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Anomalous finite-temperature transport has recently been observed in numerical studies of various
integrable models in one dimension; these models share the feature of being invariant under a continuous
non-Abelian global symmetry. This work offers a comprehensive group-theoretic account of this elusive
phenomenon. For an integrable quantum model with local interactions, invariant under a global non-
Abelian simple Lie group G, we find that finite-temperature transport of Noether charges associated with
symmetry G in thermal states that are invariant under G is universally superdiffusive and characterized by
the dynamical exponent z = 3/2. This conclusion holds regardless of the Lie algebra symmetry, local
degrees of freedom (on-site representations), Lorentz invariance, or particular realization of microscopic
interactions: We accordingly dub it “superuniversal.” The anomalous transport behavior is attributed to
long-lived giant quasiparticles dressed by thermal fluctuations. We provide an algebraic viewpoint on the
corresponding dressing transformation and elucidate formal connections to fusion identities amongst the
quantum-group characters. We identify giant quasiparticles with nonlinear soliton modes of classical field
theories that describe low-energy excitations above ferromagnetic vacua. Our analysis of these field
theories also provides a complete classification of the low-energy (i.e., Goldstone-mode) spectra of

quantum isotropic ferromagnetic chains.
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I. INTRODUCTION

A complete characterization and classification of
dynamical properties of isolated interacting many-body
systems remains one of the central unsettled problems in
statistical mechanics. Especially in one-dimensional sys-
tems, a range of exotic dynamical phenomena have been
demonstrated, both theoretically and experimentally. Two
prominent examples are integrable and many-body local-
ized quantum systems [1-3], which feature extensively
many conserved quantities and therefore can persist in
nonthermal “generalized Gibbs states” that are measurably
different from the orthodox thermal ensemble [4-9].
Because these extensive conservation laws lead to non-
standard equilibrium states, and because hydrodynamics
begins with an assumption of local thermal equilibrium, it
follows that hydrodynamics is also modified for integrable
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systems. Thus, instead of normal diffusion, nondisordered
integrable systems typically exhibit ballistic transport with
finite Drude weights [10,11], whereas in localized models,
transport is entirely absent [2].

Integrable systems feature coherent quasiparticle exci-
tations with an infinite lifetime [12,13] that propagate
through the system in a ballistic manner while scattering
elastically off one another. The same picture remains valid
in thermal ensembles at finite temperature, where one can
think of quasiparticles being “dressed” due to interactions
with a macroscopic thermal environment [14]. Thermal
fluctuations are responsible for screening, and thus con-
served charges carried by quasiparticles can be appreciably
different from the bare values. This effect is captured by the
versatile framework of generalized hydrodynamics (GHD)
[15,16]. Among other results, GHD has enabled the explicit
characterization of ballistic transport [17-20] and analytic
treatments of various other nonequilibrium protocols
[21-25]. Remarkably, despite the ballistic motion of
individual excitations, there are situations in which certain
integrable models do not exhibit ballistic transport on
macroscopic scales but instead display normal diffusion
or even anomalous diffusion; this happens specifically for a
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distinguished subset of conserved quantities linked with
internal degrees of freedom, whereas other conser-
ved quantities (such as, e.g., energy) undergo ballistic
transport [26].

In this work, we address the phenomenon of super-
diffusive transport in integrable models. This unexpected
phenomenon was first found in Ref. [29] in the Heisenberg
spin-1/2 chain, an archetypal example of a quantum
many-body interacting system. Nowadays, there is numeri-
cal evidence [30] that the dynamical exponent and asymp-
totic scaling profiles of dynamical structure factors belong
to the Kardar-Parisi-Zhang (KPZ) universality class [31].
Specifically, the diagonal dynamical spin correlations
C/(x,t) = (S/(x,1)87(0,0)) among the spin components
S/ (for all j € {x,y,z}), evaluated in thermal equilibrium
at half filling, have been found to comply with the
scaling form

Cii

CHlnt) = (Agpzt)*? T [(/IKP;)zﬂ] ’ M

characterized by the scaling function fyp; (tabulated in
Ref. [32]) and the KPZ nonlinearity coupling parameter 4,
and normalized by diagonal static charge susceptibilities
C/ = [dxC¥(x,t). Kardar-Parisi-Zhang physics is a wide-
spread phenomenon in stochastic growth processes and
dynamical interfaces [33-36]. However, stochasticity is
not of fundamental importance, and there are known
cases of KPZ dynamics—most famously, the Fermi-Pasta-
Ulam-Tsingou model of coupled anharmonic oscillators—
also in deterministic Hamiltonian dynamical systems.
Even though the microscopic mechanism responsible
for superdiffusion in the quantum Heisenberg chain (along-
side other integrable models with non-Abelian symmetry
as discussed here) is not yet understood in full detail, it
nevertheless seems to fall outside of the conventional
framework of nonlinear fluctuating hydrodynamics
(NLFHD) that describes the underlying mode-coupling
mechanism in nonintegrable models with a finite number of
local conservation laws. The fact that spin (or charge)
superdiffusion of the KPZ type has also been numerically
observed in a number of other quantum chains—such as
the higher-spin SU(2) integrable chains and the SO(5)-
symmetric spin ladder [37], the Fermi-Hubbard model [38],
and even in the classical Landau-Lifshitz equation [39-41]
(and its higher-rank analogues that exhibit symmetry of
non-Abelian unitary groups [42])—gives a strong indica-
tion that there is a general principle behind superdiffusion
in integrable systems with non-Abelian symmetries that is
yet to be uncovered.

GHD has already provided a number of invaluable
theoretical insights into this question. Specifically, for
the case of the quantum Heisenberg spin chains, both
the dynamical exponent z = 3/2 [43] and the KPZ cou-
pling constant Agp; [44] (though not the scaling function)

have been inferred with the aid of a heuristic extension of
the GHD framework, taking full advantage of the exact
knowledge of the Bethe ansatz quasiparticles. Recently, a
phenomenological explanation for the observed KPZ phe-
nomenon has been given in Ref. [45], which invokes the
notion of hydrodynamic “soft gauge modes” coupled to an
effective noise stemming from thermal fluctuations of other
hydrodynamic modes. The current understanding is that
such soft models are a manifestation of the so-called giant
quasiparticles in the long-wavelength regime, whose emer-
gent dynamics is governed by a classical action [44]. This
idea appears to suggest that the observed superdiffusive
spin dynamics in classical rotationally symmetric [e.g.,
SO(3)-invariant] spin chains has the same microscopic
origin as that of quantum spin chains. In spite of this
theoretical progress, however, a fundamental question
nonetheless remains unsettled: In integrable Hamiltonian
dynamical systems, what are the necessary and sufficient
conditions for the superdiffusive charge dynamics charac-
terized by anomalous dynamical exponent z = 3/2? We
dedicate this paper to answering this question on general
grounds, in both integrable lattice models and integrable
quantum field theories.

Before delving into mostly technical aspects, we offer a
broader perspective on the problem at hand. By invoking
the universal GHD formulas for the spin diffusion con-
stants, it is evident from the outset that divergent charge
diffusion constants are only possible in systems with
infinitely many types of quasiparticles in the spectrum.
This necessary condition is quite generally fulfilled in
integrable lattice models, including, in particular, the class
of models with non-Abelian symmetries, which is our
primary focus. Given that such models do have infinitely
many quasiparticle types (owing to formation of bound
states), however, there are two scenarios that seem par-
ticularly plausible:

(I) All integrable Hamiltonians that are symmetric
under a non-Abelian Lie group G display universal
superdiffusive dynamics of the Noether charges in
G-invariant (i.e., unpolarized) Gibbs states.

(II) Integrable models allow for a wider range of
dynamical exponents, depending, e.g., on the rank
or type of Lie algebras and their representations
assigned to local degrees of freedom.

There are several recent studies, e.g., Refs. [37,38,46],
which offer evidence in favor of scenario (I). Another
strong piece of evidence comes from a recent study [42] of
transport properties in classical integrable matrix models in
discrete space-time, representing discretizations of higher-
rank analogues of SU(n)-symmetric Landau-Lifshitz field
theories on complex projective spaces and Grassmannian
manifolds. Besides providing convincing numerical evi-
dence for the KPZ scaling profiles independently of rank
r =n — 1, Ref. [42] speculates that the same phenomenon
will persist in all classical (nonrelativistic) G-invariant
integrable field theories whose target manifolds belong
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to Hermitian symmetric spaces. Indeed, the class of models
considered in Ref. [42] governs low-energy spectra of
integrable SU(n)-invariant Lai-Sutherland ferromagnetic
spin chains [47,48] that are included as part of our survey.
On this basis, it is reasonable to anticipate that coherent
semiclassical modes analogous to the aforementioned giant
quasiparticles emerge as a general feature of integrable
quantum chains. Nevertheless, their microscopic descrip-
tion is not known at this moment.

However, option (II) cannot be a priori rejected either.
We note that the phenomenological framework of nonlinear
fluctuating hydrodynamics [49,50] allows for, in principle
at least, an infinite tower of anomalous dynamical expo-
nents [51]. Now, NLFHD does not directly apply to
integrable systems, and there are good reasons to doubt
that it can capture superdiffusion in the integrable case [45]:
Notably, in NLFHD, superdiffusion arises as a correction to
ballistic transport, rather than as the leading dynamical
behavior. Regardless, the existing numerical evidence on
dynamical exponents in integrable systems is also ambigu-
ous: For instance, a study of the integrable SU(4) spin chain
found a distinct exponent z ~5/3 [52], suggesting the
possibility that different non-Abelian symmetries may, after
all, realize distinct universality classes of anomalous trans-
port. A key result of our work will be to show, instead, that
z = 3/2 is superuniversal and that there is no room for a
different exponent such as z =5/3. We also provide
improved numerics showing that transport in SU(4) spin
chains (and in quantum chains with other non-Abelian Lie
groups) is in fact consistent with z = 3 /2. In addition to its
fundamental interest, this question is experimentally rel-
evant because interacting quantum lattice systems possess-
ing SU(N) symmetry can be implemented using ultracold
alkaline-earth atoms [53,54]. In the context of solid-state
physics, several strongly coupled ladder compounds also
realize (approximately) the SU(4)-symmetric ladder in the
presence of fields [55-57].

A. Summary

In this work, we outline a systematic theoretical analysis
of anomalous charge transport, specializing to the class
of integrable quantum “spin chains” that exhibit global
symmetries of non-Abelian simple Lie groups. Our analysis
partially relies on a universal algebraic description linked to
representation theory of quantum groups (and the associ-
ated fusion relations). For the reader’s convenience, our
focus will be mainly to collect and discuss all the relevant
statements while relating the largely technical material to
Ref. [58]. For clarity, we first summarize our main findings.

Our central result is that an anomalous algebraic
dynamical exponent z = 3/2 associated with transport of
the Noether charges is a common feature of integrable
Hamiltonian systems invariant under a general non-Abelian
Lie group G, including both quantum spin chains with local
interactions and quantum field theories. The key extra

requirement is that the equilibrium state does not break
the global symmetry by the presence of finite chemical
potentials. This statement holds independently of the
type of simple Lie algebra or the unitary representations
associated with local Hilbert spaces (in quantum chains) or
local degrees of freedom (in integrable QFTs): The only
requirement is that the charge Q whose correlation func-
tions we study must transform nontrivially under G (unlike,
e.g., the energy). We thereby establish superuniversality of
superdiffusive charge transport.

Our analysis incorporates the following complementary

approaches:

(i) We carry out a scaling analysis of the universal nested
Bethe ansatz dressing equations, concluding that the
spectrum of “giant quasiparticles” exhibits the same
type of asymptotic scaling relations irrespectively of
the non-Abelian symmetry algebra. This conclusion
implies that the kinetic theory argument outlined in
Ref. [43] carries through, in general. To solidify this
conclusion, we derive an explicit closed-form solution
of the dressing equations for the case of higher-rank
unitary groups SU(N) [including the general depend-
ence on the U(1) chemical potentials coupling to the
Cartan charges].

(i1) Second, we verify our predictions through tensor-
network-based numerical simulations by computing
dynamical charge correlation functions for a number
of representative cases, including unitary, orthogo-
nal, and symplectic Lie groups (shown in Figs. 1 and
2); evidently, all the cases we have studied yield the
exponent 7 = 3/2.

(iii) Lastly, we elucidate the physical nature of the giant
quasiparticles. The latter govern the semiclassical
long-wavelength dynamics of the charge density in
highly excited eigenstates. From the spin chain
viewpoint, they correspond to macroscopically large
coherent states made out of interacting, quadratically
dispersing (i.e., “magnonlike”), Goldstone modes
above a ferromagnetic vacuum. When viewed as
classical objects, they are none other than localized
nonlinear modes called solitons. Although it may
seem counterintuitive (at first glance at least) that
long-wavelength modes matter to high-temperature
physics, we notice that it is precisely due to inte-
grability that these large bound-state excitations
remain well-defined quasiparticles even away from
the vacuum and also in thermal states in the presence
of other modes; however, their (bare) properties get
dressed by thermal fluctuations. To corroborate this,
we establish a one-to-one correspondence between
the Bethe ansatz quasiparticles and the spectrum of
Goldstone modes. This correspondence is subtle:
There are many more distinct Goldstone modes for a
given symmetry-breaking pattern than there are
magnon species (flavors) in the Bethe ansatz spec-
trum. Therefore, counting the Goldstone modes
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FIG. 1. Dynamical charge correlation functions computed with
TEBD, showing asymptotic scaling with dynamical exponent z =
3/2 for each of the integrable chains, measured by (top) the width
Ax(r) of the expanding charge profiles and (bottom) the return
probability C(0, 7). The dashed lines in the background show
Ax « /3 and C(0,1)  7%/3.

correctly requires the notion of composite quasipar-
ticles called “stacks.” To our knowledge, these
multiflavored stacks have not been explicitly clas-
sified thus far.

While we mostly focus on integrable quantum chains
with ferromagnetic exchange, we also briefly discuss, in the
Appendix C, how KPZ superuniversality emerges even in
integrable quantum field theories possessing internal iso-
tropic degrees of freedom (which take values in compact
simple Lie groups G or coset spaces thereof), both for
Lorentz-invariant theories and for nonrelativistic interact-
ing fermions. Such integrable QFTs are characterized by
nondiagonal scattering, signifying that their elementary
quasiparticle excitations can exchange isotropic degrees of
freedom upon elastic collisions. This process results in
dynamically produced massless pseudoparticles that are
responsible for charge transport at finite temperature. These
so-called “auxiliary quasiparticles” are interacting magnon
waves and bound states thereof, which formally resemble
magnons of the quantum ferromagnetic spin chains [59].
Divergent charge diffusion constants are thus, once again,
attributed to the presence of interacting giant magnons.

Outline. The paper is structured as follows. In Sec. II,
we succinctly review the formalism of generalized hydro-
dynamics, provide closed formulas for the charge diffu-
sion constants, and proceed by summarizing the general
physical picture and scaling arguments that lead to

100 -
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FIG. 2. Asymptotic charge correlator profiles rescaled using the
dynamical exponent z = 3/2 collapse. The highlighted region
shows the KPZ scaling function for a range of widths fit to these
profiles—the fit fails, as the tails of the scaling function appear to
fall off faster than in KPZ scaling. The inset shows the same plot
with a linear axis.

superuniversality. Technical derivations are provided in
the Supplemental Material [58], which contains detailed
information about the nested Bethe ansatz diagonalization
technique and the algebraic structure of the quasiparticle
spectra for a family of quantum spin chains, including
Refs. [59-109]. In Sec. III, we discuss our numerical results
on transport, while Sec. IV is devoted to the semiclassical
limit of integrable models and related concepts. In Sec. V,
we summarize our results and propose areas for future
exploration.

II. SUPERDIFFUSION FROM GIANT
QUASIPARTICLES

We aim to characterize charge dynamics in Hamiltonian
systems invariant under a non-Abelian continuous sym-
metry group G. We begin our presentation by first outlining
the general setting and introducing the key quantities of
the linear transport theory. We provide compact spectral
representations for the charge diffusion constant in terms of
quasiparticle spectra, largely following previous works on
the subject [43,109-112].

We specialize to simple Lie groups G of rank r,
generated by Lie algebra g. Owing to the Noether theorem,
the system possesses local conserved (Noether) charges,

00 — / dxq'®) (x). 2)
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with local densities ¢(°)(x), one for each Hermitian gen-
erator X of Lie algebra g. For simplicity of notation, we do
not make explicit distinctions between lattice and con-
tinuum models; i.e., in lattice models, spatial integration in
Eq. (2) should be understood as a discrete summation.

Our first objective is to obtain closed-form expressions
for transport coefficients in equilibrium. We specialize to
thermal states characterized by grand-canonical Gibbs
ensembles (at inverse temperature f3), corresponding to
density matrices of the form

1 4 .
=——exp |-pH + hiQ(’>]. 3
Qph Zﬂ,h P{ B ; ( )

Here, parameters h = {h; € R} are the U(l) chemical
potentials that have been assigned to a maximal set of com-
muting (Cartan) charges Q1) with i € Z, = {1,2,...,r},
while normalization Zj), = Trgg), represents the partition
sum. Our results generalize to an arbitrary generalized
Gibbs ensemble, including other conserved charges pre-
serving the symmetry.

The presence of finite chemical potentials h allows us to
study transport at generic values of the charge densities.
When all &; # 0, the ensembles (3) explicitly violate the
global symmetry of G, and one is left with a residual
symmetry of the maximal Abelian subgroup 7= U(1)" C
G (called the maximal torus). The complete set of dim(g)
Noether charges can accordingly be separated into two
sectors: the “longitudinal” charges Q) assigned to the
“unbroken” (Cartan) generators and the non-Abelian set
of “transversal” charges Q) for o &7, satisfying
[0, Q(w#D)] £ 0, associated with the “broken” generators.
In this work, we are exclusively interested in emergent
anomalous charge transport that arises in the limit 4; — 0
where the distinction between longitudinal and transversal
correlators disappears (since G invariance of ¢gy gets
restored); it will thus be sufficient to focus exclusively
on the longitudinal sector (see, e.g., Ref. [113] for remarks
about the nature of transversal correlators).

A. Generalized hydrodynamics

We now formulate the transport theory for integrable
systems, known as generalized hydrodynamics [15,16]
(cf. Ref. [114] for an overview). As our starting point,
we begin by an infinite tower of local (including quasilocal
[9,104]) conservation laws

O1qi(x, 1) + Oji(x, 1) = 0. 4)

For the time being, k € N is just a formal discrete mode
index. The complete set of (quasi)local charges can
be constructed explicitly with the aid of the algebraic
Bethe ansatz techniques as in Ref. [104]. The associated
currents can be constructed in a similar spirit; see, e.g.,

Refs. [115,116]. We note that, for practical considerations,
these steps can be entirely circumvented as long as one
operates at the level of thermal averages.

The GHD formalism provides an explicit prescription
to describe large-scale spatiotemporal variations of the
densities of conserved charges, as provided by the local
continuity equations (4). The key ingredient is to express
expectation values of the current densities as functionals
of the charge averages. While there exist various thermo-
dynamic state functions to choose from, a particularly con-
venient one is to use quasiparticle rapidity densities p,(0);
we have introduced the “type” label A, running over
the entire model-specific (thermodynamic) quasiparticle
content, and the rapidity variable €, which parametrizes
their bare momenta, that is, p, = p4(6). Importantly, an
infinite collection of functions {p, (0)} uniquely specifies a
macrostate, physically representing unbiased microcanoni-
cal ensembles of locally indistinguishable thermodynamic
eigenstates. Furthermore, by exploiting a one-to-one corre-
spondence between the expectation values of the (quasi)local
conservation laws and quasiparticle content in an equilibrium
macrostate [100,101], it proves useful to recast Eq. (4) as a
continuity equation for the quasiparticle densities

Dipa(0:5.1) + 0,4 (0:x.1) = 0. (5)

The quasiparticle current densities take a simple factorized
form at the Euler scale [15,16],

Ja(0) = v (0)p4(0). (6)
Here, 1" are state-dependent effective group velocities
determined from the dressed quasiparticle dispersions

1(0) = 520 )

For a simple Lie group G of rank r, elementary
quasiparticle excitations (defined with respect to a refer-
ence ferromagnetic order parameter) come in exactly r
different “flavors.” In addition, quasiparticles participate in
the formation of bound states; a quasiparticle that carries s
quanta of flavor a is accordingly assigned a pair of quantum
numbers A = (a, s). Therefore, the presence of infinitely
many bound states, where s takes values in an infinite
countable set (typically ranging from 1 to o), is a common
feature for all the models we consider subsequently.

Expanding above a reference equilibrium state with
densities p4(0), that is, ps(0;x,1) = pa(0) + Spa(0; x, 1),
the hydrodynamic evolution of density (or charge) fluctua-
tions 8p, (6; x, t) on the Euler scale is encoded in the linear
propagator (flux Jacobian) A = 0j/0p, reading

0,:8p(x. 1) + 9,(Adp) = 0, (8)
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where (for compactness of presentation) we have employed
the tensor notation by flattening the quasiparticle and
rapidity labels. Equation (8) can be diagonalized by per-
forming a basis transformation

¢ = Qn|dp, 9)

depending (nonlinearly) on Fermi functions n of the
underlying equilibrium state, where §¢p are the normal
modes of GHD (defined uniquely modulo normalization of
static covariances). In the basis of normal modes, the
propagator A acts diagonally, with eigenvalues given by
the effective velocities (7), that is,

QAQ! = veff, (10)

The physical interpretation of Q[n] becomes transparent
in the formalism of the thermodynamic Bethe ansatz, where
it plays the role of a dressing operator for conserved
quantities,

q" = Qnjq. (11)

B. Diffusion constants

We now introduce the linear transport coefficients. Here,
we define them based on the asymptotic behavior of
dynamical structure factors (or dynamical charge suscep-
tibilities). For our purpose, it will be sufficient to only
consider the Cartan charges and introduce the associated
r-dimensional matrix of dynamical susceptibilities

Cli(x,1) = (g (x.1)g¥(0.0)), (12)

where the brackets (¢) designate the connected correlator
evaluated in a grand-canonical Gibbs ensemble given by
Eq. (3). Static susceptibilities are accordingly given by the
time-invariant sum rule CV = [ dxC%(x, 1).

For generic values of the Cartan chemical potentials 4;,
the variance of the structure factor in integrable models
experiences ballistic spreading,

/dxszij(x, 1) =D/, (13)

signaled by the ballistic dynamical exponent z =1 and
charge Drude weights D'/ [10,117,118]. The charge Drude
weights admit the following mode resolution [18,19]:

= Z/ d6pa(0)7A(6) (57(6))24 " V™. (14)

Here, 714(0) = 1 — ny (@) denote thermal Fermi occupation
functions associated with vacancies (holes). All the thermo-
dynamic quantities in the integrand of Eq. (14) depend on
temperature and chemical potentials.

Drude weights do not provide complete information
about the late-time relaxation of C%(x,t). To deduce the
asymptotic behavior of C*/(x, t) on a sub-ballistic scale, we
adopt the kinetic theory framework of Refs. [43,111]. One
normally envisions a thermodynamic system divided up
into large fluid cells of size 7, with each cell being

approximately in local thermal equilibrium. In a hydro-

dynamic description, both the dressed charges qg)dr and

local chemical potentials h; get promoted to dynamical
quantities, which, in a macroscopic fluid cell of length Z,
exhibit thermal fluctuations of the order O(#~'/2), which
will, in turn, lead to diffusion.

In generic local equilibrium states, diffusion is a sub-
leading correction to the ballistic transport characterized by
the Drude weight. However, in unpolarized thermal ensem-
bles in systems with non-Abelian symmetries, the charge
Drude weight vanishes and the leading transport behavior is
sub-ballistic. Charge Drude weights are proportional to
dressed charges qg')  carried by quasiparticles, cf. Eq. (14).
The latter are quite different from their bare (quantized)
values qg’) and depend nontrivially on chemical potentials
of the background equilibrium state, including the U(1)
chemical potentials /;. In unpolarized thermal states that
exhibit full invariance under G, the dressed quasiparticle
charges vanish simply by symmetry under G (see, e.g.,
Refs. [17,19,45]): One can see this as the screening
of the quasiparticle charge by the thermal environment.
Therefore, the charge Drude weight (14) vanishes.

The leading response therefore occurs at the diffusive
scale, where one treats the chemical potentials as dynami-
cally fluctuating quantities, with fluctuations that are
suppressed by the hydrodynamic scale, O(£~'/?). For
sufficiently small /;, the quasiparticles carry dressed charges
linearly proportional to /4;; i.e., they behave paramagneti-
cally. Fluctuations of chemical potentials induce fluctuations
of thermally dressed charges in accordance with

2 (i)dr_(j)dr
(i)dr (j)dr _ l z 8 (qA qA ) h h 15
QA qA 2 = ahkahl oo kTtl + ( )

Notice that the chemical potentials can be simply related to
densities of the Cartan charges via

ey =Y _(CTHR(C)ligllgW. (16)
i.j

Here, C' = 0q\"/0h; = (8*/0h;0h;)log Z are static
charge susceptibilities, and it will be helpful below to express
them in terms of a mode expansion [18,19] analogous to
Eq. (14):

iy / d0pA(O)ia(0)g . (17)
A
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The latter also determine the magnitude of charge fluctua-
tions, (¢\)gV)) = C'7/¢. By combining these two results,
thermal fluctuations of dressed charges (or dressed suscep-
tibilities) carried by individual quasiparticle modes can be
expressed in the form

, 4 i
i)dr dr
(a8 g =2 (18)

(i)dr _(j)dr

i1 (g, q3"")
Yii = N (e s 94
4 ; OhiOh;  |h_o

=ClUT,. (19)
The quantities ng can be physically interpreted as effective
paramagnetic moments, assuming nontrivial dependence on
both quasiparticle quantum numbers A = (a, s).

In diffusive dynamics, the variance of the dynamical
structure factor C/ experiences linear growth at late times,

/ dxCU(x,t) ~ 26"t (20)

characterized by the charge conductivity matrix
o= DC, (21)

with static susceptibility matrix C and charge diffusion
matrix D [119]. A full expression for the conductivity
(Onsager) matrix ¢ has been derived in Refs. [110,112]
using the form-factors approach, and its diagonal part in
Ref. [111] using a kinetic theory formulation. Here, we
provide a compact expression for D in models of higher-
rank symmetry (restricted to the Cartan sector), specializing
to the limit of vanishing chemical potentials, h — 0. To this
end, we substitute the fluctuation relation (18) into Eq. (13)
with Eq. (14) on a characteristic scale £ set by quasipar-
ticles’ effective velocities, £ = |v5T(0)| [43], yielding the
following spectral resolution of the conductivity matrix:

5i(h = 0) Z [ dos@m@lsONs. 2)

The diffusion matrix is thus proportional to the identity,
corresponding to a single value of charge diffusion constant

=33 [ dps@m@l o, @3
A

The quantities TX can be easily computed explicitly at
infinite temperature in various integrable spin chains
(see Appendixes). For instance, in the A, = SU(n) ferro-
magnetic integrable chains, we find Ti' =2 (s + 1),
103 =L (1+5)22+s5)% while for n>4, it depends

a,s — 16
on the flavor label a € {1,2,...,n— 1}. Its precise form

will not matter for our purposes, but note the large-s scaling
T A S4.

By adopting quasiparticle densities as variational objects
(see Appendix A for the derivation) and comparing the
result to Eq. (22), we deduce the following relation between
the dressed charge fluctuations and the dressed differential
scattering phases K¢,

i)dr (i)dr Cii 2
(gi g >h40:7 {Z gtimy_ s ‘K&, } . (24)

Thus, we get the following nontrivial identity:

2
Ta,s = |:Z /q< )hmr’—mo /Kgrsas:| : (25)

We remark that this expression can be thought of as
a generalization of the so-called “magic formula” of
Ref. [109], which was originally introduced as a way to
relate the different expressions of the diffusion constant of
the XXZ spin chain with interaction anisotropy A > 1
obtained from form factors [112] and from a kinetic theory
argument [43] similar to the one we used above.

C. Emergence of superdiffusion

From the considerations above, one might expect to find
normal diffusion with z = 2, with the diffusion constant
given by Eq. (22). Explicit computation shows, however,
that this result diverges as h; — 0 [43,46]. This divergence
has been catalogued for various specific cases; here, we
explain why it holds, in general. To this end, we define the
regularized diffusion constant by truncating the spectral
sum (22) at some string index s,

D, —ZZD“, (26)

a=1 s=

where D, =D, corresponds to each summand in
Eq. (22). As a finite sum, Eq. (26) is manifestly finite.
If D, converges as s, — oo, then one has normal diffusion.

First, we observe that the convergence properties of D,
are tightly linked to those of the static susceptibility.
As h — 0, the static charge susceptibilities C/, given by
Eq. (17), must approach a constant value. At finite h, the
occupation factor for a quasiparticle of type (a,s)
(a bound state of s magnons of flavor a) is suppressed
with a factor of exp(—sh,), and thus quasiparticles with
sh, > 1 do not contribute to the susceptibility at chemical
potential /,. The label “a” essentially plays no role in the
following argument, so we drop it. Uniformly writing
h, — h, truncating the sum (17) at s~ 1/h, and using
the paramagnetic behavior of the dressed charges, we have
Clm h> Y0 i CH. Requiring that the C/ have a
finite yet nonvanishing limit as 7 — 0, we see that the sum
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over s has to scale as about s2, so the summand C’a] s must
grow linearly in s. Crucially, however, the summands in
Egs. (17) and (22) are the same, except for a factor of the
velocity. Suppose the characteristic velocity of a quasipar-
ticle with labels s scales as |v¢| ~ 57, Then, the diffusion
constant must scale as

D* ~ E sl—v ~ SZ—I/’

s<s*

v<2. (27)

If v < 2, the diffusion constant diverges, yielding super-
diffusive transport, whereas if v > 2, it converges and one
has diffusive transport. (In the marginal case v = 2, one has
a logarithmically divergent diffusion constant [120].)

Next, we relate this divergence of D, to the time
dependence of transport. Recall that the dynamical critical
exponent z is defined by the relation x> ~ t*/2. Following
standard notation, we define a time-dependent diffusion
constant via the relation x> ~ D(#)t, and (by equating the
two relations above) we observe that

D(t) ~ 1?31, (28)

We now apply the kinetic argument [43] to relate the
exponents v and z. At time ¢, we can divide quasiparticles
into “light” quasiparticles for which vt~ t/s* > x(t) ~
1!/ and “heavy” quasiparticles for which v,z < t'/%. The
crossover between light and heavy quasiparticles takes
place when v, ~1t/s*~t"/?. Thus, we have that
s, ~ t1=1/29/7 Plugging this result into Eq. (27), we arrive
at the conclusion

D(t) ~ D(s. (1)) ~ {11V, (29)

Equating the exponents in Egs. (28) and (29), we find the
following relation between the exponents z and v:

z=<1+§>, v<2. (30)

From the analytic structure of the Bethe ansatz solutions,
one can infer that the exponent v > 0 is integer valued. This
fact rules out all but three possible values for z. The three
remaining possibilities are ballistic transport (v = 0), which
is ruled out by the vanishing Drude weight discussed above;
KPZ scaling (v = 1), which we will argue is generic; and
diffusion with possible logarithmic corrections (v > 2),
which occurs in certain fine-tuned models [120] where
the single-magnon dispersion is fine-tuned to scale as @ ~
k* (or slower) at long wavelengths k — 0. The only
superdiffusive exponent that is allowed by the structure
of these integrable models is z = 3/2.

In what follows, we will establish z = 3/2 within a
universal algebraic description of the thermodynamic
dressing equations and link them to the representation

theory of the underlying symmetry structures—quantum
groups called Yangians, in particular. We find, remarkably,
that the Fermi functions assume universal algebraic scaling
at large s,

Ngs ~ 3 (31)

which is a direct corollary of fusion identities amongst the
quantum characters associated to the Yangian symmetry
[67-69,121,122]. Similarly, we find that the total state
densities and the dressed velocities of giant magnons (when
multiplied by a regular function and integrated over the
rapidity domain [58]) decay as

1 1
Pt =L~ and o~ (32)
' ngs S ) S
respectively, for all flavors a = 1, ..., r. Most remarkably,

these large-s scaling properties hold irrespectively of the
local on-site degrees of freedom (i.e., finite-dimensional,
irreducible, unitary representations of g); they can be
understood as kinematic constraints stemming from the
underlying quantum symmetry algebra. Finally, notice that
Y, ~s* in conjunction with the above scaling relations
implies v = 1. Thus, the upshot is that the anomalous
fractional algebraic dynamical exponent z = 3/2 is deeply
rooted in the fusion relations for the quantum characters.
This case establishes the superuniversality of superdiffu-
sion with the dynamical exponent z = 3/2 and rules out the
possibility of different exponents such as z = 5/3, which
was suggested in Ref. [52] from a numerical analysis of SU
(4) integrable chains. We will confirm this prediction
numerically in the next section.

III. NUMERICAL ANALYSIS

We verify our predictions for the superdiffusive charge
transport on a number of representative instances of
integrable quantum spin chains. In our analysis, we include
representative examples of quantum chains invariant under
simple Lie groups from the classical series. Specifically, we
consider homogeneous integrable spin-chain Hamiltonians
whose local degrees of freedom transform in the funda-
mental representation of various symmetry groups (see
Supplemental Material [58] for explicit expressions).
Exceptional algebras are exempted from our numerical
analysis. Moreover, we leave out the B series, as the
fundamental integrable B, = SO(5) chain has already been
studied numerically in a recent paper [37].

We employ numerical tensor-network-based computa-
tions of the dynamical correlation function C(x,?) [as
defined in Eq. (1)] in the canonical Gibbs equilibrium at
infinite temperature. Owing to the non-Abelian symmetry
G of both the Hamiltonian H and infinite-temperature
Gibbs density matrix, all the components i = 1,2, ..., r are
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identical, and we thus suppress the redundant index i. We
perform the time-evolving block-decimation (TEBD) algo-
rithm in the Heisenberg picture [123-125], evolving the
local charge density operator ¢(0,¢) in a matrix product
operator (MPO) representation.

Numerical methods. In the simulations, a fourth-order
Trotter decomposition is used to propagate the operator
forward in time steps of size Jt, followed by truncations at
each bond keeping the largest y Schmidt states. The
simulations are accelerated by taking advantage of time-
reversal symmetry and translation symmetry to compute
the full correlator C(x,1) = (¢(x,1/2)q(0,—t/2)) using a
single MPO evolution; additionally, the TEBD implements
the maximal Abelian subgroup of the on-site symmetry
group for efficiency. The computations are checked for
convergence in 6t and bond dimension y (up to y = 1024).

Our TEBD scheme uses a Trotter step size of ot = 0.4.
The operators are truncated initially with a constant
discarded weight e = 1073, allowing the bond dimension
y to grow until it reaches a threshold y,.. = 512.
Subsequent truncations keep only y... states. The simu-
lations are checked for convergence in the step size t, the
truncation error ¢, and the threshold bond dimension yy-
Additionally, the results shown here include rescaling of the
correlations at each time to explicitly enforce the charge
sum rule [dxC(x, ) = C(0,0), which improves the con-
vergence significantly.

Results. Our main results are succinctly summarized in
Fig. 1, where we display the dynamical width of the charge
profiles

,  [dxx*C(x,1)

[Ax(n)” = JdxC(x,1) ~

(33)

We find a clear signature of an asymptotic power-law growth
Ax(f) « t/7, and the return probability shows power-
law decay C(0,7) /%, with a numerically estimated
dynamical exponent z = 3/2 with great accuracy. The
scaling collapse in Fig. 2 shows that the correlators obey
the asymptotic scaling form C(x,t)=~t"V2f (xt71/7).
Comparing f. to the KPZ scaling function fxp, given by
Eq. (1), we find some discernible deviations in the tails
[including the basic SU(2) case studied previously in
Ref. [30]]. On accessible timescales, we are unable to
determine whether this discrepancy persists at late times
or if it is merely due to transient effects.

IV. SEMICLASSICAL SPECTRUM

The basic picture that we have established thus far is that
the anomalous charge transport comes from giant quasi-
particles (i.e., bound states carrying large bare Noether
charge) immersed in a charge-neutral thermal background.
It is natural to expect such giant quasiparticles to have a
semiclassical description. In this section, we discuss such a

semiclassical description. It is helpful to first review some
results along these lines that were shown for SO(3) spin
chains [44]. We then proceed by outlining how these
arguments generalize to other symmetry groups.

Consider a one-dimensional classical SO(3) ferromagnet
in its ground state, i.e., all spins aligned in some direction.
The elementary excitations of the ferromagnet are soft
Goldstone modes in which the spin orientation changes
slowly across the lattice. One can regard any sufficiently
slowly varying spin texture as being composed of
Goldstone modes, as it locally consists of slow modulations
(rotations) of the vacuum orientation. The long-wavelength
dynamics of these ferromagnetic, quadratically dispersing,
Goldstone modes is governed by a linear PDE. Away from
the ground state, the evolution of the order parameter at
large scales is governed instead by the nonlinear Landau-
Lifshitz equation. Remarkably, the latter is an integrable
PDE [126] that features stable, nonlinear, ballistically
propagating modes of any width w [127], known as
solitons. The properties of these soliton solutions can be
inferred by observing that they are wave packets of
Goldstone modes that are stabilized by nonlinearity. For
example, a soliton of width w is made up of Goldstone
modes with characteristic momentum 1/w and thus char-
acteristic energy density 1/w?; therefore, its characteristic
energy scales as 1/w and its velocity also as 1/w. On the
other hand, its spin orientation is away from the vacuum by
O(1), so it carries a finite amount of magnetization, about
w. These “bare” properties of classical solitons precisely
match those of the large-s Bethe ansatz strings, suggesting
that there is some correspondence between them. Indeed,
the exact correspondence between large-s strings and large-
w solitons can be explicitly established, not only at the level
of individual spin-wave configurations as usual but even in
high-temperature equilibrium ensembles [44]. (Note that,
for this correspondence to hold, it is irrelevant whether the
microscopic model has ferromagnetic or antiferromagnetic
couplings: for the considerations in this paper, the Bethe
vacuum always corresponds to the ferromagnetic ground
state, and elementary excitations like solitons are always
constructed above this state.)

This classical quasiparticle construction generalizes to
arbitrary quantum or classical ferromagnets. As discussed
below, distinguished common features of such ferromag-
nets are quadratically dispersing Goldstone modes. One can
analogously construct slowly varying wave packets of these
Goldstone modes; by construction, these have the same
scaling as the large-s strings, so it is tempting to identify the
two types of excitations in the general case also. Although
we have not yet attempted to analytically solve the classical
problem in full generality, by noting that large-s strings
must correspond to objects in the semiclassical spectrum
and that Goldstone-like excitations exhaust this spectrum, it
is tempting to infer the existence of such solitons from the
integrability of the quantum model.
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However, one major puzzle arises when one tries to
perform such an identification: The number of magnon
flavors (which always coincides with the rank r of the
group G) can be far fewer than that of Goldstone modes; the
latter is given by one-half of the real dimension of a coset
manifold G/H, where H is the residual symmetry group of
the ferromagnetic state. There are apparently some “miss-
ing” Goldstone bosons that must, in some fashion, emerge
out of the Bethe ansatz spectrum; however, they cannot be
identified directly with elementary (physical and auxiliary)
magnons of integrable quantum chains. Curiously, they
rather correspond to “stacks” of magnons, which are long-
lived wave packets in a finite system, and only become
sharp eigenstates in the infinite system limit.

The main result of this section is identifying the
correspondence between Goldstone modes in the semi-
classical spectrum and stacks of magnons (and condensates
thereof, representing semiclassical Bethe s strings) in the
Bethe ansatz spectrum. Using this correspondence, one
can identify large-spin semiclassical excitations above
the ferromagnetic vacuum precisely as stacked strings.
These semiclassical excitations can then be identified as
solitons that involve smooth maps from R to the coset space
G/H. While it would be interesting to construct such
solitons directly in the classical theory, this task is left to
future work.

A. Counting nonrelativistic Goldstone modes

Before detailing the spectra of classical continuous
ferromagnets, we begin by first characterizing the spec-
trum of linear fluctuations of a ferromagnetic order param-
eter. This approach leads to the notion of Goldstone
excitations, which naturally arise in systems with sponta-
neously broken, continuous internal symmetry. To this
end, we briefly revisit the Goldstone theorem in a general
context of nonrelativistic field theories. Our primary objec-
tive here is to characterize the (nonrelativistic) Goldstone
modes that govern the low-energy spectrum for the class of
integrable ferromagnetic quantum spin chains discussed in
this work.

Let us first recapitulate the main result on the counting
of Goldstone modes in systems without Lorentz invariance,
as independently worked out in Refs. [128-130] (improv-
ing upon the earlier Nielsen-Chadha inequality [131]).
The conventional setting concerns Hamiltonian systems
invariant under a non-Abelian Lie group G, possessing a
degenerate ferromagnetic ground-state manifold. Spon-
taneous breaking of internal symmetry amounts to picking
a particular vacuum polarization (order parameter), say €,
thereby breaking the symmetry of the isometry group G
down to the stability subgroup H C G of , determined by
the condition

Q' =Q,  heH. (34)

We are interested specifically in homogeneous (i.e., trans-
lation-invariant) ferromagnetic chains (of length L), where
the global (pseudo)vacuum is simply a product state
Q = fél Q. It is therefore sufficient to carry out the
analysis at the level of local Hilbert spaces, and (with no
loss of generality) we can assume Q = |0)(0].

At the algebraic level, the symmetry-breaking pattern
G — H implies the following splitting of the generators,
g = h @ m, with subalgebra } constituting the generators
of H (which contains the Cartan subalgebra t) and m
denoting the linear span of the “broken generators™ (these
do not enclose an algebra). The number of broken gen-
erators is

n, = dimm = dim(G) — dim(H). (35)

Let X°em, 6 €{l,2,...,dim(G/H)} be a Hermitian
basis of m. By the Goldstone counting theorem, the
number of independent Goldstone modes ngg is

1
ng = n, — ErankV, (36)

with matrix
Vo, = —i(0[[X%, X’]|0) (37)

containing the vacuum expectation values of the commu-
tators amongst the broken generators X°.

Goldstone modes come in two varieties, depending on
the type of dispersion law at long wavelengths (k — 0),
(k) ~ k*: type I (or type A) with v odd and type II (or type
B) with v even. In general, we thus have

ng = np+ ny, (38)

with

1
ny = n, — 2nH, ny = ErankV. (39)

In relativistic systems, Lorentz invariance forces V to be
identically zero. In contrast, target spaces of nonrelati-
vistic ferromagnets are symplectic manifolds. They have
even (real) dimension, and consequently, V has full rank.
Therefore, n; = 0 and

1
ng =ngq = Enb. (40)

In simple terms, every canonically conjugate pair of broken
generators contributes an independent magnon branch, a
quadratically dispersing, long-wavelength, spin-wave exci-
tation of the ferromagnetic order parameter.
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TABLE 1. Target spaces associated with classical continuous
ferromagnets, describing the low-energy sector of quantum
ferromagnetic chains with local degrees of freedom realized in
the defining representation V,, of a Lie algebras g. Here, ng is the
number of Goldstone modes in the spectrum.

g Vo, Target space G/H ng

A, (n) SU(n)/U(1) x SU(n—1) n—1
B, (2n+1) SO(2rn+1)/U(1)xSO(2n—-1) 2n-1
C, (2n) USp(2n)/U(1) x USp(2n —2) 2n—1
D, (2n) SO(2n)/U(1) x SO(2n —2) 2n -2

B. Symmetry-breaking patterns

We now describe the spectra of Goldstone modes for the
class of G-invariant ferromagnetic chains. The structure of
coset spaces depends on the choice of a finite-dimensional
irreducible on-site representation V. Let us, mostly for
simplicity, suppose for the moment that the local degrees of
freedom transform in the defining representation of g. The
highest weight is the first fundamental weight A = o =
[1,0,...,0] of g, and the stabilizer H C G of the vacuum
state Q has the structure U(1) x H' (i.e., H is not semi-
simple). For the classical series, the coset structure is
summarized in Table 1.

Next, we specialize to the family of fundamental
representations with A = w,,. In this case, the symmetry-
breaking pattern can be inferred directly from the enumer-
ated Dynkin diagrams with the use of a graphical recipe by
simply “breaking the bonds” attached to the node with the
nonzero label. This case is illustrated in Fig. 3 on two
simple examples. The list of possibilities for all the classical
series is summarized in Table II, with concrete examples
provided in Table III. Employing the same trick allows us to
also determine the structure of coset spaces for G-invariant
classical ferromagnets corresponding to the exceptional
groups G, Fy, Eq_g, specializing to the fundamental

0R0,0

u(l) @ sp(2) su(2) ® u(l) @ su(2)

representations of g (for completeness, we include them
in the Supplemental Material).

The outlined recipe likewise applies for generic (i.e.,
nonfundamental), finite-dimensional, irreducible represen-
tations V, of g with Dynkin labels A = [wy, ..., ®,]; the
rule is to break all the bonds connecting to nodes with
nonzero Dynkin labels. The resulting coset spaces are
generalized flag manifolds F; ;  ; = G/Hilvi2~~“ik’ where
the indices i; mark the nodes of the Dynkin diagram of g
with nonvanishing Dynkin labels (that is, i; = 1 if and only
if m; # 0). Compact complex manifolds F; ; ; indeed
exhaust all Kdhler manifolds (i.e., possess compatible
Riemannian metric and symplectic structures), which are
homogeneous spaces with a transitive action of G.
Furthermore, points on such flag manifolds are in one-
to-one correspondence with generalized coherent states in a
specific representation of group G, namely,

) = exp| Y- vk ). (41)

aEA

for the highest weight state |A) of V. However, if some
m, # 0, not all coordinates w;, are independent, and some
can be eliminated. For instance, in the unitary case (A
series), the family of generalized flag manifolds has the
structure

SU(n)/S[U(ny) x U(ny) x --- x U(n;) x U(1)*4],  (42)

for integers j, k > 1 and ny > ny > ... > n; > 1, subjected
to k+ Z{:l n; = n. For example, for the case of G =
SU(3), there are two possible isotropy groups: Hy =
Hy, = U(2) [as, e.g., for (3), (3), or (6)] or H; ; = U(1)*?
[as, e.g., for (8), (15), or (27)]. The upshot of that is that
for quantum spin chains with different local degrees of

OZOZORNO,080

su(3) ® u(l)

() () ® ®
© @O-CJ @@" OXOJROZ030
) ) ® )

u(l) @ so(4) su(2) @ u(l) @ su(4)

FIG. 3.

su(3) @ u(1) @ su(2)®?

su(5) ®u(l)

Various symmetry-breaking patterns in fundamental ferromagnets with on-site irreducible representations V,, , depicted for

Lie algebras C4 = 8p(4) (top) and D5 = 80(10) (bottom). The vacuum stability subgroup H always includes a U(1) factor. The nth
Dynkin node with label 1 corresponds to the ath fundamental irreducible representation with highest weight A = w,. Dashed lines

designate the broken bonds.
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TABLE II. Symmetry-breaking patterns for all the fundamental
representations A = w; for the family of classical Lie algebras g.
g irrep A Stabilizer H dim(G/H)
An ()% Ak—l XU(l) XAn—k 2k(n+ 1 —k)
Bn wksn_z Ak—] X U(l) X Bn—k k(4n + 1- 3k)
B, Wy Az x U(1) X A, (n+4)(n—1)
Bn Wy An—] XU(]) I’l(l’l+ ])
Cn wksn_z Ak—l X U(l) X Cn—k k(4n + 1 - 3k)
Cn @y An—2 XU(I) XAI (n+4)(n— 1)
Cn Wy An—l X U(]) I’l(l’l + ])
D, Wp<n-3 A xU(1) x Cy k(4n —1—3k)
D, @y A,.3 xU(1) x A} x A, (n+5)(n-2)
Dn Wy—_1, Wy An—l X U(]) I’l(l’l — ])
TABLE III. Coset spaces for all the fundamental representa-

tions A = w, for classical Lie algebras of rank 4.

g On-site irrep Target space G/H ng
Ay (5),(5) SU(5)/U(1) x SU(4) 4
(10), (10) SU(5)/U(1) x SU(2) x SU(3) 6

By 9) S0(9)/S0O(2) x SO(7) 7
(36) SO(9)/U(1) x SU(2) x SO(5) 11

(84) SO(9)/U(1) x SU(2) x SU(3) 12

(16) SO(9)/U(1) x SU(4) 10

Cy (8) USp(8)/SO(2) x USp(6) 7
(27) USp(8)/U(1) x SU(2) x SO(5) 11

(48) USp(8)/U(1) x SU(2) x SU(3) 12

(42) USp(8)/U(1) x SU(4) 10

D, (8,).(8.).(8,) SO(8)/U(1) x SU(3) 6
(28) SO(8)/U(1) x SU(2)*3 9

freedom (i.e., transforming in different irreducible repre-
sentations), the classical degrees of freedom of their
emergent, effective, low-energy theories can live on the
same target coset manifold. Below, we explain this fact
from another perspective by directly examining the struc-
ture of the semiclassical spectrum.

Hermitian symmetric spaces. An important subclass of
flag manifolds includes irreducible compact Hermitian
symmetric spaces. Amongst cosets (42), one finds (in
the special cases of A = w,) complex Grassmannian mani-
folds SU(n)/S[U(k) x U(n — k)]. The remaining infinite
families of classical (i.e., nonexceptional) Hermitian sym-
metric spaces comprise (i) Lagrangian Grassmannians
USp(2n)/U(n), associated with representations A = w, =
[0,0, ..., 1] from the C, series, SO(2n)/U(n) of complex
dimension 1 n(n — 1), obtained from the fundamental spinor
representations of D,, (with Dynkin labels A € {®,_, ®,}),
and (i) orthogonal Grassmannians SO(n)/[SO(n —2) x
SO(2)] of real dimension 2n, obtained from the defining
SO(n) representations A = w; of B, or D, [notice, how-
ever, that compact Riemannian symmetric spaces, such as,

e.g., SU(n)/SO(n) and SU(2n)/USp(2n), do not appear].
Concerning charge transport, we note that a recent numerical
study [42] demonstrated that a class of integrable, non-
relativistic, classical sigma models (of the Landau-Lifshitz
type) on complex and Lagrangian Grassmannians supports
anomalous charge transport with the dynamical exponent
7z =3/2 (and KPZ scaling profiles).

C. Goldstone modes in the Bethe-ansatz spectrum

So far in this section, we have shown how to count
Goldstone modes for a wide class of ferromagnets. These
arguments do not rely on integrability. However, when the
model is integrable, one can express all eigenstates using
the Bethe ansatz, so the Goldstone modes must correspond
to some type of object in the Bethe-ansatz spectrum. For
the SU(2) case, the correspondence is obvious: the Bethe
ansatz magnons are precisely the expected quadratic
Goldstone modes. One might be tempted to conjecture
that the same correspondence holds for other symmetry
groups, namely, that the total number of internal degrees
of freedom in generic classical field configurations will
exactly match the number of distinct flavors of the
Bethe roots, that is, r =rank(g). However, one can
quickly realize that there has to be a flaw in such a naive
identification. There are two apparent inconsistencies
that arise:

(1) First, consider the fundamental SU(n) ferromagnetic
chains. For these chains, the Goldstone theorem
predicts n — 1 magnonic branches, and indeed, this
number precisely agrees with the rank of SU(n),
which also coincides with the total number of flavors
in the SU(n) magnets. Nevertheless, one cannot
directly identify the magnon branches with Gold-
stone branches since all but one of the magnon
branches are auxiliary quasiparticles. In generic,
excited, quantum eigenstates, auxiliary quasipar-
ticles cannot be excited on their own without first
having physical (i.e., momentum-carrying) excita-
tions in a state. (By contrast, all the Goldstone
branches are manifestly physical.)

(2) Consider, next, as another example, the SO(5) chain
(which has rank » = 2) made out of the fundamental
degrees of freedom. The low-energy theory is associ-
ated with the coset space SO(5)/[SO(2) x SO(3)],
which is a real Grassmannian manifold of real
dimension 6. Here, we expect to find three Gold-
stone modes, which now obviously exceeds the total
number of flavors. More generally, one would expect
the number of distinct types of macroscopic semi-
classical strings to always equal r = rank(g), which
is typically vastly smaller than the number of
independent Goldstone modes (cf. Sec. IV B).

To evade an apparent paradox, the only viable option is

to look for additional degrees of freedom. We illustrate the
resolution of this paradox first in the simplest example of
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SU(3) magnets, in an elementary way, and then extend our
analysis to the general case in the following section.

1. Example: SU(3) ferromagnet

In the SU(3) ferromagnet, there are two Goldstone
modes. The single-site Hilbert space has three states,
which we label |0), |1), |2). We choose our ferromagnetic
ground state so that all spins are polarized in state 0, i.e.,
|GS) = Q; =00...00). Recall that the Hamiltonian sim-
ply permutes the labels on neighboring sites, so one can
identify the low-lying excitations above the ferromagnet by
inspection. There are two excitation branches; they corre-
spond, respectively, to Bloch states of the form |M,,) =
(1/vL)(]100...0) 4 €2"7/£]010...0) + ...) and |My,) =
(1/+/L)(]20...00) + €*"7/£1020...0) + ...) (with n =1,

..,L —1, excluding the zero-momentum states n = 0).
These branches are symmetry related but do not mix
under the Hamiltonian, so they are both quadratically
dispersing (in the large-system limit) with identical dis-
persion relations.

As we noted above, there are manifestly two orthogonal
magnon branches, but only one physical magnon in the Bethe
ansatz spectrum. The resolution to this apparent paradox is as
follows: When a non-Abelian symmetry is present, only the
highest-weight eigenstates are directly constructed by the
Bethe ansatz. All the remaining eigenstates are descendants
and can be reached from these by acting with appropriate
lowering operators. In the present case, one of the magnons is
a descendant of the other and therefore is not explicitly
present in the Bethe ansatz enumeration.

We now turn to the next simplest states, which are those
with two flipped spins. There are two families of these
states, one in which both flipped spins have the same flavor,
i.e., involve configurations of the form |01010...0), and
another in which they have different flavors, i.e., involve
configurations of the form |01020...0). The latter type of
state is distinguished from the former (in the Bethe ansatz
enumeration) by containing two physical magnons and one
auxiliary magnon. It is important to note that neither the
type-1 nor the type-2 magnon is a well-defined propagating
object in this state, as the magnons can “exchange” their
flavor index. In other words, the flavor is not “bound” to
each quasiparticle but has its own autonomous dynamics.
(This phenomenon is analogous to spin-charge separation
in the Hubbard model.)

Now, suppose we have a very long spin chain that contains
two excitations of this form. A typical configuration close to
the ground state would be |000...00100...00200...000),
i.e., the type-1 and type-2 magnons would be so widely
separated that they could be regarded as effectively inde-
pendent objects. In this scenario, it is natural to think of the
type-1 magnon as “just” a physical magnon, whereas the
type-2 magnon is a composite object containing one physical
and one auxiliary magnon, which propagate together. This is

the basic intuition underlying the concept of stacks, which
we will discuss in more generality in what follows.

D. General Goldstone-stack correspondence

Let us remind the reader that magnon modes arise as
plane-wave solutions to linear partial differential equations.
On the other hand, classical field theories are genuinely
interacting systems that are governed by nonlinear equations
of motion. The latter exhibit a vastly richer spectrum of
solutions. As mentioned earlier, a hallmark feature of non-
linear, completely integrable PDEs are soliton solutions,
referring to nonlinear, ballistically propagating, particlelike
field configurations whose stability is ensured by integra-
bility. In the isotropic ferromagnets considered in this work,
magnetic solitons assume a nontrivial internal structure.
Indeed, from the perspective of quantum spin chains,
solitons emerge as certain macroscopic coherent super-
positions of magnons. Such states represent highly excited
semiclassical eigenstates in the low-energy spectrum of the
model, and their time evolution is generated by an effective
classical Hamiltonian. There are various ways to establish
this fact; the most standard and direct route is to make use of
the standard path-integral techniques to project the quantum
many-body Hamiltonian onto the manifold of (generalized)
coherent states |y), formally achieved by rotating the
(pseudo)vacuum, |w) = g|A), as prescribed by Eq. (41).
This way one can deduce a classical evolution for the
ferromagnetic order parameter that takes values on a quotient
manifold G/H, where H is the vacuum stability subgroup
defined above in Eq. (34) (see also, e.g., Refs. [42,132,133]).
Classical fields can thus be identified with coordinates of
generalized (Perelomov) coherent states [134].

Every admissible classical solution is a particular long-
wavelength (i.e., low-momentum) solution of the Bethe
ansatz equations with a macroscopically large number of
quanta. This particular regime, often referred to as the
“asymptotic Bethe ansatz,” was first studied by Sutherland
[48] and, subsequently, more thoroughly examined in
Ref. [135]. Nevertheless, an exact identification with classi-
cal field solutions was only made precise afterwards in
Ref. [136], which provided a prescription to construct the
associated classical spectral curve (the characteristic equa-
tion associated with the classical monodromy matrix; see,
e.g., Refs. [137,138]) by transcribing the asymptotic Bethe
equations as a Riemann-Hilbert problem. This method
permits us to describe and classify the nonlinear modes
for the class of so-called finite-gap solutions [139].

In the remainder of this section, we explain how the
spectrum of both linear and nonlinear modes of classical
integrable ferromagnets arises out of the nested Bethe
ansatz magnon spectra in integrable G-invariant ferromag-
netic quantum chains. A complete characterization of
classical algebraic curves that emerges in this picture is
a technical matter that falls outside of the scope of this
study, and we hence do not attempt to undertake it here.
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Rather, we focus here on a deceptively innocent problem of
identifying the relevant emergent classical degrees of
freedom. The task turns out to be quite subtle, and in
order to resolve it, we need a basic description of the
asymptotic Bethe ansatz.

1. Asymptotic Bethe ansatz

We begin by noting that every finite-volume (highest-
weight) Bethe eigenstate in a quantum chain can be
uniquely resolved in terms of magnon excitations.
Individual unbound magnons correspond to real-valued
Bethe roots with rapidities &~ O(L°%). As described
earlier, complex-valued rapidities of constituent magnons,
which are part of a bound state, take the form of Bethe
strings. Semiclassical eigenstates in the spectrum belong to
highly excited states with O(L) excitations and large
rapidities & ~ O(L), which can be thought of as condensing
into a finite number of coherent macroscopic modes. In
this low-energy regime, magnon momenta are inversely
proportional to the system size, p(6) ~O(1/L). By
accordingly rescaled iﬁ‘” via

introducing rapidities

95.”) = L/Iﬁa), the Bethe equations in the leading order
O(L) assume the form

A r N,

(a) m, ZZIICub
27n;” + @ E E ./1—(“) 0 (43)
j b=1 k=1.k#j%; k

As usual, n}”) represent (integer) mode numbers due to the

multivaluedness of the complex logarithm.

Classical nonlinear modes pertain to bound states made
of N,~O(L) constituent low-momentum magons.
Crucially, rapidities of two nearby magnons are separated
by an amount o(L); however, since § ~ O(L), magnons are
not, in general, spaced equidistantly as in the Bethe strings
with @ ~ O(1). What generically happens is that, upon

taking the large-L limit, rapidities /lﬁ-a) distribute densely
along certain one-dimensional disjoint segments (i.e.,

contours) C(@) = uicﬁ‘” in the spectral 1 plane, described

by some smooth (in general, nonuniform) densities ¢,(4) of

Bethe roots /15-‘” with support on C(@). Such macroscopic

low-energy configurations assume a purely classical
description, appearing as interacting “nonlinear Fourier
modes” of nonlinear classical field configurations. The
long-wavelength spectrum of a classical field may, in
addition, involve a continuous spectrum of small fluctua-
tions, namely, modes that carry infinitesimal charges—
these are the aforementioned Goldstone modes.

2. Classical degrees of freedom: Stacks

As we discussed in the previous subsection, the counting
of Goldstone modes does not match that of magnons but
rather that of stacks. We now discuss these emergent

objects in detail. To the best our knowledge, stack exci-
tations were first encountered in Refs. [140-142] in the
studies of gauge-string duality in certain unitary super-
groups that underlie the superconformal Yang-Mills theory
[143,144]. Other than that, there has not been any general
or systematic discussion devoted to these emergent and
inherently classical objects so far in the literature. We
proceed by explaining how the notion of stacks naturally
arises in the context of integrable quantum ferromagnets
with continuously degenerate ground states.

In the most basic terms, stacks pertain to excitations
with an internal multiflavor structure. They are produced
by merging together a subset of Bethe roots of distinct
flavors that share the same rapidity (not merely just the real
part). As we already emphasized previously, in a quantum
spin chain, all rapidities must be pairwise distinct, and
hence such configurations are prohibited. However, this
restriction gets lifted in the low-momentum scaling limit
since the Bethe roots of different flavors are allowed to
approach arbitrarily close to each other and eventually
recombine into an independent mode. It is clear that, by
such a composition of magnons, one will be able to pro-
duce a large number of stacks. But only those stacks that
involve momentum-carrying roots show up as physical
fluctuations, whereas all the other stacks made solely
from auxiliary excitations are likewise called auxiliary.
Moreover, similar to the elementary excitations, stacks also
exert attractive forces on themselves and thus can grow into
nonlinear modes that carry finite filling fractions and
charge densities.

The upshot is that for the complete classification of
classical modes, one requires additional mode numbers to
properly account for the internal structure of all the
admissible stacks. This extra piece of information, which
can be thought of various polarization directions in which a
classical configuration can vibrate, depends on both the
symmetry algebra and on-site representation under con-
sideration. For illustration, let us look at our main example
of the fundamental SU(n) chains. The asymptotic Bethe
ansatz equations [see Eq. (43)], in the continuum descrip-
tion, turn into an n-sheeted Riemann surface whose sheets
are “stitched together” by finitely many (square-root-type)
branch cuts (see, e.g., Refs. [136,137] for additional
details). The standard choice is to place the cuts along

the contours Cl(-“) on which the Bethe roots condense.
Creating a single excitation, say, of flavor a, amounts to
connecting the ath and (a + 1)th sheets with an infinitesi-
mal cut. On the other hand, exciting a stack, say, of type
(a, b), corresponds to joining two nonadjacent sheets of the
surface indexed by a and b + 1. Equations (43) need to be
appropriately amended to incorporate these extra stack
excitations. In Fig. 4, we illustrate the process of stack
formation on a four-sheeted Riemann surface associated
with the asymptotic Bethe equations of the SU(4) quantum
chain made out of fundamental spins (4).
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FIG. 4. Elementary and auxiliary excitations in the fundamental SU(4) quantum spin chain with on-site representation (4), represented
on the associated four-sheeted Riemann surface. Left: physical momentum-carrying magnons (blue) emanating from the upper sheet,
and two flavors of auxiliary magnons (red and green). Middle: semiclassical limit, depicting quantized stack excitations with nearly
coinciding rapidities. Right: four-sheeted Riemann surface encoding the classical spectral curve of an effective low-energy field theory,
with two types of excitations—isolated stacks, representing various branches of linear Goldstone modes, and condensates of stacks
(square-root branch cuts) pertaining to nonlinear interacting modes carrying a finite amount of energy. Physical stacks (dark green) and
condensates (blue and purple) involve momentum-carrying excitations. Condensates of stacks of a uniform density are identified with

classical solitons.

In summary, the number of independent classical degrees
of freedom equals the number of distinct physical stacks.
We reemphasize that stack excitations are not permitted in
the spectrum of a quantum chain due to kinematic con-
straints. In other words, upon including quantum fluctua-
tions [even perturbatively at the level of asymptotic
equations (43)] stacks immediately disintegrate into indi-
vidual magnons.

In the next section, we describe how to determine the
admissible symmetry-breaking patterns and classify the
corresponding physical stacks.

3. Giant quasiparticles as classical solitons

In the previous section, we have not mentioned how
soliton modes enter the picture. While classical solitons are,
strictly speaking, not part of the nonlinear (finite-gap)
spectrum, they nevertheless emerge as from elliptic waves
in the limit of unit elliptic modulus. Thus, they are only
made possible after decompactifying the spatial dimension
[136,145]. By tracing this process in the spectral plane,
one finds that solitons emerge out of a “singular event” in
which two density contours close by merge with one
another, resulting in a single, vertically oriented contour
with constant unit density of Bethe roots. Such objects have
been described before in certain integrable classical sigma
models—see, e.g., Refs. [136,137,141,145]—where they
are normally called condensates. It is important to stress,
however, that these are distinct from ordinary condensates
that constitute square-root branch cuts of finite-genus
Riemann surfaces. From the viewpoint of an algebraic
curve, such uniform condensates arise from coalescing two
square-root branch cuts into a logarithmic branch cut. The

giant quasiparticles from the preceding discussion, namely,
bound-state excitations with a macroscopic number of
quanta carrying low momenta, are therefore none other
than quantized solitons.

4. Counting stacks

Now, we finally address the “counting problem.” The
remaining task is to extract the correct number of Goldstone

TABLEIV. Positive roots systems for Lie algebras A; = 311(4)
and B; = 30(7) of rank 3. In the a basis, any positive root a €
A, can be decomposed as an integral linear combination of
simple roots «; (level equals the sum of coefficients), whereas the
@ basis provides an expansion in terms of the fundamental
weights (with coefficients being the Dynkin labels).

a basis w basis Level
(1,1,1) [1,0,1] 3
0,1,1) [-1,1,1] 2
(1,1,0) [1,1,-1] 2
(0,0,1) [0,-1,2] 1
(0,1,0) [-1,2,-1] 1
(1,0,0) [2,-1,0] 1
(1,2,2) [1,0,1] 5
(1.12) 1.-1.2] 4
0,1,2) [-1,0,2] 3
(1,1,1) [1,0,0] 3
(0,1,1) [-1,1,0] 2
(1,1,0) [1,1,-2] 2
0,0,1) [0,-1,2] 1
0,1,0) [-1,2,-2] 1
(1,0,0) [2,-1,0] 1
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modes from the semiclassical spectrum of quantum ferro-  adding one simple root at a time. With this rule, one can
magnetic chains whose excitations, both physical and  find several inequivalent paths through the Hasse diagram.
auxiliary, carry r distinct flavor numbers (one per each Since each vertex is an independent Goldstone mode,

simple root @; of g). Different types of stacks can be  their total number ng equals the total number of vertices
generated simply by forming all linear combinations of

simple roots a; with non-negative integral coefficients, see
Table IV for examples. In other words, excitation operators
associated with stacks correspond to positive roots
a € A (g). The subset of physical roots corresponds to
those roots that involve at least one physical simple
root, associated with physical (i.e., momentum-carrying)
excitations. In the fundamental models, for example, it is ¢ € Z, for which m, # 0. The maximal breaking corre-
only a. sponds to all m, being nonzero (in which case, the iso-
By making use of partially ordered sets known as tropy group H coincides with the maximal torus subgroup
Hasse diagrams, we, in turn, describe a helpful graphical T of G), resulting in the maximal number of Goldstone
representation for all the physical stacks, as exemplified in modes ng = %dim(G /T) = |A,
Fig. 5. Let us first outline the construction by specializing physical.
to fundamental irreducible on-site representations A = w,,. Finally, in cases when a Lie algebra g involves a node of
We start by picking one of the bottom nodes (associated  connectivity 3 (that is, types D, and E families), the Hasse
with simple roots) and proceed by “climbing up’ in the lattices extend into the third dimension [this is illustrated in
direction of the top node (the highest root) by successively  Fig. 6 for the example of 80(10)].

visited along the way. More generally, namely, for the
nonfundamental irreducible on-site representations }, with
A=>"_, m,m, involving multiple nonvanishing Dynkin
labels m,, one finds multiple momentum-carrying species
in the spectrum. In this case, one has to simply superimpose
all the sublattices that emanate from base nodes «; for all

, rendering all stacks

Hasse lattice of Ay Fundamental irreps A = w, Nonfundamental irrep A = [1,0,1]

(4) (6) (4) (15)
1

RN

1 2 3

1 3

FIG. 5. Left: Hasse diagrams associated with the sublattices A of positive roots of g, shown for Lie algebras 8u(4) (top) and 80(7)
(bottom) of rank 3. The nodes represent positive roots o € A, with the simple ones (at the bottom) marked with different colors.
Moving upwards along a colored edge amounts to adding a simple root corresponding to that color. Positive roots are separated into £
levels, given by the sum of all positive integral coefficients in the expansion of a over the basis of simple roots ;. The total number of
positive roots yields the maximal number of Goldstone modes ng = |A, | = %dim(G/ T) for the full breaking of symmetry G — T.
Middle: Hasse sublattices pertaining to all the distinct fundamental irreducible representations A = w,, (i.e., Young diagrams with a
single column), connecting the base node ¢, to the upper node (maximal root). The total number of nodes in a given sublattice equals the
number of distinct branches of magnon excitations (Goldstone bosons). Right: Hasse sublattices for nonfundamental on-site
representations (shown for A = [1,0, 1]) obtained by superimposition of the fundamental sublattices, each belonging to a single
nonvanishing Dynkin label.
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FIG. 6. Hasse diagram for the positive root lattice A (30(10)).
There are 20 roots in total (black dots), arranged into 7 levels. The
lattice extends into three dimensions as the simple root a; has
connectivity 3. To find the « pattern corresponding to a simple
root a;, one begins at a; and also collects the nodes by always
proceeding forward in the direction of the highest root. The Z,
automorphism of the Dynkin graph reveals itself as the reflection
symmetry with respect to the main diagonal of the cube passing
though nodes 4 and 5.

V. CONCLUSION

In this work, we initiated a systematic study of anoma-
lous transport at finite temperature, which was recently
uncovered in a number of quantum integrable systems. We
aimed mainly at settling whether all integrable models with
local and isotropic interactions—that, in addition, possess
a global continuous symmetry of the non-Abelian Lie
group—display superdiffusion of the Noether charges. By
establishing the link between the thermodynamic quasi-
particle content and representations of the corresponding
quantum groups, we first obtained universal algebraic
dressing equations and subsequently performed a scaling
analysis of these dressing equations within the framework
of generalized hydrodynamics. Our conclusion is that
anomalous charge transport with a superdiffusive dynami-
cal exponent z = 3/2 is a common feature of all integrable
ferromagnetic lattice models with short-range interactions,
provided the Hamiltonian exhibits invariance under a non-
Abelian continuous symmetry. This conclusion holds
irrespective of the symmetry group or unitary irreducible
representations associated with (local) physical degrees of
freedom. Each such subclass indeed constitutes an infi-
nitely large family of commuting integrable Hamiltonians,
all of which exhibit z = 3/2 superdiffusion. Moreover,
we have argued that any other anomalous exponent is

incompatible with the underlying quasiparticle structure.
In addition, the same type of anomalous charge trans-
port persists for group-valued Noether currents, even in
Lorentz-invariant and nonrelativistic integrable quantum
field theories. Because of its remarkable level of robust-
ness, we dubbed this phenomenon as superuniversal.

Let us briefly restate the key steps that lead to this
general conclusion. We begin by recalling that anomalous
transport of some charge Q occurs only when Q is one
of the generators of a non-Abelian subgroup H C G such
that the equilibrium state is invariant under H. If one
considers generic polarized states (realized by applying
chemical potentials to the Cartan charges), the anomalous
conductivity gets regularized, and one recovers ballistic
transport with subleading diffusive corrections, as one
generically expects within generalized hydrodynamics.
Upon approaching the G-symmetric state, however, one
finds that the Drude weights governing the ballistic trans-
port vanish, whereas the diffusion constants simultaneously
diverge. In this regime, the quasiparticles that dominate
the magnetic susceptibility and transport are macroscopi-
cally large, coherent bound states of magnons, which we
call giant quasiparticles. All other nongiant quasiparticles
become effectively depolarized and do not contribute either
to transport or to susceptibility. Transport of the Noether
charges is, in effect, described by a dense gas of interacting
giant quasiparticles. Each of these giant quasiparticles
moves with a characteristic velocity inversely proportional
to its width: We established this result by explicit analysis
of the GHD equations and interpreted it as indicating
that these giant quasiparticles are solitons made up of
nonlinearly interacting, quadratically dispersing Goldstone
modes. When these modes are present at finite density, they
dress each other’s charge in a nonperturbative way, and
this nontrivial dressing leads to the fractional dynamical
exponent z = 3/2.

To further elucidate the nature of the giant quasiparticles,
we, in addition, examined the structure of semiclassical
eigenstates from the viewpoint of an effective low-energy
theory with respect to a (continuously degenerate) ferro-
magnetic pseudovacuum. At the level of an integrable
classical field theory, giant quasiparticles can be iden-
tified with soliton modes. The latter may be thought of as
the nonlinear counterparts of quadratically dispersing
Goldstone bosons. As we explain, the number of internal
degrees of freedom of classical soliton modes does not
equal the number of distinct flavors of the elementary
excitations that constitute the quasiparticle content of an
integrable quantum chain, contrary to naive expectations.
Instead, the total number of polarization directions of a
classical field typically exceeds the rank of the group G.
This mismatch is due to the formation of emergent classical
multiflavored degrees of freedom called stacks, which are
produced by gluing together magnons of different flavors
(which dissolve upon introducing quantum corrections).
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Stacks that contain momentum-carrying magnons should
be regarded as independent physical excitations, and we
outlined how they can be naturally arranged on vertices of
the Hasse diagrams. The total number of physical stacks is
found to be in perfect agreement with the prediction of the
Goldstone theorem. As a by-product of our work, we
provided a full classification of ferromagnets with the
global symmetry of a simple Lie algebra.

At the formal level, the anomalous nature of charge
transport can be attributed to a particular structure of fusion
identities amongst the characters of Yangian symmetry
algebras, which enforces rigid algebraic constraints on the
thermodynamic quasiparticle spectra. The list of models
discussed in this study is therefore unlikely to be exhaus-
tive, and other classes of integrable models not included in
this study are likewise expected to feature a superdiffusive
charge transport with characteristic exponent z = 3/2.
Specifically, we anticipate that the phenomenon extends
beyond Yangians associated with simple Lie algebra to
other classes of models that arise from rational solutions to
the Yang—Baxter equations as, for example, the Fermi—
Hubbard model [38], and to other integrable spin chains
that realize Yangian symmetries associated with unitary or
orthosymplectic Lie superalgebras, that is, 8u(n|m) and
03p(n|2m) (see, e.g., Refs. [79,146,147]), whose bosonic
Noether charges are known to display singular diffusion
constants [46].

To benchmark our predictions, we have performed
numerical simulations on a handful of representative
instances of integrable quantum chains, restricting the
analysis to classical simple Lie algebras and only to
fundamental local degrees of freedom. We confirmed the
predicted anomalous algebraic dynamical exponent z =
3/2 with great numerical precision. Unfortunately, we
could not reliably discern the anticipated KPZ scaling
profiles. Quantum spin chains with the symmetry of
exceptional Lie algebras have not been included in the
present numerical study, largely for technical reasons.
Since constructing integrable quantum chains based on
the “quantized symmetry” of an exceptional Lie algebra is
algebraically rather laborious (see, e.g., Ref. [148]), we
prefer to leave them for a separate technical study. The
other practical difficulty is that dimensions of the defining
irreducible representations are, possibly with the exception
of (7) and (14) of G,, conceivably too large to be
efficiently simulated with current DMRG techniques.

Finally, a central piece of the full puzzle is still missing:
Despite integrability, a first-principles derivation of the
KPZ asymptotic scaling profiles of dynamical structure
factors remains elusive. At this time, there only exists a
phenomenological picture, which, under certain plausible
assumptions, justifies the emergence of a noisy Burgers
equation for the basic SU(2) case [45]. One obvious
drawback of such an approach is that it cannot yield
quantitative predictions such as the value of the KPZ

coupling. Understanding quantitatively, from ab initio
principles, how KPZ universality emerges (and not only
z = 3/2) remains a major challenge for future works, even
in the case of the SU(2) symmetric Heisenberg XXX spin
chain. Another open problem is to appropriately extend the
proposal of Ref. [44] to systems that are invariant under
symmetries of higher rank in order to extract the KPZ
nonlinearity constant.
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APPENDIX A: DRESSED CHARGE
FLUCTUATIONS

For a general equilibrium macrostate characterized by
quasiparticle densities p,(6), dressed charge susceptibil-
ities (in the Cartan sector) can be linked to density
fluctuations via

dr
(g g / 5qA 54y
5T pp(0) dpp (0)
x (6pp(0)opp (¢')).

Variations of qg)dr with respect to quasiparticle densities

pa(0) can be expressed as

6qA Z dr (H

Spp(0

(A1)

(A2)

where K9, (6) are the dressed scattering differential phases.
Using that [149]

1
(0pa(0)3pa (¢)) = ECAA’ 0.9), (A3)
and employing, for convenience, the following compact
matrix notations,
C =Qn|”

'p(1-n)Q(n], (A4)

K% = Qn]K. (AS)
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where Q[n] = (1 + Kn)~!, we arrive at

Hdr (j)d 1
(48" ai") = (K"q*"Cq"K™),,.  (A6)
where q¥f
charges ¢4

For the Cartan charges Q(i), in an unpolarized back-
ground (i.e., h; =0 for all i=1,2,...,r), we have
g'P% — 0, with an exception in the limit s — co where
the above expression simplifies to give Eq. (25).

stands for the diagonal matrix of dressed

APPENDIX B: ANALYTIC SOLUTIONS

In order to infer the nature of charge transport in an
unpolarized thermal ensemble, it is essential to deduce the
asymptotic properties of the TBA state functions for the
giant quasiparticles, namely, for the large Bethe strings in
the s — oo limit. To this end, we subsequently examine
certain formal properties of the dressing equations for the
specific algebraic case of the grand-canonical Gibbs
equilibrium ensembles in the limit of infinite temperature.
We study states with unbroken symmetry G, requiring us to
switch all the U(1) chemical potentials off.

To keep our presentation succinct, we only provide the
essential information. For more details and definitions, we
refer the reader to the Supplemental Material [58].

1. Asymptotic analysis

We first carry an asymptotic analysis at large s at a
formal level.

Fermi functions. Integrable quantum chains that are
associated with the class of evaluation representations of
the Yangian algebra exhibit Fermi-Dirac statistics. The
occupation function scales at large s as n,; ~ 1/ s% (and,
accordingly, Y, ~ s2). This is a direct corollary of the
Hirota relation (in this particular context, known also as the
T system) for the “quantum characters” 7, ;, correspond-
ing to the large-6 limits of the thermodynamic 7 functions;
see Ref. [58] for details. The key property in this respect is
that the 7 functions 7, , are, by construction, polynomials
in s (for all @ €Z,), which readily implies that the )
functions Y, ; are rational functions that only depend on
quantum numbers (a, s).

State densities. The above scaling of na ; immediately
implies the asymptotic relation p ~ s2p, . Notice that
while both state densities p, (0) and pi%(0) likewise
depend algebraically on s, in distinction to Fermi functions,
they also depend nontrivially on € (even in the limit of
infinite temperature).

We are now in a position to analyze the large-s behavior
of the dressing equations. We start with the simple case of
the spin-1/2 Heisenberg chain SU(2), involving only one
species of magnons. The analysis can be performed on the
canonical form of the Bethe-Yang equations,

Pt =K, — ZK‘ S g Pt

s'>1

(B1)

Two observations can readily be made: (i) For a fixed value
of 0, the kernels fall off as K,(0) = 2zp}(0) ~1/s, and
(ii) because of the telescopic cancellation of poles, the
differential scattering phase shifts K ¢ involve 2- min(s, s’)
terms. Thus, we can make the following estimate at large s:

plot < — —l—Zan/pmt—i-Zs Z n/p“?t, (B2)

s'=1 s'=s+1

where each term under the sum has been upper bounded by
a constant using the sum rule 1 x K, = 1. The second sum
can be understood as the residual contribution coming from
large s’ strings with s’ > s, which gets suppressed in the
~1/s fashion. The first sum converges in the s — oo limit,
provided lim,_ p'" = 0, when the total density of states
Pt decays to zero at large s (in an algebraic fashion).
Lastly, using that the bulk recurrence relations pertaining to
the algebraic dressing equations involve only rational
functions of s, this implies p* ~ 1/s scaling at large s.
In more general integrable models (with nested spectra),
one has to additionally account for quasiparticles of differ-
ent flavors, whose mutual interactions are prescribed by the
Cartan matrix /C (cf. Ref. [58] for the definition). The above
argument can be easily adapted by including an extra sum
over the flavor index.

2. Analytic solutions in the high-temperature limit

To solidify our statements and conclusions, here we
explicitly work out the exact closed-form solution to the
algebraic TBA equations. The full solution for the basic
cases of the SU(2) spin-S (Babujian-Takhtajan) quantum
chains has already been obtained in Ref. [109]. Here, we
are primarily interested in models that possess Lie sym-
metries of higher rank.

For definiteness, we specialize to SU(n) quantum chains
with fundamental on-site degrees of freedom. While other
cases can be treated in a similar fashion, for compactness of
presentation, we postpone a complete and comprehensive
analysis for a separate technical study.

Let us consider, as our starting point, the algebraic limit
of the group-theoretic dressing equations [58], which, in
Fourier k space, turn into a system of coupled algebraic
equations of the form (with implicit summation over
repeated indices)

S_l * Fa,s - Is,s’ﬁa,s’Fa,s’ - Ia,a’na’,sFa’,s = 5a.s7 (B3)
with s~!(k) = 2cosh (k/2) and adjacency matrix I, =
Oa.b—1 + O4p41- The first step is to solve the homogeneous
part, which can be achieved with the following ansatz:

Fa,s(k) = A

a,s (k)Ka+s—l (k) + Ba,s (k>Ka+s+1(k)7 (B4)
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where K (k) = e~*I¥I/2 are the elementary scattering ker-
nels in Fourier space. Plugging this ansatz into Eq. (B3),
performing the Laplace transform from the & plane to the z
plane, and demanding the null condition for all the residues
located at z; € 1N, we end up with the following system of
recurrence relations:

Au.s = ﬁa.s—lAu,s—l + nu—l,sAu—l,.w (BS)
Ba.s = ﬁa..H»lBa,SH + naJrl,sBale.s’ (B6)

Au,x - Ba,x = ﬁa,H»lAa,S—l + naJrl,xAcH»l.s
- ﬁa,s—lBa,s—l + na—l.sBa—l.s- (B7)

The Fermi functions can be conveniently expressed in
terms of ratios of 3u(n) characters y, ,

Xa—1sXa+l, _
:aStH—s 7i

_ Xas—1Xas+1
2 ’ as —
Xas

(B8)
Xhs

nll,S

(see Ref. [58] for additional information). The solution has
the form

Agy = AOM» (B9)
)(u—l,s)(u.s—l
B,, = Bow (B10)

b
Za—}—l,s)(a,s-&—l

with coefficients Ay and B, yet to be determined. By
plugging these back into Egs. (B7), we retrieve the Hirota
relation for classical characters. To fix the undetermined
constants, we find the particular solution of Eq. (B3), with
the source term attached at the first node at (a,s) = (1, 1),
yielding Ay = —By = 1/y1 1. Transforming back to the 0
plane, we finally obtain

Foslo) =Kot | dosteot
1.1 a-1.sXa.s—1

_ Katlstl

Ka+s—1 (9)

Kuvun 0)] B11)

)(a+1,s)(a,s+1

In the context of anomalous transport, we are solely
interested in the x; — 1 limit. In this limit, the 8u(n)
characters become the dimensions d,, of rectangular
irreducible representations V,,, ; more details are provided
in Ref. [58]. Specifically, the total state densities read

_ S +n—a K.era—l(e)

o KY a 1<9>
PO =—— — S T e

s+a+1]

(B12)

There is an analogous expression (up to a multiplicative

prefactor) for the dressed differential quasiparticle energies
/

€,+(0), which can be obtained by simply replacing K (6)

with K’ (0). In rapidity space, the latter is given by a
discrete family of Cauchy distributions

1 s

1
K (0) = 2—m3010g S,(0) = 2w+ (s)27

(B13)

Notice that for any finite fixed rapidity 6, the density
of states pl°t decays as about 1/s? in the large-s limit.
However, when integrated against any dummy integrable
function f(0) as in GHD, we have the following large-s

properties:

(B14)

N

/ dof(0)p(6) ~
R
[ aoropstior~+. (B15)

for every quasiparticle flavor a.

As explained in the main text, these properties allow us
to infer the superdiffusive scaling of charge dynamics with
an algebraic dynamical exponent z = 3/2.

Nonfundamental on-site representations. The large-s
scaling properties (B14) and (B15) likewise hold in models
with nonfundamental local degrees of freedom, namely, for
any on-site finite-dimensional unitary irreducible represen-
tations V. At the level of algebraic dressing equations, this
amounts to placing the source terms in a different (generic)
position.

As a quick illustration, we derive the explicit solution
to the SU(3) chain in the adjoint representation (8), with
Dynkin labels A, = @, + @, =[1,1]. By virtue of Z,
invariance of the dressing equations (under interchanging
the flavors), we have F|; = F,;, and therefore

s7hx Fa,s - Iﬁ?ﬁs’Fa,s’ - nsFa,s = 5s,17 (B16)
where Ii";, = 8,1 + 8;¢41. The solution reads
1{s+2 s+1
F.,= 3 K, —H—3Ks+3
1
+ 3 K1 — Ko (B17)

APPENDIX C: INTEGRABLE QUANTUM
FIELD THEORIES

In the main text, we confined ourselves exclusively to
integrable ferromagnetic quantum chains. Nonetheless,
these do not exhaust the list of integrable quantum models
invariant under global symmetries of a non-Abelian Lie
group. As briefly mentioned in the conclusions, there are
other types of quantum chains, such as most prominently
integrable fermionic models that exhibit Lie supersymme-
tries (Z,-graded Lie algebras), which are on the same
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grounds expected to reveal charge superdiffusion with the
exponent z = 3/2; see, e.g., Refs. [38,46] for concrete
examples.

More remarkably, however, anomalous charge transport
likewise takes place in integrable quantum field theories
in two space-time dimensions, provided that elementary
particles carry internal isotropic degrees of freedom, which,
in the classical action, take values either in Lie groups G or
coset manifolds G/H. The two most prominent classes of
integrable quantum field theories (IQFT) of this kind are
the O(n) nonlinear sigma models (NLSM) and the principal
chiral fields (PCF) on G x G; cf. Refs. [150-155] for more
details.

Even though Goldstone modes of Lorentz-invariant
systems always comprise linearly dispersing (i.e., type-I)
modes, one should keep in mind that we are interested here
exclusively in the time evolution of the Noether currents
and not correlation functions amongst individual compo-
nents of quantum fields. A crucial observation in this
respect is that the temporal components of the Noether two-
currents may be understood as (quantized) spin waves.
Moreover, in finite-temperature ensembles, excitations of
these internal interacting degrees of freedom undergo
nontrivial dressing. The situation in fact mirrors that of
the Heisenberg spin chains or their higher-rank analogues
we investigated earlier. We do not attempt to give a
comprehensive exposition but rather demonstrate the basic
principles on the O(3) NLSM, representing a paradigmatic,
integrable, interacting QFT with nondiagonal scattering.
We briefly outline the differences in a few other IQFTs
that display SU(2) symmetry while postponing a detailed
quantitative study of other integrable nonlinear sigma
models on Riemannian symmetric spaces G/H [156]
and their classical limits for another study.

Another widely studied class of integrable system that
exhibit global non-Abelian symmetries are nonrelativistic
QFTs commonly known as the Yang-Gaudin models
[157-161]. They describe one-dimensional interacting
Bose or Fermi gases with internal degrees of freedom
(see, e.g., Refs. [162,163] for recent applications of GHD).

1. O(3) nonlinear sigma model

To begin, we spell out some of the main properties
of the O(3) NLSM quantum field theory, employing the
Hamiltonian formalism. The quantum field i = (4%, 47, i%),
subjected to the nonlinear constraint f-f = 1, trans-
forms in the vector representation of O(3). Since the
vacuum stability subgroup with respect to the polari-
zation axis (say, n° =1) is O(2), the target manifold
for O(3) NLSM is O(3)/O(2) = S?. Introducing the
momentum 7 conjugate to fi and the angular-momentum
field m = x &t perpendicular to f, m-n =0, the
Hamiltonian density (here, without the topological ® term)
has the form

v ~ 1A
Hop) ZE/dX[gm“rg 3] (C1)

The conserved Noether two-current associated with global
O(3) rotations is given by

0

dy =0, Jy=g " x9,n, (C2)
for pu € {x, t}. The integrated magnetization density pro-
vides a local conservation law, (d/dt) [ dxi(x) = 0.
The O(3) NLSM arises as the effective low-energy theory
of (Haldane) spin-S antiferromagnets, where one identifies
v = 2JS, while the coupling strength is given by g = 2/,
assuming large S; the S? field i governs fluctuations of the
staggered order parameter above the antiferromagnetic
(Néel) ground state, whereas m pertains to ferromagnetic
(spin-wave) fluctuations. Elementary excitations of Eq. (C1)

are an SU(2) triplet of massive spinful bosons with relativistic

(bare) dispersion e(p) = +/p>+ A% As is customary,
relativistic dispersion of massive particles can be parame-

trized by a rapidity variable 6,

e(0) = Acosh(0), p(0) = Asinh(0). (C3)
The mass A gets generated dynamically via dimensional
transmutation and vanishes in the large-S limit. At weak
coupling (¢ — 0), the theory becomes effectively free with
dim(G/H) = 2 massless (Goldstone) bosons.

Because of integrability, the model possesses infinitely
many ‘“hidden” conserved currents and a completely
factorizable many-body scattering matrix. Notice, however,
that exchange of isotropic degrees of freedom upon elastic
interparticle interactions renders the scattering matrix non-
diagonal, signifying that particles, upon collision, do not
only pick up a phase factor but can also change their state
(internal quantum numbers). This feature has a direct
analogy with the nested spin chains.

The O(3) NLSM can be diagonalized by means of the
algebraic Bethe ansatz, initially carried out in Ref. [59] (see
also Refs. [156,164] for a more comprehensive discussion).
The standard trick to resolve the exchange of isotropic
degrees of freedom is to introduce additional (called
auxiliary) spin-wave excitations (magnons)—the extended
basis of excitations that renders the scattering diagonal.
These auxiliary magnons are, despite being massless,
regarded as independent quasiparticles. Imposing the
finite-volume boundary condition, one arrives at the fol-
lowing nested Bethe Ansatz equations [59]:

Ny N,
PO TS0, 00 [[ S0, 4) = -1, (C4)
k=1 =1

Ng )

[Is'(.00

k=1

::]z

S(4;,4) = —1, (C5)

~
Il

1
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belonging to the sector with Ny, momentum-carrying
physical excitations and N, magnons (with associated
rapidity 4). There is a single rational scattering amplitude
reading S(0) = (0—ix/2)/(6+ix/2). Looking at Eq. (C5),
it is evident that interactions among the magnons are
identical to those in the isotropic Heisenberg SU(2) chain,
resulting in the formation of bound states (Bethe strings).

Taking the thermodynamic limit, obtained by sending
L — oo with ratios Ny/L and N, /L finite, and introducing
the physical density p,(0) and auxiliary densities of the
Bethe s-strings p,»1(0), one arrives at the following
(decoupled) Bethe-Yang equations

/
pg)t:£+s*/52’

7 (Co)

pgol = 5&,25 * P+ 8 x I?o‘o’ﬁv’ (C7)
By performing an extra particle transformation on the
physical node, ), + 1/, (i.e., identifying YV, = po/po)s
the TBA equations can, once again, be brought into the
canonical )Y-system format

log), = =6, 0fe + s I?;‘; log(1+Yy), (C8)
with the incidence matrix of the D Dynkin diagram (see
Fig. 7). It is worth noticing that the U(1) chemical potential
h enters only implicitly via the asymptotics of the )
functions, lim_ ., log(1/s)log), = h. The O(3) model
is, in fact, a member of an infinite family of integrable
sigma models with SU(n)/SO(n) target spaces, with n — 1
massive nodes whose thermodynamic particle content gets
arranged according to A,_; X D, Dynkin diagrams [156].

Since QFT are not UV complete, there is no regime in
which the TBA equations would be rendered algebraic.
Despite the fact that there is no issue with computing the
thermodynamic ) functions in the # — 0 limit, say, at half
filling & = 0, the equations for the densities, Eqgs. (C7),
yield UV-divergent rapidity integrals. This type of diver-
gence is often cured by hand by imposing a momentum
cutoff, such as, e.g., in Ref. [165]. We purposely avoid it
here since this would invariably break integrability and
thereby spoil the late-time decay of the charge correlations.
To ensure convergence of rapidity integrals, temperature
S > 0 has to be taken into account in a nonperturbative
way. The only safe way to introduce a UV cutoff while
preserving integrability is via a full light-cone discretiza-
tion. This discretization has been achieved for the case of
SUR2) PCF in Ref. [153], which demonstrates how the
integrable QFT arises from a particular continuum scaling
limit of a staggered quantum spin chain.

In the scope of physics applications, one is typically
interested in the opposite regime of low temperatures. The
low-temperature expansion of Eqs. (C7) and (C8) can be
found in Ref. [109]. We do not reproduce the results here
but merely reserve a few remarks. In order to properly

SU(2) ¢cGN @ Q a e .

O(3) NLSM Q a e e .-
6=0 (0)

O(3) NLSM e Q a e o
O=x °

SU(2)PCF-—— a (0) @ __

FIG. 7. TBA incidence diagrams depicting the complete
thermodynamic quasiparticle spectra for a number of paradig-
matic examples of massive and massless IQFTs with isometry
groups of rank one: SU(2) chiral Gross-Neveu model, O(3)
nonlinear sigma model, with and without the topological ® term
and SU(2) principal chiral field, appearing from top to bottom in
the respective order. Massive physical excitations, with bare
dispersion [Eq. (C3)], are designated by gray nodes. Massless
physical excitations, with bare dispersion [Eq. (C9)], are marked
in blue. The structure of TBA equations is a direct product of two
types of Dynkin diagrams: a finite one associated with the
isometry group of the elementary physical excitations (marked
with color nodes), and an infinite one of type A associated with a
tower of auxiliary magnons (white nodes), whose bijectives cor-
respond to finite-dimensional irreducible 3u(2) representations.

account for the effects of thermal fluctuations in a finite-
density state, even at arbitrarily low temperatures 7 > 0, it
is crucial to properly account for all the contributions of the
spin-wave excitations. Magnonic excitations turn out to be
inconsequential only in the regime &/T > 1, where the
theory can be well approximated by the semiclassical
description developed in Refs. [166—168]. In stark contrast,
when approaching the unmagnetized (half-filled) state (i.e.,
for h/T < 1), the contributions to the spin diffusion due to
giant magnons become amplified, and, in analogy to the
isotropic Heisenberg chain, one accordingly finds a diverg-
ing spin diffusion constant D, ~ 1/h accompanied by a
vanishing-spin Drude weight.

Topological term. It is well known that the O(3) NLSM
admits an integrable deformation with the inclusion of the
topological ® term with angle ® = 7 [59,169] [describing
the low-energy limit of SU(2)-invariant spin chains with
odd spin §; in general, ® = 2zS [170] ]. This term has a
profound effect on the low-energy spectrum; instead of a
massive triplet, one instead finds an SU(2) doublet of
massless elementary excitations, with bare dispersion

e£(0) = +p(0) = (C9)
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where £ designate the right (p > 0) and left (p < O0)
moving fields. The theory is massless but not scale
invariant; M provides a mass scale that only affects the
left-right scattering processes. At the level of the TBA
description, the physical species are comprised of the left
and right movers with densities p(0) [59]. The internal
magnon structure, however, remains intact [59]. For in-
stance, the TBA equations in the quasilocal form are now of
the form

M
logy, = /)’Eeia +sxlog(1+Y,), (C10)
logys = 6s,ls * (1 +y+)(1 +:);—)
+ 5% 0% log(1 + V). (C11)

Further details can be found in Ref. [109] and references
therein.

Classical picture. We stress that magnons in QFTs are
not due to quantization but are rather a consequence of the
rotational symmetry. Thus, magnons are already featured
at the classical level. The O(3) nonlinear sigma model
represents an integrable classical field theory [171]. The
Euler-Lagrange equation for the classical field n € S? reads
(in dimensionless units) [172]

n, —n,, + (nt2 - n)%)n =0. (ClZ)
Owing to Lorentz invariance, linear fluctuations above a
degenerate ground state are comprised of two, transversal,
linearly dispersing (type-I) Goldstone modes. However,
we are interested in the time evolution of the temporal
component of the conserved Noether two-current, which
presently corresponds to the ferromagnetic order para-
meter m = n x 7. Its equation of motion simply reads
m, = n X 7,. In terms of the Hamiltonian equations,
n, = m, w,=n, + (02-x*)n, (Cl13)
one can readily deduce the equation of motion for the
angular-momentum field,

m,=nxn,, m’ = n’.

(C14)
This result reveals the mechanism for how spatial fluctua-
tions of field n(x, ¢) induce the dynamics of magnetization
m(x, 7). In the quantum version of the O(3) NLSM,
fluctuations of these magnetization waves carrying integer
quanta scatter completely elastically off one another, as
described by Egs. (C5).

2. Other integrable QFTs

There are many other integrable QFTs with non-Abelian
isometry groups that can be treated along the lines of the
O(@3) NLSM; see, e.g., Refs. [155,173]. The best-studied

examples are O(n) NLSMs on a hypersphere §"!
O(n)/O(n — 1), with the Lagrangians

1

Lom =7

=3 dx(9,4)?, A2 =1.

(C15)

In the simply laced cases, that is, O(2r) with r > 4 [174],
the thermodynamic spectrum of excitations comprises r
flavors of quasiparticles (one per node in the D, Dynkin
diagram), each of which further binds into bound states (the
ordinary s strings). The O(4) NSLM in the fundamental
(vector) representation is special as it can be represented as
the SU(2); x SU(2) principal chiral field with particles
transforming in the bifundamental representation of 81(2)
[175]. Tts spectrum involves massive spinful particles with
two types of SU(2) spins—these are elementary excitations
above the Fermi sea (antiferromagnetic ground state) in an
SU(2) spin-S chain. Its thermodynamic particle content is
graphically represented in Fig. 7. In this respect, one can
view (using a loose analogy) the SU(2) PCF as the bosonic
QFT counterpart of the Fermi-Hubbard model [72,73]. In
the strong-coupling limit, the SU(2) PCF model splits up
into two copies of the isotropic Heisenberg chain. The
classical limit and the associated Riemann-Hilbert equa-
tions can, once again, be derived from the asymptotic Bethe
equations [173], governing the regime with N — oo par-
ticles with large rapidities 6 ~ O(N) [with the quantity
AL = exp (=2zN) playing the role of a small parameter].

Another prominent class of integrable QFTs are the
SU(n) chiral Gross-Neveu models (cGN) [176]. We take a
brief look at the simplest SU(2) case, which describes two
interacting Dirac fermions expressed in terms of two-
component spinors 1, (a = 1, 2) with Lagrangian density

.2 A 1 a A 2 A
Leon = Wi + 59?((%111“)2 — (Wars)?)

1

- _g%(lf/uy”li/a)z’

. (C16)

with @ = y,0" and y matrices yy = 61, 71 = 162, ¥5 = 7071
obeying the Clifford algebra y,,y, = 2¢** with metric
tensor n = diag(1, —1). Lagrangian (C16) is symmetric
under U(2) x U(1),; spinors transform in the fundamental
representation of U(2), whereas U(1), is associated with
the chiral symmetry yr — ¢'syjr. The spectrum of the model
involves a single SU(2) multiplet of massive fermions, with
relativistic dispersion e(6) = A cosh (z6/2) and p(0) =
Asinh (76/2) [aside from the massless excitation charged
under U(1), that completely decouples]. The amplitude
of a two-fermion scattering is given by S(0) = —-I'[1 —
(0/41)]T[L + (0/41)]/T[1 + (8/41)T[L — (0/4i)]; see, e.g.,
Refs. [76,177]. Itis of primary importance that the scattering
of fermions carrying opposite spin projections is, once
again, identical to the spin exchange of the SU(2)
Heisenberg chain. To exhibit this similarity, we perform
the particle-hole transformation on the zeroth node (assigned
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to physical, i.e., fermionic, density), YV, — 1/}, yielding
the Dynkin-type TBA equations with the incidence matrix of
the A x A, diagram [177],

IOg ys = _6s,0ﬁe T+ * log(l + ys—l)(l + ys+1)' (C17)
In this labeling, the s strings sit at nodes s > 1. Apart from
an extra massive particle assigned to the initial node s = 0,
the obtained equations are indeed those of the isotropic
Heisenberg spin-1/2 chain (see Fig. 7). A family of inte-
grable Gross-Neveu models with SU(n) symmetry with
n — 1 coupled copies of Egs. (C17), resulting in the TBA
incidence matrices of the type A,_; X A. There are also the
Gross-Neveu models with O(2n) symmetry, which have
been described in Ref. [156].

Numerical analysis. In order to extract the large-s
asymptotic properties of thermodynamic state functions,
we have numerically solved the TBA equations for the
above SU(2)-invariant IQFTs with a common magnon
structure. The deduced scaling properties match those of
their spin-chain counterparts, as specified by Eqs. (B14)
and (B15), indicating, once again, superdiffusive transport
with the dynamical exponent z = 3/2.

3. Multicomponent Fermi gases

For completeness, we finally give another representative
example of an integrable QFT. We consider the Yang-
Gaudin field theory of spinful fermions—the fermionic
cousin of the integrable two-component Bose gas. Our pur-
pose here is mainly to achieve unification with other
integrable systems characterized by the anomalous dynami-
cal exponents z = 3/2. There are two conserved Noether
charges involved, representing the conserved electron charge
and total magnetization. As we clarify below, anomalous
transport occurs only in the spin sector, provided the non-
Abelian symmetry is not explicitly broken by the finite
chemical potential. On the contrary, transport of electron
charge [Noether charge associated to a u(1) subalgebra]
behaves ordinarily; i.e., it is characterized by a finite-charge
Drude weight with a regular diffusive correction.

To elucidate the underlying algebraic structure, we note
that integrable multicomponent Fermi (and Bose) gases
arise as continuum limits of integrable lattice models with
U,(8(n)) symmetry (commonly known in the integra-
bility literature as the Perk-Schultz models) in the unde-
formed ¢ — 1 limit [upon which the global SU(2)
invariance gets restored]. Which field theory one ends
up with depends, besides the rank r = n — 1 of g, also on
the choice of Z, grading (without the grading, one can
similarly produce multicomponent integrable Bose gases).
The specific instance of a two-component Fermi gas that
we are revisiting here arises as a continuum limit of the
rank-2 Perk-Schultz model with ¢/,(8L(2[1)) symmetry in
(=, +,+) grading [161,178,179]. As we clarify below, the
resulting TBA equations algebraically match those of an

integrable fermionic chain with the global symmetry of
SU(2|1) Lie superalgebra, representing the  — J model of
spin-1/2 fermions at the supersymmetric point J = 2¢,

Hgy(on) = [ lz Z c](rcj+16+c]+la 10)}1)

j=1 cet.|

1
Y <S‘i “Sjt1 = 4n,-n,~+1),

=

(C18)

where P = []5 (1~
occupied states.
Two-component  Yang-Gaudin ~ Fermi gas. The
Hamiltonian density of the Yang-Gaudin model with
coupling constant ¢ > 0 reads (in units m = A = 1)

nj4n; ) projects out the doubly

Hyg = %\i!j}ilx +g (P2 — Y - T, (C19)
expressed in terms of a two-component spinor field
P(x) = (4 (x), 9, (x))", with external fields 7 and 7
coupling to charge and spin degrees of freedom, respec-
tively. At the level of grand-canonical Gibbs ensembles, we
introduced the corresponding chemical potentials u = fji
and h = ﬂfz. Notice that, sometimes, the model includes an
additional (integrability-breaking) potential term V (x) ¥,
which we have to exclude.

The model is exactly solvable by the nested Bethe
ansatz. Consider an eigenstate of N spin-1/2 electrons
in a periodic system of length L, of which Ny and N
correspond to the number of electrons with up and down z
components. The electron bare dispersion is not non-
relativistic, and it assumes a quadratic dependence on
the momentum 6, written ey(0) = 6. The variable § can
thus be regarded as the rapidity, and subsequently, we
relabel it as @ — (1), with the superscript label referring to
the physical (i.e., momentum-carrying) excitations. The
total energy of an eigenstate in the presence of fields reads
E=YN 160( ) fiN = h(N; = N ). In analogy to the
O@3) NLSM and other systems with nested spectra, a
dynamical lattice of propagating electrons supports inter-
acting spin waves. The latter are associated with auxiliary
rapidities 952). For a periodic system of size L with N =
N4 + N electrons, the two sets of rapidities are deter-
mined as solutions to the following nested Bethe equations:

¢l () 1) ,(2)

it} LHS1 @".67) =1, (C20)
Ml e ) o0 T @) )
Hsll(gl ’9] )HSI_11<91 ’91 ): 1, (CZI)
i j=1
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where in the first (second) equation, the index i runs from 1
toN (N,),and S;(0) = (6 — jic/2)/(0 + jic/2), S, 1(0) =
S,(0) are the standard elementary scattering amplitudes,
with the associated scattering kernels

1

1 cj

2 6% + (jc/2)*°

or equivalently, in Fourier space, K;(k) = e~/Kl/2,
Passing to the thermodynamic limit, and introducing

rapidity densities of unbound electrons p(6) and the

standard Bethe s strings p,(6), the Bethe-Yang equations

take the following quasilocal form:

o=yt (Kixs)xpo=sxpr (C23)
P = s % (po + Pa), (C24)
P = 5% (Puct + Ps), (C25)

with the s kernel s(0) = (2ccosh (z0/c))~!, satisfying
Ixs=1/2 and s(k) = (e‘™/2)/(1 + ¢°). Notice
that the source term comes from (1/27)0pk(6) = 1/2x.
The energy density of an equilibrium macrostate is then
given by

/ dé(ey(0) ;mh / dép, (0

whereas electron charge and magnetization density read
n,=1x%py and m=1(1%py) = > 5 s(1 xp,). Unlike
the density of magnetization, electron density is a strictly
positive quantity in any equilibrium macrostate, which
readily implies that the Drude weight of the electron charge
always stays strictly positive.

The TBA equations in terms of the thermodynamic Y
functions V4 (0) = p4(0)/p4(0), on the other hand, read

(C26)

log Vo = 0% = — (K % s) » log(1 +1/Yy)
—s*log(l1+Y,), (C27)
logy, = —s xlog(1+1/Y,) + s xlog(1+),), (C28)
log Vysy = 5 % 1% log(1 + V). (C29)

with If;f’, = 05541 + 05y—1. Importantly, the chemical
potential & coupling to total magnetization enters, as usual,
through the large-s asymptotics

]
lim 1989

§—00 Ky

=2h. (C30)

Finally, the equilibrium free energy density in the grand-
canonical Gibbs states reads

pf = —/delog(l +1/D0(6).  (C31)

Let us mention, in passing, that the above TBA equations
coincide, apart from the dispersion-dependent source
terms, with those of the fundamental SU(2|1) quantum
chain [the supersymmetric ¢ — J model given by Eq. (C18)]
in the distinguished grading (-)—). For further details,
we refer the reader to Ref. [46], where the complete
solution to the algebraic TBA equations for the SU(2|1)
chain is derived.

a. Dressing equations

In the scope of our study, we are primarily interested in
the dressed dispersion relation and the dressed Noether
charges. There are three different limits of the above Bethe-
Yang and TBA equations that are analytically tractable, all
treated originally in Ref. [160]: (i) the zero-temperature
limit 7 — 0, (ii) the weak-coupling limit ¢ — 0, and (iii) the
strong-coupling limit ¢ — co. Since none of these limits
can be regarded as generic local equilibrium states, they are
not really relevant to us. On the other hand, there is not UV
completeness in the high-temperature limit, as in relativistic
integrable QFTs. Even though the ) functions become flat
(i.e., independent of rapidity ) in the f# — O limit, there is
no regulator at large rapidities to ensure convergence of the
free energy density.

It is nevertheless instructive to exhibit a closed-form
solution to the TBA equation in the limit f — 0 while
keeping chemical potentials ¢ and & general. Denoting the
constant thermodynamic ) functions by )., and using
1 xs=1/2 and likewise (K| *s)+1=1/2, the TBA
equations are readily rendered algebraic:

eV =1/[(1+ 1Y) (1 + )], (C32)
Vi=(14+2)/(1+1/p). (C33)
Vi, =0+Y) (14 Vo). (C34)

Notice, once more, that the charge chemical potential u
remains explicitly present while 4 implicitly hides in the
asymptotic condition (C30). The solution to the three-term
recursion for V. in the bulk that satisfies the prescribed
asymptotics at large s is given by

Yo
1=y

V1 =yi — 1, Yo = (C35)

We have introduced the functions
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ba* —b~'a™*
ys(a.b) = ——=—. (C36)
a—a
which obey the Hirota bilinear relation, y? — y,_ v, —

1 =0. The functions y, are none other than classical
characters associated to a non-semi-simple Lie algebra
31(2) @ u(1), which is the bosonic subalgebra of the Lie
supergroup SU(2|1), specifically, y, specialized to 8u(2)
characters if b = a. The two remaining free constants a and
b, which are functions of 4 and y, can be determined from
the boundary condition Y, (1 + V)(1 +Y,) = e . The
large-s asymptotics is satisfied by a = e~". The coefficient
b is then obtained from

(b~ 1) ]
@opE = e=er (@)
yielding
bh) = ALy o9 (g
= l+c/a T a4 c+aic

Reparametrizing the y characters in terms of chemical
potentials p and h, we have the form y (u, h)=
sinh? (sh + p)/ sinh?(h).

In the f — 0 limit, the Fermi occupation functions,
neso(u, h) = 1/(1 + Ys(u, b)), can be expressed in the
form
no(p, h) = 1= y5(u.h),  ny(p,h) = yi*(u.h).  (C39)
In particular, taking & — 0 with u general, we again find the
anticipated universal behavior at large s,

(1 +e")?

_UTEr s,
(s rey VS

hmn s(uh) = (C40)

The dressed electronic charge in the high-temperature
limit and general 4 and y is thus

1 + &2 4 2ehtn

1w, h) = =0, log Yo(hup) = =5~

. (C41)

and, as already emphasized previously, is manifestly
strictly positive. On the other hand, the dressed magneti-
zation is

et —1
my' (u, h) = =0y, log Yo (h. u) = 15 o 4 o’ (C42)
which vanishes in the & — 0 limit, namely, m% (u, h) =

(2/2 + e*)h + O(h®). The dressed magnetization for
the s strings displays an analogous qualitative behavior
in the p—0 limit, we find lim,_qm{(u, h) =
L(2s+1)2h+ O(h%).

Next, we consider the dressed dispersion relations for
the quasiparticles. The dressing equations can be put in the
following compact algebraic form:

=dy+ (K| *s) *nyFy—s*xn F;, (C43)
Fl = S x (I’loFO —+ fl2F2), (C44)
Fopp =5 (g Fy_y + g Fypy). (C45)

Specifically, for F, — Oye, with dy — Jgey(0) = 26, one
obtains the dressed energy derivatives, and likewise for
Fy — pt with dy = 1/2x, the total state densities. Recall
that these are related to the dressed momentum derivatives
via [p/,(0)]9 = 2zp'¢' (). Despite the UV catastrophe, the
rapidity densities are well defined in the f — 0 limit where
they (in distinction to the NLSM) become flat.

The solution to the homogeneous “bulk” recurrence
relation, p!*t =3 (f1,_1p'% + 7y, 19" ), with the prescribed
large-s asymptotics, reads

P :i<)’s _L)
2! 2r Ys—1 YVs+1

This formula is in fact the same bulk solution governing the
Heisenberg SU(2) chain upon replacing 81(2) characters
xs(h) with y (u, h). The difference shows up in the initial
conditions, i.e., in the equations for densities p§* and p{*',
which provide two extra equations to uniquely determine
the unknown function pf* and coefficient a. We find
—(y-130)/27 = ac/[(a + ¢)(1 + ac)], and

(C40)

1 (a®=1)(B* + 1)

ot — C47
(G R T (C47)
In the /& — O limit, the latter simplifies to
ot 2¢(c+ s+ cs) (C48)
N

(I4+c)[s(c+1)=1][s(c+1)+2c+ 1]’

whence we can extract the anticipated scaling at large s,

2et

1
ﬁ +O(1/S )

st (ush) = (C49)

Furthermore, for u — 0, the result is even simpler:
limy,_o p(0, h) = (25 + 1)/(4s*> + 45 = 3).

Since the bare energies are not UV-finite quantities, the
corresponding dressed energies are well defined only at
finite inverse temperature . Similarly as in other QFTs,
the solutions to the dressing equations cannot be found
in a closed algebraic form; instead, one has to resort to
numerical solutions. We find the anticipated scaling rela-
tion for the effective velocities of giant magnons at large s,
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v~ 1/s,

(C50)

irrespectively of the coupling ¢ > 0. This result can, in fact,
be consistently deduced from the strong-coupling limit
¢ — oo, where the electron excitations effectively decouple
from magnons; the latter interact precisely as spins in the
isotropic Heisenberg spin-1/2 chain [up to O(1/c¢) cor-
rections], which, themselves, already give rise to super-
diffusive magnetization transport at any finite density at
half filling.
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