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We study the existence and nature of Aretakis charge and its potentially observable imprint at a finite
distance from the horizon (Ori coefficient) in near-extremal black hole backgrounds. Specifically, we
consider the time evolution of horizon penetrating scalar and gravitational perturbations with compact
support on near-extremal Reissner-Nordstrom and Kerr. We do this by numerically solving the Teukolsky
equation and determining the Aretakis charge values on the horizon and at a finite distance from the black
hole. We demonstrate that these values are no longer strictly conserved in the nonextremal case; however,
their decay rate can be arbitrarily slow as the black hole approaches extremality allowing for the possibility

of their observation as a transient hair.
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I. INTRODUCTION

Black holes are perhaps the most interesting astrophysi-
cal objects predicted by general relativity (GR). In contrast
to other astrophysical objects like stars, white dwarfs, or
pulsars, black holes (BH) are an exclusive prediction of
GR, in that they do not exist in a Newtonian description of
gravitation. They arise as simple static or stationary metric
solutions to the Einstein field equations of the geometry
outside a massive object. Their simplicity derives, in part,
from the fact that any BH can be described solely by three
parameters, mass, global charge, and spin, irrespective of
the details of their formation. This statement is somewhat
formally encoded in Bekenstein’s so-called ‘no-hair”
theorem [1-3]. However, certain caveats to this theorem
have been recently exploited in the context of an extremal
BH (EBH) in work completed by Aretakis and others
[4-11]. These papers consider either extremal Reissner-
Nordstrom (ERN) or extremal Kerr (EK) black holes, and
by solving for evolution of a scalar or gravitational field
satisfying certain initial conditions on these EBH back-
ground, it can be shown that there is a conserved charge on
the horizon, H™, which is evaluated solely based on the
radial derivative of the field value on the horizon at late
times. Moreover, this charge is a “hair” in the sense that it
can also be observed from outside the BH; this was shown
analytically for ERN BHs in Ref. [5] with an exact
expression for the horizon hair at null infinity, Z*, for
the spherically symmetric scalar field case. Specifically, it
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was shown that the horizon charge could be calculated
solely by observing the field values at Z. In addition, Ori
supplemented this work with an expression for the Aretakis
charge at a finite radial distance from an ERN BH [12].
This was generalized via numerical simulations to the Kerr
and the gravitational field case in Ref. [11]. The existence
of the horizon hair of Aretakis has been verified numeri-
cally for ERN and EK BHs at H™ as well as at Z" [9].
Numerical work has also been extended to the Ori results as
well as been generalized to the case of extremal Kerr black
holes for the scalar and gravitational field cases [11].

Even though extremal BHs are an important theoretical
and mathematical curiosity, we know from the arguments
of Thorne [13] that there is an upper limit on the spin of a
BH (a/M ~0.998) through astrophysical processes like
accretion. Similar results have been found in the context of
more general conditions [14,15]. Motivated by results like
Thorne’s limit, we extend here our previous numerical
work [11] to verify the existence of the Aretakis charge
and Ori hair for near-extremal BHs, i.e., BHs that deviate
from extremality only very slightly (1 — g/M ~ 107°-107"
or 1 —a/M ~1078-10"%). Such small deviations from
extremality will prove useful in our numerical analysis to
demonstrate an approximately conserved Aretakis charge
on the outer horizon, which has a potentially measurable
signature outside the BH for relatively long times after an
initial quasinormal burst.

In this paper, we numerically demonstrate that the notion
of the Aretakis scalar and gravitational hair extends to the
case of near-extremal black holes as well, although as a
transient effect. This paper is organized as follows: In
Sec. II, we establish the notation we use in this work and
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also offer details on coordinates and the numerical calcu-
lations. In Sec. III, we present our results in the context of
scalar field in near-extremal Reissner-Nordstrom (NERN)
black hole spacetimes. In Sec. IV, we focus on the most
astrophysically relevant case of a gravitational field in near-
extremal Kerr (NEK) spacetimes. We conclude with Sec. V
and also mention planned future work.

II. ORI’S LATE-TIME EXPANSION,
COORDINATES, AND NUMERICAL DETAILS

We borrow our notation from previous work [11] where
the late-time expansion of a field ¥ in a black hole
spacetime was written as

lPS,f.m(L r, 9) = eg,f,mr(r — M)_pifm l’_nﬁf,m®§'f’m (0)
+ O(t_nif,m_ki.f.m) (l)

in Boyer-Lindquist coordinates, where s is the field’s spin
weight, and (¢, m) characterize the spherical harmonic
modes. Index 7 on the right side corresponds to the BH
type, i.e., I = {NERN,NEK}. We seek to verify the
validity of this Ori formula late-time expansion of the field
in the context of near-extremal BHs. Furthermore, we
compare this Ori coefficient with the Aretakis “charge”
derived from the field on H™", and as done previously [11],
we identify it as a (transient) “hair” since it is (nearly)
constant and, in principle, observable externally.

To do this, we solve the Teukolsky equation for
perturbations in NERN and NEK BH backgrounds, focus-
ing on axisymmetric modes (m = 0). We modify the
equation to work in compactified hyperboloidal coordi-
nates (z,p,0,¢) that allow for time evolution on hyper-
surfaces which bring Z* to a finite radial coordinate
p(Z7) =S < oo. The relationship between these new
coordinates (7, p) and the spherical Boyer-Lindquist coor-
dinates (¢, r) is [16]

o=1-2,
S
r:L
Q(p)’
p
v=t+r,—r=t+———p—4MlogQ(p), (2
o0 v, @

where § denotes the location of Z* in hyperboloidal
coordinates, and r, is the usual tortoise coordinate and v
the modified advanced time. Note that the angular variables
are the same in both coordinate systems.

Our numerical implementation scheme entails rewriting
the second-order PDE in terms of two coupled first-order
differential equations. We solve this system using a high-
order WENO finite-difference scheme with explicit Shu-
Osher time stepping. Details may be found in our previous
work [17]. We choose S = 19.0 and the location of H™
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FIG. 1. The values of efy,[w](r) as functions of r/M for
NERN. These panels show values of the data set for which the
Gaussian’s center is at p/M = 1.0. The values are plotted for
t/M = 1100, 1200, 1300, 1400, 1500, and 1600. The function

[y = (t/M?>(1=M/r).

such that for a similar mass EBH, pggy(H ™) = 0.95. The
initial data are a truncated Gaussian centered at p = 1.0
with a width of 0.22 and nonzero for p € [0.95, 8]. This
ensures compactly supported initial data but with nonzero
support on the H* surface.

III. SCALAR PERTURBATIONS ON RN
BACKGROUND

A. Aretakis charge and Ori expansion for scalar
perturbations

We begin with solving the scalar equation in hyper-
boloidal coordinates on an RN background. This equation is
separable into a radial-temporal (1 + 1)-D evolution equa-
tion and a stationary angular equation which is solved by the
standard associated Legendre polynomials. The only angu-
lar dependence in the radial-temporal equation comes from
the angular mode £ of the spherical harmonics. Below, we
consider two cases, £ = 0, 1, on NERN backgrounds.

In Fig. 1, we plot the function w0 (z. 7) f360 (8. 7) =
(t/M)*(1 = M/r)wyo0(t, r) as a function of r/M for three
different NERN BHs where y is the scalar field. The
initial condition is spherically symmetric (£ = 0), and so

the product v (2, 7) /565 (2. ) corresponds to a point-

wise estimation of et with pip5 = 1 and n{gg = 2.
We plot this product at five different times (as indicated in
the caption) and note that the estimated Ori coefficient
appears to be a constant outside the BH. Since the
angular component for a free massless scalar field equa-
tion is separable in an RN background and the initial data
were rotationally invariant, we can immediately
write O 5§~ = 1.0.

At late times, the value of y0(, ) f060 (£, r) asymp-
totes toward an approximate constant outside the BH.
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FIG. 2. A zoomed in version of the estimated values of efgh™
from Fig. 1.

Moreover, as we drift away from extremality (top to bottom
in Fig. 1), the value of ¢{" and the field itself at a fixed
r and ¢ reduce (this is better illustrated in Fig. 2) implying
that the field decays slightly faster the more nonextremal
the BH (all else being equal).

We continue our study to £ =1 in NERN back-
grounds in Fig. 1 which plots the radial evolution of
oot r)foro (1. 7). where fGEN(r, r) = (t/M)*(r/M)
(1 — M/r)?. Thus, this corresponds to a pointwise estima-
tion of efF{N with piHN =2 and n{5RN = 4. It is clear
that for small values of r that the Ori expansion works well
for NERN BHs even in the case of nonspherically sym-
metric perturbations, like £ = 1. However, as evident from
Fig. 4, we have a disagreement from the Ori expansion
further from the BH. This is likely due to two reasons:
(1) the field has not fully settled to its final asymptotic form
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FIG. 3. The values of e{;8N[y]() as functions of r/M for

NERN. These panels show values of the data set for which the
Gaussian’s center is at p/M = 1.0. The values are plotted for
t/M = 1100, 1200, 1300, 1400, 1500, and 1600. The function

fQer) = (/M) (r/M)(1 = M/r)*.
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FIG. 4. A zoomed in version of the estimated values of
epro [w](r) from Fig. 3.

yet or (ii) the nature of hyperboloidal slicing which tends
toward the null direction at larger p values.

B. Transient nature of scalar hair for NERN

To check the validity of the Ori expansion for the near-
extremal cases and to estimate the temporal scale of
validity, we plot in Fig. 5 the evolution of the estimated
value of the Ori coefficient e 5" as a function of time.
As a reference, we also show the value of the Aretakis
charge for the extremal case with the same initial
perturbation. The plot shows a clear pattern: the further
we depart from extremality (higher 1 — g/M), the smaller
the time scale over which the Ori expansion or conserved
Aretakis charge is prevalent. In addition, this conclusion is
continuous in time, i.e., for arbitrarily small departures
from extremality, the hair (manifested in Ori’s coefficient,
e) lasts for an arbitrarily long time. In our most extremal
caseof | —g/M = 5.0 x 1072, we see divergence from the
extremal case starting to appear around ¢/M ~ 3000—4000.
We make this concrete in Fig. 6, which plots the percent
difference between the Ori’s e for a NERN BH compared to
its value on an extremal RN background. In the case of
1-g/M=50x10"° for example, the value of

— 1-¢/M =00
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— 1-¢/M =45x10"8
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1-¢/M=50x10"°
...... —4H,

elul(t) or Hy

0 1000 2000 3000 4000
t/M

FIG. 5. The values of ef§%N[y](z) as functions of 7/M. For

every near-extremal ¢ value, a transient hair is observed.
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FIG. 6. Percent difference between i [](¢exiema = M) and

oo wl(g < M) for RN BHs and spherically symmetric

(¢ = 0) scalar perturbations.

e (1 —¢q/M =5.0x107?) is different from efyy by
only ~0.1% at t/M ~ 1000. Thus, even though the RN BH
is nonextremal and the Aretakis charge (or its observable
manifestation as Ori’s e) is a transitory dynamical effect
and if we wait long enough (large /M) it would disappear
(decay to zero), nonetheless it may last a long time
depending on the severity of the BH’s departure from
extremality. Note that this observation was made by us
previously in a recently published work for the scalar field
case using a different approach [18].

We see in Figs. 8 and 9 that the above conclusions about
the transient nature of the hair for NERN BHs are robust for
more general perturbations, like those with # = 1. For
example, in the case of 1 —g/M =5 x 107, even though
the percent difference between efi{N and eghYy at t/M ~
1000 is a little higher than the £ = 0O case, it is still very
small (~0.2%). Figures 5 and 8 also include the dynamical
evolution of the hair e for the case of an extremal BH (with
identical initial data as the near-extremal cases) for refer-
ence, and we observe that this hair is a constant in the
ERN case.

In Figs. 7 and 10, we plot the dynamical evolution of
Hy 0, Ho,1 o as functions of the modified advanced time v
on the horizon. These plots again indicate that the decay of
the Aretakis charge is monotonic with g/M; the less
extremal the BH (higher 1—¢/M), the faster the
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FIG. 7. Aretakis charge, Hy(v) calculated from the horizon
integral for various NERN (1 — g/M) as a function of the
modified advanced time, v for £ = 0 perturbation.
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FIG. 8. The values of e} §N[y](r) as functions of /M for
NERN. For every near-extremal ¢ value, a transient hair is
observed.

Aretakis charge decays to zero. This is in agreement with
the monotonicity observed in the time evolution of the
respective Ori constants in Figs. 5 and 8. Note that since
neither the Aretakis charge nor the Ori coefficient are
precisely conserved for near-extremal BHs, we cannot
compare them directly like we did in Ref. [11]. This is
because of the different notions of time on the horizon and
outside the BH.

We did not attempt additional simulations with higher
values of ¢ due to the fact that those involve power-law
“tails” that decay much faster resulting in the
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FIG. 9. Percent difference between eghy[w](q =M) and

oo [w](g) for # =1 scalar perturbations.
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FIG. 10. Aretakis charge, Hy | o(v), calculated from the horizon
integral for various NERN (1 — g/M) as a function of the
modified advanced time, v for £ = 1 perturbation.
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FIG. 11. The values of e"FX [®](7) as functions of r/M for

NEK. These panels show values of the data set for which the
Gaussian’s center is at p/M = 1.0. The values are plotted for
t/M = 1100, 1200, 1300, 1400, 1500, and 1600. The function
glt.r) = M(t/M)°(r/M)*(1 = M/r)>.

computational results accumulating too much floating-
point error from round off. This is a well-known challenge
associated with numerical computations of radiative tails
which is usually overcome using high-precision floating-
point operations such as quadruple or octal precision [19].

IV. GRAVITATIONAL PERTURBATIONS ON
NEAR EXTREMAL KERR

In the previous section, we considered scalar perturba-
tions on NERN backgrounds and found that that there
is an approximate conserved Aretakis charge observable
(in principle) from outside the BH (in terms of Ori’s
constant, e) for late times. In this section, we extend this
to gravitational perturbations on near-extremal Kerr BHs.
Owing to their generic characteristics (like a > 0 and
a/M < 1), such BHs are the most likely contenders for
astrophysically relevant BHs.

A. Aretakis charge and Ori expansion for
gravitational perturbations

To extract gravitational hair data outside the BH, we
solve the Teukolsky equation with s = —2 (outgoing
radiation) for a range of a/M values, where a is the
Kerr spin parameter of the BH. In this work, we concentrate
on the axisymmetric mode m = 0, and so the dynamical
system to solve is (2 + 1)-D in (z, p, €). We denote the spin
2 gravitational field by ®.

In Fig. 11, we plot 91:"25,12?0(@ r)®_,(t,r) as a function
of r/M, where g(t,r) = M(t/M)S(r/M)*(1 = M/r), as a
proxy estimate of eN7§ . It is clear that this radial
dependence is fairly robust for various times 1/M €
[1100, 1600], at least for small r. We note again that the
deviation at large r, as evidenced clearly in Fig. 12, is an

artifact of our limited evolution times or the hyperboloidal
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FIG. 12. A zoomed in Fig. 12 for eF% [®](7).

slicing tending toward a null direction. Finally, as we drift
from extremality (higher 1 — a/M), the estimated eN5% | (at
a fixed r and 7) decreases. Thus, we expect that the
(transient) gravitational Aretakis charge for NEK would
decay faster as the BH becomes less extremal. We show this

explicitly in the next section.

B. Transient nature of gravitational hair for NEK

Figures 13 and 14 demonstrate the transient nature of the
Ori coefficient and the gravitational Aretakis charge. The
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— 1-a/M=125x10"7

2010

2

e

0

0 200 400 600 800 1000 1200 1400 1600
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FIG. 13. The values of eN}% [®](7) as functions of 1/M for

NEK at p/M = 2.0.
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FIG. 14. Percent difference between eN5% [®](r) and
B8 o[®](¢) as functions of 7/M for NEK at p/M = 2.0.
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FIG. 15. Aretakis charge, H_,,(v) calculated from the hori-

zon integral for varying 1 —a/M NEK as a function of the
modified advanced time, v.

Ori coefficient remains constant for a relatively long time
for NEK BHs, and the closer we are to extremality (smaller
1 —a/M), the longer the “conserved charge” lingers.
However, since the BH is nonextremal, the charge does
start to decay at late times. We can see in Fig. 13 that the
estimated N5 | at r/M = 2.0 diverges from the extremal
case (where it is a constant) at earlier times as the BH
becomes less extremal (large 1 — a/M). In Fig. 15, we also
show the evolution of the gravitational Aretakis charge
H_,,(v) as a function of v. We again note that as the BH
becomes more extremal (smaller 1 —a/M), the charge
H_,,0(v) decays slowly becoming exactly constant when
the BH is extremal. In other words, the closer the BH is to
extremality, the longer the gravitational hair persists in
value closer to its value in the extremal case, allowing for it
to be potentially observable.

V. CONCLUSIONS AND FUTURE WORK

In this paper, we numerically demonstrated that
expressions for the Aretakis charge or the Ori coefficient
e in the context of extremal BHs can also be used for
near-extremal cases. For the near-extremal cases, such
quantities are not strictly conserved; however, they can

be made to stay nearly constant for arbitrarily long
durations depending on the charge or spin of the BH.
We included results for the case of scalar perturbations
(Z =0, 1) on NERN BH spacetimes. In our most extremal
case (1 —g/M =5 x107), for example, we found that
that the divergence of the Ori coefficient from its extremal
counterpart was very small (~0.1-0.2%) at times as late
as O(t/M) ~ 1000.

We also considered the astrophysically interesting case
of gravitational perturbation on NEK BH spacetimes.
Similar to the scalar case on NERN backgrounds, we
found that the gravitational hair (as manifested in it is Ori
coefficient) is approximately preserved (constant) for a
long time, even though it is not strictly conserved. In our
most extremal case for Kerr (1 —a/M = 4.5 x 1078), the
Ori coefficient diverged from its extremal counterpart by
~1% for O(t/M) ~1000. Thus, such an astrophysical
NEK could have detectable remnants of a gravitational
hair. It is yet unclear if such high-spin NEK black holes are
prevalent in nature.

We limited ourselves to axisymmetric field configura-
tions on Kerr for this study. In future work, we plan to
generalize the gravitational hair to the nonaxisymmetric
case and also perform a detailed detectability analysis in the
context of gravitational wave observatories like LIGO-
Virgo-KAGRA.
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