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ABSTRACT. By constructing explicit supersolutions, we obtain the optimal
global Hélder regularity for several singular Monge-Ampeére equations on gen-
eral bounded open convex domains including those related to complete affine
hyperbolic spheres, and proper affine hyperspheres. Our analysis reveals that
certain singular-looking equations, such as det D2u = |u| """ 27k (z- Du—u)~—*
with zero boundary data, have unexpected degenerate nature.

1. Introduction and statements of the main results. This note is concerned
with the optimal global Holder regularity of the unique convex solution u € C*° ()N

C(£2) to some singular Monge-Ampere equations whose prototype is
det D*u = [u|™"  in Q,

u=~0 on 0N (1)

where p > 0 and Q) is a general bounded open convex domain in R" (n > 2).

Using suitable subsolutions, we show that u € C ﬁ(ﬁ) By constructing explicit
supersolutions on some special bounded convex domains, we show that this global
Holder regularity is optimal when p > 1. The class of such bounded convex domains
includes those containing parts of hyperplanes on their boundaries.

There is an extensive literature on (1) when  is a C2, bounded, strictly convex
domain. Our focus here is on the general bounded convex domains which can
contain parts of hypersurfaces on their boundaries. To the best of the author’s
knowledge, the only existence result available for (1) is the work of Cheng and Yau
[6] for p = n+ 2. In this case, if u is a solution to (1), then the Legendre transform
of u is a complete affine hyperbolic sphere; see [4, 6, 7]. Also related to the exponent
p =n+2is the work of Chen and Huang [5] who treated the following equation for
all k>0

det D*u = |u|™" "> *(z- Du—u)"% in Q, 5
u=~0 on 0€, @)
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which is related to proper affine hyperspheres. When k > 0, the domain Q in (2)
was required to contain the origin so that the expression x - Du — w is positive.

Other positive values of p in (1) are also of interest because of the close relation
with the L,-Minkowski problem (see, for example [17]) and the Minkowski problem
in centro-affine geometry (see, for example [8, 13] and the references therein). The
case p = 1 is closely related to the logarithmic Minkowski problem [1]. For p > 0,
the existence of a unique convex solution to (1) is perhaps well known to experts.
However, since we could not locate a reference and for the reader’s convenience, we
include its existence proof in part (i) of Theorem 1.1 below.

Our first main result states as follows.

Theorem 1.1. Let Q be a bounded, open convexr domain in R™ (n > 2). Let p > 0.
Then,
(i) there exists a unique convex solution u € C*° () N C(Q) to
det D*u = |u|™? in Q,
u=20 on Of).

(ii) moreover, u € C"%p(ﬁ) and the following estimate holds:
lu(z)| < C(n,p, diam(2))[dist (x,aQ)]%P for all x € Q.

(iii) if p > 1, then the global Hélder regularity in (ii) is optimal in the following

sense: there exist bounded convex domains Q0 C R™ such that u & CP(Q) for
any B > nf_p. In fact, the class of such bounded convex domains includes
those containing parts of hyperplanes on their boundaries.

Note that the global Holder estimate in the case of p = n+ 2 in Theorem 1.1 (ii)
was treated by Lin and Wang [15, Section 4] and also by Jian and Li [11, Theorem
1.2]. Jian and Li observed that when n = 2 and = (—1,1) x Ry C R?, the
C>=(Q) N C3(Q) convex function

1
u(er,ae) = —v3(F)" (1 -ad)? 4
is a solution of det D*u = |u|~* in Q with u = 0 on 9. This example, though
for unbounded 2, indicates that the global estimates in Theorem 1.1 (ii) should
be optimal, at least when p = n + 2. The bounded convex domains €2 and the
supersolutions constructed in Lemma 2.4 actually confirm the optimality of the
global Holder estimates in Theorem 1.1 (ii) for all p > 1. Our ansatz is quite
different from the ansatz in (4); see also Remarks 3 and 4. It is an open question
to investigate the remaining case 0 < p < 1.

Remark 1. Since our method of proof of optimality relies only on explicit super-
solutions but not on explicit solutions, it is quite flexible and can be extended to
(2); see Theorem 1.2. When k > 0, we are not aware of any explicit solution to (2)
on any convex domain €. During the course of the proof of Theorem 1.1 (iii), we
find that when p =n+2 or p =1, (1) has an explicit solution when {2 is a circular
cylinder; see Remarks 3 and 4.

The proof of Theorem 1.1 (ii) is based on a subsolution as in [14] which treated
(1) in the case p = —q < 0; see also [5] for similar arguments. Interestingly, this
argument gives almost the same Hélder exponent for p > 0 and p < 0.
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When p = —¢ < 0, we have the following degenerate Monge-Ampere equation

{det D*u = |u|? in Q,

u=0 on 0. (5)

For 0 < g # n, the existence of a nonzero convex solution to (5) was established by
Tso [18, Corollary 4.2 and Theorem E] when Q is a bounded, smooth and uniformly
convex domain, and by the author [14, Theorem 4.2] when (2 is a general bounded
convex domain. When 0 < ¢ < n, the nonzero solution u is unique. The case ¢ = n
corresponds to the Monge-Ampere eigenvalue problem [14, 16]. By [14, Proposition
2.8, if u € C(Q) is an Aleksandrov solution to (5), then u € C*° ().

If  is an open bounded convex domain in R™ and n — 2 < ¢ # n, the author
established in [14, Proposition 5.4] the global almost Lipschitz property for solutions
to (5), that is, u € C%#(Q) for all 8 € (0,1). It is not known if this global almost
Lipschitz result holds for the nonzero solution to (5) when n > 3, ¢ € (0,n —2) and
Q) is a general open bounded convex domain in R™. The following shows that, in
the remaining cases, we have the global almost C = property.

Proposition 1. Let 2 be an open bounded conver domain in R™ where n >3 and
0<g<n-—2. Let ue C®(Q)NC(Q) be the nonzero convex solution of

det D*u = |ul|? in Q,
u=0 on O

Then, for all B € (0, %ﬁq), we have u € C*P(Q) and the estimate
lu(z)| < C(n,q, B, diamQ)[dist (x,00)]° for all z € Q. (6)

When k£ > 0 and Q is a bounded, open convex domain in R" (n > 2) that
contains the origin in its interior, Chen and Huang [5] proved the existence of a
unique convex solution u € C*(Q) N C(Q) to (2). Their proof (see [5, p. 871])
shows that u € C'rreI (). Exploring the fact that dist (0,09) > 0 together with
suitable constructions of subsolutions and supersolutions, we show a higher global
Holder regularity u € C TrahT () and this is in fact optimal.

Our final theorem states as follows.

Theorem 1.2. Let () be a bounded, open convex domain in R™ (n > 2) that contains
the origin in its interior. Let k > 0. Let u € C*(Q) N C(Q) be the unique convex
solution to

{det D%u = |u|"" 2 *(x- Du—u)"" in Q, )

u=0 on 0N.
Then u € C 7o+ (Q) with the estimate

lu(z)| < C(n, k, diam (), dist (0,09)[dist (x, 9Q)| 7252 for allz € Q,  (8)

2+k

and the exponent 55

is optimal.

Remark 2. We now compare the results in Theorems 1.1 and 1.2.
(i) If the right hand-side |u|~P of (3) is replaced by f|u|™P where f is a positive
bounded function on Q then, from the proof of Theorem 1.1 (ii), the global
Cwie () estimate for u still holds.
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(ii) In the context of Theorem 1.2 where one can show that = - Du — u is bounded
from below by a positive constant, if we just use the boundedness of (z - Du —
u)~*, then the right hand-side of (7) is bounded from above by C|u|~"%~2
from which we can use (i) to deduce u € Cﬁ(ﬁ) This result is due to
Chen and Huang as mentioned earlier.

(iii) Our higher global Holder regularity for w in Theorem 1.2 is based on the
insight that Du is unbounded near the boundary 9 so (z - Du — u)~* tends

to 0 near the boundary with certain rate. The estimate (28) in the proof of
(2n+k)k

Lemma 4.1 suggests that the rate is at least [dist (-, 092)]2n+2+2.

Surprisingly, despite the singular-looking nature of the right-hand side of (7), we
find that when n > 4 and k is large, right-hand side of (7) is not completely singular
as it might tend to 0 near the boundary. Thus (7) can have a degeneracy nature as
in (5). The following proposition makes this more precise.

Proposition 2. Assume k>0 and 0 <y < 1. Let
Q={(2',2,): |2'| < 1,0 <z +7 <1— |2}
Let u € C*(Q) N C(Q) be the unique convex solution to (7). Let
f(@) = lu(@)|7"7* (@ - Du(z) —u(z)) "
Then, for x = (0,z,) € Q with 0 < x, + v small, we have

(n—4)k—(2n+4)

f(l‘) < C(n, k,’y)[dist(m,@Q]W. (9)

In particular, if n > 4 and k > (2n +4)/(n — 4), then the right-hand side of (7)
tends to 0 as x approaches the boundary 0Q N {x,, = —v} along the x,-azis.

In this note, we denote a point = (z1,--- ,2,) € R™ by (2/,z,,) where 2/ =
(1, -+ ,Zp—1). In computations, we usually denote r = |2’|. The Lebesgue measure
of Q is denoted by |€].

The rest of this note is organized as follows: In Section 2, we construct subsolu-
tions and supersolutions of singular Monge-Ampeére equations (3). In Section 3, we
prove Theorem 1.1 and Proposition 1. The proofs of Theorem 1.2 and Proposition
2 will be given in Section 4.

2. Subsolutions and supersolutions of singular Monge-Ampére equations.
In the proof of Theorem 1.1, we frequently use the following comparison principle
whose short proof is included for completeness.

Lemma 2.1 (Comparison principle). Let Q@ C R™ be a bounded convex domain. Let
p > 0.

(i) Assume that u,v € C*(Q) N C(Q) are convex functions with
det D*u > |u|™P, det D%v < |[v|™P inQ

and 0 > v >wu on 0). Then v > u in Q. -
(ii) Let k > 0. Assume that u,v € C*(Q) N C(Q) are convex functions with

z-Du—u>0, z-Dv—v>0 inQ, 0>v>u ondf2
and
det D%*u > |u|P(z - Du—u)"%, det D*>v < |v| P(z-Dv—v)"% inQ.
Then v > u in €.



SINGULAR MONGE-AMPERE EQUATIONS 2203

Proof. (i) If v—u attains its minimum value on Q at xo € Q with v(zg) < u(zo) < 0,
then D?v(xq) > D?u(xg). It follows that
|v(xo)| 7P > det D*v(xg) > det D*u(zo) > |u(zo)|7P.
Therefore, |v(zg)|™P > |u(xo)| P which contradicts |v(zo)| > |u(xo)| and p > 0.
(ii) If v — u attains its minimum value on  at zg € Q with v(zg) < u(zg) < 0, then
Du(xg) = Dv(xg) and D?v(xg) > D?*u(xg). From det D?v(x¢) > det D?u(wg) and
the assumptions on v and u, we deduce that
(o - Dv(wo) — v(wo)) ™ [v(wo)| ™ = [u(wo)| (o - Du(xo) — ulxo)) ™.
Since k£ > 0 and
xo - Du(xg) — v(xo) = xo - Du(xg) — v(x0) > T - Dulx0) — ulxo),
we easily find |v(zo)|™P > |u(zo)|™P which contradicts |v(zo)| > |u(zo)| and p >
0.

The following lemma, motivated by [2, Lemma 1], constructs subsolutions to (3).

Lemma 2.2 (Subsolutions for (3)). Let  be a bounded convex domain such that
0€9Q and Q C R? = {z = (2/,z,) € R" : 2,, > 0}. For o € (0,1), we consider
the following function on )

1 + 2[diam Q)?

_a N2 _ _
Vo () = 25 (|2'|* — Cy) where Cy a(l—a)

(10)

Then
(i) vo is convex in Q with v, <0 on I and

det D%v, (z) > 22772 in Q.

(ii)

det D?v_> > lv_z |77 if p>0.
n+p n+p

Proof. (i) Note that

Djjug =2x6;5 for i,j <n—1, Dipv, = Qv xt !

and
Dpnve = afa — 1)(|2|? — Co)x2 ™2,

where d;; is the Kronecker symbol, that is, §;; = 1 if i = j and d;; = 0 if ¢ # j.

A short computation (see also the computation in the proof of Lemma 2.4) gives

det D%v,(x) = 2" 12" ?[a(l — a)Cfy — (a® + )|2'|*] for x € Q. (11)
Therefore (i) easily follows, since, from the definition of C,, we have
a(l —a)Cy — (& + a)|2')? > 1.
(ii) Now consider p > 0 and « := 2/(n + p). Using a(1 — ) < I, we deduce that
Cy > 4+ 8[diam Q]2. Therefore, in view of (11) and n > 2, we find
[vo|P det D?vg > |va|P2"* 2[a(1l — a)Cq — (o + )|z’ %]

[a(1 — a)Co = (o® + a)[2’*)(Ca — |2[*)?
> (Co—|2'P)P > 1.

O

To establish a lower bound for the L* norm of solution to (3), we use the
following lemma.
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Lemma 2.3. Let Q& C R" be a bounded convexr domain in R™. Let p,e > 0. Let
u € C™(Q) N C(Q) be the convex solution to

{det D?u = (Ju| + )7 in Q,
u=0 on 0f).
If e < eo(n,p,|Q]), then
lullzo= (@) > e(n. p)IQ 757
Proof. The proof is similar to that of [14, Lemma 3.1 (iii)]. Under the affine trans-
formation 7' : R® — R™ with detT = 1:
Q= T(Q), u(x) = u(T ),
the equation det D*u = (|u|+¢) P, the quantities ||u|| ;) and |[Q| are unchanged.
Thus, by John’s lemma, we can assume that €2 is normalized, that is
Br(0) C ©Q C B,g(0) for some R > 0.
Let a = ||ullp() > 0 and v = u/a. Then, v € C(Q) N C>=(Q) with v = 0 on

09, and [|v|| L= (o) = 1. Furthermore, v satisfies o™ det D*v = (a|v| + )77 in Q. It
follows that

< a"det D*v in Q.

(a+e)p
Integrating both sides over Bg/3(0), we find
1
———|Bg/2(0)| < a"/ det D%v du.
(a+e)p /2 Bry2(0)

Now we estimate fBR/2(O) det D?v dx from above. Since, Br(0) C Q C B,,g(0), the
convexity of v and the fact that v = 0 on 09 give for x € Bg/2(0)

|D’U(LL‘)| < |’U({L‘)| ”v”LOO(Q)

< 2R L.
S Tt (2,9) = dist (2, 0) = 28

Hence
/ det D*v da = |Dv(Bp/2(0))| < |Bag-1(0)].
Br/2(0)
Therefore
LB (0)
am(a+e)? = |Brya(0)|
By choosing €5 (2e0)PC(n)|Q| =2 < 1/2, we obtain the conclusion of the lemma. [

H _ 4nR—2n S C’(n)|Q|_2

Now, we construct supersolutions to (3) with optimal global Holder regularity.
Lemma 2.4 (Supersolutions for (3)). Assume p > 1. Let
Q={(a",2,): |2/ < 1,0 <z, <1—|2|?}.

Then there is a constant C = C(n,p) such that the function

2 —
w=Ca, — Coi (1 - |o/)2) 5%

18 smooth, convex in 2 and satisfies

det D*w < |w|™ nQ, andw=0 on ON.
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Proof. For x = (2/, x,,), we denote r = |2'|. Let
v(x) = —Cz8(1 —r?)°
where 0 < a,b < 1 and C' > 0. Then
v, = 20bx% (1 — r%)~ 1y
Vpr = 20622 (1 — r2)P72[1 — (20 — 1)r?]
v, = —Caz® (1 —r?)°
Ve, 2, = Ca(l — a)z?2(1 —r2)?

Vg, r = 2Cabz® (1 — )b~ 1y,

In suitable coordinate systems, such as cylindrical in z’, the Hessian of v has the
following form

= 0 0 0
0o = 0 0

D% =
0 0 Vpre Urg,,
0 0 Urz, Uz, z,

We have
det D*v = (’Ul)n_2[v$n$nv""" - Ui vl
r n

= C"(2b)" a2 (1 — )1 —a + (1 — 2b — a)r?).
It follows that v is convex in €2 provided that
0<ab<l1l, 1—a+(1-2b—a)r®>>0inQ.
Since r < 1 in €2, the last condition is equivalent to
0<l—-a+(1-2b—a)=2(1—a-0), ora+b<1
We would like to have
det D?*v < |[v| 7P = C 7P, *P(1 —r?) 7%
which is equivalent to
CnHP(2p) g (ntPIa=2(] _ p2)(ntpb=ng (] ) (1 — 12 +2(1 —a —b)r?] < 1
forall r <1. (12)

Requiring v to be C %(ﬁ), we choose

2
n+p
Since a + b < 1, (12) then implies that
CmHP(1 — p2)(FPb=ntlopyn=ly(1 —q) <1 for all r < 1. (13)

Note that
(m+pb-n+l<(n+p)(l—a)—n+l=p-1
with equality if and only b =1 — a.
Since we want (13) to hold for p > 0 as small as we want, a nature choice is to
choose
n+p—2
n+p

b=1—a=
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Then (12) is exactly (13) and (13) holds for a suitable C' = C'(n, p) for each p > 1.
Set

w = Cz, +v=_Clz, —z2(1—1r3?.

Then w is smooth, convex in  and w = 0 on IQ. Moreover, since |w| = |v| — Cx,,
we have

det D*w = det D*v < |[v| 7P = |Czp + |w|| 7P < |w|™P in Q.

Remark 3. When p = 1, the constant C'(n, 1) in Lemma 2.4 is given by

C(n,1) = (n+1)[2(n — 1)] 71,
The proof of Lemma 2.4 (see (12)) shows that if

Q={(2,2,) :|2'| < 1,2, > 0},
then

o(z) = =Cln, i (1 - o' ) 5
is a solution to the singular Monge-Ampere equation
det D*v =Jv|™* inQ, v=0 ondQ.

Remark 4. In the proof of Lemma 2.4, if we choose

I —2
1—-2b—a=0, orb=b:= @«_ntp ,
2 2(n +p)

then from
l—a+(1-2b—a)y?*=01-a)1-7)4+201—-a—-br*=1-a,
we find that (12) is equivalent to
CmHP(1 — p2) (P (9p)n—1g(1 —a) <1 forall 7 <1, (14)
which requires
0<(n+pb-—n= Z%_Q, orp>n+2.
Thus, for p > n + 2 and a suitable C = C(n, p), the function

_2 _
3@, o) = —Cal (1 — [/ 2) K

satisfies

det D*o < [0|7F in {(z/,2,) sz, > 0, 2| < 1}.
When p = n + 2 and n = 2, we recover the function (4) obtained in [11]; see also
[12] for the case n > 2.

Modifying the last step in the proof of Lemma 2.4, we find that if 22 =1 — |z
on 0N\ {z,, = 0}, then

/‘2

2 ndp—
(', xy) = —Cap ™ (1 — |x/|2)42(t£?1)2) = —Cz, ondQ\ {z, =0}.

We summarize these calculations in Lemma 2.5 below.
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Lemma 2.5 (Supersolutions for (3)). Assume p > n+2. Let

Q={(2",z,) : 7' < 1,0 < z,, < /1— |2/]?}.
Then there is a constant C = C(n,p) such that the function

_2 nt+p—2
w= Czp — Cai? (1 — |2'|2) 505w

is smooth, convez in 2 and satisfies
det D*w < |w|™ nQ, andw=0 on I
We state the following rescaled version of Lemma 2.4.
Lemma 2.6. Assumep > 1 andt > 0. Let
Q= {(2/,2,) : |2/ <t,0 <z, < t* —|2|?}.
Let C = C(n,p) be as in Lemma 2.4. Then, the function

— 2 —
wh(a', 20) = O [y — 277 (82 — |2 )5

18 smooth, convex in ; and satisfies
det D*w' < |w'|™? inQ, andw'=0 on 9.

n+p—2

Proof. Let a = n%_p,b = S Q) and w be as in Lemma 2.4. Observe that

(2, 2,) €U & (“7/, ”:2) € Q. Note that

b ’
0 PN Ty \® |2’ |? _ ,2Gim) ' x,
w (.1: 7:1;77,) - Ct +p [tz - (?2 ) |:1 —_ t2 = t +r oW ?7 7t2 .

A direct calculation gives

(+n) !
det D*w' (2, z,,) = N (det D*w) (:;, g;;) .
The properties of w! now follow from those of w. O

3. Proofs of Theorem 1.1 and Proposition 1.

Proof of Theorem 1.1. (i) We divide the proof into two steps.

Step 1. Uniform global Holder estimate for approximate solutions of
(3). Let {Q}72, be a sequence of open, bounded, smooth and uniformly convex
domains in R™ such that € converges to € in the Hausdorff distance. Let €y be as
in Lemma 2.3. For each k, consider the Monge-Ampeére equation

det D2uk = (|uk| + Ek)ip in Q,
ur =0 on 0,
where g5 = 2. From [3, Theorem 7.1], there exists a unique convex solution wuy €

C>(Qy) to the above equation. Since || — || when k& — oo, we deduce from
Lemma 2.3 the existence of a constant ¢(n,p) > 0 such that

=8 (15)

lukl| Lo (p) > c(n,p)|Q2

Let

1 4+ 2[diam ;]2 2
Cor = 1+ 2ldiam 7 [diam €3] ,  where a := .
’ a(l —a) n+p
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For each k > 1 and z € Q, we claim that
luk(2)] < Cq xldist (2,00 )]%. (16)

Let z be an arbitrary point in ;. By translation and rotation of coordinates, we
can assume that: the origin 0 of R™ lies on 9€, the x,-axis points inward Q, z lies
on the z,-axis, and the minimum distance to the boundary of ;. from z is achieved
at the origin. Consider
Vo = 22(|2|? = Car)-

By Lemma 2.2, det D?v, > |v,|™P. Thus, from det D?uy < |ug|~P, we can apply
Lemma 2.1 to deduce that ug > v, in Q. This implies (16).

Step 2. Convergence of a subsequence of {u;} to the solution of (3). From
the convexity of ug, we find that the functions u; have uniformly bounded global
C%#%% norm on Q. By the Arzela-Ascoli theorem, there exists a subsequence of

{ux}, still denoted by {u}, that converges locally uniformly to a convex function
u on §). The estimate (16) shows that v = 0 on 0£2. Moreover, by (15), we have

2
l[ullLe (@) = c(n, p)[Q2[™+7.

In particular, |u| > 0 in . The stability theorem of the Monge-Ampére equation

(see [9, Proposition 2.6] and [10, Lemma 1.2.3]) then gives that the function w is

actually an Aleksandrov solution of (3). Clearly, u € C°(f); see, for example

[6, Theorem 5] or [14, Proposition 2.8]. The uniqueness of u follows from the

comparison principle in Lemma 2.1.
(ii) The same argument as in (16) applied to  instead of Q, gives

|u(z)| < C(n,p,diam(Q2))[dist (z, 8(2)]% (17)

By the convexity of u, we easily obtain u € C %P(ﬁ)
(iii) Let Q be a bounded convex domain 1 in R™ that contains parts of hyperplanes
on its boundary. Let u € C*°(2) N C(2) be the solution to (3). We show that
u ¢ CP(Q) for any 3 > n%rp. Indeed, by translating and rotating coordinates, we
can assume that for some t > 0,
Q= {(2,2,) : |2 < t,0 <z, < t? — |2']*} € Q, and {(«/,0): |2'| <t} C 0.
Let w' be as in Lemma 2.6. Then,

det D*w' < |w|™P in Q.
From the convexity of u and Q; C €2, we have u < 0 on 9€);. Now, the comparison
principle in Lemma 2.1 implies that w?® > u in Q; so

(1—p) 2 v p—
u(@)] > o' (2)] = CE7 |27 (12 =) 55

For x = (0, x,), we have then

n—1
2(1—p) = 2(n4p—2) -2 Ctntr -2
(0,2 2 O P > D
if , > 0 is small, depending only on n,p,t. This estimate show that the exponent
2/(n 4+ p) in the upper bound for w in (17) is optimal. O

Proof of Proposition 1. Let K := ||u||p(q). Then, by [14, Lemma 3.1 (iii)], we have
the following uniform estimate

c(n, @I < K < C(n,q))[Q=7.
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By [14, Proposition 2.8], we have u € C*°(Q2). By the convexity of u, the global
regularity u € C%°(Q) for all § € (0, ;%) follows from the boundary estimate (6).
We will prove this estimate by an iterative argument in what follows. The proof is
similar to that of [14, Proposition 5.3].

Let z be an arbitrary point in . By translation and rotation of coordinates, we
can assume that: the origin 0 of R™ lies on 052, the x,-axis points inward 2, z lies
on the z,-axis, and the minimum distance to the boundary of € from z is achieved
at the origin.

By the convexity of u, in order to verify (6) at z, it suffices to prove that for all
x € 2, we have

2
lu(z)| < C(n, o, diam Q)z? for all g € (0, ——). (18)
n—q
Step 1. When § = % In this step, we show
|u(z)| < C(K,n,diam Q)xi for all x € Q. (19)
As in Lemma 2.2, for a € (0,1), we consider
. 1 + 2[diam €2
va(@) = 22(J2/[> - Ca) where Cy = a([l_a)] (20)
Then, v, is convex in {2 with
det D%v,(x) > 22772 in Q and v, < 0 on 9. (21)

Let
vi= K9y,

Then, since det DQUQ/,L > 2, we have
det D*v = K%det D*vz > 2K7 > det D?u.

Note that on 9Q, v = 0 > v. Since u and v are C? in €, we can use a simple
maximum principle argument to show that u > v in Q. Therefore |u| < |v| which
shows that

lu(z)| = Ju(z’, z,)| < |v(z)| < KY"Cazy for all z € Q.

Step 2. Iterative argument: We show that, if for some Gy € (0, ni_q) we have

lu(z)| < C(n,q, B, diam Q)zL* for all z € Q, (22)
then for all x € §,

— 2
lu(x)| < C(n,q, Br,diam Q)z 1 where By := qu;— ) (23)

Note that if £, < %_q then B4 < %_q and

2 2 q
— =(———B)—. 24
p— Br+1 (n—q Br)- (24)
Suppose we have (22). Then for C= C’(n, q, Bk, diam Q) large, we have
a ¢ Pk o Bkt
lu(z)|» < [C(n,q, B, diam Q)] >z, < Cxp, ™  in . (25)

Denote by (U%) = (det D?u)(D?*u)~! the cofactor matrix of the Hessian matrix
D?u = (D;ju). Then

det U = (det D*u)"~! and UY D;;u = ndet D*u = n|u|?.
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Using (21), (25) and the matrix inequality
trace(AB) > n(det A)Y/"(det B)'/™ for A, B symmetric > 0
we find that

n—1

UijDij (évﬂkH) > né(det D?u) " (det D2U5k+1)%

A gn—1) MPrt1—2
> nClul” » an "

> nlu|?! = ndet D*u = U Dyju in Q. (26)

Now, the maximum principle for the operator U% D;; applied to u and Cug, L, gives
u > CA’vgk+1 in Q. It follows that

lu(z)] = |ul (2, 2,) < —Cuogs,,, (¢, 2,) < CCp, 2+ for all z € Q.

k+14n
This gives (23).

Step 3. Conclusion. From Step 1, we can choose 5y = % to initiate Step 2 and
obtain a sequence fi. From (24), we find

= (o ‘ﬁ‘))(g)k:n(%)(q)k'

n—q n—q n—q n

Given 8 € (0, ni_q), we can find a positive integer k such that

2q <g)k< 2 5

nn—gq) \n) “n—g

With this k, we have 8 < i, < —2. The proposition follows by applying Step 2 k

n—q
times. 0

4. Proofs of Theorem 1.2 and Proposition 2. The outline of the proof of
Theorem 1.2 is similar to that of Theorem 1.1. For the global Holder regularity, we
use the following construction of subsolutions which is similar to Lemma 2.2. The
main difference here is to take into account the origin being in the interior of the
convex domain to improve the Holder exponent.

Lemma 4.1 (Subsolutions for (7)). Let 2 be a bounded convex domain such that
o = ((xo)', =) € 0Q and Q C {z = (', x,) € R" : z,, > —y} where v > vy > 0.
Let k > 0. Then for a = 2n_2~_§]k“+2 € (0,1) and C = C(n, k,~o, diam (2)) large, the
following function

va() = (0 + ) (|2 = O). (27)
is smooth, convez in  and satisfies
(det D?v,)(z - Dvg () — va(2))¥|ve|"TF ™2 >1 on Q, andv, <0 on 0Q.

Proof. For a € (0,1) to be chosen, let v,(z) = (z,, +7)*(r? — C) where r = |2/| and
C > [diam (2)]2. We calculate as in Lemmas 2.2 and 2.4 that v, is convex and

(% _
detDQUa = (%)n 2[Ua,znznva’rr_vg,znr}

= 2"z, +9)" (@~ a*)C — a(l + a)r?].
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Moreover, since v > 7o > 0,
z-Dvg, —vy, = TpUag, +T0ar —V
= (an+7)"Hazn(r? = C) + 2% (x4 +7) + (C = %) (zn +7)]
(2 +7)* " {(@n + DA +a)r* + (1= a)C] + ay(C = 17)}
(2 +7)* " aro(C —1?). (28)

v

Therefore
(det D?v,) (2 - Dvg () — va(2))¥|vg | TF 2
> anl(a,m)k(xn + 7)a(2n+2k+2)7(2+k)[(a _ a2)c _ a(l + a)r2][C’ _ T2}n+2k+2
>1

ifa= % € (0,1) and C = C(n, k, 70, diam (Q2)) is large. O

For the optimality of the global Hélder exponent of solution to (7), we use the
following construction of supersolutions which is similar to Lemma 2.4.

Lemma 4.2 (Supersolutions for (7)). Assume k>0 and 0 <y < 1. Let
Q={(" 2,): |2/ < 1,0 <2, +7 < 1— |2}
Then there is a positive constant Co(n, k,~y) such that the function
w = Colan +7) = Col@n +7) 0572 (1 — |of|2) s
is smooth, convex in  and satisfies
det D?*w < |w|™" % %@ -Dw—-w)™* nQ, andw=0 on N
Proof. For 0 < a,b <1 witha+b<1,and C > 0 to be chosen, let
v=—C(z, +7)*1—=7%)°" and w = C(zx, +) +v, wherer = |z|.

As in the proof of Lemma 2.4, we know that under these conditions on a and b, v
and w are convex in §2. Moreover, if a + b = 1 then w = 0 on 9.
By the convexity of w, we have

z - Dw(z) —w(x) >0 Dw(x) —w(0) =C~*—Cvy >0

and
z - Dw(z) —w(x) =2z - Dv(z) —v(x) — Cv <z - Dv(z) — v(x).

Since det D?w = det D?v and |w| < |v| in £, in order to obtain the desired properties

of w, it suffices to prove that for a = %, b =1 — a, we have for suitable C'
det D?v < |v| "% %z - Dv—v)"F inQ. (29)

We compute

—r
_ Cm(2b)n_1($n =+ ,y)na—2 1— 7’2)”“’_1)“(1(1 _ (l),

z-Dv—v="Cr, +9) (1= (2 +7 — azy)(1 — r?) + 20r% (2, + )]
<3C(zy +7)27 11 =207

det D*v = C™(20)" " (zp + )" 2(1 — r2)" Vgl —a + (1 — 20 — a)r?
1
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It follows that
(det D?v)|v["T*+2(z - Dv — v)*
< 3k(2b)n71a(1 o a)02n+2k+2(xn + v)na72+a(n+k+2)+(afl)k

« (1 _ T,Q)n(b—1)+1+b(n+k+2)+(b—1)k
_ 3k (Qb)nfla(l _ a)02n+2k+2 (xn + 7)a(2n+2k+2)727k(1 _ 7,2)b(2n+2k+2)7n7k+1.

Thus (29) holds for a suitable C' = Cy(n, k,y) when a = andb=1—a. O

24k
Int+2k+2
Proof of Theorem 1.2. First, we prove (8) for the unique convex solution u € C*°
(Q)NC(Q) to (7). Let
24k
“Toanyokt2
Let z be an arbitrary point in Q. Let xy € 9§ be such that |z — zg| = dist (z, 99).

Suppose that the supporting hyperplane ., to 9 at zg has equation 77 - (z —xz¢) = 0
and

and o = dist (0,09) > 0.

Qc{zeR": 7 (x—xz0) >0}
Then v := —7 -z = dist (0, l;,) > 7o. From Lemma 4.1, we find that for a suitable
C = C(n, k,diam (), ), the function

v(z) =R (x—20)]* (lz — 7 - 2> = C)

is a subsolution to (7). To see this, we can use a rotation to assume that 7 =
(0,---,0,1) and hence z¢ = ((z0)’, —7).
Using the comparison principle in Lemma 2.1, we find v > v and hence

lu(z)] < |Jv(z)| < Clz — x9]* = C[dist (z,002)]*. (30)

This holds for all z € Q so (8) is proved. By the convexity of u, we easily obtain
u € C9Q).

Finally, we note that the optimality of the exponent a follows from Lemma 4.2
and the comparison principle. Indeed, let 2, w and Cy be as in Lemma 4.2. Let
u € C*(Q2)NC(Q) be the unique convex solution to (7). Since w is a supersolution
to (7), by the comparison principle in Lemma 2.1, we find that w > w in 2. Hence
for x = (0,z,,) € Q where —y < x,, <1 —, we have

u(z)] = fw(z)] = Col(zn +7)* = (zn +7)]
> Co(zn +7v)*/2 = Cyldist (z, 02)]* /2 (31)
if z,, + > 0 is small. Hence, the exponent @ in u € C%(Q) is optimal. O

Proof of Proposition 2. Let u € C*(Q) N C(Q) be the unique convex solution to
(7) where

Q={(2",2,): |2/ < 1,0 <2+ <1— |2}
Let C = C(n,k,~,diam (2)) and Cy = Co(n, k,7) be as in Lemmas 4.1 and 4.2,

respectively. Let
2+ k

T ookt
The main technical point of the proof is to obtain a positive lower bound comparable
to [dist (z,090)]¢~! for x - Du — u; see (34).
Consider z = (0,z,) € Q with 0 < z,, + ~ is small. Thus z,, < 0. As in (30), we
have
— (@) = —u(0,2,) = [u(0,2,)| < Clan +7)" (32)
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For m > 0 large to be chosen, we find from (31) that as long as (0, z, +m(z,+7)) €
Q

w(0, zn, +m(zn +7)) < Co{(m+1)(zn +7) = [(m+1)(zn +7)]"}
Hence, by the convexity of u, we have
w(0, 2, + m(x, +7)) — u(0,z,)

0 <
e ()= m{zn +7)
m+1 Co(m+1)*-C
< Co — (@0 + 7)“71u~
m
We first choose m large such that
Co(m+1)*—C > Cp/2.
Then +1 .
m a—1_—
Uy, (Oa xn) < Cy m (xn + ’Y) om
Now, recalling (31), we choose 0 < z,, + v < ¥ small so that —y < z, < —7/2 and

Co 1
lu(x) > Cy(xn +7)%, Uz, (0,2,) < —Cy(zn +7)"" 1, O = rnin{707 H} (33)

With these choices of m and z,,, we have for z = (0, x,,)
T-Du—u>zau,, (0,,) > —Ciap(e, +7)*!
C
> Oy(my +7)*", where Cy = % (34)

Using this estimate together with (33) and recalling the definition of a, we find

f(:c) = |u(x)|*"*2*k(;y . Du(w) _ u(x))fk
< C—n—2—kC§k(xn + ,y)—a(n+2+l~c)—k(a—1)
= Cyln +) EEEE
. (=)= (2nta)
= (4 [dlSt (SL‘, 3Q} nF2kt2
Therefore, we obtain (9), completing the proof of the proposition. 0O
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