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The general form of the surface stress tensor of an infinitesimally thin shell located on a rotating null
horizon is derived, when different interior and exterior geometries are joined there. Although the induced
metric on the surface must be the same approached from either side, the first derivatives of the metric need
not be. Such discontinuities lead to a Dirac δ-distribution in the Einstein tensor localized on the horizon.
For a general stationary axisymmetric geometry the surface stress tensor can be expressed in terms of two
geometric invariants that characterize the surface, namely the discontinuities [κ] and ½J " of the surface
gravity κ and angular momentum density J . The Komar energy and angular momentum are given in
coordinates adapted to the Killing symmetries, and the surface contributions to each determined in terms of
[κ] and ½J ". Guided by these, a simple modification of the original Israel junction conditions is verified
directly from the Einstein tensor density to give the correct finite result for the surface stress, when the
normal n to the surface is allowed to tend continuously to a null vector. The relation to Israel’s original
junction conditions, which fail on null surfaces, is given. The modified junction conditions are suitable to
the matching of a rotating “black hole” exterior to any interior geometry joined at the Kerr null horizon
surface, even when the surface normal is itself discontinuous and the Barrabès-Israel formalism is also
inapplicable. This joining on a rotating null horizon is purely of the matter shell type and does not contain a
propagating gravitational shock wave.
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I. INTRODUCTION

Singular surfaces in general relativity (GR) have a long
history, beginning with Lanczos and Sen just a few years
after the introduction of GR itself [1–8]. A singular surface
arises when one tries to join or “glue” the geometries of two
different regions of spacetimeMþ andM− at their mutual
boundary Σ ¼ Mþ ∪ M−, where the metric and coordi-
nates of the two regions coincide, but the metric derivatives
in general do not. The discontinuities in the metric
derivatives lead to a δ-function distributional surface stress
tensor localized on the infinitesimal idealized boundary
layer on Σ [9–14].
Singular surfaces in GR arise in describing the dynamics

of first order phase transitions in the universe, by the
nucleation and growth of bubbles of a new phase of matter
within the old metastable phase [15–18]. The boundary

layer or surface of the bubble separating the phases of
different properties and geometries can be approximated as
an infinitely thin bubble wall or shell. In the approach of
Israel [9], the surface stress-energy tensor of this bubble
wall is related to the discontinuity of the extrinsic curvature
of the three-dimensional hypersurface when embedded in
the four-dimensional spacetime on either side of it. In the
application to nucleating bubbles and their dynamical
evolution, the normal vector n to the hypersurface is
spacelike and can be normalized to unity, while the two-
surface follows a timelike trajectory. The Israel formalism
[9] is quite satisfactory to handle this case, as well as the
converse situation where the normal vector to the hyper-
surface is everywhere timelike.
When the hypersurface is lightlike, the normal vector

becomes null: n · n ¼ 0. This leads to difficulties in the
formalism, at least as originally presented in [9], since the
extrinsic curvature itself vanishes. Barrabès and Israel (BI)
subsequently reformulated the junction conditions and
surface stress energy tensor on null hypersurfaces by
introducing a second “transverse” null vector N, and a
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“transverse” or “oblique” extrinsic curvature defined in
terms of N, rather than the normal n [12–14]. In applying
the BI formulation both the transverse null vector and
induced metric are taken to be continuous and nonsingular
on the null hypersurface. As we discuss in this paper, these
regularity conditions on the choice of transversalN may not
be satisfied in an important case of physical interest,
namely the joining of interior and exterior black hole
(BH) solutions at their horizons, particularly when
expressed in coordinates that may be singular there.
The conventional assumption is that coordinate singu-

larities on a BH horizon can be eliminated by a suitable
change of coordinates, so that the horizon is a mathematical
boundary only, and once removed, the interior geometry is
found by analytic continuation from the exterior [19].
Implicit in this mathematical continuation is the physical
assumption that there are no surface stresses on the horizon,
which would invalidate analytic continuation. Motivation
for considering alternative possibilities for BH interiors
arises from the unphysical interior geometries that result
from mathematical analytic continuation. In addition to the
curvature singularity of infinite density present already in
the Schwarzschild case, more generally analytic continu-
ation of the vacuum BH Kerr solution, leads to acausal,
closed timelike curves in the interior of a rotating BH with
angular momentum [20].
When quantum effects are considered, additional diffi-

culties arise, most notably the apparent nonconservation of
probability and uncertain origin of the enormous BH
entropy apparently implied by the Hawking effect [21].
These problems are generally classified under the heading
of the “black hole information paradox” [22], and have
been the source of speculation for more than four decades,
with a wide range of views on possible resolution [23],
some quite radical [24]. At its root the information paradox
arises because of the existence of the BH horizon which
acts as a one-way causal boundary between two different
regions of spacetime, and a sink through which matter can
pass, but from which it cannot reemerge, except possibly
only after very long times, and in nothing like its origi-
nal form.
If on the other hand, metric discontinuities and a non-

vanishing surface stress tensor are present on the horizon,
the interior cannot be obtained from the exterior geometry
by analytic continuation. In that case the interior need not
be singular or have unphysical or acausal features of any
kind, and consistency with quantum unitary evolution can
be maintained. Such physical surface stresses are perfectly
consistent with the equivalence principle, and can be
described within classical general relativity. An explicit
example of this is the nonrotating gravitational condensate
star, where the Schwarzschild exterior of a nonrotating
black hole is matched to a static region of de Sitter space
with a positive vacuum energy but negative pressure,
p ¼ −ρ. The resulting nonsingular interior “gravastar”

solution can be obtained from Schwarzschild’s classical
constant density interior solution by a limiting process
[25], which evades the Buchdahl bound [26], by having
an anisotropic surface stress tensor localized on the
Schwarzschild radius RH ¼ 2GM=c2. This classical solu-
tion is free of any conflict with quantum or statistical
mechanics, loss of unitarity, or information paradox [27,28].
A similar proposal based on an analogy to quantum

phase transitions was suggested in [29]. A de Sitter interior
could develop from a phase transition where the quantum
vacuum energy changes abruptly [30]. Independently of
the microscopic quantum origin of the phase transition
boundary layer itself, the interior de Sitter and exterior
Schwarzschild classical smooth geometries must be
“glued” together at their mutual horizon boundaries, of
infinitesimal thickness in classical GR at RH ¼ 2GM=c2.
The discontinuity [κ] in the surface gravities there results in
a positive surface tension τs¼½κ"=8πG¼ð8πGRHÞ−1 [25].
If such a boundary layer with a nonvanishing surface

tensor replaces the classical BH horizon, the existence and
physical characteristics of the surface layer may be probed
by gravitational wave observations of binary neutron star
and BH mergers [31]. The possibility of observable
signatures of a gravastar horizon surface has been attracting
increasing interest, in the new era of gravitational wave and
multi-messenger astronomy [32]. Since rotating “BHs” are
ubiquitous, it is important to determine the properties of the
surface stress tensor and junction conditions for a null
horizon with nonzero angular momentum within classical
GR. This is the principal motivation and main result of the
present work.
Discontinuous boundary layers in GR have obvious

parallels to those in electrodynamics where a surface layer
of charge density leads to a discontinuity in the electric
field vector, by Gauss’ law. The boundary conditions and
discontinuity of the electric field vector are determined by
purely classical considerations, in first approximation
independently of the details of the (quantum) matter surface
charge layer. In classical GR the analog of Gauss’ law for a
stationary axisymmetric geometry is furnished by the
Komar mass and angular momentum, in terms of the
Killing vectors of time translation and azimuthal rotational
symmetry. The local differential form of these quantities
can be used to relate the discontinuities in certain functions
of metric derivatives to the surface stress tensor on the
horizon where these discontinuities occur. Elucidating the
physical meaning of possible metric derivative disconti-
nuities on a rotating horizon in terms of geometric
invariants and their contribution to the mass and angular
momentum of the configuration is a second purpose of
this study.
In investigating these issues, and guided by the mass and

angular momentum expressions, we find that there is a very
simple and natural refinement of the original Israel junction
conditions and surface stress tensor in terms of the
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discontinuity of an extrinsic curvature of the null hyper-
surface, which is free of the difficulties that motivated the
Barrabès-Israel (BI) approach [13], and dispenses with the
need of the transversal N and oblique extrinsic curvature
altogether. Presenting this new “old” approach to null
singular hypersurfaces and verifying it explicitly in the
case of stationary, axisymmetric horizons is the third main
purpose of this work. Whereas Israel’s original approach
[9] fails for lightlike hypersurfaces, the modified junction
conditions work equally well for timelike and lightlike
hypersurfaces, in which the latter can be viewed as a
continuous limit of the former. The reason for that and the
relationship between the two is explained. Finally by
studying the Weyl tensor we are also able to characterize
the junction on a rotating horizon as free of any gravita-
tional shock wave component.
The paper is organized as follows. In Sec. II the metric,

coordinates and properties of the general stationary, axi-
symmetric geometry are introduced. In Sec. III the surface
stress tensor for a spherical null horizon is reviewed and
derived directly from the Einstein tensor density that
contains the Dirac δ-function surface contribution to the
energy-momentum-stress tensor. This serves to introduce
the method we use in Sec. IV to derive the singular stress
tensor of the general axisymmetric, stationary horizon
surface directly from the Einstein tensor density, whose
explicit form is given. The result, Eqs. (4.14), depends upon
just two invariant quantities that characterize the surface
discontinuities: the surface gravity κ and angular momen-
tum density J . Both of these appear in the Komar mass and
angular momentum which are discussed in Sec. V in both
their integral and local differential forms. The latter is used
to relate total derivatives of certain local quantities to
components of the surface stress tensor of the rotating
horizon. In Secs. VI–VII we show that a relatively small but
important modification of the original Israel formalism
yields the correct junction conditions for a stationary
axisymmetric null hypersurface in terms of the disconti-
nuities of a modified extrinsic curvature Ki

j, by a continu-
ous limiting procedure of the normal n · n ¼ ε → 0, as the
hypersurface and its normal become null, and compare it to
the Barrabès-Israel (BI) approach. Sec. VIII contains a
Summary and our Conclusions. Units in which the speed of
light c ¼ 1 are used hereafter in the paper.
There are three Appendices. The first contains a compact

review of the tetrad formalism, surface and volume inte-
gration of forms, and Stokes’ theorem applied to the
axisymmetric geometry used in this paper. Appendix B
contains the explicit expressions for the Weyl tensor of the
general axisymmetric, stationary geometry and metric, and
its singular surface contributions, showing that the horizon
discontinuities are necessarily associated with a thin shell
matter distribution, and not a lightlike gravitational shock
wave [33]. Appendix C provides an explicit example of
(mis)application of the Barrabès-Israel formalism, in order

to illustrate the pitfalls one may encounter when the normal
n or volume integration measure are themselves singular or
discontinuous on the null hypersurface, as is the case for
BH horizons in familiar coordinates.

II. AXISYMMETRIC STATIONARY GEOMETRY
AND METRIC

The condition of stationarity and axial symmetry is
invariantly defined by the geometry admitting two inde-
pendent Killing vectors, denoted KðtÞ and KðϕÞ

KðtÞ ¼Kμ
ðtÞ

∂
∂xμ¼

∂
∂t; and KðϕÞ ¼Kμ

ðϕÞ
∂
∂xμ¼

∂
∂ϕ ð2:1Þ

corresponding to time translation and rotations around the
fixed rotation axis respectively. Each of these satisfies the
Killing equation

∇μKν þ∇νKμ ¼ 0 ð2:2Þ

in component form. Since the two Killing symmetries
commute [34], two coordinates ðt;ϕÞ can be defined as in
(2.1), corresponding to the vector fields generating the
symmetries, so that the metric is independent of both t
and ϕ. In the case of asymptotically flat spacetimes,
the normalization of KðtÞ can be fixed by the condition
KðtÞ · KðtÞ → −1 in the asymptotic region, while the nor-
malization of the spacelike KðϕÞ is set by a regularity
condition on the symmetry axis [35,36], which fixes the
periodic range of the azimuthal angle coordinateϕ ∈ ½0; 2π".
There are several forms for the general axisymmetric and

stationary metric line element in the literature [37–42]. A
minimum of four functions of the remaining two coordi-
nates are necessary to specify the general such metric. It is
most convenient to work with the line element

ds2¼−e2νdt2þe2ψ ðdϕ−ωdtÞ2þe2αdr2þe2βdθ2 ð2:3Þ

which contains five functions, ν, ψ , α, β, ω of the remaining
two coordinates, which are (rather arbitrarily) labeled here
as ðr; θÞ. There remains the freedom to define a coordinate
condition on the functions α, β to reduce these five
functions to the minimal four functions of two varia-
bles ðr; θÞ.
For reference we list here the nonzero components of the

metric in (2.3) and its inverse

gtt ¼ −e2ν þ ω2e2ψ gtt ¼ −e−2ν ð2:4aÞ

gtϕ ¼ gϕt ¼ −ωe2ψ gtϕ ¼ gϕt ¼ −ωe−2ν ð2:4bÞ

gϕϕ ¼ e2ψ gϕϕ ¼ e−2ψ − ω2e−2ν ð2:4cÞ

grr ¼ e2α grr ¼ e−2α ð2:4dÞ
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gθθ ¼ e2β gθθ ¼ e−2β ð2:4eÞ

for the stationary axisymmetric geometry. In these
ðt; r; θ;ϕÞ coordinates, adapted to the symmetries, the
two Killing vectors (2.1) have contravariant components

Kμ
ðtÞ ¼ δμt ¼ ð1; 0; 0; 0Þ ð2:5aÞ

Kμ
ðϕÞ ¼ δμϕ ¼ ð0; 0; 0; 1Þ ð2:5bÞ

and their inner products

KðtÞ · KðtÞ ¼ gtt ¼ −e2ν þ ω2e2ψ ð2:6aÞ

KðϕÞ · KðϕÞ ¼ gϕϕ ¼ e2ψ ð2:6bÞ

KðtÞ · KðϕÞ ¼ gtϕ ¼ −ωe2ψ ð2:6cÞ

are coordinate invariant scalars. Hence e2ν, e2ψ , and ω are
separately coordinate invariant scalars. The function
ωðr; θÞ ¼ −gtϕ=gϕϕ is the rotational frequency of the
Lens-Thirring dragging of inertial frames. The condition
e2ψ ¼ 0 where (2.6b) vanishes (with other metric compo-
nents nonvanishing) defines the axis of rotational sym-
metry. The particular linear combination

l≡ KðtÞ þ ωKðϕÞ ð2:7Þ

plays a special role, since KðϕÞ · l ¼ 0 implies that particles
with instantaneous four-velocity proportional to l (when
not null) define the zero angular momentum observers:
ZAMOs [40,43]. Geometrically, l; ∂=∂r; ∂=∂θ; ∂=∂ϕ are
the dual basis to the orthogonal basis dt; dr; dθ; dϕ
appearing in the line element (2.3). Since

l2 ¼ ðKðtÞ þ ωKðϕÞÞ · ðKðtÞ þ ωKðϕÞÞ ¼ −e2ν ð2:8Þ

there are no timelike particle world lines if e2ν ≤ 0, and
e2ν ¼ 0 is the condition for a marginally trapped surface
and event horizon. If ω ¼ ωH is constant on the horizon,
then lH is also a Killing vector there and the horizon is a
Killing horizon.
Unlike the ðt;ϕÞ coordinates adapted to the symmetry,

the geometry and labeling of the other two coordinates
ðr; θÞ is somewhat arbitrary and may be chosen in different
ways. In fact, the general form of the line element (2.3) is
preserved under any coordinate transformation ðr; θÞ →
ðr̃; θ̃Þ satisfying

gr̃ θ̃ ¼ e2α
!∂r
∂r̃

"!∂r
∂θ̃

"
þ e2β

!∂θ
∂r̃

"!∂θ
∂θ̃

"
¼ 0 ð2:9Þ

with r ¼ rðr̃; θ̃Þ; θ ¼ θðr̃; θ̃Þ. These two functions are
constrained by just one functional condition (2.9). The

remaining freedom allows the specification of one addi-
tional condition to reduce the five functions of (2.3) to the
minimal four. Such a coordinate condition could be
imposed on any combination of the diagonal components
grr; gθθ. In this paper we shall assume that the horizon
where (2.8) vanishes defines at fixed t a closed two-surface,
and use the coordinate freedom in choosing the ðr; θÞ
coordinates so that this closed two-surface is a surface of
constant r ¼ RH in addition to constant t. In other words,
without loss of generality, the r coordinate is adapted to the
specification of the horizon surface.

III. THE STRESS TENSOR OF A SPHERICAL
HORIZON SURFACE

Prior to the case of a rotating horizon and to explain the
general method, it is instructive to consider the simpler case
of vanishing angular momentum, where the geometry is
both static and spherically symmetric. The general static,
spherically symmetric line element can be expressed in the
form

ds2jsph ¼ −fðrÞdt2 þ dr2

hðrÞ
þ r2ðdθ2 þ sin2θdϕ2Þ ð3:1Þ

in terms of just two functions fðrÞ, hðrÞ of r only. This is
clearly a special case of (2.3) with ω ¼ 0, and

e2νjsph ¼ fðrÞ ð3:2aÞ

e2αjsph ¼
1

hðrÞ
¼

!
1 −

2GmðrÞ
r

"−1
ð3:2bÞ

e2βjsph ¼ r2 ð3:2cÞ

e2ψ jsph ¼ r2 sin2 θ ð3:2dÞ

where hðrÞ is also expressed in terms of the Misner-Sharp
mass functionmðrÞ [44]. The function ν is the gravitational
potential which approaches −GM=r in the asymptotically
flat region, where in the absence of matter mðrÞ ¼ M and
f=h are constants. This is the case for the Schwarzschild
vacuum BH solution for which f ¼ h ¼ 1–2GM=r. The
ratio f=h is constant also if only the weaker condition
−Tt

t þ Tr
r ≡ ρþ p ¼ 0 is satisfied, as for example with a

cosmological constant Λ source.
The direct method of determining the form that a

singular stress tensor may take on an infinitely thin
three-dimensional hypersurface is to examine possible
Dirac δðΦÞ contributions to the Einstein tensor for a
hypersurface specified by a condition ΦðxμÞ ¼ 0, where
Φ ¼ r − R for a hypersurface at fixed r ¼ R. Einstein’s
equations may then be used to find the singular surface
stress tensor with δðΦÞ support, together with the proper
integration measure that makes this stress tensor
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meaningful as a distribution when integrated over a small
interval in r enclosing the surface.
An horizon occurs at a zero of e2ν, which for the line

element (3.1) means an r ¼ RH where fðRHÞ ¼ 0. The
induced metric on the horizon

lim
R→RH

ds2jr¼R ≡ dΣ2
H ¼ R2

Hðdθ2 þ sin2θdϕ2Þ ð3:3Þ

is just the round S2 metric. The limit of fixed r ¼ R → RH
is a requisite prescription when the coordinates (3.1)
become singular on the event horizon at r ¼ RH, as for
the Schwarzschild vacuum BH solution at r ¼ RH ¼ 2GM.
The four-volume factor (A8)

ffiffiffiffiffiffi−gp ¼
ffiffiffi
f
h

r
r2 sin θ ð3:4Þ

is finite at the horizon provided that as r ¼ R → RH where
fðRHÞ ¼ 0, hðRHÞ → 0 also, so that the ratio f=h tends to a
finite limit on both sides of the horizon. Note that fðRHÞ ¼
hðRHÞ ¼ 0 means that f and h are separately continuous at
the horizon, although the ratio f=h and hence

ffiffiffiffiffiffi−gp
need

not be be continuous, or tend to the same limit when
approached from either side.
Now consider the case that the interior geometry r < RH

is joined or “glued” to the null horizon at r ¼ RH with the
same induced metric (3.3) but in general discontinuous
derivatives. That is, consider a static, spherically symmetric
metric of the form (3.1), with continuous and piecewise
differentiable functions

fðrÞ ¼ fþðrÞΘðr − RHÞ þ f−ðrÞΘðRH − rÞ ð3:5aÞ

hðrÞ ¼ hþðrÞΘðr − RHÞ þ h−ðrÞΘðRH − rÞ ð3:5bÞ

where ΘðxÞ is the Heaviside step function, and

fþðRHÞ ¼ f−ðRHÞ; hþðRHÞ ¼ h−ðRHÞ: ð3:6Þ

The general rule of differentiation of a piecewise differ-
entiable function defined by

FðxÞ ¼ FþðxÞΘðxÞ þ F−ðxÞΘð−xÞ ð3:7Þ

is

dF
dx

¼ dFþðxÞ
dx

ΘðxÞ þ dF−ðxÞ
dx

Θð−xÞ þ ½F"δðxÞ ð3:8Þ

where δðxÞ ¼ dΘðxÞ=dx ¼ −dΘð−xÞ=dx is the Dirac dis-
tribution and

½F"≡ lim
x→0þ

FþðxÞ − lim
x→0−

F−ðxÞ ð3:9Þ

is the discontinuity of F at x ¼ 0. Since f and h are
piecewise differentiable and continuous, i.e., they satisfy
(3.6), their first derivatives f0 ¼ df=dr and h0 ¼ dh=dr do
not contain a δ-function term. However since their first
derivatives are allowed to be discontinuous, applying (3.8)
again to f0 or h0 shows that the second derivatives f00; h00 do
contain δ-functions proportional to ½f0" or ½h0".
In the Schwarzschild coordinates (3.1), the Einstein

tensor components are

Gt
t ¼

1

r
dh
dr

þ 1

r2
ðh − 1Þ ð3:10aÞ

Gr
r ¼

h
rf

df
dr

þ 1

r2
ðh − 1Þ ð3:10bÞ

Gθ
θ ¼ Gϕ

ϕ ¼ h
2f

d2f
dr2

þ h
4f

df
dr

!
1

h
dh
dr

−
1

f
df
dr

"

þ h
2r

!
1

h
dh
dr

þ 1

f
df
dr

"
ð3:10cÞ

with one covariant and one contravariant index. Viewed as
a 4 × 4 matrix Gμ

ν can be diagonalized, with eigenvalues
that are invariant under local frame rotations, and free of
singularities associated with singular coordinates of the
metric tensor. Note that the second derivative of the metric
function f appears only in (3.10c), so that singular δ-
function stresses localized on the surface can appear only in
the angular components Gθ

θ ¼ Gϕ
ϕ. However, due to

divergent factors 1=f and 1=h multiplied by first deriva-
tives of f or h in (3.10c), and the possibility that h=f is
allowed to be discontinuous at the horizon, care is required,
and (3.7)–(3.9) cannot yet be applied to (3.10c) for null
horizons.
In handling these terms the key observation is that a δ-

distribution must be defined with respect to an integration
measure, and the integration over a small interval in r
enclosing the surface at fixedΦ ¼ r − RH ¼ 0 involves the
three-volume element (A23), which contains a factor of
ffiffiffiffiffiffi−gp ¼ r2 sin θ

ffiffiffiffiffiffiffiffi
f=h

p
. Since this is the proper measure

against which the δ-function distribution is to be integrated,
it is the tensor densities

ffiffiffiffiffiffi−gp
Gμ

ν not Gμ
ν that are required

for the calculation of the singular δ-function stress tensor
on the null hypersurface at r ¼ RH. Since the r2 sin θ factor
of

ffiffiffiffiffiffi−gp
is finite and continuous on the horizon, but the

derivatives f0 and h0 and the ratio f=h may be discontinu-
ous, consider therefore

ffiffiffi
f
h

r
Gθ

θ¼
ffiffiffi
f
h

r
Gϕ

ϕ

¼1

2

d
dr

! ffiffiffi
h
f

s
df
dr

"
þ 1

2r

! ffiffiffi
f
h

r
dh
dr

þ

ffiffiffi
h
f

s
df
dr

"
ð3:11Þ
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and note the important fact that the potentially singular
f0=f; h0=h terms in (3.10c) involving the first derivatives of
f and h have now combined into a total r derivative in the
first term on the right side of (3.11). It is clear then that the
last term of (3.11), although discontinuous, does not
contain any δ-function contributions to the surface stress
tensor at r ¼ RH.
The general rule (3.7)–(3.9) may now be applied to the

discontinuous function
ffiffiffiffiffiffiffiffi
h=f

p
f0, the derivative of which in

the first term of (3.11) gives

ffiffiffi
f
h

r
Gθ

θ ¼
ffiffiffi
f
h

r
Gϕ

ϕ ¼
$
1

2

ffiffiffi
h
f

s
df
dr

%
δðr−RHÞþ ' ' ' ð3:12Þ

where the ellipsis denotes nonsingular terms containing no
Dirac δ-functions. Thus the total discontinuity (3.12) of the
tensor density and singular surface δ-function contribution
in this quantity is well-defined even if the metric is singular
and f=h is discontinuous at the horizon. Indeed the relevant
quantity whose discontinuity must be computed is the
surface gravity

κðrÞ ¼ 1

2

ffiffiffi
h
f

s
df
dr

ð3:13Þ

which is the relativistic version of the force per unit mass or
instantaneous acceleration exerted on a particle fixed at r,
projected onto the normal to the surface at that fixed r.
From Einstein’s equations, the result (3.12) implies that

there is a distributional stress tensor on the horizon surface
given by [25]

ðΣÞTA
B

ffiffiffi
f
h

r
¼ SA

Bδðr−RHÞ; SA
B ¼ ½κ"

8πG
δAB;

A;B¼ θ;ϕ ð3:14Þ

which is a well-defined distribution when integrated against
the continuous measure

R
drdθdϕr2 sin θ at fixed t. This

distributional stress tensor SA
B is not equal to the surface

energy tensors in Israel [9] and Barrabès and Israel [13];
their relations are discussed at the end of Sec. VI A.
In the case of the spherical gravastar solution of [25], the

de Sitter interior has

f−ðrÞ ¼
1

4
h−ðrÞ ¼

1

4

!
1 −

r2

R2
H

"
; 0 ≤ r ≤ RH ð3:15Þ

and the Schwarzschild exterior has

fþðrÞ ¼ hþðrÞ ¼ 1 −
RH

r
; RH ≤ r ð3:16Þ

so that f=h is discontinuous in this case, but the surface
gravities are equal and opposite in sign on opposite sides of

the surface at r ¼ RH ¼ 2GM. Their discontinuity from
(3.13) and (3.15)–(3.16) is

½κ" ¼ 1

2

&
1

RH
− 2

!
−

1

2RH

"'
¼ 1

RH
¼ 1

2GM
ð3:17Þ

and the surface stress tensor (3.14) of a spherical gravastar
is given by (3.14) with

SA
B ¼ τsδAB; A; B ¼ θ;ϕ ð3:18Þ

where

τs ¼
½κ"
8πG

¼ 1

16πG2M
ð3:19Þ

is the surface tension tangential to the spherical horizon
surface. The equal and opposite surface gravities at the
horizon indicate that there are equal and opposite radial
forces (ingoing from outside, outgoing from inside) that
balance in a static configuration with no net force. These
give rise to a positive surface tension, and a surface energy
differential dEs ¼ τsdA that opposes increasing the area A
of the surface, indicating stability to small perturbations
[25]. The Sϕ

ϕ and Sθ
θ components in Eq. (3.18) are the

only nonzero components of the surface stress-energy
tensor, and represent an isotropic tension on the surface
equal to the surface tension τs. In particular, the energy
density term St

t and the shear on the surface vanish.
Obtaining the finite coordinate invariant result (3.18)–

(3.19) did not require a transformation from Schwarzschild
coordinates (3.1) to nonsingular coordinates on the horizon,
but follows directly from the Einstein tensor density (3.11).
If one does transform to advanced or retarded Eddington-
Finkelstein coordinates

dv ¼ dtþ drffiffiffiffiffiffi
fh

p or du ¼ dt −
drffiffiffiffiffiffi
fh

p ð3:20Þ

which are regular on the future or past horizon respectively,
it is clear that this coordinate transformation does not affect
the θ;ϕ coordinates, so that the components of the Einstein
tensor density (3.11), and its discontinuity and δ-function
distribution (3.12) with support on the surface are
unchanged. It is also clear therefore that exactly the same
surface tensor distributions are produced by this matching
of (3.15) to (3.16) on both the future and past horizons in a
time-symmetric manner.
The considerations of this section can be generalized to

any spherically symmetric spacetime in the interior region,
continuously matched to the exterior at the horizon or
indeed at any R, by specifying f and h in each region, and
recomputing the discontinuities in the derivatives of (3.17).
In this way the δ-function contributions to the surface stress
tensor in (3.14) are related directly to those in the Einstein
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tensor density (3.12) by Einstein’s equations. If this
matching were performed at a surface where both f and
h are nonvanishing and continuous, the multiplication of
the Einstein tensor by the

ffiffiffiffiffiffiffiffi
f=h

p
factor from

ffiffiffiffiffiffi−gp
is not

essential to obtaining a well-defined distribution. However,
the fact that the second derivatives of the metric functions
combine with singular first derivative terms to form the
total d=dr derivatives in the density (3.11) is essential for
null horizon matching where both f and h vanish and

ffiffiffiffiffiffi−gp

can be discontinuous. That this combination occurs is a
result of the Killing symmetries and related to the integral
forms of the Komar mass-energy and angular momentum
with the proper integration measure, as demonstrated for
the general stationary axisymmetric geometry in the coor-
dinates adapted to the symmetries in Sec. V.

IV. THE STRESS TENSOR OF A ROTATING
HORIZON

In this section we follow the same direct method of
determining the stress tensor Si

j of a singular null hyper-
surface as in Sec. III, now for the more general case of
nonzero angular momentum. We will compute the Einstein
tensor density

ffiffiffiffiffiffi−gp
Gμ

ν, retaining only those terms that can

give rise to a Dirac δ-function distribution on the horizon,
obtained by differentiation of discontinuous functions,
according to the general rule (3.8). The coefficients of
the δ-function yield the surface stress-energy tensor local-
ized on the horizon by Einstein’s equations.
Since at a null horizon l · l ¼ −e2ν in (2.8) vanishes,

the induced metric on the rotating horizon is

ds2jr¼RH
¼ dΣ2

H ¼ e2ψHðdϕ − ωHdtÞ2 þ e2βHdθ2 ð4:1Þ

and we require matching of the interior and exterior metrics
on the horizon surface so that the metric functions β ¼ βH,
ψ ¼ ψH, ω ¼ ωH, and their derivatives with respect to θ
are continuous at the horizon. Hence only their second
derivatives with respect to r may give rise to a Dirac δ-
function on the horizon. For the potentially singular α and ν
functions, we must expect some combinations of second
and first derivatives with respect to r to contribute δ-
functions on the horizon, analogous to (3.11).
The Einstein tensor Gμ

ν for the general stationary
axisymmetric metric (2.3) has the following nonvanishing
components, cf. [41,42]

Gt
t ¼ e−2αfβrr þ ψ rr þ ðβr þ ψ rÞðψ r − αrÞ þ β2rgþ

1

2
e−2α−2νþ2ψ

&
ωωrr þ ωωrðβr − αr − νr þ 3ψ rÞ þ

ω2
r

2

'

þe−2βfαθθ þ ψθθ þ ðαθ þ ψθÞðψθ − βθÞ þ α2θgþ
1

2
e−2β−2νþ2ψ

&
ωωθθ þ ωωθðαθ − βθ − νθ þ 3ψθÞ þ

ω2
θ

2

'
ð4:2aÞ

Gt
ϕ ¼ −

1

2
e−2α−2νþ2ψfωrr þ ωrðβr − αr − νr þ 3ψ rÞg −

1

2
e−2β−2νþ2ψfωθθ þ ωθðαθ − βθ − νθ þ 3ψθÞg ð4:2bÞ

Gϕ
t ¼

1

2
e−2αfωrr þ 2ωðψ rr − νrrÞ þωrðβr − αr − νr þ 3ψ rÞ þ 2ωðψ r − νrÞðβr − αr þ νr þψ rÞg

þω
2
e−2α−2νþ2ψfωωrr þ 2ω2

r þωωrðβr − αr − νr þ 3ψ rÞgþ
ω
2
e−2β−2νþ2ψfωωθθ þ 2ω2

θ þωωθðαθ − βθ − νθ þ 3ψθÞg

þ 1

2
e−2βfωθθ þ 2ωðψθθ − νθθÞ þωθðαθ − βθ − νθ þ 3ψθÞ þ 2ωðψθ − νθÞðαθ − βθ þ νθ þψθÞg ð4:2cÞ

Gϕ
ϕ ¼ e−2αfβrr þ νrr þ ðβr − αrÞðβr þ νrÞ þ ν2rg −

1

2
e−2α−2νþ2ψ

&
ωωrr þ ωωrðβr − αr − νr þ 3ψ rÞ þ

3ω2
r

2

'

þ e−2βfαθθ þ νθθ þ ðαθ − βθÞðαθ þ νθÞ þ ν2θg −
1

2
e−2β−2νþ2ψ

&
ωωθθ þ ωωθðαθ − βθ − νθ þ 3ψθÞ þ

3ω2
θ

2

'
ð4:2dÞ

Gr
r ¼ e−2αðβrνr þ βrψ r þ νrψ rÞ þ

ω2
r

4
e−2α−2νþ2ψ −

ω2
θ

4
e−2β−2νþ2ψ

þ e−2βfνθθ þ ψθθ þ ðψθ − βθÞðνθ þ ψθÞ þ ν2θg: ð4:2eÞ

Gθ
θ ¼ e−2αfνrr þ ψ rr þ ðψ r − αrÞðνr þ ψ rÞ þ ν2rg −

ω2
r

4
e−2α−2νþ2ψ þ ω2

θ

4
e−2β−2νþ2ψ

þ e−2βðαθνθ þ αθψθ þ νθψθÞ ð4:2fÞ
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Gr
θ ¼ e−2αf−νrθ − ψ rθ þ αθðνr þ ψ rÞ þ νθðβr − νrÞ þ ψθðβr − ψ rÞgþ

ωθωr

2
e−2α−2νþ2ψ

¼ e−2αþ2βGθ
r ð4:2gÞ

where a subscript on a metric function denotes a partial
derivative, e.g., ωr ≡ ∂ω=∂r, and all components not listed
vanish identically by the stationarity and axisymmetry
of (2.3).
As in the nonrotating case considered previously in

Sec. III, the Dirac δ-distribution is defined with respect to
the three-surface integration measure (A23) involvingffiffiffiffiffiffi−gp ¼ expðαþ β þ ψ þ νÞ, cf. (A8). Since β and ψ are
continuous on the horizon but α and ν need not be, we
multiply (4.2) by the potentially discontinuous factor
expðαþ νÞ of ffiffiffiffiffiffi−gp

, and retain only terms that may contain
a Dirac δ-function distribution on the horizon as R → RH.
Since terms containing (either first or second) derivatives

with respect to θ, while possibly discontinuous at the
horizon, cannot produce Dirac δ-distributions on the sur-
face of constant r due to the continuity of β, ψ , and ω there,
we focus on the r-derivative terms in (4.2). Inspection of

(4.2) shows that these are of two kinds, depending on an
overall factor of either (A) e−2α, or (B) e−2α−2νþ2ψ . The first
set of (A) terms, containing the second derivatives βrr;ψ rr
or ωrr, may give rise to δ-functions that would have to be
retained if the surface were not at the horizon, but that
vanish at the horizon where e−2α → 0. Since 2νrr ¼
e−2νðe2νÞrr − 4ν2r , (A) terms involving νrr (and only those
terms) can contribute a δ-function surface term comparable
to the (B) terms. Note that there are no αrr terms at all
in (4.2).
Thus, terms that may contain a Dirac δ-function distribu-

tion on the horizon asR → RH can comeonly from (A) terms
containing νrr in possible combination with first derivatives
of the discontinuous α, ν functions, and (B) terms containing
ωrr, each of which after multiplication by expðαþ νÞ can be
combined to give total r-derivatives as in (3.11). Proceeding
in this way, we obtain the contributions

eαþνGt
t ¼

ω
2
e−α−νþ2ψfωrr − ωrðαr þ νrÞgþ ' ' ' ¼ ω

2
e2ψ

∂
∂r

!
e−α−ν

∂ω
∂r

"
þ ' ' ' ð4:3aÞ

eαþνGt
ϕ ¼ −

1

2
e−α−νþ2ψfωrr − ωrðαr þ νrÞgþ ' ' ' ¼ −

1

2
e2ψ

∂
∂r

!
e−α−ν

∂ω
∂r

"
þ ' ' ' ð4:3bÞ

eαþνGϕ
t ¼ 1

2
e−αþνf−2ωνrr þ 2ωνrðαr − νrÞgþ

ω2

2
e−α−νþ2ψfωrr − ωrðαr þ νrÞgþ ' ' '

¼ −
ω
2

∂
∂r

!
e−α−ν

∂e2ν
∂r

"
þ ω2

2
e2ψ

∂
∂r

!
e−α−ν

∂ω
∂r

"
þ ' ' ' ð4:3cÞ

eαþνGϕ
ϕ ¼ e−αþνfνrr − αrνr þ ν2rg −

ω
2
e−α−νþ2ψfωrr − ωrðαr þ νrÞgþ ' ' '

¼ 1

2

∂
∂r

!
e−α−ν

∂e2ν
∂r

"
−
ω
2
e2ψ

∂
∂r

!
e−α−ν

∂ω
∂r

"
þ ' ' ' ð4:3dÞ

eαþνGθ
θ ¼ e−αþνfνrr − αrνr þ ν2rgþ ' ' ' ¼ 1

2

∂
∂r

!
e−α−ν

∂e2ν
∂r

"
þ ' ' ' ð4:3eÞ

where the ellipsis and components not listed contain terms that do not contribute a δ-function at the horizon, because they either
involve lower numbers of r-derivatives of metric functions, or contain an additional power of e2ν → 0 relative to the terms in
(4.3), as can be checked explicitly from (4.2).
Since both e−α−νðe2νÞr and e−α−νωr are of the form (3.7), just as in the nonrotating case, applying therefore the general

rule (3.8) to their derivatives we have
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∂
∂r

!
e−α−ν

∂ω
∂r

"
¼

$
e−α−ν

∂ω
∂r

%
δðr − RÞ þ ' ' ' ð4:4aÞ

∂
∂r

!
e−α−ν

∂e2ν
∂r

"
¼

$
e−α−ν

∂
∂r e

2ν

%
δðr − RÞ þ ' ' ' ð4:4bÞ

where the square brackets denote the discontinuity at r ¼ R
of the function enclosed. The coefficients of these δðr − RÞ
terms in eαþνGμ

ν can be identified with 8πGðΣÞTμ
νeαþν of

the surface stress tensor. Note that there are no second
derivative terms with respect to r or singular terms in the
Gr

r component (4.2e) which could give rise to singular δ-
function terms on the surface. Thus the stress tensor
localized on the surface has only t; θ;ϕ components and
is intrinsic to the surface (4.1) itself.
The two quantities appearing in (4.4) can be expressed in

a geometrically invariant form with a clear physical mean-
ing. One can introduce the null vector N, orthogonal to a
two-surface of constant t and r, such that

N · N ¼ 0; N · ∂θ ¼ 0; N · ∂ϕ ¼ 0 ð4:5Þ

where ∂θ ¼ ∂=∂θ and ∂ϕ ¼ ∂=∂ϕ ¼ KðϕÞ are tangent to
the two-surface. N is normalized by

l · N ¼ −1 ð4:6Þ

so that the area element of the two-surface of constant t and
r is l½μNν"dA as in (A24). On the horizon l becomes a null
vector tangent to the horizon, and N becomes the second
linearly independent null vector on the horizon (called n
in Ref. [45]).
In the ðt; r; θ;ϕÞ coordinates of (2.3), the components of

N satisfying (4.5)–(4.6) are given explicitly by

Nμ ¼ ð−1;−eα−ν;0;0Þ; Nμ ¼ ðe−2ν;−e−α−ν;0;ωe−2νÞ
ð4:7Þ

Then one finds

Nμlνð∇μKν
ðtÞÞ ¼ κ þ ωJ ð4:8aÞ

Nμlνð∇μKν
ðϕÞÞ ¼ −J ð4:8bÞ

Nμlνð∇μlνÞ ¼ κ ð4:8cÞ

where

κ ¼ 1

2
e−α−ν

∂
∂r e

2ν ð4:9Þ

is the surface gravity in the general case of nonvanishing
angular momentum, defined to be positive for an inwardly

directed gravitational acceleration. It reduces to (3.13) in
the nonrotating case. The second invariant scalar quantity

J ¼ −
1

2
e2ψe−α−ν

∂ω
∂r ð4:10Þ

will be shown in Sec. V to be proportional to the angular
momentum density.
The surface gravity is the acceleration with respect to the

Killing time t of a particle at momentary rest, projected to
the normal direction to the constant r surface. Its disconti-
nuity at the horizon

½κ" ¼ 1

2

$
e−α−ν

∂
∂r e

2ν

%
ð4:11Þ

is therefore the difference of inward and outward accel-
erations at the horizon. The discontinuity of J at the
horizon

½J " ¼ −
1

2
e2ψ

$
e−α−ν

∂ω
∂r

%
ð4:12Þ

will be related to the angular momentum carried by the
singular horizon surface itself in Sec. V.
We remark that the derivation of the δ-function terms

(4.4) on the rotating horizon in terms of [κ] and ½J " did not
require any restrictions on the function e−α. However, for
the discontinuities (4.11)–(4.12) to be finite, e−α must tend
to zero at the horizon at least as fast as eν. If it does not, then
not only would the discontinuities and the resulting surface
stress tensor on the horizon be infinite, but the Einstein
tensor (4.2) itself would also contain terms that grow
without bound in the bulk as R → RH. Conversely, if
e−α tends to zero at the horizon faster than eν, then the
δ-function terms in (4.4), and resulting horizon surface
stress tensor will vanish in the limit R → RH. In both the
nonrotating Schwarzschild exterior considered in Sec. III
and the rotating Kerr BH vacuum exterior, in fact e−α ∝
eν → 0 tend to zero the same way as R → RH. Thus in the
most relevant physical applications to BH horizons, e−α−ν

and the two discontinuities (4.11)–(4.12) are well-defined
and finite. A finite e−α−ν as R → RH is necessary for a finite
nonzero

ffiffiffiffiffiffi−gp ¼ eαþνþβþψ volume measure at the horizon.
From the Einstein equations Gμ

ν ¼ 8πGTμ
ν, the stress

tensor localized as a Dirac δ-function distribution on the
horizon surface is

ðΣÞTi
jeαþν ¼ Si

jδðr − RHÞ ð4:13Þ

where from (4.3), (4.4) and (4.11)–(4.12), the nonvanishing
components of Si

j for a general rotating null horizon are
given by
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8πGSt
t ¼ −ωH½J " ð4:14aÞ

8πGSt
ϕ ¼ ½J " ð4:14bÞ

8πGSϕ
t ¼ −ωH½κ" − ω2

H½J " ð4:14cÞ

8πGSϕ
ϕ ¼ ½κ" þ ωH½J " ð4:14dÞ

8πGSθ
θ ¼ ½κ" ð4:14eÞ

obtained directly from the possible δ-function contributions
to the Einstein tensor. The tensor (4.13) is a well-defined
distribution when integrated at fixed t against the continu-
ous measure

R
drdθdϕeβþψ ¼

R
drdA, where dA is the

area element (A25) of the induced metric on the two-
surface of fixed t and r. The surface stress tensor Si

j differs
in general from the horizon limit of the surface energy
tensors Sij defined in [2,3,9,13]; its relation to them is
discussed in Sec. VI.
As a check on our result (4.14), we also obtained the δ-

function terms in the Einstein tensor density
ffiffiffiffiffiffi−gp

Gμ
ν on

the rotating horizon by transforming all second derivatives
of the metric in

ffiffiffiffiffiffi−gp
Gμ

ν into derivatives of the form
ð ffiffiffiffiffiffi−gp

gμν;αÞ;β, and taking the limit R → RH assuming a
finite

ffiffiffiffiffiffi−gp
and continuity of the Killing vectors and the

induced metric on the horizon. This gives the coefficients
Gμ

ν of the δ-function Einstein tensor density eαþνGμ
ν ¼

Gμ
νδðr − RHÞ concentrated at the null horizon. Then

Einstein’s equations relate these δ-function terms to those
of the stress-energy tensor through Gμ

ν ¼ 8πGSμ
ν , which

leads to Sr
r ¼ Si

r ¼ Sr
i ¼ 0 and the Si

j components of
the surface stress tensor in (4.14).
All the surface stress tensor components (4.13), when

taken to the horizon, can be written in terms of [κ] and ½J ".
This generalizes (3.14) to the case of a rotating horizon. In
the limit where both ωH → 0 and ½J " → 0, the previous
result (3.18) for the spherically symmetric horizon surface
stress is recovered. Equations (4.13) and (4.14) together
with (4.8)–(4.12) are a principal result of this paper.
Since

Si
t þ ωHSi

ϕ ¼ 0; i ¼ t; θ;ϕ ð4:15Þ

the surface stress tensor (4.14) is particularly simple
in the corotating local orthonormal tangent frame basis
of (A3)–(A4)

Sa
b ¼ eaμSμ

νυνb ð4:16Þ

in which it has components

S0
0 ¼ St

t þ ωHSt
ϕ ¼ 0 ð4:17aÞ

S0
3 ¼ eν−ψSt

ϕ ¼ eν−ψ
½J "
8πG

ð4:17bÞ

S3
0 ¼ eψ−νfSϕ

t þ ωHSϕ
ϕ − ωHðSt

t þ ωHSt
ϕÞg ¼ 0

ð4:17cÞ

S3
3 ¼ Sϕ

ϕ − ωHSt
ϕ ¼ ½κ"

8πG
ð4:17dÞ

S2
2 ¼ Sθ

θ ¼
½κ"
8πG

ð4:17eÞ

where although (4.17b) goes to zero on the horizon, we
retain its explicit form with eν small but finite in order for
the transformation (4.16) to be strictly invertible back to
the coordinate basis (4.14). Similar simplifications occur
if the components of the Einstein tensor in the bulk (4.2)
are expressed in the corotating orthonormal tangent
frame basis.
The surface stress tensor in (4.14) has the null vector l as

eigenvector with zero eigenvalue, i.e., Sμ
νlν ¼ 0, or

Si
jlj ¼ 0 ð4:18Þ

since both l and S are tangential to the horizon (this is the
geometrical meaning of Eq. (4.15), and the considerations
in this paragraph can be carried out equally well in the
tangent space of the spacetime or of the horizon). For
½κ" ≠ 0, Si

j has two additional independent eigenvectors
orthogonal to l and tangent to the null horizon, with
degenerate eigenvalue [κ]. They can be chosen to be the
vectors θ̂ ¼ e−β∂θ and φ̂ ¼ e−ψ ð∂ϕ þ l½J "=½κ"Þ, which
are spacelike unit vectors orthogonal to each other. The
surface stress tensor then decomposes as

Si
j ¼ ½κ"ðθ̂iθ̂j þ φ̂iφ̂jÞ ð4:19Þ

where the index j in θ̂j and φ̂j has been lowered with the
induced metric, resulting in θ̂jdxj ¼ eβdθ and φ̂jdxj ¼
eψ ðdϕ − ωHdtÞ. The decomposition (4.19) of the surface
stress tensor Si

j shows that it is locally isotropic in the
frame ðl; θ̂; φ̂Þ on the rotating null horizon.
The equations allow for ½κ" ¼ 0 and ½J " ≠ 0, in which

case the surface stress tensor Si
j is traceless and has only

one other eigenvector besides l, namely θ̂ ¼ e−β∂θ, with
eigenvalue zero. It decomposes as

Si
j ¼ e−ψ ½J "liφ̂j ð4:20Þ

and so its structure agrees with the algebraic type of the
energy-momentum tensor of a null Maxwell field (pure
radiation) [35]. Thus Si

j with ½κ" ¼ 0 and ½J " ≠ 0 may
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represent a null azimuthal flow on the null horizon. Finally,
and trivially, for ½κ" ¼ ½J " ¼ 0, Si

j ¼ 0.
The decompositions (4.19) and (4.20) of the surface

stress tensor Si
j support the interpretation that the

anisotropy between the azimuthal and meridional stresses
Sϕ

ϕ and Sθ
θ, and the azimuthal “flow” indicated by the

time components St
t, St

ϕ, and Sϕ
t in (4.14), are kinemati-

cal effects due to the rotation of the horizon. The kin-
ematical coordinate transformation is particularly simple
for constant ½J "=½κ" with ½κ" ≠ 0,

t̄ ¼ t −
½J "
½κ"

ðϕ − ωHtÞ; θ̄ ¼ θ; ϕ̄ ¼ ϕ − ωHt

ð4:21Þ

It is easy to verify that S ī
j̄ ¼ Si

jð∂xī=∂xiÞð∂xj=∂xj̄Þ has
only two nonzero components,

Sθ̄
θ̄ ¼ Sϕ̄

ϕ̄ ¼ ½κ" ð4:22Þ

To hypothetical observers at fixed coordinates ðθ̄; ϕ̄Þ on the
horizon, which circle the horizon at fixed θ with angular
velocity ωH, the surface stresses appear as a stationary
isotropic surface tension [κ].
In Appendix B we show from the form of the Weyl

tensor that the surface stress tensor (4.14) or (4.17)
describes a simple infinitely thin stationary matter shell,
and does not contain any propagating spin-2 gravitational
shock wave component [33].

V. KOMAR MASS AND ANGULAR MOMENTUM
OF ROTATING GEOMETRY

Since the general stationary axisymmetric geometry is
invariantly characterized by the existence of the two Killing
vectors (2.1) of time translation and azimuthal axial
symmetry, one can define the Komar mass-energy and
angular momentum in terms of these Killing vectors [46].
In addition to their fundamental coordinate invariant
significance for geometries possessing Killing symmetries,
the expressions for the Komar mass and angular momen-
tum are also useful for relating the surface stress tensor on
singular null hypersurfaces to Einstein tensor densities such
as (3.11).

A. Integral form

Taking a covariant derivative of Killing’s Eq. (2.2) and
using the commutation of covariant derivatives gives the
fundamental local differential relation

∇ν∇μKν ¼ ½∇ν;∇μ"Kν ¼ Rμ
νKν ¼ 8πG

!
Tμ

ν −
1

2
Tδμν

"
Kν

ð5:1Þ

where the last equality follows by Einstein’s equations, and
T ¼ Tμ

μ is the trace of Tμ
ν. Eq. (5.1) can be integrated over

a three-surface V with boundary ∂V. Referring to
Appendix A, since (A22) applies to any antisymmetric
two-tensor, it can be applied to Fμν ¼ ∇μKν ¼ −∇νKμ for
Kμ any Killing vector. This immediately yields

Z

∂V
∇μKνd2Σμν ¼

Z

V
∇ν∇μKνd3Σμ

¼ 8πG
Z

V

!
Tμ

ν −
1

2
Tδμν

"
Kνd3Σμ ð5:2Þ

Rearranging slightly yields the fundamental integral rela-
tion

1

4πG

Z

∂V
∇νKμd2Σμν ¼ −

Z

V
ð2Tμ

ν − TδμνÞKνd3Σμ: ð5:3Þ

If applied to the Killing vector of time translation Kμ
ðtÞ, and

in the situation where the boundary of the three-volume V
is composed of outer and inner surfaces ∂Vþ and ∂V−
respectively, with oppositely directed normals, (5.3) then
gives the Komar mass-energy [25,46,47]

MK ¼ 1

4πG

Z

∂Vþ

∇νKμ
ðtÞd

2Σμν

¼ −
Z

V
ð2Tμ

ν − TδμνÞKν
ðtÞd

3Σμ þ
1

4πG

Z

∂V−

∇νKμ
ðtÞd

2Σμν

ð5:4Þ

for any time independent (static or stationary) geometry
admitting a time translation Killing vector Kμ

ðtÞ. This shows
that if Tμ

ν ¼ 0, the volume integral vanishes and MK is
independent of the bounding two-surface. Conversely, if
the geometry is nonsingular and the volume includes all of
space within ∂Vþ, then the contribution of the inner
boundary ∂V− vanishes.
In a similar way the Komar angular momentum JK is

given by the two-surface integral of the covariant derivative
of the Killing vector of azimuthal rotational symmetry Kμ

ðϕÞ

JK ¼−
1

8πG

Z

∂Vþ

∇νKμ
ðϕÞd

2Σμν

¼
Z

V

!
Tμ

ν−
1

2
Tδμν

"
Kν

ðϕÞd
3Σμ−

1

8πG

Z

∂V−

∇νKμ
ðϕÞd

2Σμν

ð5:5Þ

where the factor of −1=8πG can be verified by evaluating
the surface integral in the asymptotically flat region on the
outer boundary ∂Vþ. As in the case of the mass, (5.5)
implies that in the absence of any matter, the three-volume
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integral vanishes, and the two-surface integral of ∇νKμ is
independent of the surface chosen.
Expressions (5.4) and (5.5) are coordinate invariant, and

may be evaluated in any set of coordinates. The most
convenient coordinates in which to evaluate them are those
adapted to the Killing symmetries (2.1), which are exactly
those of the general stationary axisymmetric line metric
(2.3). In these coordinates where (2.5) applies we have

∇νKμ
ðγÞ ¼ gνβΓμ

βγ ¼ −
1

2
gμαgνβð∂αgβγ − ∂βgαγÞ ð5:6Þ

for γ ¼ t;ϕ. If the three-volumes V in (5.4) and (5.5) are at
fixed t enclosed by two-surfaces at r− and rþ in coordinates
(2.3), we may make use of (A24) for the two-surface
element d2Σμν to obtain

∇νKμ
ðtÞd

2Σμν ¼
1

2

ffiffiffiffiffiffi−gp
grrðgtt∂rgtt þ gtϕ∂rgtϕÞdθdϕ ¼ Nμlνð∇μKν

ðtÞÞdA ¼ ðκ þ ωJ ÞdA ð5:7aÞ

∇νKμ
ðϕÞd

2Σμν ¼
1

2

ffiffiffiffiffiffi−gp
grrðgtt∂rgtϕ þ gtϕ∂rgϕϕÞdθdϕ ¼ Nμlνð∇μKν

ðϕÞÞdA ¼ −J dA ð5:7bÞ

respectively, since grt ¼ grϕ ¼ 0 in coordinates (2.3), and we have also made use of (A25) and (4.8).
Therefore the mass integral (5.4) takes the form

MK ¼ 1

4πG

Z

∂Vþ

ðκ þ ωJ ÞdA

¼
Z

V

ffiffiffiffiffiffi−gp ð−Tt
t þ Tr

r þ Tθ
θ þ Tϕ

ϕÞdrdθdϕþ 1

4πG

Z

∂V−

ðκ þ ωJ ÞdA ð5:8Þ

and likewise the angular momentum integral is

JK ¼ 1

8πG

Z

∂Vþ

J dA ¼
Z

V

ffiffiffiffiffiffi−gp
Tt
ϕdrdθdϕþ 1

8πG

Z

∂V−

J dA ð5:9Þ

for the three-volume V at fixed t enclosed by two-surfaces at r− and rþ in coordinates (2.3). Thus J is 8πG times the
angular momentum areal flux density and ωJ the angular momentum contribution to the Komar mass-energy respectively,
of the two-surface at constant t and r.

B. Local form of mass and angular momentum flux

Since ∇ν∇μKν ¼ −∇ν∇νKμ ¼ −□Kμ, from (5.1) we have

−□Kμ
ðγÞ ¼ −

1
ffiffiffiffiffiffi−gp ∂νð

ffiffiffiffiffiffi−gp ∇νKμ
ðγÞÞ ¼ 4πGð2Tμ

ν − TδμνÞKν
ðγÞ ð5:10Þ

for the two Killing vectors (2.1) of (2.3), or using (5.6)

∂
∂xν f

ffiffiffiffiffiffi−gp
gμαgνβð∂αgβγ − ∂βgαγÞg ¼ 8πG

ffiffiffiffiffiffi−gp ð2Tμ
γ − TδμγÞ ð5:11Þ

which gives the local form of the conservation laws for the Komar mass flux and angular momentum flux in coordinates
(2.3) when γ ¼ t;ϕ respectively.
For either value of γ, since in (2.3) all the metric functions depend upon only ðr; θÞ, the index ν in (5.11) ranges over these

two values only. Thus for γ ¼ t we have

∂
∂r f

ffiffiffiffiffiffi−gp
gμαgrrð−∂rgαtÞgþ

∂
∂θ f

ffiffiffiffiffiffi−gp
gμαgθθð−∂θgαtÞg ¼ 8πG

ffiffiffiffiffiffi−gp ð2Tμ
t − TδμtÞ ð5:12Þ

since β ¼ r and β ¼ θ are the only nonzero terms respectively in each of the terms on the left side and gtr ¼ gtθ ¼ 0. The
index α now ranges over t;ϕ only and so we obtain
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∂
∂r

&
ffiffiffiffiffiffi−gp

grr
!
gμt

∂gtt
∂r þ gμϕ

∂gtϕ
∂r

"'
þ ∂
∂θ

&
ffiffiffiffiffiffi−gp

gθθ
!
gμt

∂gtt
∂θ þ gμϕ

∂gtϕ
∂θ

"'

¼ −8πG ffiffiffiffiffiffi−gp ð2Tμ
t − TδμtÞ ð5:13Þ

as the local form of the mass-energy flux.
Repeating these steps for the Killing vector of azimuthal symmetry and γ ¼ ϕ in (5.11) gives

∂
∂r

&
ffiffiffiffiffiffi−gp

grr
!
gμt

∂gtϕ
∂r þ gμϕ

∂gϕϕ
∂r

"'
þ ∂
∂θ

&
ffiffiffiffiffiffi−gp

gθθ
!
gμt

∂gtϕ
∂θ þ gμϕ

∂gϕϕ
∂r

"'

¼ −8πG ffiffiffiffiffiffi−gp ð2Tμ
ϕ − TδμϕÞ ð5:14Þ

for the local form of the angular momentum flux.

C. Discontinuities on a singular surface at fixed r

Each of the two local relations (5.13) and (5.14) gives two relations for μ ¼ t;ϕ respectively. Making use of (2.4) and
(A8), the four quantities under ∂=∂r derivatives that appear on the left sides of these four relations are given explicitly by

ffiffiffiffiffiffi−gp
grr

!
gtt

∂gtt
∂r þ gtϕ

∂gtϕ
∂r

"
¼ eβþψe−α−ν

!∂e2ν
∂r − ωe2ψ

∂ω
∂r

"
¼ 2eβþψðκ þ ωJ Þ ð5:15aÞ

ffiffiffiffiffiffi−gp
grr

!
gtϕ

∂gtt
∂r þ gϕϕ

∂gtϕ
∂r

"
¼ ωeβþψe−α−ν

!∂e2ν
∂r − ωe2ψ

∂ω
∂r

"
− eβ−ψe−αþν ∂ðωe2ψÞ

∂r

¼ 2eβþψωðκ þ ωJ Þ − eβ−ψe−αþν ∂ðωe2ψ Þ
∂r ð5:15bÞ

ffiffiffiffiffiffi−gp
grr

!
gtt

∂gtϕ
∂r þ gtϕ

∂gϕϕ
∂r

"
¼ eβþ3ψe−α−ν

∂ω
∂r ¼ −2eβþψJ ð5:15cÞ

ffiffiffiffiffiffi−gp
grr

!
gtϕ

∂gtϕ
∂r þ gϕϕ

∂gϕϕ
∂r

"
¼ ωeβþ3ψe−α−ν

∂ω
∂r þ eβ−ψe−αþν ∂e2ψ

∂r

¼ −2eβþψωJ þ eβ−ψe−αþν ∂e2ψ
∂r ð5:15dÞ

where κ and J are defined by (4.9) and (4.10) respectively.
If each of the four relations (5.13)–(5.14) are integrated with respect to r over an infinitesimally small range r ∈ ½r−; rþ",

where the metric derivatives in r are discontinuous at a surface, but the θ derivatives are not discontinuous, then the ∂θ terms
do not contribute. Furthermore, if the surface is located at the horizon where e2ν ¼ 0, then the last terms in (5.15b) and
(5.15d) involving derivatives of ωe2ψ or e2ψ respectively do not contribute. In that case we obtain the four relations

1

2

$
ffiffiffiffiffiffi−gp

grr
!
gtt

∂gtt
∂r þ gtϕ

∂gtϕ
∂r

"%
rþ

r−

¼ eβþψð½κ" þ ω½J "Þ ¼ 4πG
Z

rþ

r−
dr

ffiffiffiffiffiffi−gp ð−Tt
t þ Tθ

θ þ Tϕ
ϕÞ ð5:16aÞ

1

2

$
ffiffiffiffiffiffi−gp

grr
!
gtϕ

∂gtt
∂r þ gϕϕ

∂gtϕ
∂r

"%
rþ

r−

¼ eβþψωð½κ" þ ω½J "Þ ¼ −8πG
Z

rþ

r−
dr

ffiffiffiffiffiffi−gp
Tϕ

t ð5:16bÞ

1

2

$
ffiffiffiffiffiffi−gp

grr
!
gtt

∂gtϕ
∂r þ gtϕ

∂gϕϕ
∂r

"%
rþ

r−

¼ −eβþψ ½J " ¼ −8πG
Z

rþ

r−
dr

ffiffiffiffiffiffi−gp
Tt

ϕ ð5:16cÞ

1

2

$
ffiffiffiffiffiffi−gp

grr
!
gtϕ

∂gtϕ
∂r þ gϕϕ

∂gϕϕ
∂r

"%
rþ

r−

¼ −eβþψω½J " ¼ 4πG
Z

rþ

r−
dr

ffiffiffiffiffiffi−gp ðTt
t þ Tθ

θ − Tϕ
ϕÞ ð5:16dÞ
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where we have dropped the Tr
r term since it has no singular

surface component at the two-surface of fixed r and t. If the
surface at fixed r is not at the horizon, then the additional
terms in (5.15) would have to be retained.
Substituting

ffiffiffiffiffiffi−gp
from (A8) we now observe that the

integrands on the right side of these relations involve the
singular surface contributions (4.13) so that

Z
rþ

r−
dr

ffiffiffiffiffiffi−gp ðΣÞTi
j ¼

Z
rþ

r−
dreνþψþαþβe−α−νSi

jδðr − RÞ

¼ eβþψSi
j ð5:17Þ

since both β and ψ are continuous on the surface, as is ω.
Making use of this relation the continuous factors eβþψ

cancel from (5.16) and we obtain the four conditions

½κ" þ ωH½J " ¼ 4πGð−St
t þ Sθ

θ þ Sϕ
ϕÞ ð5:18aÞ

ωH½κ" þ ω2
H½J " ¼ −8πGSϕ

t ð5:18bÞ

½J " ¼ 8πGSt
ϕ ð5:18cÞ

− ωH½J " ¼ 4πGðSt
t þ Sθ

θ − Sϕ
ϕÞ ð5:18dÞ

on the null horizon surface. Referring to the results for the
horizon surface stress tensor (4.14) shows that all four
relations (5.18) are satisfied as identities. Thus the local
form of the Komar energy and angular momentum fluxes
provide a consistency check on the calculation of the
singular stress tensor from the Einstein tensor in Sec. IV
on a rotating null horizon surface.

VI. MODIFIED JUNCTION CONDITIONS AND
BARRABÈS-ISRAEL FORMALISM

The first treatments of junction conditions and surface
stress tensors generally assumed implicitly or explicitly the
existence of admissible coordinates where all metric
components are continuous on Σ [3–5]. This condition is
relaxed in the approach of Israel [9], but was still restricted
to the cases that the singular hypersurface is entirely
timelike or spacelike, so that its normal vector n can be
normalized to n · n ¼ (1 respectively. With this restriction,
the conventionally defined surface energy tensor Sij of an
entirely spacelike or timelike hypersurface can be
expressed in terms of the discontinuities of the extrinsic
curvature tensor

Kij ≡ eμðiÞe
ν
ðjÞð∇νnμÞ ¼ −nμeνðjÞ∇νe

μ
ðiÞ ð6:1Þ

at the hypersurface as

8πGSij ¼ −½Kij" þ hij½Kl
l" ð6:2Þ

where Kij is Kij with a unit normal n and the indices are
raised and lowered with the induced metric hij [9]. Here ei
are the three vectors tangent to the hypersurface with
components

eμðiÞ ¼
∂x̄μðξÞ
∂ξi ð6:3Þ

wherexμ ¼ x̄μðξÞ are the parametric equations specifying the
surface in the embedding geometry in surface coordinates ξi,
and n is normal to the surface so that n · eðiÞ ¼ 0. The
conventional definition of the surface energy tensor Sij for a
timelike hypersurface is such that Sij ¼ limδ→0

R
δ
0 Tijdln,

where ln is the proper distance measured in a direction
normal to the hypersurface (the normal Gaussian coordinate
of the hypersurface, see e.g., [5]).
Since it is not possible to normalize a null vector to (1,

the algorithm of [9] as first formulated is not applicable to
null horizon surfaces where n · n ¼ 0. Barrabès and Israel
(BI) cited the convenience of a unified formalism to treat
both cases of null and non-null hypersurfaces, and to that
end introduced a transverse null vector N, satisfying
N · N ¼ 0, but n · N ¼ η−1 ≠ 0, and an “oblique” or “trans-
verse” extrinsic curvature and surface energy tensor based
on it [13]. The components of the transverse vector Nμ and
normal nμ are assumed to be continuous across the null
hypersurface in this BI approach.
In this section we show that the original Israel formalism

applies even to the case of rotating null horizon hyper-
surfaces if the normalization of n is allowed to approach
zero

n · n≡ ϵ ¼ e2ν → 0 ð6:4Þ

as the horizon is approached, provided also that the
discontinuity junction conditions are specified for a modi-
fied contravariant/covariant extrinsic curvature tensor Ki

j
with the nonunit normal n in (6.4) and one index raised
compared to (6.1). On a non-null hypersurface,
Ki

j ¼ eνKi
j, where Kij is the usual extrinsic curvature

tensor defined with a unit normal and the index is raised
with the induced metric. The junction conditions deter-
mined in this way do not require any oblique extrinsic
curvature based on N, and yield a finite limit as R → RH
that agrees with the Einstein tensor analysis of Sec. IV.

A. Spherically symmetric nonrotating case

To see what the problems are with earlier general
formulations of junction conditions on null hypersurfaces,
and how to cure them, consider again the spherically
symmetric case analyzed directly from the Einstein tensor
in Sec. III. Specifying the surface to be at fixed r ¼ R >
RH away from the horizon in the coordinates (3.1) by
Φ≡ r − R ¼ 0, the normal n is given by
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nμ ¼
1

ζ
∂μΦ ¼ 1

ζ
δrμ ð6:5Þ

where ζ is an arbitrary normalization factor (called α in the
notation of [13]) that may depend on R. The normal vector
n is spacelike for R > RH and has norm

n · n ¼ hðRÞ
ζ2

ð6:6Þ

in the metric (3.1). If we were to set this normalization to
þ1 by choosing ζ ¼

ffiffiffi
h

p
, a short calculation of (6.1) shows

that 2Kij ¼
ffiffiffi
h

p ∂rgij for the surface coordinates i; j ¼
t; θ;ϕ [25]. Thus all components of Kij ∼

ffiffiffi
h

p
go to zero

as R → RH, and the usual junction conditions give a
vanishing discontinuity and vanishing surface energy
tensor Sij. On the other hand if one raises one of the
indices i or j, the Kt

t component is 1
2

ffiffiffi
h

p ∂rf=f which
diverges when R → RH since f → 0 with h=f → const,
and hence junction conditions with mixed indices would
give a divergent energy tensor Sij on the null horizon. This
divergence stems from the simple kinematical fact that the
spacelike normalization n · n ¼ 1 requires going to the rest
frame of the two-surface, but this involves an infinite
Lorentz boost as R → RH where the hypersurface is null,
and no rest frame for the null hypersurface exists.
On the other hand, if in (6.5) and (6.6) we set

ζ−1 ¼
ffiffiffi
f
h

r
; so that n · n ¼ fðRÞ ¼ ϵ → 0 ð6:7Þ

in the continuous normalization (6.4) with ϵ ¼ expð2νÞ ¼
fðRÞ in the spherically symmetric case, and we compute
the discontinuity in

Ki
j ¼ −giknμΓμjk ¼

1

2
gikgrr

ffiffiffi
f
h

r ∂gjk
∂r ð6:8Þ

with one index raised, for this n instead of that of (6.1), we
find

Kt
t ¼

1

2

ffiffiffi
h
f

s
df
dr

¼ κ ð6:9aÞ

Kθ
θ ¼ Kϕ

ϕ ¼
ffiffiffiffiffiffi
fh

p

r
→ 0 ð6:9bÞ

and

½Kt
t" ¼ ½κ" ð6:10aÞ

½Kθ
θ" ¼ ½Kϕ

ϕ" ¼ 0 ð6:10bÞ

in the null horizon limit R → RH; ϵ ¼ fðRÞ → 0.
Substituting these results into the usual form (6.2) of the
Israel junction conditions but with one index raised and the
unit-normal extrinsic curvature Ki

j replaced by Ki
j, gives

exactly the surface stress tensor Si
j in (3.14) in place of Sij,

8πGSi
j ¼ −½Ki

j" þ δij½Kl
l" ð6:11Þ

where the trace ½Kl
l" ¼ ½κ", in agreement with the direct

calculation from the Einstein tensor density (3.12) and
(3.18) [25].
What has happened is that although the discontinuity in

Kij defined by (6.1) vanishes as
ffiffiffi
ϵ

p
as ϵ → 0 with the unit

normalization of n, and the modified n of (6.7) contributes
another factor of

ffiffiffi
ϵ

p
, raising one index in (6.8) contributes

1=ϵ so that (6.10) is finite in the limit R → RH, ϵ → 0. The
contravariant/covariant tensor (6.8) removes the singular
coordinate dependent effects in going to the null horizon
hypersurface, is physicallymotivated by theKomar formulae
and gives a well-defined δ-function distribution for the
surface stress tensor with the proper integration measure.
To find the relation between these new or modified

junction conditions and the original prescriptions of
Refs. [9,13], note that the stress-energy tensor Tμ

ν is
determined through Einstein’s equations by the Einstein
tensor, which is independent of the normalization chosen
for the normal n. In [13],

ðΣÞTα
β ¼ ζSαβδðΦÞ ð6:12Þ

and the BI surface tensor Sαβ depends upon the normali-
zation ζ of (6.5) in such a way that at given Φ

ζ1ð1ÞSαβ ¼ ζ2ð2ÞSαβ ð6:13Þ

where ð1ÞSαβ is computed from (6.8) with n normalized by
(6.6) with ζ ¼ ζ1, and ð2ÞSαβ is computed from the same
formula (6.8), but with n normalized by (6.6) with ζ ¼ ζ2.
Therefore the surface stress tensor computed by the original
Israel junction conditions given in [9] with n · n ¼ 1 and
ζ1 ¼

ffiffiffi
h

p
is related to the surface stress tensor ð2ÞSαβ ¼ Sα

β

computed by our modified junction conditions with n · n ¼
ϵ and ζ2 ¼

ffiffiffiffiffiffiffiffi
h=f

p
by

ðSα
βÞhere ¼

ζ1
ζ2

ðSαβÞIsrael ¼
ffiffiffiffiffiffiffiffiffiffi
fðRÞ

p
ðSαβÞIsrael ð6:14Þ

whichwas found previously in [25].When ϵ is finite andboth
the metric and

ffiffiffiffiffiffi−gp
are nonsingular and continuous, the

redshift factor
ffiffiffiffiffiffiffiffiffiffi
fðRÞ

p
is finite and can easily be kept track of,

causing no problems. However when R → RH and
fðRÞ → 0, the Israel junction conditions give an infinite
or ambiguous result, while the modified junction conditions
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(6.11) with (6.7) work equally well for singular null horizon
surfaces, even if expressed in singular Schwarzschild coor-
dinates and

ffiffiffiffiffiffi−gp
is discontinuous, as in the gravastar case of

[25] and Sec. III. The modified junction conditions given
here also correspond to the natural integration measure

ffiffiffiffiffiffi−gp

of the Komar mass and angular momentum formulae
of Sec. V.

B. Comparison to the Barrabès-Israel prescription

In the BI method of [13], a second transverse vector N is
introduced to satisfy the condition n · N ¼ η−1, where η can
take on any nonzero value, and may conveniently be taken
to be −1. This one condition on 4 components leaves 3
components of N undetermined, as the only other require-
ment BI impose on N is that its projection onto the surface
must be continuous. If one also requires N to be null, and
normal to the two-surface of constant t and r, satisfying
(4.5) and (4.6) as in Refs. [14,25,48], then N is fixed (up to
a sign of Nr), and may be chosen to coincide with N
introduced in Sec. IV.
Specializing (4.7) to the spherically symmetric case first,

the vector N has components

Nμ ¼ 1

f
δμt −

ffiffiffi
h
f

s

δμr; Nμ ¼ gμνNν ¼ −δtμ −
1ffiffiffiffiffiffi
fh

p δrμ

ð6:15Þ

so that Nμ projected onto the surface of constant r has
ðt; θ;ϕÞ components ð−1; 0; 0Þ which are all finite and
continuous across the surface for any r, while neither Nr

nor nr are continuous across the horizon if
ffiffiffiffiffiffiffiffi
h=f

p
is not,

and Nt is singular at f ¼ 0.
The authors of [13] define the “oblique extrinsic curva-

ture”

Kij ≡ −NμeνðjÞ∇νe
μ
ðiÞ ¼ −NμΓμij ð6:16Þ

and the discontinuity on the null hypersurface

γij ≡ 2½Kij" ¼ −2½NμΓμij" ¼ −2½NrΓrij" ¼ −
$ ffiffiffi

h
f

s
dgij
dr

%

ð6:17Þ

giving

γtt ¼
$ ffiffiffi

h
f

s
df
dr

%
¼ 2½κ" ð6:18Þ

with the other components vanishing. Then Eqs. (17)–(18)
of Ref. [13] with (6.5) and γ ¼ gijγij give

−16πGSθ
θ ¼ −16πGSϕ

ϕ ¼ ϵγ ¼ −γtt ¼ −2½κ"

¼ −
2

RH
¼ −

1

GM
ð6:19Þ

with all other components projected onto the surface
vanishing. Thus (3.14) is recovered by the BI method,
with the particular (singular) choice (6.15) of N, provided
one keeps the ϵγ term in Si

j, since γ ¼ gttγtt ¼ −γtt=ϵ is
singular, and takes the limit R → RH, ϵ → 0 which yields
the finite result (6.19).
At this point one may ask if the result (6.19) is

independent of the conditions (4.5) and (4.6) on N. The
authors of [13] remark that although the oblique tensor Kij
is not independent of the choice of transverse vector N,
transforming under the change

N → N þ λkðξÞeðkÞ; as Kij → Kij − λkΓkij ð6:20Þ

the discontinuity ½Kij" is independent of λa, on condition
that the tangential Γkij is continuous at the surface. The
continuity of N is also implicitly assumed in Ref. [13].
However, inspection of (6.15) shows that Nμ and in
particular Nr which enters (6.17) is neither finite, nor
continuous at the horizon in the case of the gravastar,
cf. (3.15)–(3.16). Thus although the result (6.19) is correct
in this case, with the particular choice (6.15), as it can be
verified independently from the Einstein tensor in Sec. III,
the argument given in Ref. [13] for the prescription being
independent of the choice ofN does not apply. For this reason
the BI prescription may lead to ambiguous or incorrect
results for the surface stress if it is applied in the cases that its
underlying assumption of continuity of the oblique vector N
does not hold. In AppendixC, we give an explicit example in
the case of the rotating horizon, where applying the BI
algorithm—or rather mis-applying it where N is discontinu-
ous and independence of the choice ofN cannot be assumed
—leads to incorrect results with the choice (4.7).

VII. MODIFIED ISRAEL JUNCTION CONDITIONS
FOR A ROTATING NULL HORIZON

We may apply the proposed modification of the original
Israel junction conditions (6.11) with (6.8) to the rotating
horizon as well. Define the (nonunit) normal vector n to the
surface at constant r ¼ R to be defined by (6.5) and fix

ζ ¼ e−α−ν so that n · n ¼ e2ν ≡ ϵ → 0 ð7:1Þ

as R → RH approaches the horizon. The normal n so
defined has components

nμ ¼ δrμeαþν; nμ ¼ δμre−αþν ð7:2Þ

and as R → RH the generators of the future and past
horizons are given respectively by the null vectors
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ðl( nÞ=2. The extrinsic curvature tensor (6.8) defined
with one index raised for this n is

Ki
j ¼−giknμΓμjk ¼

1

2
e−αþνgik

!∂gjk
∂r −

∂grk
∂xj −

∂grj
∂xk

"
;

i;j¼ t;θ;ϕ ð7:3Þ

which has the nonvanishing components

Kt
t ¼

1

2
e−α−ν

∂
∂r e

2ν −
1

2
ωe2ψe−a−ν

∂ω
∂r ¼ κ þ ωJ ð7:4aÞ

Kt
ϕ ¼ 1

2
e2ψe−a−ν

∂ω
∂r ¼ −J ð7:4bÞ

Kϕ
t ¼

1

2
ωe−α−ν

∂
∂r e

2ν −
1

2
ω2e2ψe−a−ν

∂ω
∂r

− 1

2
e−2ψe−aþν ∂

∂r ðωe
2ψ Þ ¼ ωκ þ ω2J þOðϵÞ

ð7:4cÞ

Kθ
θ ¼

1

2
e−αþν−2β ∂

∂r e
2β ¼ OðϵÞ ð7:4dÞ

Kϕ
ϕ ¼ 1

2
ωe2ψe−a−ν

∂ω
∂r þ 1

2
e−2ψe−aþν ∂

∂r e
2ψ

¼ −ωJ þOðϵÞ ð7:4eÞ

with the nonlisted components vanishing. The discontinu-
ities of these components on the null horizon hypersurface
where ϵ → 0 are

½Kt
t" ¼

1

2

$
e−α−ν

∂
∂r e

2ν

%
−
1

2
ωHe2ψ

$
e−α−ν

∂ω
∂r

%

¼ ½κ" þ ωH½J " ð7:5aÞ

½Kt
ϕ" ¼

1

2
e2ψ

$
e−α−ν

∂ω
∂r

%
¼ −½J " ð7:5bÞ

½Kϕ
t" ¼

1

2
ωH

$
e−α−ν

∂
∂r e

2ν

%
−
1

2
ω2
He

2ψ

$
e−α−ν

∂ω
∂r

%

¼ ωH½κ" þ ω2
H½J " ð7:5cÞ

½Kθ
θ" ¼ 0 ð7:5dÞ

½Kϕ
ϕ" ¼

1

2
ωHe2ψ

$
e−α−ν

∂ω
∂r

%
¼ −ωH½J " ð7:5eÞ

where we have used ϵ ¼ e2ν → 0 and ω ¼ ωH on the
horizon. If the singular surface is not located on the
horizon, all terms in (7.4) would have to be retained.
Finally computing the surface stress tensor through the
junction conditions (6.11), we find a result that coincides

with (4.14) computed directly from the Einstein tensor,
which verifies the modified prescription for rotating null
horizons.
The discussion in the previous Sec. VI A and the relation

(6.14) for the nonrotating case carries over to the rotating
case as well, and we see that the modified junction
conditions given here can be obtained from the original
Israel junction conditions of [9] by having one index raised
and the other lowered and multiplying the latter by eν before
taking the horizon limit eν → 0. This then corresponds to
(7.3) with (7.1) and yields the finite result (6.11) for the
rotating null horizon stress tensor, upon using (7.5). This
simple modification of the junction conditions works per-
fectly well for lightlike or timelike surfaces, and eliminates
the need for a special formalism for null surfaces, involving
the oblique extrinsic curvature introduced in Ref. [13].

VIII. SUMMARY AND CONCLUSIONS

In this paper we have given the junction conditions and
surface stress tensor of a rotating null surface, stationary in
time, and in particular for the horizon of a rotating “black
hole,” where the region interior to the Kerr horizon
generally may differ from the analytic continuation of
the exterior Kerr solution. Relations (4.13) and (4.14) are
the principal result of this analysis, derived directly from
the singular contributions to the Einstein tensor density
(4.3) for a null surface at constant r in the general
axisymmetric, stationary coordinates of (2.3). These results
and surface stress tensor are applicable in particular to the
matching of a regular or nonsingular solution to Einstein’s
equations in a rotating black hole interior to the Kerr
solution external to its horizon.
The approach to the junction conditions and stress tensor

of a singular null surface followed in this paper differs from
previous work in focusing on the tensor density

ffiffiffiffiffiffi−gp
Gμ

ν
with one covariant and one contravariant index. It is this
Einstein tensor density and corresponding stress-energy
density that appear in expressions (5.8) and (5.9) for the
Komar mass and angular momentum, and which are free of
coordinate artifacts. By identifying all the terms in this
tensor density that are singular and can be expressed as total
derivatives with respect to r in (4.3) we have identified
those terms and only those terms that can give rise to a well-
defined δ-function distribution localized on a singular null
surface. The two quantities [κ] and ½J " determining these
surface contributions (4.9) and (4.10) having a coordinate
invariant physical meaning, are well-defined and finite,
even if the horizon is defined in the most familiar singular
Schwarzschild or Boyer-Lindquist coordinates of BH
exteriors.
In deriving the junction condition for a rotating null

horizon based on the Komar expressions and the tensor
density

ffiffiffiffiffiffi−gp
Tμ

ν, we observed that difficulties which the
earlier Israel formalism encounters when applied to null
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surfaces are easily circumvented. The modified junction
algorithm is the following:
(1) The normalization n · n ¼ ϵ ¼ e2ν → 0 of the nor-

mal n to the surface should be continuously defined
and taken to zero for the null surface only in the
final step;

(2) The extrinsic tensor Ki
j (6.1) of the surface is

calculated using this n but with one contravariant
and one covariant index (6.8), which is well-defined
for ϵ ≠ 0 and has a finite limit as ϵ → 0.

(3) The surface stress tensor Si
j is calculated from the

discontinuities ½Ki
j" at the surface according to

(6.11), just as one would ordinarily in the Israel
approach;

(4) The limit ϵ → 0 is taken to obtain the finite stress
tensor Si

j on a null horizon hypersurface.
In the case that ϵ ≠ 0 and the metric at the surface is

nonsingular, this algorithm is equivalent to the original one,
related by (6.14), or a factor of eν in the general rotating
case. However, for joining on null hypersurfaces when
ϵ → 0 and the original Israel junction conditions fail, the
simple modification above gives a finite result for the
surface stress tensor. This is in contrast to the original
prescription in terms of Kij which vanishes as ϵ → 0 and
thus would lead to an indeterminate result for the surface
stress tensor. By keeping ϵ finite and raising the index
before taking the ϵ → 0 limit, as is also motivated by the
Komar mass and angular momentum, one obtains finite,
coordinate invariant results for the surface stress on a
singular null hypersurface, which coincide with the direct
derivation from the Einstein tensor density.
With this modified Israel prescription for the junction

conditions and surface stress there is no need to introduce a
transversal N vector or oblique extrinsic curvature tensor as
in the approach of Ref. [13], and indeed that approach should
not be applied uncritically to the cases inwhich the normal n,
transversal N or integration measure

ffiffiffiffiffiffi−gp
in the density are

themselves singular or discontinuous, where independence
of the results from the choice ofN cannot be assumed. These
are the cases of most direct physical interest for BH horizons
and interiors, where Schwarzschild or Boyer-Lindquist
coordinates are most convenient. Misapplication of the BI
approach to these singular casesmay lead to incorrect results,
as the example of Appendix C shows, while the direct
method of derivation of the singular null surface stress tensor
from the Einstein tensor density in Sec. IV does not suffer
from this drawback. The application of the junction con-
ditions for a rotating gravastar in the slow rotation approxi-
mation of Hartle and Thorne is given in a second paper
accompanying this one [50].
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APPENDIX A: TETRADS, SURFACES,
INTEGRATION AND STOKES’ THEOREM

The metric and curvature conventions used in this paper
are those of Misner, Thorne, and Wheeler [19]. Greek
indices are four-dimensional and xμ ranges over ðt; r; θ;ϕÞ
in the metric of (2.3). Orthonormal tangent space indices
are indicated by a; b; c;…, while coordinates of a three- or
two-dimensional hypersurface are labeled ξi, ξj etc. In the
tetrad or vierbein formalism the line element is written

ds2 ¼ gμνdxμdxν ¼ waηabwb ðA1Þ

with ηab ¼ diag ð−1; 1; 1; 1Þ the flat spacetime Minkowski
metric in the tangent space and wa are the one-forms

wa ¼ eaμdxμ with eaμebνηab ¼ gμν; gμνeaμebν ¼ ηab

ðA2Þ

for a; b ¼ 0;…; 3, the orthonormal tangent space indices.
In the case of (2.3) a basis of such one-forms is

w0 ¼ e0tdt ¼ expðνÞdt ðA3aÞ

w1 ¼ e1rdr ¼ expðαÞdr ðA3bÞ

w2 ¼ e2θdθ ¼ expðβÞdθ ðA3cÞ

w3 ¼ e3ϕdϕþ e3t dt ¼ expðψÞðdϕ − ωdtÞ ðA3dÞ

with all other components of the vierbein eaμ not shown
vanishing [42]. The dual basis of vectors υa

υ0 ¼ expð−νÞð1;0;0;ωÞ ¼ expð−νÞ
! ∂
∂tþω

∂
∂ϕ

"
¼ e−νl

ðA4aÞ

υ1 ¼ expð−αÞð0; 1; 0; 0Þ ¼ expð−αÞ ∂
∂r ðA4bÞ

υ2 ¼ expð−βÞð0; 0; 1; 0Þ ¼ expð−βÞ ∂
∂θ ðA4cÞ

υ3 ¼ expð−ψÞð0; 0; 0; 1Þ ¼ expð−ψÞ ∂
∂ϕ ðA4dÞ

BELTRACCHI, GONDOLO, and MOTTOLA PHYS. REV. D 105, 024001 (2022)

024001-18



in ðt; r; θ;ϕÞ coordinates, satisfy eaμυμb ¼ δab; eaνυμa ¼ δμν and υμaυνbgμν ¼ ηab; υμaυνbηab ¼ gμν. The vector υ0 ¼ e−νl
is the four-velocity of a zero angular momentum observer (ZAMO) [40,43]. Note that the orthonormal tangent space basis
(A4) becomes singular as eν → 0, which limit we take only at the very end.
The tetrad formalism is useful for defining the integration measures for surfaces embedded in the geometry, and for

Stokes’ theorem. The four-volume integration measure relies on the Hodge star dual of the constant scalar function
fðxÞ ¼ 1, which we denote by 1, namely

)1 ¼ 1

4!
ϵabcdwa ∧ wb ∧ wc ∧ wd ¼ 1

4!
ϵabcdeaμebνecλe

d
ρdxμ ∧ dxν ∧ dxλ ∧ dxρ

¼ ϵabcdeatebrecθe
d
ϕdt ∧ dr ∧ dθ ∧ dϕ ¼ ffiffiffiffiffiffi−gp

dt ∧ dr ∧ dθ ∧ dϕ ðA5Þ

where ϵabcd is the totally antisymmetric Levi-Civita symbol of four indices, with orientation fixed by ϵ0123 ¼ þ1. It is
convenient also to define the metric dependent antisymmetric Levi-Civita tensor density

εμνλρ ≡ ϵabcdeaμebνecλe
d
ρ ðA6Þ

in the coordinate basis. The integral of the four-form (A5) over the four-volume Ω is defined to be
Z

)1≡
Z

Ω
ϵabcdeatebrecθedϕdtdrdθdϕ ¼

Z

Ω
detðeaμÞd4x ¼

Z

Ω

ffiffiffiffiffiffi−gp
d4x ðA7Þ

since viewing eaμ as a 4 × 4 matrix, the determinant

detðeaμÞ ¼ ϵabcdeatebrecθedϕ ¼ ffiffiffiffiffiffi−gp ¼ expðνþ ψ þ αþ βÞ ðA8Þ

is the covariant volume element measure factor of the metric in (2.3).
A three-dimensional hypersurface Σ3 embedded in the four-geometry is defined by the 4 coordinate functions xμ ¼

x̄μðξ1; ξ2; ξ3Þ of the 3 variables ðξ1; ξ2; ξ3Þ on the hypersurface. The Hodge star dual of a 1-form j ¼ jμdxμ is the three-form

)j ¼ )ðjμdxμÞ ¼
1

3!
jμεμνλρdxν ∧ dxλ ∧ dxρ ðA9Þ

The integral of the three-form (A9) over the three-surface Σ3 is by definition
Z

Σ3

)j ¼
Z

Σ3

jμd3Σμ ðA10Þ

where the integrand is evaluated at xμ ¼ x̄μðξ1; ξ2; ξ3Þ and the three-surface element

d3Σμ ¼ εμνλρ

!∂x̄ν
∂ξ1

"!∂x̄λ
∂ξ2

"!∂x̄ρ
∂ξ3

"
d3ξ ðA11Þ

follows from the pullback of )j onto the three-surface Σ3

1

3!
εμνλρdx̄ν ∧ dx̄λ ∧ dx̄ρ ¼ 1

3!
εμνλρ

!∂x̄ν
∂ξi

"!∂x̄λ
∂ξj

"!∂x̄ρ
∂ξk

"
dξi ∧ dξj ∧ dξk

¼ εμνλρ

!∂x̄ν
∂ξ1

"!∂x̄λ
∂ξ2

"!∂x̄ρ
∂ξ3

"
dξ1 ∧ dξ2 ∧ dξ3: ðA12Þ

Integrals of the kind (A10) on closed three-surfaces are related to a four-volume integral by Stokes’ theorem
Z

Ω
d )j ¼

Z

∂Ω
)j ðA13Þ
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expressed in the language of differential forms, where
∂Ω ¼ Σ3 is the three-surface boundary of the four-volume
Ω and d is the exterior derivative. Now

d )j ¼ ∂
∂xα

!
jμ

3!
εμνλρ

"
dxα ∧ dxν ∧ dxλ ∧ dxρ

¼ ∂μðjμ
ffiffiffiffiffiffi−gp Þdt ∧ dr ∧ dθ ∧ dϕ ðA14Þ

as can be verified by writing out the four terms for α ¼
t; r; θ;ϕ explicitly and observing that α, ν, λ, ρ must all be
different by the antisymmetry of εabcd, so that μ ¼ α
necessarily. Since the four-form at right is )1ð∇μjμÞ,
Stokes’ theorem (A13) may be written in this case as

Z

Ω
∇μjμ

ffiffiffiffiffiffi−gp
d4x ¼

Z

∂Ω
jμd3Σμ ðA15Þ

with the three-surface element given by (A11).
These steps may be repeated in applying Stokes’

theorem again to a vector jμ ¼ ∇νFμν which is the
covariant derivative of an antisymmetric tensor field
Fμν ¼ −Fνμ. In this case the two-form

1

2!
εμνλρdxλ ∧ dxρ ¼ εμνλρ

!∂x̄λ
∂ξ1

"!∂x̄ρ
∂ξ2

"
dξ1 ∧ dξ2 ðA16Þ

characterizes the two-dimensional surface parametrized by
xμ ¼ x̄μðξ1; ξ2Þ. Contracting this with Fμν=2! gives

!
1

2!

"
2

Fμνεμνλρdxλ ∧ dxρ ¼ )F ðA17Þ

which is the Hodge star dual of the two-form

F≡ 1

2!
Fμνdxμ ∧ dxν: ðA18Þ

Thus applying Stokes’ theorem to this case,

Z

V
d)F ¼

Z

∂V
)F ðA19Þ

where on the left side we have the integral of the three-form

d)F ¼ ∂
∂xα

!
1

ð2!Þ2
Fμνεμνλρ

"
dxα ∧ dxλ ∧ dxρ ¼ ∂νð

ffiffiffiffiffiffi−gp
FtνÞdr ∧ dθ ∧ dϕ

− ∂νð
ffiffiffiffiffiffi−gp

FrνÞdt ∧ dθ ∧ dϕþ ∂νð
ffiffiffiffiffiffi−gp

FθνÞdt ∧ dr ∧ dϕ − ∂νð
ffiffiffiffiffiffi−gp

FϕνÞdt ∧ dr ∧ dθ

¼ ∇νFμν 1

3!
εμνλρdxν ∧ dxλ ∧ dxρ ¼ )j ðA20Þ

over the three-volume, relabeled V here instead of Σ3.
The three-volume integral on the left side of (A19) can

be written exactly as in the right side of (A15) for this jμ

with (A11). At the same time the right side of (A19) can be
written in terms of the element of directed 2-surface area

d2Σμν ¼
1

2
εμνλρ

!∂x̄λ
∂ξ1

"!∂x̄ρ
∂ξ2

"
d2ξ ðA21Þ

with one combinatoric factor of 1=2! cancelled by speci-
fying the order of ξ1, ξ2, while the second factor of 1=2!
remains to account for the 2 equal terms in the sum over μ,
ν. Thus finally (A19) can be written

Z

V
∇νFμνd3Σμ ¼

Z

∂V
Fμνd2Σμν ðA22Þ

in component form, with d3Σμ and d2Σμν given by (A11)
and (A21) respectively.
The surface elements simplify if the surfaces are at fixed

values of the coordinates of the embedding spacetime. In
the case of interest for the Komar mass and angular

momentum considered in the text, the three-surface is
the spacelike constant t slice of (2.3), with coordinates ξ ¼
ðr; θ;ϕÞ the same as the embedding space coordinates. In
that case (A11) becomes

d3Σμ ¼ δtμ
ffiffiffiffiffiffi−gp

drdθdϕ ¼ δtμeαþνþβþψdrdθdϕ ðA23Þ

with only a future directed μ ¼ t component, and where
(A8) has been used. Likewise, if the two-surface in (A21) is
at fixed t and r in the same coordinates

d2Σμν ¼
1

2
ϵabcdeaμebνecθedϕdθdϕ

¼ δt½μδrν"
ffiffiffiffiffiffi−gp

dθdϕ ¼ l½μNν"dA ðA24Þ

in terms of the vectors l and N of (4.5)–(4.7) orthogonal to
the two-surface, and where

dA ¼ eβþψdθdϕ ðA25Þ

is the area element on the metric induced from (2.3) on the
two-surface of constant t and r. Since l ¼ nþ e2νN, with
n given by (7.2), the area element (A24) is also n½μNν"dA.
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APPENDIX B: AXISYMMETRIC GEOMETRY
AND WEYL TENSOR ON THE SINGULAR

HORIZON SURFACE

The Riemann tensor corresponding to the general
stationary axisymmetric metric (2.3) has exactly 12 non-
zero and a priori independent components, of a possible
20 in the most general case of no symmetry [42]. These 12
components can be decomposed into 6 for the nontrivial
traceless Weyl tensor, and 6 for the nonzero components
of the Ricci tensor in the trace parts. Following from this,
there are a total of 6 nontrivial Einstein equations for the
remaining 6 components of the Ricci and Einstein tensors,
which are given explicitly by (4.2), and correspondingly 6
generally nonzero components of the stress-energy tensor,
viz. Ttt; Ttϕ; Tϕϕ; Trr; Tθθ; Trθ, each of which are functions
of just r and θ. The remaining 4 components of the
Einstein (and Ricci) tensor, viz. Gtr; Gtθ; Gϕr; Gϕθ vanish
identically, by stationarity and axial symmetry, and hence
so must the corresponding stress-energy tensor compo-
nents Ttr; Ttθ; Tϕr; Tϕθ.
This has the immediate consequence that the covariant

conservation equations ∇νTν
t ¼ 0 ¼ ∇νTν

ϕ are also satis-
fied identically. However, the two other (first order) covar-
iant conservation equations ∇νTν

r¼0 and ∇νTν
θ¼0 are in

general nontrivial and independent of each other, so that they
can be substituted for 2 of the 6 Einstein equations if desired.
Finally, in either description, there are 6 partial differential
equations in ðr; θÞ for 10 functions, i.e., 4 metric functions
plus 6 stress-energy components, in the general stationary
axisymmetric geometry.
Without further restrictions, this system is underdeter-

mined and the Segre class is also the most general, with the
Ricci tensor possessing in general 4 distinct eigenvalues at
each point. If the stress-energy tensor vanishes or has the
specific form of a cosmological constant, the 2 covariant
conservation equations also become vacuous, and there are
just 4 Einstein equations for 4 metric functions of r, θ. The
solution of these is then unique up to integration constants
depending upon boundary conditions. The Kerr solution is
an example of a such a special vacuum solution which is
asymptotically flat.
The Weyl conformal tensor, defined by [19]

Cαβ
μν ¼ Rαβ

μν − 2δ½α½μRβ"
ν" þ

1

3
δ½α½μδ

β"
ν"
R ðB1Þ

is antisymmetric under exchange of μ and ν and of α and β,
symmetric under exchange of the pairs μν and αβ, and

completely traceless, Cαβ
αν ¼ 0. The orthonormal tangent

frame components of the Weyl tensor are defined via the
tetrads and dual basis vectors of Appendix A by

Cab
cd ¼ eaαebβCαβ

μνυμcυνd ðB2Þ

with orthonormal indices 0;…; 3 raised and lowered by the
flat metric ηab ¼ diagð−þþþÞ.
Because of the symmetries obeyed by the Weyl tensor,

each pair of indices ðabÞ or ðcdÞ can be restricted to just
one of six possible pair values ðabÞ ¼ ð01Þ; ð02Þ; ð03Þ;
ð23Þ; ð31Þ; ð12Þ, and Cab

cd can be expressed in the form of
a symmetric 6 × 6 traceless matrix with the 3 × 3 block
structure

Cab
cd ¼

ð01Þ
ð02Þ
ð03Þ
ð23Þ
ð31Þ
ð12Þ

0

BBBBBB@

E H

−H E

1

CCCCCCA
ðB3Þ

where the ðabÞ rows are labeled by six index pair values as
shown, and the columns ðcdÞ are labeled similarly. The
information in the matrix (B3) can be expressed still more
compactly in the form of the complex 3 × 3 matrix

Q ¼ Eþ iH ðB4Þ

with relabeled indices ranging over i ¼ 1, 2, 3 for ð0iÞ → i,
and ðjkÞ → i for i, j, k a cyclic permutation of 1,2,3. Thus

Eij ¼ C0i
0j ¼

1

4
ϵiklϵjmnCkl

mn ¼ Ckj
ik þ

1

2
δijCkl

kl ðB5aÞ

Hij ¼
1

2
ϵjklC0i

kl ¼ −
1

2
ϵjklCkl

0i ðB5bÞ

with the real and imaginary parts of Q the “electric” and
“magnetic” parts respectively of the Weyl tensor [35]. Note
that in fact Ckl

kl ¼ 0 ¼ ϵijkC0i
jk. The matrix Q inherits

both its transpose symmetry Qij ¼ Qji, and traceless
property Qii ¼ 0 from those of Eij and Hij separately.
The nonzero components of the matrices Eij and Hij for

the stationary, axisymmetric metric of (2.3) are given
explicitly by

E11 ¼
1

6
e−2αfβrr þ ψ rr − 2νrr − ðβr þ ψ r − 2νrÞðαr − νrÞ þ ðβr − ψ rÞ2gþ

1

3
e−2α−2νþ2ψω2

r

þ 1

6
e−2βfαθθ þ νθθ − 2ψθθ − ðαθ þ νθ − 2ψθÞðβθ − ψθÞ þ ðαθ − νθÞ2g −

1

6
e−2β−2νþ2ψω2

θ ðB6aÞ
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E12 ¼ E21 ¼
1

2
e−α−βfψ rθ − νrθ þ αθðνr − ψ rÞ þ νθðβr − νrÞ þ ψθðψ r − βrÞ þ e2ψ−2νωθωrg ðB6bÞ

E22 ¼
1

6
e−2αfβrr þ νrr − 2ψ rr − ðβr þ νr − 2ψ rÞðαr − ψ rÞ þ ðβr − νrÞ2g −

1

6
e−2α−2νþ2ψω2

r

þ 1

6
e−2βfαθθ þ ψθθ − 2νθθ − ðαθ þ ψθ − 2νθÞðβθ − νθÞ þ ðαθ − ψθÞ2gþ

1

3
e−2β−2νþ2ψω2

θ ðB6cÞ

E33 ¼
1

6
e−2αfψ rr þ νrr − 2βrr − ðψ r þ νr − 2βrÞðαr − βrÞ þ ðνr − ψ rÞ2g −

1

6
e−2α−2νþ2ψω2

r

þ 1

6
e−2βfψθθ þ νθθ − 2αθθ − ðψθ þ νθ − 2αθÞðβθ − αθÞ þ ðψθ − νθÞ2g −

1

6
e−2β−2νþ2ψω2

θ ðB6dÞ

H11 ¼
1

2
e−α−β−νþψfωrθ − ωrðαθ þ νθ − 2ψθÞ − ωθðβr − ψ rÞg ðB6eÞ

H12 ¼ H21 ¼
1

4
eψ−νfe−2βfωθθ − ωθðαθ þ βθ þ νθ − 3ψθÞg − e−2αfωrr − ωrðαr þ βr þ νr − 3ψ rÞgg ðB6fÞ

H22 ¼
1

2
e−α−β−νþψf−ωrθ − ωrðψθ − αθÞ þ ωθðβr þ νr − 2ψ rÞg ðB6gÞ

H33 ¼
1

2
e−α−β−νþψfωrðνθ − ψθÞ þ ωθðψ r − νrÞg ðB6hÞ

with all other components not listed vanishing.

It follows that for a stationary, axisymmetric spacetime
and for the choice of tetrad in Eq. (A3), the complex matrix
Q has the following block structure

Q ¼

0

B@
Q11 Q12 0

Q12 Q22 0

0 0 Q33

1

CA with Q11 þQ22 þQ33 ¼ 0

ðB7Þ

and hence contains just 3 independent complex compo-
nents (the Newman-Penrose coefficients Ψ0, Ψ2, Ψ4),
accounting for the 6 nonzero real components of the
Weyl tensor in this geometry. The three eigenvalues of
Q are

1

2

&
Q11 þQ22 (

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðQ22 −Q11Þ2 þ 4Q2

12

q '
and

Q33 ¼ −ðQ11 þQ22Þ ðB8Þ

If these are all different, which is the generic case, then the
geometry is Petrov Type I. If any two of the eigenvalues are
equal (but not equal to the third), at all points, then the
geometry is Petrov Type D. This is an algebraically special
case, of which the vacuum Kerr solution is a well-known
example.

The symmetric matrix Q can be brought to a diagonal
form QD by a complex SOð2;CÞ rotation

QD ¼ MQMT ðB9Þ

where the matrix M also has the 2 × 2 block form

M ¼

0

B@
cosðξþ iηÞ − sinðξþ iηÞ 0

sinðξþ iηÞ cosðξþ iηÞ 0

0 0 1

1

CA ðB10Þ

and

tanf2ðξþ iηÞg ¼ 2Q12

Q22 −Q11

ðB11Þ

in terms of two real functions ðξ; ηÞ of ðr; θÞ. This
corresponds to the local Lorentz transformation w0a ¼
Λa
bw

b of the orthonormal tangent frame basis one-forms
(A3) to

w00 ¼ cosh ηw0 þ sinh ηw1 ðB12aÞ

w01 ¼ sinh ηw0 þ cosh ηw1 ðB12bÞ

w02 ¼ cos ξw2 − sin ξw3 ðB12cÞ

w03 ¼ sin ξw2 þ cos ξw3 ðB12dÞ
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in which ξ is the rotation angle in the rθ plane,
and η is the boost parameter (rapidity) in the tϕ
plane. Thus 2 of the 6 real components of the Weyl
tensor at any point are accounted for by this rotation-boost
to the tangent frame basis where Q is diagonal,
and the remaining 4 real components are accounted
for by any two of the unequal complex eigen-
values (B8).

Identifying the null surface singular δ-function contri-
butions to the Weyl tensor proceeds in the same fashion as
for the Einstein tensor in Sec. IV, namely by multiplying the
components (B6) by the potentially discontinuous factor
expðαþ νÞ of ffiffiffiffiffiffi−gp

, grouping all second derivative terms
with respect to r together with the singular αr þ νr terms to
form total r-derivatives, and finally taking the horizon limit
e2ν → 0. In this way we obtain

eαþνE11 ¼ −
1

6

$
e−α−ν

∂e2ν
∂r

%
δðr − RÞ þ ' ' ' ¼ −

1

3
½κ"δðr − RÞ þ ' ' ' ðB13aÞ

eαþνE22 ¼
1

12

$
e−α−ν

∂e2ν
∂r

%
δðr − RÞ þ ' ' ' ¼ 1

6
½κ"δðr − RÞ þ ' ' ' ðB13bÞ

eαþνE33 ¼
1

12

$
e−α−ν

∂e2ν
∂r

%
δðr − RÞ þ ' ' ' ¼ 1

6
½κ"δðr − RÞ þ ' ' ' ðB13cÞ

eαþνH12 ¼ eαþνH21 ¼
1

4
eψþν

$
e−α−ν

∂ω
∂r

%
δðr − RÞ þ ' ' ' ¼ 1

2
eν−ψ ½J "δðr − RÞ þ ' ' ' ðB13dÞ

where (4.3e) and the definitions (4.11), (4.12) have been used, and with other components not listed giving no null-horizon
contributions. We have retained the last contribution (B13d), even though like (4.17b) it goes to zero on the horizon,
because it is needed if one transforms to the ðt; r; θ;ϕÞ coordinate basis. This transformation involves e−ν through (A4), and
leads to finite ½J " dependence of ðΣÞCαβ

μν on the surface, as does (4.17) if transformed back to the coordinate basis (4.14).
The singular surface contributions (B13) of the Weyl tensor can be related to those of the Einstein tensor and surface

stress tensor as follows. From the definition of the Weyl tensor (B1) and Einstein’s equations it follows that

Cαβ
μν ¼ Rαβ

μν − 16πGδ½α½μTβ"
ν" þ

16πG
3

δ½α½μδβ"ν"T ðB14Þ

so that multiplying by expðαþ νÞ, and selecting out only the singular surface contributions proportional to δðr − RHÞ gives

eαþνðΣÞCab
cd ¼ eαþνðΣÞRab

cd þ
!
−16πGδ½a½cSb"

d" þ
16πG
3

δ½a½cδb"d"Sf
f

"
δðr − RHÞ ðB15Þ

in the orthonormal tangent frame basis. Using (B5), (B13)
and (4.17) one may check that for the six independent
components C31

31 ¼ E22; C03
03 ¼ E33; C01

31 ¼ H12, and
C02

31 ¼ H22; C03
12 ¼ H33; C01

02 ¼ E12, the Weyl tensor
δ-function surface contributions on the left are precisely
given by the surface stress tensor terms on the right of (B15),
the last three with vanishing surface contributions. In other
words, these six components have zero ðΣÞRab

cd surface
terms, and hence the Weyl tensor and Q matrix (B7) on the
surface are completely determinedby the surface stress tensor
Sa

b. Since all the Weyl tensor δ-function surface contribu-
tions are completely fixed in this way by the matter stress
tensor on the horizon, there is no independent lightlike
singular gravitational shock wave propagating along the
horizon [33].

By inverting the transformation (B2), i.e.,

Cαβ
μν ¼ υαaυβbCab

cdecμedν ðB16Þ

which is well defined and nonsingular for all
eν ≠ 0; e−α ≠ 0, one can also express the Weyl tensor in
the original coordinate basis of (2.3), and evaluate the
singular surface components in this basis in the horizon
limit, e2ν → 0. Defining the δ-function contributions to the
Weyl tensor at the null horizon as

eαþνðΣÞCαβ
μν ≡ Cαβμνδðr − RHÞ ðB17Þ

and making use of (B13), in this way we obtain
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Ctθtθ ¼ Crϕrϕ ¼ 1

6
½κ" þ 1

2
ωH½J " ðB18aÞ

Ctϕtϕ ¼ Crθrθ ¼
1

6
½κ" ðB18bÞ

Cθϕθϕ ¼ Crtrt ¼ −
1

3
½κ" − 1

2
ωH½J " ðB18cÞ

Ctθθϕ ¼ Crtrϕ ¼ 1

2
½J " ðB18dÞ

Cθϕtθ ¼ Crϕrt ¼ −
1

2
ωH½κ" −

1

2
ω2
H½J " ðB18eÞ

with all other components not obtained from those listed by
the antisymmetry in the first and second pair of indices
equal to zero.
Naturally this same result is also obtained by computing

the components of (B1) directly in the coordinate basis
(2.3). As a consistency check, or in case the reader is
worried about the use of the orthonormal basis at the
horizon where it becomes singular, we have evaluated the
δ-function terms in the Weyl tensor density

ffiffiffiffiffiffi−gp
Cαβ

μν

directly in the coordinate basis, transforming all second
derivatives of the metric gμν into derivatives of the form
ð ffiffiffiffiffiffi−gp

gμν;αÞ;β, and taking the limit R → RH assuming a
finite

ffiffiffiffiffiffi−gp
at the horizon and continuity of the Killing

vectors and the induced metric. We then reach the same
conclusion about the absence of a gravitational shock wave
at the null horizon working in the coordinate basis as
follows. The coefficients of the δðr − RHÞ terms in
Eq. (B14) obey the equation

Cαβμν ¼ Rαβ
μν − 16πGδ½α½μSβ"

ν" þ
16πG
3

δ½α½μδβ"ν"Sλ
λ

ðB19Þ

where eαþνðΣÞRαβ
μν ¼ Rαβ

μνδðr − RHÞ. Substituting the
explicit results (B18) and (4.14) into (B19), or by direct
calculation of Rαβ

μν, one can verify that all the tangential
components of the surface Weyl tensor, i.e., all the
components Cijkl in (B17) with indices i, j, k, l ranging
over t; θ;ϕ, receive no contribution from the Riemann
tensor term in (B19) and are determined completely by the
terms in (B19) that contain the surface stress tensor Sμ

ν, to
wit

Rij
kl ¼ 0; Cijkl ¼−16πGδ½i½kSj"

l" þ
16πG
3

δ½i½kδj"l"Sm
m

ðB20aÞ

with i; j; k; l; m ¼ t; θ;ϕ. All other components of Cαβμν,
i.e., those with one or more indices equal to r, either vanish
or are equal to one of the tangential components Cijkl

according to the leftmost equal signs in (B18) and the
antisymmetries of the Weyl tensor. Therefore by an
analogous accounting as that leading to (B15), all compo-
nents of the Weyl tensor density Cαβμνδðr − RHÞ at the null
horizon are completely determined by the local value of the
surface stress tensor Sμ

ν at the same point on the horizon.
There is no impulsive gravitational wave on the null
horizon.

APPENDIX C: BARRABÈS ISRAEL FORMALISM
FOR THE NULL SURFACE STRESS TENSOR IN

THE ROTATING CASE

The BI transverse null vector N satisfying (4.5) and (4.6)
in the general axisymmetric stationary metric of (2.3) is
given by (4.7). Proceeding with the BI formalism of [13]
we compute the oblique curvature

Kij ¼ −NμeλðjÞ∇λe
μ
ðiÞ ¼ −NμΓμ

ij

¼ 1

2
Nμf∂μgij − ∂igμj − ∂jgμig ðC1Þ

so that the discontinuity γij ¼ 2½Kij" has components

γtt ¼
$
Nr ∂gtt

∂r
%
¼

$
e−α−ν

∂
∂r ðe

2ν − ω2e2ψÞ
%

ðC2aÞ

γtϕ ¼
$
Nr ∂gtϕ

∂r
%
¼

$
e−α−ν

∂
∂r ðωe

2ψ Þ
%

ðC2bÞ

γϕϕ ¼
$
Nr ∂gtϕ

∂r
%
¼ −

$
e−α−ν

∂
∂r e

2ψ

%
ðC2cÞ

γθθ ¼
$
Nr ∂gθθ

∂r
%
¼ −

$
e−α−ν

∂
∂r e

2β

%
ðC2dÞ

γtθ ¼ −
$
Nt ∂gtt

∂θ
%
−
$
Nϕ ∂gtϕ

∂θ
%

¼
$
e−2ν

∂
∂θ e

2ν

%
−
$
ωe−2νþ2ψ ∂ω

∂θ
%

ðC2eÞ

γθϕ ¼ −
$
Nt ∂gtϕ

∂θ
%
−
$
Nϕ ∂gϕϕ

∂θ
%
¼

$
e−2νþ2ψ ∂ω

∂θ
%

ðC2fÞ

Note that all of these γab are finite on the horizon. The first
four entries in (C2) depend only upon Nr and are clearly
independent of the other components, which characterize
displacements tangential to the surface described by BI
Eq. (12): N → N þ λkeðkÞ and which would change
Nt; Nθ; Nϕ. The only possibly problematic nonzero entry
in (C2) is the fifth one, γtθ ≠ 0, which does depend upon
the tangential components, Nt and Nϕ, and causes a
problem below.
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We then apply BI Eqs. (17)–(18) for the surface stress tensor Si
j, with η ¼ −1. Noting that the normal n as given by (6.5)

has no ðt; θ;ϕÞ components, so that γμ ¼ 0 ¼ γ†, this is equivalent to BI Eq. (22) or

−16πGSi
j ¼ −ϵðgikγjk − δijgklγklÞ ðC3Þ

which is well defined and finite away from the horizon where ε > 0. Making use of (C2) to evaluate these components and
then taking ϵ ¼ e2ν → 0 on the null horizon gives

16πGSt
t ¼ e2νðgtcγtc − gcdγcdÞ → ωγtϕ þ ω2γϕϕ ¼ ωe2ψ

$
e−α−ν

∂ω
∂r

%
ðC4aÞ

16πGSt
ϕ ¼ e2νðgttγtϕ − gtϕγϕϕÞ ¼ −γtϕ − ωγϕϕ ¼ −e2ψ

$
e−α−ν

∂ω
∂r

%
ðC4bÞ

16πGSϕ
t ¼ e2νðgtϕγtt − gϕϕγtϕÞ → −ωγtt − ω2γtϕ ¼ −ω

$
e−α−ν

∂
∂r e

2ν

%
þ ω2e2ψ

$
e−α−ν

∂ω
∂r

%
ðC4cÞ

16πGSϕ
ϕ ¼ e2νðgϕcγϕc − gcdγcdÞ → γtt þ ωγtϕ ¼

$
e−α−ν

∂
∂r e

2ν

%
− ωe2ψ

$
e−α−ν

dω
dr

%
ðC4dÞ

16πGSθ
θ ¼ e2νðgθcγθc − gcdγcdÞ → γtt þ 2ωγtϕ þ ω2γϕϕ ¼

$
e−α−ν

∂
∂r e

2ν

%
ðC4eÞ

16πGSt
θ ¼ εðgtcγcθÞ ¼ e2νgttγtθ ¼ −

$
e−2ν

∂
∂θ e

2ν

%
ðincorrectÞ ðC4fÞ

16πGSθ
t ¼ εðgθcγctÞ ¼ e2νgθθγtθ ¼ e2ν−2β

$
e−2ν

∂
∂θ e

2ν

%
ðincorrectÞ ðC4gÞ

16πGSθ
ϕ ¼ εðgθcγcϕÞ ¼ e2νgθθγθϕ ¼ 0 ðC4hÞ

16πGSϕ
θ ¼ εðgϕcγcθÞ ¼ e2νgϕtγtθ ¼ −ω

$
e−2ν

∂
∂θ e

2ν

%
ðincorrectÞ ðC4iÞ

where we have put to zero all terms which vanish as ϵ ¼
e2ν → 0 on the null horizon surface. We note from (C4) that
in the case of ω ¼ 0 and no θ dependence, only Sϕ

ϕ and
Sθ

θ in (C4d) and (C4e) are nonzero, proportional to γtt and
equal to each other, reducing to the spherically symmetric
case already considered in Sec. VI A. Note that although
some of these components agree with those derived directly
from the Einstein tensor in Sec. IV, the nonzero results for
St

θ;Sθ
t and Sϕ

θ do not agree. These components cannot

possibly appear in the true answer since the relevant
components of the Einstein tensor vanish identically by
symmetry. This discrepancy is a result of the discontinuous
oblique N vector, in violation of the assumptions made in
[13] to argue for the independence of the result for the
discontinuity of Kij and the surface stress tensor on the
choice of N, which makes the BI formalism inapplicable to
this case. Rotating lightlike horizon surface “branes” were
also considered in [49].
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[5] A. Lichnerowicz, Théories Relativistes de la Gravitation et
de L’Électromagnétisme: Relativité Générale et Théories
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