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GLOBAL EXISTENCE OF WEAK SOLUTIONS TO UNSATURATED
POROELASTICITY

JAKUB WIKTOR BoTH!®, IULIU SORIN PoP?® AND IVAN YoTOV?

Abstract. We study unsaturated poroelasticity, i.e., coupled hydro-mechanical processes in variably
saturated porous media, here modeled by a non-linear extension of Biot’s well-known quasi-static con-
solidation model. The coupled elliptic-parabolic system of partial differential equations is a simplified
version of the general model for multi-phase flow in deformable porous media, obtained under similar
assumptions as usually considered for Richards’ equation. In this work, existence of weak solutions is
established in several steps involving a numerical approximation of the problem using a physically-
motivated regularization and a finite element/finite volume discretization. Eventually, solvability of
the original problem is proved by a combination of the Rothe and Galerkin methods, and further
compactness arguments. This approach in particular provides the convergence of the numerical dis-
cretization to a regularized model for unsaturated poroelasticity. The final existence result holds under
non-degeneracy conditions and natural continuity properties for the constitutive relations. The assump-
tions are demonstrated to be reasonable in view of geotechnical applications.
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1. INTRODUCTION

Strongly coupled hydro-mechanical processes in porous media are occurring in various applications of societal
relevance within, e.g., geotechnical, structural, and biomechanical engineering. Examples for instance are soil
subsidence due to groundwater withdrawal, induced seismicity in geothermal reservoirs, swelling and drying
shrinkage of concrete, and deformation of soft biological tissue components, to mention a few.

In the field of porous media, such microscopically complex processes are typically modeled by a continuum
mechanics approach [17]. The multi-phasic solid-fluid mixture is considered a homogenized continuum, and
both geometry, skeleton, and fluid properties are averaged over representative elementary volumes, consisting
of a mixture of solid and fluid particles. Ultimately, the interaction of the different microscopic constituents is
described by macroscopic effective equations.
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The simplest macroscopic model accounting for the two-way coupling of single-phase flow and elastic defor-
mation in a porous medium is Biot’s linear quasi-static consolidation model. ITts phenomenological derivation
dates back to the seminal works by Terzaghi, [41] and Biot [4]. In the course of the last century, many more
advanced models have been developed, accounting, e.g., for the presence of different interacting fluids, thermal
effects, or chemical reactions [16,23].

In this paper, we consider a non-linear coupled system of partial differential equations, modeling the quasi-
static consolidation of variably saturated porous media — also called unsaturated poroelasticity. The model is in
particular relevant in soil mechanics. It can be obtained by simplifying the more general model for two-phase flow
in deformable porous media, founded on macroscopic momentum and mass balances combined with constitutive
relations [23] — it is assumed that one fluid phase can be simply neglected. This is a common practice for fluids
with high viscosity ratios if the negligible fluid phase is continuous and connected to the atmosphere, i.e., the
same hypotheses as for Richards’ equation [30,39]. Finally, the resulting model generalizes Biot’s consolidation
model, now essentially non-linearly coupling Richards’ equation and linear elasticity equations. It is highly non-
linear, potentially strongly coupled, and potentially degenerate, which makes its analysis challenging. In the
fully saturated regime, it simplifies to the classical Biot equations.

Regarding the mathematical theory of poroelasticity, in particular Biot’s linear quasi-static consolidation
model has been well studied. Well-posedness including the existence, uniqueness, and regularity of solutions,
has been established [3, 35, 47]. Lately, linear and non-linear extensions have become of increased interest.
Well-posedness has been analyzed for the dynamic Biot-Allard system [24], Biot-Stokes systems [2, 36], Biot’s
consolidation model with deformation dependent permeability [5,40], poroelasticity in fractured media modeled
by phase-fields [26], general non-linear single-phase poroelasticity [42], poro-visco-elasticity [5,9], thermoporoe-
lasticity [11,43], and further extensions modeled within a gradient flow framework [9], among others. In most
problems, the coupling is linear.

Despite the large interest, rather few theoretical results have been established for unsaturated or multi-
phase poroelasticity. We highlight the results in [37] which constitute the first ever mathematical analysis of
the consolidation of a variably saturated porous medium. In the aforementioned work, the existence of weak
solutions is established under two strict model assumptions: (i) the coupling term in the fluid flow equation is
linear; and (ii) after introducing a new pressure variable by applying the Kirchhoff transformation, the coupling
and the diffusion terms in the mass balance equation simultaneously become linear. The second assumption
implies a specific, artificial form of the so-called pore pressure, a non-linearity arising in the linear momentum
balance. Ultimately, the result does not apply to the more general unsaturated poroelasticity model considered
here. Moreover, the analysis accounts for non-linearly variable densities and porosities, and most importantly
allows for degenerate situations.

On the other hand, the development of robust and efficient solution techniques for unsaturated or multi-
phase poroelasticity models is a very active research field; we mention [8,12,46]. So far, the development of
discretization techniques and their analysis has mostly been limited to linear poroelasticity models; we merely
mention [13], in which a stabilization technique for a finite element /finite volume discretization for multi-phase
poroelasticity is numerically studied, and [7], in which convergence of the gradient discretization method is
proved for two-phase flow in fractured, deformable media.

In this paper, the existence of weak solutions for the general model for unsaturated poroelasticity is estab-
lished. The analysis, in essence, involves a variable transformation, a numerical approximation, and a discussion
of the convergence of that approximation, using a priori estimates and compactness arguments, as pointed out
in more detail in the following.

To simplify the analysis, the problem is first transformed utilizing the Kirchhoff transformation, a technique
commonly used for the analysis of non-linear diffusion problems [1,37]. By this, the diffusion component of the
mass balance becomes linear; for the considered model, a fully non-linear coupling and a non-linear storage
coefficient remain present.

The subsequent analysis employs concepts of Rothe’s method and the Galerkin method. A finite dimensional,
numerical approximation is introduced by discretization in space and time, combining an implicit time stepping,
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a finite element method (FEM) for the mechanics equation, and a finite volume method involving a two-point
flux approximation (TPFA) for the flow equation. The motivation for the chosen discretization is two-fold: (i) it
is a common discretization in the field of poroelasticity, both in the research literature [13,45] as well as in the
industry; and important for this work, (ii) the specific choice of the discretization will allow for straightforward
cancelling of the non-linear coupling terms, which will be crucial for deriving a priori estimates.

The analysis here relies on compactness arguments. Due to the nonlinear coupling terms, one needs a sufficient
regularity of the solution, and appropriate a priori estimates. To this, prior to the discretization, a physically-
motivated regularization is introduced, accounting for the primary and secondary consolidation of variably
saturated porous media with compressible grains [16]. From a mathematical point of view, the regularization
transforms both balance equations into non-degenerate parabolic ones, and thereby naturally leads to higher
regularity in time. Similar ideas have been used previously, e.g., for saturated poroelasticity [5,22,28,35,42],
and for unsaturated flow in porous media [1,29,31,33].

In the remaining steps of the proof, a priori estimates are derived and compactness arguments are utilized
in order to deduce, first, the convergence of the finite element/finite volume discretization to a (continuous)
regularized solution for vanishing discretization parameters, and furthermore, convergence of the regularized
solution to a weak solution of the transformed model for vanishing regularization parameters. Thereby, the
existence of a weak solution to the transformed model will be proved. In the discussion of the limit of the spatial
discretization specific finite volume techniques are utilized, inspired by [19,21,34].

The present analysis requires an overall parabolic character of the coupled problem and natural continuity
properties for the non-linearities. When passing the regularization to zero, those are ensured under specific
material assumptions. The most important one requires the presence of a compressible fluid or solid grains, and
a sufficiently stiff bulk. In the appendix, the assumptions are demonstrated to be satisfied for non-degenerating
constitutive relations typically utilized in practical applications. Furthermore, focusing on the non-linear coupled
character, some simplifying assumptions are made as the presence of an isotropic material, no gravity, and merely
homogeneous essential along with inhomogeneous natural boundary conditions.

The rest of the paper is organized as follows. In Section 2, the model is introduced as derived in the engineering
literature, and then transformed using the Kirchhoff transformation. In Section 3, the notion of a weak solution
to the transformed problem is introduced, and the main result is stated: existence of a weak solution to the
transformed problem under certain model assumptions and non-degeneracy conditions. The idea of the proof,
consisting of six steps, is presented. The details of those six steps are the subject of the remaining Sections 4-9.
In Section 10, a brief numerical test is provided illustrating the convergence of the used numerical scheme.
In Appendix A, the feasibility of the required assumptions for the main result are discussed for widely used
constitutive models from the literature. In addition, in Appendix B, technical results from the literature used
in the proof of the main result are recalled for a comprehensive presentation.

2. MATHEMATICAL MODEL FOR UNSATURATED POROELASTICITY

We consider a continuum mechanics model for unsaturated poroelasticity, a particular simplification of general
multi-phase poroelasticity. As Biot’s consolidation model, it is based on the fundamental principles of momentum
and mass balance combined with constitutive relations. The model accounts for slight compressibility of the
fluid as well as changing porosity due to compressible grains and volumetric deformation, as well pore pressure
acting on the solid skeleton in the context of unsaturated media. It is valid under the assumptions of infinitesimal
strains and the presence of two fluid phases, of which one is an active and the other is a passive phase; the
displacement of the passive phase does not impede the advance of the active phase and can be neglected.
Effectively, the model non-linearly couples the Richards equation and linear elasticity equations. For a detailed
derivation, we refer to the textbooks [16,23].

In the following, we recall the mathematical model employing the mechanical displacement and fluid pressure
as primary variables. Additionally, the problem is transformed using the Kirchhoff transformation, a standard
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tool for the analysis of non-linear diffusion problems, cf., e.g., [1]. The resulting model will be subject of the
subsequent analysis.

2.1. The original mathematical model

We consider a poroelastic medium occupying the open, connected, and bounded domain 2 ¢ R%, d € {1,2,3}.
Let T > 0 denote the final time and (0,7) denote the time interval of interest. Under the assumption of
infinitesimal deformations of the skeleton, the poroelastic medium can be approximated as fixed in time. Let
Qr := Q2 x (0,T) denote the space-time domain.

The momentum and mass balance equations as derived in [23] read on Qr:

-V - 2ue (u) + AV - ul — appore (pw)I] = F, (2.1a)

1
¢8t5w(pw) + ¢Cwsw(pw)6tpw + *Sw(pw)atppore(pw) + Oésw(pw)atv u+V.q= h, (Q'Ib)
N
where u and p,, are the primal variables, and denote the structural displacement and the fluid pressure (of the
active phase), respectively. Furthermore, the volumetric flux q is described by the generalized Darcy law

q = —Rabs Erel(sw(pw))(va - ng) (22)

Moreover, in (2.1) and (2.2), p and A denote Lamé parameters, € (u) is the linearized strain tensor, a € [0, 1]
is the Biot coefficient, ppore is an arbitrary pore pressure (in [23], the derivation is merely formulated using
the so-called averaged pore pressure), f is an external volume force density; ¢ is the porosity, s, is the fluid
saturation, ¢y, € [0,00) is the constant storage coefficient associated to fluid compressibility, N € (0, o] is the
constant Biot modulus associated to the compressibility of solid grains, g is the volumetric flux, and h is an
external source term; x,pns is a spatially varying absolute permeability, ke is the relative permeability, py, is
the fluid density, and g is the gravitational acceleration. Typical ranges of values in geotechnical applications
are g, A ~ 107...10" Pa, ¢ ~ 0.01...0.7, ¢y, ~ 1071 ... 107"Pa~!, N ~ 10'°...10'2Pa, a ~ 0.05...1,
Kabs ~ 10721 ... 1072 m?; see [16] for concrete examples.

To briefly explain the structure of (2.1), we note that the total stress in (2.1a) is defined via the Biot effective
stress [16]; the first four terms in (2.1b) correspond to the weighted change in fluid mass py; 0 (¢swpw). They
are obtained after applying the product rule, employing py10;pw = cwOipy for slightly compressible fluids, as
well as the relation 0;¢ = a9,V - u + 4 0yppore for varying porosity [16,23].

Constitutive laws are assumed to be given for the fluid saturation s, the relative permeability x.., and the
pore pressure ppore. I'he medium is assumed homogeneous, aside from a heterogeneous matrix permeability.
Consequently, the constitutive relationships remain the same everywhere. Commonly accepted in practice are
the van Genuchten—Mualem relations [27,44] with a non-decreasing saturation and a possibly degenerate relative
permeability

5wres+ 1_8wrs 1+ —Qy anG —va’ W<O7
SW@W).:{l, (1= swres)[1 + (—avpa)"™] B S0 (2.33)
Sw — Sw,res
Swvcﬁ‘(sw) = ﬁ, (23b)
7 1 2
v (5w) 1= 3 swett () [1 = (1= swenr(sw) ™3 )] (2.3¢)
o KVG(SW,I‘ES + 56)7 Sw < Sw,res + Se,
ﬁrcl(sW) T {KVG(Sw)a Sw = Sw,res T Se, (23d)

where myg € (0,1), nyg = (1 — mya)™!, and ayg > 0 are model parameters, sy res € [0,1) is the residual
saturation, sy g is the effective saturation, and s. € 0,1 — sw,res) is a regularization parameter, ensuring
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non-degeneracy when chosen positive. In addition, we consider the widely-used equivalent pore pressure [16]

ppore(pw) = /Opw sw(p) dp (24)

In the fully saturated regime, when py, > 0, the equivalent pore pressure reduces to the fluid pressure, which
is consistent with poroelasticity models for fully saturated media. In the unsaturated regime, the pore pres-
sure is equal to the volume averaged fluid pressure with a correction accounting for interfacial energy. As the
fluid pressure equals the negative capillary pressure, it becomes negative in the unsaturated regime. We stress
that although the subsequent analysis has these particular relations as examples, it does not depend on these
particular choices for sy, ppore and Kyl

Under the hypothesis of small perturbations of the porosity, which are often applied along with the assump-
tions of linear elasticity [16], we can assume that the porosity ¢, acting as weight, is constant in time, equal to
some reference porosity field ¢g. With this, we also note that in the fully saturated regime, i.e., when sy, = 1
and, equivalently, py > 0, the model equations reduce to the classical quasi-static Biot equations.

From now on, we consider a compact form of (2.1) and (2.2). Specifically, we seek (u, py) such that on Qr

-V - [2ue (u)+ AV - uI — appore(pw)I] = f, (2.5a)
atb(pw) + asw(pw)atv u—V - (Habsﬁrel(sw(pwn(va - ng)) =h, (25b)

where in accordance to (2.1b) the function b is defined as

Pw Pw
b(Pw) = PoSw(Pw) + Cw¢0/o p)dp+ — / ppore(p) dp. (2.6)

In order to close the system (2.5), we consider non-overlapping partitions {T'%, TR} and {T'), T\ } of the
boundary 99, with T8 UT® = TL uTg = 0Q, and 'Y as well as T}y having positive measure. Then mixed
boundary conditions are imposed,

u = up on I'y x (0,7), (2.7a)
(2ue (u) + AV - ul — appore(pw)I)1 = ox on I'y x (0,7), (2.7b)
Pw = Dw.D on 'Ly x (0,7, (2.7¢)
—Kabs Frel (Sw (Pw) ) (VDw — pwg) - 1 = wN on I'\y x (0,7). (2.7d)
Furthermore, the pressure satisfies the initial condition

Dw = Pw,0, in Q x {0}. (2.8)

Finally, for the initial displacement, w(0), we only consider compatible states, satisfying
-V - 2ue (u(0)) + AV - ©(0)I — appore (Pw,0)I] = £(0). (2.9)

This also implicitly defines an initial condition for the volumetric deformation V - w(0). Putting the focus on
the non-linear and coupled character of the balance equations, in the subsequent, mathematical analysis, we
consider a simplified setting, resulting in particular in a simpler notation. We neglect gravity and consider
merely homogeneous essential boundary conditions, i.e., from now on we set g =0, up = 0 and p,,p = 0.

2.2. The mathematical model under the Kirchhoff transformation

The Kirchhoff transformation defines a new pressure-like variable

) = [ (o) 05 (2.10)
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Assuming the constitutive laws satisfy fre1(sw(p)) > 0, for all p € R, the transformation (2.10) can be inverted.
Given constitutive laws for b, Sy, Krel; Ppore; a8 €.g., the equivalent pore pressure (2.4) and the van Genuchten—
Mualem relations (2.3), from now on, we consider the Kirchhoff transformation x as unknown instead of py,,
and redefine all functions accordingly
ﬁw = X_lv ﬁpore ‘= Ppore © X_lv I; i=bo X_lv (2113')
Sw = SwOX ', Frel = Krel O 8. (2.11b)

Then under the assumption of a homogeneous relative permeability and saturation, the non-linear Biot equa-
tions (2.5)—(2.9) reduce to finding (u, x), satisfying

-V - 2ue (u) + AV - ul — aPpore(X)I) = f in Qr, (2.12a)
0ib(x) + a8y () V - u = V - (kars V) = h in Qr, (2.12b)

subject to the adapted boundary conditions

u=0 on I'f x (0,7, (2.13a)
(2ue (u) + AV - ul — afpore (X)) = on on I'y x (0,7, (2.13b)
x=0 on 'ty x (0,7), (2.13c)
—Rabs VX 0 = WN on T x (0,7), (2.13d)

and the initial conditions
X = Xo = X(pW,O) in { x {O}a (214)

with w(0) satisfying

=V - 2ue (u(0)) + AV - w(0)I — appore (Pw,0)I] = £(0). (2.15)

We highlight that after applying the Kirchhoff transformation, the transformed system (2.12) remains non-
linear and coupled. The main nonlinearities are b, Ppore, Sw. Yet, the diffusion term is now linear.

3. MAIN RESULT — EXISTENCE OF A WEAK SOLUTION FOR THE UNSATURATED
POROELASTICITY MODEL

The main result of this work is the existence of a weak solution for the unsaturated poroelasticity model under
the Kirchhoff transformation, cf., Section 2.2. It should be noted, that the proof utilizes the convergence of a
numerical approximation towards a weak solution and thereby also suggests a numerical scheme. The scheme
involves the finite element and the finite volume method.

In the following, we state the main result. This includes the notion of a weak solution, required assumptions
and the idea of the proof. The details of the proof are the subject of the remainder of this paper.

3.1. Definition of a weak solution

We use the standard notation for LP, Sobolev (H* and W*?) and Bochner spaces, together with their inherent
norms and scalar products. Let (-,-) denote the duality pairing between a dual and its primal space; for L?(£2)
this becomes the standard scalar product for scalars, vectors and tensors. Let

V= {v € Hl(Q)d‘v\Fg 20},

Qi={aeH'(®)|qp =0},



GLOBAL EXISTENCE OF WEAK SOLUTIONS TO UNSATURATED POROELASTICITY 2855

denote the function spaces corresponding to mechanical displacement and fluid pressure, respectively, incorpo-
rating essential boundary conditions. We abbreviate the bilinear form associated to linear elasticity

a(u,v) :=2u/Qs(u):s(u)dx—i—A/ﬂV-uV-vdx, u,veV,

and define || - |y := a(-,-)'/2, which induces a norm on V due to Korn’s inequality. Moreover, we combine
the external body and surface sources as elements in V* and Q*, the duals of V' and @, respectively. Let
fext = (f,on) and hexy = (h, wn) be defined by

<.fext>U> :/f'Ud-T‘f'/ oN-vds, veV,
Q Flr\?

(oss)i= [ hadot [ wnads,  qeQ.
T

Q £

Definition 3.1 (Weak solution). A weak solution to (2.12)—(2.15) is a pair (u,x) € L?(0,T; V) x L*(0,T;Q)
satisfying the following (W1)—(W4):

(Wl) ]?pore(X) S LQ(QT)7 §W(X) S LOAO(QT)
(W2) b(x) € L>(0,T; L*(Q)) and 9;b(x) € L?*(0,T; Q*) such that

T

/OT<atl3(X), q> dt + /0 <I3(X) — bxo0), 8tq> dt =0,

for ¢ € L*(0,T; Q) N WH1(0,T; L>°()) with ¢(T) = 0.
(W3) 0;V -u € L?(Qr) such that

T T
/ <8tVu,q>dt+/ (V-u—V~u0,8tq>dt:O,
0 0
for all ¢ € H*(0,T; L?(2)) with ¢(T) = 0, where for all v € V, ug € V satisfies

a(u0> 'U) - a<ﬁp0re(X0)7 \'A ’U> = <fext(0)> 'U>' (3'1)

(W4) (u,x) satisfies for all (v,q) € L?(0,T;V) x L?(0,T;Q)

T T
/ [CL(’U,, U) - a<ﬁpore(X>a V : ’U>]dt = /<.fext; 'U>dt, (323)
0 0
T T
/0 [<atz3(x) + b ()Y - u,q>+(/<;abSVX, Vq)]dt - /0 (Roxe, g)dt. (3.2b)

Remark 3.2 (Discussion of (W1)). For the constitutive relations (2.3) and the equivalent pore pressure (2.4),
(W1) is satisfied if, e.g., x € L?(Qr), as discussed in more detail in Appendix A.

Remark 3.3. We note that the weak formulation of the initial conditions (W3) of the volumetric deformation
allows for a stronger formulation. See Lemma 9.6 for more information. In fact, more regularity is asked for in
(W3) than required for 3,,(x)9;V - u € L?(0,T;Q*) to be well-defined; however, the higher regularity will be
required for interpreting the initial data properly.
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3.2. Assumptions on model and data

For proving the existence of a weak solution, we require several assumptions on the model, including the
constitutive laws, model parameters, and data. The assumptions on the constitutive laws read:

(A0) sy : R — (0,1] and kel @ [0,1] — [0, 1] are such that kyel(sw(p)) > 0, for all p € R allowing for defining
Dw, b, Sw, Dpore, and Ryl as in (2.11).

(A1) b:R — R is continuous and non-decreasing.

(A2) §y : R — (0,1] is continuous and differentiable a.e., and 8y (x) = 1 for x > 0.

(A3)

(A4)

ﬁporc :R — R is continuously differentiable, non-decreasing, and ppore(x) = x for x > 0.
Ppore

: R — R is invertible and uniformly increasing, .e., there exists a constant c; /s, > 0 satisfying

Sw
/
(p—‘si::e) (X) = Cpp0re/s, Tor all x € R.
Assumptions (A0)-(A4) are valid for standard constitutive laws, as those presented in Section 2, cf.,
Appendix A for more details. The assumptions on the model parameters read:

(A5) >0, A >0, o> 0 are (for simplicity) constant, defining the bulk modulus Ky, := 27” +A>0.
(A6) Kaps is continuous in © and uniformly bounded from below and above, such that there exist constants
0< Km,abs S KM, abs < o0 with Rabs € [K/m,ab& HM,abs] in Q.

The assumptions on the external load and source terms read:
(A7) f € HY(0,T;L2()9), on € H(0,T; H-Y2(I'R)), h € H'(0,T;L*(Q)), wn € H™/2(I'§) such that
Ffext € HY0,T;V*) and hexy € HY(0,T;Q*), where for t € (0,7T)

sup <.fext(t)a’u>
0#£vEV [vllv

Pexi (),
lhe®)llgr = sup Lext(D:0)
ozaco  ldlla

erxt (t)HV* :

)

and analogously norms corresponding to Bochner spaces as || fext||m1(0,7;v+), etc.
The assumptions on the initial data read:

(A8) (ug,x0) € V x @Q is sufficiently regular such that there exists a constant Cy satisfying

fofees)
LY(Q) 3w(X0)

~ 2
+ prore(XO)”L?(Q) < Co,

2 2 2 A
v [, o, * B0
luollv + VX0l 72 + ||0(X0) L) + ||B(x0)) o)

where B and B are energies defined as
B(z) = /O “(b() = b(s)) ds > 0, (3.3a)
B(z) = /0 “(b(2) — b(s)) ds > 0. (3.3b)

Note, that (A1) implies the existence of a convex C*- potential ¢ : R — R, such that b = ¢’. In this
context, B can be related to the Legendre transform of & — 1(£) — ¢(0) composed with b,[1] see also
Lemma B.12 — similarly for B.

Additionally, the following non-degeneracy conditions are assumed:
(ND1) There exists a constant Cxp,1 > 0 such that

Ppore(X)
5w (X)X

‘ < Cnp,1, forall x eR.
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(ND2) There exists a constant Cxp,2 > 0 such that
0131%,2 < ﬁ;ore(X) < Cnp,2, forall x € R.

(ND3) The bulk modulus Kg4, = %" + A is sufficiently large and satisfies

SW(X) - ﬁiaore(X))2
b'(x)
Physical interpretation of the non-degeneracy conditions. The condition (ND1) essentially means that
the equivalent pore pressure essentially behaves like the transformed pressure. The condition (ND2) states that
the pore pressure ppore essentially behaves as the transformed pressure x; in Appendix A, (ND2) is showed to
be satisfied for the equivalent pore pressure involving regularized hydraulic properties. Finally, the condition
(ND3) essentially requires the mechanical system to be sufficiently stiff in relation to the system’s effective
compressibility governed by the compressibilities of the fluid and solid grains, as well as the hydraulic properties.
In Appendix A, the conditional relation (ND3) is discussed for the constitutive laws presented in Section 2. To

conclude, (ND3) can be expected to be satisfied in several practical situations.

, for all x € R.

2
KerO;(

3.3. Existence of solutions for the unsaturated poroelasticity model

This section is presenting the main result together with the main steps of the proof.

Theorem 3.4 (Existence of a weak solution to the unsaturated poroelasticity model). Under the model assump-
tions (A0)—(A8) and the non-degeneracy conditions (ND1)—~(ND3), there exists a weak solution of (2.12)—(2.15)
in the sense of Definition 3.1.

We observe that uniqueness is not addressed here. The fully coupled, and nonlinear character of the problem
makes it in particular difficult to use any monotonicity arguments. This aspect is left open, for further research.
The main idea of the proof of Theorem 3.4 is to use the Galerkin method in combination with compactness
arguments. The main difficulty here is the control over the non-linear coupling terms. For this a regular-
ization approach is used. After all, the proof consists of six steps. In the following, we present the idea of
each step. Details are subject of the remainder of the article and will be presented in the six, subsequent sections.

Step 1: physically meaningful regularization. Applying the Galerkin method along with compactness
arguments for the original problem (3.2) is challenging due to the coupling terms. A simple way to control the
term 9;'V - u is to add a suitable regularization term in the mechanics equation (3.2a). As the coupling terms
also involve non-linearities in the Kirchhoff pressure, ultimately strong compactness is required. Therefore, we
add a coercive term in the flow equation, which allows for controlling the term 0;x. In this way, one can control
the coupling terms, and eventually leading to convergence.

From a physical point of view, the regularized model accounts for secondary consolidation and compressible
solid grains. In mathematical terms, it reads as follows. For given regularization parameters {,n > 0, find
(wen, Xen) to be the solution to the variational equations

T T
| [cat0rncy ) +atuc, ) = o). V- 0)] dt = [ (Fi)at (3.4a)

T R T
[ [{@bitne) + astee)ar? uena) + (s Fxer Vb at = [t @an)

for all (v,q) € L*(0,T;V) x L?(0,T; Q), where 13,7 is a strictly increasing regularization of b (see (A1), below for
further properties). The next two steps prove that the regularized problem has a weak solution in an analogous
sense to Definition 3.1.
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Step 2: discretization in space and time. To obtain a fully discrete counterpart of (3.4), we employ the
implicit Euler scheme for the discretization in time, a conforming Galerkin finite element discretization of
the elasticity equation, and a finite volume discretization of the fluid flow equation, based on two-point flux
approximations [19,20]. We stress that such a combination of discretization methods is common in the context
of poromechanics [13,45], in particular in the engineering community as well as the industry.

Let N € N and {t,; n = 0,...,N} be an equidistant partition of the interval [0,7] with constant time
steps 7 = T/N. Furthermore, given an admissible mesh 7 = {K}g, cf., Definition 5.1, let V}, C V denote
a conforming, discrete function space for displacements. Let Qp ¢ @ denote the discrete function space of
piecewise constant functions. Then the discretization for time step n > 1 reads:

Problem Py,,: given the solution at the previous time step (uZ_l,XZ_l) € Vi, X Qn, find (u},x}) € Vi x Qp
satisfying for all (vp,qn) € Vi x Qp

¢rta(up —up "t vn) + alul, vi) — alBpore(XH), V - v5) = (Fie, vn), (3.5a)
(b (X = by () an) + a3 (X V- (up = up ™), an) + T(VRX0 Viah) ks, = T(hi 0)- (3.5b)

This specific choice for the discretization will turn out to be crucial due to two reasons: (i) the piecewise
constant approximation of the pressure allows for choosing non-linear test functions and thereby cancelling
the coupling terms in the analysis; (i) the two-point flux approximation encoded by the discrete gradients V,
retain the local character of the differential operator V. These together allow for simultaneously cancelling the
coupling terms and utilizing the coercivity of the diffusion term, which will be crucial for proving existence of
discrete solution wvia a corollary of Brouwer’s fixed point theorem, and for deriving stability estimates.

Step 3: existence of a weak solution to the regularized model. Based on the discrete values {(u}, x})},,,
we define suitable interpolations in time, (wpr,xnr), yielding approximations of (u¢y, x¢cn). We remark that
various interpolations are in fact introduced in the course of steps 3 and 4. To avoid an excess in notations and
for the ease of the presentation, we use the same notation, (up:, xrr), for all interpolations throughout this
section.

The goal is to show convergence (in a certain sense) of {(wpr, Xnr)}), , along a monotonically decreasing
sequence of pairs (h,7) — (0,0) (from now on denoted h,7 — 0) towards a solution of (3.4). This is achieved
using compactness arguments; however, due to the coupled and non-linear nature of (3.4), several terms require
careful discussion:

— Products of independent variables as 8w (x¢y)0:V - u¢y, and non-linearities as ppore(X¢n) require partially
strong convergence.

— Since Bn is not necessarily Lipschitz continuous, it is not sufficient to show uniform stability for {O;xn-}n,-
to conclude weak convergence of {8:b,(xnr)}n.+ towards d;b,(x¢y). Instead, we apply techniques from [1]
utilizing an energy Bn based on i’n analogously to (4.2).

— Weak convergence (up to a subsequence) of the discrete gradients Vjx, towards V¢, is not an obvious
consequence of uniform stability. For this, we apply techniques from the finite volume literature [19,34].

Motivated by that, we first derive stability estimates that are uniform wrt. the discretization parameters

)

lwnrll g0 rv) + esssup Ixhar @),z + 10:Xnr | L2y + Bpore(Xnr)ll 20
€

< CQ?

Avby (Xnr
+ H b (Xhr) L2(0,T;H-1(Q)) —

By (xnr
+ H n(xnr) Lo (0,T;L1(R))

for some constant C¢, > 0 independent of h, 7 — as already indicated in step 2, the specific spatial discretization
is beneficial for obtaining this result. Therefore, one obtains weak convergence for subsequences (denoted the
same as before) for h,7 — 0

Upr — Ucy weakly in H*(0,T;V),



GLOBAL EXISTENCE OF WEAK SOLUTIONS TO UNSATURATED POROELASTICITY 2859

ﬁpore(Xh‘r) - ﬁpore(XCn) Weakly in L2 (QT)»
Bsby (xXnr) — Biby(xcn) weakly in L*(0,T; Q),
Sw(Xhr)OV - upr — 8w (xen)OV - ue,  weakly in L*(Qr).

Moreover, by employing finite volume techniques the following convergence of the discrete diffusion term can
be showed

T T
| e Vaan) ot = [ (93 V),
0 0

for arbitrary discrete test functions gy, which strongly converge towards continuous functions g. Here, (-, ~>K1bs
denotes suitably defined kaps-weighted scalar products. Finally, the limit, (w¢y, xc¢y), can be identified as weak
solution of the regularized problem (3.4).

Step 4: increased regularity for the weak solution of the regularized model. When discussing the limit
¢ — 0 in step 5, it will be beneficial to have access to the derivative in time of the mechanics equation (3.4a).
Under the additional non-degeneracy condition (ND2), stating that ppore is Lipschitz continuous, an increased
regularity can be showed for the weak solution of the regularized model, (u¢,, x¢y). For instance, for all v €
L?(0,T; V) it holds that

T T
/1Kdammnﬁ+a@m@nﬂ—a@@mm@mxv-whh:/1@J%hwdt (3.6)
0 0

The proof follows the same line of argumentation as step 3. First a fully discrete counterpart of (3.6) is con-
structed by considering differences of (3.5a) between subsequent time steps
¢ a(uy — 2ul !+ u2727vh) +a(up — up ™t vp)
- O‘<ﬁpore(XZ) - ﬁpore (XZ_I)av : 'Uh> = <f2xt - fg,;ly’vh> for vy, € Vj,.

In addition, suitable interpolations @, and Pporenr Of the discrete values {77! (ug - uZ_l)}n and
{Ppore(X}') }n, respectively, define approximations of d;u¢,, and ppore(X¢y). The uniform stability estimate

||‘9tﬁt,hrH%2(o,T;v) + ||‘9tuhr||%2(o,T;v) + ”atﬁPOYE,hT”%Z(QT) < Cey

guarantees the weak convergences

Ogtty pr — Oy, weakly in L?(0,T;V),
Optpr — Opticy, weakly in L?(0,T;V),
6tlaloore XOnr — atlapore (XCn)a weakly in L2(QT)

up to subsequences, for h,7 — 0. Finally, one can identify (3.6) in the limit.

Step 5: vanishing regularization in the mechanics equation. For each (,n > 0, there exists a solution
(wen, Xen) to (3.4). For the discussion of the limit ( — 0, we employ compactness arguments similar to step 3.
We derive the uniform stability estimates

||uCn||H1(o}T;v) + HXCUHLOO(O)T;Q) + ||ﬁpore(XCn)||L2(QT)

+ By (xen) <C, (3.7)

L2(0,TH-H(Q))

;b ‘
’LOO(O,T;Ll(Q)) + H b (Xcn)

and

19:xcnllz(@ry < Oy (3.8)
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In order to derive (3.7), we take inspiration from the analysis of the linear Biot equations in [25] and utilize
the differentiated-in-time momentum equation (3.6). We use v = Oyu¢, as test function in (3.6) (essentially
generating ||0suucyl 1 0,1;v)), and ¢ = Orx¢y in the fluid flow equation (3.4b), tested with (allowing for simple
discussion of the transformed diffusion term). This generates mostly positive terms, which in principle would
lead to (3.7). However, unlike in the linear Biot case, the coupling terms do not cancel, and leave behind a non-
positive term. The main idea to recover (3.7) is then to compensate the non-positive term, under a condition
on the data and constitutive laws. For this, we apply the mean inequality ||v||3, > Ka||V - v[3., the binomial
identity (App. B.2), together with the non-degeneracy condition (ND3) to obtain

T T
2 » . . 1
HatuCnHLz(o,T;V) +/0 <atbn(XCn)v 8tX<In> + 0‘/0 (8wOixcn — OPpore; OV - ucy) > §H8t“07H%2(0,T;V)'
—_——

2510wyl +3 Kar[| 00V ugy |l

2 2
L2(0,T;V) L2(0,T;L2())

(3.9)

This intermediate calculation allows to drop the coupling terms in the analysis and retrieve the uniform
bound (3.7) at the cost of (ND3). This calculation carefully demonstrates the interpretation of uniform com-
pressibility provided by (ND3), ¢f., the physical interpretation discussed in Section 3.2.

With this, letting ¢ — 0, one obtains for subsequences (denoted the same as before)

Uy — Uy weakly in L?(0,T;V),
duey — Ouy weakly in L?(0,T;V),
COvu¢y — 0 weakly in LQ(O,T; V),
X¢n = Xn weakly in L*°(0,T;Q),
Ppore(X¢n) = Ppore(Xn) weakly in L*(Qr),
Sw(Xen)OeV - ey — Sw(Xn)0:V -y weakly in L*(Qr),
Aeby(Xcy) — Deby(xn) weakly in L2(0,T; Q).

Finally, it is straightforward to see that the limit (u,, x,) is a weak solution of (3.4) for ¢ = 0.

We underline, that for showing (3.9), the time-continuous character of the variational problem is required.
It is not obvious how to use a similar strategy on time-discrete level. Therefore, step 5 has been performed
separately from steps 3 and 4.

Step 6: vanishing regularization in the flow equation. In the presence of fluid or solid grain compressibility
in the original formulation, i.e., ¢y, > 0 or % > 0, respectively, this final step is obsolete. Otherwise, we consider
the limit process n — 0 for the sequence of solutions {(w,, x,)}», derived in step 5. The overall idea is the same
as in step 5, namely to obtain estimates that are uniform wrt. 77 and to use compactness arguments. Referring
to (3.7), the following estimate is uniform in 7

||unHH1(o,T;V) + ||X7I||L00(07T;H(%(Q)) + ||13por8(Xn)||L2(QT)

By
+ H n(xn) L (0,T;L1(Q)) +

0uby () (3.10)

<
L2(0,T5H-H(R))

For estimating 0;x,, we first show that the time derivative of the mechanics equation (3.5a) is well-defined for
¢ =0, i.e., it holds for all v € L?(0,T; V) that

T T T
/ a(Ostyy, v) dt — / a(O¢Ppore(Xn), V - v) dt = / (01 f ext, v) dt. (3.11)
0 0 0

Since ||Owxyll S |0tPpore (Xy) |, the uniform stability for d;x, follows by an inf-sup argument (3.11), and the
stability bound (3.10). Due to the lack of a suitable bound on Oy u¢, in step 5, this approach only works for
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¢ = 0. Standard compactness arguments allow for extracting subsequences (again denoted as before) such that
for n — 0 it holds that

U, = u weakly in L?(0,T;V),
Xn — X weakly in L*°(0,T;Q),

Ppore(Xy) — Ppore(X) weakly in L*(Qr),

S5 (Xn)OtV -y — 5w (X)0:V - u weakly in L*(Qr),
Aeby(xy) — B:b(X) weakly in L2(0,T; Q*).

Ultimately, (u, x) can be identified as a weak solution to the unsaturated poroelasticity model in the sense of
Definition 3.1. This finishes the proof of Theorem 3.4.

4. STEP 1: PHYSICAL REGULARIZATION — SECONDARY CONSOLIDATION AND ENHANCED
GRAIN COMPRESSIBILITY

We introduce a physical regularization of the weak formulation (3.2) by enhancing the mechanics and the
flow equations. Specifically, we let ( > 0 and 1 > 0 be two regularization parameters. We include secondary
consolidation, which effectively adds a linear viscoelastic contribution in the mechanics equation of the form
¢a(0yu,v). Additionally, we assume non-vanishing solid grain compressibility by defining the regularization i’n
of b as

Pw (X)
by(x) = b(x) + 1 / 5w (D)Phore (1) A, (4.1)

i.e., I;n has the same structure as b, but with % + n replacing % refering to the physical example (2.6).
Refering to Section 3.2, the function 1377 still satisfies (A1l). Additionally, now the following growth condition
holds

(A1), There exists a by > 0 s.t. bpl|x1 — x2||2LQ(Q) < <bn(x1) —by(x2),x1 — X2> for all x1,x2 € L*(Qr),

cf., also Appendix A. In the subsequent discussion, a growth condition for E’n (or l;) of type (A1), will be required
in order to utilize strong compactness arguments for the pressure variable. Note, that if min{cw7 %} > 01in (2.6),
the growth condition (A1), is fulfilled even for 7 = 0, and the regularization of the flow equation actually is not
necessary, cf., Step 6 in Section 9.

Also (A8) can be adapted for the regularization 3,,. With Bn = 3,, o (1)‘;&) , we define energies Bn and an
related to the Legendre transformations of convex potentials of i’n and Bn» respectively, cf., [1] or Lemma B.12.
Let

B2)i= [ (byfe) = byfs)) ds =0, (42)

n(2) — by(s))ds > 0. (4.3)

o]

5

—

S

S

I
c\

—~ ®

>

(A8),, There exists a 19 > 0 and Cy > 0, not depending on 7, such that

vt [P (5005)

for all n € (0,10). Without loss of generality, we assume Cj in (A8) and (A8), to be the same.

<y

L1(©)

luolly + 19 X0l 720y + || B4(x0))|
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For a non-degenerate initial condition xg, the additional terms in B,, and Bn can be essentially bounded by
77||X0||2L2(Q)’ which itself is bounded by (AS8).

Finally, we introduce the doubly regularized unsaturated poroelasticity model by defining the notion of a
weak solution.

Definition 4.1 (Weak solution of the doubly regularized model). For ¢ > 0 and n > 0, we call (ucy, xcn) €
L?(0,T; V)x L*(0,T; Q) a weak solution of the doubly regularized unsaturated poroelasticity model if it satisfies:

(Wl)gn Ppore(X¢n) € L2(Q1), 3w(x¢n) € L=(Qr).
(W2).,) by(xcn) € L(0,T; L (€2)) and 9y (xcy) € L*(0,T;Q*) such that

/ (Db a)a + / o) = o) 1)t = 0,

for all ¢ € L2(0,T;Q) N WH1(0,T; L>°(Q)) with q(T) = 0.
(W3)¢y Opucy € L2(0,T; V) such that

T T
/ a(Oyucy, v) dt + / a(tey — ug, dpv)dt =0,
0 0

for all v € H'(0,T; V) with v(T) = 0, where ug satisfies (3.1).
(W) ¢y (wen, Xey) satisfies for all (v,q) € L*(0,T;V) x L*(0,T;Q)

T T
/0 {Ca(@tu@m) + a(tey, v) — a(Ppore(Xcn)s V - v)} dt = /0 (Foxs,v) dt, (4.4a)

T . T
/0 [<atbn(XCn) + adw (Xcn) 0V - ugy, q> + (Kabs VXcn,s Vq)} dt = /0 (hext, q) dt. (4.4b)

Furthermore, we call (ucy, X¢n) @ weak solution for the doubly regularized unsaturated poroelasticity model
with increased regularity if it additionally satisfies (W1)., ~(W4)¢, and:

(W5)C7I Uey € HZ(O,T; V) and 8t13pore(X(n) S L2(QT).
(W6)¢, Given that fex € H'(0,T; V™), for all v € L(0,T; V) it holds that

T T
/ [Ca(attu@,v)—i-a(atucn,v)—a(@tﬁporc(xcn)7v-v>] at = / (9, f o, v) dL. (4.5)
0 0

We will later separately consider ¢ — 0 and 1 — 0. Therefore, we give the definition of a weak solution for
the simply regularized unsaturated poroelasticity model, obtained for n > 0 and ¢ = 0.

Definition 4.2 (Weak solution of the simply regularized model). For n > 0, we call (u,, x,) a weak solution
of the simply regularized unsaturated poroelasticity model if it satisfies (W1)., ~(W4),, for { = 0.

To distinguish between the equations satisfied by the weak solution of a doubly regularized model and the
one of the simply regularized one, where { = 0, we use the notation (Wl)nf(Wél)n.

Lemma 4.3 (Existence of a weak solution to the doubly regularized model). Let ( > 0 and n > 0 be given.
Under the assumptions (A0)—(A8) and (ND1) there exists a weak solution to the doubly regularized unsaturated
poroelasticity model, in the sense of Definition 4.1.

Proof. The assertion follows from steps 2 and 3. O
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Remark 4.4. The proof of Lemma 4.3 presented in Section 6 does in fact allow for replacing the regularizing
term (a(d:u,v) in (4.4a) with a reduced regularization merely applied to the temporal derivative of the volu-
metric deformation, i.e., ({0;V - u, V - v). The statement of Lemma 4.3 remains true with an adapted version
of (W3) ¢n addressing only the initial condition for the volumetric deformation. Such regularized model is of
wider interest in the literature [16,22,28,35,42], in particular in the context of biomedical applications [5].

Lemma 4.5 (Existence of a weak solution with increased regularity for the doubly regularized model). Let
¢ >0 and n > 0 be given. Under the assumptions (A0)—(A8) and the non-degeneracy conditions (ND1)-(ND2),
the doubly reqularized unsaturated poroelasticity model has a weak solution with increased reqularity, in the sense
of Definition 4.1.

Proof. The assertion follows from steps 2 to 4. O

Lemma 4.6 (Existence of a weak solution for the simply regularized model). Let n > 0 be given. Under the
assumptions (A0)—(A8) and the non-degeneracy conditions (ND1)—~(ND3), the simply regularized unsaturated
poroelasticity model has a weak solution with increased reqularity, in the sense of Definition 4.2.

Proof. The assertion follows from step 5. O

5. STEP 2: IMPLICIT EULER NON-LINEAR FEM-TPFA DISCRETIZATION

The next two sections, identified with steps 2 and 3, are providing the proof of Lemma 4.3. To this aim,
we employ a discretization in space and time. We apply the implicit Euler time stepping method, combined
with a conforming Galerkin finite element method for the mechanics equation (4.4a) and a cell-centered finite
volume method utilizing a two point flux approximation (TPFA) for the flow equation (4.4b). In this section,
we establish the existence of a fully discrete solution. We start with introducing the notations used in the
discretization.

5.1. Finite volume and finite element notation

We use standard notations in the finite volume literature, cf., e.g., [19,34]. In particular, we introduce notation
for elements, faces, their measures, transmissibilities etc. We assume that the domain € is polygonal such that
it can be discretized by an admissible mesh, as introduced in [20].

Definition 5.1 (Admissible mesh 7). Let 7 be a regular mesh of 2 with mesh size h, consisting of simplices
in 2D or 3D, or convex quadrilaterals in 2D and convex hexahedrals in 3D. Furthermore, we introduce the
following terminology:

— K € 7 denotes a single element.

- N(K) = {L €ET|L#K, LNK # (Z)} denotes the set of neighboring elements of K € 7.

— & denotes the set of all faces, i.e., boundaries of all elements; let £x denote the faces of a single element
K € T; let oyt denote the faces lying on the boundary 0.

— K|L € & denotes the face between two neighboring elements K, L € 7.

— {xk }KkeT is such that for all K € 7, L € N(K) the connecting line between xx and z, is perpendicular to
K|L.

- dg - denotes the distance between center of K and o € &k;

d. — dK’g—f—dL’g, K€T7L€N(K),U:K|L,
7 dK,O'7 UegextmgK-

— 7o = |o|/d, denotes the transmissibility through o € £.
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element € T

0 € Eext

diamond € T*

FIGURE 1. Admissible mesh 7 (consisting of elements) in two dimensions, together with the
corresponding dual grid 7* (consisting of diamonds).

The additional regularity property is assumed. There exists a constant C' > 0 such that

> lold, <C|K| forall K €T,
LeN(K)
o=K|L
In addition, we introduce a dual grid 7* with diamonds as elements. It will be used for the approximation of
heterogeneous permeability fields. Additionally, it will be utilized within the proof, to define suitable projection
operators.

Definition 5.2 (Dual grid to 7). Let 7 be an admissible mesh, cf., Definition 5.1. For each face K|L € €&,
K € T, L € N(K), define a prism Pk, C Q with zg, x7 and the vertices of K|L as vertices. For all
0 € Ext NEK, K € T define P, C () to be the prism with xx and the vertices of o as vertices. By construction,
T* .= {P,},ce defines a partition of €.

Figure 1 displays a two-dimensional admissible mesh and its auxiliary dual grid.
The final discrete scheme is written in variational form. Given an admissible mesh 7, we introduce the discrete
function spaces and implicitly their bases

Vi = span {vn i fie(1,....dv}s
Qn = span{qn;}je(1,....dq}>

providing spaces for the discrete displacement and pressure, respectively. For the analysis below, we assume
that the discrete function spaces satisfy the following conditions:
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(D1) Q is the space of all piecewise constant functions (Py) on 7 and the basis {gs ; }, is equal to the indicator
functions of all single elements. Note Q) Z Q.
(D2) V}, C V such that V}, x @y, is inf-sup stable regarding the bilinear form

Vh X Qh - Rv (U}MQh) — <Qh7V : Uh>-

In more detail, there exists a constant ;s = Cs;,}s > 0 (independent of h), such that

V-
inf  sup (I VUM (5.1)
0#0.<@u v,ev, ol Tonllv

In the analysis, (D1) will allow for intuitively handling non-linearities in the pressure variable. Assumption (D2)
will allow for using standard inf-sup arguments. In two dimensions, e.g., piecewise quadratic elements can be
used for V}, [6]; alternatively, both in two and three dimensions, piecewise linear elements enhanced by face
bubbles result in a fairly cheap choice, in particular when utilizing localization techniques [32].

In order to define the discrete scheme, we use a discrete Hg () inner product and the corresponding norm,
as introduced in [19], incorporating averaging of the mobility field.

Definition 5.3 (Discrete Hj(£2) inner product and norm on Q). We define the inner product

(Vaxn Vagn)e = > Y. Trp{wlxr (Xh\K - Xh|L) (qh|K - qh|L) + Y T {We Xa g Gy

KeT LeN(K) 0E€EextNEK

for any xp, qn € Qp, where the the weight w evaluated at faces is approximated as weighted average incorporating
the neighboring elements {w}, := IP—I‘ fP w(x)dz, o € &, utilizing the dual mesh 7*. In addition, we define the

1/2

induced norm || - ||1,7,w == (Vh~7Vh->blu/2, as well as the special case for wy :=w =1, || - [[1,7 := (Vi, Vi) /7.

Remark 5.4 (Two-point flux approximation). Let K € 7 be a single element. When choosing ¢, = 1x as
the indicator function of the element K, defined as 1x(x) = 1 if # € K and 1x(z) = 0 otherwise, simple
calculations yield

(ViXn, Vilk)w = Z tK|L(Xh|K—Xh|L>+ Z UK,o Xh| o
LeN(K) 0€EextNEK

for neighboring

Hence, a standard two point flux approximation with averaged transmissibilities ¢ |7, = mﬂlﬂ

cells K, L with common face 0 = K|L; and tx , = % for boundary faces o.

A discrete Poincaré inequality is proved in [19] for ||-||1,7, introducing a discrete Poincaré constant Co pp > 0
such that

llgnll < Caprllanll, 7 for all g, € Qp,

cf., Lemma B.1. A similar result also holds for || - ||1,7 w-

5.2. Approximation of source terms and initial conditions

Let 0 =ty < t; < ... <ty =T define a partition of the time interval (0,7) with constant time step size
T=t, —tn_1, n € N. We interpolate the source terms at discrete time steps. Let

1 [t
oxt (= = Fext(t) dt,

T tn—1
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1 [t
po o= L / e (£) dt.
T tn1

Discrete initial conditions are chosen to imitate the compatibility assumption (3.1). Let X?L € @, be defined by
the piecewise constant projection of x°, i.e., on K € T, we define

1
0 o 0
e = g J X

As xo € L3(Q), cf., (A8),, it follows by classical approximation theory for h — 0
X% — xo strongly in L*(9), (5.2)

and it holds that || X" ||1.7.x... < C|lxo0l|1 for some constant C' > 0, cf., e.g., [20]. Furthermore, since ppore € C(R),
h » 4 yRabs p

cf., (A3), and Ppore(Xx0) € L%(Q), cf., (A8),, it follows for h — 0
Ppore (X0) — Bpore(X0) strongly in L*(9),

similarly for {Bn (X%)}h and {Bn(w) }h. Furthermore, we define the initial approximate displacement

§W(X[})L)
uY € V), to satisfy the compatibility condition
a(ud,vy,) — a<]3p0rc(x%), V -vp) = (fext(0),v5), for all v, € V4. (5.3)

Using standard finite element techniques and the convergence of X9 it follows as h — 0
uy — ug strongly in V, (5.4)

with ug defined in (W3). All in all, due to the convergence, (A8), also applies on discrete level.
(A8),,, For bounded 7 > 0, there exists a constant Cp > 0 (wlog. the same as in (A8)) such that

The discretization of (4.4) is defined by the Galerkin method combined with the standard implicit Euler

n—1

time discretization: for n > 1, given (uzfl,xh ) € Vi x Qn, find (uj,x}) € Vi x Q) satisfying for all
(Vn,qn) € Vi x Qn

< Cp.
L1(9)

lup I3 + HX(f)LHiT,nabs - HB”(X'Q)’ LY(Q) ‘

5.3. Approximation of the evolutionary problem

n

C’ril CL(“Z - /U'Z_la vh) + a(u27 vh) - O‘<ﬁpore(XZ)v V. vh> = <.fext> 'vh>7 (55&)
(b0) = ba (G- ) + (0 OV - (0 = ™). 1) + (VR Vi), = T i). (5:5D)

Remark 5.5 (Finite volume formulation of the discrete flow problem). Based on Remark 5.4, the discrete
variational formulation of the fluid flow equation (5.5b) can be equivalently formulated in a standard finite
volume fashion. More precisely, if xx := Xh| g denotes the value of xy, in the cell K € 7, then (5.5b) becomes

1By (ko) = by (05)) + i) [ V- (= ) o

b b £ Y tkexi =7 [ do
LEN(K) 0E€EexiNEK K

for all K € 7. and with the transmissibilities ¢x|;, and tx , as introduced in Remark 5.4. For the remaining
discussion the variational formulation (5.5b) is more convenient and is therefore used.
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Lemma 5.6 (Existence of a discrete solution). Let n > 1. (A0)—(A8), (ND1), and (D1)-(D2) hold true. Then
there exists a discrete solution (uj, xy) € Vi, X Qp satisfying (5.5), and

()

Proof. The proof is by induction. We present only the general step, since the proof for n = 1 is similar. We
employ a corollary of Brouwer’s fixed point theorem, cf., Lemma B.4, to show the existence of a solution of a
non-linear algebraic system, which is equivalent to (5.5).

+ lup|} < oo forall n>1. (5.6)
L1(Q)

Introduction of a pressure-reduced algebraic problem. We introduce an isomorphism between the dis-
crete function space corresponding to the fluid pressure y and a suitable coefficient vector space

Xn: R —Qp B Z(p"m) (B5) an.;-
Due to (A4), xp, is well-defined. Similarly, let
Up Rdv — Vh, o= Zaivh,i.

For given B € R, define o = a(B) € R to be the unique solution to

¢ ta(un(e) — uf =t o) + a(un(e),vi) = (F* vn) + alBpore(Xn(B)), V - vp), for all vy, € Vi (5.7)

Finally, we define F' : R% — R component-wise by

F;(B) = <3n(Xh(5)) — by (X271)>qh,j> +a(3w(xn(B)V - (un(a(B)) —up™"), qnj)
+7(Vixn(B), Vaang),,, — T(hexe:ang), 7 €{L....dq}

We note, the existence of a discrete solution of equation (5.5) is equivalent to the existence of 3 € R? | satisfying
F(B3) = 0. To prove the existence of a zero of F, we employ Lemma B.4; we consider the expression

<F(/3)HB> = <B77(Xh(ﬂ)) b ( Z 1)7 W> + Oé<V : (uh(a) - uzil)vﬁpore(Xh(/@))> (58)

Ppore (X (B)) _ n  Ppore(Xn(B))
+T<VhX(/3) Vi 5w (X1 (B)) > T<hext? 3w (xn(8)) >

= T1 + T2 + T3 + T4 (59)

where we dropped the explicit dependence of & on 8 and used the identity

dq .
Z/B'Qh - ppore(Xh(/B)).
2 s =5 0 B)
We discuss the terms T4, 75, T, Ty separately.
_ o . -1 _
Discussion of Ty. Let b, := by o (%) , the energy B, as in (4.3), and 8"~! € R such that y} ' =

xn(B"71). Using Lemma B.12, we obtain
= ( Dpore(Xn (ﬂ”_l))
o Bn 3 n—1
L1(Q) SW(Xh(ﬁ ))

Ll(SZ).
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Discussion of Ts. The coupling term T, can be reformulated and estimated by employing (5.7) tested with
vy, = up(a) — up ' Under the use of the binomial identity (App. B.2), the Cauchy-Schwarz inequality and
Young’s inequality, the coupling term 75 can be bounded as

- 2 152 _1y2
Ty > (7 |unle) = wpfy, + Sllun(@)lly + 3llun(e) —wp ™|y = lai ™[5 = 171
Discussion of T3. By the mean value theorem and (A4), the diffusion term T3 can be estimated from below
T5 > pporessn TIXRB)IR 7 -

Here, the specific definition of the two-point flux approximation is crucial.

Discussion of Ty. Employing the definition of hexy = (b, wx), the non-degeneracy condition (ND1), a discrete
trace inequality (introducing Cy,), ¢f., Lemma B.2, together with a discrete Poincaré inequality (introducing
Capp), cf., Lemma B.1, we obtain

n ppore(Xh(ﬁ))
<hcxt’ S () >§

< C(Cnp,1, Cir, Ca,op) (th”LQ(Q) + ||w§||L2(rfN)) Ixn (Bl

e O | (1™ 2y X Bl gy + Ikl o gy Ixa (B e, )

for a constant C(Cnp.1, Cir, Ca.pp) > 0. Hence, by (A6) and Young’s inequality, for the term T} it holds that

C(Cxp.15 Cir, CQ,DP)2

2Cp, e/ Fom,abs

cﬁpore/gw

2
7 (I oy + Ikl argy )+ 222 B 7 s

T}

IA

Combination of all results. By inserting the estimates for T1, T, T3, and Ty, (5.9) becomes
< H (ppore xn(B ))) + Ppore/gw
Sw Xh )) LY()
1 2 -1, 1 1
+ 7len(@)lly + (77 + 7 ) Jun(e) — up™ [
_|_

~ ( B <ppom(xZ 1))
n n
SW(Xh 1) L1(Q)

5\ en C(Cxp.15 Cirs Capp)”
+ 2. 4 SR Cin Cor)

2cﬁpore/§w Rm,abs

T (B 7 o

1 n
L,

2
T<||hn||L2(Q) + ||w17\11||L2(F1f\I)> ) (5.10)

Finally, since || - ||1,7 x,,. defines a norm on @ and (5.6) holds by induction for n —1 if n > 2 or from (A8), for
n = 1, by Lemma B.4 (a corollary of Brouwer’s fixed point theorem), there exists a 3 € R such that F(3) = 0.
This implies the existence of a discrete solution. The bound (5.6) for n follows immediately from (5.10) due to
(AT). O

6. STEP 3: LIMIT h,7 — 0

In the following, we show that the fully-discrete FEM-TPFA discretization, introduced in the previous section,
converges (up to subsequence) to a weak solution of the doubly regularized unsaturated poroelasticity model,
i.e., we prove Lemma 4.3. For this, we employ standard compactness arguments. Throughout the entire section,
we assume (A0)—(A8) and (ND1) hold true.
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6.1. Stability estimates for the fully-discrete approximation

Lemma 6.1 (Stability estimate for the primary variables). Let 7 < L. There exists a constant c® >0

3
(independent of h,7,(,n), such that

N N
¢ T up - upm 1Hv+bup||uh||v+2|\uh wp Y+ DTl 7
n=1 n=1

n=1

<cW (Co, CnD, 1, | hext | 220,750+ » ||fext||H1(0,T;V*))7

where Cy and Cxp,1 are defined in (A8"), and (ND1), respectively.

Proof. The proof follows essentially the same steps as the proof of Lemma 5.6. Therefore, we are brief on
similar steps. We consider the reduced displacement-pressure formulation (5.5). We choose vy, = uj —uy~ L and

qn = p"%(x’)’) as test functions and sum the two equations; note that the second is well-defined as §y(x) > 0
h

SwlX

for all x € R, by (A2). We obtain

_ - ; N Ppore(X1) n ., Poore(Xh)
Cr ||y — 1T+ a(ul, wh +<b Xh —b b, >+T<VhX7Vh  n
H h HV ( ho Th K h ) SW(Xh) " SW(Xh) Kabs

(o =) + <hzxf‘f°”“‘§”>

On the left hand side, we employ the binomial identity (App. B.2), Lemma B.12 for the energy term Bn defined
n (4.3), and the uniform increase of 222 ¢f., (A4). It holds that

_ 1012 1 _ _
Cr ||y — 1HV+§(||UZH%/_HUZ I+ lluh —up =)
+H3 (ﬁpore(XZ)> B ﬁpore(Xzil)
n a n n n—1
SW(Xh )
+ Cﬁpore/éwTHX,;LL ||%7T7/’€abs

Sw(xp)
n n n ﬁpore(XZ)
S <.fcxt7uh _uh > <hCXt7§(XZ)>. (61)

L)

L1(9)

Later on, we sum over the time steps 1 to NV and utilize a telescope sum. Let us first separately discuss the sums
of the two terms on the right hand side. For the first of them, we employ summation by parts, ¢f., Lemma B.6,
as well as the Cauchy—Schwarz inequality and Young’s inequality. We obtain

N
E n n—1
ext7 uh >

n=1

N N 1
:<fextauh> fext’uh Z g)j; _fgxt7uz>

2

1 1 _
< ||-fextHV* +1HuhN||%/+§||féxtH%/* ||uhHV+ZT 1erxt ext HV* +ZT||uhHV (62)
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The second term is estimated as in the discussion of T, within the proof of Lemma 5.6. We obtain
N .
n DPpore(X})
Z 7( Pexe s W
n—1 Sw Xh
< C(CND,laCtr;CQ,DP)Q

2Cp,y e /5 Fom,abs

N N

n n 2 Cp ore/ 8w n
Z T(”h L2y + HwN”LZ(Ff\I)) + ppT Z TIXR T 7 e (6.3)
n=1

n=1

Summing (6.1) over time steps 1 to NN, inserting (6.2) and (6.3), and rearranging terms, yields
N
CZTﬂHuh —uy 1||V *H w Y+ 1 Z [ufy — w5
n=1

~ N
D, ppore(Xh ) cﬁpore/éw §
" SW(X}LN) L1(Q) 2 ne1

~ [ Ppore(X3)
< gl + HB(M)
WAAR

L)

+ max erxt”V* +ZT lH-fext ext ||V* +ZT||-fextHV*

N C(C’ND,thr,CQ,DP)

2Cﬁp0re/§w Rm,abs

N 2 N
S (e + eilpagy ) +2 D Tlludliy-
n=1

n=1

Finally, the last term on the right hand side can be controlled after applying a discrete Gronwall inequality, cf.,
Lemma B.7, using that 27 < i. The thesis follows from the assumptions on the regularity of the source terms
(A7) (together with a Sobolev embedding) and initial data (AS8), p. O

Lemma 6.2 (Stability for the Kirchhoff pressure). There exists a constant C’g]) > 0 (independent of h,T) such
that

= -1l n n—1[2 N2 il n -1 (2) 1 +C (1)
bX’mZT [k = X HL2(Q)+HXh ”1,T+Z||Xh H1’2’<C Co, b —C

X,m

where by m is from the growing condition (A1), CW) s the stability constant from Lemma 6.1, and Cy is the
bound in (A8"),.

Proof. We test (5.5b) with ¢, = xJ — !, By using the binomial identity (App. B.2), for the diffusion term,
we obtain

(by(x3) = by (3~ 1>,xz—><z-1>+a<éw<xz>v(uhfu;z DIRC R
(0G0 s = I e+ I =3 ) = (X = X7

Dividing by 7 and summing over time steps 1 to N, yields
ol ~ 1 al 2
ZT‘1<bn<x2> by (™) =)+ 3 I e+ 5 Z = g
n=1 n=1

||XhH1Tf§abb+Z<h’cxt5Xh OéZT sw Xh (uh_uz 1)7X2_X271>.

n=1
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Employing the growth condition (A1), for the first term on the left hand side, and the Cauchy-Schwarz inequal-
ity and Young’s inequality for the last two terms on the right hand side, yields

T Hxr = X e + 5 ||X I3 7 e + 5 Z Xk = X7 3 7
_1 1 &
+ > T[h 3 +7Z TV (uh —up ) 220
=3 2y o 2

Finally, the first two terms on the right hand side are bounded by (A8"), and (A7), whereas the last term can
be bounded by Lemma 6.1. On the left hand side, we employ (A6). O

Lemma 6.3 (Stability for the energy term B,). Let B, () denote the energy term based on b defined in (4.2).
There exists a constant Cég) > 0 (independent of h,7,1n), such that

max HB (x7) SC’ES)(C’O,C(U(l—FC—l)),

n= L'(Q)
where Cy and CY) are the constants from (A8"), and Lemma 6.1, respectively.

Proof. Testing (5.5b) with ¢, = x}' and employing Lemma B.12, yields for all n
|Baca)] =BG

For the first term on the right hand side, we employ a similar bound as in the discussion of T; within the proof
of Lemma 5.6. For the second term, we employ the Cauchy—Schwarz inequality, a discrete Poincaré inequality
(introducing Cq pp), and (A6). We obtain

2 A
F TIXAIT 7 < T XR) — @80 ()Y - (i — ™) 0.

L1(Q) L1(Q)

B n ‘ B n—1 ‘ ni2
‘ n(Xh) Ll(Q) (Xh ) L) 2 T ,Kabs
C(Cxp.1,Cirs Capp)’ Capp @ 1 . 1
< - 7| A1+ romans Ko ([uh —uh ™5
Finally, summing over time steps 1 to N and employing Lemma 6.1 and (A7) proves the assertion. (]

Lemma 6.4 (Stability for the pore pressure). There exists a constant CY) > 0 (independent of h,,(,n), such
that

N
>~ lpore ()2 < €9 (€D,
n=1

where CY) is the stability constant from Lemma 6.1.

Proof. We utilize a standard inf-sup argument (introducing Cgq s), ¢f., Lemma B.11. Due to (D2), there exists
a vy € V3 such that

”ﬁpofe(XZ)”QL?(Q) = a(Ppore(Xp), V - vp), and
||Uh||V < CQ,is”ZA)pore(XZ)”LQ(Q)a

Employing the mechanics equation (4.4a), we obtain

1Bpore (X 122(0) < Cois (¢ [uh — up ™ |y, + luillv + [ fellv-),
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and hence,
N N N N
A _ 12
S e 382ty < 3CB <<2 S g — g + 3l + zTnf:xmw).
n=1 n=1 n=1 n=1

Finally, the assertion follows from Lemma 6.1, assuming wlog. ¢ is bounded from above. (I

Lemma 6.5 (Stability for the temporal change of l;) There exists a constant C’é5) > 0 (independent of h,T,1n),
such that

P ny_j (41
SRR RS
sup

<P (oW (14 ¢,
{a}}nCQn\{0} (25217_"(12"%,7)1/2 ¢ ( ( ))

where CY) is the stability constant from Lemma 6.1.

Proof. Let {qi'}n, C Qp \ {0} be an arbitrary sequence of test functions. Employ ¢}’ as test function in (5.5b).
Summing over time steps 1 to N and applying the Cauchy—Schwarz inequality, yields

N : To(on—1 N V2w V2
b Xn _b X 2 _ n—

3o OB i) < (S g1y ) (el )

oyt =1

n=1

N 172 , y 1/2
N (ZTXZII?,T,W> (zfuq;; |)
n=1

n=1

N /2 , 1/2
+(1+Ctr)csz,DP<ZT|h?xté*) (ZTHQZL iT) .

n=1 n=1

For the last term, we employed a discrete trace inequality (introducing Ci;), cf., Lemma B.2, and a discrete
Poincaré inequality (introducing Cq pp), cf., Lemma B.1. Finally, after utilizing a discrete Poincaré inequality
for the first term on the right hand side, (A6) on the second term, the assertion follows by Lemma 6.1 with

o =M (cQ,Dp v

C1/2i{11/2 + KM,abs + (1 + Ctr)CQ,DP)~ 0O
6.2. Stability estimates for interpolants in time

Utilizing the discrete-in-time approximations (u}, X} )n, defined by (5.5), we define continuous-in-time approx-
imations on (0, 7] by piecewise constant interpolation
ﬁhT(t) = ’UJZ, t e (tnfl,tn],

XhT(t) = XZ; te (tn—latn]a
and by piecewise linear interpolation

t— tn—l

U (1) = w4 T(u’,} —upt), t€ (th_1,tn], (6.4)
~ — t—1tn—1 n —
Knr (t) = X1 + f(xh —xp ), t € (tn_1,tn)- (6.5)

We deduce stability for the interpolants from the stability of the fully discrete approximation.
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Lemma 6.6 (Stability estimate for time interpolants of the mechanical displacement). For all h,7 > 0 and
7 € [0,7) it holds that

T
~ 2 _
C/O 10stnr |3 dt + Tnr |3 o 0.1y < C,

T—%
/ e (¢ + 7) — s (D)2 dt < CO%,
0
||’ah'r - ﬁhTH%Z(QT) < C(l)Ta
where CY) is the stability constant from Lemma 6.1.

Proof. Application of the definition of the interpolation operators and simple calculations yield

T N
~ 2 _ 1112 2
R S ) (e A I 8

n=1

T—# N 5
/O e (t+7) — wne (O3 dt = 75 fug — w2,

n=1
N
_ ~ 1 - 2
[@hr — @nrll72(gp) = §TZ||“Z — i a0y
n=1

Hence, the assertion follows directly from Lemma 6.1. |

Analogously, we conclude stability for the interpolants of the Kirchhoff pressure.

Lemma 6.7 (Stability estimate for time interpolants of the Kirchhoff pressure). For all h,7 > 0 and 7 € [0, 7)
it holds that

/OT 1Xnr ()17 7 dt < CW, (6.6a)

b |0Xnr 32 @y + [ X0r 3oe 07:20) < CLos (6.6b)
/0 T Rt 4 ) — e (O e < CBppCL2, (6.6¢)
1Xnr = Xnrll72(0p) < ng,DPCg,)Tv (6.6d)

where CY and C’éi) are the stability constants from Lemmas 6.1 and 6.2, respectively, and Cq pp is the discrete
Poincaré constant, cf., Lemma B.1.
Proof. The proof is analogous to the proof Lemma 6.6. For (6.6¢) and (6.6d), a discrete Poincaré inequal-

ity, ¢f., Lemma B.1, has to be applied before utilizing the stability bound on EnN:1 Ixp — XZ_:LH%,T from
Lemma 6.2. O

Similarly, by definition of the piecewise constant interpolation, we deduce stability for some of the non-
linearities used in the model.
Lemma 6.8 (Stability estimates for non-linearities evaluated in interpolants). It holds that

By (Xnr) <c®

L= (OrLi (@) ~ ¢

||15porc()_(h¢)\|%2(QT) <CcW,

where Cé?’) and C™ are the bounds from Lemmas 6.3 and 6.4, resp.
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Lemma 6.9 (Stability estimate for the temporal change of l;) Let

. by () — by ("
Anr(t) == n(Xi) T"(Xh ), t € (tn_1,tn], n>1. (6.7)

It holds that
I 1/2 ~(5
[Anrll L2 o, -1(0)) < CQ/,PCé )
where Cé5) is the bound from Lemma 6.5, and Cq p is a Poincaré constant.

Proof. Let ¢ € L*(0,T; Q). We define a piecewise constant interpolation in both space and time, and only time.

Forn > 1, let
tn
qn(z,t) == %/

tn—1

1
K|/ qdz dt, (z,t) € K X (tp_1,t,), K €T,
K

tn
q"(z,t) := / qdt, (x,t) € QX (tn_1,tn)-

tn—1

A=

Then by Lemma 6.5 it holds that

T N 7 7 n—1 N 1/2
_ bn(X?) — by (x n "
[ )= 3o BODBOED ) < 0 (St )

n=1 n=1

Exploiting the stability of discrete gradients, cf., Lemma B.3, and a (continuous) Poincaré inequality (combined
introducing Cq p), the triangle inequality and the Cauchy—Schwarz inequality, we obtain

N N N tn 2
S Tl < Cop 371V e = Cap 3 7|7 / Vot
n=1 n=1 n=1 n—1 L2(Q)
N tn 2 N tn
< CQ,PZ7'1</ ||qut) < C’Q,PZ/ ||VQ||2L2(Q) dt
n=1 tn—1 n=1"tn-1
= CapllallZzo,mm ()
which concludes the proof. (I

6.3. Relative (weak) compactness for the limit h,7 — 0

We utilize the stability results from the previous section to conclude relative compactness. We deduce limits
for the interpolants which eventually converge towards a weak solution of the doubly regularized unsaturated
poroelasticity model, i.e., it fulfills (W1)e,—(W4)¢,,.

Lemma 6.10 (Convergence of the mechanical displacement). There exist subsequences of {@p:}nr and
{@nr}n,r, denoted by the same subscript, and u¢,, € L>(0,T; V) with Oyuc, € L*(0,T; V') such that for h,7 — 0

Upr — Ucy weakly in L*°(0,T; V), (6.8a)
Upr — Ucy strongly in L*(Qr), (6.8b)
Upr — Ucy weakly in L?(0,T; V), (6.8¢)
Ortupr — Opucy weakly in L*(0,T; V). (6.8d)
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Proof. The assertion essentially follows from the stability result in Lemma 6.6. In particular, equation (6.8a)
follows together with the Eberlein-Smulian theorem, cf., Lemma B.8. For (6.8b), we employ a relaxed Aubin—
Lions-Simon type compactness result for Bochner spaces, cf., Lemma B.9. Furthermore, by the Eberlein-Smulian
theorem, there exists a @ € L?(0,T, V') such that up to a subsequence

Wpr — U weakly in L%(0,T; V),
Optr — Oyt weakly in L%(0,T; V).

We can identify @ = u¢, as follows. Employing the triangle inequality and Lemma 6.6, yields

|@nr —wenllzz@ry < @nr — UnrllL2(Qr) + | Bnr — wenllz2(Qr)

< OWT 4 |y — uyllzz(@n),
which converges to zero for h,7 — 0. This proves (6.8¢) and (6.8d). O

In order to discuss the limit of the pressure, we utilize techniques employed in the finite volume literature [19,
34]. For this, we define a piecewise constant discrete gradient of Yy, utilizing the dual grid 7>, ¢f., Definition 5.2,

Xk, —Xh
(Vi) 7”51(\1,”1( TLK|L, (Z,t) EPK|L X (tn—l,tn}y KGT,LEN(K),
X)p, = n
T d);zlf(( No K, (I7t) € Pd X (tn—htn]a (S gext N EKa

where n |, denotes the outward normal on K |L € &, pointing towards L; and n, x denotes the outward normal
on g € Eext N Ek, pointing towards K.

Lemma 6.11 (Convergence of the Kirchhoff pressure). There exists a subsequence of {Xnrtn,-, denoted by the
same subscript, and x¢, € H'(0,T;Q) such that

Xhr — Xcn strongly in L*(Q7), (6.9a)
(VX)h, = Ve weakly in L*(Qr), (6.9b)
OeXnr — OrXcn weakly in L*(Qr). (6.9¢)

Proof. Let h € RY and Q, ={reQlz+ he 0}. Using a translation property for piecewise constant functions,
cf., e.g., Lemma 4 in [19], we obtain the following uniform translation property in space for y,

/OT /%Hx;”(:c )~ e )]

2

N
dz dt = i@+ b = (@)
=30 [, b+ -],

N
< Cll (Il +191) 3 rlhalf 7

n=1

for some constant C' > 0. Consequently, together with Lemma 6.7, ¥, satisfies a translation property in space
and time wrt. L?(Qr). We conclude by the Riesz—Frechet-Kolmogorov compactness criterion, cf., Lemma B.10,
that there exists a x¢, € L?(Qr) satisfying (6.9a).

For the proof of (6.9b), we refer to Proposition 8.1 in [34], which essentially proves the same assertion under
the same assumption on uniform stability for Zﬁ;l THX;L‘HiT, here following from Lemma 6.7.

The proof of (6.9¢) is standard and follows mainly from the stability results in Lemma 6.7 and the Eberlein—
Smulian theorem, c¢f., Lemma B.8. This concludes the proof. (I
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The main purpose of the double regularization has been the aim to get control over the non-linear coupling
terms, and eventually establish convergence.

Lemma 6.12 (Convergence of the coupling terms). There exists a subsequence of {Xnr}nr, denoted by the
same subscript, such that

Ppore(Xnr) = Dpore(Xcn) weakly in L(Qr), (6.10a)
3w (Xnr )WV - By — 3w (Xcn) 0V - ugy weakly in L2(Qr). (6.10b)

Proof. By the Eberlein-Smulian theorem, c¢f., Lemmas B.8 and 6.8, there exists a subsequence of {Xn}nr
denoted by the same index, and a p € L?(Qr) such that

Ppore(Xnr) — H  weakly in L*(Qr).

The identification of p = Ppore(X¢y) follows from the continuity of Ppore, ¢f., (A3), and the fact that Xnr — Xxc¢q
a.e. in Qr for a subsequence, denoted by the same index, cf., Lemma 6.11. This concludes (6.10a).

The convergence property (6.10b) follows from the convergence properties of the single contributions. Let
q € L*(Qr); it holds that y(Xnr)g — Sw(X¢y)q in L2(Qr) (up to a subsequence). Indeed, by Lemma 6.11, we
have Xnr — Xx¢n a.e. in Qr (up to a subsequence); due to (A2), it holds that 3w (Xnr)g — Sw(x¢n)q a.e. in Qr
and |8y (Xnr)q| < |g| a.e. in Qr; hence, by the dominated convergence theorem 3y (Xnr)g — 8w (Xcn)g in L2 (Qr).
In particular, it holds that &y (x¢y)g € L?(£2). Moreover from Lemma 6.10, we have 6;V - @y — 9,V - ug, in
L?(Qr). The product of weak and strong convergence results in

<atv : ﬂhT) §W(>2h‘r)q> - <atv s U¢n, éw(XO])Q% h7 T — 0.
This proves (6.10b). O

Lemma 6.13 (Initial conditions for the fluid flow). Let A\, as in (6.7). There exists a subsequence, denoted by
the same index, such that

Anr — Oiby(xcy) weakly in L2(0,T;Q%), (6.11)

where 8,5(;”()((,,) € L*(0,T;Q*) is understood in the sense of (W2)¢y,.

Proof. The stability result in Lemma 6.9 implies by the Eberleinfg{nulian theorem, cf., Lemma B.8, that there
exist a subsequence of {\y; }nr, denoted by the same index, and a b, € L?(0,T; Q*) such that

Ahr — by weakly in L2(0,T; Q).

It remains to show that b, = 6t517 (X¢n) in the sense of (W2)¢,. We do this in three steps.

First, by Lemma 6.11, there exists a subsequence of {Xnr }nr, denoted by the same index, such that Xnr — x5
a.e. in Qr. Since 3,7 is continuous, cf., (Al) and (4.1), it also holds Bn(XhT) — Bn(XCn) a.e. in Qr. In addition,
based on the definition of Bm cf., (4.2), and its properties, ¢f., Lemma B.12, it holds that

16y (Xnr )| < 8By (Xnr) +| sup lby(y)l,  ae. in Qr,
y|< -1

for all § > 0. Since B, (Xa-) is uniformly bounded in L>°(0,T; L'(2)) by Lemma 6.8, we conclude

by (Xhr) — by(xcy)  strongly in L'(0,T; L'(©2)) (6.12)

by the dominated convergence theorem. By the properties of an it actually follows 137, € L>(0,T; LY(Q)).
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Second, a similar argument based on the strong convergence of {Xh}h in L?(Q), cf., (5.2), the continuity of
b , the regularity assumption on B 2(Xo0)s ¢f., (A8),, and the properties of B , ¢f., Lemma B.12, leads to
by, (xp) — by(xo) strongly in L(Q). (6.13)

Third, let ¢ € L2(0,T;Q)NW1(0,T; L>(R)) with ¢(T) = 0. By definition of s, after applying summation
by parts, cf., Lemma B.6, we obtain

T N A tn
A (e ) dt = Z<b () — by (™ 1),7*1/t th>

=1 n—

+/OT—T<[;77(Xh) b (). O — 01
i /OTT@" (xh) = by (ur), D1 )t

=T + 15+ T5.

In T5, we have used the piecewise linear function ¢, defined as

t, tn+T t,
n t— (t, — n n
G- (t) == T*I/ thJr(nT)(Tl/ thfol/ th).
by —T T t b —T

n n n

with t € (¢tp—1,t,] and n € {1,...,N — 1}. Due to the uniform boundedness of ‘ b an
Le=(0,T;L'(2))

3,7 (X%)’ L) and since 77! fT_T qdt — q(T) = 0 and 094G, — Oyq in L*(0,T; L>=(Q)) for h,7 — 0, it follows
that Ty — 0 and Ty — O for h,7 — 0. Finally, the convergence in (6.12) and (6.13) result in

7](>th>

T3 — / (X(n) atq>dt, for h,7 — 0,

by the dominated convergence theorem. This concludes the proof. (I

Lemma 6.14 (Initial conditions for the mechanical displacement). The limit uc, € H'(0,T;V) from
Lemma 6.10 satisfies (W3)¢y,.

Proof. Letv € H'(0,T; V) with v(T) = 0. We obtain, using the same calculations as in the proof of Lemma 6.13,

T T T-7
/ a(Optn,,v)dt = a| u) —ud, 77! / vdt | + / a(uf, — apr, 040, ),
0 T-7 0

with the piecewise linear function defined on t € (¢,,—1,t,], n € {1,...,N — 1} by

tn—1 t—tn_ g tn tn—1
@T(t):flf vdt + —— 7*1/ vdtffl/ vdt |.
tn—2 T tn—1 tn—2

Based on the stability and convergence results for {@, }nr and {ul }p, cf., (5.4), we get (for a subsequence,
denoted by the same index)

T T
/ a(Oyucy,v)dt = —/ a(uey — o, Opv),
0 0

for h,7 — 0 and thereby (W3)¢,,. O
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6.4. Identifying a weak solution for h,7 — 0
Finally, we show the limit (w¢y, X¢y), introduced above, is a weak solution of the doubly regularized unsatu-

rated poroelasticity model, cf., Definition 4.1.

Lemma 6.15 (Limit satisfies (W1)¢,—(W4)¢,,). The limit (u¢y, x¢n) introduced in the previous section is a
weak solution to the doubly reqularized unsaturated poroelasticity model, cf., Definition 4.1.

Proof. The limit (wcy, X¢n) satisfies (W1)¢,—(W3)¢, by Lemmas 6.10, 6.11, 6.12, and 6.14. It remains to
show (W4)¢y, i.e., that (wucy, xcn) satisfies the balance equations (4.4). We first consider sufficiently smooth
test functions and then use a density argument. Let (v,q) € L2(0,T; V N C>=(Q)4) x L2(0,T;Q N C>(Q)). For
a given mesh 7, we define spatial projection and interpolation operators, respectively, by

Iy, : VNC®(Q) = Vi, st (Ily,v,vp) = (v,vp) for all vy, € Vp, (6.14)
Zg, :QNC>®(Q) — Qn, st Ith‘K =q(zk) forall K e 7. (6.15)

Using those, we define piecewise-constant-in-time interpolants of (v, q)

tn
Opr(t) :=vf, tE€ (tho1,tn], v :=Iy0", v":= 7'*1/ v dt, (6.16)
tn—1
tn
anr(t) == qp, t€(tn_1,tnl, a:=Zg,q", q¢":= 7'_1/ qdt. (6.17)
tn—1

Similarly, let

tn—l;tn]a

fextn'(t) = gxm te (
t € (th—1,tn].

hextn’ (t) = hg,

ext?

Combining classical results, based on the assumed regularity (A7), for h,7 — 0 it holds that

Vpr — v strongly in L*(0,T; V),
Tnr — q strongly in L*(0,T; Q),
Foxtr = Fext strongly in L%(0,T; V™),
(

hext,r — Pext strongly in L*(0,T; Q*).

We choose v), = v} and ¢, = ¢} as test functions in (5.5), multiply both equations with 7 and sum over all
time steps 1 to N; we obtain

T T
/ [Ca(atah'ra ﬁhT) + a(ah‘rv fvh‘F) - a<ﬁp0re()€h7)7 \' T’h‘r>] dt = / <}.ext,fr7 6h7> dt, (6183)
0 0

T T
/ [<5\h7—7 q_h7'> + a<=§w(>2h*r)atv : '&'h‘ra t?m) + <Vh)_(h7-7 th}”»*”mbj dt = / <}_Lext,-r; qh7-> dt. (618b)
0 0

For most terms we can apply the fact that the product of weakly and strongly convergent sequences converge to
the product of their limits. The only term needing special attention is the diffusion term in the flow equation. For
this, we follow a similar argument as in the proof of Theorem 3.4 in [34] — here for a heterogeneous permeability
field. The technical calculations are the same. Hence, we only summarize the idea.

We exploit the definition of the piecewise constant gradient (W) hpe Similarly, we define a piecewise constant
gradient of the smooth test function and the permeability field

(W)hT(x,t) =Vq"(z,), (z,t) € Py X (tn—1,tn], o€ég,



GLOBAL EXISTENCE OF WEAK SOLUTIONS TO UNSATURATED POROELASTICITY 2879

{KabS}T(x) = {Kabs}aa z € Py, o€ 5,

where z, € P, is chosen by the mean value theorem satisfying (here only for an internal edge)

dl(l\L (¢"(rx) — q"(xz1)) = V" (kL) - nL |k, i-e., connecting the two-point flux approximation with the actual

gradient of g. A calculation, just as in [34], yields

T T
/ (V0% Vadns),., di = / / {Fa} (YY), - (V3), drdt.
0 0 Q

Due to sufficient regularity, it holds that {Kaps}7 — Kabs strongly in L°(Qr) and (Vq) e — Vg strongly in
L?(Q7). Since by Lemma 6.11 it also holds that (W) he — VX¢n weakly in L?(Q7), we finally conclude that

T T
/ <Vh>_ChTa th_hT>"iabs dt — / / K,abSVXCn . Vq dl’ dt, h7 T — O
0 0 Q

All in all, together with the convergence properties of the test functions vp., G-, the source terms fexw,
Bext,T, and the interpolants for the fully discrete approximations (¢f., Lems. 6.10-6.13), we conclude that (6.18)
converges to (4.4), evaluated in (w¢y, X¢p) and tested with (v,q) € L2(0,T; VNC>=(Q)?) x L2(0,T; QNC>(12)).
Finally, a density argument yields the final result. O

7. STEP 4: INCREASED REGULARITY IN A NON-DEGENERATE CASE

In the following, further stability estimates for the fully-discrete problem are derived, allowing for showing
that the limit (wcy, x¢y) introduced in the previous section also satisfies (W5)¢, and (W6)¢y,, i.e., we prove
Lemma 4.5. For this, non-degeneracy assumptions are required. For compact presentation throughout the entire
section, we assume (A0)—(A8) and (ND1)-(ND2) hold true, and we define u; ' := .

7.1. Improved stability estimates for fully-discrete approximation

Lemma 7.1 (Improved stability estimate for the structural velocity). There erists a constant Cég) > 0 (inde-
pendent of h,T), satisfying

N
¢ osup |l w5 S e — g
ne{l,...,N} ne1

N
) L (T B (T P |

n=1
N
+ > 7 HlBpore(X7) = Bpore (x5 ) 17200
n=1
< C (|10, font2 Cxp 2 @
= Y¢n tdextlIL2(Qr)’ bxm ¢in )

where Cg]) is the stability constant from Lemma 6.2, Cxp 2 corresponds to the non-degeneracy condition (ND2),
and by, corresponds to the growth condition (A1%).
Proof. First we observe, that the compatibility condition for the initial conditions (5.3) is equivalent to the
mechanics equation (5.5a) for n = 0, since uf) — u,:l = 0. This allows for considering the difference of the
mechanics equation (5.5a) at time steps n and n — 1, n > 1,

Ca(Tfl (u}z — u}f*l) — Tﬁl(uzfl - uzfz), vh) +a(up, — uzfl, vp)

n—1

— a{Ppore(Xh) — Ppore (X’;Tl), Vvp) = (foxe — Foxt »Vh)



2880 J.W. BOTH ET AL.

for all v, € Vj,. By testing with v, = 77! (u}; — u}f*l) and using the binomial identity (App. B.2), we obtain

¢ _ v 2 _
§(||T g —wr )y = [ @ = w2,
g — ) = g = ) e

n—1

=7 (Fle — Foaup —up )+ am T (Bpore (X3) — Ppore (X3, 1), V- (uy — up 7).

Summing over n € {1,..., N}, yields after applying the Cauchy—Schwarz inequality and Young’s inequality for
the right hand side terms

T R e e R
n=1
g al _an—1y -1 n—1__ _ n—2 2
2 Z uy, ) T (uy, uy, )Hv
n=1
N 2
Z 71H-fext ext ||V* K ZT ||pp0re Xh) f’pore(XZ_l)HL?(Q)- (7.1)

Due to (ND2), Ppore = Dpore(X) is Lipschitz continuous. Therefore, by Lemma 6.2 it holds that

N (2)
Z ||pporc Xh) ﬁporc( )||L2(Q) < C1ND 2 b Cn

which together with (7.1) concludes the proof. O

Lemma 7.2 (Consequence for the structural acceleration). There exists a constant Cé:l) > 0 (independent of
h,T), such that

uh—2u —|—uh

N
> <ct(ees)

where Cé?]) is the stability constant from Lemma 7.1.

Proof. Let {v}}, C Vi, \ {0} be an arbitrary sequence of test functions. Consider the difference of (5.5a) at n
and n — 1, n > 1, tested with v}; it holds that

v Couf — 2up ! g 0f) = (Pl - Fid o) — aud — i o)
+a<ﬁP0re(Xh) ppore(XZ 1) V’UZ>

Summing over n € {1,..., N}, applying the Cauchy—Schwarz inequality and Lemma 7.1, yields

N 2
sup CDomea T La(up — 2up” 1y u,” 7, vy)

(o)

As || -3, = a(-,-), we obtain equivalence of norms, which concludes the proof. O

(6)
e



GLOBAL EXISTENCE OF WEAK SOLUTIONS TO UNSATURATED POROELASTICITY 2881

7.2. Improved stability estimates for interpolants in time

We define piecewise linear interpolations of the discrete structural velocity and the pore pressure. For ¢ €
(tn—htn]; n Z 17 let

R w2 ot g ut — 2w a2
ut,h-r(t) = h - h + Tn 1 h hT h ; (7.23)
t—th_1

ﬁpore,hﬂ— (t) = ppore (XZ 1) + (ppore(Xh) ﬁpore (Xz_l) ) . (72b)

Note that O,y defines the piecewise constant analog of 4 5. Stability bounds are obtained as direct conse-
quences of Lemmas 7.1 and 7.2.

Lemma 7.3 (Stability estimates for interpolations of the structural velocity). Let @y, and Gy pr, as defined
by (6.4) and (7.2a). For all h,7 > 0 and 7 € (0,7), it holds that

||at’ah'r||%2(07T;V < Cé?]), (733,)
T—%
/ |O¢tunr (t + 7) — Bytanr (1)|[22() At < CB p O, (7.3b)
0
A 6
||ut,h7'||2L2(0,T;V) < QCén), (7.3¢)
O2 C(7)
Ve pr — Opisnr 3200y < %T : (7.3d)
0(7)
”atut-,hTH%Z(O,T;V) < %» (7.3e)

where C9 and 7 are the stability constants from Lemmas 7.1 and 7.2, respectively, and Cq px is the product
of the Poincaré and the Korn constants.

Proof. By construction, it holds that

19stnr T2 vy = D7 H|uh — ul =y

Hence, (7.3a) follows directly from Lemma 7.1. The time-translation property (7.3b) follows from the fact that
Oyuy,, is piecewise constant. Analogous to the proof of Lemma 6.6, one can show

T—1 N
/0 (|Optapr (t+T) — (’“)tﬁhT(t)||2L2(Q) dt =7 ZHT_l (u —uy 1) — T_l(u;fl — uZﬁQ) H;(Q)'
n=1

Finally, after using a Poincaré inequality and Korn’s inequality, (7.3b) follows from Lemma 7.1.
In order to show (7.3c), we expand the integral over the time interval. By definition of @, ., it holds that

||ﬁt7hr|\2L2(o,T;V)
2

dt
v

=t \ _ — .
() o a2 3 [ (S i

t— tnfl

(wh ™" —up ) + (uh = 2u; " +up ™)
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N
I 2
3 : ) h \74

Hence, equation (7.3¢) follows by Lemma 7.1. In order to show (7.3d), we again expand the integral over the
time interval. Employing the definitions of @, and ., a simple calculation yields

=

R . 1 -
H’u,t,}”- — 6tuh‘r||%2(QT) = g ZT 1”11,2 — 2u + uh 2||L2(Q

Hence, after employing a Poincaré inequality and Korn’s inequality, equation (7.3d) follows from Lemma 7.2.
Finally, equation (7.3e) follows directly from Lemma 7.2, since

N _ n—1 n—2 2
Hatat,hTH%z(o,T;V) = ZT 2t 2 U .
n=1 T \%4 O

Lemma 7.4 (Stability result for the interpolation of the pore pressure). For ppore,nr defined in (7.2b). It holds
that
(6)
||atpporc hT||L2(QT) < C<7I )

||ppore,h7— ppore(XhT)”Lz(QT) < C T

where Cé?]) is the stability constant from Lemma 7.1.

Proof. By construction, it holds that

2

ore ey = 327 (1) =B () sy and

2

~ T ~ _
prore,hr ppore(XhT ”LQ Qr) = Z g |pp0re Xh — Ppore (XZ 1)||2L2(Q)7

where the second result follows by expanding time integration. Hence, the assertion follows directly from the
stability result for the discrete time derivative of the pore pressure, cf., Lemma 7.1. O

7.3. More relative (weak) compactness for h,7 — 0
The previous stability results allow for analyzing the limit in relation to (w¢y, X¢r)-

Lemma 7.5 (Convergence of the structural velocity and acceleration). There exist subsequences subsequences
of {tns}tn,r and {Uyg pr}h -, denoted by the same subscript, such that Oyucy, Ontiey € L?(0,T;V) and

Ortupr — Ougy, weakly in L*(0,T; V), (7.4a)

O¢tt hr — OpUcy weakly in L?(0,T; V). (7.4b)

Proof. The convergence result (7.4a) follows from the stability result (7.3a), the Eberlein-Smulian theorem,

cf., Lemma B.8, and the fact that @, — wu¢, weakly in L?(0,T;V), cf., Lemma 6.10. Furthermore, due to

the additional translation property (7.3b), a relaxed Aubin—Lions—Simon type compactness result for Bochner
spaces, cf., Lemma B.9 yields the existence of a subsequence, denoted by the same index, satisfying

Oy — Oyugy,  strongly in L*(Qr). (7.5)
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Using the stability result (7.3e), by the Eberlein-Smulian theorem, c¢f., Lemma B.8, there exists a subsequence,
denoted by the same index, such that Oy, — wuy weakly in L2(0,T;V) for some u; € L*(0,T;V). It
holds that ws; = Onucy if also Uy pr — Opue, weakly in L2(0,T; V). From the stability result (7.3c), and the
Eberlein-Smulian theorem, cf., Lemma B.8, there exists a u; € L?(0,T;V) such that Us pr — Uy weakly in
L?(0,T;V) (up to a subsequence). Employing the triangle inequality, yields

[t nr — Oricnllr2(@ry < @ene — OrtinrllL2(Qr) + 10¢tnr — rucyllL2(Qr)-
Hence, due to (7.3d) and (7.5), it holds that u; = O;u¢,, and consequently w; = Opuc,, concluding the
proof. O
Lemma 7.6 (Convergence of the time derivative of the pore pressure). There exists a subsequence of
{Dpore,hr }n,r, denoted by the same index, satisfying
8tﬁpore,h7’ - atﬁpore(XCn) Weakly in L2 (QT)

Proof. By Lemma 6.11, we have X, — X¢n strongly in L2(Qr) (up to a subsequence). Hence, also ppore(Xnr) —
Dpore(X¢n) strongly in L*(Qr). From Lemma 7.4, it follows Ppore.nr — Dpore(X¢n) strongly in L?(Q7) and
OtPpore,hr — pr weakly in L?(Qr) for some p; € L*(Qr) (up to a subsequence). Consequently, p; = diPpore(Xcn)s
which concludes the proof. O

7.4. Identifying a weak solution with increased regularity for h,7 — 0

Finally, we show the limit (w¢y,X), derived in Section 6.3, also satisfies (W5)¢y,—(W6)¢y, €., (ucy, Xcn)
is a weak solution for the doubly regularized unsaturated poroelasticity model with increased regularity, cf.,
Definition 4.1.

Lemma 7.7 (Limit satisfies (W1)¢,~(W6)¢y). The limit (wey, Xcrn), derived in Section 6.3, is a weak solution
for the doubly regularized unsaturated poroelasticity model with increased regularity, cf., Definition 4.1.

Proof. The limit (u¢y, X¢n) satisfies (W1)e,—(W4)e, by Lemma 6.15. Furthermore, (W5),, follows directly
from Lemmas 7.5 and 7.6. In order to show (W6)¢,, let v € L2(0,T; V N C>(Q)?). We utilize ¥, and v7, as
introduced in (6.14) and (6.16), respectively; again it holds that

Vp, — v strongly in L*(0,T; V). (7.6)

We consider the difference of the mechanics equation (5.5a) at time steps n and n — 1, n > 1, tested with
vp, = v}; we obtain

CT_la(Uﬁ - 2“271 + u2727 vy) +a(uy — UZH’ vy) — a<]§p0r6(XZ) — Ppore (Xzil)7 \& UZ> = < xt — Z;tlavz>~
Summing over n € {1,..., N}, and employing the definitions of @y, Ut nr, Unr, and Ppore,hr, yields
T T, .
/ [Ca(atﬁt,hﬂ 'Dhr) + a(atﬂhra 'D}LT) - O¢<atf7pore,hr7 A\ 'Dhr>} dt = / <8t.f7-7 'Dh7'> dtv (77)
0 0

where fT denotes the piecewise linear interpolation

n— t—tn1 n n—
fext,r(t) = fext1 + 7( ext fext1)7 te (tn*htn]v ne {17 ce aN}

It holds that }'exw — foxt strongly in L2(0,T; V*) and also Bt}exw — Oy foxt weakly in L2(0,T; V*), for 7 — 0.
Hence, together with the weak convergence properties of 4, jr, Unr and Ppore,nr, cf., Lemmas 7.5 and 7.6, and
the strong convergence properties of the test function vy, cf., (7.6), we conclude that

T

T
[ [cat@ucn ) + a@rucy. ) = al@ubpaelxen). V) ]dt = [ @ fros )t
0

0
for all v € L2(0,T;V N C>®(2)%). A density argument yields the final result. O
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8. STEP 5: LiMIT ( — 0 FROM POROVISCOELASTICITY TO POROELASTICITY

In this section, we prove Lemma 4.6, i.e., the existence of a weak solution to the simply regularized unsaturated
poroelasticity model, cf., Definition 4.2. For this we utilize the fact that there exists a weak solution, (w¢y, X¢n),
with increased regularity for the doubly regularized unsaturated poroelasticity model, cf., Definition 4.1. We
show that {(wu¢y, xcn)}e has a limit for ¢ — 0, which is a weak solution to the simply regularized unsaturated
poroelasticity model, i.e., it satisfies (W1),,~(W4),,. For this, we employ compactness arguments. The central
uniform stability bound is derived utilizing (W6)¢, and the non-degeneracy condition (ND3). Throughout the
entire section, we assume (A0)—(A8) and (ND1)—(ND3) hold true.

8.1. Stability estimates independent of ¢

The key ingredients for the subsequent discussion are stability estimates, which are independent of . As a
result of the stability results derived in Section 6.2, there exists a constant C' = C' (C ONe (4)) > 0 (independent
of ¢ > 0 and n > 0), such that

2 2
HUCWHLDC(O,T;V) + ”ppore(XCn)Hm(QT) <C, (8.1)

where Lemmas 6.6 and 6.10 yield stability for the displacement, and Lemmas 6.8 and 6.12 yield stability for
the pore pressure. Further stability bounds can be obtained by exploiting the continuous nature of the balance
equations and the time derivative of the mechanics equation. The following result is crucial.

Lemma 8.1 (Stability for the primal variables). There exists a constant C®) > 0 (independent of ¢ and n),
such that

2 2 2 2 2
C“at“Cn”Loo(o’T;v)"‘ ||atuén||L2(o,T;v)+ HVX§77||LOO(0,T;L2(Q)) <c® (COa ||atfcxtHL2(o,T;V*)v Hhcxt”Hl(o,T;Q*))a

where Cy comes from (A8).

Proof. Let T € [0,T)]. Consider the flow equation (4.4b) and the mechanics equation differentiated in time (4.5),
tested with ¢ = 115 79 x¢y and v = 1y, 70iucy, respectively, where 1, 7 = 1y 5 (t), t € [0,T], is the charac-
teristic function of the time interval. Summing both equations yields

T T
C/ a(@ttu@, 87511,(7,) dt + / </‘fabsVX(17; VatXCn> dt
0 0

T

T T
+ / a(Oucy, Orucy) dt + / <atbn(XCn)vatX<n> + 0‘/ (8wOiXcn = OiPpore, OV - ucy)
0 0 0

T T
_ / (0 F oxts Dy dt + / (rest Drxen) . (8.2)
0 0

We discuss the individual terms separately. For the first two terms on the left hand side of (8.2), we employ the
fundamental theorem of calculus

T T
¢ / a(@ttucn, 6tUQ7) dt + / <’iabsVXCn7 VatX<n> dt
0 0

¢ N I )
Orucy(D)|| |+ 3 (Hmbs Vxer(D)|[, g ~ IVFn VX<n<o>|L2(m),

-5

where we used that 0yuc,(0) = 0. This follows from the temporal derivative of the mechanics equation (4.5)

and the compatibility condition for the initial conditions (3.1).
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For the remaining terms on the left hand side of (8.2), we apply the binomial identity (App. B.2), employ
that b; > b > 0 (cf,, (Al)), condition (ND3), and a(v,v)= |[v|lv > Kal|V - 1J||2L2(Q) for all v € V with
Kq = %" + A. We get

T 7
2 7 N ~
10cecnllz20,7:v) +/0 <5tbn(><<n)a 3tX<n> + Oé/o (8w0iXcn — OrPpore; OrV - ugy)
T 1/2 N . 2
_ 2 7 @ 8y 8 x¢n—OtPpore
- ||6tuCnHL2(O,T;V) +/ / [ 8tbnatXC77) T 5W@V . uCn] dxdt
S et 9 e

Kdr

10:V - uC77||L2(OTL2(Q)) / /Q o XC” ~hore (X))’ IatV-ug,,|2dxdt

2
2 §H8tu4n||L2(oj";V) + = b (x¢n)

2
> §Hatu07||L2(0,T~;V)'

For the first term on the right hand side of (8.2), we apply the Cauchy—Schwarz and Young’s inequality

T
/0 (O fexts Orucy) dt < Hatfcxt||[,2(0T v T3 ||atu<77||L2 0,7;V)"

For the second term on the right hand side of (8.2), we apply integration by parts, a Cauchy—Schwarz inequality
and Young’s inequality, a Poincaré inequality and a Sobolev embedding, involving the constants Cqp and
C'r,s0b, as well as (A6). This gives

T 5 B T
/ <hexta 875XC17> dt = <hext (T)7 X¢n (T)> - <hext (0)7 X(0)> - / <athexta Xﬁn> dt
0 0

02
< Q,p (‘
Rm,abs
Km,abs ~ 112
, T ’
+ 4C3 b <HX<T’( ) L2(Q)
3(CT,SobCQ,P)2

Rm,abs

+i@¢avaAﬂﬁg

- 2
hCXt(T)’ L2(9)

2 2
—+ Hhcxt(O)HLZ(Q) + ||8thcxt||L2(QT)>

+ HXCW(O)Hi%Q) + |X<’7|i2(QT~)>

IN

2
1hext 771 (0,7:0+)

T
2 2
@ + [[v/Kabs VXCW(0)||L2(Q) + /0 [[v/Kabs VXCU||L2(Q) dt) .
Altogether, (8.2) becomes

1 _ o2
T

L2(Q)

$Nowe, @)
§H ke )‘LZ(O,ZF;V)

3 2
< ZH\/ Kabs VXCW(O)||L2(Q) + ”atfext”iz(o’rf;v*)
n 3(Cr.sonCap)”

m,abs

2
+ Z”atuCWHB(O,T;V)

2 1T 2
Irealnorian 7 1V Vxclfa dt

A Gronwall inequality, and the general choice of T, yields the assertion under the given assumptions. O

The previous stability estimate allows for deriving revised stability estimates in the previous section.
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Lemma 8.2 (Stability for the energy Bn) There exists a constant C®) > 0 (independent of ¢,n), such that

B H < c(cy,c®),
10| e o iy < 0

where C®) is the stability constant from Lemma 8.1, and Cy is the stability constant from (A8*).

Proof. Testing the flow equation (4.4b) with g = x¢,, yields

T, T 9
/ <atbn(XCn)v XCn> dt + / ”VX@”nabs dt = /
0 0 0

For the first term on the left hand side, we apply a property of Bm cf., Lemma B.12,

T T
<hext7 XQ?> dt — Oz/ <§W8tV . ’u,cn, XCW> dt.
0

L)

L)

/OT<8t6n(XCn)7XCn> dt = HBn(ch(T))‘

B, (x0)|

On the right hand side, we apply the Cauchy—Schwarz inequality, Young’s inequality, a Poincaré inequality
(introducing Cq p) and (A6), and obtain
Cap

1 (T 2 5
L e dt < HB ‘
+ 9 /0 H XCW”Rabs - n(XO) Ll(Q)+ Km,abs

By (xen(D))|

2 2 2
L1(Q) (”he"t”Lz(O,T;Q*) +a7]o. V- uCnHLZ(QT))-

Finally, the thesis follows from Lemma 8.1. (]

Lemma 8.3 (Stability for the temporal change of I;n) There exists a constant C(*%) > 0 (independent of ¢,n),
such that

Sy {Buby(xen) )t
sup

< 0(10) (C(&)’
0£¢€L2(0,T;Q) IVallz2qr)

where C®) is the stability constant from Lemma 8.1.

Proof. The proof is similar to the proof of Lemma 6.5. However, this time, we exploit

10 [ S 10 | v 7C(8)
V- u < Lu vy S
nllL2(Qr) Fclir/Q nllLz(0,1;v) Kdllr/g
by Lemma 8.1. Thus, we can drop the dependence on (. (I

We will require to show strong convergence of the Kirchhoff pressure. Having that in mind, we conclude
with a stability estimate for 0;x¢,. We note, this is the only stability estimate in this section, requiring the
regularizing growth condition (Al),,.

Lemma 8.4 (Stability estimate for the temporal change of the Kirchhoff pressure). There exists a constant
07(711) > 0 (independent of ¢), such that

00l ary < O3 (5 Con 520,

where C® is the stability constant from Lemma 8.1, by is from (A1%), and Cy is from (A8").
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Proof. We repeat parts of the proof of Lemma 8.1. We test the flow equation (4.4b) with ¢ = Oyx¢, and
apply (Al), and the Cauchy-Schwarz inequality; we obtain

1 2
bx,m”@chH%%QT) =+ 5”\/ Rabs VXCW(T)||L2(Q)
T
~ 1 2
< / (DuboOxcn)s Bxen ) dt + 51y Favs Vxen (Dl (qy

1 2 T .
= 5”\/ Rabs VXCW(O)HLQ(Q) + /0 (Chexts Orxen) — a(8wO:V - ucy, Orxen)) dt
1 2 1 by m
< 5 IVFas VXen O30y + 7— (et Gz m.00) + 0210 - wcaliaan ) + 252 100callF .
X,m

After rearranging terms, applying the regularity of the data, and applying Lemma 8.1, the assertion
follows. ]

8.2. Relative (weak) compactness for { — 0
We utilize the stability results from the previous section to conclude relative compactness.
Lemma 8.5 (Convergence of the primary variables). There exist subsequences of {ucy}te and {xcn}¢, denoted

by the same subscript, and there exist u,, € H'(0,T; V) and x, € H*(0,T; L*(Q)) N L>(0,T; Q) such that for
¢—0

Uey — Uy weakly in H'(0,T;V), (8.3a)
COuey, — 0 strongly in L*(0,T; V), (8.3b)
X¢n — Xn strongly in L*(Qr), (8.3¢)
X¢n — Xn weakly in L>°(0,T; @), (8.3d)
OcXen — Oy weakly in L?(Qr). (8.3¢)

Proof. The proof follows standard arguments based on the Eberlein-Smulian theorem, c¢f., Lemma B.8, the
Aubin-Lions lemma, cf., Lemma B.9, and the stability results for u¢,, cf., Lemma 8.1 and (8.1), as well as
the stability results for x¢,, cf., Lemmas 8.1 and 8.4. In particular, for (8.3b), we employ the uniform stability
result from Lemma 8.1 yielding

T
| catorucy.v) e < O olapay — 0 for ¢ =0
0

for all fixed v € L?(0,T; V). O

Lemma 8.6 (Convergence of the coupling terms). There exist subsequences of {tcyn}c and {x¢y}c, denoted by
the same subscript, satisfying for ¢ — 0

Ppore(X¢n) = Ppore(Xn) weakly in L? (Qr), (8.4a)
Sw(Xcn) 0V - uey — 84w (xn)0V - uy weakly in L*(Qr). (8.4b)

Proof. The proof is analogous to the proof of Lemma 6.12. Essentially, first, one has to utilize stability estimates
together with the Eberlein-Smulian theorem, c¢f., Lemma B.8; second, continuity properties of the non-linearities
have to be employed together with the convergence of {u¢y}¢ and {x¢y }¢, ¢f., Lemma 8.5. We note that for (8.4a)
the stability result (8.1) has to be utilized. O
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Lemma 8.7 (Initial conditions for the fluid flow). Up to subsequences it holds for ( — 0
Aby(xcn) = Biby(xy)  weakly in L?(0,T;Q*), (8.5)
where d;by(xy) is understood in the sense of (W2),,.

PfOOf. The proof is similar to the proof of Lemma 6.13. In particular, an analogous argument implies that
16n (Xcn)llLos 0,7:21 () is uniformly bounded wrt. ¢, and therefore

Bn(XCn)_’ I;n(xn) strongly in Ll(O, T, Ll(Q)) for ¢ — 0, (8.6)

(up to a subsequence). Furthermore, by Lemma 8.3 and the Eberlein-Smulian theorem, cf., Lemma B.8, there
exists some b; € L2(0,T;Q*) such that 0:b,(xc,) — br weakly in L*(0,T;Q*) (up to a subsequence). We can
identify b; = 9;b(x,) by showing (W2),,. For this we utilize (W2)¢,,. For ¢ € L2(0,T;Q) N WH(0,T : L>=(2))
and ¢(T') = 0, it holds that

T

/0T<3tl;n(XC77)7q> dlt:/0 <l3n(><o) *én(xcn)ﬁtq> it

The assertion follows immediately for ¢ — 0, using (8.6), and the dominated convergence theorem. (]
Lemma 8.8 (Initial condition for the mechanical displacement). The displacement w, satisfies (W3),.

Proof. Using the uniform stability bound for {d;u¢,}¢c by Lemma 8.1 and the weak convergence uc, — u,
weakly in L?(0,T; V) (up to a subsequence) by Lemma 8.5, standard compactness arguments yield

yucy — Opu,  weakly in L2(0,T;V)
(up to a subsequence). Hence, ¢ — 0 of (W3),, yields (W3),,. O

8.3. Identifying a weak solution for { — 0

Finally, we show the limit (u,, x,), introduced above, is a weak solution of the simply regularized unsaturated
poroelasticity model.

Lemma 8.9 (Limit satisfies (W1),—(W4),). The limit (u,, x,), derived in Section 8.2, is a weak solution of
the simply reqularized unsaturated poroelasticity model, cf., Definition 4.2.

Proof. The limit (u,,x,) satisfies (W1),~(W3),, by Lemmas 8.5-8.8. It remains to show (W4),, i.e., that
(wy, xn) satisfies the balance equations (4.4) for ¢ = 0. By definition, the sequence (u¢,, x¢r) satisfies (W4)¢,,
for ¢ > 0. Utilizing the weak convergence results, cf., Lemmas 8.5 and 8.6, (W4), follows directly for
¢—0. (Il

Remark 8.10 (Existence of a weak solution for a compressible system). If compressibility is present either for
the fluid or the solid grains, the regularizing property (A1*) is fulfilled even for n = 0. For instance, for b as
in (2.6) with the equivalent pore pressure and the van Genuchten-Mualem model, it holds that by m = ¢ocw + %,
cf., Appendix A. Consequently, the limit (u,, x,;) in Lemma 8.9 is also well-defined for n = 0. In particular, it
is a weak solution of (2.12)—(2.15), cf., Definition 3.1.

9. STEP 6: LIMIT 7 — 0 IN THE INCOMPRESSIBLE CASE

In this section, we show the main result, Theorem 3.4, for the more demanding case: the presence of an
incompressible fluid and incompressible solid grains. Otherwise, by Remark 8.10 the main result of this paper
follows already. In the incompressible case, b as in (2.6) is monotone but with ¥ =0ona part of the domain
with non-zero measure. Under the use of regularization with > 0, it holds that b, » = n. In the following, we
prove that the limit of {(w,, x5)}, exists for n — 0, and that it is a weak solution of (2.12)—(2.15) according to
Definition 3.1. Throughout the entire section, we assume (A0)—(A8) and (ND1)—(ND3) hold true.
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9.1. Stability estimates independent of n

In Section 8, many stability bounds are independent of 7. To summarize, there exists a constant C > 0
(independent of 7) such that

||un||H1(o,T;V) + HXnHLoo(o,T;Hé(Q)) + ||ﬁpor0(Xn)||L2(QT)

+ 81| + b )

<C. (9.1)

L= (0,T;L1 () L2(0,T;H-Y(Q)) —

The only stability bound depending on 7 is the one of d;x,,, cf., Lemma 8.4. We recall, there exists a constant
Cy, > 0, depending on 7, satisfying
||8tX7IHL2(QT) < Cn- (9.2)

In order to conclude that (w,,x,) converges towards a weak solution of the unsaturated poroelasticity model,
it will be sufficient to replace the stability result (9.2) by a uniform stability estimate. The remaining discussion
for n — 0 can be done along the lines of Sections 8.2 and 8.3.

In the following, we prove a uniform stability bound replacing (9.2) in two steps. We show that the temporal
derivative of the mechanics equation, i.e., (W5)¢, for ¢ = 0, is well-defined; and then we use an inf-sup argument
and the uniform stability estimate (9.1).

Lemma 9.1 (Temporal derivative of the mechanics equation). It holds for all v € L*(0,T; V)

T T T
/ (D, v) dt — / A (BeByore(xn), ¥ - v) dt = / (O Foss, v) dt. (9.3)
0 0 0

Proof. First, we argue that the mechanics equation (3.2a) holds pointwise on [0,7]. Let v € L2(0,7;V) N
C>(0,T;V). By Lemma 8.9, it holds that

T T T
A aluy, v) dt / a(Bpore(xy), V - v) dt = / (F oxt, ) dt.

By the fundamental lemma of calculus of variations it follows a.e. in [0, T
a(ty, v) — a(Ppore(Xn), V - v) = (fext,v), foralveV. (9.4)

Applying a standard embedding for Bochner spaces,[18] we can assume wlog. that uw, € C(0,7;V) and
Ppore(Xn) € C(0,T; L3(R)), as dyu, € L*(0,T; V) and dippore(Xy) € L*(Q7) by (9.2) and assumption (ND2).
Hence, (9.4) holds pointwise on [0, T].

Now we show (9.3). Let v € L?(0,T; V)N C>(0,T; V). By Lemma 8.9, it holds that

T

T T
/ a(ty,, 0yv) dt — a/ (Ppore(Xn), V - Opv) dt = / (fext, Orv) dt.
0 0 0

Since dyu, € L*(0,T; V), Otppore(Xn) € L*(Qr) and 9y fext € L?(0,T; V'*), integration by parts is well-defined.
Together with (9.4), we obtain

T T T
/ a(Opuy, v) dt — a/ (OePpore(Xn), V -v) dt = / (0t fext, v) dt.
0 0 0

The assertion follows after applying a density argument allowing for arbitrary test functions in L?(0,7T;V)
in (9.3). ]
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Lemma 9.2 (Stability estimate for the temporal derivative of the Kirchhoff pressure). There exists a constant
CU2) > 0 (independent of n) such that

”atXnHLZ(QT) < c(?,

Proof. We show that dppore(Xs) is uniformly bounded in L?(Q7). The assertion follows then from the assump-
tion (ND2), as

HatXW”L?(QT) < CND,2||atﬁpor6(Xn)||L2(QT)~
By Lemma 9.1, the time derivative of the mechanics equation is well-defined, ¢f., (9.3). Using a standard inf-sup
argument (introducing the constant Coq is), cf., Lemma B.11, it follows from (9.3) that

||8tﬁpore(Xn) HLZ(QT) < CQ,is (HaﬁuﬁHL%O,T;V) + ||atfext||L2(0’T;V*)) .

Since ||Oyuy||L2(0,7;v) is uniformly bounded by (9.1), and (A7) holds true, ||9:Ppore(Xn)llL2(Qr) is uniformly
bounded, which concludes the proof. O

9.2. Relative (weak) compactness for n — 0
Using the same line of argumentation as used in Section 8.2, we can discuss the limit process n — 0.

Lemma 9.3 (Convergence of the primary variables). There exist subsequences of {u,}, and {xy},, denoted by
the same subscript, and there exist w € H*(0,T; V) and x € H'(0,T; L?(Q)) N L>(0,T;Q) such that for n — 0

U, = U weakly in H(0,T;V),
Xn — X strongly in L*(Qr),
Xn — X weakly in L>°(0,T; @),

Oixn — Orx weakly in L*(Qr).
Proof. The proof is analogous to the proofs of Lemma 8.5. O

Lemma 9.4 (Convergence of the coupling terms). There exist subsequences of {u,}, and {xy,}n, denoted by
the same subscript, satisfying for n — 0

ﬁpore(Xn) — ﬁpore (X) Weakly in L2 (QT)»
Sw(Xn)V -y = 5, ()0 -u  weakly in L*(Qr).

Proof. The proof is analogous to the proof of Lemma 8.6. (|

Lemma 9.5 (Initial conditions for the fluid flow). There exist a subsequence of {xn}y, denoted by the same
subscript, satisfying

815(;,7()(7,) — 8:b(x)  weakly in L?(0,T;Q*),
where dyb(x) is understood in the sense of (W2).

Proof. The proof is analogous to the proof of Lemma 8.7. We only stress that due to construction of b
can show that if x,, — x in L*(Q7), it also holds

n, ONe

(xo)  strongly in L'(0,T; L*(€2)),
(x) strongly in L'(0,T; L' (%)),

for n — 0. Hence, (W2) follows from (W2),, for n — 0. O

—b
—b
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FIGURE 2. Solution at time T' = 3, at refinement level 4, ¢f., Table 1. (A) z-component of u.
(B) pw- (C) sw-.

(a) (B) ()

Lemma 9.6 (Initial condition for the volumetric deformation). The volumetric deformation V-u satisfies (W3).

Proof. The proof is almost identical to the proof of Lemma 8.8. Standard compactness arguments and (W3),
yield

T T
/ a(Opu,v) dt + / a(u — ug, Opv)dt =0
0 0

forallv € HY(0,T; V) with v(T) = 0. Hence, u(0) = ug in V, with u satisfying (3.1); note that w € C(0,T; V)
by a Sobolev embedding. Therefore also V - u(0) = V - ug in L?(Q2), which yields (W3). O

9.3. Identifying a weak solution for n — 0

Finally, we conclude the existence of a weak solution to the unsaturated poroelasticity model.

Lemma 9.7 (Limit satisfies (W1)-(W4)). The limit (u,x) is a weak solution of (2.12)—(2.15), cf., Defini-
tion 3.1.

Proof. The proof follows directly from the convergence results in Lemmas 9.3-9.6 together with the validity of
the regularized problem (4.4) for ¢ = 0. O

10. NUMERICAL TEST

We illustrate the convergence properties of the numerical scheme introduced in Sections 4 and 5. For this, we
consider a numerical example based on a manufactured solution to the original continuous model (2.1) and (2.2)
with corresponding source terms. Subsequently, we solve the regularized and discretized model, and study the
convergence towards the analytical solution as the discretization and regularization parameters tend towards
zero. In the above analysis, the convergence of the approximations is used to prove the existence of solutions,
and no convergence order is provided. Therefore, this order is left aside here as well.

We consider a poroelastic medium with constitutive laws given by the van Genuchten-Mualem relations (2.3)
and the equivalent pore pressure (2.4). In particular, let Q = (0,1)? denote the medium with the properties
¢ =01 cy =0, Kaps = 1078 N =10 aa =1, u = 108, ) = 107, awg = 0.02, nyg = 2.5, Sw,res = 106,
se = 0.01 — the same set of parameters is considered in Section A.

For the original model (2.1) and (2.2), we consider the manufactured solution for (x,y) € (0,1)%, t € [0, 3]

sin(27x) sin(27y)

— 4. =5
u(z,y,t) =t-10 sin(37x) sin(37y) |’

Pw(z,y,t) =t 10sin(27z) sin(my),
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TABLE 1. Convergence of the (physical) fluid pressure and displacement for consecutively
refined spatial and temporal discretization, and regularization.

Level h T ¢ Ui lpw (Xnr (1)) = pw (D2 NBn(T) — w(D)ll L2 (e
1 1/20 0.2 1 le-9 1.70el 7.12e-6
2 1/40 0.1 0.25 0.25e-9 8.11e0 1.77e-6
3 1/80 0.05 0.0625 0.0625e-9 4.01e0 4.42e-7
4 1/160 0.025 0.015625 0.015625e-9  2.00e0 1.11e-7

with the corresponding transform x for py. The solution combines both saturated and unsaturated zones. The
configuration at final time 7" = 3 is displayed in Figure 2.

We solve the regularized and discretized approximation of the continuous model, cf., Sections 4 and 5, with
source terms corresponding to the manufactured solution of the continuous model (2.1) and (2.2). For this
we consider four levels of structured quadrilateral meshes, time partitions, and regularization parameters, as
displayed in Table 1. For the discretization of the displacement, we employ piecewise quadratic elements, which,
in combination with the finite volume formulation based on piecewise constant functions, are inf-sup stable.
We measure the total approximation error — we simply consider the L?(Q) errors of the pressure, py, and
displacement, u, at the final time 7' = 3. The evolution of errors is displayed in Table 1.

We can observe numerical convergence, consistent with the above analysis. Further study of accuracy prop-
erties, as well as existence and uniqueness, of the discretization of the unregularized model are planned in the
future.

APPENDIX A. PRACTICAL SET OF CONSTITUTIVE LAWS

In this section, we consider the constitutive laws for sy, kre1 and ppore, as presented in Section 2.1, and
show that in this case that the existence theory presented in this work is applicable. In particular, we consider
the van Genuchten—-Mualem model (2.3) and the equivalent pore pressure (2.4). Furthermore, we consider a
non-degenerate system with sy o5 > 0 and s. > 0, ensuring uniformly positive values for the fluid saturation
and relative permeability. Finally, we consider b as given in (2.6). In the following, we check all assumptions
on the constitutive laws, i.e., both the assumptions (A0)-(A4) and the conditions (ND2) and (ND3). We also
check the statement made in Remark 3.2.

Assumption (AO0). By definition, it holds sy (R) = (Sw res, 1] and fyei(Sw) > 0 for any sy € (Swres, 1.
Assumption (A2). By definition, sy, is differentiable with a non-negative and uniformly bounded derivative

sh,, and it holds that &, (x) = s;j%(leiw(%)) >0 for all x € R.

Assumption (A3). By definition, it holds that pj...(pw) = sw(pw) and hence pj...(x) = sr‘:l(&)). In addition,

for py, > 0 it holds that sy (pw) = 1 and, consequently, ppore(Pw) = Pw as well as Ppore(x) = x for x > 0.
Assumption (A1)/(A1),. We consider simultaneously (A1) and (A1), with b = b,, for = 0. It holds that

7 _ o Sw(Pe(X) c 5w(x) 1 dw(x)?
by, (x) = éo e () + cwoo () + ( & n) e >0, (App. A.1)

where the positivity results since $y, is non-decreasing, and $y, and Ayel are positive functions. From (App. A1),
it becomes also clear that b;] is uniformly positive if n > 0. In fact, if ¢, > 0 or % > 0, i.e., the fluid or the grains

are compressible. The uniform positivity of 3;7 also follows for n = 0, c¢f., Remark 8.10. Without presenting any
calculations, we stress that (Al), also follows in the degenerate case Sy res = 5- = 0.
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Assumption (A4). Using the definition of the equivalent pore pressure (2.4) and the saturation (2.3), it holds
that po,e(Pw) = sw(pw) € [0, 1]. Consequently, for all p,, € R, one has

A (Ppore)\ _ | Poore(Pw)sh (Pw)
dpw Sw(Pw)?

Sw

Here, we note that by definition for py, > 0 it holds sy, = 1 and therefore s (pw) = 0, and for py, < 0 it holds
st (pw) > 0 and ppore(Pw) < 0, resulting in the above lower bound. In addition, by the definition of the Kirchhoff
transform (2.10) and the fact that rye1(Sw) € [0, 1] for all s, € (0,1], it holds that X/'(pw) = Frel(Sw(Pw)) < 1.
Hence, using the chain rule, pi—z’f satisfies the uniform growth condition (A4) with

i (ﬁpore ) _ i (ppore> 1 1
dx §w dpw Sw X/(pw) o

Condition (ND2). A simple calculation yields pj,.,.(x) = ;f—wl, which is bounded from below and above in the
non-degenerate case, since 8y, and ke are uniformly positive.

Condition (ND3). First, we note that condition (ND3) is automatically satisfied for y > 0 since §y = Rrel = 1

and thereby Sy (X) — Phore(X) = 0. We focus on x < 0. For the equivalent pore pressure with pj,,. = z*-, the
condition (ND3) equivalently reads (the arguments are suppressed)
| 0 (3w() = Bhore())” _ 0% Frar(1— )
Kar > fap,s(x) = -5 P ——F2— forall x <0. (App. A.2)

v (x) 2 ¢0%+%+%
If the bulk is sufficiently stiff (meaning that K, is sufficiently large), and the system is just slightly compressible,
i.e., ¢y and/or % are positive, there exists a regularization parameter s, > 0 such that (ND3) is satisfied.

In this sense, we consider a realistic example material, which is relevant in the context of unsaturated
poroelasticity: a sandy clay loam saturated with water. Typical values [16,44] of the model parameters are
given by ay,g = 0.02, nyg = 2.5, ¢o = 0.4, « = 1, N = 10° Pa, ¢y, = 107 Pa~!. We plot the right hand side
expression of (App. A.2) for different regularization parameters, s. € {0.01,0.05,0.1}, and residual saturations,
Swres € {1076,1072}, ¢f., Figure A.1. We observe, that for each scenario, the right hand side expression
of (App. A.2) is uniformly bounded. Hence, if Ky, is larger than this bound, (ND3) holds. Comparing with the
realistic value K4, ~ 108 Pa, we conclude that the condition (ND3) can be indeed expected to be satisfied for
certain materials in geotechnical applications.

Discussion of (W1). Assume y € L?(Q7). By the definition of sy, 8, () has values in [0, 1] a.e., and therefore

Sw(x) € L>(Qr). Furthermore, one has ppore(x) = fOﬁW(X) sw(q)dg = [¥ Swl®@) gy Hence, assuming s, > 0, it

0 Rrel ($)

holds that fye is uniformly bounded from below, and |[ppore(X)|I22(@r) < 1325 | (@q) [IXIIL2(@r) < 0. This
gives Ppore(X) € L*(Qr).

APPENDIX B. USEFUL RESULTS FROM LITERATURE

Lemma B.1 (Discrete Poincaré inequality [19]). Let T be an admissible mesh, cf., Definition 5.1, and u a
piecewise constant, scalar function. Then there exists a constant Cqo pp € (0,diam(Q)] such that

lullz2() < Cappllull,T,

where || - |17 denotes the discrete H}(Q) norm, introduced in Definition 5.3.
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FIGURE A.1l. The dependence of fnp s from (App. A.2), for various values of sy res and s..

Lemma B.2 (Discrete trace inequality [20]). Let 7 be an admissible mesh, cf., Definition 5.1, and u a piecewise
constant function. Let ~y(u) denote the restriction of u onto the boundary, defined by y(u) = ug on o € EextNEK,
K € T. Then there exists a constant Cy. > 0 such that

(W)l 200) < Co(llullt,z + lJullL20)),
where || - ||1.7 denotes the discrete H}(Q) norm, introduced in Definition 5.3.

Lemma B.3 (Stability of discrete gradients [19]). Let T be an admissible mesh of some domain 2, cf., Defi-
nition 5.1, and u € H}(Q). Define a piecewise constant function @ by

a(x) ::ul('/Ku(x)dx, reKeT.

Then there exists a constant C' > 0 (independent of h for reqular meshes) such that
lallrr < Cllullg ()

Lemma B.4 (Corollary of Brouwer’s fixed point theorem [14]). Let (-,-) denote the standard R® scalar product
and let F : R — R? be a continuous function, satisfying

(F(x),x) =0 (App. B.1)

for all x € R* with (x,x) > M for some fized M € R. Then there exists a ** € R? with (x*,z*) < M and
F(z*)=0.

Lemma B.5 (Binomial identity). For a,b € R it holds that

(a® + (a —b)* — b?). (App. B.2)

DN =

ala—0b) =

Lemma B.6 (Summation by parts). Given two sequences (ax)keNg, (0k)ken, C R, for all N € N it holds that

N N—-1
Z an(bn - bn—l) = aNbN - albO - Z bn(an—i-l - an)'
n=1

n=1
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Lemma B.7 (Discrete Gronwall inequality [15]). Let (an)n C Ry, (An)n C Ry, B > 0. Assume for alln € N
it holds that a,, < B—l—zz;é Arai. Then it follows a,, < B Hz;é(l + k). In particular, if \y, = % forallk e N
for some \,T € Ry and N € N, it holds that any < Bexp(\T).

Lemma B.8 (Eberlein-Smulian theorem [14]). Assume that B is a reflexive Banach space and let {x,,},, C B
be a bounded sequence in B. Then there exists a subsequence {xn, }r, that converges weakly in B.

Lemma B.9 (Relaxed Aubin—Lions lemma [38]). Let {f,}» C LP(0,T;B), 1 < p < oo, B a Banach space.
{fn}n is relatively compact in LP(0,T; B) if the following two are fulfilled:

— {fu}n is uniformly bounded in L*(0,T; X), for X C B with compact embedding.
= S Na®) = fult = DIl dt < O(7), as 7 — 0.

For the second property it is sufficient that {0 fn}n is uniformly bounded in LP(0,T; B).

Lemma B.10 (RieszFrechet—Kolmogorov compactness criterion [10]). Let F be a bounded set in LP(R™N) with
1<p<oo, NeN. Assume that

\}lbi|m0 1f(+h) = fO)llps@ny =0 uniformly in f € F.

Then the closure of Flq :={f : Q — R| f € F} is compact for any measurable set Q C RN with finite measure.

Lemma B.11 (Standard inf-sup argument [6]). Let V and Q be Hilbert spaces, and let B be a linear continuous
operator from V to Q'. Denote by B! the transposed operator of B. Then, the following two statements are
equivalent:

— B is bounding, i.e., there exists a y > 0 such that ||B'qlly, > 7llq|lq for all g € Q.
1

— There exists a Lp € L(Q', V) such that B(Lp(§)) =& for all § € Q" with | Ly|| = — =: Cas.
Y

Lemma B.12 (Properties of energies based on the Legendre transformation [1]). Given b: R — R continuous
and non-decreasing, i.e., with a differentiable convex potential p : R — R, we define the energy B wvia the
Legendre transformation of ¢ evaluated in b

B) 1= sup (4:)o — (o) + 9(0)) = [ 02) ~b(s))ds 20
It holds for all x,y € R and for aAF> 0 0

0< B(a)
B(x) ~ B(y) < (b(z) — b)),
b(@)| < 5B+ sup [bly)]
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