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We propose a coarse-grained theoretical model to capture the aging of microfluidic
devices under different conditions including constant applied flow rate and constant
applied pressure gradient. Microfluidic devices that sort cells by their deformability
hold significant promise for medical applications. However, clogging in these
microfluidic systems causes their properties to change over time and potentially
limits their reliability. We compare the results of the coarse-grained model to those
of stochastic simulations and to existing theoretical studies. Lastly, we apply the
model to experimental data on the clogging of sickle red blood cells and discuss its
wider applicability.

1. Introduction

Microfluidic devices play an important role in various disciplines, with applications ranging
from inkjet printing, cooling of integrated circuits, mimicking porous structures in studies of
soil improvement, and biomedical instruments [1, 2, 3, 4, 5]. In some cases, clogging hinders
the performance of these devices or decreases their efficiency in transporting particles. For
instance, in microfluidic cell sorters that sort sickle red blood cells based on their deformability,
clogging leads to greater unpredictability in the device behavior. Previous studies have shown
that clogging contributes to a faster fouling of the device [6, 7, 8, 9, 10]. Investigating the
detailed nature of clogging in these microfluidic devices provides an opportunity to gain a
deeper understanding of their properties and how their performance can be improved.

More specifically, we focus on clogging in diagnostic devices in which microchannels are
used to sort cells based on their deformability.
Diseases such as sickle cell disease, malaria, and some types of cancer can be detected by
microfluidic devices that detect, sort, or capture unhealthy cells based on changes in their
physical properties [11, 12, 13, 14, 15]. These devices are unified in their design by the principle
that healthy deformable cells squeeze through narrow microchannels more easily than rigid
cells. For instance, devices that sort cells infected by malaria can help in assessing the stage
of the disease by finding the critical pressure required for squeezing the cells in a channel
with a specific geometry [14]. In other contexts, the geometry chosen for the microchannels



is optimized to separate infected cells from the general cell population in a diluted sample of
blood [16]. Another example is devices that can estimate the severity of sickle cell disease by
monitoring the fraction of clogged channels or an index based on this fraction as cells flow
through the channels and block the channels [17, 13].

Many questions regarding the behavior of these devices remain unanswered. These questions
include how clogging changes the device properties over time and how clogging depends on
the geometry of the device. Although here we focus on biomedical devices, we remark that the
issue of clogging pertains to a wide range of applications including water filtration, chemical
extraction, soil rehabilitation using bacteria, and traffic congestion [18, 19, 20].

Microfluidic cell sorters come in a variety of geometries. In this paper, we focus on clogging
in systems that have grid-like geometries consisting of identical rows and columns. Moreover,
here we consider channels with uniform size of the same order of magnitude as the particles.
This further narrows down the problem to the cases where particles block the channels by the
sieving mechanism [21, 22] or complete blocking [23].

Our consideration of grid-like structures may be viewed as an extension to the geometry
previously studied in works such as [24, 25] and [26] where Sauret et al. (2018) follow similar
calculations presented by Talbot and Barré (2015) and confirm their results by experiments. We
apply our model to this simpler geometry of parallel channels and show that it agrees with
these previous works. Although here we focus on grid-like geometries for simplicity and ease
of analysis, we note that a variety of geometries have been studied previously and that clogging
may occur in various types of geometries. Experimental studies that consider a wider selection
of geometries report that tortuosity exacerbates clogging [27]. Geometries with ladder-like
connectivity [28] are also common among microfluidic systems such as blood circuits in the
zebrafish [29]. In addition to connectivity and tortuosity, the ratio of pore size to particle size
plays an important role in influencing the progress of clogging [30].

In our work, we develop a model in which channel clogging occurs instantaneously [21].
This is a reasonable assumption in applications such as cell sorting, in which a single cell may
become stuck in a channel and prevent other cells from passing. We acknowledge that this
assumption does not pertain to some other contexts, such as the gradual aggregation of small
particles that progressively occlude and eventually clog a channel. For simplicity, we assume
laminar Poiseuille flow through each channel and invoke the electronic-hydraulic analogy
[31, 32]. This allows the application of elementary laws such as Ohm’s and Kirchhoff’s law [33]
following previous authors [28, 34].

To quantify and predict the dynamic behavior of microfluidic devices, here we develop a
mathematical model for clogging using a multiscale approach that combines mean-field models,
stochastic simulations, and analytical approximations. We study various specific cases that
may be generalized to other geometries and clogging rate models. Within our model, the
dynamics of clogging in a device are captured in terms of a specified clogging rate function. We
explore the model-space of clogging rate functions under various conditions including constant
total flow rate, constant pressure difference across the device, and independent channels. We
encounter different behaviors, such as clogging in finite time, depending on the type of feedback
in the system and the boundary conditions. We show that the results obtained from a simple
mean-field model agree with those of previous probabilistic studies on related problems [24].

Finally, we demonstrate an application of the model to previous experiments from [13]
featuring a biomedical microfluidic device that sorts sickle red blood cells based on their
deformability. In this device, all channels are arranged in a grid-like geometry, and their size
has the same order of magnitude as the size of the cells. As the partial pressure of oxygen in this
device is lowered, the sickled cells become more rigid, and they can no longer squeeze through



the channels. We apply the mean-field model to predict the progression of the mean fraction of
clogged channels over time. In this example, the clogging rate function reflects the changes in
the deformability of the cells and how that affects their probability of clogging.

2. Mathematical Modeling

Consider a device with identical microchannels organized in a grid-like geometry composed
of m rows and n columns. We develop a mean-field model to study how the dynamics of
the fraction of clogged channels f(t) and clogging time T, the time at which all channels
in at least one column have clogged, depend on the geometry and physical properties of the
device. For a more general discussion of mean-field modeling approaches we refer the reader
to [35]. We verify our model and test its limitations by comparing its predictions to the results
of stochastic simulations and results from probability theory. Our model focuses on a grid-like
geometry composed of rows and columns (see Figure 1). This geometry is similar to the one
used in previous research on clogging in microfluidic channels in parallel rows (or bundles)
[24, 26]. The clogging of individual channels is modeled by prescribing the probability that an
open channel becomes instantaneously clogged by a cell. This generalizes the model of [24]
and [26], in which only a single column of channels was considered, to the case of an arbitrary
number of columns connected in series.
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Figure 1: The hydraulic analogy allows us to represent the microfluidic device as a system of resistors. A
Snapshot of a microfluidic device reproduced from [13] with permission of the publisher. A pressure
gradient AP drives the flow from left to right and a sample of red blood cells squeeze through the
channels. B, C: An example of using hydraulic analogy to represent a section of the device, withn =4
columns and m = 5 rows, by a resistor system consisting of n = 4 sets of m = 5 parallel resistors in series.

We assume that the pressure difference across the device AP satisfies
AP =QR, )

where Q is the total flow rate and R the hydraulic resistance, a function of the resistance of each
channel, , which depends on its shape and size and the fluid properties. Assuming laminar flow,



which is reasonable for the microfluidic flows that we consider, we use the Hagen-Poiseuille
equation [3]. For instance, for a cylindrical channel with diameter 4 and length /,
. 128y1
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where 7 is the dynamic viscosity of the fluid. The hydraulic analogy [31] allows us to represent
the channels in the same column as resistors in parallel, and columns of channels as resistor
sets in series, and to use Kirchhoft’s laws in order to compute the overall resistance R in terms
of the channel resistances r and device connectivity. As an example, Figure 1B shows a subset
of channels in a microfluidic sorting device, and Figure 1C shows a representation of the same
system as a system of resistors. As an example, in an m by n device, the initial device resistance
Ris given by

R=mnr/m, 3)

according to Ohm’s law. The system fails when all the channels in at least one of the columns
of the device clog, at which point the fluid no longer flows through the device. As channels
become clogged, the overall resistance R increases and can be recalculated by applying Ohm’s
law once again.

Although the hydraulic analogy provides an efficient way of treating microfluidic structures,
it has a number of limitations. For instance, it fails to encompass some of the details of the
hydrodynamics such as spatial correlations between the channels. In addition, while using the
hydraulic analogy, we ignore the effects of individual particle projectiles and particle-particle
interactions. While these effects may be negligible in the present case as we take clogging
of each channel to be an instantaneous process, in a more general treatment of clogging in
microfluidics, they could, in principle, influence the final results.

To coarse-grain the clogging events of individual channels, we introduce a mean clogging
rate function A(g,r) that depends on the channel flow rate g and the channel resistance r. We
assume that a particle clogs a channel with probability per time A(g,7). We model these clogging
events as Poisson processes in which the channel clogging rate remains constant with respect
to time between clogging events [21]. Since we consider specific geometries in which all the
channels are identical with the same resistance, we make the r-dependence implicit and focus
on clogging rate functions that only depend on g.

Given these assumptions and taking the limit of a system with a large number of channels
Np, we use a mean-field model in which the number of clogged channels N follows

N(t) =A(q)(No — N(t)); N(0) =0, (4)

where N(t) denotes the derivative of N(t) with respect to time, . As mentioned previously,
here we model clogging as an instantaneous process where an open channel becomes clogged
irreversibly. That is, once a channel clogs, we assume that it remains clogged for all time and
no longer permits flow. Rather than working directly with N(t), it is convenient to define the

fraction of clogged channels f(t) = %{f) Dividing both sides of (4) by Np results in
fO=MA-f®);  fO)=0. )

We consider three different scenarios: devices with (i) a constant pressure difference AP, (ii)
a constant total flow rate Q, and (iii) independent channels with constant clogging rate A.
We obtain solutions for all these cases for single-column devices, and for multiple-column
devices belonging to case (iii), by using tools from probability theory and reliability engineering



[36, 24, 37]. We expand on these results to develop a solution that tests our mean-field model
for multiple-column devices for the constant flow rate devices. We first focus on the case of
single-column devices in Sections 3.1-3.2, then expand our results to multiple-column devices
in Sections 3.3-3.4. We apply the model to [13] subsequently in Section 3.6.

2.1. Choosing the Clogging Rate Function

The dependence of the clogging rate function A on system variables such as the flow rate
through a channel g is application-dependent and could take many possible forms. In the
following sections, we will show the results for three representative choices of A(g). These
functions have a simple form and remain non-negative over physical ranges of the flow rate
g. The latter is a desired property since we limit our examples to those in which the channels
cannot unclog after clogging. To elaborate, as a first exploration of the model, we have chosen
to focus on the situation in which the clogging is irreversible, but we expect that the model
could be generalized to handle reversible clogging. To model reversible clogging using the same
principles, it would be important to characterize the mechanism of reversibility. For instance,
some experiments use oscillating flows to unclog the channels [6]. In this case, the dependence
of the clogging rate function on the flow rate should be modified to reflect the oscillatory nature
of the flow. In other examples, the unclogging could happen due to an intrinsic change in the
particles as a time-dependent response to the environment conditions which could also depend
on time [13]. In such cases, one should include a function in the formulation of the clogging
rate function that captures this response of the particles.

We assume that each cell traversing a channel has a given probability of clogging. Thus, we
may write the clogging rate function in the form A =1y - 6, where 7 is the rate of cells passing
through a channel and 6 is the probability of a cell becoming clogged. We further assume that
cells are distributed uniformly throughout the fluid in the part of the device susceptible to
clogging, so that -y is proportional to the flow rate g with proportionality constant given by the
cell number density &, ¥ = ag.

The probability of clogging 0 may take different forms depending on the application. For
example, previous work on deformable capsules has revealed a pass-stuck transition in the
pressure-resistance phase [38, 39]. This may be interpreted as a discontinuous probability
function 6(g,r) that transitions from 1 to 0 at the pass-stuck boundary. Additionally, note that
pressure, resistance, and flow rate across any channel are related by hydrodynamics (e.g. by the
Hagen-Poisseuille equation) so that, in fact, there are only two independent parameters. For
systems consisting only of parallel channels with uniform resistances, it is sufficient to only
specify the channel flow rate g since p is a function of g4 and the channel resistance r. Here, we
choose (g,r) to represent this two-parameter phase space.

Decreasing the flow rate and, consequently, the shear stress in channels increases the clogging
probability (g, r) for deformable particles to get stuck in the channels [39, 38]. Therefore, the
overall clogging rate A = ag - 0 results from the competing effects of flow rate and clogging
probability. Previous literature [21] supports a linear dependence of the clogging rate on the
channel flow rate for rigid particles, while for deformable particles the relationship may be more
complex [40]. In order to illustrate the possible model behaviors, we use simple polynomial
expressions in which the probability of clogging is linear or quadratic in 4.

Although more generally, the clogging rate could depend on both the resistance of the
channels r and the channel flow rate as mentioned above, here we focus on its dependence on
the flow rate. This follows our assumption that clogging is an instantaneous process and that
the channels are identical with fixed resistance. Note that if the key properties of the particles



or cells, such as their size or deformability, were to change as a function of time or pressure,
the choice of the function for the clogging rate should reflect that. For instance, the sickling
of red blood cells flowing through microchannels could lead to changes in their deformability
[41], and this should be taken into consideration when choosing the clogging rate function.
Although here we focus on simple forms of A(g) (where we suppress the dependence on r since
it is assumed constant throughout the device), we emphasize that depending on the application,
A could be adjusted and fine-tuned within the same modeling framework.

As a final note on the clogging rate functions in this paper, we define them as a function of
the normalized channel flow rate § = & in all our examples, where Qg denotes the initial total
flow rate. In addition, we consider a normalized concentration of particles (number density)
« = 1. Hence, the results in Section 3 are given in arbitrary units. To convert to physical units in
an application, one would need to scale the time by a factor of (2Qp) !, where & is the number
density of the cells used in that particular application. Appendix A explains how we estimate
the values of & in physical units for the experiment discussed in Section 3.6, which also serves
to provide general guidelines for applying the model.

While A ! provides us with a time-scale of clogging, (ag) ! gives us a timescale of the arrival
of particles or cells at a channel. Dimensional analysis yields the dimensionless quantity q%

This motivates choosing A(q) = &g as one of the clogging rate functions explored in this paper.
Additionally, since previous literature supports A = &g for modeling clogging rate of rigid
particles, the dimensionless quantity q_% tells us how closely to a rigid particle the deformable
particles behave.

2.2. Stochastic Simulations

We implement a time-driven stochastic model to verify our mean-field results. We initialize a
matrix representing the grid structure with n columns consisting of m rows. Keeping the total
flow or pressure difference constant, we iterate over the following procedure at each time step
At until all channels in one column become clogged:

1. Compute the flow matrix.
Store the number of clogged channels N and fraction of clogged channels f.

Calculate the probability matrix from the clogging rate A(g) and time step At.

LN

Generate a random matrix of the same size and compare to values of the probability
matrix.

5. Clog the channel if probability value for that channel is higher than the random number
for that same channel.

Note that this is similar to the algorithm followed in [26] with the difference that they only
consider single-column devices with the clogging rate function corresponding to A(q) = aq.
All the stochastic simulation results in this paper show the mean obtained from 300 trials unless
otherwise specified. The MATLAB code to the simulations is available at the GitHub repository
for this paper, the link to which appears in the Data Accessibility section. We use the standard
deviation of the trials to display the error in the figures that contain stochastic simulation data
sets.



3. Results

3.1. Single-Column Devices with a Constant Pressure Difference

Before considering a device consisting of multiple columns, we first apply our mean-field model
to the case of devices consisting of only one column. The schematic inset in Figure 2 shows
a resistor representation of this device. In a single-column device with a constant pressure
gradient, all channels have the same flow rate. This flow rate remains constant regardless
of the number of clogged channels since the pressure across each channel remains the same.
Thus, a single-column device with a constant pressure difference can be modeled as having
independent channels.

The mean-field model predicts the time of clogging given the number of channels in a row, m,
the pressure difference AP, and the resistance of channels r. Since we assume all the channels to
be identical and in parallel, initially, the total resistance R(¢) will be a multiple of r,

Roy=R(0)=r/m, (6)
and according to (1) the initial total flow rate Qp is given by
Qo=mAP/r. (7)

In a single-column device, we analytically solve the mean-field equation (5). Here, the net
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Figure 2: For a single-column device, the agreement between the mean time of clogging T¢jog from the
stochastic simulation and the theoretical prediction from the mean-field model increases as the number
of rows m grows. Here § = q/Qp denotes the normalized channel flow rate and « = 1 denotes the
normalized particle concentration. The error bars of the stochastic data show the standard deviation
of 300 trials. A The single-column device with a fixed pressure offers a special case: the mean-field
prediction for different choices of the clogging rate function A(§) coincide when we start with the same
value for A which remains time-independent. Note that many of the data points coincide as the data
collapses onto the same general trend. B The schematic image shows a representation of the single-
column device as a system of parallel resistors according to the hydraulic analogy.

resistance of the system is given by R(t) =r/(Np — N(t)), where Ny — N(t) is the number of
open channels at time ¢ and r the resistance of each channel. According (1),

Q(t)ZRA(I;Z(No—N(t))M- ®)

r



Since all the channels have the same resistance, the total flow is evenly distributed within all
open channels. Thus, the flow through each channel g(t) satisfies

q(t) = Q(#)/(No — N(t)). ©)

From (8) and (9) we have
_ap

: (10)

q(t)=q

Since we assume that the resistance of each channel and the pressure difference remain constant,
g and consequently the clogging rate A(g) do not depend on time. Therefore, with a constant A,
we expect the results to be identical to the independent channels case.

In this case, we may analytically solve the mean-field (5) using integration by parts to get

f(t)y=1—e"M, (11)

This allows us to predict the time of clogging Teog, defined as the time at which all channels
in at least one column have clogged. Since we are considering a single-column device here,
all channels in the device clog when t = Tyjog implying f (Tdog) = 1. Since (11) only reaches 1
asymptotically, we approximate the clogging time as the instance at which only 1 open channel
remains,

m—1
f(Tclog) > m (12)
to arrive at In( )
n(m
Tclog > F (13)

where we have used (11). This approximation agrees with the theoretical results T, from
reliability methods (Appendix B) up to the first order [24]:

1
Tclog = XHm/ (14)

where H,, is the mth Harmonic number. At the limit where m approaches infinity,

Hy —Inm+ 9+ O(%),
with v the Euler-Mascheroni constant.

Figure 2A shows the results comparing the mean-field prediction of clogging time T4 as
a function of m for three different clogging rate functions A(§): A(§) = ag, A(§) = amg?, and
AMG) =wag(1—4/2). Here, § = & is the normalized channel flow rate, and « = 1 denotes the
normalized particle concentration. To allow for a fair comparison between these cases, we
set the initial value of the clogging rate to be approximately equal. This sets the value of the
multiplicative prefactor in the preceding expressions for A(4). As expected, the mean-field
model breaks down in the limit of small number of rows. In the limit m = 1 corresponding to a
single channel, the clogging time is not defined in the mean-field model. For this reason, we do
not plot this in the figure.

In addition, this figure contains the results from the stochastic simulation for each of the
mean-field curves and analytic predictions from reliability engineering (see Appendix B for the
calculations). As the figure shows, the agreement the stochastic simulation, reliability theory,
and the mean-field model increases with the number of channels.



3.2. Single-Column Devices with a Constant Total Flow Rate

Here, we provide the parallel analysis to Section 3.1 for the case of devices with a constant
total flow rate. Given a constant total flow rate Qg through each column and m channels in a
column, we model the fraction of clogged channels f(t) using (5), the mean-field equation. The
inset in Figure 2B shows a resistor circuit representation of the single-column device with m
rows. We analytically solve (5) for the clogging time with the same clogging rate functions used
previously.

First, we consider a class of clogging rate functions where A(§) = ag? and B is a non-negative
integer, with « representing the normalized number density of the particles, and § = & denoting
the normalized flow rate through each channel. Note that, unlike the case of constant pressure
difference, in this case the channel flow rate ¢ = g(t) varies with time even in the case of a single
column. For constant A, (B = 0), the solution to (5) is given by f(t) = —e~M + 1, similar to the
results discussed for a single-column device with a constant pressure difference in Section 3.1.
When B > 1, we can write the flow through each channel as

Qo

where N denotes the number of clogged channels. Dividing both sides of (15) by Qp, we have

. 1 1
T O RN 0D 1o
We now may write (5) as
. _ , 1
F(0)=aq(0P(1 = £(8) = () (1= (), (17)

where we have used (16) to arrive at the final expression and a’ = £. Using integration by parts,
for a single-column device, we have

A—fpF 1_
— =t (18)
p p
Now, we calculate the clogging time by evaluating (18) when f(Tog) = 1:
1
Tclog = W (19)

To illustrate further with another example, we evaluate f(t) for another choice of the clogging
rate function,

M3) = ai(1- ). 20)

Rewriting (20) using (16) and then substituting it in (5) results in
_
2m(1— f(t))

For convenience, we define the small parameter € = ﬁ to write

ft)=a'(1- ). (21)

. , €
f(t>:“(1—1_7

f(t)> (22)



For a single-column device, solving (22) by separation of variables, we arrive at a Lambert W
function, Wy:

f(i’) —1—eW, < 1 ; €€1€€2a/t> — €, (23)

where f(t) satisfies
f(t) —eln|1 — f(t) —e| =a't +eln(1 —¢). (24)

When the device only has one column, it fails when f(Tog) = 1. So by (24):

Taog = L inte(1—e)). (25)

Figure 2B shows the clogging time results for this choice of clogging rate function (20) and
for the class of clogging rate functions discussed above when we have one column, n = 1. The
mean-field model agrees with the stochastic simulations when predicting the mean time of
clogging. Similar to the cases with a constant pressure difference, the agreement increases when
we have a larger number of rows.

The case of the constant total flow rate appears in a wide variety of studies concerned with
the reliability of systems. These include studies of constant flux in bundles of channels and
understanding the symmetric load sharing in materials [42] in addition to resistor circuits. Thus,
as we will show, we may expand upon previous results [24] in order to obtain benchmark
solutions for our problem in certain special cases. For a single-column device, [24] offers a
formalism to find the clogging time and the fraction of clogged channels. This allows us to
confirm our results from the mean-field model.

3.3. Multiple-Column Devices with a Constant Pressure Difference

Consider a device with a fixed pressure difference AP and n columns. In this section, we
generalize the results from Section 3.1 in which n = 1. We repeat our analysis in the case of
n 1 by solving the corresponding mean-field equations and comparing to the results of the
stochastic simulations. Initially, each column has m open channels, each with a resistance r. The
schematic image in Figure 3 illustrates a resistor representation of a multiple-column device
with 7 columns and m rows. As above, we assume that the clogging rate function of the ith
channel A; depends on the flow through that channel g;.

First, R(t) the total resistance of the device at time t depends on the number of open channels
in each column as follows:

L r T o 1
R(t)=) Ri(t)=) ————~=—) —F (26)
) l; i) i;m—Ni(t) mizzll—fi(t)
where Nj(t) and R;(t) respectively denote the number of clogged channels and net resistance in
column i at time t. Here,

N;(t
filt) = M0 @)
denotes the fraction of clogged channels in column i, and f(t) = % denotes the fraction of

clogged channels in the entire device. Using equations (26) and (1), the total flow in the device
Q(t) and the total resistance R(t) are related to the total pressure difference AP by

AP
(r/m) Yy %

Q)= . (28)
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Figure 3: The mean-field model helps predict the mean time of clogging indirectly for a device with
multiple columns and a fixed pressure. A For the choices of A(§) presented in the figure, the mean-field
prediction provides an upper bound on the mean time of clogging as a function of number of columns
n for a device with a constant pressure difference. B The fraction of clogged channels at the time of
clogging from the stochastic simulations agrees with the semi-analytical data which is obtained by using
the mean clogging time from the stochastic simulations in the mean-field equation. The schematic image
shows a representation of a device with n columns and m = 256 rows as a resistor system. The error bars
display the standard deviation of 300 trials.

By the conservation of mass, the flow in each row of the jth column satisfies

QW QW)
T = 0= N® w0 29)

where we have used (27). Rewriting (29) using (28), we have

AP
q;(t) = 71](]) (30)
rZz 11-f£(1)
Given that initially all the channels are open, we have f;(0) = f(0) =0 and
AP |1 AP rm
w0 =11 co=2 (%), @)

We may write (5), the mean-field equation, for column j as

fit) =Aa) (1 - f(1). (32)
Since all of the columns have the same number of rows in the grid-like geometry considered,
f() =1 242, and

fy =y 0. (33)



Because initially all channels are open so that f;(0) =0 for all i, A(g;(0)) = A(4), and without

any stochastic effects, we expect all columns to proceed identically and clog at the same time due
to the symmetry of this problem. Thus, the clogging time, To the time at which all channels in
at least one column have clogged, would be the same as in the case of the single-column device.
In a real device, however, the stochastic effects break this symmetry and affect the clogging
time.

The stochastic jumps in Figures 7 and 8 highlight why a mean-field model fails to capture
the time of clogging in the case of multiple-column devices. The deterministic model treats
all columns equally, whereas stochastic effects create an asymmetry in how columns progress
in their clogging over time. The stability analysis, further expanded on in Appendix C and D,
helps us understand how significant the effect of this asymmetry is and how much sooner the
tirst column clogs compared to the case in which all columns clog at the same time.

Although the definition for T,; remains unchanged in the passage from single-column to
multiple-column devices, the actual clogging dynamics can be very different. In both cases, by
using the mean-field equation, one can solve for Ty, when the fraction of clogged channels
at the time of failure fiog = f(Tclog) is known. In contrast to the case of single-column devices
where fog is trivially known and equal to 1, in multiple-column devices, fog can attain a range
of values governed by the stochastic effects as shown in Figures 3B and 4B. Since the solution
to the mean-field equation does not capture the stochastic effects in multiple-column devices, it
only provides limited information on the time of clogging when f.,g is unknown.

Figures 3A and 3B show the mean time of clogging Tjog and the fraction of clogged channels
at the time of clogging fc1og as a function of number of columns 7, respectively. The error bars
in these figures show standard deviation of the 300 stochastic simulation trials used for the
results shown in the figure. As evident from Figure 3B, the fraction of clogged channels at the
time of clogging does not attain f =1 for devices with two or more columns. This is because
the device fails as soon as the first column completely clogs, which typically occurs before all of
the channels in the device clog. Thus, the time at which the first column fails determines the
time of device failure.

Although solving the mean-field equation does not directly lead to the time of failure in the
multiple-column devices with a constant pressure gradient, it may be combined with other
methods to yield an estimate of the failure time. For instance, to obtain the semi-analytical
values of f,; shown in Figure 3B, we first compute the mean time of clogging, T using
stochastic simulations and then insert this value into the solution to the mean-field equation
(5). We can similarly extract the corresponding mean time of clogging using the mean-field
equation to find the time at which the solution curve attains the value f.,s for instances when
this information is available by other means. Another way to assess the stochastic effects on
Ta1og When going from single-column to multiple-column devices is by stability analysis. See
Appendix C and D for further discussion.

3.4. Multiple-Column Devices with a Constant Total Flow Rate

For the case of multiple-column devices with constant total flow rate, we may calculate the
mean time to clogging Teog by using the formalism in [24] combined with the observation that
the columns are independent. Figure 4A shows a resistor representation of such a device with n
columns and m = 256 rows. The mean time of clogging of the first column out of the n columns
satisfies

Tclog - /OOO(RP(t))ndt/ (34)
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Figure 4: In multiple-column devices, the device clogs before all the channels clog, and we need other
tools in addition to the mean-field model to predict the time of clogging. A mean time of clogging B and
the fraction of clogged channels at the time of clogging as a function of number of columns 7 for a device
with a constant total flow rate, Qp. The different curves correspond to different clogging rate functions,
A(§), as a function of the normalized flow § = & and normalized particle concentration « = 1. The
schematic image shows a resistor representation of a device with n columns and m = 256. All stochastic
data points show the mean collected over 300 trials, and the error bars display the standard deviation.
The hybrid data points result from solving (37) numerically using Mathematica for the clogging rate
functions A = ag and A = ai?.
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where R; is the reliability function for a set of m parallel channels (see Appendix B). When
A(§) = ag, by [24] and [37], we have

Ry(t) = ! 2 (mdot)” (35)

where Ag=a/m denotes the clogging rate function at time # = 0 when §(0) = . Eq. (35) can be
written in terms of Gamma and incomplete Gamma functions [43]:

T'(m,mAgt)

Rp(t) = T Tm) (36)

where R, (t) may be recognized as the regularized (or normalized) Gamma function. Putting
(36) and (34) together, we have

Taog= [ (W)dt (37)

The inset in Figure 4A shows the mean time of clogging from the stochastic simulation compared
with the theoretical prediction calculated using (37). The formula (37) yields a solution in terms
of an integral, which may be solved analytically for n = 1,2 and which we solve numerically
for larger values of n. We note that since the regularized Gamma function is non-negative
and bounded from above by 1 for the physical values of t and m considered here, increasing n
leads to a smaller Tqo¢. This is also evident in simulations as seen in Figure 4A. To obtain the
theoretical results shown in Figure 4A for A(§) = am§?, we use the observed time of clogging
for each column (19) along with (37). To elaborate, when =1, we calculate the clogging time
for each column individually Tqog -1 = L from (19). This clogging time scales linearly with
the clogging time when g =2, i.e.

1 1
Tclog,5:2 = ﬂTclog,ﬁzl = m

Using this observation, we modify the reliability function (36) in (37)

['(m,m(2a)g)t) .

PSm,ﬁ:Z(t) = I—-(m)

(38)

to obtain the results for A(§) = ami>.

3.5. Comparison Between the Constant Pressure Gradient and Constant Total
Flow Devices

In devices with a single column n = 1 and m rows, similar to the case of constant pressure
gradient, the mean-field equation (5) predicts the time of clogging for a device with a constant
total flow rate. Figures 4 and 8 show our results analogous to Figures 3 and 7 respectively. In
contrast to the case of constant pressure difference, the flow through each channel depends on
the number of open channels when we have a constant total flow. Consequently, we see a more
variety of functions as solutions to (5) depending on the choice of A(g) compared to only one
form of solution (11) for the case of constant pressure difference.

The multiple-column devices manifest a broader range of dynamics due to the competition
in clogging between the columns. Since the device failure time is determined by the minimum
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failure time among all the columns, the failure time of the device depends on extreme-value
statistics rather than depending on the mean. Thus, although the mean-field model accurately
predicts the progression of the mean fraction of clogged channels up to the failure time of the
device, one would need additional information to accurately predict the time of clogging. In
both cases of constant pressure gradient and total flow, the solution to the single-column case
n =1 provides an upper bound on the mean time of failure of device Tog. Again, this arises
due to the dependence of the multiple-column device failure time on the minimum value and
not the mean of the column failure times. Thus, predicting the multiple-column device failure
time requires access to higher order statistics of the problem and not just the mean. We note that
as we have demonstrated (e.g., see Section 3.4), the methods in [24] for solving for the failure
time may be expanded for applications to multiple-column devices.

Depending on the choice of the clogging rate function, we see different types of feedback for
the two cases of constant total flow rate and constant pressure difference. For instance, when
A(§) = ag?, we observe a positive feedback and when A(§) = a4 a neutral feedback for both. As
n increases, Tejog decreases, and the type of feedback determines how dramatic this decline is.
In devices with positive feedback, we expect a larger decline in T¢jog and f.1og due to stochastic
jumps as n grows, a smaller decline in devices with negative feedback, and somewhere in
between the two in devices with neutral feedback. See Appendix C and D for further discussion
on stability analysis and examples of different types of feedback.

3.6. Application of the Model

We next apply our mean-field model to experimental data from [13] in which sickled red blood
cells cause a microfluidic device to clog over time. Although we have presented the results in
arbitrary units so far, in this section we use the physical parameters of the experiment to obtain
results in SI units. Although the complete video consists of both clogging and unclogging
phases, we only model the clogging phase here and use the corresponding portion of the video
from time t = 21.0s to t = 37.5s. This justifies our use of a strictly positive clogging rate function
corresponding to irreversible clogging over the time interval of interest in the experiment. As
Figure 5A shows, we use a line profile (in MATLAB) to track the brightness at the entrance
of the first column, which we will refer to as column 1, as this column starts to clog. Since
almost all the clogging occurs in this column for the duration of our analysis, we use our
mean-field equation to model the fraction f(t) of clogged rows in this column with respect
to time. However, this does not mean that we can treat the device as a single-column device.
Despite the fact that clogging occurs nearly exclusively in a single column, it is important to
model the multiple-column geometry. To correctly capture the progress of clogging here, one
must consider the resistance of the device as a whole. As the channels in this column clog, the
total resistance R(t) increases such that
r r

R(H)=9— +

10 T 1001 = F(5))’ 39)

where we have n = 10 columns in total, each with identical resistance r. Using (1) and (39), we
calculate the total flow rate and the channel flow rate g. Assuming the following simple form of
the clogging rate function:

A(q) = cpaq, (40)

where « is the cell concentration and ¢;, is a dimensionless scaling coefficient obtained from
the brightness data, we can solve the mean-field equation (5) for column 1. By separation of
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Figure 5: We apply the mean-field model to experimental data from [13] involving the clogging of a cell
sorting device over time. A A snapshot of the video at time t = 20.833s. We use a line profile (illustrated
in yellow) to track the brightness of each video frame at the entrance of the clogging column from time
t =21.0s to t = 37.5s.B A snapshot of the video at a later time t = 37.433s shows that most of the clogging
occurs at the first column. C The fraction of clogged channels f extracted from the brightness plot
agrees with the mean-field model. The clogging phase of the video ends before f reaches 1 as also seen
here. D Mean fraction of clogged channels at the time of clogging computed from 1,000 trials using
the clogging rate A(q) = cpaq with the coefficient c;, obtained from fitting. The dash-dotted line plots
a single realization of the stochastic simulation, which exhibits a step-like behavior reminiscent of the
experimental data.
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variables, we arrive at the implicit solution for f(¢):

= pg (OF(0) —Tog(1 = £(1)). (41)

To calculate f(t), we need the values for the parameters that appear in (41), ,AP,«, and cy.
Table 1 gives the values for AP and r in SI units according to the information available from the
experiment. To estimate &, we use the known concentration of cells in blood of 5 x 10%¢ells/m?
[44]. To calculate the fitting parameter c;, we can either track cells manually or use the brightness
of the video frames. As the cells increasingly clog more channels, the total brightness decreases
and we may interpret the clogging events by dips in the total brightness. We assume the
decrease in percentage of brightness to be proportional to the increase in the fraction of clogged
channels. We estimate the coefficient ¢, = 0.001701 using a fitting function in MATLAB (see
Data Accessibility section for accessing the code) to fit (41) to the brightness data.

Next, we set up the stochastic simulation using this clogging rate function. Figure 5D displays
the results from both the stochastic simulation and the mean-field model. As Figures 5C and D
shows, the mean-field model successfully captures the progression of the fraction of clogged
channels with respect to time. This provides a proof of principle that our mean-field model may
be used to predict the clogging progression over time in a real-world device.

4. Discussion

Clogging in microfluidic devices has important consequences for their behavior and perfor-
mance in a variety of applications. Our mean-field model provides a minimal and simple
way of understanding this problem for a class of cell sorting devices given significantly few
quantities including the pressure difference or flow rate, general geometry of the channels, and
fluid properties.

We use a time-driven stochastic simulation to verify our mean-field model for a single-
column device and explore its limitations in a multiple-column device. Using our model,
we successfully predict the time of clogging for the single-column devices in all of the three
cases that we consider: constant pressure gradient, constant total flow rate, and independent
channels. For the cases of independent channels and constant flow rate, we also confirm the
time of clogging using theoretical predictions from reliability engineering and probability theory.
For devices with multiple columns, our model allows us to indirectly calculate the time of
clogging given the fraction of clogged channels at the time of clogging.

As a proof of principle, we have applied the mean-field model to experimental data of
clogging in a cell sorting device. Extracting the relevant clogging function leads to a prediction
of how the material properties of cells and their rate of clogging change in response to sickling.
This suggests that our model may be able to predict the clogging dynamics of microfluidic
devices in other contexts as well.

Although our model predicts the behavior of ideal simple devices with instantaneous clog-
ging, it fails to capture the spatial correlations and particle-particle and particle-pore interactions.
By hydraulic analogy, we assume negligible cooperativity among multiple cells. An interesting
future direction would be to explore how nearest-neighbor interactions between the channels
could affect the clogging time. In some cases, we could expect an avalanche of failures and,
consequently, a decrease in the clogging time when a limited number of neighbors of a channel
share the extra flux due to its clogging, similar to the propagation of fractures in materials with
local load-sharing [45].
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Figure 6: We can use stochastic simulations to predict clogging behavior in more complex networks
following the same modeling principles introduced in this paper. A We simulated the narrowest channels
in this design taken from [46] as 4um wide to ensure sieving. B The conductance (inverse resistance)
calculated from simulating clogging in this network decreases as the channels clog.

In this paper, we have focused on the case in which all particles approximately have the
same physical properties, including size, with small fluctuations due to heterogeneity. In more
general filtration applications, however, the particles may vary in size, some being smaller than
the channels. In addition, we only focus on scenarios where the ratio of pore to particle size is
smaller than one and do not consider collective clogging due to aggregation or bridging where
multiple particles block a channel or pore [9]. The model could be extended to consider these
more complex scenarios.

Another potential application of our model involves more complex geometries. As an
illustrative example, in Figure 6, we have shown an application to a model capillary network.
This layout differs significantly from a grid as it includes channel bifurcations. The same
modeling principles generalize and we may numerically investigate the properties of these more
complex systems. However, formulating the mean-field equation may not be as straightforward
in this case. To apply the model to a wider range of networks, it may be helpful to identify
the network parameters that influence the clogging rate function significantly and further
understand their role in clogging. This way, instead of directly relying on the geometry of
large and complex networks, a few parameters, which are not limited to but may include the
smallest eigenvalue of the normalized network Laplacian or the diameter of the network, would
sufficiently characterize the clogging.

Lastly, in this paper, we focus on examples where we explore the dependence of the clogging
rate function A(g,7) on the channel flow rate 4. We note that for more complicated geometries,
a more accurate A(g,r) could depend on the resistance of the channels r, as well. In addition,
if the properties of cells change with respect to time, A(g,7) could be a non-trivial function
of time. we could further tune the clogging rate function to reflect the time-dependent or
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pressure-dependent physical properties of the cells based on experimental data or analytical
models. For instance, in the case of sickling of the red blood cells, a clogging rate function that
accurately captures the changes in deformability could lead to more accurate predictions about
the failure time of the device.

In conclusion, studies on the effects of flow conditions and geometries on passing of de-
formable particles through narrow constrictions encounter a number of computational and
analytical challenges. The challenges regarding the numerical procedures include the high
computational cost and lack of accessibility of many of these resources. In addition, models
that quantitatively describe how channel geometry and flow conditions influence particle de-
formation have not been fully developed [47]. This proves the value of a simple mathematical
model that addresses clogging in such circumstances.
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A. Parameter Estimation

Throughout most of this paper, we work with the normalized particle concentration o =1
and normalized channel flow §(t) = ‘g—?, where Q) is the initial total flow rate. The primary
application considered in this paper concern red blood cells. Thus, when estimating the order
of magnitude of the concentration of particles per volume (number density) &, we may use
the concentration of the red blood cells in a sample of blood, 4 — 6 x 101 cells per cubic-meter
[44]. In addition, we need an estimate for the flow rate in each channel. Given the pressure
difference of 22.6 mm H,O [13] or about 222Pa, and an estimate of the resistance of each channel
r approximated as a rectangular pipe (see Table 1), we use the Hagen—Poiseuille equation to

calculate the initial flow 1 AP
)= —— Al
110( ) nr s ( )
where 7 indicates the number of columns. Given a range of 1 to 100 for the value of 7 and 1 to
1000 for m, the order of magnitude of g varies from 10718 to 10713 m3 /5. Therefore, the rate of

arrival of cells into channels falls within the approximate range
0.001s~! &g 100s~ 1. (A2)

Thus, when working with the normalized flow rate §, the corresponding normalized concentra-
tion falls in the range from 0.001 to 100 units. This justifies our use of x = 1.

B. Independent Channels

Theoretical results from the case of independent channels help us further understand the other
more complicated cases. Reliability engineering [49] and probability theory provide the tools for
arriving at these results. In reliability engineering, the reliability (or survival) function, typically
denoted by R(t), a function of time, refers to the probability of survival of a component up to
time t. As an example, for component i with a constant hazard rate (clogging rate) A;,

R;(t) = e M, (B3)
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parameter symbol range

pressure difference across the device 100 — 220Pa
total flow rate 107 —10"1m3/s
channel flow rate 10718 —10"Bm3/s
clogging rate 24 x107* - 055"

number density 4—6x10"m=3
hydraulic resistance of the device 5x 1011 —3 x 10%%kg - m~*/s

hydraulic resistance of the channels 4 x10%kg -m=*/s
dynamic viscosity 4 x 10 3Pa - s [48]

Qﬁ'xlsa>»,g,0%

Table 1: The table contains a list of all the variables used in this paper and an estimate for their value or
range of values in SI units for an application to a device similar to the one from [13] shown in Figure 1A.

The reliability function makes it easier to calculate the failure time of the entire system. When m
independent components with identical clogging rate A are in parallel, the reliability function
for this set of parallel resistors R, (t) follows

m
Ry())=1-T[(1—e ) =1— (1", (B4)
i=1
and if n such sets are in series, the reliability of the entire system R;(t) would be

Rs(t) = (Ry(t))". (B5)

This becomes extremely useful since now we can calculate the mean time to failure, or time of
clogging Teog of the device:

Tetog = /0 T R(b)dt. (B6)

We obtain the theoretical results for the case of independent channels in this paper by using
(B6) and numerical integration.

C. Stability in Multiple-Column Devices with a Constant Pressure
Difference

Given a multiple-column device with m rows and n columns, a constant pressure gradient AP,
channel resistance r, and initial total flow rate Qo = mn—ArP we can investigate the type of feedback
that the system encounters after a change in the number of clogged channels in one column.

C.0.1. Example 1

We explore the stability of the symmetric solution to (32) in which f;(t) = f(t) for alli in a
constant pressure gradient device. As an example, we consider the clogging rate function
A(q) = a§ where a is the normalized particle concentration and § = q/Qp. Substituting this
clogging rate in (32) for column j, we have

fi(t) = agi(1— f;(1)). (C7)
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Using (30), we can write (C7) as

— L (= (1)

fit) —a—
ML= TR

(C8)

-1
an [ & 1
om <i—211_fi(t)> '

the right-hand side of which will be the same for all the other columns. Thus, if two arbitrary
columns k and j start to deviate due to a stochastic jump, we see a neutral feedback,

d
= (fi (1) = fi(£)) =0. (C9)
dt
Therefore, there is no effective restoring force after deviations from the symmetric solution.
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Figure 7: Stochastic jumps could explain why not all columns clog at the time of failure of a multiple-
column device, here with fixed pressure. A The stochastic simulations show that the fraction of clogged
channels f agrees with the mean-field prediction up to the clogging time of the device. B Solving the
system of differential equations numerically shows that when a set of columns, in this figure labeled
column 1, makes a significant stochastic jump, the magnitude of which was chosen arbitrarily here
for demonstration purposes, it expedites the clogging time of the device, and the fraction of clogged
channels in other columns never reaches 1. Note that the evolution of column 1 and other columns stops
at around t = 600 corresponding to the time of clogging. In these figures, the number of rows is m = 256
and the clogging rate function: A(§) = ag. The legend indicates the number of columns # for each curve
in A, and n = 10 in B.The results in A show the mean of 100 trials.

Figure 7 explores how the fraction of clogged channels in each column f; deviates from the
prediction of the mean-field model, in order to explain the results of Figures 3A and 3B. Figure
7A shows the results from the stochastic simulation for three different numbers of columns, as
well as the mean-field model for a single-column device, all with the same number of rows,
m = 256, and the same clogging rate function A(§) = aj. As we see in these figures, even though
the multiple-column devices fail before the predicted time of clogging of a single-column device,
the mean fraction of clogged channels agrees with the mean-field prediction of a single-column
device up to the time of clogging. Therefore, although the mean-field model cannot predict the
time of clogging in the case of multiple columns in the absence of additional information, it
accurately predicts the fraction of clogged channels up to the time at which the device fails.
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Figure 7B shows the numerical solution of a system of equations in which each equation
corresponds to the fraction of clogged channels of each column. All columns start with the
same initial condition and proceed in unison, as predicted by the mean-field model for a
single column, until a stochastic jump occurs in one or more of the columns. We note that
in practical applications, the stochastic effects break the symmetry; however, for the purpose
of demonstration, the stochastic jump is externally imposed in this simulation to illustrate
why the clogging time of multiple-column devices differs from single-column devices. In
addition, it highlights how the device can fail before f(t) = 1. Investigating the stability of
this symmetric solution provides insight into the behavior of the device. Depending on the
conditions (constant pressure, constant flow, or independent channels) and the form of A(g),
we see positive, negative, or neutral feedback after a stochastic jump.

C.0.2. Example 2

When A = ag?, using (30) and (32) and considering columns j and k, we can write

d n n
ET: (fi(t) = fi(t)) = "M] (1—fi(t) — [M] (1— fi())
192
B (1= £()) ™ = (1= fi(t) 7] (C10)

MY 1—/1’,-(t) |
- 12

n fi(t) = fi(t)
mZz 11-f(D f 0 (1_fj(t))(1_fk(t)).

Thus, this is an example of a clogging rate function where we see positive feedback in a device
with multiple columns and a constant pressure gradient.

C.0.3. Example 3: Independent Channels

Given a device with n columns with m rows of independent channels all with a constant
clogging rate A, using (5) and for columns j and k we can write

d
37 fi(0) = fie(k)) = A(1 = fi(£)) = AL = fi()) = Alfi(t) = f;(1)). (C11)
So for the devices with independent channels with a constant clogging rate, we expect a negative

feedback after stochastic jumps.

D. Stability in Multiple-Column Devices with a Constant Total
Flow Rate

In a device with a total constant flow Qg and A(§) = aj(t)P, we may compare the rate of clogging
of the columns k and j using (17):

;t(fj(t) — filh) =aqi(t)P(1 = fj(1)) — adi()P (1 — fi(t))

ol 1 B 1 )
A= [ (1= fiult)F

(D12)
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Figure 8: Stochastic jumps could explain why not all columns clog at the time of failure of a multiple-
column device with 7 columns, here with fixed total flow. A The stochastic simulations show that the
fraction of clogged channels f(t) agrees with the mean-field prediction up to the clogging time of the
device. B Solving the system of differential equations numerically shows that when a set of columns, in
this figure labeled column 1, makes a significant stochastic jump, the magnitude and timing of which
was picked arbitrarily here, the fraction of clogged channels in the device never reaches 1 contrary to the
mean-field prediction. In these figures, the number of rows is m = 256 and the clogging rate function:
A(§) = ag. The legend indicates the number of columns for each curve in A, and n = 10 in B. The results
in A show the mean of 100 trials.

where we have used (16) to obtain the final equality. When B = 1, the right-hand side of (D12)
goes to zero. Thus, this type of device has a neutral feedback, and differences between fraction
of clogged channels in separate columns do not grow or shrink with time. On the other hand,
when B = 2, we have a positive feedback:

fi(#) = fi(®)
1= £(#)(1 = fi(t))

Thus, differences due to stochastic jumps grow larger over time, and we would expect a smaller
fraction of clogged channels at the time of clogging.

Figure 8A shows that the mean fraction of clogged channels from trials of stochastic simula-
tions for different number of columns 7 as a function of time. The mean-field curve illustrates
the solution to (22) for m = 100 and A(§) = aj. As in the case of constant pressure, for the
constant flow case, the mean-field model correctly predicts the fraction of clogged channels
up to the time at which the device fails. In addition, Figure 8B demonstrates how stochastic
effects may lead to a shorter lifetime for the device than the one predicted by the mean-field
model. Similar to the case of constant pressure, in this example, the stochastic jump is externally
imposed.

3 () = () = D13)
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