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ABSTRACT

Low-frequency hydromagnetic turbulence is thought to play an important role in charged particle energization in space and astrophysical
environments. For understanding large-scale turbulence in magnetized plasmas, low-frequency electromagnetic turbulence has been widely
investigated within the theoretical framework of incompressible magnetohydrodynamic (MHD) theory. Among the existing works is the
weak turbulence formalism of incompressible MHD turbulence. The present paper revisits the existing formalism under the assumption of
zero residual energy. Under the strict assumption of turbulence taking place in a two-dimensional plane, which can be interpolated to a
three-dimensional situation with azimuthal symmetry, the well-known steady-state turbulent spectrum of k72 is recovered, where k; denotes

the wave number perpendicular to the ambient magnetic field.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0062561

I. INTRODUCTION

Low-frequency hydromagnetic turbulence in plasmas, or electri-
cally conducting ionized gas immersed in ambient magnetic field, is
widely investigated within the framework of magnetohydrodynamics
(MHD) in the literature." * Many MHD turbulence theories are built
upon the classic phenomenological fluid turbulence theory pioneered
by Kolmogorov.” Similar phenomenological theories for MHD turbu-
lence were subsequently developed in Refs. 6-9. Extended discussions
along similar lines can also be found in later works.'”"'* Important
developments in the more quantitative theory of MHD turbulence
include those of Ref. 13, where the strong turbulence regime of MHD
is modeled. Various renormalization group approaches to MHD tur-
bulence are also found in the literature, "> which is a concept well
developed in the context of neutral fluid turbulence.'”'” Among the
important milestones in this regard is the formulation of the weak
MHD turbulence theory for anisotropic turbulence in plasmas with a
strong ambient magnetic field.” >’ The above references rectified an
earlier theory”* and demonstrated that the three-wave resonant inter-
action characterizes the weak MHD turbulence. An excellent and sys-
tematic review of all these and other developments until the early
2000s can be found in Ref. 2, for instance. Numerous reviews with
focus on applications to space and heliospheric physics are also avail-
able in the literature, but herewith, we only cite a few, for example,
Refs. 25-28, and a recent review of MHD turbulence in the magneto-
sphere." We should also note that direct numerical simulations of
MHD turbulence are also widely available in the literature, which are

too numerous to give a complete account of, but some representative
works widely cited in the literature include Refs. 29-37. More recent
selective works include Refs. 3840, to name just a few.

Of particular interest to the present authors is the issue of weak
MHD turbulence.”’ ** Because of the well-defined linear physics pro-
vided by the shear Alfvén wave dynamics for strongly magnetized
plasmas, it seems that the weak turbulence approximation for MHD
turbulence should be quite valid, which is in contrast to the problem
of neutral fluid turbulence where the linear behavior is practically
absent. Because of this, we paid attention to this problem and found
that the existing formalism pioneered in the above references parallels
that of the Langmuir/ion-sound wave weak turbulence problem,
which is another area that is well developed in kinetic plasma theory,
e.g., see Ref. 41. Upon a careful survey of the MHD weak turbulence
theory, we deemed that an alternative formulation of the same prob-
lem within a framework that is often employed in the Langmuir/ion-
sound wave weak turbulence theory might be a useful contribution to
the subject matter. This is the motivation for the present paper.

A major finding in the existing MHD weak turbulence theory,
according to Refs. 22 and 23, is that the weak anisotropic MHD turbu-
lence energy spectrum in the asymptotically steady state should be
characterized by an inverse power-law spectrum, k2, where k; repre-
sents the wave number perpendicular to the ambient magnetic field.
With the alternative formulation of the present paper, we indepen-
dently derive this result. However, we found an interesting feature
associated with the weak MHD spectrum. That is, while the klz
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spectrum appears to be generally supported by our numerical compu-
tation of the resultant weak MHD turbulence equation, we also found
that other spectra are theoretically possible. Such a finding will also be
discussed in the present paper.

The organization of the present paper is as follows: In Sec. 11,
we formulate the weak MHD turbulence theory in a format that
closely resembles those of existing works, namely, those of Refs.
20-24, particularly those of Refs. 22 and 23. However, the formula-
tion will follow a style that is reminiscent of the plasma kinetic weak
turbulence theory found in the literature."' *** Then, Sec. III
expounds on the implications of the weak MHD turbulence theory,
which includes discussions on energy conservation, the anisotropic
nature of turbulent spectra, and the quasi-steady-state spectrum as
well as numerical demonstrations thereof. Finally, Sec. IV summa-
rizes the present findings.

Il. DERIVATION OF WAVE KINETIC EQUATIONS
FOR WEAK MHD TURBULENCE

We start from the equations of incompressible magnetohydrody-

namic (MHD) theory."” Assuming constant density, p = const, and
thus, V - u = 0, u being the fluid velocity, we have
d B- V
e —VP, + + vV,
dt )
dB

e = (B-V)u+ vV?B,
where B is the magnetic field, which of course, satisfies V - B = 0; the
material derivative is defined by d/dt = 9/0t +u-V; P. =P/p
+B?/(87p) represents the total pressure; and we have assumed that
the velocity-space dissipation rate and the magnetic resistivity are
identical. We separate the magnetic field into an ambient component
and fluctuations, B = By + dB. We then define the Alfvén velocity,
cs =Bo/(4np)'/?, and the Elsisser fields, z* = u+b, where
b = 6B/(4np)"/%. Then, it is a well-known and straightforward exer-
cise to rewrite the MHD equation (1) as

—ofca- V)" + (z7% - V)z*
V.z* =0,

+ VP, — vV = 0,

ot (2)

where o = * denotes the two signs of Elsasser fields.

In what follows, we will rewrite Eq. (2) in spectral representation. In
doing so, we keep in mind that the spectral amplitudes vary slowly in
time. That is, we treat the spectral amplitudes as an adiabatic function of
time, while the physical quantities also oscillate in fast time scale of Alfvén
waves.""**” This is a shortcut method to implement the multiple
(or two)-time scale analysis into the problem at hand. We also treat the
angular frequency o to possess an infinitesimal positive imaginary
part, which is a consequence of the causality relationship. In short,
we express the physical quantities as z*(r, ) = Y, , 7, (£)e™ ™"
well as Pi(r,t) = >y, Po(t)e® ", together with the inverse
transformation,  z¥ (t) = (2r) " [dr [dt2*(r,t)e®*Hr and
Pio(t) = (2m) ™ [ dr [ dt P.(r, t)e *+" Here, the slow time depen-
dence of the spectral amplitudes z  (f) and Py ,,(t) is meant to be adia-

batic. Implementing this spectral transformation to Eq. (2), we obtain™"**

scitation.org/journal/php

0
0= <ia—+ w+ok-cy+ ikzu)zfé‘w — kP

B 721{’ / |: k- k/ Zl:’?(w’zlaéfk'w—w’ + (k/ —k— k,):| )
k- Zloi,(u =0,

(©)

where the symbol (k' < k — k') denotes the repetition of the first
term within the square bracket except k' and k — k' are to be inter-
changed, and i0/0t acts upon the adiabatic time variation of the spec-
tral amplitude z¥ (¢). In what follows, we absorb the slow time
derivative to the angular frequency, @ + id/Jt — ®, and reintroduce
i0/ 0t later at an appropriate stage. Note that the nonlinear term in
Eq. (3) is expressed by writing the integral over k' and ' in a symmet-
ric form. This shortcut two-time scale treatise is adopted in the theory
of kinetic weak plasma turbulence,’"****"” whereas in standard MHD
(and fluid) turbulence theories the spectral transformation is applied
only for the spatial coordinates.””'”**** The advantage of this method
is that the basic equations turn into a set of algebraic equations, which
facilitates subsequent manipulations.

By taking the dot product k- of Eq. (3) and making use of the
incompressibility condition, k - z; ,, = 0 one may obtain Py, which
is inserted back to Eq. (3). The result is

ka = ZP’J

[ lij—k’,u) ' Zk’ / + (k k- kl):|’
k’ '

(4)

where we have made use of k' - z;* , =0 and (k —K') -z %,
= 0, and where the linear response function D, (k, @) and the projec-

tion operator Pj(k) are defined, respectively, by

Dy(k, ) = o+ akjcs + kv,

ki ®)
2

Here, we should keep in mind that the angular frequency o is implic-
itly assumed to have an infinitesimal positive imaginary part, & + i0.

In order to proceed, we take the dot product z% _ and take the
ensemble average of Eq. (4),

Plj(k) = 51']' -

Doc (ka 60) <Zlffu)ziikru)>

1 o —ak oi
:Ezpij(k)kk[(ij,kgw,w,Zkr‘f,z,k,,o)+(k’<—>k—k’) . (6)
Ko

As is apparent, Eq. (6) is not closed since the two-body correlation
function (77, 2%, ) is coupled to the three-body  correlations,

o —ok oi —ok
<Zk K o—ao' Zk’ Kol ' w> and < 2 Ko 2k K oo

infinitum. Consequently, one must close the infinite hierarchy of
correlations.

Note that for homogeneous and stationary turbulence, we have
(#0Z—0) = (T - Tk ) = (22)1c > Which is related to the spec-
tral energy density ‘of the Elsasser fields. Note also that (g 2 o)
= <u2>kw + <b >ku) + 2o Re<uk o’ I)k w> Here, <u2>k4w + <b2>k.w is
the total (particle plus field) energy, the quantity (uy, - by, ) is associ-
ated with the alignment between the flow field vector and the fluctuat-
ing magnetic field vector. If (uy, - b;g}) = 0, then the Elsasser fields
are symmetric, (2% )y, = (2” )y, and the turbulence is said to be

z% ), and so on, ad
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balanced. Note that in general, the dot product of Elsasser fields of
opposite signs is not necessarily zero, (z,-z% ) = (4)i,
— (V") F2ilm(ug,, -by ). The quantity (u),, — (), is
known as the residual energy, the difference between the flow kinetic
energy and the field energy. In general, the residual energy is generally
finite, as some simulations indicate, and as Ref. 49 point out. For non-
zero residual energy, in addition to the ensemble-averaged nonlinear
equation for (zf , -z*) ) specified by Eq (6), one must also con-
struct the separate equation for (zf  -z7§ ). Such a formalism will
lead to the coupling of energy density for Elsdsser field,
(2%, 7"k _,)> and the residual energy field (z; , - 2"} ). However,
in the present discussion, we are concerned with a relatively simple
and ideal case of zero residual energy, (zj , -z7§ ) = 0, which Ref.
22 also assumed. This simplifies the analysis in that the ensuing for-
malism will only involve nonlinear interactions between the Elsasser
fields of opposite signs, (z , - 2", _,) and (7, - 27, ).

In order to achieve closure, one needs to obtain the three—body

oj —otk
<Zk/ 2 K ,0— {H’Z*k w>

which is done in the customary manner in standard weak turbulence

oj —ok i
cumulants (7", 2% 2% _,) and

theory. We first write the solution to (3) iteratively, z} = zifi)i
+zl°:(i))1 + .-+, where zﬁfg)t satisfies  the linear equation,
D, (k, w)z:‘(g)i = 0. This means that odd moments of the zeroth order

solution are all zero,
(zlf(g) Zﬁ% Zlif, [L,,) = 0. Since D, (k, a))zk 9 — 0, the nonlinear correc-

tion is obtained by

including the third order moment,

an)i 1 —a(0)k ,

o T 2D (k CU) Z P’J kk[ 2 k’ - =9 o (k —k-Kk )]

K o

(7)

With this solution, we write the three-body cumulants of relevance as

of —ok _oi (D) —a(0)k_x(0)i
<Zk—k’.,(u—(u’zk'xu’z—lk>—w> - <Zk—k’,w—w/zk’,w’ Z*k,—(u>
(0)j —a(1)k _o(0)i
+<Zk7k’,w—w’zk’,w/ Z*kfw>

2(0)j —a(0)k a(1)i
+ <Zlf—k]"wfu)’zk’iu’ Zik,i(u>' (8)

By making use of the short-hand notation, g = (k, w), and by itera-
tion we may construct the three-body cumulants of relevance upon
coupling Egs. (7) and (8),

o —ok oi
<Zk K o— m/zk’ %k, (/J>
- E: 1k — K) (k — K),,

ol —om ,—ok oi ol —om —ok oi
X ((Zq—q/—qllzq// Zq/ Z—q> +<qulzq—ql—q/lzq/ Z—q>)

Nt —ol Zm J
ZP"’ (k)k ( Zar—qn@qn “4- q’Z*q>

scitation.org/journal/php

where we have ignored the superscript (0) after everything is said and
done.
At this point, it is apparent that the three-body cumulants

depend on four-body cumulants, (zf;’zgf zqf‘,zg,l,,) In order to truncate
this infinite chain of hierarchy, we write the four-body cumulant into
products of two-body correlation functions while ignoring the irreduc-

. . . B _yk B\ /_k
ible four-body correlation function, (z;"z,;f zq,,zg,l,,) (z;’zé,)(zq,,zg,l,,)
Bi

+(z zq,,>(zgfzs,l,,) + (zq zq,,,><zq,zq,,> We further make use of
(z;"zgf) =d(q+q )(z“‘zl,}]q,) and the fact that Py(k —k')d(q — ¢')
= 0, Pkl(k/)é( ) = 07 P,l( k)&(,q) =0, and Pkl(k — k/)(S(q — q/)
= 0. Then, we have

o —ak _oi
<Zk7k/,w7w’ 2K o Z*k,*w>

P'l(k_k/) i —om —a ¢ —a —om i
= prta—g) IO + ) )

Pu K —a o am o —al oi om oj
* k(( ))k <<Z’”11+‘1’Zq] ‘1’><Zq z q>+<zq lzfq><zfq+q’z‘1]‘q’>)
itm (k)

Da(—q)

j —om — 1 —oky\ )/ —
o (222 a2 ™) 4 (2 2N 2 ) )
(10)

This method of constructing the three-body cumulant based upon the
iterative solution (7) rather than taking the direct triple product of Eq.
(2)—see, e.g., Refs. 1, 2, 19, 22, and 23—is again a standard practice
adopted in the kinetic weak plasma turbulence formalism.'"""*
Obviously, this method bypasses the actual evolution equation for the
triple correlation function and hence is convenient for achieving the
closure of the hierarchy of correlations.

Inserting this into Eq. (6), making use of the incompressibility
condition k;z = 0 associated with various terms, as well as the prop-

erty (z; zq) 0z >q,we arrive at
2p i (K) (22,0 ¢ (22)
0= Z kP ( Da(ql’]) ! !
Pij(k)<za>q—q’ <Z—a¢>q’ PN 1
D: (q) +(k<—k-k )>, (11)

where we have written down the terms with interchange of dummy
arguments (k' < k — k') specifically, and we have made use of
kiP;j(k) = 0. Here, we have made use of the fact that o is considered
to have an infinitesimal positive imaginary part, which ensures causal-
ity. Thus, we have D,(q) = D,(k, @) = @ + akjcy + ik*v + 0,
which means that we may write D,(—q) = —w — okjca + ik*v
+i0 = —Dj(q). In arriving at Eq. (11), we have made use of the fact
that the cross product (z* - %), associated with the residual energy is
zero.

At this point, we reintroduce the slow time dependence on D, (q)
via D, (q) = D,(k, w) — D,(k, w + i0/0t), which modifies the first
term of Eq. (11),

+HzMgm 24 >—72Pil(k)km i (2
g “q—qn*q—-q'*—q — i 0D (q) <Z>
2D:(=0) % Di(9)(2)g = Dal@){@)g +5 5 5
X <<Zilq7quzz;;zngj—qlzf;xk> + <Zq/l/Z:qu//Z;] q/zﬁ;xk>>7 (9) -D 2 i 8<Z§>‘1 2
= D)), + 1, 1)
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where we have made use of the fact that 9D, (q)/0w = 1, by virtue of
the definition D, (q) = @ + akjcs + ik*v. We may split D, (q) into
real and imaginary parts, D,(q) = ReD,(q)+ ilmD,(g), where
Re D,(q) = @ + akjca and Im D, (q) = k*v. This modifies the equa-
tions at hand,

i0(z;
0 = ReD,(q)(z;), +ikv(z), + 2 <;t>q
k k, Z—x> ’<Zz>
**E 1 k2 ) Di(zz’) :
+2<za>[q)*q(r;)zza>,,f+(ka_k/)} (13)

where we have made use of the definition (5) for the projection opera-
tor, P;(k), in order to express the final equation in explicit notation.
This procedure of first absorbing the slow-time derivative into the
angular frequency and reintroducing it later is the essence of the short-
cut two-time scale analysis, which is adopted in the kinetic weak tur-
bulence theory.*"**

The real part of Eq. (13), while ignoring nonlinear terms, namely,
ReD,(q) =0, leads to the Alfvén wave dispersion relation,
® = —okjca, so that we may write the energy density for Elsasser
fields in terms of the intensities,

(#2)q = T 0(e + ),

(14)
Wk = k”CA.

We next consider the imaginary part of Eq. (13),

ID!
0= (% + 2k2ylfg>6(w + awy)

k- (k—K)
_ImZ{ < el W) )

x 8(w + o) (' — )

LI
Dy(q—4q')

2K 4T,
TR KRR 50— o Nolw — ,
D;(q) (w w +awk,k) (w awk)
(k- k’) * oIy
w (1 ke qu/) (@ — o' — awy_y)d(o + aox)
21141 %,
KRR 5 o — Nolw' AR 15
Dj;(q) (a) 10} oca)k,k) (co +ocwk) (15)

scitation.org/journal/php

where we have again made use of the fact that 9D,(q)/dw = 1. This
leads to the wave kinetic equation for the intensities Ii/ associated with
the FElsasser fields,

8[1 k : k’ 2
6: = —2K*vI} -7k Jdk/{ Kl + ( kzk/z) )Ilf -2 d Y

x Sk — o + o)+ k = k — k/)}7 17)

where we now resort back to the long-hand notation. This form of
wave kinetic equation is essentially the same as those found in the lit-
erature, e.g., Refs. 22 and 23.

lll. IMPLICATIONS OF WEAK MHD TURBULENCE
THEORY

The first implication of weak MHD turbulence theory relates to
the energy conservation theorem. It can be shown that Eq. (17) satis-
fies the conservation of total energy associated with the Elsasser fields
in the absence of dissipation. In order to show this, it is useful to multi-
ply Eq. (17) with @ = awy, sum over both signs of « = =, and inte-
grate over k. Note that hw represents the quantum mechanical energy,
although the present discussion is purely classical. Nevertheless, this
shows that the quantity considered below represents the time rate of
change in the total energy (TE) of Elsasser fields:

d o[ ,_
E(TE) = Z aJ dkOCCUka7

o=*1

- _2Jdkk2u > aondy — nkzjdkjdk’ >

e

[k(k_k/)]z o o
+W> Iy — 21k_kr:|

X I " oo 6 (g + oy — @y _y)
} I 0o d (g — oy + o).

k- k/)Z
U k2 -
(18)
We pay attention to the nonlinear term, which is expressed concretely as
k- (k—K)]*
NL = fnkZJdk Jdk/ 1 +M
k(k — k)

X Ilfllz Wk Ok + O — Op_y) (A)

K)? i
+ <1 + ( ka/z) )Il?lllk’wk (o — o + o), (&)

We evaluate the inverse dielectric functions by ignoring the prin- k- (k- K)]
cipal part contributions, - (1 + W) L Lo d(ox + o — o) (B)
1 1
D, q—q) dD,(q—q (k-K)%Y
A1 q) (0 — o' + 0oy + i0) a(afq_ (u?)) a (1 + g ok d(ox — o o) (B)
X = —in 51(0) — o + o), 217 T on Oy + o — o) ©)
D,(q) = 9D,(q) = _iné(w/ + o), (16) - ZIk’Ik W Ok O(wx — o + o) (C/)
" (0 + awy + i0)
. o’ + 2L e Oy + oy — o) (D)
= =ind(w + awy)
D oD '
2(@) (@ + owy + i0) 82()@ + ZIk e O Ok — o + W k’)} (D)
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where we have indicated four similar pairs of terms with (A), (A"), (B),
(B'), (C), (C'), (D), and (D). After trivial changes of dummy variables,
we can show that each pair cancels out to zero. Specifically, for the
terms (A’) and (B'), we first interchange k' and k — k’, and subse-
quently change the signs k — —k and k' — —k’ (and make use of the
symmetry properties I*, = It and w_x = —wy). Then, one can easily
show that these terms exactly cancel out (A) and (B) terms, respec-
tively. For the terms (C') and (D'), we simply make the change of
signs, k — —k and k' — —k/, plus invoke appropriate symmetry
properties to cancel out the other two respective terms, (C) and (D). In
short, we have

a oL oL
Z §Jdkoca)k1k = —ZJdkkzz/ Z owidy - (19)

a==*1 a==*1

If we ignore the dissipation term on the right-hand side, then we have
the wave energy conservation theorem. That is, the exchange of wave
momentum and energy via three-wave resonance does not affect the
total energy content. It only leads to the redistribution of wave
momentum and energy, that is, the cascade of turbulence. This is, of
course, to be expected, since the three-wave resonance that leads to the
turbulent cascade does not alter the energy content until the cascade
reaches the scale, A o< v /2, the so-called dissipation range, at which
point the turbulent energy is dissipated by viscosity or magnetic
resistivity.

The second implication of the weak MHD turbulence theory is
the inherent anisotropic nature of the turbulence spectrum.”””” That
is, the cascade in directions transverse to the ambient magnetic field,
or equivalently, perpendicular to the Alfvén wave propagation direc-
tion, is the dominant process. To see this, let us consider the three-
wave resonance conditions, which are given by wy + wp — oy
=2k ca and o — o + o = 2(k) — kﬂ)cA. This allows one to
write the wave kinetic equation (17) as

oI ) L k-(k—K)\,
=X = 2k —— | dk 1+———= | —21
ot o Jd TRk Wy )k ek

x r,“a( ]|)+ Kl +%)1§ -2 k} Iljfk,(S(kH - k’H).

(20)

This result shows that the cascade process primarily affects the per-
pendicular wave vector, since the k' integration along the parallel
direction is suppressed by the delta function conditions, 5(ki‘) and
o(kj —ky)-

To see this more clearly, let us assume a Cartesian coordinate
system where both k and k’ vectors lie in the xz plane. In such a sit-
uation, since the y axis is a trivial coordinate, the problem effec-
tively reduces to a two-dimensional situation where physical
quantities are implicitly assumed as translationally invariant along
the y axis. Such an effective two-dimensional problem, however,
can be translated into a genuine three-dimensional result if we con-
sider a cylindrical, or azimuthal, symmetry associated with physical
quantities. Such a consideration will be relevant later, when we dis-
cuss the steady-state spectrum of the weak MHD turbulence. For
now, let us assume that k = %k, + zk, and k' = f(k; + zk/z. Then,
Eq. (20) can be written as

scitation.org/journal/php

Ol (ky, k)

S = 2Lk k)

2 (o0
_u dk;{KH
ZCA —0

| X

Z‘x(kx - kf)2+ kz} > y( xykz)
(ke — k)™ + KZ]

* <1 e (k2 12) L(ke,k.) — 2L (K, k)
L)) o

From this, it is clear that dynamical processes affect k, while changes
in intensity along k, come about only indirectly. As a consequence, we
may consider the dynamics along k, only by taking k, = 0 in Eq. (21),

ow, (k)

= =2k v W, (ky)
2o a0 — Wk — )] W ()
Wi (k) — W (K)]W_y (ke — K,) }, (22)

where W, (k) = L,(ky,0). This equation describes the perpendicular
cascade of highly anisotropic weak MHD turbulence along the perpen-
dicular direction.

A question that naturally arises relates to the steady-state spectrum,
which points to the third implication of the present problem. Let us
assume a steady state and ignore dissipation in Eq. (22). Let us also assume
that in the steady state the weak MHD turbulence is in balance, W (k)
= W_(ky) = W(k), that is, uy - bx = 0, and for the sake of notational
simplicity, we suppress the subscript x, and write k = k,. Then, we have

0=J dk' { [W(K)+W(k—K)|W(k)—2W (K )W (k—K)}. (23)
Obviously, the constant W (k) = W, satisfies the above. Of course,
W (k) = Wy over an entire spectral range may lead to divergence
when integrated over an infinite range of k, but constant W(k) may be
realized over a finite space. Note that an inverse power-law spectrum
k= also leads to divergence at k=0, but such a distribution can be
realized over a finite k domain. Consequently, one cannot blindly
apply the power-law spectrum over an entire domain. Nevertheless,
suppose that the spectrum is given by a power law,
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WK o (24)
Then, we have
o2 &[T
7ks —00 x* ooxs(ki'x)sy
Z[HH)S]J&@_ Jk L—z(—nSJmL
- ks 0 XS 7ocx5(k_x)5 k .QCS(JC—]()S7
2[1+ (—1)] [* *
_2[1+( )]J @_2(_1)5J XS+ K) " dx — 2(—1)F
ks 0 x5 —k
><J xS (x—k) " dx. (25)
k
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Upon making use of the following integral identity:

00
J x 7 (x—u)Cdx = u"*B(2s — 1,1 —s)
u

W T@s— DI -3
=u T (26)

we obtain

_2[1+ (=17 ro‘ix (27)

0= x S

From this, it is clear that all odd integer s values satisfy the equation.
Note that the second and third terms on the right-hand sides of
second and third lines in Eq. (25) exactly cancel each other out. This
means that the steady-state weak MHD turbulence spectrum along the
perpendicular direction is not unique such that multiple solutions are
possible including W (k,) = const and W (k,) o< k!, k., k. Note
that even more divergent spectra of the type k2™, n =10,1,2,3, ...
are also possible in a mathematical sense, although for all practical pur-
poses, power-law solutions with positive spectral indices are not of par-
ticular physical significance. Of these possible solutions, we are
particularly interested in W (k,) o k! since this solution is related to
the steady-state spectrum discussed in the literature, namely, that the
perpendicular spectrum of weak MHD turbulence is oc k72.”” In order
to recover such a relationship, we invoke the conservation relationship
between the Cartesian representation in the two-dimensional sheet dis-
cussed thus far and three-dimensional turbulence with cylindrical (or
azimuthal) symmetry,

00

JOO W(ky) dk, = sz Wky)kodk, . (28)

—00 0
Upon substituting W (k,) = Ck, ! on the left-hand side, changing the
dummy integral variable from k, to k| , and extending the perpendicu-
lar k; integral on the right-hand side to negative range of k; under
the assumption that the intensity is invariant under the change of sign
of k| (which is justified a posteriori), we have

—00

A direct comparison of both sides of the equality leads to the desired
result,

W(k,) o kiz . (30)
1

We have also solved the evolution equation (22) by numerical
means. MHD has no characteristic scale, but suppose that we normal-
ize the equation into a dimensionless form by introducing an arbitrary
scale length, L, and normalize the wave numbers with respect to L. We
also consider the dimensionless time with respect to L and Alfvén
speed c,. The dissipation rate is also normalized into a dimensionless
form. Finally, the Elsasser wave energy density is also written in

dimensionless form,

W) — ek

=k, L
TR 212

scitation.org/journal/php

Then, we have

OW,(x)
oT

= 22X VW, (x) + 4x> (J: AsW_y(s) Wy (x —s)

+ ro dsW_,(s)Wy(x +s) + Joo dAsW_,(s) Wy(s — x)

—aw,(x) |

0

dsW,a(s)> , (32)

where we have rewritten the s integrals as integrals over positive s only
by making use of the symmetry W, (—s) = W,/(s).

In Fig. 1, we showcase a sample result where we initiated
the computation with an identical Gaussian spectral profile for
both W(x) = W, (x) = W_(x) = Woexp |[—(x — x0)>/A], where
Wy = 0.1, xp = 0.2, and A = 0.005. We have considered a range of
normalized perpendicular wave numbers, 0 < x = k,L < 1, and have
solved the evolution equation (32) up to T'=500. The initial profile is
plotted with dots, while the snapshots at different times, T= 100, 200,
300, 400, and 500, are plotted by means of colored curves, with corre-
sponding time intervals indicated with a color scheme. As one can see,
the initial Gaussian profile gradually evolves into a quasi-power-law
spectral profile characterized by k' by the forward cascade process,
which translates to klz, as noted above, in agreement with Ref. 22. We
have also considered normalized dissipation rate of v = 1074, but the
numerical solution is hardly affected even if we set v equal to zero.
Note that the quasi-exponential turnover feature near maximum
Xmax = kxL = 1 is simply the result of the boundary condition rather
than dissipation by finite resistivity. We find that this result is rather
interesting. Despite the prediction that any of the spectral forms
W (ky) = const and/or W(k,) = k> n=0,%1,%2,+3, ..., can
be realized, which follows from the strict mathematical analysis of
steady-state equation, the numerical solution shown in Fig. I nonethe-
less corresponds to k! spectrum over a finite range, which implies
k1% spectral shape in 3D geometry with cylindrical (or equivalently,
azimuthal) symmetry.

10—

" T =cqt/L=0

kL

FIG. 1. Initially Gaussian profile W (x) = W, (x) = W_(x) = Wyexp [ (x — x)?/
AJ, where Wy = 0.1, xo = 0.2, and A = 0.005, evolves into a power-law spectral
profile characterized by k;1 by forward cascade, which translates to kf, in agreement
with Galtier et al.”*
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IV. SUMMARY AND CONCLUSIONS

The study of magnetohydrodynamic (MHD) turbulence is
important due to its varied applications including its role not only in
heating the solar corona and acceleration of the wind but also in other
astrophysical and laboratory environments.” “** ** In the present
paper, we reformulated the weak MHD turbulence theory” > under a
slightly different approach often employed in the Langmuir/ion-
sound wave kinetic weak turbulence theory.""""** We have confirmed
that the weak anisotropic MHD turbulence energy spectrum in the
asymptotically steady state behaves as k%, where k| represents the
wave number perpendicular to the ambient magnetic field, in agree-
ment with Refs. 22 and 23. This is rather interesting since such a
quasi-steady-state solution, according to purely mathematical reason-
ing, is not a unique solution and that other spectra are theoretically
possible. Nevertheless, our numerical computation demonstrated that
the k1% (or in a two-dimensional sheet-like geometry, k') spectrum
is indeed reproduced as a quasi-steady-state solution.

An important point of the present work is that the standard
methodologies widely employed in the MHD (and fluid) turbulence
problem and the kinetic plasma turbulence situations are mutually
equivalent such that these methodologies and approaches may be
employed interchangeably for other more complex situations.
Nonetheless, we find that the standard method involved in the kinetic
plasma turbulence theory, which involves the shortcut two-time scale
analysis and the iterative solution-based construction of the three-
body correlation function, offers the possibility of a more convenient
pathway to construct a similar analysis for more complex problems.

Before we close, we mention that the weak MHD turbulence the-
ory as discussed in this paper, or for that matter, any other turbulence
theory based on fluid equations, lacks the crucial element of wave-
particle interaction process. Instead, MHD or fluid turbulence theories
only deal with the process of spectral transfer of wave energy. In order
to encapsulate the wave—particle aspect of the problem, one needs to
move beyond the fluid models of turbulence and incorporate kinetic
effects. Some discussions along such a line of approach may represent
the issue of absorption and emission of low-frequency fluctuations by
particles. For instance, Refs. 50-52 investigated the issue of spontane-
ous thermal emission of Alfvénic fluctuations by means of kinetic the-
ory, which could, in principle, be coupled to the wave kinetic equation
for Alfvénic turbulence once the MHD weak turbulence theory is
reformulated within the framework of plasma kinetic theory. Such a
task is, however, beyond the scope of the present paper.

ACKNOWLEDGMENTS

P.H.Y. acknowledges NSF Grant No. 1842643 and NASA Grant
No. NNH18ZDAO00IN-HSR (No. 80NSSC19K0827) to the University
of Maryland. G.C. was supported by the National Research
Foundation of Korea (NRF) grants 2016R1D1A1B03936050 and
2019R1F1A1060887 funded by the Korean government.

DATA AVAILABILITY
The data that support the findings of this study are available
from the corresponding author upon reasonable request.

REFERENCES

'D. H. Biskamp, Magnetohydrodynamic Turbulence (Cambridge University
Press, Cambridge, 2003).

ARTICLE scitation.org/journal/php

2M. K. Verma, “Statistical theory of magnetohydrodynamic turbulence: Recent
results,” Phys. Rep. 401, 229 (2004).

3R. Bruno and V. Carbone, Turbulence in the Solar Wind (Springer, Heidelberg,
2016).

“F. Sahraoui, L. Hadid, and S. Huang, “Magnetohydrodynamic and kinetic scale
turbulence in the near-Earth space plasmas: A (short) biased review,” Rev.
Mod. Plasma Phys. 4, 4 (2020).

SA. N. Kolmogorov, “The local structure of turbulence in incompressible vis-
cous fluid for very large Reynolds numbers,” Proc. R. Soc. London, Ser. A. 434,
9 (1991) [Original publication in Russian, in Dokl. Aka. Nauk SSSR 30, 4
(1941)].

®R. H. Kraichnan, “Inertial-range spectrum of hydromagnetic turbulence,”
Phys. Fluids 8, 1385 (1965).

7Pp. . Troshnikov, “Turbulence of a conducting fluid in a strong magnetic field,”
Sov. Astron. 7, 566 (1964).

8M. Dobrowolny, A. Mangeney, and P. Veltri, “Fully developed anisotropic
hydromagnetic turbulence in interplanetary space,” Phys. Rev. Lett. 45, 144
(1980).

°R. Grappin, A. Pouquet, and J. Léorat, “Dependence of MHD turbulence spec-
tra on the velocity field-magnetic field correlation,” Astron. Astrophys. 126, 51
(1983).

10g, Marsch, “Turbulence in the solar wind,” in Reviews in Modern Astronomy,
edited by G. Klare (Springer, Berlin, 1990), p. 43.

TW. H. Matthaeus and Y. Zhou, “Extended inertial range phenomenology of
magnetohydrodynamic turbulence,” Phys. Plasmas B 1, 1929 (1989).

12y, Zhou and W. H. Matthaeus, “Models of inertial range spectra of interplane-
tary magnetohydrodynamic turbulence,” J. Geophys. Res. 95, 14881, https://
doi.org/10.1029/JA095iA09p14881 (1990).

3p. Goldreich and S. Sridhar, “Toward a theory interstellar turbulence II. Strong
Alfvénic turbulence,” Astrophys. J. 438, 763 (1995).

].-D. Fournier, P.-L. Sulem, and A. Pouquet, “Infrared properties of forced
magnetohydrodynamic turbulence,” . Phys. A 15, 1393 (1982).

SM. K. Verma, “Mean magnetic field renormalization and Kolmogorov’s energy
spectrum in magnetohydrodynamic turbulence,” Phys. Plasmas 6, 1455 (1999).

T6R. H. Kraichnan, “The structure of isotropic turbulence at very high Reynolds
numbers,” Fluid Mech. 5, 32 (1959).

7V, Yakhot and S. A. Orszag, “Renormalization group analysis of turbulence. I.
Basic theory,” J. Sci. Comput. 1, 3 (1986).

B, M. Smith and S. L. Woodruff, “Renormalization-group analysis of
turbulence,” Annu. Rev. Fluid Mech. 30, 275 (1998).

®W. D. McComb, The Physics of Fluid Turbulence (Clarendon Press, Oxford,
1990).

20C, S. Ng and A. Bhattacharjee, “Interaction of shear-Alfvén wave packets:
Implication for weak magnetohydrodynamic turbulence in astrophysical
plasmas,” Astrophys. . 465, 845 (1996).

21C. S. Ng and A. Bhattacharjee, “Scaling of anisotropic spectra due to the weak
interaction of shear-Alfv’en wave,” Phys. Plasmas 4, 605 (1997).

225, Galtier, S. V. Nazarenko, A. C. Newell, and A. Pouquet, “A weak turbulence
theory for incompressible magnetohydrodynamics,” J. Plasma Phys. 63, 447
(2000).

233, Galtier, S. V. Nazarenko, A. C. Newell, and A. Pouquet, “Anisotropic turbu-
lence of shear-Alfvén waves,” Astrophys. . 564, L49 (2001).

243, Sridhar and P. Goldreich, “Toward a theory of interstellar turbulence. 1.
Weak Alfvénic turbulence,” Astrophys. J. 432, 612 (1994).

25C_.Y. Tu and E. Marsch, “MHD structures, waves and turbulence in the solar
wind: Observations and theories,” Space Sci. Rev. 73, 1 (1995).

26M. L. Goldstein, D. A. Roberts, and W. H. Matthaeus, “Magnetohydrodynamic
turbulence in the solar wind,” Annu. Rev. Astron. Astrophys. 33, 283 (1995).

27Y. Zhou, W. H. Matthaeus, and P. Dmitruk, “Colloquium: Magnetohydrodynamic
turbulence and time scales in astrophysical and space plasmas,” Rev. Mod. Phys.
76, 1015 (2004).

28W. H. Matthaeus and M. Velli, “Who needs turbulence? A review of turbulence
effects in the heliosphere and on the fundamental process of reconnection,”
Space Sci. Rev. 160, 145 (2011).

29]. V. Shebalin, W. H. Matthaeus, and D. Montgomery, “Anisotropy in MHD
turbulence due to a mean magnetic field,” J. Plasma Phys. 29, 525 (1983).

Phys. Plasmas 28, 082306 (2021); doi: 10.1063/5.0062561
Published under an exclusive license by AIP Publishing

28, 082306-7


https://doi.org/10.1016/j.physrep.2004.07.007
https://doi.org/10.1007/s41614-020-0040-2
https://doi.org/10.1007/s41614-020-0040-2
https://doi.org/10.1063/1.1761412
https://doi.org/10.1103/PhysRevLett.45.144
https://doi.org/10.1063/1.859110
https://doi.org/10.1029/JA095iA09p14881
https://doi.org/10.1086/175121
https://doi.org/10.1088/0305-4470/15/4/037
https://doi.org/10.1063/1.873397
https://doi.org/10.1007/BF01061452
https://doi.org/10.1146/annurev.fluid.30.1.275
https://doi.org/10.1086/177468
https://doi.org/10.1063/1.872158
https://doi.org/10.1017/S0022377899008284
https://doi.org/10.1086/338791
https://doi.org/10.1086/174600
https://doi.org/10.1007/BF00748891
https://doi.org/10.1146/annurev.aa.33.090195.001435
https://doi.org/10.1103/RevModPhys.76.1015
https://doi.org/10.1007/s11214-011-9793-9
https://doi.org/10.1017/S0022377800000933
https://scitation.org/journal/php

Physics of Plasmas

39D, Biskamp and H. Walter, “Dynamics of decaying two-dimensional magneto-
hydrodynamic turbulence,” Phys. Fluids B 1, 1964 (1989).

S'W. H. Matthaeus, S. Ghosh, S. Oughton, and D. A. Roberts, “Anisotropic
three-dimensional MHD turbulence,” J. Geophys. Res. 101, 7619, https://
doi.org/10.1029/95JA03830 (1996).

32M. K. Verma, D. A. Roberts, M. L. Goldstein, S. Ghosh, and W. T. Stribling, “A
numerical study of the nonlinear cascade of energy in magnetohydrodynamic
turbulence,” J. Geophys. Res. 101, 21619, https://doi.org/10.1029/96]JA01773
(1996).

33W.-C. Miiller and D. Biskamp, “Scaling properties of three-dimensional mag-
netohydrodynamic turbulence,” Phys. Rev. Lett. 84, 475 (2000).

34J. Cho and E. T. Vishniac, “The anisotropy of magnetohydrodynamic Alfvénic
turbulence,” Astrophys. J. 539, 273 (2000).

35]. Cho, A. Lazarian, and E. T. Vishniac, “Simulations of magnetohydrodynamic
turbulence in a strongly magnetized medium,” Astrophys. J. 564, 291 (2002).
8], Cho, A. Lazarian, and E. T. Vishniac, “Ordinary and viscosity-damped mag-

netohydrodynamic turbulence,” Astrophys. J. 595, 812 (2003).

37]. Maron and P. Goldreich, “Simulations of incompressible magnetohydrody-
namic turbulence,” Astrophys. J. 554, 1175 (2001).

384, Beresnyak, “Spectral slope and Kolmogorov constant of MHD turbulence,”
Phys. Rev. Lett. 106, 075001 (2011).

9], C. Perez, J. Mason, S. Boldyrev, and F. Cattaneo, “On the energy spectrum of
strong magnetohydrodynamic turbulence,” Phys. Rev. X 2, 041005 (2012).

“CF, Plunian, R. Stepanov, and P. Frick, “Shell models of magnetohydrodynamic
turbulence,” Phys. Rep 523(1), 1-60 (2013).

ARTICLE scitation.org/journal/php

“Ip. H. Yoon, Classical Kinetic Theory of Weakly Turbulent Nonlinear Plasma
Processes (Cambridge University Press, Cambridge, 2019).

42p_B. Kadomtsev, Plasma Turbulence (Academic Press, New York, 1965).

“3R. Z. Sagdeev and A. A. Galeev, Nonlinear Plasma Theory (Benjamin, New
York, 1969).

44y NL Tsytovich, Nonlinear Effects in a Plasma (Plenum Press, New York, 1970).

45R. C. Davidson, Methods in Nonlinear Plasma Theory (Academic Press, New
York, 1972).

“6A G. Sitenko, Fluctuations and Nonlinear Wave Interactions in Plasmas
(Pergamon Press, New York, 1982).

“7R. Schlickeiser and P. H. Yoon, “Electromagnetic fluctuations in magnetized
plasmas. I. The rigorous relativistic kinetic theory,” Phys. Plasmas 22, 072108
(2015).

“8D. B. Melrose, Plasma Astrophysics (Gordon and Breach, New York, 1980),
Vols. 1 and 2.

“9Y. Wang, S. Boldyrev, and J. C. Perez, “Residual energy in magnetohydrody-
namic turbulence,” Astrophys. J. Lett. 740, L36 (2011).

SOR. A. Lépez, A. F. Vinas, J. A. Araneda, and P. H. Yoon, “Kinetic scale struc-
ture of low-frequency waves and turbulence,” Astrophys. . 845, 60 (2017).

S'P. H. Yoon, R. A. Lépez, S. Vafin, S. Kim, and R. Schlickeiser, “Spontaneous
emission of Alfvénic flcutuations,” Plasma Phys. Controlled Fusion 59, 095002
(2017).

525, Kim, M. Lazar, R. Schlickeiser, R. A. Lépez, and P. H. Yoon, “Low frequency
electromagnetic fluctuations in Kappa magnetized plasmas,” Plasma Phys.
Controlled Fusion 60, 075010 (2018).

Phys. Plasmas 28, 082306 (2021); doi: 10.1063/5.0062561
Published under an exclusive license by AIP Publishing

28, 082306-8


https://doi.org/10.1063/1.859060
https://doi.org/10.1029/95JA03830
https://doi.org/10.1029/96JA01773
https://doi.org/10.1103/PhysRevLett.84.475
https://doi.org/10.1086/309213
https://doi.org/10.1086/324186
https://doi.org/10.1086/377515
https://doi.org/10.1086/321413
https://doi.org/10.1103/PhysRevLett.106.075001
https://doi.org/10.1103/PhysRevX.2.041005
https://doi.org/10.1016/j.physrep.2012.09.001
https://doi.org/10.1063/1.4926828
https://doi.org/10.1088/2041-8205/740/2/L36
https://doi.org/10.3847/1538-4357/aa7feb
https://doi.org/10.1088/1361-6587/aa77c3
https://doi.org/10.1088/1361-6587/aac1e4
https://doi.org/10.1088/1361-6587/aac1e4
https://scitation.org/journal/php

	s1
	s2
	d1
	d2
	d3
	d4
	d5
	d6
	d7
	d8
	d9
	d10
	d11
	d12
	d13
	d14
	d15
	d16
	d17
	s3
	d18
	dA
	dAa
	dB
	dBa
	dC
	dCa
	dD
	dDa
	d19
	d20
	d21
	d22
	d23
	d24
	d25
	d26
	d27
	d28
	d29
	d30
	d31
	d32
	f1
	s4
	l
	c1
	c2
	c3
	c4
	c5
	c6
	c7
	c8
	c9
	c10
	c11
	c12
	c13
	c14
	c15
	c16
	c17
	c18
	c19
	c20
	c21
	c22
	c23
	c24
	c25
	c26
	c27
	c28
	c29
	c30
	c31
	c32
	c33
	c34
	c35
	c36
	c37
	c38
	c39
	c40
	c41
	c42
	c43
	c44
	c45
	c46
	c47
	c48
	c49
	c50
	c51
	c52

