2ϕ

∂f

∂vη
− vηvϕ

∂f

∂vϕ

)
− ε

R2 − εη

(
v2ψ

∂f

∂vη
− vηvψ

∂f

∂vψ

)

− ε

P1P2

(
∂11r · ∂2r

P1(εκ1η − 1)
vϕvψ +

∂12r · ∂2r
P2(εκ2η − 1)

v2ψ

)
∂f

∂vϕ

− ε

P1P2

(
∂22r · ∂1r

P2(εκ2η − 1)
vϕvψ +

∂12r · ∂1r
P1(εκ1η − 1)

v2ϕ

)
∂f

∂vψ

− ε

(
vϕ

P1(εκ1η − 1)

∂f

∂ι1
+

vψ
P2(εκ2η − 1)

∂f

∂ι2

)
+ L[f ].

Step 2: Representation of L [R].
Equation (1.21) is actually

L [fε] = Γ[fε, fε],(6.49)

which means

L [Q+ Q +Q+ ε3R] = Γ[Q+ Q +Q+ ε3R,Q+ Q +Q+ ε3R].(6.50)

Note that the right-hand side of (6.50), i.e., the nonlinear term can be decomposed
as

Γ[Q+ Q +Q+ ε3R,Q+ Q +Q+ ε3R] = ε6Γ[R,R] + 2ε3Γ[R,Q+ Q +Q](6.51)

+ Γ[Q+ Q +Q, Q+ Q +Q].
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2564 LEI WU AND ZHIMENG OUYANG

Then we turn to the LHS of (6.50). The interior contribution is

L [Q] = ε2∂t

(
εF1 + ε2F2 + ε3F3

)
+ εv · ∇x

(
εF1 + ε2F2 + ε3F3

)
(6.52)

+ L[εF1 + ε2F2 + ε3F3]

= ε4v · ∇xF3 + ε4∂tF2 + ε5∂tF3 + ε2Γ[F1, F1] + 2ε3Γ[F1, F2].

On the other hand, we consider the boundary layer contribution. Since F1 = 0,
F2 and F3 terms are all included in boundary layer construction except the time
derivatives, we compute

L [Q] = ε4∂tF2 + ε5∂tF3 + 2ε3Γ[F1,F2].(6.53)

Also, since F1 = 0, the initial layer contribution

L [Q] = ε5v · ∇xF4 + 2ε3Γ[F1,F2] + 2ε4Γ[F2,F2] + 2ε4Γ[F2,F2] + 2ε4Γ[F1,F3].

(6.54)

Therefore, inserting (6.51), (6.52), (6.53), and (6.54) into (6.50), we have

L [R] = ε3Γ[R,R] + 2Γ[R,Q+ Q +Q] + S1 + S2,(6.55)

where

S1 = −εv · ∇xF3 − ε∂tF2 − ε2∂tF3 − ε∂tF2 − ε2∂tF3 − ε2v · ∇xF4,(6.56)

S2 = ε

(
2Γ[F2,F2] + 2Γ[F1, F3] + 2Γ[F2, F2] + 2Γ[F1,F3]

)
(6.57)

+ higher-order Γ terms up to ε4.

Step 3: Representation of R− P [R] and R(0).
The boundary condition of (1.21) is essentially

fε = µεbµ
−1P[fε] + µ− 1

2 (µεb − µ),(6.58)

which means

Q+ Q + ε3R = P[Q+ Q + ε3R] + (µεb − µ)µ−1P[Q+ Q + ε3R] + µ− 1
2 (µεb − µ).

(6.59)

Based on the boundary condition expansion in section 2.6, we have

R− P [R] = H[R] + h,(6.60)

where

H[R](t, x0, v) = (µεb − µ)µ−1P[R](6.61)

and

h = −εF4.(6.62)
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In other words, the only contribution is from the initial layer F4 at the corner point.
On the other hand, for initial data,

R(0) = z = εF4(0).(6.63)

In other words, the only contribution is from the initial data of initial layer F4.

Step 4: Remainder estimate.
Equation (6.55), initial condition (6.63), and boundary condition (6.60) form a

system that fits into (6.3):

(6.64)

ε2∂tR+ εv · ∇xR+ L[R] = Γ[R, 2(Q+ Q +Q) + ε3R] + S1(t, x, v) + S2(t, x, v)

in R+ × Ω× R3,

R(0, x, v) = z(x, v) in Ω× R3,

R(t, x0, v) = P[R](t, x0, v) +H[R](t, x0, v) + h(t, x0, v) for x0 ∈ ∂Ω

and v · n < 0.

Hence, by Theorem 6.3, we have

|||R|||∞,ϑ,ϱ + |||R|||γ+,∞,ϱ,ϑ

(6.65)

≲
1

ε2+
3

2m

∥P[S1(t)]∥ 2m
2m−1

+
1

ε1+
3

2m

∥∥∥ν− 1
2 (I− P)[S1(t)]

∥∥∥
2
+

1

ε2+
3

2m

|||P[S1]|||2

+
1

ε1+
3

2m

∣∣∣∣∣∣∣∣∣ν− 1
2 (I− P)[S1]

∣∣∣∣∣∣∣∣∣
2
+

1

ε2+
3

2m

|||P[∂tS1]|||2 +
1

ε1+
3

2m

∣∣∣∣∣∣∣∣∣ν− 1
2 (I−P)[∂tS1]

∣∣∣∣∣∣∣∣∣
2

+
∣∣∣∣∣∣ν−1S

∣∣∣∣∣∣
∞,ϑ,ϱ

+
1

ε2+
3

2m

∥S1(0)∥2 +
1

ε2+
3

2m

∥P[S2(t)]∥ 2m
2m−1

+
1

ε1+
3

2m

∥∥∥ν− 1
2 (I− P)[S2(t)]

∥∥∥
2
+

1

ε2+
3

2m

|||P[S2]|||2 +
1

ε1+
3

2m

∣∣∣∣∣∣∣∣∣ν− 1
2 (I− P)[S2]

∣∣∣∣∣∣∣∣∣
2

+
1

ε2+
3

2m

|||P[∂tS2]|||2 +
1

ε1+
3

2m

∣∣∣∣∣∣∣∣∣ν− 1
2 (I− P)[∂tS2]

∣∣∣∣∣∣∣∣∣
2
+
∣∣∣∣∣∣ν−1S

∣∣∣∣∣∣
∞,ϑ,ϱ

+
1

ε2+
3

2m

∥S2(0)∥2 +
1

ε
3

2m

∥h(t)∥γ−, 4m3 +
1

ε1+
3

2m

∥h(t)∥γ−,2 +
1

ε1+
3

2m

|||h|||γ−,2

+
1

ε1+
3

2m

|||∂th|||γ−,2 + |||h|||γ−,∞,ϱ,ϑ +
1

ε2+
3

2m

∥νz∥2

+
1

ε1+
3

2m

∥v · ∇xz∥2 + ∥z∥∞,ϑ,ϱ.

Step 5: Estimate of S1.
Using results in section 6.3.3, for the interior contribution SIS := −εv · ∇xF3 −

ε∂tF2 − ε2∂tF3,

∥SIS(t)∥ 2m
2m−1

+
∥∥∥ν− 1

2SIS(t)]
∥∥∥
2
+ |||SIS |||2 +

∣∣∣∣∣∣∣∣∣ν− 1
2SIS

∣∣∣∣∣∣∣∣∣
2

+ |||∂tSIS |||2 +
∣∣∣∣∣∣∣∣∣ν− 1

2 ∂tSIS

∣∣∣∣∣∣∣∣∣
2
+
∣∣∣∣∣∣ν−1SIS

∣∣∣∣∣∣
∞,ϑ,ϱ

+ ∥SIS(0)∥2 ≲ ε.(6.66)
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Using results in section 6.3.2, for the boundary layer contribution SBL := −ε∂tF2 −
ε2∂tF3, note that ∥g(t)∥Lp ≲ ∥g(t)∥L2m for 1 ≤ p ≤ 2m:

∥P[SBL](t)∥ 2m
2m−1

≲ ε1−
1

2m |ln(ε)|8 ,
∥∥∥ν− 1

2 (I− P)[SBL](t)]
∥∥∥
2
≲ ε2−

1
2m |ln(ε)|8 ,

(6.67)

|||P[SBL]|||2 ≲ ε1−
1

2m |ln(ε)|8 ,
∣∣∣∣∣∣∣∣∣ν− 1

2 (I− P)[SBL]
∣∣∣∣∣∣∣∣∣

2
≲ ε2−

1
2m |ln(ε)|8 ,

|||P[∂tSBL]|||2 ≲ ε1−
1

2m |ln(ε)|8 ,
∣∣∣∣∣∣∣∣∣ν− 1

2 (I− P)[∂tSBL]
∣∣∣∣∣∣∣∣∣

2
≲ ε2−

1
2m |ln(ε)|8 ,

∣∣∣∣∣∣ν−1SBL
∣∣∣∣∣∣

∞,ϑ,ϱ
≲ ε1−

1
m |ln(ε)|8 , ∥SBL(0)∥2 ≲ ε1−

1
2m |ln(ε)|8 .

(6.68)

Using results in section 6.3.1, for the initial layer contribution SIL := −ε2v · ∇xF4,
note the rescaling τ = t

ε2 :

∥P[SIL](t)∥ 2m
2m−1

≲ ε2,
∥∥∥ν− 1

2 (I− P)[SIL](t)]
∥∥∥
2
≲ ε2,(6.69)

|||P[SIL]|||2 ≲ ε3,
∣∣∣∣∣∣∣∣∣ν− 1

2 (I− P)[SIL]
∣∣∣∣∣∣∣∣∣

2
≲ ε3,

|||P[∂tSIL]|||2 ≲ ε,
∣∣∣∣∣∣∣∣∣ν− 1

2 (I− P)[∂tSIL]
∣∣∣∣∣∣∣∣∣

2
≲ ε,∣∣∣∣∣∣ν−1SIL

∣∣∣∣∣∣
∞,ϑ,ϱ

≲ ε2, ∥SIL(0)∥2 ≲ ε2.(6.70)

Hence, we have

∥P[S1](t)∥ 2m
2m−1

≲ ε1−
1

2m |ln(ε)|8 ,
∥∥∥ν− 1

2 (I− P)[S1](t)]
∥∥∥
2
≲ ε2−

1
2m |ln(ε)|8 ,(6.71)

|||P[S1]|||2 ≲ ε1−
1

2m |ln(ε)|8 ,
∣∣∣∣∣∣∣∣∣ν− 1

2 (I− P)[S1]
∣∣∣∣∣∣∣∣∣

2
≲ ε2−

1
2m |ln(ε)|8 ,

|||P[∂tS1]|||2 ≲ ε1−
1

2m |ln(ε)|8 ,
∣∣∣∣∣∣∣∣∣ν− 1

2 (I− P)[∂tS1]
∣∣∣∣∣∣∣∣∣

2
≲ ε2−

1
2m |ln(ε)|8 ,∣∣∣∣∣∣ν−1S1

∣∣∣∣∣∣
∞,ϑ,ϱ

≲ ε1−
1
m |ln(ε)|8 , ∥S1(0)∥2 ≲ ε1−

1
2m |ln(ε)|8 .(6.72)

Step 6: Estimate of S2.
It suffices to consider the leading-order term 2εΓ[F2,F2] which contains the most

dangerous initial layer F2. Note that the time derivative estimate is the worst one.
Using nonlinear estimates in Lemma 6.1 and rescaling η = µ

ε and τ = t
ε2 , we have

∥P[S2](t)∥ 2m
2m−1

= 0,
∥∥∥ν− 1

2 (I− P)[S2](t)]
∥∥∥
2
≲ ε

3
2 ,(6.73)

|||P[S2]|||2 = 0,
∣∣∣∣∣∣∣∣∣ν− 1

2 (I− P)[S2]
∣∣∣∣∣∣∣∣∣

2
≲ ε

5
2 ,

|||P[∂tS2]|||2 = 0,
∣∣∣∣∣∣∣∣∣ν− 1

2 (I− P)[∂tS2]
∣∣∣∣∣∣∣∣∣

2
≲ ε

1
2 ,∣∣∣∣∣∣ν−1S2

∣∣∣∣∣∣
∞,ϑ,ϱ

≲ ε, ∥S2(0)∥2 ≲ ε
3
2 .(6.74)

Step 7: Estimate of h and z.
For boundary data h = −εF4, we have

∥h(t)∥γ−, 4m3 ≲ ε, ∥h(t)∥γ−,2 ≲ ε, |||h|||γ−,2 ≲ ε2,(6.75)

|||∂th|||γ−,2 ≲ 1, |||h|||γ−,∞,ϱ,ϑ ≲ ε.
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For initial data z = −εF4(0), we have

∥νz∥2 ≲ ε, ∥v · ∇xz∥2 ≲ ε, ∥z∥∞,ϑ,ϱ ≲ ε.(6.76)

Step 8: Synthesis.
Summarizing all of the above, we have

|||R|||∞,ϑ,ϱ + |||R|||γ+,∞,ϱ,ϑ

(6.77)

≲
1

ε2+
3

2m

(
ε1−

1
2m |ln(ε)|8

)
+

1

ε1+
3

2m

(
ε2−

1
2m |ln(ε)|8

)
+

1

ε2+
3

2m

(
ε1−

1
2m |ln(ε)|8

)

+
1

ε1+
3

2m

(
ε2−

1
2m |ln(ε)|8

)
+

1

ε2+
3

2m

(
ε1−

1
2m |ln(ε)|8

)

+
1

ε1+
3

2m

(
ε2−

1
2m |ln(ε)|8

)
+

(
ε1−

1
m |ln(ε)|8

)
+

1

ε2+
3

2m

(
ε1−

1
2m |ln(ε)|8

)

+
1

ε2+
3

2m

(
0
)
+

1

ε1+
3

2m

(
ε

3
2

)
+

1

ε2+
3

2m

(
0
)
+

1

ε1+
3

2m

(
ε

5
2

)
+

1

ε2+
3

2m

(
0
)
+

1

ε1+
3

2m

(
ε

1
2

)
+
(
ε
)
+

1

ε2+
3

2m

(
ε

3
2

)
+

1

ε
3

2m

(
ε
)
+

1

ε1+
3

2m

(
ε
)
+

1

ε1+
3

2m

(
ε2
)
+

1

ε1+
3

2m

(
1
)
+
(
ε
)

+
1

ε2+
3

2m

(
ε
)
+

1

ε1+
3

2m

(
ε
)
+
(
ε
)

≲
1

ε1+
2
m

|ln(ε)|8 .

We have shown

1

ε3

∥∥∥∥∥fε −
3∑
k=1

εkFk −
3∑
k=1

εkFk −
4∑
k=1

εkFk

∥∥∥∥∥
∞,ϑ,ϱ

≲ ε−1− 2
m |ln(ε)|8 .(6.78)

Therefore, we know

∥fε − εF1 − εF1 −F1∥∞,ϑ,ϱ ≲ ε2−
2
m |ln(ε)|8 .(6.79)

Since F1 = F1 = 0, then we naturally have for F = F1,

∥fε − εF∥∞,ϑ,ϱ ≲ ε2−
2
m |ln(ε)|8 .(6.80)

Here 3
2 < m < 3, so we may further bound

∥fε − εF∥∞,ϑ,ϱ ≲ C(δ)ε
4
3−δ(6.81)

for any 0 < δ << 1. The exponential decay in time can be justified in a similar
fashion using Remark 5.5. The positivity of F follows from a similar argument as in
[11, section 3.8].
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