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A graph is a linear forest if each of its components is a path. Given a graph G with 
maximum degree �(G), motivated by the famous linear arboricity conjecture and Lovász’s 
classic result on partitioning the edge set of a graph into paths, we call a partition 
F := F1| · · · |Fk of the edge set of G an exact linear forest partition if each Fi induces a 
linear forest, k ≤ � �(G)+1

2 �, and every vertex v ∈ V (G) is on at most � dG (v)+1
2 � non-trivial 

paths belonging to F . In this paper, we prove the following two results.

• Every 2-degenerate graph has an exact linear forest partition, and so does every series-
parallel graph, every outerplanar graph, and every subdivision of any graph provided 
each edge of the original graph is subdivided at least once.

• Let p ∈ (0, 1) be a constant. If G ∼ Gn,p , then a.a.s. G has an exact linear forest 
partition.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

We will mainly use the notation and terminologies from West [12]. Graphs in this paper are simple unless otherwise 
specified. Let G be a graph. We use V (G) and E(G) to denote the vertex set and the edge set of G , respectively. The degree 
of vertex v in a graph G , written dG(v), is the number of edges incident to v in G . The maximum degree and minimum 
degree of G are denoted by �(G) and δ(G), respectively.

A graph is a linear forest if each of its components is a path. The linear arboricity of a graph G , denoted by la(G), is 
the least number of linear forests needed to partition the edge set of G . In 1981, Akiyama, Exoo, and Harary [1] made the 
following conjecture, commonly referred to as the linear arboricity conjecture (LAC).

Conjecture 1.1. For every graph G, la(G) ≤ ��(G)+1
2 �.

It is noteworthy that la(G) ≥ ��(G)
2 � for any graph G because the maximum degree of a path is at most 2. In addition, 

la(G) ≥ ��(G)+1
2 � for some graphs G; for example, regular graphs with even degree because for any linear forest partition 
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F of E(G), there is a vertex v ∈ V (G) such that v is an end-vertex of a path belonging to F . Recall that an edge-coloring 
of a graph is actually a partition of edges into matchings, and a matching can be viewed as a linear forest whose each 
component is an edge. Therefore, the above conjecture can be viewed as an analogue to Vizing’s theorem. Alon [2] in 1988 
showed that LAC is asymptotically correct as � → ∞. In the same paper, he also proved that LAC holds for graphs G with 
girth �(�(G)). The bound was subsequently improved by Alon and Spencer [3] in 1992, and by Ferber, Fox and Jain [7] in 
2020. LAC was verified for planar graphs G with �(G) �= 7 by Wu [13] in 1991 and for planar graphs G with �(G) = 7 by 
Wu and Wu [14] in 2008. McDiarmid and Reed [10] confirmed the conjecture for random regular graphs with fixed degree. 
Glock, Kühn and Osthus [8] showed that, for p ∈ (0, 1), a.a.s. the random graph G ∼ Gn,p can be decomposed into ��(G)

2 �
linear forests.

Erdős asked what is the minimum number of paths into which the edge set of a connected graph of order n can be 
partitioned. Gallai conjectured that this number is � n

2 �. (See [4,9].) Lovász [9] confirmed Gallai’s conjecture for graphs with 
at most one even degree vertex. More specifically, Lovász proved the following result.

Theorem 1.2. For any graph G, E(G) can be partitioned into paths with the following two properties.

• For each odd degree vertex v, there is exactly one of these paths containing v as an end-vertex, and
• For each even degree vertex v, there are at most two of these paths containing v as an end-vertex.

We call an edge set partition of a graph satisfying the above two properties a Lovász’s path partition. Pyber [11] and 
Fan [6], as well as some others, improved Lovász’s result. Inspired by LAC and Lovász’s path partition theorem, we give the 
following definition.

Definition 1.3. For a graph G with maximum degree �(G), a partition F := F1| · · · |Fk of E(G) is called an exact linear forest 
partition of G if each Fi induces a linear forest, k ≤ ��(G)+1

2 �, and every vertex v ∈ V (G) is on at most � dG (v)+1
2 � non-trivial 

paths belonging to F .

It is worth noting that if G has an exact linear forest partition F , then it gives both LAC and a Lovász’s path partition: 
Clearly, the exact linear forest partition of G is also a linear forest partition of G and la(G) = k ≤ ��(G)+1

2 �. Hence, LAC 
holds for G . For any vertex v ∈ V (G), let p be the number of paths in F containing v and q be the number of paths 
in F containing v as an end-vertex. Since G has an exact linear forest partition F , we have p ≤ � dG (v)+1

2 �. If dG(v) is 
odd, then p ≤ dG (v)+1

2 and q ≥ 1. Since dG(v) = q + 2(p − q) = 2p − q ≤ 2 · dG (v)+1
2 − q = dG(v) + 1 − q, we have q ≤ 1, 

and so q = 1. Therefore, G has the first property in Theorem 1.2. If dG(v) is even, then p ≤ dG (v)+2
2 and q ≥ 0. Since 

dG (v) = q + 2(p − q) = 2p − q ≤ 2 · dG (v)+2
2 − q = dG (v) + 2 − q, we have q ≤ 2. Hence, G has the second property in 

Theorem 1.2. Consequently, G has a Lovász’s path partition.
A graph G is k-degenerate if every induced subgraph H has a vertex v with dH (v) ≤ k.

Theorem 1.4. If G is a 2-degenerate graph, then G has an exact linear forest partition.

We believe that the above theorem can be extended to k-degenerate graph for small k, such as k = 3, 4, 5. For a given k, 
we guess that there is a positive number K such that every k-degenerate graph G with �(G) ≥ K has an exact linear forest 
partition. With Yu, we [5] recently proved that LAC holds for k-degenerate graph G with �(G) ≥ 2k2 − 2k.

A graph H is said to be a minor of a graph G if a copy of H can be obtained from G by deleting and/or contracting 
edges of G . Furthermore, a graph is called series-parallel if it has no K4 as a minor. It is well-known that every graph with 
minimum degree δ ≥ 3 contains K4 as a minor. Thus, every series-parallel graph is 2-degenerate, which in turn gives that 
every series-parallel graph has an exact linear forest partition.

A graph G is an outerplanar graph if and only if neither K4 nor K2,3 is a minor of G . Hence, every outerplanar graph is a 
series-parallel graph, and so each outerplanar graph has an exact linear forest partition.

An H-subdivision (or subdivision of H) is a graph obtained from H by replacing edges with pairwise internally disjoint 
paths. Clearly, given a graph G , if the vertices with degree at least three form an independent set, then G is 2-degenerate. 
Hence, each subdivision of a graph has an exact linear forest partition provided each edge of the original graph is subdivided 
at least once.

Fix 0 ≤ p ≤ 1. Let Gn,p denote a random graph on a set of n vertices such that each possible edge occurs independently 
with probability p. Given a probability space, a property is said to hold asymptotically almost surely (a.a.s) if over a sequence 
of sets, the probability converges to 1. The following result shows that almost all dense graphs have an exact linear forest 
partition.

Theorem 1.5. Let p ∈ (0, 1) be a constant. If G ∼ Gn,p , then a.a.s. G has an exact linear forest partition.

We make a rough guess that every graph might have an exact linear forest partition. In the remainder of this paper, we 
will give the proof of Theorem 1.4 in Section 2 and Theorem 1.5 in Section 3.
2
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2. Theorem 1.4

A family G of graphs is said to be monotonic decreasing if G ∈ G and H ⊆ G , then H ∈ G . Let G be a monotonically 
decreasing family of graphs. We call a graph G ∈ G a minimal counterexample to the exact linear forest partition if G does 
not have an exact linear forest partition, but every proper subgraph of G in G has one. With this, we state the following 
technical result, which gives Theorem 1.4.

Theorem 2.1. Let G be a monotonic decreasing family of graphs. If G ∈ G is a minimal counterexample to the exact linear forest 
partition, then G is 2-connected and δ(G) ≥ 3.

Proof. We first claim that G is connected. Suppose on the contrary that G is disconnected. Since G is the minimal coun-
terexample, each of its components has an exact linear forest partition, which in turn gives a desired partition of E(G), 
contradicting that G is a counterexample. The remainder of the proof is divided into two claims.

Claim 1. G is 2-connected.
Suppose the contrary: G has a cut-vertex v . We can assume G := G1∪G2 such that V (G1) ∩V (G2) = {v}, E(G1) ∩ E(G2) =

∅ and E(G) = E(G1) ∪ E(G2). Since G is a monotonic decreasing family of graphs, we have G1, G2 ∈ G . Since G is a minimal 
counterexample, for 1 ≤ i ≤ 2, Gi has an exact linear forest partition F i := F i

1| · · · |F i
ki

such that ki ≤ ��(Gi)+1
2 � and each 

vertex u ∈ V (Gi) is on at most � dGi (u)+1
2 � paths belonging to F i . Clearly, ki ≤ ��(G)+1

2 �.
Let d = dG(v), d1 = dG1 (v), and d2 = dG2 (v). Clearly, d = d1 + d2. Let k = ��(G)+1

2 �. For 1 ≤ i ≤ 2, let F̃ i := F̃ i
1| · · · |̃F i

k
be a new partition of E(Gi) obtained from F i by adding some empty sets and relabeling them if necessary such that 
Ĩ(v) ∪ J̃ (v) ⊆ {1, . . . , � d+1

2 �} and |̃I(v) ∪ J̃ (v)| is maximum, where Ĩ(v) = { j : dF̃ 1
j
(v) > 0} and J̃ (v) = { j : dF̃ 2

j
(v) > 0}. 

Clearly, |̃I(v)| ≤ � d1+1
2 � ≤ � d+1

2 � and |̃ J (v)| ≤ � d2+1
2 � ≤ � d+1

2 �. Let’s consider the two cases as follows.
Case 1.1. Both d1 and d2 are odd.
In this case, � d1+1

2 � +� d2+1
2 � = � d+1

2 �, and so |̃I(v)| +|̃ J (v)| ≤ � d1+1
2 � +� d2+1

2 � = � d+1
2 �. Since |̃I(v) ∪ J̃ (v)| is maximized, 

we have |̃I(v) ∩ J̃ (v)| = 0. Let Fi = F̃ 1
i ∪ F̃ 2

i for all i such that 1 ≤ i ≤ k. Since |̃I(v) ∩ J̃ (v)| = 0, if v is on a path in F̃ 1
i then 

it is not on any path in F̃ 2
i , and vice versa, which in turn gives that each Fi is a linear forest. So F := F1| · · · |Fk is a linear 

forest partition of E(G). Obviously, k ≤ ��(G)+1
2 �. Since |̃I(v) ∪ J̃ (v)| ≤ � d+1

2 �, vertex v is on at most � d+1
2 � = � dG (v)+1

2 �
paths belonging to F . For any vertex x ∈ V (G) other than v , x is on at most � dGi (x)+1

2 � = � dG (x)+1
2 � paths belonging to F . 

Therefore, F is an exact linear forest partition of E(G), giving a contradiction.
Case 1.2. At least one of d1 and d2 is even.
In this case, � d1+1

2 � + � d2+1
2 � = � d+1

2 � + 1, and so |̃I(v)| + |̃ J (v)| ≤ � d1+1
2 � + � d2+1

2 � = � d+1
2 � + 1. Since |̃I(v) ∪ J̃ (v)| is 

maximized, we have |̃I(v) ∩ J̃ (v)| ≤ 1. Moreover, the equalities hold if and only if

|̃I(v)| = �d1 + 1

2
� and |̃ J (v)| = �d2 + 1

2
�. (1)

If |̃I(v) ∩ J̃ (v)| = 0, similarly to the case 1, we then can construct an exact linear forest partition of E(G). So we assume 
|̃I(v) ∩ J̃ (v)| = 1. In this case, we have (1). Let Ĩ1(v) = {i : dF̃ 1

i
(v) = 1}, Ĩ2(v) = {i : dF̃ 1

i
(v) = 2}, J̃1(v) = {i : dF̃ 2

i
(v) = 1}

and J̃2(v) = {i : dF̃ 2
i
(v) = 2}. We claim Ĩ1(v) �= ∅, which is clearly true if d1 is odd. If d1 is even and Ĩ1(v) = ∅, then 

� d1+1
2 � = |̃I(v)| = |̃I2(v)| = � d1

2 � = � d1+1
2 � − 1, giving a contradiction. Similarly, we have J̃1(v) �= ∅. Relabeling the indices in 

Ĩ(v) and ̃ J (v) if necessary such that ̃I1(v) ∩ J̃1(v) �= ∅, say 1 ∈ Ĩ1(v) ∩ J̃1(v). We then have {1} = Ĩ1(v) ∩ J̃1(v) = Ĩ(v) ∩ J̃ (v)

because of |̃I(v) ∩ J̃ (v)| = 1.
For 1 ≤ i ≤ 2, let Pi be a path in F̃ i

1 containing v . Since 1 ∈ Ĩ1(v), vertex v is an end-vertex of P1. Similarly, vertex v is 
an end-vertex of P2. Then, P = P1 ∪ P2 is a path. Let F1 = ( F̃ 1

1\{P1}) ∪ ( F̃ 2
1\{P2}) ∪ {P } and Fi = F̃ 1

i ∪ F̃ 2
i for i ≥ 2. Thus F :

= F1| · · · |Fk is a linear forest partition of E(G) with k ≤ ��(G)+1
2 �. Since |̃I(v) ∪ J̃ (v)| = |̃I(v)| + |̃ J (v)| −1 = � d+1

2 � = � dG+1
2 �, 

vertex v is on � dG+1
2 � paths belonging to F , and for any vertex x ∈ V (G) other than v , x is on at most � dGi (x)+1

2 � = � dG (x)+1
2 �

paths belonging to F . Hence, F is an exact linear forest partition of E(G), giving a contradiction.
Claim 2. δ(G) ≥ 3.
Suppose the contrary: there exists a vertex v ∈ V (G) such that dG (v) = 2. Let u, w be the two neighbors of v and 

let H = G − vw . Since G is a monotonic decreasing family of graphs, we have H ∈ G . Given the assumption that G is a 
minimal counterexample to the exact linear forest partition, E(H) has an exact linear forest partition F := F1| · · · |Fk such 
that k ≤ ��(H)+1

2 � ≤ ��(G)+1
2 � and for each x ∈ V (H), |I(x)| ≤ � dH (x)+1

2 �, where I(x) = {i : dFi (x) > 0 and 1 ≤ i ≤ k}. Adding 
some empty sets to the partition F if necessary such that k = ��(G)+1

2 �. Since w ∈ V (H), we have |I(w)| ≤ � dH (w)+1
2 � =

� dG (w)
2 � ≤ � dG (w)+1

2 �.
We first assume that |I(w)| ≤ � dG (w)+1

2 � − 1. So |I(w)| < k. Without loss of generality, we assume that 1 /∈ I(w), i.e., 
dF1 (w) = 0. If dF1 (v) = 0, then let F ∗

1 = F1 ∪ {vw}. If dF1 (v) = 1, then there exists a path P belonging to F1 such that 
v is an end-vertex of P . Let P∗ be a path obtained by adding edge vw in P . Let F ∗ = (F1\{P }) ∪ {P∗} and F ∗ = Fi for 
1 i

3
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i ∈ {2, . . . , k}. Since dF1(w) = 0, F ∗
1 is a linear forest. Therefore, F∗ := F ∗

1 | · · · |F ∗
k is also a linear forest partition of E(G)

with k ≤ ��(G)+1
2 �. Moreover, vertex v is on at most 2 = � dG (v)+1

2 � paths belonging to F∗ , vertex w is on |I(w)| + 1 ≤
(� dG (w)+1

2 � − 1) + 1 = � dG (w)+1
2 � paths belonging to F∗ , and any other vertex x is on at most � dH (x)+1

2 � = � dG (x)+1
2 � paths 

belonging to F∗ . So, F∗ is an exact linear forest partition of E(G), giving a contradiction.
We now assume that |I(w)| = � dG (w)+1

2 �. Recall |I(w)| ≤ � dH (w)+1
2 � = � dG (w)

2 �. In this case, dG (w) is odd, i.e., dH (w) is 
even. Let I1(w) = {i : dFi (w) = 1} and I2(w) = {i : dFi (w) = 2}. Clearly, I(w) = I1(w) ∪ I2(w).

We first claim |I1(w)| ≥ 1. Otherwise, we have � dG (w)+1
2 � = |I(w)| = |I2(w)| = dH (w)

2 = dG (w)−1
2 , giving a contradiction. 

Further, we claim |I1(w)| ≥ 2. If |I1(w)| = 1, then dH (w) = |I1(w)| + 2|I2(w)| is odd, giving a contradiction. So |I1(w)| ≥ 2
and |I1(w)| is even.

Since |I1(w)| ≥ 2 and |I(v)| = dH (v) = 1, we assume without loss of generality that I(v) = {1} and 2 ∈ I1(w)\I(v). Let 
P be a path in F2 containing w as an end-vertex and P∗ = P ∪ {vw} be a path obtained by adding the edge vw in P . Let 
F ∗
2 = (F2\{P }) ∪ {P∗} and F ∗

i = Fi for each i �= 2. Let F∗ := F ∗
1 | · · · |F ∗

k . Clearly, F∗ is a linear forest partition of E(G) with 
k ≤ ��(G)+1

2 �. Moreover, vertex v is on two paths belonging to F∗ , vertex w is on � dG (w)+1
2 � paths belonging to F∗ , and 

any other vertex x is on |I(x)| ≤ � dH (x)+1
2 � = � dG (x)+1

2 � paths belonging to F∗ . So, F∗ is an exact linear forest partition of 
E(G), giving a contradiction. �
3. Theorem 1.5

Glock, Kühn, and Osthus [8] proved the following optimal decomposition results for random graphs.

Theorem 3.1. Let p ∈ (0, 1) be a constant and let G ∼ Gn,p . Let odd(G) be the number of odd degree vertices in G. The following a.a.s. 
hold:

(i) G can be decomposed into ��(G)
2 � cycles and a matching of size odd(G)/2.

(ii) G can be decomposed into max{odd(G)/2, ��(G)
2 �} paths.

(iii) G can be decomposed into ��(G)/2� linear forests.

Our proof of Theorem 1.5 is inspired by the proof of Theorem 3.1. In the next subsection, we will state some additional 
notation and preliminary results given in [8].

3.1. Notation and preliminary results

Let G be a multigraph or digraph. Denote by V (G) and E(G) the vertex set and the edge set of G , respectively. Given 
U ⊆ V (G), let G −U be the graph obtained by deleting vertices in U from G , and G[U ] be the subgraph of G induced by U . 
If F ⊆ E(G), then let G\F be the graph obtained by removing all edges in F from G , and G ∪ F denote the graph obtained 
by adding the edges in F to G .

Let ε, p ∈ (0, 1) and eG(S, T ) be the number of edges in G between disjoint S, T ⊆ V (G). A graph G of order n is said to 
be lower-(p, ε)-regular if we have

eG(S, T ) ≥ (p − ε) · |S| · |T |
for all disjoint S, T ⊆ V (G) with |S|, |T | ≥ εn.

Proposition 3.2. [Lemma 3.5 in [8]] Let ε, p ∈ (0, 1) be constant. The following hold a.a.s. for the random graph G ∼ Gn,p:

(i) �(G) − δ(G) ≤ 4
√
n logn,

(ii) G is lower-(p, ε)-regular,
(iii) G has a unique vertex of maximum degree.

Proposition 3.3. [Proposition 3.1. in [8]] Let 0 < 1/n0 � ε, p < 1, and let G be a lower-(p, ε)-regular (di-)graph on n ≥ n0 vertices. 
Then the following hold:

(i) If G ′ is obtained from G by adding a new vertex w and arbitrary edges at w, then G ′ is lower-(p, 2ε)-regular.
(ii) Let H be a graph on V (G) such that �(H) ≤ ηn. Let ε′ := max{2ε, 2√η}. Then G\H is lower-(p, ε′)-regular.
(iii) If U ⊆ V (G) has size at least βn, then G[U ] is lower-(p, ε/β)-regular.

A graph G is Eulerian if and only if it is connected and its vertices all have even degree. A digraph G is Eulerian if it has 
a closed trial containing all edges of G .
4
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Proposition 3.4. [Lemma 3.12 in [8]] Let 0 < 1/n0 � ε � p, α < 1. Suppose that G is an Eulerian graph on n ≥ n0 vertices. 
Assume further that G is lower-(p, ε)-regular and δ(G) ≥ αn. Then there exists an orientation G ′ of G such that G ′ is Eulerian and 
lower-(p/4, ε)-regular.

Let G be a (di-)graph and let M = {x1 y1, . . . , xm ym} be a matching in the complete graph on V (G) such that dG (xi) ≤
dG (yi) for all i ∈ {1, . . . , m}. We say that a subgraph F ⊆ G is consistent with M if for all i ∈ {1, . . . , m}, xi ∈ V (F ) implies 
yi ∈ V (F ).

Theorem 3.5. [Theorem 4.1 in [8]] Let 0 < 1/n0 � η, ε � p < 1 be such ε2 ≤ η. Suppose that G is a lower-(p, ε)-regular digraph 
on n ≥ n0 vertices. Moreover, assume that G is Eulerian and �(G) − δ(G) ≤ ηn. Let M be any matching in the complete graph on 
V (G). Then G can be decomposed into �(G)

2 cycles which are consistent with M.

Corollary 3.6. [Corollary 4.2 in [8]] Let 0 < 1/n0 � η, ε � p < 1. Suppose that G is a lower-(p, ε)-regular graph on n ≥ n0 vertices. 
Moreover, assume that �(G) − δ(G) ≤ ηn and that G is Eulerian. Let M be any matching in the complete graph on V (G). Then G can 
be decomposed into �(G)

2 cycles which are consistent with M.

3.2. Proof of Theorem 1.5

We will prove the following result which by Proposition 3.2 in turn gives Theorem 1.5.

Theorem 3.7. Let 0 < 1/n0 � η, ε � p < 1. Suppose that G is a lower-(p, ε)-regular graph on n vertices. If n ≥ n0 and �(G) −
δ(G) ≤ ηn, then G has an exact linear forest partition.

Proof. Denote by W = {x1, y1, x2, y2, . . . , xm, ym} the set of odd degree vertices in G . We assume without loss of generality 
that dG (xi) ≤ dG(yi) for i ∈ {1, . . . , m}. The proof is divided into two cases according to whether |W | ≥ �(G).

Case 1. |W | ≥ �(G).
Let H be the graph obtained from G by the following two steps: (1). Add a new vertex z and edges between z and every 

vertex in ��(G)
2 � pairs {xi, yi} of W with i ∈ {1, . . . , ��(G)

2 �}; (2). In the remaining m − ��(G)
2 � pairs, let M = {xi yi : xi yi ∈

E(G)} and M∗ = {xi yi : xi yi ∈ E(Gc)}, where Gc is the complement of G . Remove M from the graph and add M∗ .
Clearly, H is Eulerian, �(H) ≤ �(G) + 1 and δ(H) ≥ δ(G) − 1. Hence, �(H) − δ(H) ≤ �(G) − δ(G) + 2, which in turn 

implies that H is lower-(p, 4ε)-regular by Proposition 3.3 (i) and (ii). By Corollary 3.6, we obtain a cycle partition C :=
C1| · · · |Ck of H with k = �(H)

2 , which are consistent with M .

Note that dH (z) = 2 · ��(G)
2 �. We claim that dH (z) = �(H). For any vertex v ∈ V (G), we have dH (v) ≤ dG (v) + 1 ≤

�(G) + 1. If �(G) is odd, then dH (z) = �(G) + 1, and so dH (z) = �(H). If �(G) is even, then v ∈ V (G)\W for any vertex 
v ∈ V (G) with dG (v) = �(G). So dH (v) = dG(v) = �(G) = dH (z). Hence, dH (z) = �(H). We now are going to get a linear 
forest partition of G in the following three steps.

(1) Remove z in H .
Since dH (z) = �(H), we then have that z is contained in each of �(H)

2 = ��(G)
2 � cycles of C . Therefore, we obtain 

a path partition P := P1| · · · |Pk of (G\M) ∪ M∗ , i.e., H − z, where Pi = Ci − z and k = ��(G)
2 �. Clearly, every vertex in 

{x1, y1, . . . , xk, yk} becomes end-vertex of some path Pi in P .
(2) Remove edges of M∗ one by one from (G\M) ∪ M∗ .
For each path Pi , if E(Pi) ∩ M∗ �= ∅, then we let F ∗

i = Pi\M∗; if E(Pi) ∩ M∗ = ∅, then we let F ∗
i = Pi . Obviously, F ∗

i is 
a linear forest for i ∈ {1, . . . , k}. Hence, we obtain a linear forest partition F∗ := F ∗

1 | · · · |F ∗
k of G\M . Clearly, every vertex in 

pair {x j, y j} with x j y j ∈ M∗ for j ∈ {k + 1, . . . , m} becomes an end-vertex of some path belonging to F∗ .
(3) Add edges of M one by one from G\M .
For any edge xi yi ∈ M , since xi yi ∈ E(G), we have dG\M(yi) = dH (yi) = dG (yi) − 1 < �(G). Since yi z /∈ E(H) and yi /∈

V (M∗), operations in (1) and (2) do not affect yi . Thus, yi is not a leaf in any F ∗
j for j ∈ {1, . . . , k}. Therefore, there exists 

some j ∈ {1, . . . , k} such that dF ∗
j
(yi) = 0, and so yi /∈ V (C j). Since cycle C j is consistent with M , we have xi /∈ V (C j), 

which in turn shows that dF ∗
j
(xi) = 0. Hence, F ∗

j ∪ {xi yi} is also a linear forest. Let F j = F ∗
j ∪ {xi yi} and F	 = F ∗

	 for 	 �= j. 
In the same fashion, we add all edges of M to get G . Thus, we obtain a linear forest partition F := F1| · · · |Fk of G , where 
k = ��(G)

2 �. Moreover, only the vertices in pair {xi, yi} with xi yi ∈ M for i ∈ {k +1, . . . , m} become end-vertices of new paths 
(i.e., xi yi ) belonging to F j .

We now show that each vertex v ∈ V (G) is on at most � dG (v)+1
2 � nontrivial paths in F . Note that only the vertices in W

are the end-vertices of paths belonging to F and each vertex in W is an end-vertex of exactly one path in F . Consequently, 
for any vertex v ∈ V (G), if v ∈ W , then v is on exactly 1 + dG (v)−1

2 = � dG (v)+1
2 � nontrivial paths in F ; and if v ∈ V (G)\W , 

then v is on exactly dG (v)
2 < � dG (v)+1

2 � nontrivial paths in F . Hence, for each vertex v , v is on at most � dG (v)+1
2 � nontrivial 

paths in F , which completes the proof of Case 1.
5
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Case 2. |W | < �(G).
Let M = {xi yi : xi yi ∈ E(G)} and let M∗ = {xi yi : xi yi ∈ E(Gc)}. Let H = (G\M) ∪ M∗ . Clearly, H is Eulerian and 

lower-(p, 2ε)-regular. Applying Proposition 3.4, we get an orientation D of H which is Eulerian and lower-(p/4, 2ε)-regular. 
Let D∗ be the digraph obtained from D as follows: Add a new vertex z and connect it to all vertices of W by one edge 
according to the following rule. If xi yi ∈ E(D), then remove it and add xi z and zyi . If yixi ∈ E(D), then remove it and add 
yi z and zxi . Else (i.e., xi yi ∈ M), add edge xi yi , yi z and zxi . Note that G is the underlying graph of D∗ − z. Let’s consider 
the following two cases.

Case 2.1. G has a unique vertex v0 of maximum degree and �(G) is even.
Let 	 = �(G)−|W |

2 and U be an 	-vertex set in V (G)\(W ∪ {v0}). Let D∗∗ be the digraph obtained from D∗ by adding two 
edges which are oriented in opposite directions between z and each vertex of U . Clearly, D∗∗ is Eulerian.

We claim dD∗∗ (z) = �(D∗∗) = �(G). Let u ∈ V (G)\{v0}. If u ∈ V (G)\(W ∪{v0}), then dG(u) ≤ �(G) −2. Hence, dD∗∗ (u) ≤
dG (u) + 2 ≤ (�(G) − 2) + 2 = �(G). If u ∈ W , then dG (u) ≤ �(G) − 1, which gives us that dD∗∗ (u) = dG (u) + 1 ≤ (�(G) −
1) + 1 = �(G). Note that dD∗∗ (z) = |W | + 2	 = |W | + 2 · �(G)−|W |

2 = �(G). Therefore, �(D∗∗) = �(G) = dD∗∗(z).
By Proposition 3.3, D∗∗ is lower-(p/4, 8ε)-regular. Applying Theorem 3.5, we can obtain a cycle partition C := C1| · · · |Ck

of D∗∗ , where k = �(D∗∗)
2 = �(G)

2 . Since dD∗∗(z) = �(D∗∗) = �(G), we then get that z is contained in each of these �(G)
2

cycles. Note that G is the underlying graph of D∗∗ − z = D∗ − z. After removing z from each cycle of C , we get a disjoint 
path partition P := P1| · · · |Pk of G with k = �(G)

2 , where Pi = Ci − z. Let Fi = Pi for i ∈ {1, . . . , k}. So, we get a linear forest 
partition F := F1| · · · |Fk of E(G).

We observe the following facts to show that each vertex v ∈ V (G) is on at most � dG (v)+1
2 � paths belonging to F . Only 

the vertices in W ∪ U can be an end-vertex of a path belonging to F . Moreover, each vertex in W is an end-vertex of 
exactly one of these paths, and each vertex in U (which has even degree) may be end-vertex of 0 or 2 of such paths. 
Therefore, for any vertex v ∈ V (G), if v ∈ W , then v is on exactly 1 + dG (v)−1

2 = � dG (v)+1
2 � nontrivial paths belonging to 

F ; if v ∈ U , then v is on at most 2 + dG (v)−2
2 = � dG (v)+1

2 � nontrivial paths belonging to F ; if v ∈ V (G)\{U , W }, then v is 
on exactly dG (v)

2 < � dG (v)+1
2 � nontrivial paths belonging to F . Hence, for each vertex v ∈ V (G), v is on at most � dG (v)+1

2 �
nontrivial paths in F , which completes the proof of Case 2.1.

Case 2.2. At least two �(G)-vertices in G or �(G) is odd.
Let 	 = ��(G)+1−|W |

2 � and U be an 	-vertex set in V (G)\W . Let D∗∗ be obtained from D by adding two edges with 
opposite orientations between z and each vertex in U . Clearly, D∗∗ is Eulerian.

Note that dD∗∗ (z) = |W | +2	 = |W | +2 · ��(G)+1−|W |
2 � = 2 · ��(G)+1

2 �. We claim that dD∗∗ (z) = �(D∗∗). Let u ∈ V (D∗∗)\{z}
and S = {v : dG(v) = �(G)}. Suppose |S| ≥ 1 and �(G) is odd. If u ∈ W , then dG (u) ≤ �(G). And so dD∗∗ (u) = dG(u) + 1 ≤
�(G) + 1. If u ∈ V (G)\W , then dG (u) ≤ �(G) − 1. Hence, dD∗∗(u) ≤ dG(u) + 2 ≤ �(G) + 1 = 2 · ��(G)+1

2 �. Suppose |S| ≥ 2
and �(G) is even. If u ∈ W , then dG (u) ≤ �(G) − 1, which in turn gives dD∗∗ (u) = dG (u) + 1 ≤ �(G). If u ∈ V (G)\W , then 
dG (u) ≤ �(G). Hence, dD∗∗ (u) ≤ dG(u) + 2 = �(G) + 2 = 2 · ��(G)+1

2 �. Therefore, �(D∗∗) = 2 · ��(G)+1
2 � = dD∗∗(z).

By Proposition 3.3, D∗∗ is lower-(p/4, 8ε)-regular. Applying Theorem 3.5, we can obtain a cycle partition C := C1| · · · |Ck

of D∗∗ , where k = �(D∗∗)
2 = ��(G)+1

2 �. Since dD∗∗(z) = �(D∗∗) = �(G), we then get that z is contained in each of these 
��(G)+1

2 � cycles and G is the underlying graph of D∗∗ − z. Similarly to Case 2.1., we get a linear forest partition F :=
F1| · · · |Fk of E(G), where Fi = Ci − z and k = ��(G)+1

2 �, and for each vertex v ∈ V (G), v is on at most � dG (v)+1
2 � nontrivial 

paths belonging to F , which completes the proof of Case 2.2. �
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