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Abstract

The authors previously introduced a diffeomorphism-invariant definition of a

homogeneous and isotropic sector of loop quantum gravity (LQG), along with

a program to embed loop quantum cosmology (LQC) into it. The present paper

works out that program in detail for the simpler, but still physically non-trivial,

case where the target of the embedding is the homogeneous, but not isotropic,

Bianchi I model. The diffeomorphism-invariant conditions imposing homo-

geneity and isotropy in the full theory reduce to conditions imposing isotropy

on an already homogeneous Bianchi I spacetime. The reduced conditions are

invariant under the residual diffeomorphisms still allowed after gauge fixing

the Bianchi I model. We show that there is a unique embedding of the quan-

tum isotropic model into the homogeneous quantum Bianchi I model that (a)

is covariant with respect to the actions of such residual diffeomorphisms, and

(b) intertwines both the (signed) volume operator and at least one directional

Hubble rate. That embedding also intertwines all other operators of interest

in the respective loop quantum cosmological models, including their Hamil-

tonian constraints. It thus establishes a precise equivalence between dynamics

in the isotropic sector of the Bianchi I model and the quantized isotropic model,

and not just their kinematics. We also discuss the adjoint relationship between

the embedding map defined here and a projection map previously defined by
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Ashtekar andWilson-Ewing. Finally, we highlight certain features that simplify

this reduced embedding problem, but which may not have direct analogues in

the embedding of homogeneous and isotropic LQC into full LQG.

Keywords: loop quantum gravity, loop quantum cosmology, diffeomorphism

covariance

1. Introduction

Quantum gravity is a domain of physics in which contact with observation remains a chal-

lenge, due to the extreme nature of the Planck scale where effects of the corresponding theory

are expected to become relevant. That being said, due to cosmic expansion, the entire visible

Universe was once Planck sized. Indeed, cosmology has emerged as a promising domain in

which to observe potential effects of quantum gravity [1–4], and perhaps such effects have

even already been observed [5, 6].

Loop quantum gravity (LQG) [7–10] is a minimalist approach to a theory of quantum

gravity guided foremost by Einstein’s general principle of relativity, which in modern times

is reformulated as diffeomorphism covariance, or background independence. Loop quantum

cosmology (LQC) [11–13] is a quantization of the homogeneous isotropic sector of gravity

using the same techniques as LQG. To derive the effects of LQG on cosmology, the nearly

exact homogeneity and isotropy of the early Universe is exploited by using LQC for calcu-

lations. The relative simplicity of LQC allows for exact solutions to dynamics as well as the

construction of a complete set of Dirac observable operators.

One can ask whether LQC, a quantization of a symmetry reduced sector of gravity, accu-

rately reflects the physics of full LQG. When the choices made in the quantizations of a field

theory and its corresponding symmetry-reducedmodel are chosen to be appropriately compat-

ible, symmetry reduction and quantization can indeed commute [14]. In order to ask whether

LQC reflects the appropriate sector of LQG, one must first specify what this sector is. It should

be the quantum analogue of the homogeneous isotropic sector of classical gravity—that is,

it should be the space of states in LQG which are homogeneous and isotropic in some sense

which is compatible with the diffeomorphism invariance of the theory. A proposal for such a

sector has been defined in the prior work [15, 16] by finding diffeomorphism covariant phase

space functions on the full gravity phase space whose vanishing is equivalent to the condition

of homogeneity and isotropy with respect to some maximal symmetry group on the spatial

slice—the symmetry conditions. These phase space functions are furthermore readily quantiz-

able on the LQG Hilbert space, so that the simultaneous kernel of the corresponding operators

defines the desired sector in question. The second step is to find some embedding of LQC states

into the states of this sector. The work [15, 16] did this for a non-interacting toy example and

sketched how to embed LQC into full LQG.

The value of constructing an embedding of LQC into full LQG is not simply to both clar-

ify the meaning of homogeneous isotropic in LQG as well as to understand how well LQC

represents the physics of this sector. The value, more importantly, lies in its potential to asso-

ciate each quantization choice in the full theory with a corresponding choice in the reduced

theory. With such an association in hand, contact between LQC and observation can pro-

vide not only a test of LQG, but can also guide choices made in quantizing the full theory.

There are a number of programs which have been introduced to establish such an association

[12, 17–23]. The advantages of the present program are that (1) it is compatible with the
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dynamics in the full theory, in the sense that diffeomorphism covariance is left intact with-

out gauge fixing, (2) it is compatible with the full space of states in LQG, in the sense that

one does not need to restrict to states with support in a lattice, and (3) it potentially estab-

lishes a relation with LQC as an exact quantum theory, rather than as an effective theory.

Since the so-called ‘μ-scheme’ in LQC arises from requirements of diffeomorphismcovariance

[12, 24, 25], it is reasonable to hope that the first two of the above properties of the present

strategy will enable a derivation of the μ-scheme from full LQG without inserting it by hand,

in contrast to other approaches up until now. Still, we expect there to be a relation between

the approach followed here and at least the approaches of [17, 22]: the map from LQC states

to (gauge-fixed, lattice-truncated) LQG states implicit in these latter approaches are based on

coherent states, and the range of this implicit embedding is the span of all coherent states

with homogeneous isotropic labels. This space is precisely the simultaneous kernel of quan-

tum operators corresponding to the ‘holomorphic part’ of the appropriate symmetry conditions

[14, 26], which are complex in a way exactly analogous to the complex symmetry conditions

considered in the strategy of the present work.

The goal of the present paper is to complete the program of [15, 16], but in the simpler

case of embedding LQC into Bianchi I LQC [27–29], in which homogeneity, but not isotropy,

holds a priori. The goal of doing this is to see how the program can be carried out to com-

pletion in this simpler, but still realistic case, thereby solidifying confidence in the program as

well as providing an opportunity to gain intuition that will aid in applying it to embed into full

LQG. The results turn out to be cleaner, more satisfactory, and more revealing than we had

expected.

In the Bianchi I model, the fully diffeomorphism-invariantcondition imposing homogeneity

and isotropy introduced in [15, 16] reduces to a residual diffeomorphism-invariant condition

imposing only isotropy, which can be easily quantized in a manner similar to that suggested

in [15, 16] for the full theory. We furthermore find that there exists a unique embedding

from isotropic to Bianchi I LQC states that is covariant with respect to (canonical) residual

diffeomorphisms, and also intertwines the operators in the two theories corresponding to the

signed volume and a single directional Hubble rate. This uniquely determined embedding has

image contained in the kernel of the quantum isotropy conditions. It furthermore intertwines

the Hamiltonian constraints in the two theories, as well as all physically meaningful opera-

tors. Interestingly, it is precisely the adjoint of the projection from Bianchi I to isotropic LQC

proposed by Ashtekar and Wilson-Ewing in [28].

The rest of this paper is organized as follows. In section 2 we review the Bianchi I

model as defined by Ashtekar and Wilson-Ewing in [28]. We then derive in section 3 the

restriction, to the Bianchi I phase space, of the constraints proposed in [15] imposing dif-

feomorphism invariant homogeneity and isotropy. The Poisson brackets of these symmetry

conditions among themselves are calculated with an eye toward quantum theory. The general

quantization strategy presented in [28] is then used to provide symmetry constraint operators

on the Bianchi I Hilbert space, whose simultaneous kernel defines the ‘quantum isotropic

sector’ of Bianchi I. Section 3 ends with a review of the isotropic model. In section 4,

we derive the embedding of this model into the quantum isotropic sector of Bianchi I,

and exhibit its properties. The successes of the results are sufficiently surprising that we

devote section 5 to clarifying the classical origins of these successes. Lastly we close with a

discussion.
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2. Review of Bianchi I

2.1. Classical theory

The spacetime metric in the Bianchi I model has the form

ds2 = −N2(t) dt2 + a2x(t) dx
2
+ a2y(t) dy

2
+ a2z (t) dz

2. (1)

The natural (co-)triad field on a homogeneous slice of constant t is

eia(t) := ai(t) e̊
i
a, where e̊ia := dxia (2)

is the fiducial (co-)triad. Note that there is no sum over the index i in this definition of eia.

We will write all such sums explicitly. Meanwhile, the extrinsic curvature of a homogeneous

slice is

Kab(t) =
1

2
L u qab(t) =

∑

i

ai(t) ȧi(t)

N(t)
e̊ia e̊

i
b, (3)

where u = 1
N(t)

∂
∂t

is the future-directed, unit normal to the homogeneous slice. We will omit

any explicit t-dependence below.

Geometrically, the spatial coordinates xi in (1) can be defined as affine parameters along

three mutually orthogonal congruences of parallel geodesics in the Euclidean spatial geom-

etry of the Bianchi I model. Moreover, the directions of those congruences are fixed in (3)

to coincide with the principal axes of the extrinsic curvature tensor Kab. Given appropriate

Cauchy data for the Bianchi I model, consisting of a Euclidean spatial metric qab and a homo-

geneous extrinsic curvature Kab, the spatial coordinates so defined are unique up to (a) affine

reparameterizations ϕ(m,b) : x
i �→ x̃i :=mi x

i + bi of each congruence, with each mi �= 0, and

(b) permutations ϕπ : x
i �→ x̃i := xπ(i) of the coordinate axes, with π ∈ S3. Any choice of such

coordinates defines a canonical diffeomorphism from the spatial slice to R3. The present coor-

dinate ambiguity therefore reflects the restricted diffeomorphismgroupDiff ≈ (S3 �R3
×)�R3

mapping R3 to itself, i.e. the group of spatial diffeomorphisms that preserve the partial

gauge-fixing conditions implicit in (1) and (3).

The loop quantization of general relativity originates in the Ashtekar formulation of the

classical theory. The basic variables of that formulation are the densitized triad

Eai := |det e|eai =
|axayaz|
ai

E̊ai , (4)

and the Ashtekar connection with Barbero–Immirzi parameter γ. The latter is given by

γAia :=Γ
i
a + γ Kabe

bi
=

γ ȧi
N

e̊ia, (5)

where Γ
i
a is the spin connection form for eai , relative to a flat reference connection. Spatial

geometry is already flat in the Bianchi I model, so it is simplest to choose the reference con-

nection to be the spin connection,whenceΓia = 0. The symplectic structure in Ashtekar gravity

generally has the form

Ω(δ1, δ2) :=
2

κγ

∫

V
δ[1

γAia δ2]E
a
i , (6)

where κ = 8πGNewton. The integral in (6) diverges when the field perturbations involved are

homogeneous and the spatial slice V is not compact. But, precisely due to that homogeneity,
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it then makes sense to restrict the integral to a compact fiducial cell V , i.e. to a finite, rectan-

gular volume with edges parallel to the coordinate axes [28]. The symplectic structure then

reduces to

Ω =
1

κγ

∑

i

dci ∧ dpi, (7)

where we have introduced the reduced phase space coordinates (ci, pi) such that

γAia=: c
i e̊

i
a

Li
and Eai =:

Li

LxLyLz
pi E̊

a
i . (8)

The coordinate lengths Li := |Δxi| of the edges of the fiducial cell V enter these definitions to

render the canonical coordinates independent of the initial choice of adapted coordinates xi in

(1). It will be convenient to exclude those points of the phase space corresponding to degenerate

spatial geometries, i.e. having one or more of the pi, and hence the volume, equal to zero. Such

points are irrelevant in the usual limit used tomake predictions, namely that of largefiducial cell

volume, corresponding to removal of the infrared regulator [11, 24]. Our Bianchi I phase space

is therefore Γ ∼= R3 × R3
× topologically, where the second factor excludes the three coordinate

planes in R3 where at least one pi vanishes.

Now we consider the transformations of the Bianchi I phase space induced by the restricted

spatial diffeomorphisms described above. The phase-space transformation associated with a

diffeomorphism ϕ(m,b) mapping each coordinate axis to itself follows immediately from the

pull-backs

ϕ∗
(m,b)̊e

i
a = mi̊e

i
a � ϕ(m,b) : (c

i, pi) �→ (c̃i, p̃i) :=

(
mic

i,
|mxmymz|

mi

pi

)
. (9)

The translation parameter b in ϕ(m,b) has no effect in phase space, as one would expect for

a homogeneous model. The situation is slightly more complicated for the diffeomorphisms

ϕπ :R
3 → R3 that interchange the coordinate axes because ϕ∗

π̊e
i = e̊π(i), which generally

differs from e̊i. Thus, whereas the definition (8) of the coordinates (ci, pi) presumes that

Ax ∝ dx, Ay ∝ dy, and so forth, the pullback ϕ∗
πA

i
a no longer necessarily satisfies this par-

allelism condition. This difficulty is easy to fix, however, by incorporating an appropriate,

internal gauge rotation R ∈ SO(3) such that

ϕ(π,R) :
γAia �→

γ
Ã
i

a :=
∑

j

Ri j ϕ
∗
π
γA j

a =
∑

j

Ri j c
j e̊

π( j)
a

L j

is again proportional to e̊ia, and similarly for the physical (co-)triad eia. The rotation heremust be

chosen such that Ri j = 0 unless π( j) = i. The set of rotations mapping the coordinate axes into

one another like this form the (chiral) octahedral group O ⊂ SO(3), i.e. the subgroup of rota-

tions preserving the unit cube. For any fixed π ∈ S3, there are exactly four rotations satisfying

the above condition, differing from one another by half-rotations about one of the coordinate

axes. Choosing any one of them leads to

ϕ(π,R) : (c
i, pi) �→ (c̃i, p̃i) :=

(
mi c

π−1(i),
1

mi

pπ−1(i)

)
with mi :=Riπ−1(i)

Li

Lπ−1(i)

.

5
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(Note that Riπ−i(i) = ±1 and |mxmymz| = 1 by definition.) Composing with an appropriate

scaling transformation from (9) thus leads to a transformation that simply permutes the (ci, pi)

coordinates in pairs.

The residual automorphism group AutR is the set of distinct phase-space transfor-

mations induced by the restricted diffeomorphisms described above. In detail, AutR
∼=

[Diff × SO(3)]‖/KΓ is isomorphic to the group of restricted diffeomorphisms, extended to

include (homogeneous) internal gauge rotations, then restricted to preserve the parallelism

of (8), and finally quotiented by the (normal) subgroup KΓ of such transformations that

act as the identity in phase space. The resulting group is naturally a semi-direct product

AutR = (DilR × ParR)� RotR of three distinct factors, consisting of

(a) Anisotropic dilatations ϕt ∈ DilR
∼= R3

+, labeled by t ∈ R3 and having the form

ϕt(c
i, pi) :=

(
e−ti ci, eti−T pi

)
with T :=

∑

i

ti; (10)

(b) Partial reflections ϕζ ∈ ParR
∼= S32, labeled by ζ ∈ {±1}3 and having the form

ϕζ(c
i, pi) :=

(
ζi c

i, ζi pi
)
; (11)

(c) and residual rotations ϕπ ∈ RotR ∼= S3, labeled by π ∈ S3 and having the form

ϕπ(c
i, pi) :=

(
cπ(i), pπ(i)

)
. (12)

Note that the partial reflections and residual rotations together define a natural action of

the (achiral) octahedral group ParR � RotR ∼= Oh ⊂ O(3), which is the full isometry group of

the unit cube, including reflections. The residual automorphism group has a non-trivial center

Z(AutR), consisting of

(i.S) Isotropic dilatations ϕT ∈ DilS
∼= R+, labeled by T ∈ R and having the form

ϕT(c
i, pi) :=

(
e−T/3 ci, e−2T/3 pi

)
; (13)

(ii.S) and isotropic reflections ϕZ ∈ ParS ∼= S2, labeled by Z ∈ {±1} and having the form

ϕZ(c
i, pi) :=

(
Z ci, Z pi

)
. (14)

We refer to Z(AutR) � AutR as the isotropic automorphism group not only because its ele-

ments ‘act isotropically’ in the Bianchi I phase space, but also because it is naturally isomorphic

to the groupof residual automorphismsanalogous to AutR for the fully reduced, isotropicmodel

to be discussed in the next section. The quotient group AutR/Z(AutR) plays a pivotal role in
relating the Bianchi I model to its isotropic reduction. This quotient can be identified with the

(normal) subgroupAut0R 	 AutR having T = 0 in (10) and ζ xζyζz = 1 in (11). We refer to this

as the proper residual automorphism group because its elements preserve both the symplectic

structure (7) and the orientation of the physical triad (2).

Turning now to the dynamics of the Bianchi I model, recall that the gravitational part

of the classical Hamiltonian constraint involves the curvature of the homogeneous Ashtekar

connection (5):

γFabi := dγAiab +
∑

jk

εi jk
γA j

a
γAkb =

Li

LxLyLz

cxcycz

ci

∑

jk

εi jk e̊
j
a e̊

k
b. (15)
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The coordinate scales Li enter because the result is expressed in terms of the fiducial triad. One

can relate it instead to the physical triad by solving for the original scale factors ai:

pi =
LxLyLz

Li

|axayaz|
ai

� ai =
1

Li

vol(p)

pi
with vol(p) := |px pypz|1/2. (16)

Geometrically, vol(p) is the proper volume of the fiducial cell. Substituting into (15) then gives

γFabi =
cxcycz

ci
sgn(pxpypz)

pi
Σab

i with Σab
i :=

∑

jk

εi jk e
j
a e

k
b. (17)

This result can be expressed compactly in terms of the directional Hubble rates

θi :=
L uai

ai
=

ȧi

N ai
=

ci pi

γ vol(p)
�

γAia = γ Ki
a = γ θi e

i
a. (18)

Each Hubble rate is invariant under anisotropic dilatations (10) and partial reflections (11), and

they permute covariantly under the residual rotations of (12). Meanwhile, the curvature of (17)

is given by

γFabi = γ2 θxθyθz
θi

Σab
i
= γ2

∑

jk

εi jk θ j θk e
j
a e

k
b. (19)

This yields a compact expression for (the gravitational part of) the Hamiltonian constraint:

Hg[N] :=
1

2κ

∫

V

∑

i j

(
N Eai E

b
j

|det E|1/2

(∑

k

εi jk
γFab

k − 2(1+ γ2)K[a
i Kb]

j

))

=− sgn(det e)

κγ2

∫

V
N
∑

k

γFk ∧ ek

=− vol[N](p)

κ

∑

i< j

θi θ j. (20)

The two terms in the integrand on the first line are proportional to one another in the homoge-

neous case because dγAab
i
= 0. Meanwhile, vol[N](p) denotes the lapse N integrated over the

fiducial cell using the proper volume element determined by p. Note that Hg[N] is invariant

under the same subgroup of residual automorphisms that preserve the symplectic structure (7),

and that its Hamiltonian flow preserves the submanifold of homogeneous states in the phase

space of the full theory if and only if N is homogeneous.

2.2. Regularization strategy

The curvature (15) has no operator analogue in the Ashtekar–Lewandowski quantization of

gravity. One therefore introduces a regularized curvature at the classical level for the Bianchi

I model [28]. The regularized curvature is constructed from holonomies along finite curves,

which do have operator analogues in the full theory. This classical regularization should

therefore be viewed as a part of the quantization process.

It is natural in Bianchi I to consider the holonomy around a rectangular loop with edges

parallel to two of the three principal curvature axes.Working in the fundamental representation

7
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of SU(2), the holonomy of the connection (5) along a line segment of coordinate length �
parallel to the xi-axis is given by

hi(�) = 1 cos
ci�

2Li
+ 2τi sin

ci�

2Li
,

where 1 denotes the 2× 2 identity matrix, and τ i are the anti-Hermitian generators of the

fundamental representation of SU(2), related to the Pauli matrices by σi = 2iτ i. It follows that
the holonomy around a closed, rectangular plaquette with edges of coordinate lengths �i and
� j parallel to the x

i- and x j-axes, respectively, is

hi j(�) := h j(−� j) hi(−�i) h j(� j) hi(�i)

=

(
1− 2 sin2

ci�i
2Li

sin2
c j� j
2L j

)
1+ 2 sin

ci�i
Li

sin2
c j� j
2L j

τi

− 2 sin2
ci�i
2Li

sin
c j� j
L j

τ j − sin
ci�i
Li

sin
c j� j
L j

[τi, τ j],

where � := (�x, �y, �z). The last term here is quadratic as �→ 0, and proportional to the curvature
γFabk from (15) in that limit. More precisely, we have

lim
�→0

∑

i j

Tr
[
hi j(�) τ

k
] e̊ia
�i

e̊
j
b

� j
→ 1

2
γFabk. (21)

It is tempting to define the regularized curvature simply by removing the limit. But the con-

tinuum curvature γFabk from (15) has the property that its pull-back to the plane orthogonal to

eak is proportional to τ k, whereas the expression under the limit in (21) does not. Happily, the

cubic terms that create this difficulty cancel one another if instead we set

γFabk(�) :=
∑

i j

Tr
[(
hi j(�)+ hi j(−�)

)
τ k
] e̊ia
�i

e̊
j
b

� j
=

∑

i j

sin
ci�i
Li

sin
c j� j
L j

εi j
k e̊

i
a

�i

e̊
j
b

� j
. (22)

This regularized curvature is amenable to quantization, though again it depends on the

unphysical, coordinate lengths of the plaquette edges.

The Bianchi I model is spatially homogeneous, so the proper length si of any line segment

along a symmetry axis is proportional to its coordinate length �i. Accordingly, we may set

�i e̊
a
i = si e

a
i �

�i
Li

=
pi si

vol(p)

to define a vector � of coordinate edge lengths corresponding to a given vector s of proper edge

lengths. The holonomy along an edge of fixed proper length is denoted

h̄i(s) = 1 cos
ci pi s

2 vol(p)
+ 2τi sin

ci pi s

2 vol(p)
. (23)

8
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Recasting the regularized curvature (22) in terms of proper lengths gives

γ
F̄abk(s) :=

∑

i j

Tr
[(
h̄i j(s)+ h̄i j(−s)

)
τ k
] eia
si

e
j
b

s j
=

∑

i j

sin
cipisi

vol(p)
sin

c jpjs j

vol(p)
εi j

k e
i
a

si

e
j
b

s j
.

(24)

This expression coincides, for appropriate choices of the si to be described in the next subsec-

tion, with the regularized curvature obtained in [27, 28], though the latter is written in terms of

its components relative to the fiducial triad basis. Comparing with (19), the present expression

suggests defining a regularized version of the directional Hubble rate by setting

θ̄i(s) :=
1

γs
sin

cipis

vol(p)
. (25)

Note that, like the ordinary directional Hubble rates (18), these expressions are invariant under

anisotropic dilatations (10) and partial reflections (11), and permute covariantly under residual

rotations (12).

The standard construction of the Hamiltonian constraint in full LQG, due to Thiemann [30],

begins by observing that

ekc(x) =
2

κγ

{
Akc(x), vol[N]

}

N(x)
.

The connection in the Poisson bracket can be regularized in terms of holonomies by noting

that, for an arbitrary curve ξ(t), one has

ξ̇c(0)
{
γAkc (ξ(0)) , vol[N]

}
= −2 Tr

[
τ k

d

dt

(
h−1
ξ (t) {hξ(t), vol[N]}

)
t=0

]
.

We take ξ(t) to run along one of the principal axes in the Bianchi I case, and parameterize the

curve by proper length. Approximating the derivative with a finite difference then leads to

{
γ
Ā
k

c, vol[N](p)
}
(s) := − 2

∑

l

elc
sl

Tr
[
τ k h̄l(−s)

{
h̄l(s), vol[N](p)

}]
.

Substituting this result and the regularized curvature (24) into the Hamiltonian constraint from

the second line of (20) gives the regularized Hamiltonian constraint

Hg[N](s) = −vol[N](p)

κ2γ3

∑

i jk

εi jk
sis jsk

Tr
[(
h̄i j(s)+ h̄i j(−s)

)
h̄k(−s)

{
h̄k(s), vol(p)

}]
, (26)

where we have used the identity

∑

k

Tr(Xτ k) Tr(Yτk) =
Tr(X) Tr(Y)− 2 Tr(XY)

4
.

To compare this result to the expression from [27, 28], one can explicitly calculate the Poisson

bracket

{
h̄k(s), vol(p)

}
=

κγs

2
τk h̄k(s).

9
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Since τ k commutes with h̄k(s), the trace in (26) reduces to the same one from (24), yielding

Hg[N](s) = −vol[N](p)

κ

∑

i< j

(
1

γsi
sin

cipisi

vol(p)

)(
1

γs j
sin

c jpjs j

vol(p)

)
. (27)

Thus, the regularized Hamiltonian constraint has exactly the form of the last expression from

(20), but with the directional Hubble rates θi replaced by their regularized analogues θ̄i(s)
from (25). Once again this expression coincides, for appropriate choices of the si, with the

Hamiltonian constraint from [27, 28]. (Note that the latter is presented only in the harmonic

time gauge, where the lapse N = N0 vol(p) is spatially constant, but state-dependent.)

2.3. Quantum theory

Quantizing the regularized expressions from the previous subsection entails promoting

holonomies to quantum operators, and specifying operator orderings where ambiguities arise.

To quantize the holonomies (23), Ashtekar andWilson-Ewing define the complex exponentials

Δi(s) := exp− ici|pi|s
2 vol(p)

(28)

at the classical level. Note the absolute value |pi| in the numerator here, which renders Δi(s)

invariant under anisotropic dilatations (10), but not under partial reflections (11). Instead, we

have ϕ∗
ζΔi(s) = Δi(ζis). This seemingly undesirable asymmetry is critical for quantization, as

we now show.

Onemotivates the quantizationof the functions (28) by recalling that the classical coordinate

ci becomes a derivative operator in a Schrödinger representation based on p:

ci �→ ih̄κγ
∂

∂pi
� − i|pi|ci s

2 vol(p)
�→ h̄κγ |pi|1/2s

2 |px pypz|1/2
· |pi|1/2

∂

∂pi
. (29)

The first factor on the right is independent of pi, and thus can be treated as a constant along

each orbit of this vector field on R3. The second factor can be affinely parameterized such that

|pi|1/2
∂

∂pi
=

|p0|1/2
2p0

∂

∂λi
with pi=: p0P(λi) := p0 sgn(λi)λ

2
i , (30)

where p0 is an arbitrary constant with units of area to be fixed below. The resulting affine

parameter λi is dimensionless and increases (as long as p0 > 0) monotonically with pi. Thus, a

Schrödinger representation based on p is closely related to a Schrödinger representation based

on λ, though the two have different natural inner products since d3p= |p0|3/2 vol(p) d3λ. More

importantly, however, the vector field in question is a constant multiple of ∂
∂λi

on each of its

integral curves, and therefore generates a rigid translation in λi. It follows that the natural

(Schrödinger) quantization ofΔi(s) is such that

〈λ| Δ̂i(s) :=

〈
λ+

h̄κγs0
4p0|p0|1/2

|λi|
|λxλyλz|

s

s0
ei

∣∣∣∣ , (31)

where ei is the canonical basis vector in R3 and s0 is a length scale to be fixed below. As

usual, the dual basis vectors 〈λ| here map a state |ψ〉 to its value ψ(λ) at a particular point

λ ∈ R3. Note that, if we were to replace |pi| with pi on the right side of (28), then the flow of

this vector field would reverse in the half-space λi < 0, and therefore would not be globally

integrable [27]. (For s < 0, for example, the flow would converge on the plane λi = 0 from

10
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both sides in finite affine parameter ‘time,’ and one cannot continue to integrate through that

plane.)

Although the Schrödinger representation based on p motivates the quantization (31) of

Δi(s), the resulting operator needs to act in the ‘polymer’ Hilbert space [28] of LQC. The

inner product on this space is the sum

〈φ,ψ〉 =
∑

p

φ̄(p)ψ(p) =
∑

λ

φ̄(λ)ψ(λ). (32)

The distinction is important. The ordering |pi|1/2 ci �→ |p̂i|1/2 ĉi chosen in (29) is the unique

one that leaves a constant wave function ψ(p) = ψ0 invariant under the action of the resulting

translation operator. But this ordering is not Hermitian in the Schrödinger representation based

on p, and its exponential Δ̂i(s) is not unitary: this is because the Lebesgue measure d3p is not

invariant under a rigid translation in λ. The polymer representations based on p and λ are the

same, however, so (31) is unitary in LQC.

Typically one would take the limit s→ 0 after quantization to remove the regulator in (31),

but that limit does not exist in LQC. Instead, one fixes a certain finite value of s to define the

curvature and Hamiltonian constraint operators by setting

s20 := h̄κ|γ|
√
j0( j0 + 1), (33)

where it is natural to take j0 =
1
2
so that s20 is the minimal quantum of area in full LQG. This

fixes the length scale introduced in (31). Then one chooses the area scale p0 from (30) such

that the ratio of dimensional factors in (31) is one half:

p0 =
h̄κγ

2
6
√
4 j0( j0 + 1). (34)

With these choices, the basic operators of LQC act according to

〈λ| Δ̂i(s) :=

〈
λ+

|λi|
|λxλyλz|

s

2s0
ei

∣∣∣∣ and 〈λ| p̂i := p0 P(λi) 〈λ| , (35)

where again P(λi) := sgn(λi)λ
2
i . The regularization scheme for the Hamiltonian constraint in

[27, 28], which we extend here to other operators that are needed to enforce the quantum

symmetry conditions, simply sets all si = s0. Accordingly, we introduce the shorthands

Δ̂i :=Δ̂i(s0) � 〈λ| Δ̂i :=

〈
λ+

|λi|
2|Λ| ei

∣∣∣∣ with Λ :=λxλyλz. (36)

For purposes of comparison, the basic holonomy operators Ê±
i from [27]5 correspond to Δ̂

±2
i

in the notation we use here. Note that the effect of Δ̂±2
i is to shift only the λi component of the

argument of the given wave function ψ(λ) := 〈λ|ψ〉 such that Λ �→ Λ
± :=Λ± sgn(Λλi).

The standard approach in LQC is to reduce the regularized Hamiltonian constraint (26) to

the scalar form (27) prior to quantization. To do this, write (27) in the form

Hg[N](s) = −vol[N](p)

κ

∑

i< j

(
sgn pi

γsi

Δi(2si)−Δi(−2si)

2i

)(
sgn pj

γs j

Δ j(2s j)−Δ j(−2s j)

2i

)
.

(37)

5The same notation, Ê−
i , is used in [28] to denote a slightly different operator, which omits the absolute value in the

denominator from (36). That operator is not unitary, however. See [27] for a corrected expression.

11
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The operator analogues of the various factors in this expression do not commute, and one must

choose how to order them in defining the operator analogue of the Hamiltonian constraint.

Ashtekar and Wilson-Ewing [28] first choose a Weyl ordering for each factor in braces, the

directional Hubble rates from (25), defining the corresponding operators6

θ̂i(si) :=
sgn λ̂i (Δ̂i(−2si)− Δ̂i(2si))+ (Δ̂i(−2si)− Δ̂i(2si)) sgn λ̂i

4iγsi

=

(
Δ̂i(−2si)Θ

(
|Λ̂|+ (si/s0) sgn λ̂i

)
− Δ̂i(2si)Θ

(
|Λ̂| − (si/s0) sgn λ̂i

)) sgn λ̂i
2iγsi

=
sgn λ̂i
2iγsi

(
Θ

(
|Λ̂| − (si/s0) sgn λ̂i

)
Δ̂i(−2si)−Θ

(
|Λ̂|+ (si/s0) sgn λ̂i

)
Δ̂i(2si)

)
,

(38)

whereΘ(t) denotes the Heaviside step function. Setting si := s0 for all i = x, y, z, these become

θ̂i =
sgn λ̂i
2iγs0

(
Θ

(
|Λ̂| − sgn λ̂i

)
Δ̂

−2
i −Θ

(
|Λ̂|+ sgn λ̂i

)
Δ̂

+2
i

)
. (39)

Ashtekar andWilson-Ewing then distribute the volume factor from outside the sum in (20) and

(37) symmetrically and again choose a Weyl ordering for the product7 θiθ j to write

Ĥg = − 1

2κ

∑

i �= j

|v̂| 1+n
4 θ̂i |v̂|

1+n
2 θ̂ j |v̂|

1+n
4 , (40)

where 〈λ| v̂ := v0Λ 〈λ| denotes the signed volume operator and v0 := |p0|3/2 is the natural quan-
tum of volume. This expression uses a state-dependent lapse N proportional to the nth power

of the volume. The harmonic time gauge used in [28] corresponds to n = 1.

3. Reduction to the isotropic model

3.1. Reduction of the symmetry constraints

The companion paper [15] selects the homogeneous and isotropic section of general relativity

by setting

S[ f , g] :=B[ f ] vol[g]− vol[ f ]B[g] ≈ 0, (41)

for arbitrary smearing fields fi j and gi j, where

B[ f ] := sgn(det e)
∑

i j

∫

V
F
i∧ e j f i j and vol[ f ] :=

∫

V
tr f |det e|. (42)

6The present notation suggests a simpler ordering, namely θ̂i :=
(

∆̂i(−s) sgn λ̂i ∆̂i(−s)− ∆̂i(s) sgn λ̂i ∆̂i(s)
)

/2iγs.

However, the choice of ordering does not matter in the limit of large fiducial cell volume (removal of the infrared

regulator) usually used to extract physical predictions [11, 24], whence we retain the conventional ordering of [28].
7Even classically one has {θi, θ j} = κ (θi − θ j)/2vol(p), so some ordering prescription for the directional Hubble

factors is required.

12
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The curvature appearing in the definition of B[ f ] is that of the complexified connection

A
i
a :=Aia + iα eia, (43)

where α is an arbitrary, but fixed, real constant with units of inverse length. The conditions

(41) imposing homogeneity and isotropy in this approach are diffeomorphism covariant in

the sense that replacing both the fundamental fields (A,E) and the smearing fields ( f , g) with

their images under a spatial diffeomorphism leaves S[ f , g] unchanged. Requiring (41) for all

choices of the smearing fields therefore selects those points (A,E) of the phase space that are

invariant under some action, as opposed to under a fixed action, of one of the symmetry groups

appropriate for isotropic and homogeneous cosmologies.

The symmetry conditions (41) simplify considerably when restricted to the phase space of

Bianchi I cosmologies described in the previous section. Specifically, (43) becomes

A
i
= 𝕔

i e̊
i

Li
:=

(
ci + iα

vol(p)

pi

)
e̊i

Li
,

and the functionals from (42) become

B[ f ] =
∑

i

px py pz 𝕔
x
𝕔
y
𝕔
z

pi 𝕔i vol
2(p)

∫

V
f ii |det e| and vol[ f ] =

∑

i

∫

V
f ii |det e|,

respectively. These both depend on the smearing field fi j only through the average values

f i :=
1

vol(p)

∫

V
f ii |det e|

of its diagonal components over the fiducial cell. Note that such an average is independent of

the (homogeneous) triad field in a Bianchi I geometry. Using these averages, together with the

definition (18) of the directional Hubble rates as functions on phase space, then gives

B[ f ] =
∑

i

f i B
i := vol(p)

∑

i

f i

⎛
⎝∏

j�=i
(γθ j+ iα)

⎞
⎠ and vol[ f ] = vol(p)

∑

i

f i. (44)

Finally, substituting these expressions into (41) gives the symmetry conditions

S[ f , g] = vol(p)
∑

i j

f i g j (B
i − B

j) ≈ 0 (45)

that select the isotropic sector of the Bianchi I model.

The content of the reduced symmetry conditions becomes clearer if we rewrite

Bi − B j = Bi ς j − ς i B j in the sum, where ς i denotes the vector with all components equal to

one. Doing so shows that the symmetry conditions hold for all smearing fields if and only

if B ∧ ς = 0, meaning that the two vectors are proportional, and thus that Bx = By = Bz.

Furthermore, we have that

(γθy + iα)(γθz + iα) = (γθx + iα)(γθz + iα) = (γθy + iα)(γθz + iα)

⇔ θx = θy = θz. (46)

Thus, the full content of the symmetry conditions (41) in the Bianchi I model is just that all

three directional Hubble rates are the same.

13
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In order to impose the symmetry conditions (45) simultaneously in the canonical formalism,

one must check that their Poisson algebra closes. To do so, first define

S[ f , g] =
∑

i jk

εi jk f i g j Sk with Sk := vol(p)
∑

lm

εklm B
l. (47)

The symmetry conditions, for all smearing fields fi j and gi j, is equivalent to Sx = Sy = Sz = 0

due to the homogeneity of the Bianchi I model. Furthermore,

{Sx, Sy} =
{
(cx px + iα vol(p))

(
cypy − czpz

)
,
(
cypy + iα vol(p)

)
(czpz − cxpx)

= (cx px + iα vol(p)) (czpz − cxpx) {cypy − czpz, iα vol(p)}

+
(
cypy + iα vol(p)

) (
cypy − czpz

)
{iα vol(p), czpz − cxpx}

+
(
cypy − czpz

)
(czpz − cx px)

(
{cxpx , iα vol(p)}{iα vol(p), cypy

)
} = 0, (48)

and cyclic permutations. We have used
{
cipi, c

jpj
}
= 0 in passing to the second line here, as

well as
{
cipi, vol(p)

}
= 1

2
κγ vol(p) in the final step. This is a stronger result than in the full

theory [15], where the Poisson algebra of the symmetry conditions is closed (i.e. the Poisson

bracket of two S′s is a sum of terms proportional to S’s) but not trivial. A similar calculation

shows that

{
Sx , S̄y

}
= −iακγ

(
cypy − czpz

)
(czpz − cxpx) vol(p). (49)

Although this Poisson bracket does not vanish everywhere in phase space, it does vanish when

the symmetry conditions hold. Again, this is a stronger result than in the full theory [15], where

the Poisson brackets of the symmetry conditions and their complex conjugates generally do not

vanish even weakly, i.e. on the submanifold where the symmetry conditions hold. This result is

attributable to the proportionality between each symmetry condition and its complex conjugate

in the homogeneous Bianchi I model with coefficient non-zero and smooth throughout Γ,

S̄y =
(
cypy − iα vol(p)

)
(czpz − cxpx) =

cypy − iα vol(p)

cypy + iα vol(p)
Sy=: ηySy, (50)

as it implies immediately

{Sx, S̄y} = {Sx, ηy}Sy + {Sx , Sy}ηy ≈ 0. (51)

3.2. Reduction to the classical isotropic sector

Recall Γ ∼= R3 × R3
× denotes the classical phase space of the Bianchi I model constructed in

the previous section. Let Γ̄ ⊂ Γ denote the classical isotropic sector on which the symmetry

conditions (41) hold, or equivalently, on which θx = θy = θz. There are only two independent
conditions here, so Γ̄ is (locally) a four-dimensional submanifold of the six-dimensional phase

space Γ. We can pull the symplectic structure (7) back to Γ̄ by first writing

Ω =
1

κγ

∑

i

dci ∧ dpi =
1

κ

∑

i

d

(
θi vol(p)

pi

)
∧ dpi =

1

κ
d

(
vol(p)

∑

i

θi d ln |pi|
)

14
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in complete generality. If we now set θx = θy = θz=: θ, then

d ln vol(p) =
1

2

∑

i

d ln |pi| � Ω =
2

κ
dθ ∧ dvol(p). (52)

This is clearly degenerate, with a kernel consisting of vectors tangent to Γ̄ ⊂ Γ that change

neither the common value θ of the directional Hubble rates, nor the proper volume vol(p) of
the fiducial cell.

The appropriate, non-degenerate isotropic phase space is the quotient manifold

ΓS
∼= R× R×, consisting of equivalence classes of points (ci, pi) ∈ Γ̄ on which the geometric

means

c :=
3
√
cxcycz and p := 3

√
px pypz

both take constant values. It is sometimes convenient to use the signed volume

v := sgn p |p|3/2

instead of p itself as a phase-space coordinate for the isotropic model. The volume and Hubble

rate(s) are

vol(p) = |p|3/2 = |v| and θ = 3

√
θ xθyθ z =

c sgn p

γ |p|1/2 =
c

γv1/3
(53)

respectively, on each equivalence class in ΓS. They therefore descend to well-defined functions

on the reduced phase space. Any function of these quantities likewise descends to ΓS, including

in particular the gravitational part (20) of the Hamiltonian constraint

Hg = − 3

κγ2
|p|(3n+1)/2 c2 = − 3

κγ2
|v|n+1/3 c2, (54)

where we have fixed the lapse N = vol(p)n, as well as the regularized Hubble rates (25)

θ̄i(s) =
sgn p

γs
sin

cs

|p|1/2 =
1

γs
sin

cs

v1/3
,

and the regularized Hamiltonian constraint (27) derived from them. The symplectic structure

(52) becomes

Ω =
3

κγ
dc ∧ dp =

2

κγ |v|1/3 dc ∧ dv =
2

κ
d(θ sgn p) ∧ dv.

This clearly descends to ΓS as well, where it is equivalent to the standard Poisson bracket

{c, p} = 1
3
κγ of isotropic LQC.

As mentioned in the previous section, the residual automorphism group for the isotropic

model is naturally isomorphic to the center Z(AutR) of the residual automorphism group for

the Bianchi I model. In detail, the isotropic dilatations (13) and isotropic reflections (14) act

on ΓS via

ϕT : (c, p) �→
(
e−T/3 c, e−2T/3 p

)
and ϕZ : (c, p) �→ (Zc, Zp) , (55)

respectively. More importantly, however, the complementary subgroup Aut
0
R
∼=

AutR/Z(AutR) of proper residual automorphisms acts transitively on the equivalence
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class of points (ci, pi) ∈ Γ̄ corresponding to any given point (c, p) ∈ ΓS of the isotropic phase

space. To see this, first observe that

(ci, pi) =

(
cp

θ

θi
pi
,
pi

p
p

)
= ϕt ◦ ϕζ

( c
θ
θi, (p, p, p)

)
with

{
ti := ln |pi| − ln |p|
ζi := sgn(ppi)

for any point (ci, pi) ∈ Γ, where θ := 3
√
θxθyθz denotes the geometric mean of the directional

Hubble rates. The residual automorphism on the right here is proper because
∑

i ti = 0 and

ζ xζyζ z = 1 by construction. Inverting it shows that every (ci, pi) ∈ Γ can be put in a ‘partly

diagonal’ form with px = py = pz = p by an appropriate proper residual automorphism. Fur-

thermore, the resulting phase-space point is ‘fully diagonal’ in the sense that cx = cy = cz = c

as well if and only if (ci, pi) ∈ Γ lies in the classical isotropic sector Γ̄ ⊂ Γ where θx = θy =
θz = θ. This fact characterizes the classical isotropic sector Γ̄ ⊂ Γ purely in terms of the action

of the residual automorphism group:

Theorem 1. A point (ci, pi) ∈ Γ of the Bianchi I phase space lies in the classical isotropic

sector Γ̄ ⊂ Γ if and only if there exists a residual automorphism ϕ ∈ AutR such that

ϕ ◦ ϕπ ◦ ϕ−1(ci, pi) = (ci, pi) (56)

for all residual rotations ϕπ ∈ RotR. One may choose ϕ ∈ Aut
0
R to be proper without loss of

generality.

3.3. Quantum isotropy and the isotropic model

Working in the Hilbert space H of the Bianchi I model, we define the (regularized) operator
analogues of the functions Si from (47) that define the classical isotropic sector as follows:

Ŝx(s) = |v̂| 12

(

γθ̂x(s)+ iα
)

|v̂|
(

γθ̂z(s)− γθ̂y(s)
)

+

(

γθ̂z(s)− γθ̂y(s)
)

|v̂|
(

γθ̂x(s)+ iα
)

2
|v̂| 12 , (57)

and cyclic permutations. The regularized Hubble rate operators θ̂i(s) are defined in (38), and

the ordering prescription adopted here at the quantum level mimics that of the Hamiltonian

constraint from (40). The quantum isotropic sector is the subspace Vsymm ⊂ H of Bianchi I

states that are annihilated by all three operators Ŝi. It is not obvious at the moment that any

such states exist. But we will see in the next section that indeed they do by showing that all

three operators annihilate every state in a particular embedding of the Hilbert space of the fully

isotropic theory into H .

To compare the isotropic sector of the quantum Bianchi I model to the quantum isotropic

model—wherein isotropy is imposed at the classical level, prior to quantization—we must of

course review the quantization of the fully reduced model itself. It proceeds [12] similarly to

that of the Bianchi I model presented in detail above. We introduce the exponentials

Δ(s) := exp− ic s

2|p|1/2 ,

and motivate their quantization by recalling that c becomes a differential operator in a

Schrödinger quantization based on p, and

Δ̂(s) := exp
sh̄κγ

6|p|1/2
d

dp
= exp

sh̄κγ

4

d

dv
.
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a shift operator acting on v̂ eigenstates as

〈v|Δ̂(s) =

〈
v +

sh̄κγ

4

∣∣∣∣ =
〈
v +

1

2

s

s0
v0

∣∣∣∣ .

The Hubble rate (53) can again be expressed as limits of combinations ofΔ(s) and v:

θ = lim
s→0

θ(s) := lim
s→0

sgn v(Δ(−2s)−Δ(2s))

2iγs
.

Weyl ordering yields the regulated operator

θ̂(s) =
sgn v̂(Δ̂(−2s)− Δ̂(2s))+ (Δ̂(−2s)− Δ̂(2s)) sgn v̂

4iγs

=

(
Δ̂(−2s)Θ

(
|v̂|+ (v0s/s0) sgn v̂

)
− Δ̂(2s)Θ

(
|v̂| − (v0s/s0) sgn v̂

)) sgn v̂

2iγs
. (58)

Following [12], we again take the limits to s = s0, so that θ̂ = θ̂(s0). As in the Bianchi I case,

the isotropic Hamiltonian constraint (54) can be expressed in terms of v and θ and quantized

using a symmetric ordering, yielding the constraint operator of [12],

Ĥg = − 3

κ
|v̂| 1+n

4 θ̂|v̂| 1+n
2 θ̂|v̂| 1+n

4 . (59)

4. Embedding

4.1. Conditions on, and desired properties of, the embedding

The definition of a gauge- and diffeomorphism-invariant homogeneous isotropic sector in full

LQG is only the first part of the strategy outlined in [15]. The second part is to define an

embedding ιFull of the isotropic model into this sector, and use this embedding to compare

operators and dynamics in the two models. The strategy presented there is to define ιFull by
stipulating the following conditions:

(a) ιFull should map states into the quantum homogeneous isotropic sector. That is, it’s image

should be annihilated by the symmetry constraint operators Ŝ[ f , g] for all f and g.

(b) ιFull should intertwine two pairs of operators (Ôi
Full, Ô

i
S), i = 1, 2 in the full and homoge-

neous isotropic theories,

Ôi
Full ◦ ιFull = ιFull ◦ Ôi

S, (60)

corresponding to the two dimensions of the homogeneous isotropic phase space.

The first condition fixes the image of ιFull, while the second condition fixes how states in this

image are identified with states in the homogeneous isotropic model. If we use ιFull to identify
homogeneous isotropic states with full theory states, the second condition (60) simply states

that Ôi
Full should have the same action on homogeneous isotropic states as Ô

i
S.

For the present paper, the task is to find an embedding ι of the isotropic quantummodel into

the Bianchi I quantum model. The analogue of the above conditions is then

(a) Ŝi ◦ ι = 0 for all i.

(b) Ôi ◦ ι = ι ◦ Ôi
S for two pairs of operators (Ôi, Ôi

S) in the Bianchi I and isotropic models,

i = 1, 2.
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In contrast to full LQG, in the Bianchi I model there are automorphisms with well-defined

action in the quantum theory that are non-trivial even once the Gauss and diffeomorphism con-

straints are imposed. As a consequence, in the Bianchi I case, there is an additional covariance

condition which can and must be stipulated:

(c) ι should be covariant under all residual automorphisms well-defined in the quantum

theory.

As we shall argue below, conditions (a) and (c) are expected to have the same content from

classical analysis, and, in the quantum theory, we will see that (c) implies (a). For this reason,

we impose (c), and let (a) follow as a consequence8. In fact, the classical analysis will lead us

to expect not only the equivalence of (a) and (c), but also the equivalence of

(a) Ŝ
†
i ◦ ι = 0

with both of these, and we will see explicitly in the quantum theory that (c) implies not only

(a), but (a) as well.

In this section, our imposition of (c)—basically equivalent to (a)—and (b) will uniquely

determine ι. This is consistent with the results found for the toy model in appendix B of [15].

Once uniquely determined, ι can be used to compare other operators (Ô, Ôs) in the two models,

again via the intertwining condition

Ô ◦ ιFull = ιFull ◦ ÔS. (61)

Note that if ÔS is not known, the above equation will also uniquely determine it. Hence, the

above equation can also be thought of as defining a map from Bianchi I operators preserving

the isotropic sector, to operators in LQC. Remarkably, in the end, we will find that ι maps

all of the physically relevant operators in Bianchi I introduced in section 2.3 exactly to the

corresponding operators in the isotropic theory introduced in section 3.3. This includes the

Hamiltonian constraint operators in the two models, so that the embedding ι will establish that
the isotropic model captures both the kinematics and dynamics of the isotropic sector of the

quantum Bianchi I exactly.

4.2. Unitary action of canonical residual automorphisms

LetDiloR denote the proper anisotropic dilatations, that is, the dilatations preserving the volume

of the fiducial cell. The subgroup of the residual automorphisms introduced in subsection 2.1

that are canonical transformations, hence with unitary action on quantum states, we call the

canonical residual automorphisms AutCR . Explicitly, it is generated by the proper anisotropic

dilatations, the partial reflections, and the residual rotations, AutCR = (DiloR × ParR)� RotR.

From equations (10)–(12), for each tx , ty ∈ R, ζ ∈ {±1}3, and π ∈ S3, the actions of these

three types of transformations in the quantum theory is given by

ϕ̂(tx ,ty ,−tx−ty)|px , py, pz〉 = |etx px , ety py, e−tx−ty pz〉,

ϕ̂ζ |(pi)〉 = |(ζipi)〉,
ϕ̂π|(pi)〉 = |(pπ(i))〉.

(62)

8Once a single superselection sector is picked in the Bianchi I model [28], the implication also goes in the opposite

direction. However, the argument for superselection comes from a specific dynamics. Part of the purpose of this work

is to test compatibility of the dynamics in the isotropic and Bianchi I models, so that we preferred our presentation to

be independent of any one choice of dynamics, and hence independent of any superselection.
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As discussed in section 2, the residual automorphisms, when acting on the isotropic phase

space, reduce to the group of isotropic automorphisms AutS. For canonical residual automor-

phisms T :=
∑3

i=1 ti = 0, so that AutCR reduces to the even smaller group of isotropic reflections

ParS. That is, the actions of the proper anisotropic dilatations and residual rotations on the

isotropic phase space are trivial, while the action of the partial reflections is given by (55), so

that the quantum action is given by

ϕ̂(tx ,ty ,−tx−ty)|p〉 = |p〉,

ϕ̂ζ |p〉 = |ζ1ζ2ζ3p〉,
ϕ̂π|p〉 = |p〉.

(63)

4.3. Derivation

Imposition of covariance under residual canonical automorphisms. For the purpose of

deriving the embedding, it is convenient to label the momentum basis in Bianchi I using

λx , λy, and Λ (30), (36), and to label the momentum basis in the isotropic theory also by

Λ. In terms of these labels, the action of the most general canonical residual automorphism

ϕ :=ϕ(tx ,ty,−tx−ty) ◦ ϕζ ◦ ϕπ is given by

ϕ̂|λx ,λy,Λ〉 = |ζxetx/2λπ(x), ζye
ty/2λπ(y), ζxζyζzΛ〉

ϕ̂|Λ〉 = |ζxζyζzΛ〉.

Imposing covariance of ι under all such transformations, ϕ̂ ◦ ι = ι ◦ ϕ̂, leads to the following
condition on the matrix elements of ι:

〈λx ,λy,Λ|ι|Λ′〉 = 〈ζxe−tx/2λπ(x), ζye
−ty/2λπ(y), ζxζyζzΛ|ι|ζxζyζzΛ′〉 (64)

for all tx , ty, ζ , π. First setting ζz = ζ xζy and π = id, imposing this condition for all tx, ty, ζ x , ζy
leads to

〈λx ,λy,Λ|ι|Λ′〉 = 〈βxλx , βyλy,Λ|ι|Λ′〉

for all βx , βy ∈ R×. Since λx �= 0 and λy �= 0, setting βx = λ−1
x and βy = λ−1

y , we have

〈λx ,λy,Λ|ι|Λ′〉 = 〈1, 1,Λ|ι|Λ′〉=:C(Λ;Λ′)

for all (λx ,λy,Λ) ∈ R3
×. These matrix elements then furthermore satisfy (64) for all canonical

residual automorphisms if and only C(Λ;Λ′) additionally satisfies C(−Λ;−Λ
′) = C(Λ;Λ′).

Explicitly, the resulting embedding then takes the form

ι|Λ′〉 =
∑

λx ,λy ,Λ �=0

C(Λ;Λ′)|λx ,λy,Λ〉 =
∑

Λ �=0

C(Λ;Λ′)
∑

λx ,λy �=0

|λx ,λy,Λ〉=:
∑

Λ �=0

C(Λ;Λ′)ι0|Λ〉.

(65)

Note that, from this condition alone, every non-zero element in the range of ι is necessarily
non-normalizable in the polymer inner product (32). Define CylBI to be the space of finite

linear combinations of momentum eigenstates in the Bianchi I Hilbert space. Then, what we

are saying is that covariance under canonical residual automorphisms forces the image of ι to
be represented in the algebraic dual Cyl∗BI , which includes possibly non-normalizable linear
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combinations of momentum eigenstates. This is similar to the kinematical non-normalizability

of diffeomorphism-invariant states in the full theory [31].

The image of ι then automatically satisfies quantum isotropy independent of ordering

ambiguity.

Lemma 1. ι0 intertwines both v̂ and θ̂i(s) for all s.

Proof. That ι0 intertwines v̂ is immediate:

ι0 ◦ v̂|Λ〉 = v0Λι0|Λ〉 = v0Λ
∑

λx ,λy �=0

|λx ,λy,Λ〉 = v̂
∑

λx ,λy �=0

|λx ,λy,Λ〉 = v̂ ◦ ι|Λ〉.

For the θ̂i(s), it is sufficient to consider θ̂z(s). Starting from equations (38) and (35), we have

for all |Λ〉,

θ̂z(s) ◦ ι0|Λ〉 =
[
Δi(−2s)Θ

(∣∣∣Λ̂
∣∣∣+ (s/s0) sgn λ̂z

)

−Δi(2s)Θ
(∣∣∣Λ̂

∣∣∣− (s/s0) sgn λ̂z

)] sgn λ̂z
2iγs

∑

λx ,λy �=0

|λx ,λy,Λ〉

=
1

2iγs

∑

λx ,λy �=0

[
sgn

(
Λ

λxλy

)
Θ

(
|Λ|+ (s/s0) sgn

(
Λ

λxλy

))

× |λx ,λy,Λ + (s/s0) sgn(λxλy)〉

− sgn

(
Λ

λxλy

)
Θ

(
|Λ| − (s/s0) sgn

(
Λ

λxλy

))

× |λx ,λy,Λ− (s/s0) sgn(λxλy)〉
]

=
sgn Λ

2iγs

∑

λx ,λy �=0

[
{sgn (λxλy}Θ

(
|Λ|+ (s/s0)

× {sgn(λxλy)} sgn Λ
)
|λx ,λy,Λ + (s/s0){sgn(λxλy)}〉

+ {− sgn(λxλy)}Θ
(
|Λ|+ (s/s0){− sgn(λxλy)} sgn Λ

)

× |λxλy,Λ+ (s/s0){− sgn(λxλy)}〉
]

=
sgn Λ

2iγs

∑

λx ,λy �=0

[
Θ
(
|Λ|+ (s/s0) sgn Λ

)
|λx ,λy,Λ + s/s0〉

−Θ
(
|Λ| − (s/s0) sgn Λ

)
|λx ,λy,Λ− s/s0〉

]

= ι0
sgn Λ

2iγs

[
Θ

(
|Λ|+ (s/s0) sgn Λ

)
|Λ + s/s0〉

−Θ
(
|Λ| − (s/s0) sgn Λ

)
|Λ− s/s0〉

]

= ι0 θ(s)|Λ〉.

In going from line 3 to line 4, we have used the fact that the first and second terms are identical

except that the signs in braces in the first term are all sgn(λxλy), whereas all those in the second
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term are −sgn(λxλy), so that in exactly one of the two terms these signs are all +1 and in the

other they are −1. �

Theorem 2. ι as given in (65) satisfies

α′
Ŝi(s) ◦ ι = 0

for all choices of regularization parameter s and all choices of complexification parameterα′,
and independent of the choice of coefficients C(Λ;Λ′).

Proof. From equation (57), for all |Λ〉, we have

α′
Ŝx(s) ◦ ι|Λ〉 =

γ

2
|v̂|1/2

(
(γθ̂x(s)+ iα′)|v̂|(θ̂y(s)− θ̂z(s))

+ (θ̂y(s) − θ̂z(s))|v̂|(γθ̂x(s)+ iα′)
)
|v̂|1/2 · ·

⎛
⎝ ∑

Λ′∈R×

C(Λ′;Λ)ι0|Λ′〉

⎞
⎠

=
γ

2

∑

Λ′∈R×

C(Λ′;Λ)|v̂|1/2
(
(γθ̂x(s)+ iα′)|v̂|(θ̂y(s)− θ̂z(s))

+ (θ̂y(s) − θ̂z(s))|v̂|(γθ̂x(s)+ iα′)
)
|v̂|1/2 ◦ ι0|Λ′〉

=
γ

2

∑

Λ′∈R×

C(Λ′;Λ)ι0 ◦ |v̂|1/2
(
(γθ̂(s)+ iα′)|v̂|(θ̂(s)− θ̂(s))

+ (θ̂(s)− θ̂(s))|v̂|(γθ̂(s)+ iα′)
)
|v̂|1/2|Λ′〉 = 0

whence
α′
Ŝz(s) ◦ ι = 0 for all s and α′. Similarly,

α′
Ŝy(s) ◦ ι =

α′
Ŝz(s) ◦ ι = 0 for all s and

α′. �

Note that if any other ordering of Ŝi had been chosen in (57), this theorem would still hold.

Furthermore, for the case α′ = −α, this theorem implies that not only Ŝi ≡
α
Ŝi(s0) annihilates

ι, but also its adjoint Ŝ†i ≡
−α

Ŝ
i
(s0). This contrasts with the full theory analysis in [15], where

one only expects it to be possible for an embedding to be annihilated by one of Ŝ[ f , g], ̂S[ f , g],

not both. Thus, the condition satisfied by ι in theBianchi I case ismuch stronger. The possibility

of this was expected due to equation (46) in the classical theory, and this will be discussed in

section 5.

Consistency with classical theory. It may seem puzzling that canonical residual automor-

phism covariance of ι implies that its image satisfies our quantum isotropy condition: is not the

former simply a condition of consistency with gauge symmetry, whereas the latter is an actual

physical restriction on states? It may seem equally puzzling that it simultaneously implies that

the adjoint of our isotropy condition is satisfied on the image of ι.
These puzzles are resolved if one carefully translates these logical relations to the classical

theory,wherewewill see that it holds as well. The canonical residual automorphismcovariance

of ι implies that the image of ι is invariant under the identity component of this group, the

proper anisotropic dilatations. The classical analogue of imposing invariance under a unitary

flow in quantum theory, etX̂|Ψ〉 = |Ψ〉, is to impose that the corresponding generators be zero:

X̂|Ψ〉 = 0 � X ≈ 0. The proper anisotropic dilatations are the flows on space generated by

vector fields of the form Xtx ,ty := txx
∂
∂x + tyy

∂
∂y − (tx + ty)z

∂
∂z . The corresponding canonical
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generators on the phase space are thus

Xtx ,ty =
1

κγ

∫

V
AiaLXtx ,ty

Ẽai d
3x =

1

κγ

(
−tx(pc)x − ty(pc)y − (−tx − ty)(pc)z

)

=
1

κγ
((pc)z − (pc)x) tx +

1

κγ

(
(pc)z − (pc)y

)
ty

=
−Sy

κγ(p𝕔)y
tx +

Sx

κγ(p𝕔)x
ty =

−Sy

κγ
(
(pc)y + iα vol(p)

) tx +
Sx

κγ ((pc)x + iα vol(p))
ty.

=
−Sy

κγ
(
(pc)y − iα vol(p)

) tx +
Sx

κγ ((pc)x − iα vol(p))
ty. (66)

The key point is that these generators are not constraints—anisotropic dilatations do not

approach the identity at infinity, so that they are not generated by the diffeomorphism con-

straint. Thus, their vanishing imposes a non-trivial restriction on the physical degrees of free-

dom. In fact, it is immediate from the above form that the vanishing of the above generators

for all tx, ty is equivalent to Sx ≈ Sy ≈ 0, which is equivalent to Si ≈ 0 for all i—our classical

isotropy condition. At the same time, it is equivalent to Si ≈ 0.

Imposition of intertwining of signed volume and Hubble operator. Imposition of canonical

residual automorphism covariance and quantum isotropy has not yet uniquely determined the

embedding ι. But this was expected: these conditions have only restricted the image of ι. As
noted in [15], in order to achieve uniqueness of ι, one expects to impose two more conditions,

such as the intertwining of two operators. The basic variables in the isotropic theory are p

and c, so it is natural to try to impose intertwining of corresponding operators with appropri-

ate operators in the Bianchi I theory. One can indeed require that ι intertwine p̂ with v̂2/3 in
Bianchi I, which is equivalent to requiring that ι intertwine the signed volume v̂ in both theo-

ries. However, c has no operator analogue in the quantum theory, but rather only exponentials

of c have operator analogues. Because of this, it is natural to instead require intertwining of an

appropriate one-parameter family of exponentials of c, or operators constructed therefrom.We

choose to require intertwining of the regularized isotropic Hubble rate θ̂(s) (58) with one of

the regularized directional Hubble rates (38)—specifically, we arbitrarily choose θ̂z(s) for this
purpose. With this condition imposed, we shall see that ι is uniquely determined up to an over-

all constant, and will then automatically intertwine θ̂(s) with the other directional Hubble rates
as well. Indeed, we shall see that the resulting unique ι will satisfy basically every property

that could be desired from such an embedding.

Let CylS denote the space of finite linear combinations of volume eigenstates in the isotropic

theory, so that its algebraic dual, Cyl∗S, may be identifiedwith distributional states which include

possibly non-normalizable linear combinations of volume eigenstates.

Theorem 3. There exists an embedding ι from isotropic LQC states, Cyl∗S, to Bianchi I
quantum states, Cyl∗BI , that (a) is covariant under all canonical residual automorphisms, (b)

intertwines v̂ in the two theories, and (c) intertwines θ̂(s) with θ̂z(s) for all s. This embedding
is furthermore unique up to a (physically irrelevant) overall constant, and is given explicitly

by ι = Cι0 for some C ∈ C.

Proof. From equation (65), condition (a) imposes that ι be of the form

ι|Λ〉 =
∑

Λ′ �=0

C(Λ;Λ′)ι0|Λ′〉
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for someC(Λ;Λ′). Condition (b) then forcesC(Λ;Λ′) = C(Λ)δΛ,Λ′ for someC(Λ), and, finally,

condition (c) forces C(Λ) to be a constant C. �

The overall constant C is not a physical ambiguity, because quantum states have meaning

only up to rescaling. Hence the embedding is physically unique, as was expected from the

analysis of [15, 16]. From now on we set ι to be equal to the embedding so selected, choosing

C = 1, so that

ι|Λ〉 = ι0|Λ〉 =
∑

λx ,λy �=0

|λx ,λy,Λ〉. (67)

This is the Bianchi I analogue of what we have called the volume embedding in the full theory

[15].

Remark. In selecting the unique embedding ι above, we have required that it intertwine θ̂(s)
with θ̂z(s) for all s. One can alternatively require that, for all s, the more basic shift oper-

ators Δ̂(s) intertwine with a slight modification of Δ̂z(s), namely Δ̂′
i(s) := êxp

(−ipicis
2v

)
, also

unitary, for, e.g. i = z. The resulting selected embedding is again the same. For this reason,

these alternative shift operators are arguably more natural building blocks for the Bianchi I

theory. Indeed, one could construct a Hamiltonian constraint operator from these alternative

shift operators, and the result would be equivalent to the one used here and in [28] when acting

on states |λ〉 with sufficiently large volume. We have not used this alternative simply in order

to be consistent with [28].

4.4. Why the arguments against the volume embedding don’t apply in the case of Bianchi I

In the full theory paper [15], we gave two arguments against the use of the volume embedding

in the general case. Here, we address each of them, and show they do not apply in the simpler

case of embedding into Bianchi I. First, we noted that the superposition which defines the vol-

ume embedding is in no way peaked on any geometries which are homogenious and isotropic.

Since Bianchi I is homogeneous, we only have to address the apparent lack of isotropy in the

target of the embedding (67). It is clear from (67) that, for each volume eigenstate |Λ〉, ι|Λ〉 is a
superposition of states |λx ,λy,Λ〉 for which the condition λx = λy = λz is not satisfied. How-
ever, this condition merely describes the dimensions of the fiducial cell; it has nothing to do

with the isotropy of the phase space variables (qab,Kab). Rather, the correct isotropy condition

is the one that been the subject of this paper: that states should be annihilated by the operators

(57). From theorem 2 we know that ι in fact does map all isotropic states into the isotropic

sector of Bianchi I.

The second objection was that the definition of the volume embedding depends critically

on the choice of basis used to define it. However, in the present Bianchi I context, there is no

ambiguity at all in the embedding. As already shown above, ι is (up to an overall constant)

the unique embedding which is covariant under canonical residual automorphisms and which

intertwines the signed volume and any one of the directional Hubble rates.

4.5. Additional properties of the embedding

For each s, ι intertwines all of the directional Hubble rates θ̂i(s) with θ̂(s). This follows
from the fact that ι = ι0, the volume embedding, and lemma 1.

ι intertwines the Hamiltonian constraint operators of the isotropic and Bianchi I mod-

els. This is immediate from the expressions (40) and (59) for these Hamiltonian con-

straint operators, together with the properties v̂ ◦ ι = ι ◦ v̂ and θ̂i(s) ◦ ι = ι ◦ θ̂(s) noted
above.
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ι is the adjoint of the projector of Ashtekar and Wilson-Ewing. In [28], Ashtekar and

Wilson-Ewing define a projector from Bianchi I states to isotropic LQC states given by

〈Λ|P̂Ψ〉 = (P̂Ψ)(Λ) =
∑

λx ,λy

Ψ(λx ,λy,Λ) =
∑

λx ,λy

〈λx ,λy,Λ|Ψ〉

for all Ψ, so that

〈Λ|P̂ =
∑

λx ,λy

〈λx ,λy,Λ|

and hence

P̂
†|Λ〉 =

∑

λx ,λy

|λx ,λy,Λ〉 = ι|Λ〉

whence P̂† = ι.

Technical remark. Though P̂ maps normalizable states in the Bianchi I Hilbert space H to

normalizable states in the isotropic Hilbert spaceH S, it is unbounded and hence only densely

defined. As a consequence, its adjoint in the sense of a densely defined map H S → H need

not, and in fact does not, exist. However, the adjoint in the algebraic dual sense always exists.

The domain of P̂ can be taken to be, for example, CylBI ; with this choice, its range is CylS. The

adjoint in the algebraic dual sense, P̂† : Cyl∗S → Cyl∗BI can then be restricted to a map P̂†:H S →
Cyl∗BI . This is themapwhich equals our selected embedding ι up to constant rescaling,mapping

all non-zero states in H S into non-normalizable states in Cyl∗BI .

5. Origins of the embedding properties

In contrast to what is expected in the full theory [15], we have seen above that, for the

embedding into Bianchi I, the following holds:

(a) Not only is it possible to impose the quantization of the symmetry conditions (47) con-

sistently in the quantum theory, but also possible to simultaneously impose their adjoint.

Furthermore, a natural embedding of the quantum isotropicmodel into the common kernel

of the quantum conditions and their adjoint exists.

(b) Every operator of interest preserves the image of this natural embedding, and so is inter-

twined with some operator on H S which turns out to be exactly the corresponding

operator in the isotropic model.

These are surprisingly strong results. The first result implies that the quantization of the real

and imaginary parts of Si—R̂e Si :=
1
2
(Si + S

†
i ) and ÎmSi :=

1
2i
(Si − S

†
i )—each annihilate the

image of ι. As first argued by Dirac [32], it is physically correct to impose a given system of

real constraints strongly in quantum theory only if it forms a first class system. Do Re Ŝi and

Im Ŝi form such a system? Indeed they do. This is equivalent to none other than the Poisson

bracket (51).

In the following, we will see that the second result is likewise foreshadowed by classi-

cal Poisson brackets that indicate that, in fact, one expects the second result to be true for

every operator invariant under proper anisotropic dilatations, and thus in particular for every

operator invariant under residual automorphisms. Finally, we note that the Poisson brackets

foreshadowing both of the above results hold thanks to the fact that S is proportional to S with
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coefficient smooth and non-vanishing everywhere, and trace the source of this to an observation

about the physics of the Bianchi I phase space.

5.1. Poisson brackets indicating that ι should intertwine all proper-dilatation invariant

operators

We here prove that any function F on the Bianchi I phase space invariant under proper

anisotropic dilatations—and hence in particular any F invariant under residual automor-

phisms—satisfies

{F, Si} =
∑

j

λi
j
S j (68)

for some matrix of phase space functions λi
j. This leads to the expectation that an appro-

priate quantization of each such quantity will preserve the quantum isotropic sector, hence

preserve the image of the embedding, and therefore be intertwined with corresponding oper-

ators in the isotropic theory, a fact which we have already seen is true for F equal to the

volume of the fiducial cell, the directional Hubble rates, and the Hamiltonian constraint

operators9.

Let us begin with a general argument that the analogue of (68) in the full theory almost

holds. This will allow us to see precisely the special property of the Bianchi I phase space

that enables the argument to be completed. Suppose we are given a function F on the full

theory phase space ΓFull which is invariant under all spatial diffeomorphisms and local gauge

rotations—that is, invariant under all automorphisms of the SU(2) principal fiber bundle. Let

ΓFull be the bundle-automorphism-covariant homogeneous isotropic sector, defined as the set

of points η ∈ ΓFull such that S[ f , g](η) = 0 for all f , g. From [15], η ∈ ΓFull if and only if,

for one of the three homogeneous-isotropic symmetry groups G (Euclidean group, SO(4), or

SO(3, 1)), there exists some action ρ of G, via bundle automorphisms, such that ρ(α)η = η for

all α ∈ G. Because F is automorphism invariant, its Hamiltonian flow cannot map one out of

the symmetric sector ΓFull. Heuristically, one can see this because, in order for the flow of F

to map a point in ΓFull out of itself, F would need to determine ‘where’ the inhomogeneity or

‘in which direction’ the anisotropy arises. But because F is invariant under diffeomorphisms

and gauge rotations, this is not possible. More explicitly, let η ∈ ΓFull be given, let G be the

corresponding homogeneous-isotropic symmetry group, and let ρ be the corresponding action
of G. LetΦt

F : ΓFull → ΓFull denote the Hamiltonian flow generated by F on ΓFull. Because both

F and the Poisson brackets on ΓFull are automorphism covariant, so is Φt
F for each t, so that

ϕ ◦ Φt
F = Φ

t
F ◦ ϕ for all automorphismsϕ and all t ∈ R. Thus, in particular, for all α ∈ G and

all t ∈ R, we have

ρ(α)Φt
F(η) = Φ

t
F(ρ(α)η) = Φ

t
F(η)

so that Φt
F(η) ∈ ΓFull as well. Thus S[ f , g](Φ

t
F(η)) = 0 for all t. Taking the derivative with

respect to t and setting t to zero yields

{F, S[ f , g]}(η) = 0

9The full theory paper [15] also includes a notion of average spatial curvature which is invariant under gauge and

diffeomorphisms. This is identically zero in the present Bianchi I framework and so is also (trivially) intertwined here.
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for all f , g, and all η ∈ ΓFull. As ΓFull is the zero set of S[ f , g] for all f , g, and since the topology

of ΓFull is trivial, it follows that

{F, S[ f , g]} = S[h, k]+ S[h̃, k̃] (69)

for some h, k, h̃, k̃ depending on f and g and possibly the phase space point.

The above argument goes through also for the Bianchi I case, with minimal modification.

Let Γ denote the Bianchi I phase space as in section 2. The only modifications required to adapt

the above argument to this case are the following:

(a) The full group of bundle automorphisms is replaced by the canonical residual automor-

phisms. AutCR .

(b) Instead of three possibilities for the symmetry group G, there is only one, namely the

residual rotation group, RotR—that part of the Euclidean group with well-defined and

non-trivial action in the Bianchi I context.

That is, in the Bianchi I case one need only require that F, now a function on Γ, be invariant

under AutCR . Additionally, for all η ∈ Γ, by theorem 1, Si(η) = 0 (i.e. η ∈ Γ) if and only if there

exists some proper, and hence canonical, residual automorphismϕ such that η is invariant under
the action ρ(π) :=ϕ ◦ π ◦ ϕ−1 of all π ∈ RotR. This, combined with the invariance of F and

the Poisson brackets under AutCR , allows the above argument in the full theory to be repeated

unchanged in the Bianchi I case. Thus (69) holds also in the Bianchi I case, where it is more

conveniently written as

{F, Si} =
∑

j

(
hi

j
S j + ki

j
S j

)
(70)

for some possibly phase space dependent hi
j, ki

j. This is so far exactly analogous to the full

theory.What is special in the Bianchi I case is equation (50), which allows (70) to be rewritten

precisely in the form (68) claimed. Furthermore, equation (70) at any given phase space point η
depends on F only in a neighborhood of η. As a consequence, the invariance of F under the

full group of residual canonical automorphisms is not relevant for the validity of (70), but

only invariance under the identity component of this group, namely the canonical anisotropic

dilatations. That is, it is actually sufficient for F to be invariant under the smaller group of

canonical anisotropic dilatations for (70) to hold. The volume of the fiducial cell, the directional

Hubble rates, and the Hamiltonian constraint are all examples of such F’s.

Explicit calculation in cases of interest. We here explicitly calculate the matrix of phase space

functions λi j in (68) for the cases of F corresponding to the operators already shown to be

intertwined by the embedding ι. We do this both for concreteness, as well as to perform a

check on the general arguments above.

The volume of the fiducial cell. From the expressions (16), (44), (47), and {ci, pj} = κγδij,
one calculates

{Si, vol(p)} =
κγ

2

1

γθi + iα
S
i. (71)

The directional Hubble rates. Similarly, from the definition (18),

{Si, θk} = − κ

2 vol(p)

γθk + iα

γθi + iα
S
i. (72)
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The Hamiltonian constraint. From equation (20), usingN = vol(p)n from equation (40), and

using the above two Poisson brackets, we have

{Si,Hg} =
vol(p)n

2(γθi + iα)

⎛
⎝1− n

γ

∑

j<k

θ jθk + 2iα

3∑

j=1

θ j

⎞
⎠S

i

=
1

γθi + iα

⎛
⎝γ(n− 1)

2 vol(p)
Hg + iα vol(p)n

3∑

j=1

θ j

⎞
⎠ S

i. (73)

5.2. Deeper source of surprising simplifications in the Bianchi I case

At the start of this section, we have summarized a number of surprisingly congruous features of

the quantum isotropic symmetric sector of Bianchi I and a natural embedding of the quantum

isotropic theory into it. In section 5.1 we have exhibited reason to expect that these features

extend even further. Furthermore, the argument above in section 5.1, as well as the arguments

in section 3.1, show that all of these unexpected results, in the end, can be traced to the fact

(50), that Si and Si are proportional to each other with coefficient everywhere smooth and

non-vanishing.Why does this property hold specifically in Bianchi I? This property is directly

implied by the fact that the real part of the symmetry condition is proportional to the imaginary

part by an everywhere smooth and real coefficient:

Re Si =

(
γθi
α

)
ImSi. (74)

This coefficient is non-vanishing throughout Γ except where ci = 0. This proportionality

is a reflection of the fact that the real and imaginary parts of the symmetry conditions

Si ≈ 0 are not independent, but rather the imaginary part implies the real part, and almost

vice versa.

Why are only half of the symmetry conditions independent? To see the answer to this ques-

tion, we note that the fact that the spin-connection is flat means that the spatial geometry

is unique up to diffeomorphism in Bianchi I—i.e. the triad Ẽai by itself has no diffeomor-

phism and gauge invariant information. This can also be seen more directly. Consider the

action (10), (11) of the residual diffeomorphisms in the Bianchi I case. It is easy to see that

this action acts transitively on the space of all non-degenerate densitized triads Ẽa
i = piδ

a
i in

Bianchi I. The same is also true for the space of all connections Aia = ciδia if one restricts to
connections with no vanishing components. Thus, Ẽai by itself and A

i
a by itself (basically) each

contain no diffeomorphism invariant information. Only the relation between them contains

diffeomorphism invariant information. Because the symmetry condition Si ≈ 0 is diffeomor-

phism invariant, this means that it implies no condition on Ẽai or Aia separately, but only a

condition on their relation to each other. Thus, if the residual diffeomorphism freedom is

used to completely fix Ẽai arbitrarily, the symmetry condition yields a condition on Aia only,

or vice-versa, so that effectively the symmetry constraint is a constraint on only ‘half’ of the

variables.

This last observation also resolves a tension in the fact that, as mentioned above, the set

of constraint functions {Re Si, Im Si} are first class. This set imposes the diffeomorphism

invariant part of the symmetry condition on both Ẽai and A
i
a, conjugate variables. Real-valued

constraint functions imposing symmetry on conjugate variables normally would form a sec-

ond class set, not a first class set [14–16]. However, as noted in the last paragraph, because
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our symmetry conditions impose only the diffeomorphism invariant part of homogeneity and

isotropy, in the present Bianchi I case, the conditions impose no conditions on either Ẽai or A
i
a

separately, but only on the relation between the two. Thus, specifically in this Bianchi I case, no

symmetry condition is imposed separately and simultaneously on any conjugate components

of variables, so that the usual argument leading to the conclusion that the real and imaginary

parts of the constraint functions should be second class does not apply.

6. Discussion

In the work [15, 16], we introduced a gauge- and diffeomorphism-invariant—that is, principal-

bundle-automorphism invariant—notion of homogeneous and isotropic states in full LQG,

together with a strategy for constructing an embedding of LQC states into the space of such

full theory states. We proposed that the resulting embedding be used to relate proposals for

dynamics in full LQG with choices of dynamics in LQC, where observational consequences

can be more easily calculated.

In the present paper, as a test, we have applied these ideas to the simpler case of embedding

into Bianchi I, with surprising success. In this simpler context, the automorphism-invariant

conditions for homogeneityand isotropy reduce to residual-automorphism-invariantconditions

Si ≈ 0 for isotropy. They can be easily quantized in the manner analogous to that suggested for

the full theory in [15, 16] and using the methods of [28], yielding operators Ŝi. These operators

are non-Hermitian, andmay be thought of as the ‘holomorphicpart’ of the symmetry conditions

in the Gupta–Bleuler sense.

Furthermore, we have shown that there exists a unique embedding, of isotropic LQC into

Bianchi I states, satisfying the following three conditions:

(a) It be covariant under all residual automorphisms with well-defined actions on quantum

states—the canonical residual automorphisms.

(b) It intertwine the signed volume operator in the two models.

(c) It intertwine the regularized directional Hubble rate θ̂z(s) in the Bianchi I model with the

Hubble rate θ̂(s) in the isotropic model for all s.

The embedding ι so selected then automatically satisfies the following further properties:

• It is annihilated by the quantum isotropy conditions Ŝi—that is, it is an embedding into

the sector of quantum isotropy.

• It intertwines all of the directional Hubble rates θ̂i with θ̂.

• It intertwines the Hamiltonian constraint operators in the isotropic and Bianchi I models.

• It is the adjoint of the projector from Bianchi I states to isotropic states introduced by

Ashtekar and Wilson-Ewing in [28].

In particular, ι intertwines every operator of interest in the isotropic and Bianchi I models.

From classical analysis, we in fact have seen that we expect all canonical residual automor-

phism invariant operators in the Bianchi I and isotropic models, if appropriately quantized, to

be intertwined by ι. Equally surprisingly, and perhaps at the root of this, we have seen that

ι is not only annihilated by Ŝi, but also by the adjoints Ŝ
†
i—by both the ‘holomorphic’ and

‘anti-holomorphic’ parts of the symmetry conditions. In section 5, we traced these last two

surprising results to the fact that, in Bianchi I, Re Si is proportional to Im Si with coefficient

everywhere finite and smooth, a fact which does not hold in the full theory [15]. Though, in

the full theory, we thus expect the obvious interesting operators to not preserve the quantum

homogeneous isotropic sector, nevertheless, in this same work [15] we have laid out a strategy

to handle the expected resulting added complication in this case.
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It would be interesting to investigate covariance of ι also with respect to more general diffeo-

morphisms. It may well be possible to define a natural action of diffeomorphismsmore general

than the residual ones in Bianchi I that preserve the gauge-fixing.Although the Bianchi I model

is usually introduced by gauge fixing, this is not necessary. One can instead (1) impose Bianchi

I symmetry up to diffeomorphism in the full gravitational phase space, (2) pull-back the sym-

plectic structure to this subspace, and then (3) divide by the kernel of the resulting symplectic

structure. This kernel will consist in diffeomorphismdirections in the phase space, so that each

point in the final phase space is a diffeomorphism-equivalence class of full gravitational data.

The result will be isomorphic to the usual Bianchi I phase space, but with no gauge-fixing.

Indeed, in the present paper, the isotropic model was derived from the Bianchi I model in pre-

cisely this way, allowing a natural action of anisotropic dilatations on the resulting phase space.

These break the usual gauge fixing in the isotropic case, and so normally would not be defined.

It would be interesting to see which additional spatial diffeomorphismsmight acquire a natural

action in the quantum theory by pursuing an analogous strategy in Bianchi I.We leave this as an

open question. However, since the action of any such further diffeomorphism would be made

possible by allowing action within equivalence classes, which correspond to single points in

the phase space, it seems likely that it would coincide with the action of one of the canonical

residual diffeomorphisms already defined in this paper. If so, then ι would be covariant also

with respect to any such additional diffeomorphisms.

A further question is covariance with respect to space–time diffeomorphisms. Space–time

diffeomorphisms in the direction normal to the Cauchy slice are generated by the Hamiltonian

constraint smeared with different lapses. From equation (20), we see that Hamiltonian con-

straints smeared with arbitrary, phase space-independent lapse, when restricted to the Bianchi

I phase space, are all proportional to each other, so that the operator corresponding to any such

Hamiltonian constraint equals a constant times the operator (40) for n = 0. This operator has

already been shown to be intertwined by our ι. Thus ι is arguably covariant also with respect

to arbitrary space–time diffeomorphisms normal to the Cauchy surface.

Summarizing, it may be possible to show that ι is covariant under a much larger class of

space–time diffeomorphisms than explicitly claimed above. Of course, in order to make a

larger claim than we have done, it would be important to check that the action of the diffeomor-

phisms is consistent with the hypersurface deformation algebra (Dirac algebra) [33–35]. For

the diffeomorphisms considered above, we expect this to be the case. For example, the hyper-

surface deformation algebra states the commutator of two Hamiltonian constraints with phase

space-independent lapse should be proportional to a diffeomorphism constraint. In Bianchi I,

the diffeomorphism constraint is identically zero, so this becomes the condition that all such

Hamiltonian constraints commute. The fact, noted in the prior paragraph, that the operators cor-

responding to all such Hamiltonian constraints are proportional to each other means that this

particular part of the hypersurface deformation algebra is indeed satisfied. One might expect

the other parts of the algebra (appropriately formulated in terms of finite diffeomorphisms)

to be satisfied simply because of the natural way that the action of spatial diffeomorphisms

is constructed in the quantum theory. One could argue that the correctness of the commutator

between two Hamiltonian constraints here summarized is too trivial of a check, because it is

zero. This might be remedied by considering also phase-space dependent lapses, such as those

corresponding to n �= 0 in equation (40), which lead to Hamiltonian constraints with generally

non-vanishing Poisson brackets. Investigations along these lines might provide an interesting

new avenue to pursue the issues related to space–time covariance raised in [33, 36, 37].

29



Class. Quantum Grav. 38 (2021) 245001 C Beetle et al

Acknowledgments

The authors are grateful to Ted Jacobson, Atousa Chaharsough Shirazi, Brajesh Gupt, Jorge

Pullin, Parampreet Singh, Xuping Wang, and Shawn Wilder for discussions, and to Edward

Wilson-Ewing for pointing out a sign error in [28] that was corrected in [27]. This work was

supported in part by NSF Grants PHY-1205968, PHY-1505490, PHY-1806290, and PHY-

2110234, and by NASA through the University of Central Florida’s NASA-Florida Space

Grant Consortium.

Data availability statement

No new data were created or analysed in this study.

ORCID iDs

J S Engle https://orcid.org/0000-0002-6803-1730

M E Hogan https://orcid.org/0000-0001-8250-8673

References

[1] Agullo I 2018 Primordial power spectrum from the Dapor–Liegener model of loop quantum
cosmology Gen. Relativ. Gravit. 50 91

[2] Agullo I, Bolliet B and Sreenath V 2018 Non-Gaussianity in loop quantum cosmology Phys. Rev.
D 97 066021

[3] Agullo I 2015 Loop quantum cosmology, non-Gaussianity, and CMB power asymmetry Phys. Rev.
D 92 064038

[4] Agullo I, Ashtekar A and Nelson W 2013 The pre-inflationary dynamics of loop quantum cosmol-
ogy: confronting quantum gravity with observations Class. Quantum Grav. 30 085014

[5] Agullo I, Kranas D and Sreenath V 2021 Large scale anomalies in the CMB and non-Gaussianity
in bouncing cosmologies Class. Quantum Grav. 38 065010

[6] Ashtekar A, Gupt B, Jeong D and Sreenath V 2020 Alleviating the tension in CMB using Planck-
scale physics Phys. Rev. Lett. 125 051302

[7] Rovelli C and Vidotto F 2014Covariant Loop Quantum Gravity (Cambridge: Cambridge University
Press)

[8] Thiemann T 2007 Modern Canonical Quantum General Relativity (Cambridge: Cambridge Uni-
versity Press)

[9] Ashtekar A and Lewandowski J 2004 Background independent quantum gravity: a status report
Class. Quantum Grav. 21 R53

[10] Rovelli C 2004 Quantum Gravity (Cambridge: Cambridge University Press)
[11] Ashtekar A and Singh P 2011 Loop quantum cosmology: a status report Class. Quantum Grav. 28

213001
[12] Ashtekar A, Pawlowski T and Singh P 2006 Quantum nature of the big bang: improved dynamics

Phys. Rev. D 74 084003
[13] Bojowald M 2002 Isotropic loop quantum cosmology Class. Quantum Grav. 19 2717–41
[14] Engle J 2006 Quantum field theory and its symmetry reduction Class. Quantum Grav. 23 2861–93
[15] Beetle C, Engle J S, Hogan M E and Mendonça P 2017 Diffeomorphism invariant cosmological

sector in loop quantum gravity Class. Quantum Grav. 34 225009
[16] Beetle C, Engle J S, Hogan M E and Mendonça P 2016 Diffeomorphism invariant cosmological

symmetry in full quantum gravity Int. J. Mod. Phys. D 25 1642012
[17] Dapor A and Liegener K 2018 Cosmological effective Hamiltonian from full loop quantum gravity

dynamics Phys. Lett. B 785 506–10
[18] Bodendorfer N 2017 State refinements and coarse graining in a full theory embedding of loop

quantum cosmology Class. Quantum Grav. 34 135016

30



Class. Quantum Grav. 38 (2021) 245001 C Beetle et al

[19] Bodendorfer N 2016 An embedding of loop quantum cosmology in (b, v) variables into a full theory
context Class. Quantum Grav. 33 125014

[20] Bojowald M and Brahma S 2016 Minisuperspace models as infrared contributions Phys. Rev. D 93
125001

[21] Alesci E and Cianfrani F 2016 Improved regularization from quantum reduced loop Gravity
(arXiv:1604.02375)

[22] Alesci E and Cianfrani F 2015 Loop quantum cosmology from quantum reduced loop gravity
Europhys. Lett. 111 40002

[23] Yang J, Ding Y and Ma Y 2009 Alternative quantization of the Hamiltonian in loop quantum
cosmology Phys. Lett. B 682 1–7

[24] Engle J and Vilensky I 2019 Uniqueness of minimal loop quantum cosmology dynamics Phys. Rev.
D 100 121901

[25] Corichi A and Singh P 2008 Is loop quantization in cosmology unique? Phys. Rev. D 78 024034
[26] Engle J 2007 Relating loop quantum cosmology to loop quantum gravity: symmetric sectors and

embeddings Class. Quantum Grav. 24 5777–802
[27] Wilson-Ewing E 2011 Loop quantum cosmology: anisotropies and inhomogeneities PhD Thesis

Penn State University, University Park
[28] Ashtekar A and Wilson-Ewing E 2009 Loop quantum cosmology of Bianchi I models Phys. Rev. D

79 083535
[29] Bojowald M 2003 Homogeneous loop quantum cosmology Class. Quantum Grav. 20 2595–615
[30] Thiemann T 1998 Quantum spin dynamics (QSD) Class. Quantum Grav. 15 839–73
[31] Ashtekar A, Lewandowski J, Marolf D, Mourão J and Thiemann T 1995 Quantization of diffeo-

morphism invariant theories of connections with local degrees of freedom J. Math. Phys. 36
6456–93

[32] Dirac P A M 1964 Lectures on Quantum Mechanics (New York: Yeshiva University)
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