COMPUTING FUSION RULES FOR SPHERICAL G-EXTENSIONS OF
FUSION CATEGORIES

MARCEL BISCHOFF AND COREY JONES

ABSTRACT. A G-extension of a fusion category C yields a categorical action of G on the
center Z(C). If the extension admits a spherical structure, we provide a method for recov-
ering its fusion rules in terms of the action. We then apply this to find closed formulas for
the fusion rules of extensions of some group theoretical categories and of cyclic permutation
crossed extensions of modular categories.
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1. INTRODUCTION

The theory of fusion categories has found significant applications in the study of two di-
mensional quantum physics, most notably in conformal field theory [MS90, FRS02, BKLR15,
HL13] and topological phases of matter [Kit06, NSST08, Wan10]. In both these contexts
modular tensor categories appears as important invariants of physical models. If the model
has a group G of global symmetries, one obtains a G-crossed braided fusion category which
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is a G-extension of the original invariant [Kir02, Miig05, BBCW14]. This makes understand-
ing of G-extensions of fusion categories of fundamental importance for the study of two
dimensional symmetry enriched physical systems.

The theory developed by Etingof, Nikshych, and Ostrik [ENO10] provides the basic tools to
construct and classify G-extensions of fusion categories. They show that every extension of C
can be constructed from a categorical action, i.e. a monoidal functor M : G — Mg(Z (C)),
provided a certain cohomology class o4(M) € H*(G,C*) is trivial. In the case this ob-
struction vanishes, the possible extensions associated with this action form a torsor over
the group H?(G,C*), but all the extensions have the same fusion rules. This tells us that
in principle the fusion rules of the extension can be computed from the initial categorical
action M. However in practice this problem is usually difficult. Naively following the proofs
of the above statements from [ENO10] requires the computation of the data for the associ-
ated bimodule categories, their relative Deligne products, and the bimodule functors used to
define the monoidal product on the extension (see Section 2.3). The amount of computation
required to find the data in these intermediate steps quickly becomes infeasible as the rank
of the fusion category grows.

In this paper, we provide a method for computing the fusion rules of an extension in
an elementary way from a detailed knowledge of M and Z(C). Our approach bypasses the
computation of the associated bimodule categories and their data. It allows for the derivation
of closed form expressions of fusion rules for families of extensions in some general cases. The
key observation in our approach is that the fusion rules can be recovered from the composition
and convolution operations on the space of endomorphisms of the canonical Lagrangian
algebra I(1) € Z(C) (see Corollary 3.4). This may be viewed as a direct generalization of
character theory for the representation category of a finite group .

We now give an outline of how this works. It is well known (for spherical fusion categories)
that End(/(1)) = Ky(C) ®z C as associative complex algebras. However, given End(/(1))
as an abstract algebra, to find the fusion rules we need more information. We also need to
identify the canonical basis elements {[X|}xcm(c) (or perhaps some scaled version of them)
so that we can recover the fusion rules by examining the coefficients under multiplication.

Luckily there is an additional operation on End(/(1)) that allows us to recover the (appro-
priately scaled) canonical basis in a canonical way. For any commutative Frobenius algebra
A in a braided fusion category, there are two associative binary operations on the vector
space End(A). The first is the usual composition of morphisms, which in general is noncom-
mutative. The second is the convolution operation x (see equation 4, [Bis17,BD18]). This
operation makes the vector space End(A) into a commutative algebra in the usual sense. If
A = I(1) € Z(C) is the canonical Lagrangian algebra, we show the minimal idempotents
ex with respect to * are in bijective correspondence with equivalence classes simple objects
X € Irr(C) (see equation 11). Since the algebra (End(I(1),*) is commutative and semi-
simple, the minimal idempotents give a canonical basis for the space End(/(1)). We then
show that ex o ey = 3,1 %N Z, ez (where dx indicates (any) spherical dimension
function, see Proposition 3.3). Thus while the basis {ex }xcmur(c) is not quite the canonical
basis {[X]}xem(c) for the fusion ring described above, the quantity % is independent of

the spherical structure, and thus we can recover the fusion rules N%, by examining the
numbers C%, defined by (ex o ey) x ez = C%, ez, and renormalizing (see equation 13).



Therefore, for a G-extension C C D, the fusion rules of D can be determined by computing
the composition and convolution products on the endomorphisms of the canonical Lagrangian
algebra in Z (D). By [GNNO09], the latter category is equivalent to the equivariantization of
the G-crossed braided relative center Z¢(D). Here the G action restricts to M on the trivially
graded component Z(C) C Z(D). Furthermore, the canonical Lagrangian algebra for D lives
in the subcategory Z(C)¢ C Z(D). In particular, if I : Z(C) — Z(C)¢ is the adjoint of
the forgetful functor Fg : Z(C)¢ — Z(C), then Ip(1) = I5(Ic(1)) € Z(C)¢ C Z(D). Using
the adjunction between I and Fg, we can compute the triple (End(/p(1),*,0) terms of the
data of Z(C) and the category action M. (Section 3.2). We can then recover the fusion rules
as described above.

A subtlety is that for the numbers we produce to actually be the fusion rules of the
extension, we need to assume that D admits a spherical structure, though we do not need to
explicitly choose one (see Remark 3.5). Unfortunately, the extension theory of [ENO10] has
not been developed to take spherical structures into account, hence it is not clear a-priori
if the G-extensions constructed from a given categorical action admit spherical structures.
However, if we make the mild assumption that C is pseudo-unitary, then any extension is
automatically so and hence our hypothesis is satisfied (see Proposition 2.8). In this case our
results apply to any G-extension, without additional hypothesis.

As a first application, we utilize our method to give general formulas for fusion rules of
G-extensions of Vec(A X A, q) where A is an abelian group, ¢ is the canonical hyperbolic
quadratic form, and L < A x A is a Lagrangian subgroup. The extensions depend on
an initial braided categorical action on Vec(A x A, q) = Z(Vec(A x A,q)) (see Theorem
3.7). Here Vec(fl x A, q), denotes the fusion category of modules of the group algebra object
associated to the Lagrangian subgroup. Note that the categories Vec(fl x A, q) are precisely
those which are Morita equivalent to Vec(A).

We then focus on the case when C is modular, and the categorical action can be factored
G — Aut (C) — Aut (Z(C)), where the second functor acts on the right factor in Z(C) =
C X Cr. If a corresponding extension exists, it has the additional structure of a G-crossed
braided extension of C. These are the extensions which naturally appear both in conformal
field theory [Miig05] and topological phases of matter [BBCW14], hence are of the greatest
interest in applications. In this case, the nice form of the Lagrangian algebra and of the
action allows us to describe the convolution product in a general way.

The examples of this type we consider are permutation actions on C¥". These have long
been of interest to physicists in the context of rational conformal field theory [BHS98, Ban02,
LX04, KLX05, Miig05] as an intermediate step in the study of permutation orbifold theories.
More recently, permutation extensions have been of interest in the theory of topological
phases under the guise of “genons” for their potential in quantum computing applications
[BJQ13,BBCW14].

Permutation crossed extensions have also come to attract the attention of mathematicians.
They have been studied from the point of view of modular functors [BS11]. From an algebraic
viewpoint, the o4 obstruction for permutation actions was shown to vanish in [GJ19], hence
these extensions always exist. They have been studied in the 7 /27 case ([BS11, BFRS10],
[EMJP18, Pas18]). Very recently, Delaney has given an algorithm for computing the fusion
rules of general permutation extensions using the concept of bare defects [Dell9]. Here we
will use our method to give a closed formula for the fusion rules in the case of mazimal cyclic
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permutation extensions (see Theorem 4.5). Our formulas for the fusion rules involve the
dimensions of vectors spaces assigned by the modular functor derived from C to surfaces
with field insertions. While our approach for fusion rules is different from [Del19], we have
verified that their algorithm produces the same numbers as our formula in several examples.

The outline of the paper is as follows. The preliminary section briefly collects some facts
about fusion categories, modular categories, equivariantizations, and extension theory that
will be used in the paper. In Section 3, we demonstrate how to reconstruct the based
fusion ring from the canonical Lagrangian algebra in Z(C) and apply this to G-extensions as
described above. Finally, we turn to the case of G-crossed extensions of modular categories,
giving explicit examples of the computation of fusion rules for G-extensions from a given
categorical action. We an include an appendix with a list of fusion rules for the Z/4Z cyclic
permutation extension of the modular category Fib™*

1.1. Acknowledgments. The authors would like to thank Colleen Delaney, Cain Edie-
Michell, Dave Penneys and Julia Plavnik for very useful discussions and comments on an
early draft. We also thank Colleen Delaney for sharing an early draft of [Dell9] with us
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2. PRELIMINARIES

Recall a fusion category is a k-linear, finitely semi-simple, rigid, monoidal category with
simple unit [EGNO15, Chapter 4]. In this paper, we assume k = C. The semi-simplicity
gives us well behaved fusion rules, described by the non-negative integers N4, = Dim(C(X ®
Y, Z)) for X,Y,Z € Irr(C). Here and for the rest of the paper, we use Irr(C) to denote a
fixed choice of representative for each equivalence classes of simple object in C. If C is any
category, we use here and throughout the paper the notation C(X,Y) := Hom(X,Y). We
typically use f o g to represent composition of morphisms.

For fusion categories, there are several notions of dimension that are important to con-
sider. First, there is a unique function FPdim: Irr(C) — R* such that FPdim(1) = 1
and FPdim(X) FPdim(Y) = >_ /) N%, FPdim(Z) called the Frobenius-Perron dimen-
sion, [EGNO15, Section 3.3]. This dimension depends only on the based ring Ky(C), and is
insensitive to the details of the categorification.

The second notion of dimension depends on a choice of spherical structure. This is a
monoidal natural isomorphism from the identity to the double dual functor X — X such
that the associated left and right pivotal traces are equal [EGNO15, Chapter 4.7]. A
spherical structure gives us a single, well-defined spherical trace for every object X € C,
Trx: C(X,X) — C. We can then define the spherical dimension function d: Irr(C) — Ry,
dx = Trx(1x) which satisfies dxdy = ZZGIH(C) NZ,.dz. Spherical structures also allow us to
make use of the spherical graphical calculus, which we use freely [BW99, Tur94, BK01, Sel11].
It is an open question whether every fusion category admits a spherical structure [ENOO5].

There is a third important notion of dimension in fusion categories. Let X be a simple ob-
ject in a fusion category, and let X be a (two-sided) dual object. Choose arbitrary evaluation
and coevaluation morphisms Ry € C(1, X®X),Rx € C(1,X®X), Ry € C(X®X, 1), R} €
C(1, X ® X) satisfying the duality equations. Then the quantity
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d{X,)_(}l]l —- (R}OR_)()(R}OR)() (1)

is called the paired dimension and does not depend on the choices of X or evaluation and
coevaluation morphisms. This number is strictly positive [Barl6], and thus we can define
the fusion dimension of X as the positive square root

d} = ’/d{X,X} .

We note that we are using different notation from [Barl6] for the various dimensions. In
particular we use d} for the fusion dimension instead of for the Frobenius-Perron dimension.
Like the Frobenius-Perron dimension, the paired dimension and the fusion dimension are
intrinsic to a fusion category and do not depend on a choice of additional structure. However,
the fusion dimension depends on the associator of the category and cannot be determined
by the fusion ring alone.

Definition 2.1. A fusion category is pseudo-unitary if FPdim(X)? = dix xy for all X €
Irr(C).

We note that our definition has many equivalent formulations (see [ENOO05, Section 8.3,
8.4]. If C is pseudo-unitary, there exists a canonical spherical structure on C whose spherical
dimensions are the Frobenius-Perron dimensions [ENOO05, Proposition 8.23]. All unitary
fusion categories are pseudo-unitary, and thus in applications (most relevant) to physics all
examples are pseudo-unitary.

2.1. Modular categories. Recall a braided fusion category is a fusion category equipped
with a family of natural isomorphisms oxy: X®Y — Y ®X satisfying a family of coherences
(namely the hexagon axioms). If {X € Irr(C) : oyxooxy = lxgy forall Y € Irr(C)} =
{1}, then we say C is non-degenerately braided, or simply non-degenerate. If C is non-
degenerate and in addition equipped with a spherical structure, we say C is modular.

We refer the reader to [BKO1| for an overview of modular categories, modular data, and
some of their important properties. Here we use the conventions Sxy := Try y(oy xooxy).
Furthermore, we use DimC := ) Xelr(C) d% which is a positive number independent of the

spherical structure. We use v/ Dim C to denote the positive square root. Non-degeneracy of
the category C is equivalent to the invertibility of the matrix S [Miig02].
For modular categories we have the relation

S? =DimC - C
where Cxy = dx y is the charge conjugation matrix, hence S)_(,ly = #mcS Xy
We write
N;(/ll ’Ym =dimeC(X;1® - @ X, V1® - ®@Y,).

for the generalized fusion coefﬁaents. Note that Frobenius reciprocity for fusion categories

Y17 ,Ym Yl» :Y’m’Xn
gives us Ny""" = Ny "™ .
For g € Z>0 we define the genus g fusion coefficients by

20,2,
g —_ 05::94g 1
NXlw-»Xn - E NXl,...,XnNZO,...,Zg : (2)

Zo,...,Zg€lrr(C)
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and use the notation
gN)}?l:'.....:i)/& = gNXL.--,Xn,Yl,.-.,Ym : (3)
The terminology is motivated by Remark 2.3 (below) and the following generalized Verlinde
formula. This formula is well known to experts, but we could not find it recorded in the

literature, so we provide a proof.

Proposition 2.2. We have

- 2g9—2
INX, X0 = Z Sxy SX"’Y< D1mC> — (Dim )7~ Z Sxiy - Sx,y

g ’ g g n+2g—2
yemme) LY 1Yy 1Y dy

Yelrr(C)

Proof. We recall the usual Verlinde formula for modular categories [Tur94, BK01]

1 Sx, vSx,ySxsy
N)]lfl,Xz,X:s = TI’HC Z : ) )

S
Yelrr(C) LY

and the “sewing” relation
> SpxSuz=DimC-dxz.
Uelrr(C)
Then we obtain the n-point Verlinde formula
1 Sx.y - Sx,v

1 _
X1,...,.Xn — D n—2
e im C S
Yelrr(C) LYy

by induction on n.
To see this by semi-simplicity and Frobenius reciprocity,

1 _ E 1 a7l
NXl,,..,Xn.»,_l - NXl,...,anhUNU,Xnan-Q—l
U

Assuming our formula works for n, then

1 _ § 1 a7l
NXl,..‘,XnJA - NX1,...,Xn_1,UNU,Xn,Xn+1

Ueln(C)

_ 1 Sxyy 9%, 1, ySuy SuvSx, vSx, v
~ (Dim ()2 U7V7YZ€IH(C) SE}Q Siv
1 Sxvy Sy

- DimC YEIer(C) S’i}l

Applying sewing to

Z07-~~7Zg 1
Z NXla"'7XTLNZO7---7Zg
Zo,...,Zg€lrr(C)

_ § 1 _ B 1
o NXl7---7Xn,ZO,---7ZgNZOw--’Zg
Z0,...,Zg€Irr(C)

B 1 Z Sx\u-e SXn,USZO,U T SZg,U Szov Sz, v

DimC 2 n+g—1 g—1
( ) Z0,...,24,U,V€lrr(C) SLU SLV



gives the desired result. 0

Remark 2.3. Associated to a modular tensor category C is an (anomalous) 3-2-1 topological
quantum field theory called the Reshetikhin-Turaev TQFT [BDSPV15]. To a closed surface
with a series of marked points labelled with by simple objects in C, the TQFT assigns a finite
dimensional vector space. The number Mc(g; X1, -+, X,)? = Nx,... x, is the dimension of
this vector space for a genus g surface with marked points X; € C. While the vector space
itself depends on the ordering and position of the marked points, the dimensions themselves
do not. The formula for M¢(g; Xy, -+, X,) in terms of S-matrix appeared in the physics
literature [MS89, Eq. (A.7)].

The next two subsections review the basics of categorical actions and equivariantization
which we will need in the sequel, and the extension theory of [ENO10].

2.2. Equivariantization. We now recall some facts about equivariantizations of fusion cat-
egories. As a general reference see [EGNO15,BN13]. Let C be any fusion category, and G a
finite group. Let us first recall some notions related to categorical actions of G on C:

e (G is the monoidal category whose objects are elements of G and the only morphisms
are identities. The monoidal product of objects is the product in the group.

e Aut,(C) is the monoidal category whose objects are monoidal autoequivalences, and
whose morphisms are monoidal natural isomorphisms. The monoidal product of
objects is composition of functors, and the monoidal product of natural isomorphisms
is the usual one.

e If C is braided, then Aut2(C) is the full monoidal subcategory of Autg(C) whose
objects preserve the braiding.

e A categorical action is a monoidal functor M : G — Aut(C).

e If C is braided, a braided categorical action is a monoidal functor M : G — Mg(C)

Notation for categorical actions. In what follows below, given a categorical action, we
typically denote the functor assigned to g simply by ¢(:). The tensorator for g is typically
indicated by p%y: g(X) ® g(Y) = g(X ®Y). The tensorator for the categorical action is

usually written pu, = {1, : g(h(X)) = gh(X)}xec.

Given an arbitrary categorical action, recall its equivariantization C¢ is defined as follows:

e Objects are pairs (X, \) where A = {\; : h(X) = X},eq is a family of natural
isomorphisms satisfying

b'e
Fg.n

g(h(X)) —= (gh)(X)

lg(/\h) lAgh

g(X) —— X

e Morphisms from (X, A) to (Y, d) consist of f € C(X,Y’) such that

dg9(f) = Agf
for all g € G.



There is a canonical monoidal structure on this category which makes C¢ a fusion category
if C is.

Let F;: C¢ — C denote the forgetful functor, which simply forgets the equivariant struc-
ture. In this section we provide an explicit realization of an adjoint to this functor.

Remark 2.4. We briefly remark on our use of the term adjoint. Recall that every linear
functor F' between semi-simple categories has an adjoint functor, which is both a left and
a right adjoint. Since left (and right) adjoints are (respectively) unique up to natural iso-
morphism, then any left adjoint of F' is also a right adjoint, since it must be isomorphic
to a two sided adjoint. This is simple a reflection of the fact that in rigid, semi-simple 2-
category (in this case, the 2-category of finitely semi-simple categories) left and right duals
of 1-morphisms (in this case functors) coincide up to isomorphism. Below we will sometimes
need an explicit choice of units and counits for either a left or right adjunction, in order
to equip the adjoints of (strong) monoidal functors with oplax and lax monoidal structures
respectively.

We now define a functor I : C — C¢ which we call the induction functor. On objects, we
set

I6(X) = (Dyeq 9(X), n¥)
where the equivariant structure n* = {n;{ }1c¢ is given by

m =P, @ 9(X)) =P hg(X) - @Phg(X) =P g(x).

geG geG geG geq geG
For a morphism, f € C(X,Y’), we simply define

Ia(f) == EPa(f)-

geG
Proposition 2.5. I as defined above is adjoint to the forgetful functor Fg : C¢ — C

Proof. By Remark 2.4, to show [ is an adjoint, it suffices to show I is either left adjoint or
right adjoint to F;. However, in this proof we will choose specific left and right adjunctions
between I; and F in order to obtain concrete oplax and lax monoidal structures on Ig5
respectively.

To establish I as a left adjoint to Fy it suffices to build a bijection C%(Ig(X), (Y, \)) =
C(X,Y) natural in both X and (Y, \).

Let f € CY(Ig(X),(Y,))). Then as a morphism in C, we may write f = D, cc fo, where
fg  9(X) = Y. Our bijection will be defined by sending f — f;. Since f is equivariant,
we see that fg, = Ag 0 g(fn) o (u)},)"" and in particular, f; = Ay o g(f1) o (u;,)" and
so f is uniquely determined by f;. Furthermore, for any choice of f' € C(X,Y), defining
fo=Ag09(f")o (u;fl)_l yields an equivariant morphism by setting f = €D, f,, establishing
the bijection. Naturality in both variables is clear.

The construction of a right adjunction is very similar, we simply reverse the order of the
arrows. In particular for the right adjunction, we need to build a family of natural isomor-
phisms CY((Y, \), I¢(X)) 2 C(Y, X). A morphism f € CY((Y, ), Ic(X)) is represented as a
direct sum f = &P e fg, where f, € C(Y, X). As before, we define our bijection by sending
[ — fi. As above, since f is equivariant we have for all g,h € G, fy, = /L;{h og(fn)o Ag’hl.
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In particular, f, = ugfl o g(f1) o A{', hence f is completely determined by fi;. Given any
e C(Y,X), define f, := ugflog(f’)o)\l_l. Then f = @, ¢ [y gives an equivariant morphism
CY((Y, \), Ig(X)) which is clearly inverse to the above assignment. O

By [Kel74], since Fg is (strong) monoidal, then any right adjoint to Fz can be equipped
with the structure of an oplax monoidal functor. Similarly, any left adjoint can be equipped
with a structure of a lax monoidal functor. These structures depend on the choice of ad-
junction (i.e. on the units and counits). Since I is both a right and left adjoint to Fy, we
can use the adjunctions described in the previous proposition to construct both a lax and
oplax monoidal structure on I.

Unpacking the construction in [Kel74], we obtain a lax monoidal structure vxy: Ig(X)®
I(Y) — Ig(X ®Y) which we can describe explicitly as follows.

Define

(vxy)gn 1 9(X) @ h(Y) = k(X ®Y)
by
(VX,Y)l;,h = 5g,h5 ,kpg(,y;
where pj  is the tensorator for the monoidal functor g. Then set

VX)y ‘= @(VX,Y>§JL

g,h.k

Furthermore, the “unit” map of I is given by a morphism u: lee — Ig(1e),

u = @geGg(lll) .

Similarly we can describe the oplax monoidal structure arising from the (left) adjunction in
the proof of 2.5 as follows. Define

VS(,Y: Ig<X (%9 Y) — IG(X) ® [G(Y)

where

(V;(,Y)g’h = 5k,g§k,h(ﬂ§(,y)il .
In fact, these lax and oplax structures have an additional compatibility: it’s easy to verify
that v and v/ equip I¢ with the structure of a “special Frobenius functor” [DPO0S].
Now let (A, m,¢) be an algebra object, with multiplication m: A® A — A and unit ¢: 1 —
A. The lax structure v on I allows us to define the algebra (Ig(A), Ig(m)ova a, Ig(t) o).
If A in addition comes with a coproduct m’: A — A ® A making it into a special Frobenius

algebra, then v/ 4 o Ig(m’) makes I¢(A) into a special Frobenius algebra.
9



2.3. Extension theory. In this section, we briefly review the extension theory from [ENO10].
Let G be a finite group. A (faithful) G-grading of a fusion category C is a decomposition
as linear categories C = @geG C, such that C, ® C, € Cyp, and Cy # 0 for all g € G. If C is

a fusion category, a G-extension of C is a (faithful) G-graded fusion category D = @Dg

geG
Theorem 2.6. [ENO10, Theorem 7.7] (Faithful) G-extensions of a fized fusion category C
are classified by monoidal 2-functors

G — BrPic(C).

Here G is the monoidal 2-category whose objects are elements of G and the 1 and 2
morphisms are all identities. The monoidal product is given by group multiplication on
objects, and the obvious composition of identities. BrPic(C) is the monoidal 2-category
whose objects are invertible bimodule categories, 1-morphisms are bimodule equivalences,
and 2-morphisms are bimodule functor natural isomorphisms. The monoidal product is
defined by taking the relative product of bimodules (functors, natural transformations) over
C [ENO10, Definition 4.5].

This classification is fairly transparent. The table below gives a correspondences between
the data of a monoidal 2-functor and the data of the extension (in the table below we neglect
units).

H Data of monoidal 2-functor Data of extension C C D H

Assignment g — D, Definition of g components D = €5 4Dy
Definition of tensor product bi-functor
X Dg X Dh — Dgh

Associator

o (X9®Yh) ®Zk —>Xg®(Yh®Zk)

Bimodule equivalences T} j,: D, X¢ D), = Dy,

ag,hjk : Tgh,k e} (Tg,h &c Idk) = Tg,hk o (Idg &CTh,k)

It is then shown that the coherence that the ayj k is required to satisfy is equivalent to
the pentagon axiom for the corresponding associator.

While this result is conceptually straightforward, for it to be useful requires an under-
standing of the monoidal 2-category BrPic(C), which in general is a complicated beast.
However, if we truncate the top level and take isomorphism classes of bimodule equivalence
as 1-morphisms, we obtain the monoidal category BrPic(C).

This monoidal category is easier to understand. For a fusion category C, let Z(C) denote
the Drinfeld center of C [EGNO15]. Given an invertible bimodule category M, we have two
equivalences L, Ry: Z(C) = Ende_¢(M) given by left and right multiplication respec-
tively, where Ende_¢(M) denotes the monoidal category of bimodule endofunctors of M
[EGNO15]. The composition L o R gives a braided auto-equivalence apg € Aut (Z(C)).

Theorem 2.7. [ENO10, Theorem 1.1] The assignment M — an described above extends
to a monoidal equivalence BrPic(C) = Aut? (Z(C)).

Thus given an extension with classifying functor M: G — BrPic(C), decategorifying
canonically gives a monoidal functor

M: G — BrPic(C) = Aut (Z(C)) .
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A monoidal functor M: G — Aut2(Z(C)) is precisely a braided categorical action of G
on the Drinfeld center Z(C). The goal of this paper, is to recover the fusion rules of the
extension from just the categorical action M. The reason this is useful is that often we use
the above theorems in the reverse direction.

Namely, suppose we want to construct and extension from scratch. We can start from a
categorical action M: G — Aut (Z(C)) = BrPic(C). Then we can lift this to a monoidal 2-
functor M : G — BrPic(C) if and only if a certain obstruction o4(M) € H*(G, C*) vanishes.
If it does, then we know an extension exists, and the possible associators form a torsor over
H3 (G, ).

In practice, one can often show the o4 obstruction vanishes for general reasons (for example
[EG18,GJ19]). In this situation, we know extensions exists, but it is often very difficult to say
anything about the structure of such extensions in general. Thus new methods are required
to work out the details of what an extension looks like when constructed in this way. The
goal of this paper is precisely to provide such methods to determine the fusion rules of the
extension.

In the sequel our method will require the existence of a spherical structure on the extension
D. As mentioned in the introduction, to our knowledge there has been no general theory
developed for constructing spherical structures on extensions, though it should certainly
exist. In particular, there is a natural spherical analogue of the Braur-Picard groupoid, and
one would expect spherical extensions would naturally be classified by monoidal 2-functors
from G to this category. However, as this theory has yet to be developed, thus having
conditions on C which guarantee the existence of a spherical structures on our extensions
automatically makes it easier to apply our results.

We have the following proposition.

Proposition 2.8. Let C be a pseudo-unitary fusion category, and let C C D be a G-extension.
Then D is pseudo-unitary.

Proof. Let X € D be in the g-graded component. Then choose a dual object X & Dy,
and solutions to the duality equations Ry, Rx, Rk, R% (here we use the notation preceding
equation 1). Then X ® X € C is canonically equipped with the structure of a connected
special Frobenius algebra, with multiplication m := 1x ® R% ® 1%, co-multiplication A :=
1x ® Rx ® 15, unit ¢ := Rx and counit € := R}.

Then this algebra is special, with constants mo A = (Ry o Ry)lxgx and eor = Ry o Ry.
Thus the invariant quantity 8 associated to any special Frobenius algebra defined by eom -
Ao = 31y in this case is precisely the paired dimension dyy x3.

Since X is simple, the algebra X ® X is connected (also called haploid in the literature).
Thus by [FRS02, Corollary 3.10], this algebra will be symmetric with respect to any spheri-
cal structure for which the spherical dimension of X ® X is non-zero. But symmetric special
Frobenius algebras A satisfy 5 = d4. In particular, choosing the canonical pseudo-unitary
spherical structure, the above shows that the connected Frobenius algebra X ® X is sym-
metric, hence d{DXJ—(} =p= d§(®)—( = FPdim¢(X ® X) = FPdimp(X ® X) = FPdimp(X)?,
where we have used pseudo-unitarity for the third equality. Thus D is pseudo-unitary. [
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3. RECOVERING FUSION RULES FROM THE LAGRANGIAN ALGEBRA

In this section, we will explain how the fusion rules of a fusion category can be derived
from a pair of algebraic operations on the vector space Endz)(Z(1)). We use these results
together with the facts we’ve assembled about equivariantizations to describe the fusion rules
for extensions. Our conventions for half-braidings and spherical structures follow [Miig03al,
[Miig03b]. We make extensive use the graphical calculus for spherical fusion categories. We
use the “optimistic” convention, so that our diagrams are read bottom to top.

We refer the reader to [FRS02] for definitions concerning algebras in tensor categories
and their various adjectives. We warn the reader that following [EGNO15] we use the word
connected to mean dimg C(L1, A) = 1, whereas in many references (including [FRS02]) the
word haploid is used. Let A be any commutative, connected special Frobenius algebra in a
braided spherical fusion category with d4 # 0, normalized so that

A A

axb| i= ntn . (4)

This operation on Ende(A) makes it into an associative, commutative algebra. The wunit
with respect to the convolution product is given by

10€ = l
!

We note that Ende(A) also has the usual composition, and thus we have two operations
on this vector space (End¢(A),o,%). By [BD18, Corollary 2.5], (End¢(A),*) is a semi-
simple commutative algebra and is thus isomorphic to C". Thus we can “diagonalize” the
multiplication by finding minimial idempotents. We note this idempotents give a canonical
basis for the vector space End¢(A) and (Ende(A), o) becomes a based algebra.

Lemma 3.1. Let A, B be connected special Frobenius algebras with non-zero dimension,
normalized as above, which are isomorphic as algebras. Then

(Endc(A), o0, %) = (Ende(B), o, ).
12



Proof. By [FRS02, Corollary 3.10], A and B are symmetric, hence by [FRS02, Theorem
3.6] there is a unique comultiplication with the desired normalization. Therefore any alge-
bra intertwiner ¢» € C(A, B) must also intertwine the comultiplications. Indeed, if mp €
C(B® B,B) and ng € C(B,B ® B) denote the normalized Frobenius multiplication and
comultiplication for B respectively, then ("' ® ¢~ ongot € C(A,A® A) provides an
appropriately normalized comultiplication for m 4 and therefore must be n4 (a similar argu-
ment applies to counits). Thus the map End¢(A) — Ende(B), f+ o f o™ € Ende(B)
is an isomorphism with respect to o and . ]

3.1. The canonical Lagrangian algebra. Recall that on object in the Drinfeld center
Z(C) consists of pairs (Y, ¢y) where Y € C and ¢y is a natural isomorphisms from the
functor Y ® - — - ® Y called half-braidings satisfying a version of the hexagon coherence
[Miig03b]. Morphisms between such pairs consist of morphisms between the underlying
objects which intertwine the half-braidings. The functor from Z(C) to C which sends a pair
(Y, ¢y) to the object Y and morphisms to themselves is called the forgetful functor, denoted
F: Z(C)—C.

Let C be a spherical fusion. Let us once and for all pick a square root /dx for each
X € Irr(C). The forgetful functor admits an adjoint /: C — Z(C) (see Remark 2.4). By
[KJB10], we can represent I with the following explicit formula:

I(X) = (Byeme) Y @ X ®Y, diex), (5)

W Z X Z

Oro0w = @ Z\/@\/@ \%2 G (6)

Y, Zelrr(C) ¢
Y Xy W

here {i} is a basis for C(Y,W ® Z) and {i®} C C(Y ® W, Z) is a dual basis defined via

5i,j =Y Z . (7)

7

Remark 3.2. Here and throughout this paper, we make extensive use of the following
elementary fact: for a finite dimensional vector space V', there is a canonical element in
V ® V* defined by >, b; ® bf where {b;} C V is a basis and {b;} C V* is the dual basis
satisfying bf(b;) = ¢;;. Though we have picked a basis to define it, this element does not
actually depend on the choice of basis. Throughout this text we will have vector spaces of
morphisms arising from our category that are linked together with (various) non-degenerate
pairings. Since our monoidal categories are linear, inserting morphisms into planar diagrams
is multi-linear. It follows that any of our pictures which have a summation over diagrams
which consist of a basis element together with its dual with respect to some non-degenerate
pairing, the resulting overall morphism will not depend on the choice of this basis. This will
be a key ingredient of many of our arguments.

In [KJB10, Theorem 2.3|, the authors establish I as a adjoint to the forgetful functor.

In particular, they provide a (left) adjunction between I and F' by establishing a bijection
13



C(X, F(Y, ¢v)) = Z(C)(I(X), (Y, ¢y)) defined by

Y Y
| ¢v,z
— P Vi : (8)
Zelrr(C)
X Z Xz

The object I(1) is endowed with the structure of a (symmetric) special Frobenius algebra in
Z(C), with structure maps

I(1) X X
1
Xelrr(C) X m
I(1) 1I(1) X X X X
I(1)

X X
= P Vix U (10)
Xelrr(C)
The comultiplication and counit are given by the reflected diagrams of the multiplication
and unit maps respectively, with the same normalizing coefficients. Thus (1) is a connected
special Frobenius algebra normalized as in the previous section (note dyz) = Xelr(C) d% =
Dim(C) > 0).
From above we see
Endze)(I(1)) 2 C(1,FoI(1)) = @ C(1,X®X).
Xelrr(C)

We have a basis for € ycpy ) C(1, X ® X) consisting of cups. Namely, set

Y Y
ry::\/@U.

Then {ry} form a basis for @y, C(L, X ® X) (note that here we are implicitly using

the spherical structure to identify ¥ with its representative in Irr(C) and Y with Y). Now
we consider the image of ry under the canonical adjunction from Equation 8, which from
Equation 5 reads

we @ YV

X, Zelr(C)

X

The summation of i is over a basis for C(Y ® X, Z), and i* is a dual basis with respect to a

reflected version of the graphical pairing defined 7, given explicitly by
14



5,‘73‘ = X Y . (12)
J
To see that the graphical terms in equation 11 are equal, note that the rotated j and j°
form a basis and dual basis with respect to the graphical pairing as well (this can be easily
seen using sphericality with the Z string and using pivotality to apply a 27 rotation to the
resulting twisted morphism j, which results in the graphical pairing from 7). Thus we can
apply Remark 3.2.
A straightforward computation then gives us the following:

(1) {ey} forms a basis for Endz)(/(1)),
(2) €y * €z = 5Y726y.

To see the second point,

=dy,z: @ Zdy\/a\/@

X,Velrr(C) ¢

eyxey = @ Zdydz\/@\/@

X,Velrr(C) .J

since

In other words, the collection {ey} diagonalizes the convolution product.
Proposition 3.3. ey oez =3 0 %Nf/{zex
Proof. We see that

ey 0ey = @ Z Zdydde\/%\/@Q

P,Relrr(C) Q€elrr(C) 4,J

R R
IA O k
10 R AN
Y Zz P Y z p
15
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as @, U runs over Irr(C) and 4, j, k, [ run over the graphically normalized bases both form a
(graphically normalized) basis for C(Y ® Z® P, R). Since the first basis set appears together
with its dual in the above expression, we can replace it with the latter (Remark 3.2), to
obtain

R R

k

dyd
€y O€y = @ ZdeZN)[/J,ZvdRVdP g = Z Z—UZN;;’Z‘EU' O
k.

P,Relrr(C) ¢ U€lrr(C)
P P

Now let C be a fusion category and d a spherical dimension function. Then consider
(Ko(C), -, *4), where Ko(C) = ClIrr(C)], [X] - [Y] = > cp ) NZ,[Z], and [X] *q [Y] =

(Z(—’Y [X]. Then the above proposition and a straightforward computation gives us the follow-
X

ing corollary:

Corollary 3.4. The assignment ex — dx[X]| gives an isomorphism
(Endz(e)(1(1)),0,%) = (Ko(C), -, *a) -

Thus if we have the algebraic structure (Endy)(I(1)),0,*) and we know the spherical
dimension function, we can determine the fusion rules by rescaling the canonical basis.
Unfortunately this is not information we will have a-priori.

In the extension construction described in Section 2.3 the input is a categorical action
M: G — Aut2(Z(C)). Suppose o4(M) vanishes, so there exists a (several) extension C C
D. We would like to compute the fusion rules for this extension. We will assume the
extension D admits a spherical structure. In the next section we will show how to compute
(EndZ(D)(I(]1>>7 0, *).

As we’ve mentioned, a-priori this is not quite enough to reconstruct the fusion rules, since
we don’t know which dimension function d our basis is scaled with respect to! Indeed, we
do not even know the fusion rules of D yet, so trying to determine the possible dimension
functions is premature.

However, we can use Proposition 3.3 to determine the square of the dimensions (i.e. the
paired dimensions) as follows: first determine the canonical basis element acting as the unit
under composition, e; which is straightforward. For each ey, there will be a unique element
ey such that ey o ey has a coefficient of e;. This coefficient will be d3 = dgy,yy > 0, the
canonical paired categorical dimension (see equation 1). Recall the positive square root (i.e.
the fusion dimension) is denoted dy.. We have dy = vydy;, where v.: Irr(D) — {£1} is
determined by (and determines) the spherical structure. More explicitly, to have a spherical
structure we need to find a function . as above such that whenever 7 < X ® Y, we have

B = TZ, is the pivotal operator (See [Barl6, Theorem 5.4]). In particular, for such a

spherical structure defined by 7. to exist, we must have T%, = +1 is constant whenever
Z<XQ®Y.
In any case, when we have a spherical structure, the spherical dimensions necessarily

satisfy
dxdy id}d;ﬁ
dz = df
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With the associative algebra (Endz(c)(1(1)),0) = (Ko(C), -) . and the scaled basis elements
described above in hand, we can compute the coefficient of ey in ex o ey, which is C%, =

. dhdf . .
%N Z.,. We can also determine —5* as described above, and thus the fusion rule can be
zZ
recovered as
J’_
dy

Z__ 13
tdl (13)

zZ _ |z
Ny = ‘CX,Y

Summary of preceding discussion. Suppose we are given a vector space V and two bi-
linear operations o,* such that the triple (V,o,x*) is isomorphic to (Ko(C),-,*q) for some
spherical dimension function d. Using the above procedure we can recover the fusion rules
without determining d. While our method requires the existence of a spherical structure to
produce the fusion rules, it does not require the choice of a specific one

Remark 3.5. Above we assumed the existence of a spherical structure to derive our re-
sult. In the hypothetical case that there exists a fusion category which admits no spher-
ical structure, the convolution product and composition product still make sense for the
Frobenius algebra I(1). One can show, however, that instead of recovering the fusion
rules using our procedure above, we recover the signed fusion rules Tr(7%,,), where again
TZ, :C(Z,X®Y) — C(Z,X ®Y) is the pivotal operator [Bar16]. The operator T%, has
order 2 hence its eigenvalues are 1. If we let NZ;' and N7y be the dimensions of the 1 and
—1 eigenspaces respectively, then Tr(T%,) = NZ;7 — N2y which motivates our terminology.
It does not seem to be possible to recover the fusion rules from this information unless we
have TZ,, = +1 for every triple of simple objects.

3.2. G-extensions. In the previous section, we showed how to recover the fusion rules of a
fusion category from the algebraic structure of the Lagrangian algebra I(1) € Z(C). Given
a G-extension C C D, and have a categorical action M: G — M%Y(Z(C)). The point of
this section is to show how to describe the endomorphisms, convolution, and composition
product of the canonical Lagrangian algebra for D in terms of the data of the Lagrangian
algebra for C and the categorical action M. Our approach is based on the results of [GNN09],
which realize the Drinfeld center Z (D) as a certain equivariantization.

Recall from Section 2.3 that given a G-extension C C D, we have a canonically associated
categorical action M: G — Aut(Z(C)). From [GNN09, Theorem 3.3], we have that the
relative center of the extension Z¢(D) is a G-crossed braided extension of Z(C), whose G-
action on the trivial component is precisely the canonical action M.

Furthermore, we have Z(D) = Z¢(D)Y [GNN09, Theorem 3.5]. The forgetful functor
Z(D) — D factorizes as the composition of the forgetful functor Z(D) — Z(D) with
Ze(D) — D, and thus its adjoint factors as a composite of the respective adjoints. How-
ever, upon identification of Z(D) with Z¢(D)%, the first forgetful functor (which forgets
the half-braiding with all D and just remembers the half-braiding with the trivial compo-
nent) is identified with the equivariant forgetful functor, which simply forgets the equivariant
structures on objects.

Let Ip: D — Z(D) and Ic: C — Z(C) the denote the adjoints of the forgetful functors
and I : Z¢(D) — Z¢(D)¢ = Z(D) as defined above Proposition 2.5. Then we have

ng[Gofc.
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In particular, Ip(1) = I5(I¢z(1)). Thus the description of the algebra structure on I (A)
(for an arbitrary algebra A) from Section 2.2 provides a concrete realization of the canonical
Lagrangian algebra Ip(1) which is only defined up to an isomorphism.

To compute the fusion rules, our first step is to identify End(/p(1)) as a vector space. We
see

Z(D)(In(1), In(1)) = Z(C)(Ia(Ie(1)), Is(Ie(1))) = €D Z(C)(Le(1), g(Le(1)))

geG

where the first isomorphism uses the equivalence Z (D) = Z(D)“ together with the fact
that Ip(1) = Ig(Ic(1)) is contained in the subcategory Z(C)¢ C Z¢(D)Y, since 1 € C.
The second isomorphism uses the model for /5 and the adjunction from Proposition 2.5.
Let L := I¢(1), with multiplication m and comultiplication m’ as described in Equation 9.
Then using the description of the adjunction to transport the convolution and composition
structures from Ig(I¢(1)), we have

Ko(D) = P Z(C)(L,g7'(L)) -

geG
For a, € Z(C)(L,g (L)), bn, € Z(C)(L,h (L))
ay by = Sy g (m) 0 gy 0 (a, @ by) o’ € Z(C)(L,g™ (L)) (14)
For the composition product, we see
450 b 1= s 41 0 ag) 0 by € Z(C)(L, (9h) (L)), (15)

Remark 3.6. Note that while we use o for the composition product above, this is an abuse
of notation, and is not actually the operation of composition of the morphisms a, and
by, in the category Z(C). Indeed this doesn’t even make sense in general since they have
different sources and targets. Rather, this operation corresponds to honest composition of
the endomorphisms of I;(L) obtained by applying the adjunction from Proposition 2.5.

We now put everything together to describe an algorithm for finding the fusion coefficients
of a G-extension of a fusion category:

Algorithm for finding fusion rules of G-extension:

(1) First find arbitrary basis B, for V, := Z(C)(L,g (L)) for each g € G, where L =
I¢(1) is the canonical Lagrangian algebra in Z(C).

(2) Compute convolution product * (see equation 14) and composition product o (see
equation 15) in terms of the basis (J,.q By-

(3) Find minimal projections of V, with respect to convolution, label them ey. These
will correspond to simple objects in the g component of the extension.

(4) Next we want to compute the C%y in the sum ex oey = >, C%yez. To do this, we
use (ex oey) x ey = C4yey.

(5) Next, we note that for each ey € V,, there is a unique ey € V-1 such that C’;EY > 0.
Set dy = /CL..

(6) We then determine

d+
Ny = ot gt
18




3.3. Example: Fusion categories Morita equivalent to Vec(A). Let A be an abelian
group. Then Z(Vec(A)) = Vec(A x A, q), where ¢(p,a) = ¢(a) is the canonical quadratic
form on A x A and A = Hom(A, ©*) is the dual group [ENO10].

Fusion categories C together with a Morita equivalence to Vec(A) are described by La-
grangian algebras in Z(Vec(A)). The Lagrangian algebra is precisely I¢(1).

Lagrangian algebras in Vec(fl X A, q) correspond precisely to Lagrangian subgroups L <
(A x A,q) [DS18]. By definition, these are precisely the subgroups with |L| = |A| such
that ¢/, = 1. By [ENOI10, Proposition 10.3], these are in bijective correspondence with
subgroups H < A together with alternating bicharacters (which are, alternatively, in bijective

correspondence with elements of H?(H, C*)).
Given H < A and b € Alt(H x H,C*) define

Ly ={(p.h) e Ax A:p [ H=b(h, )}
and consider the Lagrangian subgroup
Ly = Lns.-
heH

then it follows that (H,b) — Lp, is a one-to-one correspondence between pairs (H,b) as
above and Lagrangian subgroups L < (fl x A, q). Namely, given L < (/1 x A, q) Lagrangian,
define H by {1} x H = LN ({1} x A) and b(h, k) = (k) for some (@, h) € L.

Now, for arbitrary a € A x A, let Xa be the character on A x A defined by

q(ba)
xel0) = @

Suppose we have a homomorphism 7: G — O(A x A, q), i.e. a homomorphism 7: G —
Aut(A x A) such that g(g(a)) = ¢(a), where by abuse of notation we denote g(-) = m(g)(-).
Let w: G x G — A x A be a 2-cocycle with respect to this homomorphism, i.e.

W kG (Wh,k) = Wg hWgh,k -
Then this data defines a braided categorical action

™ Q — M%I(C(A X AaQ)) )

where the element g acts by 7(g) in the obvious way as a strict monoidal functor on Vec(jzl\ X
A). We again abuse notation and use ¢(-) to refer to the functor m(g). To define the
tensorator of the categorical action we use the monoidal natural isomorphisms

Hah = Xy (90(0)) Lgna) = g((a)) = gh(a) = gh(a).

That this is a categorical action follows from the general theory of [ENO10]. However, for
the sake of completeness we give a direct verification.
We need to verify for all a € A x A, g, h, k€ G

a k(a a a
Mgh,kug,(h) = tg ni9 (15 1)

Using our definition of yg ,, this becomes

Xwgni (9PE(@)) X, , (9hK(a)) - Xeog i (GRE(@)) Xy, (K (@) - (16)



But since g preserves ¢ we have x,(g(b)) = Xg-1(a)(b). Thus we take the left hand side of
equation 16, and we compute

Xwgh, k (ghk(a))Xwg,h (ghk(a)) = Xghkfl(wgh,k)(a)Xghkfl(wg,h)(a>
= Xghk_l(wgh,kwg,h)(a)

= Xghk*l(wg,hkg(wh,k))(a)
= Xuwg i (91K(a)) Xy . (RE(a))

as desired. It turns out every braided categorical action on Vec(A X A, q) is equivalent to
one of this form [ENO10].

Let L < A x Abe a Lagrangian subgroup, and by an abuse of notation, let L also denote
the corresponding Lagrangian algebra.

Then as an object, L = @, a. The multiplication is given by

M@mab @a@b%@c

apeL ceL
where

Map = Lags -
The Frobenius comultiplication is defined similarly.

Theorem 3.7. Let m: G — Aut(A x A, q) be a group homomorphism and w an A x A-valued
2-cocycle, and consider the categorical action constructed from this data as described above.
Let L be a Lagrangian subgroup and set L, :== LN g *(L). Then the simple objects in the G-

graded component of any corresponding extension of Vec(fl X A,q)r (if it exists) are indexed
by irreducible characters o € Ly. For o € Ly, 8 € Ly, € Ly, we have

o Ly N Ly y/TA]
e L ARy
g g

Proof. Note that C(A x A,q), = Vec(L, ) for some 3-cocycle € Z3(L,C*). All these
categories are pseudo-unitary, hence we can apply our algorithm to any extension.

First we compute the convolution structure. A basis for Vec(fl x A)(L,g (L)) is given
by

1
1.}, , 1, %1, = —1,.
{ }emg(L) * 1p |A| b

Let o, 5 € E; be irreducible characters. Then we have the standard formula from character
theory

> a(a)B(a"b) = bas|Lyla(b) .

a€Ly
Thus we may define

and hence



For a € Z;,B € fh,v € fg\h we compute

_AaE _
(ea o) * ey = B D xe., (@al@Bla)y(ab) | 1,=Clhe, .
[LlIZallLgnl ot o
gh a€LgyNLy,
We know the coefficient of 1; in e, is precisely %.
g

Using the character formula
> Xepr, (@a(@)Bla)y(a'0) = |Lg N Ll bapre, _, Lo Mooz, 7(0)
a€LyNLy, ’
and comparing coefficients of 1; via our above expression, we obtain
|[Lg N Ln|| A

‘L9||Lh| Olﬁxwh_l,g—l|Lgﬁth’Y|LgmLh .

To find the multiplicities, we see the positive dimensions satisfy

dt = ﬂ
VLl

and therefore

N s 1L, 0 Lol I -

aBxw, 1 ,—1lLgnLy,YlLgney, | Lol | L || Lgn| |
g g

We remark that these formulas can be applied to derive the fusion rules for reflection
fusion categories [EG18] in the case when the trivial component of the category (which is
an elementary abelian p-group) has trivial 3-cocycle associator.

3.4. Example: Fusion categories with center tensor equivalent to Vec(B). We can
slightly generalize the former example. Let A be an abelian group. We want to consider the
following kind of Lagrangian extensions of A. Let B be another abelian group with |B| = | A|?
and b: B x B — C* a bicharacter, such that ¢: B — C* defined by ¢(z) = b(z,x) is a
non-degenerate quadratic form and that there is an embedding A < B with q|;4 = 1. Note
that [LN14, Lemma 4.4] implies that the modular tensor category C(B,q) is monoidally
equivalent to Vec(B). The Lagrangian subgroup A<B gives a Lagrangian algebra L in
C(B,q). We have that C(B, q), is tensor equivalent to Vec(A, u) for some p € H3(A, C*)
and C(B, q) is braided equivalent to Z(Vec(A, uu)). For a € B let yx, to be the character on
B defined by

_ glag)
Xa(g> T q(a)q(g) - b(a’7 g)b<g7 a) .
Suppose as above, we have a homomorphism 7: G — O(B, q) and w: G x G — B a 2-cocycle
with respect to this homomorphism as above. By replacing Ax A by B we get a categorical
action of G on C(B, q) as before. All the arguments are the same replacing Ax A by B, thus
we get the slightly more general version of Theorem 3.7:

Theorem 3.8. With the above notation, set Ly := LNg~' (L) and Ay = A/{a € A| evy|r, =

idz,} . Then the simple objects in the G-graded component of the corresponding extension
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of Vec(A, 1) = C(B,q)r, (if it exists) are indexed by irreducible characters o € A,. For
ac Ay Be Ay € Ay we have

- 14,00 Aly/TA]

R Ly Ty W

We remark that theorem applies to any C whose center Z(C) is tensor equivalent to Vec(B).
Namely, in this case Z(C) is braided equivalent to C(B,q) where ¢ is a quadratic form on
B which comes from a bicharacter b on B by [LN14, Lemma 4.4]. Then I(1) € C(B,q)
gives a Lagrangian subgroup L and C(B,q); is tensor equivalent to Vec(A, ) for some
€ H3(A,C*), where A = L. In particular, it applies to C = Vec(A, i) where A is of odd
order and p is a “soft” cocycle. Here the subgroup of “soft” cohomology classes is

H?(A, €)= {[ ] € H3(A,C) Hw y),0(2))"8"° =1 for all x,y,zeA} :

oES3

By [MNO1, Corollary 3.6], Z(Vec(A, 1)) is pointed for every [u] € H3*(A, C*)ap, thus braided
equivalent to some C(B, q). If A is odd, define a bicharacter b on B by

( h) Exp(G)+1

ag ’

- (0

91 =\ G)ath)

then q(g) = b(g, g). Thus for every A odd abelian group and [u] € H3(A, C*).p, the category
Vec(A, ) arise in the above way.

4. EXAMPLES FROM (G-CROSSED EXTENSIONS OF MODULAR CATEGORIES

We turn our attention to the case C is modular. Then Z(C) is braided equivalent to
C X C™, and the forgetful functor is the functor X XY +— X ® Y € C. We first give a
description of L = I(1) in C X C™". By [KR08, Section 2.2], we can describe the canonical
Lagrangian algebra as follows:

As an object

@ XXX,

Xelrr(C)

The multiplication is given by

Z Z
e ke k
XY, Zelrr(C) ¢

XY X v
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where {i} C C(X ® Y, Z) consists of a basis for C(X ® Y, Z), and {i} CC(X ®Y,Z) is a
basis given by

X Y X Y
where {i'} is the dual basis with respect to the composition pairing C(Z, X @ Y) ® C(X ®

Y,Z) — (D> f®g'_> <f,g> € C where <fvg>1Z :gof
The unit of the algebra is given by

to = lixy.

Now, by Lemma 3.1, for the purposes of computing the based algebra (Endegerev (L), 0), we
can replace this algebra by any isomorphic algebra which also admits a symmetric Frobenius
algebra with our desired normalization. In particular, we can choose one for which the
normalized Frobenius comultiplication is easier to compute.

Thus we consider the same object L, but with multiplication

:%mc P dedyz X 7 (17)

X,Y,Zelrr(C)

with ¢ defined as above, and unit

= \/ Dlm(C)lﬂgﬂ .

Then the map

@ 1ZX|Z c Endcgcrev (L)

Zelr(C

is an automorphism of the object A, but satisfies 1) o m = mgo (¢p ® 1) and ¥ o v = 19, and
thus (A, m, ) = (A, mg, to).
Furthermore, we can more easily compute the correctly normalized Frobenius comultipli-

cation to be given by
dXdy
m' = —— @ @ / Z it 541 (18)
Dl X Y, Zelrr(C

where {i'} C C(Z, X ®Y) is dual to {i} with respect to the composition pairing, and {if}
is dual to {2} with respect to the composition pairing. Defining the counit

=\ Dlm(C)llgﬂ

we obtain a symmetric Frobenius algebra structure on (A, m,¢) with the correct normaliza-
tion as desired.
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We note in the modular case, the story is considerably simplified for two reasons. First,
we have (End(A), o) = Fun(Irr(C)) as algebras, where the latter is the algebra of complex
valued functions on the set Irr(C) with pointwise multiplication. The identification is via

f € Fun(Irr(C @ f(@) 1 xmx -

Xelrr(C)

With this notation, an easy computation gives

02 = s X 000 BENE, (19

In terms of the basis {1ygx : X € Irr(C)} we have

1 dxdy
Iymx * lymy = Dim.C ZGIZ:(C) N)%Y dy 1zmz -

We will use both expressions in the sequel based on convenience.

Lemma 4.1. Let C be a modular tensor category, then for all VW, Z € Irr(C)

1
DimC

Z N§7Y(dVSX,V)(dWSKW) =dyw dvSzy
X,Yelr(C)

Proof. We have

d_SXWSYW— Z NZyvSzw
Zelrr(C)

and therefore

Z Ny (dy Sxv)(dwSyw) = dydw Z Sx,v Z N¥ ,Svw

X, Yelrr(C) Xelrr(C) Yelrr(C)
=dy Z SxvSzxwSzw
Xelrr(C)

= 5V,W -DimC - dV SZ,V .

In the last equahty, we used the property of modular data SCS = CS? = DimC - I, where
C = (DimC)~!' - S% is the charge conjugation matrix given by Cxy = dyy and I is the
identity matrix (see [BK01, Theorem 3.1.7]). O

Proposition 4.2. The set {ey }venrc) with
dy
= —S 1
ey @ de XV IXRX
Xelrr(C)

forms a complete set of minimal idempotents for (Endzcy(L), *).

Proof. Note {ey }vem(c) forms a basis of Endz ) (L) since S is invertible.
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Furthermore, we have

d dxd
Z _SXV_WSYW & YN§Y12®Z

v rew = Dlmc dy dy
1
NZ,(dyS dw S 1,07
DlchgZ Sy (dySxv)(dw YW)dZ ZRZ
d
= dyw Z d—vszvlzxz—(svw ey . O
Zelrr(C)

As a consistency check, we compute the composition structure

dxd
€Ex © ey = GB Z YSXVSYV lymy
Velrr(C) v

dxdy d
- EB Z N§ = Y_ZSZV Lywy
Velrr(C) Zelrr(C) V

dxdy
- Z N)%Y dr
Zelrr(C) z

This analysis was purely of the canonical Lagrangian algebra, with no categorical action.
We will now study a particular type of categorical action, which is associated to a G-crossed
braided extension of C rather than an ordinary extension.

Recall for non-degenerate fusion categories that there is a monoidal functor 7 : Aut™ (C) —
AutX (Z(C)) = Aut (CKC™"), where the braided C autoequivalence acts on the second factor
1K C™ C CRC™. Furthermore, there is an equivalence 9: Autg (C) = Pic(C) defined via o
induction [DN13]. Then by [DN13], the following diagram commutes up to monoidal natural
isomorphism

Autg(C) —— Autg(Z(C))

P
Pic(C) —=2— BrPic(C)

where the arrow on the right is the canonical equivalence from Section 2.3.
Consider a G-extension of a modular category C. Lifts (indicated by the dotted line)

Aut?(€) = Pic(C)

>
-
-
-
-
-
-
~
-

G s Au(Z(C)) = BrPic(C)

of the canonically associated categorical action (indicated by the horizontal sold line) cor-
respond to equivalence classes of G-crossed braidings on the G-extension with compatible
G-grading [JMPP2107, Theorem 7.2].
For g € Aut%r(C’), define Fix, = {X € Irr(C) : ¢g(X) = X}. Choose an isomorphism
%+ X = g71(X) for each X € Fix, = Fix,~1 (note X € Fix, if and only if X € Fix,). Then
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we have an isomorphism (recall that g is acting only on the second factor of C X C")
Fun(Fix,) 2 Z(C)(L,g ' (L))

[ @ FIX) - Ix K%k

XeFix,

Our first step is to determine a formula for the convolution product on each component
Fun(Fix,) = Z(C)(L, g *(L)). Utilizing our choice of 7% we can define a linear operator

Uy C(X®Y,Z)=»C(XeY,2)
_ _ -1
ar (7g) 7 g7 @) kg (% @)
where p:‘;{; g (X))@ g ((Y)) = ¢ H(X) @ (Y)) are the structure morphisms of “tenso-
rator” of the monoidal functor g~* (see Section 2.2). Then define

7Z Cp— 7Z
T)%Y = Tr(U;C’(’Y) )

Applying the formula for convolution (14) together with Equations 17 and 18 for the
multiplication and comultiplication on L, we obtain the following proposition.

Proposition 4.3. Let {v% : Z — g7 (X)}xeri, be a family of isomorphisms and X,Y €

Fixg. Then
dxd
Y ST 1,80,

€Fixy

1
DimC E

(Ix BA%) * (Iy May) =

Note that both U )g(i and T;”}’é depend on the choices of the v%. However, for a fixed g
for each X, the possible choices of isomorphism X = ¢=!(X) form a torsor over C*. We see
modifying a given 7% by a scalar Ay, the quantity U 5(’(?/ (and hence T)’}’é) are multiplied by

the factor % The basis elements 1x X 1% are multiplied by the scalar Ax, and we see

by
that the modifications cancel.

4.1. Cyclic permutation actions. Let C be a modular tensor category and G — S, a G-
set. More precisely, we choose a natural number n, a finite group G, and a faithful action of
G on the set {1,...,n} which we can naturally see as a monomorphism G < S,,. Then there
is a strict action of G on C*" by permutations. We denote a G-crossed braided extension
of C¥" by C 1 G as in [Turl0] noting that it is not necessarily unique, but always exists
by [GJ19] (see Remark 4.7). Delaney has recently given an algorithm for computing the
fusion rules of arbitrary permutation crossed extensions [Dell9]. In this section we apply
our methods to obtain a closed formula in the special case of the standard cyclic subgroup
Z/nZ ={12---n)) < S,, 1 — (12---n).

Suppose g € Z/nZ. Let us examine the equivalence class of simple objects in C¥" invariant
under g. Note that for any set with a 7Z/n’Z action, an element is left fixed by ¢ if and only
it is fixed by the entire cyclic subgroup generated by g. Let o(g) denote the order of g. We
define the co-order of g by ¢(g) = oty Let 1 denote the standard generator of Z /nZ (we
will use additive notation here for finite cyclic groups). From the elementary theory of finite

cyclic groups (g) = (c(g)). Thus an element is fixed by ¢ if and only if it is fixed by ¢(g).
Since ¢(g) acts on X = X; X ---X X, by

C(g) (X) = anc(g)%»l X Xn X X1 X..-X Xn,c(g),
26



then (since n — ¢(g) = (o(g) — 1)c(g)) then ¢(g)(X) = X if and only if X; = X+ for
1<i<e(g)and 0 <k <o(g) — 1. We conclude that the simple object X fixed by g up to
isomorphism are of the form
X=X KX,K- - KX,
where X, -+, X, € Irr(C) are arbitrary. Then we have the following claim:

Lemma 4.4. The set of minimal convolution idempotents is given by { fg x } xepre(cum), Where

(9)
SXi,Yi 1y 8o(9) gyRote) -
1

@ dX (Dlm C)n—c(g) 1

fg,X:X1®~--|ZXm = o(9)
Y=Y1X.--XY;, dY i=

=Sxv

Proof. We may assume g is a generator. Otherwise replace C by €% and replacing n by
0(g). Then as above X = X" and Y = Y for X;,Y; € C. Since the action is strict, we are
free to choose 7§ = 1% for all simples X € Fix,. Applying Proposition 4.3 to our situation
we have

Lo * Lymy = —— Ixdy Nz 1
XX * lygy = Dim C&n dy, ~Xun T ZWZ
Z=2B"¢cFix,

where Z = Z;*". This follows since the term T' )’}’?, from Proposition 4.3 is computing the

trace of the cyclic translate permutation on the space C**(X ® Y, Z) = C(X, ® Y, Z,)®".

But choosing a basis B C C(X; ® Y7, Z1)®" the set B" :={,®---® [, : [; € B} is a basis

for the subspace of C¥"(X ® Y, Z) invariant under the permutation action. Thus the trace

term T;”}’é is precisely the number of basis elements of B™ fixed by g. Such an element is

completely determined by its first entry [, and thus T° ;}f, =dimcC(X7®Y),21) =N )%,Yf
Expanding further, we see

1 dn n
Iymx * lymy = ——5 E SN NZ 1 zmz
(DimC)" dy on
Z=7%"€Fix,

Then we have

dxdy (Dim C)*" =2 dp.dy.
Jox * foy = Z ——Sx.uSy,v : — VN - Ly
U,V,Welr(C) diydy; (Dim () dyy,
dxdy (Dim C)"2
- Z xdy ( . ) SX,USY’VN[?/V Ly gy e
U,V,Welrr(C) W
dx(DimC)" !
— Z %6X7YSVV,X . 1W|Z|W®W@n
Welrr(C) w
= 6X,Yfg,X . 0
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Theorem 4.5. Let C be a modular tensor category. Consider a spherical Z/nZ-crossed
braided permutation extension

CUZ/nZ = @ (C1Z/nZ),

gEZ/NZ

of C*". Then Trx((CUZ/nZ)g) = {(—9, X)} xenr(cretoy with g € Z/nZ and fusion rules are
given by

AN, — —c(h) — h
NOB NI A e = A9 AN 2 elgt h)

1.
e(h)/p 2p +

Here g,h € Z/nZ, X € C*9 Y ¢ C¥W 7 ¢ CRel+h) = ged(c(g), c(h)), and *N®
indicate the (higher) fusion matrices (see (2)) of C¥P. Furthermore XLY! Z! € C® with

X=X KX-- &Xé(g)/p,Y Y/ - &Y( pr ond Z = ASE &Z’()/p

Proof. By Proposition 2.2 the statement can be written in terms of S-matrices S® of C*
as

(g+h,2)
Nig.x)(hy)
(20)
c(g) c(h) c(g+h) n—c(g)—c(h)—c(g+h)
¥ ﬁs)?/)w lﬁ[S@,W ﬁS(Z?W (DimC)p
wetmemn i1 Stw | \ix S8 )\ i St Sy
(21)

We first note that we only need to prove the case p = 1. If p > 1 then the fusion rules factor
through a Z/ %Z—cyclic permutation extension of C¥P and the formula is obtained from the
p' = 1 formula by considering n’ = n/p, C' = C*, ¢’ = g/p, and b/ = h/p.

Now, let g, h € G such that ged(c(g),c(h)) = 1 and let f, x with X € Irr(C®¥) and f;y
with Y € Irr(C¥™) minimal convolution idempotents. Then

dxdy n—elg
fg7X o fh,Y - @ d (D 6)2 )SX WRe(g) Sywlgc(h) 1wlZIngw®n .
Welrr C w

Here we have used the fact that the only terms from f, x and fj,y that contribute to the
composition are the coefficients of 1pgp, where R € Irr(C¥") is of the form R = (R; K
Ryl M Ryp)®W = (RIKR,K - K R )g" M with R;, R, € Trr(C). However, since
p = (c(g),c(h)) = 1, we must have R = Wg” for W € Irr(C)., which gives the above

expression.
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Now let Z = Z; X -+ - X Z,(g11), so that f,14 7 is a minimal convolution idempotent. Then
we have

(fo.x © frny) * fosnz
dX deZ . 3n—c(g)—c(h)—c(g+h)
- @ J2n dn_(Dlm C) Sx wre) Sy,waeim Sz,u (Lyyangyan * 1yanggan )
W,U€Irr(C) w=U
dxdyd, ‘ A d0(9+h)
= @ Z —_— (Dlm C)ZSX7W&C(Q) Sy7wlZIc(h) SZ7U%NX/®C(9,M U . 1‘/&@{7& )
V. W, Uelrr(C) d%}[?d;](ﬁh) dv

where [ := 2n — ¢(g) — ¢(h) — ¢(g + h). Comparing coefficients for V' = 1, we obtain the
equation

dxdyd : —c(g)—c(h)—c
Z M(Dlm C)2n (g) (h) (g+h) SX,W&C(Q) SY,WIZlC(h) SZ7WC(9+h)

mn
W,U€Irr(C) w

thZ ' .
:C((j,X),(}z,Y)d%(DlmC) (g+h)

hence

dxd : n—c(g)—
O((gg;h)(zizY) = Y S (DmC)" MG me Sy e Sy wetan -

n

wele(c) 2~ W
We now see
df _=dx(DimC)" ="
fg,X - X .

Hence normalizing we obtain

Noth) \/Tmcn—dg)—dh)—c(g-f—h)
(g,X),(h,Y) - Z dn
Welrr(C) w

SX,W®C<9> SY,WMM Sz,v‘vc(g+h> .
The right hand side factorizes into the expression (21).

n—c(g)—c(h)—c(g+h)
2p

Note that in the case that the genus + 1 vanishes, we have that

N((gg}};i(z}z’y) :dim@C&p(X{@)"'@X@ ®Y’1’®...®Y@’Z{®...@Z’c(ﬁh))

for example, we recover a well-known special case

(0,2:8--RZ,) _

(g»]l)v(fgzl) - NZl""’Zn
first observed for multiplicities in n-interval inclusions [KLMO1] and later for fusion rules in
cyclic permutations [LX04] of conformal nets.

In order to relate the expression to the generalized Verlinde formula we need that g is
an integer and therefore require the exponent 2= =W=c@th) ¢, 1,6 even. As a consistency
check, we verify the following lemma which verifies that this is indeed the case.

(m,n)—(k,n)—(m-+k,n)
((m,n),(k,n))

Lemma 4.6. °= is even.
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Proof. First we claim the set of numbers { n) 7(2 7 T (k)”& IR (mJ)rk = 55} 1s pairwise co-

prime. Note that ((m’%’(i’n)) and ((mﬁn“g’n)) are coprime. Suppose [ |% and l|m.
Then ((m,n), (k,n))l|m + k and ((m,n), (k,n))l|m thus ((m,n),(k,n))l|k. Because also

((m,n), (k,n))l|n we have ((m,n), (k,n))l|(k,n). Thus ”W But % is co-

%, thus [ must be 1. A similar argument applies switching m and k, and
we get that these numbers are coprime.

prime to |

We break the rest of the proof into parity cases.

(1) Suppose ((mn;‘w is odd. Then since the other three terms in the expression must
divide this one, they are also odd so we see that the whole expression is even (odd-
odd-odd-odd=even).

(2) Suppose W is even and at least one of the other three terms is even. Then
the other 2 must be odd since they are pairwise co-prime. Thus the whole expression
is even, since (even-even-odd-odd)=even.

(3) Suppose m is even, but the other three terms are all odd. We claim this is not

possible. Indeed, suppose (m,n) ((m%’zzﬂ’n)) are both odd. Then -, (@ )k(k )

m,n),(k,n))’
must both be odd hence must be even, thus 2|(m—+k and 2lq

m+k
(((m,n),(kn)) ((m;n),(k,n))

Sbn :)k(’z)n)) is even. Thus this cannot occur.

(CEXED)
by hypothesis, so @

O

Remark 4.7. There is a subtle point about our argument. The results of [GJ19] guarantee
the existence of such extensions as a G-crossed braided fusion category (indeed, in the cyclic
case this follows from [ENO10] since H*(Z/nZ,C*) = 1), but make no claims as to the
existence of a spherical structure. The computation of the fusion rules explicitly assumes
the existence of a spherical structure on the extension C1Z/nZ of C¥". It is widely expecting
that there exist a spherical structure on these extensions provided C itself admits one. If we
assume C is pseudo-unitary, then by Proposition 2.8, the extension will be and hence admits
a spherical structure.
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APPENDIX A. FUSION RULES FOR Z/47 PERMUTATION EXTENSIONS OF FIB

Let C be the Fibonacci category with Irr(C) = {1,7} with 7®7 = 1®&7 and D = C1Z/4Z.
Then Irr(D;) = {(:,1), (i, 7)} for i = 1,3 and Irr(Ds) = {(2,11), (2, 17), (2,71), (2,77)} and

(t,1)(i+2,1)=1111 + 1177+ - -+ L7774+ -+ - + 27777
(t,1)(i+2,7) =1117 +--- + 177 + -+ - + 2777 + - - - + 37777
(t,7)(i +2,7) = 1110 + 1117+ --- + 20077+ --- + 31777 + - - - + BTTTT
(i, 1)(2,1) =2(2,11) + (2,17) + (2,71) + 3(2,77)
(0, 1)(i,7) = 3(2,11) + 3(2, 17) + (2,71) + 4(2, 77)
(i, 7)(i,7) = 3(2,11) + 4(2, 17) + 4(2,71) + 7(2,77)
1117(, 1) = (i, 7)
1177(i, 1) = (4, 1) + (4,7)
Ir77(i, 1) = (4, 1) + 2(4, 7)
rrr7(i, 1) = 2(i, 1) + 3(4,7)
1117(i,7) = (4,1) + (4, 7)
1177(i,7) = (4, 1) + 2(d, 7)
Lrrr(i,7) = 2(4, 1) 4 3(i, 7)
77770, 7) = 3(i, 1) + 5(7, T)
1117(2,11) = (2, 17)
1177(2,11) = (2,77)
I717(2,11) = (2,11) + (2, 17)
1r77(2,11) = (2,71) 4 (2, 77)
mr77(2,11) = (2,11) + (2,17) + (2,71) + (2, 77)
1117(2,17) = (2,11) + (2, 17)
1171(2,17) = (2,71) + (2, 77)
1177(2,17) = (2,71) + (2,77)
1717(2,17) = (2,11) + 2(2,17)
Lrr7(2,17) = (2,71) + 2(2,77)
Trr7(2,17) = (2,11) + 2(2,17) + (2,71) + 2(2,77)
1117(2,77) = (2,71) + (2,77)
1177(2,77) = (2,11) + (2, 17) + (2,71) + (2, 77)
I717(2,77) = (2,71) + 2(2,77)
Irr7(2,77) = (2,11) + 2(2,17) + (2,71) + 2(2, 77)
Trr7(2,77) = (2,11) 4+ 2(2, 17) + 2(2,71) + 4(2,77)
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n 01234 5 6 7
N. 10112 3 5 38
'Nen |2 13 47 11 18 29

TABLE 1. The fusion coefficients Y N,» are given by the Fibonacci and Lucas
numbers for g = 0, 1, respectively.

(5, 1)(2,11) = 2(i +2,1) + (i + 2,7)

(i, 1)(2,17) = (i +2,1) + 3(i + 2, 7)

(i, 1)(2,77) =30 +2,1) +4(i +2,7)

(6, 7)(2,11) = (¢ +2,1) + 3(¢ + 2,7)

(6, 7)(2,17) =3(i +2,7) +4(: +2,7)

(0, 7)(2,77) =4(i+2,7) +T(i +2,7)
(2,11)(2,11) = 1111 + 7171 4+ 1717 + 7777
(2,11)(2,17) = 1117 + 1711 + L7l7r + 777l + 7177 + 7777
(2,11)(2,77) = 1111 4+ 1117 +--- + 1077+ - - + L7777 + - - - + 7777
(2,17)(2,17) = 1111 + 1117 + 1711 4+ 21717 + 7171 + 7177 + 7771 + 27777
(2,17)(2,77) = 1171 + 7111 + 1177 + L77l + 7107 + 7171 + 7711+

4+ 2077 + 277t + 7lr7 4+ 77 4 2777
(2,77)(2,77) = 1111 + 1117+ -+ + Ll77 + 20707 + - - - + 20777 + - - - + ATTTT

«

where we write “--” for obvious permutation of objects.
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