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We consider the problem of estimating the discrete clustering structures under the Sub-Gaussian Mixture
Model. Our main results establish a hidden integrality property of a semidefinite programming (SDP) relax-
ation for this problem: while the optimal solution to the SDP is not integer-valued in general, its estimation
error can be upper bounded by that of an idealized integer program. The error of the integer program, and
hence that of the SDP, are further shown to decay exponentially in the signal-to-noise ratio. In addition, we
show that the SDP relaxation is robust under the semi-random setting in which an adversary can modify
the data generated from the mixture model. In particular, we generalize the hidden integrality property
to the semi-random model and thereby show that SDP achieves the optimal error bound in this setting.
These results together highlight the “global-to-local” mechanism that drives the performance of the SDP
relaxation.

To the best of our knowledge, our result is the first exponentially decaying error bound for convex relax-
ations of mixture models. A corollary of our results shows that in certain regimes the SDP solutions are in
fact integral and exact. More generally, our results establish sufficient conditions for the SDP to correctly
recover the cluster memberships of (1 —¢) fraction of the points for any § € (0,1). As a special case, we show
that under the d-dimensional Stochastic Ball Model, SDP achieves non-trivial (sometimes exact) recovery
when the center separation is as small as y/1/d, which improves upon previous exact recovery results that
require constant separation.
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1. Introduction We consider the Sub-Gaussian Mixture Model (SGMM), in which
one is given n random points drawn from a mixture of k sub-Gaussian distributions with
different means/centers. SGMM, particularly its special case the Gaussian Mixture Model
(GMM), is widely used in a broad range of applications including speaker identification,
background modeling and online recommendation. In these applications, one is typically
interested in two types of statistical inference problems under SGMM:

e Clustering: (approximately) identify the cluster membership of each point, that is,
which of the £ mixture components generates a given point;
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e Parameter estimation: estimate the parameters (e.g., means/centers) of the k com-
ponents, or the density of the entire mixture.

Standard approaches to these problems, such as k-means clustering, typically lead to

integer programming formulations that are non-convex and NP-hard to optimize [5, 30,

43]. Consequently, much work has been devoted to developing computationally tractable

algorithms for SGMM; examples include expectation maximization [19], Lloyd’s algorithm

[41], spectral methods [58], the method of moments [53], and many more. Among them,

the convex relaxation methods, including those based on linear programming (LP) and

semidefinite programming (SDP), have emerged as a promising approach for SGMM. This
approach has several attractive properties: (a) it is solvable in polynomial time, and does
not require a good initial solution to be provided; (b) it has the flexibility to incorporate
different quality metrics and additional constraints; (c¢) it is not restricted to specific forms
of SGMM (such as Gaussian distribution), and is robust against model misspecification

[55, 54, 52]; (d) it can provide a certificate for optimality [29].

Theoretical performance guarantees for convex relaxation methods have been investi-
gated in a body of both old and recent work. As will be discussed in greater details in the
related work section (Section 2), these existing results often come in one of two forms:

1. How well the (rounded) solution of a relaxation optimizes a particular objective func-
tion (e.g., the k-means or k-medians objective) compared to the original integer pro-
gram, as studied in classical work on approzimation factors [13, 33, 54, 38];

2. When the solution of a relaxation exactly recovers the ground-truth clustering, a
phenomenon known as exact recovery and studied in a more recent line of work
[52, 8, 47, 29, 40].

In many applications, optimizing a particular objective function, and designing approxi-

mation algorithms for doing so, are often only a means to an end, whereas the ultimate

goal is to solve the two statistical inference problems above, both of which involve learning
the true underlying model that generates the observed data. Results on exact recovery are
more directly relevant to this goal. However, such results often require very stringent con-
ditions on the separation or signal-to-noise ratio (SNR) of the model. In practice, convex
relaxation solutions are rarely exact, even when the data are generated from the assumed
model. On the other hand, researchers have observed that the solutions, while not exact
or integer-valued, are often a good approximation to the desired solution that represents
the true model [47]. Such a phenomenon is not captured by the results on exact recovery.

In this paper, we aim to strengthen our understanding of the convex relaxation ap-
proach for clustering SGMM. In particular, we study the regime where solutions of convex
relaxations are not exact, and directly characterize the estimation errors of the solu-
tions—namely, their distance to desired (integer) solution corresponding to the true un-
derlying model.

1.1. Our Contributions For a class of SDP relaxations for SGMM, our results
reveal a perhaps surprising property thereof: while the SDP solutions are not integral in
general, their estimation errors can be controlled by that of the solutions of an idealized
integer program (IP), in which one tries to estimate cluster memberships when an oracle
reveals the true centers of the SGMM. We refer to the latter program as the Oracle
Integer Program. In particular, we show that, in a precise sense to be formalized later,
the estimation errors of the SDP and Oracle IP satisfy the relationship (Theorem 1)

error(SDP) < error(IP) (1)

under certain conditions. We refer to this property as hidden integrality of the SDP re-
laxation; its proof in fact involves showing that certain intermediate linear optimization
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problems are integral. We then further upper bound the error of the Oracle IP and show
that it decays ezponentially in terms of the SNR (Theorem 2):

error(IP) S exp [—Q (SNR?)], (2)

where the SNR is defined as the ratio of the center separation and the standard deviation
of the mixture components. Combining these two results immediately leads to explicit
bounds on the error of the SDP solutions (Corollary 1).

1.1.1. Robustness under Semi-random Model Our results can be generalized
to a so-called semi-random version of SGMM. In this setting, an adversary is allowed to
modify the data points generated from SGMM in an arbitrary and potentially adversarial
way (subject to certain monotonicity constraints). This semi-random setting captures
unpredictable deviations from the nominal SGMM-—which is common in real data—and
it is well recognized to be much more challenging than the original, purely random model.
In fact, many existing algorithms provably fail in the semi-random setting [36, 10].

We show that SDP relaxation has an inherent robustness property under the semi-
random model. In particular, we establish the following error bounds:

error(SDP) < error(IP) + ¢ and error(IP) Sexp [—Q (SNR?)], (3)

where € denotes the additional error induced by the adversary; see Theorems 4 and 5 for
the precise statement of this result and the expression for €. In certain regimes, the error
¢ is dominated by exp[—Q(SNR?)], the error of the Oracle IP, hence the error of the SDP
is (order-wise) unaffected under the semi-random model. In other regimes, the additional
error £ can be shown to be fundamentally unavoidable. Note that the adversary only
affects the error of the SDP relative to the Oracle IP, but not the error of the Oracle IP
itself.

1.1.2. Consequences When the SNR is sufficiently large, the above results imply
that the SDP solutions are integral and exact up to numerical errors, hence recovering
existing results on exact recovery as a special case. If the SNR is low and the SDP solutions
are fractional, one may obtain an explicit clustering from the SDP solutions via a simple,
optimization-free rounding procedure. We show that the error of this explicit clustering
(in terms of the fraction of points misclassified) is also bounded by the error of the Oracle
IP and hence also decays exponentially in the SNR (Theorem 3). As a consequence, we
obtain sufficient conditions for misclassifying at most § fraction of the points for any given
de[0,1].

Significantly, our results often match and sometimes improve upon state-of-the-art per-
formance guarantees in settings for which known results exist, and lead to new guarantees
in other less studied settings of SGMM. For instance, a corollary of our results shows
that under the Stochastic Ball Model, SDP achieves non-trivial (sometimes exact) cluster
recovery even when the center separation A is as small as O(1/1/d), where d is the dimen-
sion (Section 4.4). For high dimensional settings, this bound goes beyond existing results
that only consider exact recovery and require A =)(1). We discuss the implications of
our results in details and compare with existing ones after we state the main theorems.

1.1.3. The “Global-to-Local” Phenomenon Our results above are obtained in
two steps: (a) relating the SDP to the Oracle IP, and (b) bounding the Oracle IP errors.
This two-step approach allows us to decouple the two types of mechanisms that determine
the performance of the SDP relaxation:
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e On the one hand, step (a) is done by leveraging the structures of the entire dataset
with n points. In particular, certain global spectral properties of the data ensure that
the error of the SDP is non-trivially bounded (in terms of the Oracle IP error). This
step is relatively insensitive to the specific structure of the SGMM.

e On the other hand, as shall become clear in the sequel, the Oracle IP essentially
reduces to n independent clustering problems, one for each data point. Knowing the
true cluster centers, the Oracle IP is optimal in terms of the clustering errors. No other
algorithms (including SDP relaxations) can achieve a strictly better error, due to the
inherent randomness of individual data points. Step (b) above hence captures the local
mechanism that determines fine-grained error rates as a function of the SNR.

Our analysis establishes the hidden integrality property as the bridge between these two
mechanisms. Our result hence highlights the power of the SDP approach: it is able to
capture the global and local structures of the data simultaneously, without requiring a
good initial solution or sophisticated pre-processing/post-processing steps.

In the context of the semi-random model, the error bound (3) shows that the effect of the
adversary is restricted to the global regime in step (a) and does not play a role in the local
step (b). We emphasize that clustering under semi-random models is a highly challenging
problem by its own, and an entire line of work is devoted to this problem [16, 25, 36, 10, 44].
Our two-step, hidden integrality-based approach allows for a streamlined analysis of this
setting, as it isolates precisely how the adversary can impact the clustering error of the
SDP.

1.2. Paper Organization The remainder of the paper is organized as follows. In
Section 2, we discuss related work on SGMM and its special cases. In Section 3, we describe
the problem setup for SGMM and the SDP relaxation approach. In Section 4, we present
our main theoretical results, discuss their consequences and compare with existing results.
We prove our main theorems in Sections 5 and 6. The paper is concluded with a discussion
of future directions in Section 7. The proofs of some technical results are deferred to the
Appendix.

2. Related Work The study of SGMM has a long history and is still an active
area of research. Here we review the most relevant work on algorithms for SGMM with
theoretical performance guarantees.

The work [17] is among the first to obtain performance guarantees for GMM. Sub-
sequent work has developed a variety of algorithms including spectral methods, which
achieved improved guarantees. These results establish sufficient conditions, in terms of
the separation between the cluster centers (or equivalently the SNR), for achieving (near)-
exact recovery of the cluster memberships. One of the best results is obtained in [58]
and requires SNR 2 (klnn)l/ ! which is later extended in a long line of work including
[4, 37, 9]. We compare these results with ours in Section 4.

Expectation-Maximization (EM) and the closely related Lloyd’s algorithm are two of
the most popular methods for GMM. Despite their empirical effectiveness, non-asymptotic
statistical guarantees are established only recently; see the work in [11, 34, 61, 42]. All
these results assume that one has access to a sufficiently good initial solution, typically
obtained by spectral methods. Although some recent work shows that EM converges
from random initialization under certain restricted settings of GMM [18, 60], for general
settings EM is known to suffer from the existence of bad local minima [31]. Robustness
of the Lloyd’s algorithm under a semi-random GMM is studied in the work [10].

Most relevant to us is work on convex relaxation methods for GMM and k-
means/median problems. A class of SDP relaxations, often called the Peng-Wei relaz-
ations, are developed in the seminal work in [55, 54]. Thanks to convexity, these methods
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do not suffer from the issues of bad local minima faced by EM/Lloyd’s, though it is far
from trivial how to round their (typically fractional) solutions into a valid clustering so-
lution with provable quality guarantees. In this direction, the work in [8, 29, 40] establish
sufficient conditions for LP/SDP relaxations to achieve exact recovery, and the work in
[47] proves approximate recovery error bounds for SDP. These results are directly com-
parable to ours. We discuss them in more details in Section 4 after presenting our main
theorems.

In the last decade, the related Stochastic Block Model (SBM) has also witnessed signifi-
cant progress on understanding convex relaxation methods; see [1, 39] for a comprehensive
survey. In particular, much work has been done on exact recovery guarantees for SDP
relaxations of SBM [36, 6, 15, 7]. A more recent line of work establishes approximate recov-
ery guarantees of the SDPs [27, 50] in the low-SNR regime. Particularly relevant to us is
the work in [24, 22, 23], who also establish exponentially decaying error bounds. Interest-
ingly, these results also highlight a so-called “local-to-global amplification” phenomenon
[1, 3, 2], which is related to what we discussed in Section 1.1.3. Despite the apparent sim-
ilarity, however, our results on SGMM require very different analytical techniques, due to
the fundamental difference between the geometric and probabilistic structures of SGMM
and SBM. Moreover, our results establish a general hidden integrality property of SDP
relaxations, which we believe holds more broadly beyond specific models like SBM and
SGMM.

3. Models and Algorithms In this section, we formally set up the clustering prob-
lem under SGMM and describe our SDP relaxation approach.

3.1. Notations Vectors and matrices are denoted by bold letters such as u and M.
For a vector u, we denote by u; its i-th entry. For a matrix M, we use Tr(M) to denote its
trace, M;; its (i, j)-th entry, diag (M) the vector of its diagonal entries, |[M|[, :=>_, - M;;
its entry-wise ¢; norm, ||[M]||,, its spectral norm (maximum singular value), M;, its i-th
row and M,; its j-th column. We write M = 0 if M is symmetric positive semidefinite
(psd). The trace inner product between two matrices M and Q of the same dimension
is denoted by (M, Q) :=Tr(M'Q). For a number a, M > a means that M;; > a for all
entries (7,7). We denote by 1,, the all-one column vector of dimension m. For a positive

integer i, let [i] :={1,2,...,i}. For two non-negative sequences {a;} and {b;}, we write
a; S b; if there exists a universal constant C' > 0 such that a; < Cb; for all ¢, and write

a; Xbl if a; sz and bz Sai.
We recall that the sub-Gaussian norm of a random variable X is defined as

| X ||y, :==inf {t > 0:Eexp (X?/t*) <2},

and X is called sub-Gaussian if || X||,, < co. Note that Gaussian and bounded random
variables are sub-Gaussian. Denote by S™~! the m-dimensional unit ¢, sphere. A random
vector x € R™ is sub-Gaussian if for all fixed vectors u € R™, the one dimensional marginal
(x,u) is a sub-Gaussian random variable. The sub-Gaussian norm of x is defined as
(1% 4y :=SUPyegm—1 || (X, 1) ||,. With this notation, a random vector x ~ N(0,X) from the
multivariate Gaussian distribution is sub-Gaussian with ||x||y, = [|2]op-

3.2. Sub-Gaussian Mixture Model We focus on the Sub-Gaussian Mixture
Model (SGMM) with balanced clusters.
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MoODEL 1 (Sub-Gaussian Mixture Model). Let p,,...,pu, € R be k unknown
cluster centers. We observe n random points in R¢ of the form

where o*(1) € [k] is the unknown cluster label of the i-th point, and {g;} are zero-mean
independent sub-Gaussian random vectors with sub-Gaussian norms |||, < 7.0 We as-

sume that the ground-truth clusters have equal sizes, that is, |{i € [n]:0* (i) =a}| =} for
each a € [k].

Let o* € [k]™ be the vector of the true cluster labels; that is, its i-th coordinate is
of = o0*(i) (we use these two notations interchangeably in the paper.) The task is to
estimate the underlying clustering o* given the observed data {h,:i € [n]}.

Note that in Model 1 we do not require {g;} to be isotropic or identically distributed.
This model includes several important mixture models as special cases:

e Spherical GMM, where {g;} are Gaussian with the covariance matrix 72I.
e More general GMM where the k£ clusters have non-identical and non-diagonal covari-
ance matrices {3}, -
e The Stochastic Ball Model [52], where {g;} are bounded and rotationally invariant
random variables; we discuss this model in details in Section 4.4
Throughout the paper we assume n >4 and k > 2 to avoid degeneracy. Denote by A, =
||1t, — p,]|2 the separation of the centers of clusters a and b, and A :=mingsep ||, — ]2
the minimum separation of the centers. Playing a crucial role in our results is the quantity

§==, (4)
which is a measure of the signal-to-noise ratio of the SGMM.

3.3. Semidefinite Programming Relaxation We now describe our SDP relax-
ation for clustering SGMM. To begin, note that each candidate clustering of n points into
k clusters can be represented by an assignment matriz F € {0,1}"** with

P 1 if point 7 is assigned to cluster a,
' 0 otherwise.

Let F := {F €{0,1}*:F1;, = 1n} be the set of all possible assignment matrices. To
cluster the points {h;}, a natural approach is to find an assignment F that minimizes
the total within-cluster pairwise distance. Arranging the pairwise squared distance as a
matrix A € R™*" with

Al]:th_h]H; for each (27])6[”‘] x [TL],
we can express the above objective as

EAZ-]- I{points i and j are assigned to the same cluster} = ZAZ-]-(FFT)”- =(FF",A).

b irj

Therefore, the approach described above can be formulated as the integer program (5)
below:

! More explicitly, the sub-Gaussian assumption is equivalent to Eexp ((gi, V)) <exp (TQHVH%/2>,VV eR4.
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min (Y, A)
min (FF',A) Y n
st.FeF, 5 ,
]_TF _ an ( ) dla'g (Y) = 1n7 (6)
nt T Y -0,

Y €{0,1}"" rank(Y) = k.

In program (5) the additional constraint 1] F = 21, enforces that all k clusters have
the same size 7, as we are working with SGMM whose true clusters are balanced. Under
this balanced model, it is not hard to see that the program (5) is equivalent to the classical
k-means formulation. With a change of variable Y = FF T, we may lift the program (5)
to the space of n X n matrices and obtain the equivalent formulation (6).

Both programs (5) and (6) involve non-convex combinatorial constraints and are com-
putationally hard to solve. To obtain a tractable formulation, we drop the non-convex rank
constraint in (6) and replace the integer constraint with the box constraint 0 <Y <1 (the
constraint Y <1 is in fact redundant). Doing so leads to the following SDP relaxation:

Y € argmin (Y,A)

YeRnxn
st. Y1, =
diag (Y
Y -0,
Y >0.

Let F* € F be the assignment matrix associated with the true underlying clustering of
the SGMM; that is, F, =1{c*(j) = a} for each j € [n] and a € [k]. The performance of
the SDP is measured against the true cluster matriz Y* :=F*(F*)" € {0,1}"*", which
has the explicit form

. )1 ifo*(i)=0"(j), i.e., points i and j are in the same cluster,
910 if o*(i) #0*(j), i.e., points i and j are in different clusters,

with the convention that Y;; = 1,Vi € [n]. The matrix Y* hence encodes the ground-truth
clustering labels o*. If we order the rows and columns of Y* according to o*, then Y*
takes the block-diagonal form

Jn/k:
Y= ) (8)

Jn/k

where J,, /. denotes the 7-by-7 all-one matrix. From Equation (8) it is clear that Y* is
feasible to the SDP (7). We view an optimal solution Y to (7) as an estimate of the true
clustering Y*. Our goal is to characterize the estimation error |[Y — Y*||; in terms of
the number of points n, the number of clusters k, the data dimension d and the SNR s
defined in (4). Note that here we measure the error of Y in the ¢; metric. As we shall see
later, this metric is directly related to the clustering error, i.e., the fraction of misclassified
points.

We remark that the SDP (7) is somewhat different from the more classical SDP relax-
ation of k-means proposed in [54], as the latter involves normalizing the variable by the
cluster sizes. The SDP (7) has been studied under SGMM in [40], and is closely related
to the SDP formulation considered in [7] for the Stochastic Block Model.
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3.4. Explicit Clustering In general the SDP solution Y is not in the block-
diagonal form of (8) and hence does not directly correspond to an explicit clustering.
Nevertheless, we may easily extract cluster memberships from Y using a simple greedy
procedure that runs in time linear in the size of Y.

The procedure consists of two steps. In the first step, as given in Algorithm 1, we treat
the rows of Y as points in R™, and consider the ¢; balls centered at each row with a certain
radius. The ball that contains the most rows is identified, and the indices of the rows in
this ball are output as a set. The process continues iteratively with the remaining rows
of Y. This procedure outputs a collection of index sets whose sizes are no larger than 3

but may not equal to each other.

Algorithm 1 Initial Grouping

Input: data matrix Y € R™™ number of points n, target number of clusters k.
1. Initialize By < 0, t< 0, V « [n].
2. While V\U;_, B; # 0:

(a) Set t«t+1 and V; < V\U;_, Bi.

(b) For each u €V, set B(u) {w Vi [ Yoo — Yol < ﬁ}

(c) Set B, <—argmaXB yuev 1 B(W)]-

(d) If | By| > %, then remove arbitrary elements in B, so that [B,| =7
Output: sets {B;},- .

In the second step, we convert the sets output above into k equal-size clusters. This
is done by identifying the k largest sets among them, and distributing points in the
remaining sets across the chosen k sets so that each of these sets contains exactly 3+ points.
Combining these two steps gives our final algorithm, cluster, for extracting an explicit
clustering from the SDP solution Y. This procedure is given as Algorithm 2.

Algorithm 2 cluster

Input: data matrix Y € R™ ", number of points n, target number of clusters k.

1. Run Algorithm 1 with Y,n and k as input and obtain the sets {Bi}is1-

2. Choose the k largest sets among {B,},.; call the chosen sets {Ut}te[k]

3. Arbitrarily distribute elements of {Bt}t>1\{Ut}te y among {U;}, ) so that each U,
has exactly 7 elements.

4. For each i € [ |: set o; <—t, where t is the unique index in [k] such that U, > i.

Output: clustering assignment & € [k]™.

The output of the above procedure
G = cluster(Y,n, k)

is a vector in [k]™ such that point i is assigned to the &;-th cluster. We are interested in
controlling the clustering error of & relative to the ground-truth clustering o*. Let Sy
denote the symmetric group consisting of all permutations of [k]. The clustering error is
defined by
~ 1 ~ .
err(o,07):=min —|{i € [n]:0; #7(0])}|, (9)

TeESE N
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which is the proportion of points that are misclassified, modulo permutation of the cluster
labels.

Variants of the above cluster procedure have been considered before in [45, 47]. Our
results in the next section establish that the clustering error err(o,0*) is always upper
bounded by the ¢; error ||[Y —Y*||; of the SDP solution.

4. Main Results In this section, we establish the connection between the estimation
error of the SDP relaxation (7) and that of what we call the Oracle Integer Program.
Using this connection, we derive explicit bounds on the error of the SDP, and explore the
implications of these results under different settings.

4.1. Oracle Integer Program Consider an idealized setting where an oracle reveals
the true cluster centers {ua}ae[k]. Moreover, we are given the data points {Bi}ie[n]’ where
h; = . ;) + (26)7'g; with x:=1/8 and {g;} are the same realizations of the random
variables in the original SGMM. In other words, {1_11} are the same as the original data
points {hi}, except that the sub-Gaussian norm of the noise {g;} is scaled by (2x)~!' =4.

To cluster the points {fli} in this setting, a natural approach is to simply assign each
point to the closest cluster center, so that the total distance of the points to their as-
signed centers is minimized. Representing each candidate clustering assignment using an
assignment matrix F € F as before, we see that the quantity

n(F) =" > |y —p,l3F) (10)
JEn]

n] a€lk]

is exactly the sum of the distances of each point to its assigned center. The idealized
clustering procedure above thus amounts to solving the following Oracle Integer Program
(IP):

mbinn(F), st.FeF. (11)

Note that this program is separable across the rows of F and can be reduced to n inde-
pendent optimization problems, one for each data point h,;.

A priori, there is no obvious connection between the estimation error of a solution to
the Oracle IP and that of a solution to the SDP. In particular, the SDP is oblivious to
the true centers and in general has fractional optimal solutions. Nevertheless, we are able
to establish a formal relationship between these two programs, as is done below.

4.2. Errors of SDP Relaxation and Oracle IP We begin by making the following
observations. Recall that F* € F is the true assignment matrix as defined in Section 3.3.
For each assignment matrix F € F | it is easy to see that the quantity 1||F —F*||; equals
the number of points that are assigned differently in F and F*. Therefore, this quantity
measures the clustering error of F. On the other hand, for a solution F € F to potentially
be an optimal solution of the Oracle IP (11), it must satisfy n(F) < n(F*) since F* is
feasible to (11). Consequently, the quantity

wax{ JIF [ F € Fn(F) < o(F) | (12)

represents the worst-case error of a potentially optimal solution to the Oracle IP.
__The quantity in (12) in fact gives an upper bound of the error of the optimal solution
Y to the SDP relaxation, as is shown in the theorem below.
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THEOREM 1 (IP bounds SDP).  Under Model 1, there exist some universal con-
stants Cy > 0,C > 1 for which the following holds. If the SNR satisfies

[ kd kd
32205< logn++k>, (13)
n n

then we have

Y =YL
Yl

F-F~
§2-max{’HF*HH1:n(F)§n(F*),F€}"}
1

with probability at least 1 —n~¢ —2e~™.

We prove this theorem in Section 5. The proof has two main steps: (i) showing that with
high probability the SDP error is upper bounded by the objective value of a linear pro-
gram (LP), and (i7) showing that the LP admits an integral optimal solution and relating
this solution to the Oracle IP error in (12). We note that the key step (i¢), which estab-
lishes a hidden integrality property, is completely deterministic. The SNR condition (13)
is required only in the probabilistic step (7). As we elaborate in Sections 4.2.1-4.4, our
SNR condition holds even in the regime where exact recovery is impossible, and is often
milder than existing results on convex relaxations.

To obtain an explicit bound on the SDP error, it suffices to upper bound the error (12) of
the Oracle IP. This turns out to be a relatively easy task compared to directly controlling
the error of the SDP: the Oracle IP has only finitely many feasible solutions, allowing one
to use a union-bound-like argument. Our analysis establishes that the error of the Oracle
IP decays exponentially in the SNR, as summarized in the theorem below.

THEOREM 2 (Exponential rate of IP). Under Model 1, there exist universal con-
stants Cs,Cy,C. >0 for which the following holds. If s* > Csk, then we have

— F* 2
maX{HF*F”1 :n(F) <n(F*),Fe ]-"} < C,exp [—S]
1E 12 Ce

with probability at least 1 — 3n~'.

The proof is given in Section 6. Combining Theorems 1 and 2, we immediately deduce
that the SDP (7) also achieves an exponentially decaying error rate.

COROLLARY 1 (Exponential rate of SDP). Under Model 1 and the SNR condi-
tion (13), there exist universal constants C,,,C. >0 such that

Y - Y[

C eX[) _752
-‘-7- <_ m [ }

Ce

with probability at least 1 —2n~".

Our last theorem concerns the explicit clustering & extracted from Y using the cluster
procedure described in Section 3.4. In particular, we show that the clustering error of o is
upper bounded by the ¢, error of Y; consequently, & inherits the exponential error bound
of Y.
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THEOREM 3 (Clustering error). The clustering o extracted from Y satisfies the
deterministic inequality R
S IY =Y
err(0,0") S oo
Y|
Consequently, under Model 1 and the SNR condition (13), there exist universal constants

Cn,C. >0 such that

err(o,0") < C,, exp [—g}

€

with probability at least 1 —2n~!

The proof is given in Appendix A. Note that the above clustering error bound is
information-theoretically optimal (up to a constant in the exponent) in view of the mini-
max results in [42].

We would like to mention that the SNR condition (13) for Theorems 1-3 and Corollary 1

can be improved to
<\/logn+/~c\/»+k:>

by adopting the proof strategies in the conference version of this paper [21]. We adopt
the current proof as it allows us to streamline the analysis for both SGMM (Model 1) and
the semi-random SGMM (Model 2 to be introduced below).

4.2.1. Consequences We explore the consequences of our error bounds in Corol-
lary 1 and Theorem 3.

Exact recovery: If the SNR s satisfies the condition (13) and moreover s? > logn,
then Theorem 3 guarantees that err (6,0*) < &, which means that err (¢,0*) =0 and
hence the true underlying clusters are recovered exactly. In fact in this case Corollary 1
guarantees the SDP solution satisfies the bound ||Y Y*||: < %, so simply rounding Y
element-wise produces the ground-truth cluster matrix Y*. Note that the SNR conditions
above can be simplified to s> > k +logn when n > d.

Recovery with d-error: Our results are applicable even in the regime with a lower
SNR, for which exact recovery of the clusters is impossible due to the overlap between
clusters. In this regime, Theorem 3 implies the following approzimate recovery guarantees:
for any number ¢ € (0,1), if s satisfies the condition (13) and s* 2 log 5, then err (¢,0*) <
d and hence SDP correctly recovers the cluster memberships of at least (1 —J) fraction of
the points.

In Section 4.5 to follow we compare the above results with existing ones. As a passing
note, the above results on clustering error further imply error bounds on estimating the
cluster centers. We do not delve into the details and refer the readers to our conference
paper [21] for such a result.

4.3. Robustness under Semi-random Model In this section we extend the above
results to the so called semi-random setting, in which an omniscient adversary is allowed
to modify, in a coordinated way, the data generated from a probabilistic model. In the
literature [25, 44, 36, 48, 10], semi-random models have been recognized as a more flex-
ible model for non-ideal, real-world data, and are used as a benchmark for evaluating
algorithmic robustness. Algorithms that over-exploit the idealized structures in a purely
random model (e.g., independence, homogeneity or Gaussianity), often fail completely in
the semi-random version of the model [25, 36, 48].

In the context of SGMM, we consider the following semi-random model proposed in [10].
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MODEL 2 (Semi-random Sub-Gaussian Mixture Model). Let {h;} be points
generated from Model 1. An adversary can_arbitrarily move each point h; towards its
cluster center po«;y to produce a new point h;; that is

h; = p,. ) + 8, where g; = a;g; for some a;€ [0,1].

Here, {«;} are chosen arbitrarily from [0,1] and may be correlated with {g;} and with each
other.

Our goal is to estimate the true clustering o* using the SDP (7) with the modified
data {h;} as the input. Before proceeding, we make two remarks on the above model.
(i) Although the adversary shrinks the noise {g;}, it does not necessarily make the clus-
tering problem easier, as the adversary can calibrate its output to create spurious local
structures in the data. (ii) The adversary must move the original point h; in the direction
of 8 =h; — p,«;. If the adversary were allowed to move in other directions (without
increasing the distance [h; — p,.(;)[[2), then the clustering structure may be completely
lost, since most points }le may become closer to a different cluster center than to its own
center p,. ;. See [10, Section 1] for a detailed discussion of these two points.

Under Model 2, we consider the same Oracle IP (11) but with {g,.; +8g;} (that is,
{hl} with variance augmented by 8) as the input. That is, the objective functlon 1 therein

is replaced by
Z Z H p’o’*(]) +8g]) l‘l’aHEFja'

j€[n] a€lk]

The following theorem is an analogue of Theorem 1 and bounds the SDP error in terms
of the Oracle IP error.

THEOREM 4 (IP bounds SDP, semi-random).  Under Model 2, there exist some
unwversal constants Cs,C >0 for which the following holds. If the SNR satisfies

s> CLk, (14)
and n 2 k(d+logn), then with probability at least 1 —4n=" — 27 we have

Y =YL

—F|, _ _
Y §2-max{‘ I in(F)Sn(F*),FE}"}+6(n,k,d,s) (15)

1E=[lx

where

~ ( kd
g(n,k,d,s) =0 <4 + 684/C>
ns

and O(-) hides a multiplicative factor of log(d +logn).

The proof is given in Appendix B and closely follows that of Theorem 1. We see that
the bound is similar to non-semi-random setting except for the additional, polynomial
error term £(n,k,d,s). This term captures the “global” effect (cf. Section 1.1.3) of the
adversary, who can make some points from two different clusters closer to each other and
thus increase the clustering error.

The next theorem shows that the Oracle IP obeys the same error bound as in Theorem 2.
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THEOREM 5 (Exponential rate of IP, semi-random). Under Model 2, there exist
universal constants Cy,C,,C. >0 for which the following holds. If s* > Ck, then we have

_F* 2
1rnax{”F*F”1 :n(F) <n(F*),F 6]—"} < C,exp {8]
[1E ]2 C.

-1

with probability at least 1 — %n

The proof is provided in Section 6. Theorem 5 shows that the adversary has essentially
no “local effect” (cf. Section 1.1.3) and does not change the error of the Oracle IP. This
is intuitive: since the Oracle IP knows the true cluster centers and the adversary can only
move points towards their centers, the error of the Oracle IP can only improve or stay
the same.

Combining Theorems 4 and 5 gives the following explicit error bound for the SDP
relaxation.

COROLLARY 2 (Exponential rate of SDP, semi-random). Under Model 2, the
SNR condition (14) and the sample complezity condition n 2 k(d + logn), there ezists
some universal constant C, >0 such that

R 0) 1Y —Y*|, () ~ [ kd i) (O (24, if 52 > log(),

~

oYl T st

with probability at least 1 —6n~1 — 279,

Proof. The inequality (i) follows from part 1 of Theorem 3. The inequality (7i) holds
by combining Theorems 4 and 5 and noting that e=st/c < e=*"/C as s > 1 by assumption.
The inequality (éii) holds since X4 > e~ /Cc = §2 > ¢, log(;4) for a sufficiently large
constant cg >0. [

The result in Corollary 2 demonstrates a phase transition phenomenon for the semi-
random model. In the low-SNR regime, the error bound decays exponentially in the
SNR s and is the same as in the non-semi-random setting. As mentioned, such an error
is unavoidable even in standard SGMM [42]. In the high-SNR regime, the effect of the
adversary becomes dominant, in which case the error decays at a slower, polynomial rate.
Interestingly, a lower bound result is established in [10, Theorem 4.1], which shows that
any k-means based algorithm must incur this polynomial error. Therefore, we believe that
the bound in Corollary 2 is unimprovable. To the best of our knowledge, this is the first
phase transition result for semi-random SGMM for any algorithm.

4.3.1. Comparison The best result for Semi-random SGMM is given in [10]. They
analyze the Lloyd’s k-means algorithm and show that its output &,yq satisfies [10, The-
orem 3.1]:

~ o~ kd o o .
err(Goya,0") =0 (ns“) , if s* 2 min{k,d} -logn.

Assuming k < d, one sees that our result in Corollary 2 strictly generalizes theirs under
the setting of equal-sized clusters. In particular, in the high-SNR regime with s* > logn,
both results provide the same polynomial error bound O(kd/(ns*)). Our result further
applies to the low-SNR regime with s? < logn, while theirs does not. In fact, it is not
clear whether the Lloyd’s algorithm can achieve the same robust error bound as the SDP
relaxation in this more challenging regime.

When k > d, our result requires the SNR condition s* > k whereas their result require
5% > dlogn, which are incomparable. We suspect that both conditions can be improved,
though we do not have a formal proof.
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4.4. Stochastic Ball Model In this section, we illustrate the power of our main
theorems by deriving several new results for the Stochastic Ball Model, formally described
below. This model was introduced in [52] and has recently attracted attention in the
computer science and mathematical programming communities [8, 29, 40].

MoODEL 3 (Stochastic Ball Model). Under Model 1, we assume in addition that
each g; is sampled from a rotationally invariant distribution supported on the unit £y ball
in Re,

Under the above model, each data point h; = p,. ;) + &; is sampled from the unit ball
around its cluster center p,. . It is not hard to see that this model is a special case of
SGMM, with its sub-Gaussian norm given below:

Fact 1. Under Model 3, each g; has sub-Gaussian norm ||g;||y, < 7= C\/g for some
universal constant C' > 0.

For completeness we prove this standard fact in Appendix C.2. Specializing Corollary 1
and Theorem 3 to the Stochastic Ball Model, we obtain the following sufficient conditions
on the minimum center separation A for exact and approximate recovery:

AZ> | k log + k n k n 10%11 for exact recovery, ' '
~V nd n d el _ " for recovery of (1 —§) fraction of the points.

The state-of-the-art results for Stochastic Ball Models are given in [8, 29, 40], which
establish that SDP achieves exact recovery when n is sufficiently large and A? > 4+6(k, d)
for some non-negative function 6(-). Regardless of the values of k and d, these results all
require the separation to be at least a constant and thus the balls to be disjoint. In contrast,
our results above are applicable to a small-separation regime that is not covered by these
existing results. In particular, when n is large and k = O(1), our results guarantee that
SDP achieves approximate recovery when A% > é, which can be arbitrarily smaller than a
constant when the dimension d grows. Moreover, the recovery is exact if A? > l‘f%, which
can again be arbitrarily small as long as n does not grow exponentially fast (i.e., n = e°@®),
Therefore, in the high dimensional setting, our results guarantee strong performance of
the SDP even when the centers are very close and the balls overlap with each other.

It may appear a bit counter-intuitive that exact/approximate recovery is achievable
when the separation is so small. Such a result is a manifestation of the geometry in high
dimensions: the relative volume of the intersection of two balls vanishes as the dimension
grows. As a passing note, the result in [40, Corollary 4.3] establishes a necessary condition

A>14,/1+ d—iz for exact recovery. Our result above does not contradict this condition,
as the latter allows n to grow arbitrarily fast, in which case with high probability some

points will land in the intersection.

4.5. Comparison with Existing Results In this section we compare our results
above with the ones in the literature on clustering SGMM. Our focus is on results that
provide explicit clustering error bounds in the regime where exact cluster recovery is
impossible.

4.5.1. Clustering Error Bounds The work of [47] considers the Peng-Wei SDP

relaxation introduced in [54]. An intermediate result of theirs, after appropriate rescaling,
S 2

establishes the polynomial error bound [[Y —Y*||% < % under the setting of balanced

clusters and s? > k. In comparison, our exponential error bound ||[Y = Y*||2 < [[Y = Y*||, <
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%6*52 is strictly better. The work in [42] proves an exponentially decaying error rate
similar to ours, but for a different algorithm (Lloyd’s algorithm). Their results require the
SNR condition s* > k* +k*% and k* < % as n — co. Our SNR condition in (13) has
milder dependency on k, though dependency on n and d are a bit more subtle. We do
note that under their more restricted SNR condition, their results provide tight constants
in the exponent of the error rate.

Several papers [26, 14, 51] appeared around or after the conference version [21] of this
manuscript was published. All these papers establish an exponential error bound of the
form err (6,0*) < exp[—s?/C| that is similar to ours, though the details differ. Restricting
to the spherical Gaussian mixture model with k =2 component, the work [51] provides a
refinement of the above exponent error bound with a precise coefficient C. In particular,
they establish a sharp bound err (g,0*) < ®°[(1+0(1))r], where ®¢ is the complementary
cdf of the standard Gaussian distribution and r :=s?/4/s? +d/n is a form of SNR. This
bound is achieved using an iterative algorithm that is different from our SDP approach.
The work [14] generalizes the Peng-Wei SDP relaxation to the non-Euclidean setting.
When specialized to the (Euclidean) SGMM, their error bound is essentially identical to
ours. The work [26] also considers the Peng-Wei SDP relaxation and allows for imbalanced
clusters. Their bound involves an alternative definition for the SNR s? := min(s?,¢s*R™!),
where R represents the effective rank of the mixture model.? Since sy < s, their exponential
error bound decays no faster than ours in Corollary 1. On the other hand, their bound
holds under the SNR condition s? 2 (1 + /R/n)k, which is weaker than ours when the
effective rank is low. In terms of the algorithm, they propose to extract explicit clustering
from SDP solutions using an approximate k-medoids algorithm. This algorithm itself
involves solving a linear program and is more complicated than our greedy extraction
procedure in Algorithm 2.

We note that none of the above work provides results for the semi-random model and
the Stochastic Ball Model, unlike what we do in Sections 4.3 and 4.4.

4.5.2. Conditions for Exact Recovery As discussed in Section 4.2.1, a corollary
of our results provides sufficient condition, in terms of the SNR s?, for exact recovery of
the cluster. While exact recovery is not our focus, we nevertheless summarize and compare
with several most representative results in Table 1. It can be seen that our result is com-
parable with, and sometimes better than, the other results in the table. Only the paper
[58] proves a strictly better SNR condition, which remains the best to date. Their result
is, however, only established for the special case of mixture of spherical Gaussians; in
fact, their analysis makes substantial use of the structure of this special case. In compar-
ison, our result is more general and applies to non-spherical and sub-Gaussian mixtures.
Their result also requires a higher sample complexity n = Q(k?d?) as compared to ours
n = Q(kd).

To conclude this section, we mention that there is a large body of work on estimating
the cluster centers of Gaussian mixture model, or estimating the density of the entire
mixture distribution. See, for example, the work in [20, 28, 32, 35, 49, 56]. Our work instead
focuses on the problem of clustering the data points. Results for these two problems are
not directly comparable in general. There exist settings in which center estimation can be
done while clustering is impossible; for example, when the cluster centers are identical.

R Maci 1=all?

— s = where X, is the covariance matrix of the a-th cluster.
maxge k] 1Zall3p

2 Explicitly,
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’ Paper \ SNR Condition on s> \ Algorithm ‘
Q (vklogn
(58] for sphericag\éaufsia)n mixture Spectral
[4] Q(klogn+ k?) Spectral
[37] Q (k? - polylog (n)) Spectral
[9] Q (k- polylog (n)) Spectral
[42] Q(k*+1logn) Spectral + Lloyd’s
[40, 57, 14, 26] Q (& +logn) SDP
This paper Q(k+logn) SDP

TABLE 1. Summary of existing results on exact cluster recovery for GMM.

5. Proof of Theorem 1 In this section, we prove Theorem 1, which relates the
errors of SDP (7) and Oracle IP formulation (11). Some additional notations are used in
the proof and the rest of this paper. We define the shorthand ~:=||Y — Y*||; for the ¢,
error of the SDP solution. For a matrix M, we write | M||, = max; ; |M;;| as its entry-wise
lo norm. We let I and J be the n x n identity matrix and all-one matrix, respectively.
For a real number z, [z] denotes its ceiling. We denote by C* :={i € [n] :0*(i) =a} the
set of indices of points in cluster a, and we define £ := |C;| = 7 to be the cluster size.
Throughout the proof, we use 4,j € [n] to index the data points, and a,b € [k] to index
the clusters. We sometimes omit the ranges of these variables, i.e., [n] and [k], to avoid
cluttered notation.

Our proof consists of three main steps:

e Step 1: Use optimality of Y to derive a basic inequality satisfied by the error matrix

Y - Y*;

e Step 2: Relate the basic inequality to a linear program (LP) parameterized by the

SDP error v:=|Y — Y*||;

e Step 3: Show that the LP is integral and thereby bound ~ by the error of the Oracle

IP.

Without loss of generality, assume that the SDP error 7 > 0. For ease of understanding
the proof, it is convenient to think of the n data points as appropriately ordered and
hence Y* takes the block diagonal form as in (8), though the proof does not actually rely
on this ordering.

Step 1: basic inequality To streamline the proof, we first record several basic
structural properties of the error matrix Y — Y™ in the following proposition, whose proof
is given in Section 5.1.

Fact 2.  Define the shorthand B =Y —Y*. We have
(a) (zero diagonal) ¥i € [n]: B;; =0;
[-1,0], ifo; =o0;,
[0, 1], otherwise;
(¢) (zero row sum) Vi€ [n]: Zj:o* iy (i) Bis = — ijg*(j):a*(i) Bi;;
(d) (zero blgck row sum)' Ya € [k]: it (i)=a ij*(j#a Bij == i0ctit—a Zj:a*(j):a Bi;;
(e) (bl.ocszse decompos.ztzon of SDP error) V= 2o ()0 () B;; —%M:U*(i)zo*(j) i 5
(f) (diagonal and off-diagonal blocks equally divide SDP error) 2 =73
= Zigior =0 (s) Bus-

We next decompose the input matrix of pairwise squared distances as

(b) (signs of diagonal and off-diagonal blocks) B;; €

Q0% (DFe*(5) D T

A=C+C'" -2HH',
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where H € R"*? is the matrix whose i-th row is the data point h;, and C € R"*" is the
matrix where the entries in the i-th row are identical and equal to ||h;[|3. By Fact 2(c),
we have (Y —Y*,C) = (Y —Y*,C") =0, which implies (Y —Y*,C+C") =0.

Let G:=H — EH be the centered version of H. We can compute

HH' =(G+EH)(G+EH) ' =GG" +G (EH) "+ (EH)G' + (EH) (EH) "

and
EHH' =EGG' + (EH) (EH) '.

Therefore, we have the expression
HH' -EHH' = (GG' -EGG')+G (EH) " + (EH)G".

Let U= 1eF* so that it takes the form

N

1 * 1 * .
Uin = \/ZFm— Vi I{oc*(i)=a}.
Note that the columns of U are the left singular vectors of Y *. For each matrix M € R™*™,
define the projection Pr (M) :=UU'M + MUU' — UU'MUU' and its orthogonal
complement Py (M) :=M — Pr(M).
Now, recall that Y is optimal and Y* is feasible to the SDP (7). Combining with the
above decomposition of A and H, we obtain the following basic inequality:

0§—%<SA{—Y*,A>
é?Y*,HHTEHHT>+<?Y*,EHHT>
- ?—Y*,GGT—EGGT+G(EH)T+(EH)GT>+<§?—Y*,EHHT>
“)é?Y*,GGT>+ ?—Y*,G(EH)T+(EH)GT>+<?—Y*,(EH)(EH)T>
— (YY" Pr(GG"))+(Y-Y"Pr. (GGT))+2- (Y- Y",G(EH) ")
Sq So S3
+ <? —Y*,(EH) (EH) T>, (16)
Sy

where in step (i) we use the identities <§A{’ —Y*,IEGGT> =0 and <§A{’ —Y*,IEHHT> =
<SA( -Y*, (EH) (EH) T), which follow from Fact 2(a) and the fact that EGG' is a di-

agonal matrix. Here, Y — Y* takes the role of the error matrix, and S; and Sy are the
products of GG with the error matrix projected to the column space of Y* and its or-
thogonal complement, respectively. The quantities S3 and S, can be equivalently written

as Sz =2, (Y = Y"*)ij(8i or(jy) and Sa =3, (Y = Y )ij(Hos(i)s Hos(j))-

Step 2: from SDP to LP The following propositions provide high probability
bounds on the terms S;, S, and S, that appear on the RHS of the basic inequality (16).

PropPoOSITION 1. If s*>C (1 / % logn + \/glogn—i— %) for some universal constant

C >0, then Sy < 13- A%y with probability at least 1 —n~%.
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PROPOSITION 2. We have Sy < I||G||%,. Moreover, if s* > Ck (£ +1) for some uni-

versal constant C >0, then 1||G||2, < 1A%y with probability at least 1 —e="/2

1 v *
PROPOSITION 3. We have Si= —35>", \ciijams Aib[ZieC;,jecg (Y —Y*);]. Further-
more, Sy < —iAQ’y.
We prove the above propositions in Sections 5.2, 5.3 and 5.4, respectively, using ap-
propriate concentration inequalities. The above bounds on S1,9; and S, together imply
that S; + .5, < —%S4 with probability at least 1 — (2n)7c — 2e~" for some universal con-

stant ¢’ > 0. Combining with the basic inequality (16), we obtain that with the same
probability, there holds

0§53+%S4. (17)

The rest of the proof is completely deterministic, in which we exploit the above inequal-
ity (17) and the structures of S5 and S, while treating {g;} therein as fixed quantities.
For each j € [n] and a € [k], define the variable

/Bja = <I*La - “a*(j)agj> - KA?;*(j),m (18)

where we recall that x:=1/8. It is not hard to show that the quantity Ss + iS4 can be
expressed a sum of {3;,} weighted by entries of the error matrix Y — Y*. This is the
content of the next lemma, whose proof is given in Section 5.5.

LEMMA 1. We have that

(sris) -2 B alinEy),)  m

i a#o*(j) i€Cy 7

Note that the RHS of Equation (19) is linear in the quantities )?ja = %ZieC; (3? —
Y*)ji7 (j,a) € [n] x [k]. With this observation in mind, we proceed to control the RHS
of (19) with a linear program (LP). In particular, consider the following LP parameterized
by a number R € [0,n]:

m)z(xxz Z BiaXja

Ja#o*(j)
st. 0<X,, <1, Vi€ n],a#0"(j)
V(R):= > Xu<1,  Vji€[n] : (20)
a#o*(7)
. D Xu=R

7 a#o*(j)

Note that this LP is always feasible. Now, Facts 2(b) and 2(f) imply that

3= (Y-v)

L= Y-Y € (0,nf
2 5 €Ol
i,j:0*(i)=0*(j)

and thus

>y X Eoy) |-t X (Tov) =Zewn

jeln] ato*(j) \  i€Cy 7 irjio* (i)£0* (5) Y
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Together with Facts 2(b) and 2(c), we conclude that the Variables Xya =1 7 2iccr (A
Y* )ﬂ, (j,a) € [n] x [k] are feasible to the LP (20) with R = J;, hence the RHS of ( 9) is
upper bounded by V (216) Combining with Equation (17), we obtain the inequality

O§2<Sg+i5’4> <v<2€> (21)

Step 3: from LP to Oracle IP The inequality (21) immediately implies a bound on
the SDP error: ; <max{R € (0,n]: V(R) > 0}. It is not hard to see that the last RHS is it-
self an LP. In fact, up to a factor of 2, we can restrict to integer values for the variable R. In-
deed, inspecting the LP (20) we see that it satisfies V (%) <max {V ([%|) .V ([&£] —-1)}.
Combining with Equation (21), we obtain the bound

% < UA <max{Re{1,2,....,n}: V(R)VV(R—1)>0}
S1—|—maX{R€{l,2,...,n}:V(R)20}
<2max{Re€{1,2,...,n}:V(R) >0}
=2max{Re{0,1,...,n}:V(R)>0}. (22)

As the next and crucial step, we observe that for each integer R € {0,1,...
LP (20) defining V' (R) is in fact integral, that is, it has an optimal solution {
X,o €40,1},Y(4,a) € [n] x [k]. Therefore, the value of V(R) is unchanged if we replace the
constraint 0 < X,, <1 in the LP (20) with the integer constraint X;, € {0,1}. With this
replacement, we can expand the RHS of the bound (22) into a single IP:

,n}, the
X} satisfying

max{R € {0,1,...,n}:V(R) >0}
(max R )
RX (
st.Re{0,1,...,n} m)&(xxz Z X
Z Z ﬁganaZO Ja#o*(j)
a azta*(j) 56> Y BiaXju>0
- ia €10,1},  Vj,a#0"(j) i ato*(j) . (= IP;.
z Xjagla v] X]‘(IE{O,I}, VJ,CL%J*(])
a#to*(j) Z Xjag:l, \V/j
Y X azo™ (j)
J a#o*(j) )
(23)

Note that the above argument is what underlies the hidden integrality property of the
SDP (7): even though the solution of the SDP is not integral, the error of the solution
can be bounded by an LP that is integral.

As the last step, we show that the IP; in (23) above is in fact equivalent to the Oracle
IP error as defined in Equation (12). In particular, recalling that n(F) and F are the
objective function and feasible set of the Oracle IP, we have the following identity:

LEMMA 2. We have that

1
1P, :max{2HF—F*||1 :n(F) Sn(F*),FGf}.

We prove this lemma in Section 5.6 by a careful change-of-variable argument. Combining
Equations (22), (23) and Lemma 2, we obtain that

v<40-IP; =20 -max {||F —F*||; : n(F) <n(F*),F e F}.
Dividing both sides by ||Y*||; =nf = ||F*||;¢ proves Theorem 1.
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5.1. Proof of Fact 2 Fact 2(a) follows from the fact that Y obeys the diagonal
constraint in the SDP (7). ~
__Fact 2(b) follows from the fact that Y is feasible to the SDP (7) and hence satisfies
Y;; e [-1,1]. R

Fact 2(c) follows from the fact that both Y and Y* obey the row-sum constraint of the
SDP (7).

Fact 2(d) follows from summing over {i:c*(i) = a} for both sides of the equation in
Fact 2(c).

Fact 2(e) follows from Fact 2(b) and the definition of ~.

Fact 2(f) follows from Facts 2(d) and 2(e).

5.2. Proof of Proposition 1  To bound S;, we begin with the decomposition

$1=(Y-Y",UU" (GG"))+(Y-Y",(GGT)UUT )~ (Y-Y", UU" (GGT)UU")
<2 [(Y-Y",UUT(GGT))|+|(Y-Y", UUT (GGT)UUT)|.

g

KA T>

By the generalized Holder’s inequality, we have the bounds
7, <5 JUUT (GGT) |
and

r,=|(Y-Y,UU" (GGT)UUT)
-((Y-Y")uuT,uUT (GGT))
<~- ”UUT (GGT) Hoov

where the last inequality holds since the definition U = %F* implies that UU" =

+Y*, which further leads to || (? - Y*) UUT |, <||Y = Y*||; =~. Combining the above
bounds, we obtain that
51<37-|UUT (GG') ||.

Note that there are m = nk distinct random variables in UUT (GGT) and let
us call them X;,...,X,,. For each i € [m], one can see that X, takes the form

<gu(i), ﬁ > jem, 85 ) for some index u(i) € [n] and some set M; C [n] with cardinality
|M;| = £. Applying the concentration inequality in Lemma 12 with M = M,, we obtain
that for a fixed ¢ € [m], with probability at least 1 —n~'° there holds

_i_f

e Tt

for some universal constant C' > 0. Applying a union bound gives that

S, <3CHT? (\/ kdlogn + \/Elogn—i— kd)
n n n

with probability at least 1 —n~%. The result follows from the condition of the proposition.

X<C’2< dlogn logn d)
 SOUT
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5.3. Proof of Proposition 2 In this section we control the term S;. Since the
matrix Py (Y = Y*) =P, (Y)=(I-UUT)Y(I-UU") is positive secmidefinite, we can
apply the generalized Holder’s inequality to obtain

Sy = <7DTL (? —Y*) ,GGT> <Tr [PTL (? —Y*)] MGG [lop

For the second RHS term above, we have the equality |GG |, = ||G|[%,, which can be

established by taking the Slngular Value Decomposition (SVD) of G. For the first RHS
term, we have the identity

T [Pr (Y - Y*)]— r|(1-UUT) (Y-Y) (1-UUT)]
Tr | ( U

o0 (7))

Dy [—vUT (Y Y)}

= <—;Y*, Y-Y" >
(i) Y
20
where step (i) holds since the trace is invariant under cyclic permutation and the matrix
I - UU' is idempotent, step (ii) holds by Fact 2(a), and step (iii) follows from Fact
2(f). Combining the above results proves that S, < 7||G||2, the first inequality in the
proposition.
We further note the identity ||G|2, = |G Gllop, which again follows from the SVD
of G. The spectral norm of G'G = Zie[n] g:g/ can be controlled using the following
standard result.

LEMMA 3 (Lemma A.2 in [42]). We have || Y.} 88/ |lop <67% (n+ d) with proba-
bility at least 1 —e"/2.

Op7

Applying Lemma 3, we obtain that with probability at least 1 — e~"/2, there holds the
inequality

l
The second part of the proposition then follows from the assumption that s> > Ck (% + 1).

52§1~672(n+d):6772k (1—1—:).

5.4. Proof of Proposition 3 It can be seen that

((]EH) (]EH)T) — Hl‘l’a*(z)Hg if O'*('L) :O'*(j),
gl <l’l’0'*(7,)7 l’l’a'*(_])> otherwise.

In view of Equation (8), we may partition the matrix Y — Y* into k2 blocks of size £ x £.
Define T, := Ziec;,jecg (i\(’ —Y*) ~ to be the sum of entries within the (a,b)-th block.
We have N

Sy= ZTaaHV’aHS_"Q Z Top (Has Hy)

aclk] a,belk]:a<b

(é) - Z TabAzb

a,be[k]:a<b

@) 1
= - 5 Z TabAibv

a,belk]:a#b



Author: Article Short Title
22 Mathematics of Operations Research 00(0), pp. 000-000, © 0000 INFORMS

where step (i) follows from Fact 2(d), and step (i) holds since Ty, = Ty, as implied by
the symmetry of Y — Y*. This proves the first part of the proposition. The second part
of the proposition, S, < —iAQ’y, follows from combining Fact 2(f), the fact that A,, > A
for a # b by definition, and the fact that T,, > 0 for a # b as implied by Fact 2(b).

5.5. Proof of Lemma 1 Let B:=Y — Y*. Recall the definitions of S3 and S, from
Equation (16). We have

SB ZZZBJZ lJ’(wgJ

a ZGCa
=€ZZ<ua,gj> ZZBji
i a i€CE
1
—EZ Z <Ha Hg*(])»gg ZZBji )
JaFo*(j) i€CH

where the last step holds by Fact 2(c). On the other hand, by Proposition 3 we have

1
Si=—13 3 3Ahg | 7 2 B

T arerli) 2 ieCy

Summing up the last two equations gives

1 1 1 1
7 <Ss + 4S4> = Z Z <<l“l‘a - ,Ug*(j)agj> - 8A(2;*(j),a> 7 Z Bji

i ator(s) ieC;

Note that the quantity inside the first parenthesis above is exactly 3;, by definition in
Equation (18). This completes the proof of the lemma.

5.6. Proof of Lemma 2 Recall that n(F) defined in Equation (10) is the objec-
tive of the Oracle IP, the set F := {F € {0,1}*: F1, = 1n} contains all assignment
matrices feasible to the Oracle IP, and F* € F is the true assignment matrix, that is,
Fy,=T{a=0*(j)} for all j € [n],a € [k].

Let us reparameterize the integer program IP; in (23) by a change of variable. Con-
sider any feasible solution X € {0,1}"** of IP,. For each j € [n], we may fix X, =

> 4o+ (j) Xja- Doing so does not affect the feasibility and objective value of X with re-
spect to IP;. Deﬁne the new variable F := F* 4+ X. The objective function and constraints
of the original variable X can be mapped to those of F. In particular, for the objective
we have the identity

I I S S
J a#o*(j) J aFo*(

For the constraints we have the equivalency

X;,€{0,1}, Vje[n],a#o*(j)

Dasor () Xja =1, Vj€n] —FeF,
XJ,U*(J) = Za7ég*(j) ij VJ € [TL]
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and
B]a ja = /3](1 ja = 5jaFja - E E Bja E E B]a jas
JaFo*(j) j a

where steps (i) and (7¢) both follow from the fact that (; ,«;) =0, V. It follows that IP,
has the same optimal value as another integer program with the variable F'

1
IPlzmaX{2||F—F*H1: E E ﬁjaFjaZO,FE}_} :=1IP,. (24)
J a

We simplify the first constraint in IP,. Recall that A2, a = [o(j) — Mall3 is the
separation between clusters o*(j) and a, and h; = ., +(2r) 'g;, j € [n] are data points
generated from SGMM with augmented variance. By definition of 3,,, we have

B <I“l‘a IJ‘U*(])7gJ> K’Ao— 4),a )
=k (=l = pollz +11(26) g;l3) »

where the last step can be verified by plugging the expressions for A2, ()a and ﬁj. It
follows that for each F € F, we have

Zzﬁjaﬂa:“ZZ(*Ilﬁjfua||§+||(2n>—1gj||§)FJ
i a i a
“r <— ZZ Iy — g, |13Fa + Z 1(26) ;12 ZFJZ>
J a j o
ZZHh l’l’aHQ ja+ZZ||h MU*(])HQF*)
@ (ZZHh - mlEF, +ZZ||hj_HaH3F;a>,
J a

where step (i) holds because ), Fj, =1=)_ F;,,Vj, and step (ii) holds because F, # 0
only if a = 0"(j). Recalling the definition n(F):=3_,5>", |h; — p,||3F}. given in Sec-
tion 4.1, we have the compact expression

ZZﬁm ja =k ((F*) = (F)), VEFEF. (25)

Therefore, the first constraint in IP, is satisfied if and only if n(F) < n(F*). Substituting
into Equation (24), we complete the proof of the lemma.

6. Proof of Theorems 2 and 5 We first prove Theorem 2. The proof of Theorem
5 follows from a simple extension.
We define the following shorthand for the error of the Oracle IP:

~

1
5::max{2\|F—F*H1 :n(F) <77(F*),F€.7:}.

Note that & takes integer values in [0,n]. If g 0 then the theorem follows trivially. We
therefore assume that 6 € {1,2,...,n}. Let Fc {0,1}™** be an optimal solution to the
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above maximization problem. Define the matrix M € {0,1}F via ]\/Zja = ﬁja(l —F}).
We have

; - Z Bjaﬁja (2) Z /Bja]/\jjav (26>

—

where step (i) holds due to the expression (25) of 7(-), and step (i) holds since }?’ja =M,
if a #0*(j) and f;, =0 if a = 0*(j). Note that the random variable §;, defined in (18)
has mean —rA? o* ()0 and sub-Gaussian norm ||Bjaly, < TAg+(j),q, and that {f;,} are
independent across j. To control the RHS of (26), we make use of the following uniform
concentration result, which is proved in Section 6.1.

LEMMA 4. Let Z € R"** be a matrixz with independent rows, such that for each (j,a) €
[n] X [k], Zjq is a zero-mean sub-Gaussian random variable with sub-Gaussian norm no
larger than p;,. Then for some universal constant C >0, we have with probability at least
1- 13,

EZ | Zja| Mo <C, |t (ZZ,O?GMJ-G> log (3nk/t), (27)
J a J a
vie{1,2,...,n};YM e {0,1}"" : M1, <1, M|, =t¢.

It is easy to verify that M1, < 1, and Hﬁ”l = %H]/F\‘ — F*||, = 6. Therefore, we can apply
Lemma 4 with Zj, = B, + kAZ. ;) , and p]a =TAy+(j),a to bound the RHS of (26). Doing
so gives that with probability at least 1 — 2, we have

0<C,|or? (Z Z Ai*(j)’a]\/ija> log <3nk/g) — RZZA?,*UM]\/J\M.
J a 7 a

Now, for the the sake of deriving a contradiction, assume that 5> 3nke=*"/C% for a fixed
constant Cy > C'/k. Continuing from the RHS of the last display equation, we obtain that

e, i (zzAa*m,%) . S S
7 a
(-K)) ZZA *(])a jaa

where the last step holds since 72s* = A? and A A2Z§ = A% My, <30 A M, by
definition. Since Cy > C/k and 35,57 A2, ) M, >0, the RHS above is negative, which
is a contradiction. Therefore, the previous assumption is false and we must have

5< 3nke‘s2/00 < 3nk - i es°/(268) — n6752/(2cg),
where step (i) holds under the SNR condition s? > k assumed in Theorem 2. The theorem
then follows from the fact that |F*||; =n.
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Now that we have proved Theorem 2, the proof of Theorem 5 follows exactly the same
argument, except that all instances of gj,B]a,n above are replaced by their semi-random
versions g],ﬁja,n (here B]a is equal to BN defined in (18) but with g; replaced by g;), and
accordingly each Zj, is replaced by Z BN + kA2 o+ (7),a =(u, — Ko (jys g;). In the proof
we use the distributNion of the data only when invoking Lemma 4, whose conclusion (27)
remains valid for {Z;,}. To see this, recall that g; = a;g; for some «; € [0, 1]. It follows

that ‘Zja) =a;|Zja| <|Zj;a|, so the LHS of (27) does not increase.

6.1. Proof of Lemma 4 We define the quantities
Zb M;,,  for each M € {0,1}"** b e {+1,0}",

R(M,t)=C, |t <Z p?ana> log (3nk/t), for each M € {0,1}"** ¢ € [n]
j,a

and the sets
M(t) = {M € {0,1}" . M1, < 1,,,|M|, = t} ., for each t € [n],
B(M,t):={be{£1,0}":b;=0if M,,=0, Va € [k}, for each M € M(t),t € [n].
We begin by bounding the probability

o —P{EIMEM Y 1 Zjal My > R(M, t)}

]a

for each integer ¢ € [n]. To this end, note that ‘Zja‘ = Maxy e(+1} {ijja}, hence
a, <]P>{3Me/vt( ),3b € B(M,t): L(M,b) > R(M,t)}
<Y ¥ IP’{L (M, b) > R(M, t)} (28)

MEM(t beB(M,t)

By assumption, the Z,,’s are independent zero-mean sub-Gaussian random variables, so
the squared sub-Gaussian norm of the sum L(M,b) is at most Cy, Zj’a 3 M;a where
Cy, >0 is a universal constant. We can therefore apply Hoeffding’s inequality (Lemma
11) to bound each summand on the RHS of (28):

coC?t (Zm p?ana) log(3nk/t)
C"[’Q Zj,a ,O?ana
<exp{—4tlog(3nk/t)},

P{L(M,b) > R(M,t)} <exp{ —

where ¢y > 0 is a universal constant. Plugging this back to (28), we have for each ¢ € [n]:

Z Z exp {—4tlog(3nk/t)}

MEM(t) bEB(M,t)

t> k' - 2" exp{—4tlog(3nk/t)}

V22V 2 o sttt

<ex p{2tlog(3nk:/t) 4tlog(3nk/t)}

(s)

VAN

A
v

Z

IN
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where step () follows from ¢ < tlog(3nk/t) for ¢t € [n] and k > 2.
With the above bound on «; and a union bound over ¢ € [n], we can control the prob-
ability that the conclusion of the lemma fails to hold:

P{Hte[ LAM € M(t): > | Zja| Mo > R(M, t} Zat_z<3nk)t.

]a

The proof is complete if we can show that the last RHS is at most % Note that

i t t< 1 +Z”: t t< 1 e [ K
— - _— —_— . X _— .
— 3nk/) — 3n — 3n/ ~ 3n te[2,n] \ 3n

Hence it suffices to show that for all ¢ € [2,n], there holds (ﬁ)t < -5 or equivalently

f(t) =t(log3n —logt) >2logn. For t € [2,n], the function f has derivative
f'(t)=log3n —logt—1>1log3n—log(n)—1=1log3 —1>0.

Therefore, f(t) is non-decreasing for ¢ € [2,n] and thus f(t) > f(2) = 2log3n —2log2 >
2logn as desired. We conclude that >, (Lk) < 17‘1—5, thereby completing the proof of
Lemma 4.

7. Conclusion In this paper, we study the performance of SDP relaxation for clus-
tering SGMM and its semi-random version. Our analysis proceeds in two steps: (a) bound
the clustering error of the SDP by that of the idealized Oracle IP; (b) show that the error
of the Oracle IP decays exponentially in the SNR. As mentioned, this two-step framework
allows for a decoupling of the computational and statistical mechanisms that drive the
performance of the SDP approach. The oracle bound in step (a) represents a fundamental
performance limit of the SDP relaxation. We expect that further progress in understand-
ing SDP relaxations is likely to come from improvements in this step. On the other hand,
step (b) is problem-specific and makes use of the probabilistic structures of the model.
By modifying and sharpening this step, one may generalize our results to other variants
of SGMM.

Our work points to several interesting future directions. An immediate problem is to
obtain tighter, less pessimistic bounds for mixtures with inhomogeneous components,
which may have different pairwise separation and variance along different directions. It is
also of interest to study other forms of robustness of SDP relaxations, e.g., in the presence
of arbitrary outliers and model misspecification. Other directions worth exploring include
obtaining better constants in error bounds, identifying sharp thresholds for different types
of recovery, and developing scalable computational procedures for solving the SDP.

Last but not least, another interesting future direction is to better understand the
relation between the clustering problem—which we have focused on—and the related
parameter estimation problem (see Section 1). Note that a guarantee for one problem
can be converted to a guarantee for the other. While this conversion may not be tight in
general, it is nevertheless interesting to compare our SNR condition with those in existing
work on both clustering and parameter estimation. The work of [56] shows that the SNR
condition s% > log k is sufficient and necessary to achieve a constant error in parameter
estimation with polynomial sample complexity. Note that the algorithm in [56] requires
an initialization procedure that runs in time exponential in k, the number of clusters. In
the special case of Gaussian Mixture Model, the work [58] proves that spectral methods
achieve exact cluster recovery under the SNR condition s? 2 v/klogn; see Section 4.5.2 for
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further discussion of the work [58]. These results seem to suggest that our SNR condition
s> 2 k + logn may have a suboptimal dependence on k. It is of interest to investigate
whether this potential suboptimality is intrinsic to the SDP relaxation approach or can
be avoided by a tighter analysis.

Appendix A: Proof of Theorem 3 We only need to prove the first part of the
theorem. The second part follows immediately from the first part and Theorem 1.

The proof follows a similar strategy as those of [45, Theorem 17 and Lemma 18] and is
divided into two lemmas. Recall that Algorithm 1 outputs a collection of sets { B, },., that
are not necessarily equal-sized. The first lemma characterizes the quality of these sets.
Define the shorthands &’ := !{Bt}t>1’ (which satisfies ¥’ > k) and e = |[|[Y = Y*[|:/|['Y*:.

LEMMA 5. There exists a partial matching @' (i.e., an injection from [k] to [k']) and
a universal constant C' >0 such that

U C;F ﬂB,T/(a) Z (1 — CG) n.

a€k]

The proof is given in Section A.l. Building on the above lemma, the next lemma further
characterizes the (equal-sized) clusters {U:}, |, obtained in Algorithm 2.

LEMMA 6. There exists a permutation m on [k] and a universal constant C' >0 such
that

U CinUnw| = (1=Ce)n.

a€lk]

The proof is given in Section A.2. In light of the last lemma and the fact that

-~ * 1 *
err(a',a' ) =1- E gé%): L%] Ca N Uw(a) >
ac

we obtain the bound err(e,o*) < Ce as stated in the first part of Theorem 3.

A.1. Proof of Lemma 5 Let y, € R" be one of the ¢ identical rows of Y* whose
row indices are in C. Define the sets

S 14
G, = {iGC;‘:HYZ-.—yangS}, Va € [k

and let G :=J, ¢y Go and H :=V\G, where V :=[n].

A partial matching between the sets {C}}.cp and {B;}iep is given by an injective
function 7’ from [k] to [k’]. We construct such a partial matching by matching each cluster
C* with the first B, that intersects G,; i.e., we set 7’(a) = min{t € [k'] : B,NG, # (}. Since
each i € [n] belongs to some By, every C is matched with some B;. Moreover, we show
below that 7’ is indeed injective as it cannot match two distinct clusters C and C; with
the same B;.

CLAIM 1. For each a € [k] and t € [k'] such that t = 7'(a), we have that B, NG, =)
for any b€ [k]\ {a} and that B,C G, UH.
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Proof. Suppose that there exist B, and b € [k] \ {a} such that B, NG, # 0. Let u €
B;NG, and v € B; N G,. Since G, and G, are disjoint, we know that u # v. Let w € B;.
Then we have

N N 12 N N l

HYuo_onHlSZ and ||Yvo_onH1§Z,
whence /
HYuo_YvoHl S ||Yuo_on||1+||Yvo_ Hl <§

This implies that
1y =¥olls < 1ya = Yuelli + ' Yue = Yualli +[lye — Yoells
£+£+£<£
-8 2 8
which is a contradiction to the fact that ||y, — ys||s = 2¢. To complete the proof, we note

that for any ¢ € B; we have either i € G, or i € H, hence B, CG,UH. [
The rest of the proof proceeds by establishing the following three claims.

CLAIM 2. For each a € [k] and t € [K] such that t =7'(a), we have
|B:NC| > |Go| — |B,NH|. (29)
Proof. Fix i € G, for some a € [k]. For any j € G, we have j € B(i) since

S S S N l
HYm _onHI S Hya - YioHl + Hya _onHl S Z

Therefore, by definition we have |B;| > \B (7)] > |G.| . It follows that

|B,NC| 2 |B: NG|
= |Bi| = [B\Gll
2B, - |B,nH]|
> |Ga| = |B:N H,
where step (7) holds since G, C C and step (i7) holds since B, C G, U H by the previous
claim. [

Cram 3. We have
> IBNC=|V|-2|H]|.
(t,0)t=(a)
Proof. Summing both sides of Equation (29) over {(¢,a):t=7'(a)}, we obtain

> |Btnc*|=Z|G|— > |B.NH|

(t,a):t=n"(a) (t,a):t=n"(a)

>Z\G|—Z\BmH\

a€(k] t>1
Q61— vnH|
— V| —2]H],

where step (i) holds since the sets {B; N H} are disjoint and {J,, B;=V. [
CLAIM 4. There exists a universal constant C >0 such that |H| < Cen.
Proof. We have

/g % % * *
H|- 5 < Y Y=Yl SIY =Y i <€ Y| =e-ns
icH
where the last step follows from the fact that |[Y*|; =nf. O
Combining the last two claims proves Lemma 5.
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A.2. Proof of Lemma 6 Without loss of generality, assume that the output of
Algorithm 1 is ordered as |Bi[ > |By[ > -+ > |By/|. Consequently, the sets {U:},.(;,; main-
tained in Algorithm 2 are such that each U, consists of B; and some elements from the
sets B, with u > k.

Let 7" be the partial matching between {C}}.cp and {B,}icp) given by Lemma 5.
Define 7(a) = n'(a) for each a € [k] with 7’(a) <k, and extend 7 to a full permutation on
[k] in an arbitrary way. We have

U cnv|=| |J c¢nB
(t,a):t=m(a) (t,a):t=n"(a)<k
= U c<cnB|- U cna
(t,a):t=n"(a) (t,a):t=n'(a)>k
>(1-C'e)n— U c¢inBy

(t,a):it=n'(a)>k

where the last step follows from Lemma 5 and C” > 0 is a universal constant. Define the
sets

T, :={t>k:t=n7"(a) for some a € [k]},
Ty:={te[k]:t#n'(a) for all a € [k]}.

It is easy to verify that |T7| = |T»| and that |By, | < |By,| for each t; € T7 and t, € T5. It
follows that

U cansl<|UB|<|UB
(t,a):t=n'(a)>k teTy teTs
<pvi-1 U ¢cnB
(t,a):t=7'(a)
< C'en,

where the last step follows again from Lemma 5. Combining pieces and setting C' := 2C",
we obtain the desired bound

U cint|=1-Cen—Cen=(1-Cen.
(t,a):t=m(a)

Appendix B: Proof of Theorem 4 Let G € R"*? be the matrix whose j-th row
is g;, and recall that the j-th row of EH is Ko+ ;- Then using the same notations as in
Section 5, we have the following analogue of Equation (16):

0< <§7—Y*,PT (ééT)>+ <?—Y*,7>Tl (ééT)>

+2<§? jlY*,é(EH)T>+<?—;f, (EH) (EH)T>. (30)

S3 S4
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As will become clear shortly, the impact of the semi-random adversary is essentially limited
to the term S;. With this effect accounted for, the proof of Theorem 4 is basically the
same as that of Theorem 1 for the non-semi-random setting.

We begin by controlling S;. This is done in the following proposition, whose proof is
given in Section B.1. Recall that O(-) hides a multiplicative factor of log(d + logn).

PROPOSITION 4. If n 2 k(d+logn), then there exists some universal constant C' >0
such that

~ (nd
24,2, 22,-35"/C
S < 1007A O( +n°s )

with probability at least 1 —2n~! — 279,

In comparison with its non-semi-random counterpart in Proposition 1, the bound in
Proposition 4 has an additional error term that is due to the effect of the adversary.

Controlling the term S, is straightforward. In particular, the following proposition es-
tablishes a bound that is exactly the same as in the non-semi-random setting (cf. Propo-
sition 2), since the adversary cannot make the bound worse.

PROPOSITION 5. If s > C’k( ) for some universal constant C > 0, then Sy <
w5 A%y with probability at least 1 —e~"/2.

Proof. By the first part of Proposition 2, we have Sy < %Hé”ip Since each row of G
is a shrunk version of the corresponding row of G, we have

IGlop= max [|Gvll;<  max [Gv]o =Gl

vER:||v|g=1 vER:||v|y=1

whence S, < 7||G||2,. Applying the second part of Proposition 2 proves the desired bound.
O

Note that the SNR condition in Proposition 5 is satisfied by our assumption n 2> kd
and s? 2 k.

The term S, is unaffected by the adversary and thus can be bounded as before using
Proposition 3, which is re-stated below for readers’ convenience.

PROPOSITION 3. We have Si = —5 37, »ciiars Agb[ziecg’jecg (Y —Y*);;]. Further-
more, Sy < —3A%y.

We are now ready to prove Theorem 4. Propositions 5 and 3 imply that S, < —%5'4
with probability at least 1 —e /2 > 1 — 2n~!. Plugging into the basic inequality (30),
we obtain that 0 <S; + 2S5 + £S5, hence we must have either (a) 0 <255+ 1S, or (b)
085+ i5’4. Let us analyze each of these two cases.

Case (a): 0<2S;+1Ss. In this case, we continue the proof in exactly the same way
as in Section 5 following Equation (17), but replace {g;} and 7 therein with {g;} and 7.
Doing so establishes the desired inequality (15) (without the second RHS term).

Case (b): 0<S;+1S,. Applying Proposition 4 to bound S; and Proposition 3 to
bound S,, we obtain that with probability at least 1 —2n~1 — 2%,

nd
A% < 72 O( +n’s 654/C> )
Dividing both sides of the above equation by A?||Y*|, = AQ"—: and recalling that s := 2,

we get R
HY_Y*”l Sé Ld—'—k —st/c <O Ld‘F —s*/Cy ’
Y1 nst nst
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where the last step holds since our assumption s? > k implies that ke=*"/C < e=*"/C0 for
some universal constant Cy > C'. We have therefore established the desired inequality (15)
(without the first RHS term).

Combining the above two cases completes the proof of Theorem 4.

B.1. Proof of Proposition 4 We first state several technical lemmas concerning
the vectors {g;} produced by the semi-random adversary. Introduce the shorthand

do:=d+logn, (31)

which can be interpreted as the effective dimension and is motivated by the following two
lemmas.

LEMMA 7. With probability at least 1 —n~1, for some universal constant ¢ > 1 we have
llgill2 < cT/dy uniformly for all i € [n].

Proof. By definition of g; we have ||g;||2 < ||g:||2- Standard results on the norms of sub-
Gaussian vectors (e.g., [59, Theorem 3.1.1]) ensure that ||g;||» < tcr(Vd++/Iogn) < ctv/d
with probability at least 1 —n~2. Taking a union bound over all i € [n] proves the lemma.

]

LEMMA 8. If /¢ >4d,, then with probability at least 1 —n~', we have

1 ~
”Z Z gillo <37 uniformly for all a € [k].

ieCy

Proof. Fix a € [k]. We have the expression Y, .. 8 = B,D1, where B, € R™ is
the matrix with columns {g;,i € C*}, De R*‘is a diagonal matrix with diagonal entries
{l&ill2/llgill2,i € C:}, and 1 € R is the all-one vector. It follows that 17 2 icon 8ill2 <
2IBallop - [Dllop - [|1]l2- But [|[Dllop <1, |12 = v/, and Lemma 3 guarantees that ||B,||,, =
VIBuB [lop < \/672(£ +d) with probability at least 1 —e/2>1—n"2 (since £ > 4logn
by assumption). Combining pieces, we have [|§ 37,0 8ill2 < 7 - \/672(0+d) - VI < 3T,
where the last step holds since ¢ > 4d by assumption. Taking a union bound over all a € [k]
proves the lemma. [

To state the next lemma, we define the set By(v) := {i € [n] : [(g;, v)| > AT} for each unit
vector v in R? and each positive real number . Also recall that O(-) hides a multiplicative
factor of log(d +logn). The following key lemma is proved at the end of this section.

LEMMA 9. Suppose that n>d. There exists a universal constant C' >0 such that with
probability at least 1 — 274 —n=t, wuniformly for all numbers X\ > 1 and all unit vectors

v e R?, we have
~(d A2
|Br(V)|=0 ﬁ+nexp ) (32)

A similar result to Lemma 9 has appeared in [10, Lemma 2.11]. The main difference
between Lemma 9 and the existing result is that we have the exponential term ne=*"/€
in Equation (32). As it will turn out later, the quantity A plays the role of the SNR s.
Therefore, in the low-SNR regime, this exponential term dominates (32) and leads to the
final exponential rate in Corollary 2.

We are now ready to prove Proposition 4. Note that the conditions in Lemma 8 and 9 are
satisfied under the assumption of Proposition 4. Assume that the conclusions of Lemmas
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7-9 hold simultaneously; this event has probability at least 1 —2n~! — 274, which is the
probability claimed in Proposition 4.
We begin by using the definition of Pr to obtain the decomposition

(mr(66),J<|(8:1 T &))+|(54 T 3

a*(3) o* (i)
1 ~ 1 ~
wGC’o*U) ueC* o* (5)

for each i,j € [n]. It is easy to see that S;; < 3> T,,; by triangle inequality. With

wEC* *(3)

we can bound the

these inequalities and introducing the shorthand D,; := ‘ Y Y*)i5l,
quantity of interest S := <Y Y* PT(GGT)> as follows:

SlﬁZDij'(Tij—i-Tji—FSij)SQZzDij +€ZZ Z DT, (33)
i i

i wECG*( )

where the last step follows from the symmetry of the matrix YY" and a change of
indexing.

To proceed, we fix an arbitrary j € [n]. Let v; =75 weCta,, )gu/H% > o ( )§u||2 and
* o.* J
A2

note that v, is a unit vector. Set A\ := G = C—O for some sufficiently large constant
Cy > 0, and note that A\g > k > 1 by our assumption on s. Recalling the definition of the
set By(-), we consider two cases:
e For each i € [n]\B,,(v;), we have
~ 1 ~
Ty =& val -7 D Bulla< o747,

UECTx ()

where in the last step we use the defining property of the set [n]\B; to bound the first
term, and use Lemma 8 to bound the second term.
e For i€ B,,(v;), we have

Z Ti = Z (8, v;)| -4t

iEB)\O(Vj) iEB)\O(VJ)
S /H{)\T<]gl,vj)]}d()\7)
’LGB)‘O(V])
:47/ > I{Ar <|(&,v,)I}dA
ZGB)\O(VJ)

=472 / |Bx(v;) N By, (v;)|dA.
0

Applying Lemma 9 to bound the sizes of By(v;) and B,,(v;), we obtain

° d d
Z < 2/0 min{)\2 +neA2/C,)\g+neA3/C}d)\>

i€By, (v4)
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=720 </ <d2 + ne‘A2/0> dA+ Ao - (d2 + ne"\g/c>>
o \A Ao

~(d
=720 [ — +ndoe /) |
Ao

where C' is the universal constant C' given in Lemma 9.
With the above two bounds and the fact that D,; <1,Vi,j (implied by Fact 2(b)), we can
bound the first RHS term in Equation (33) as

SINDT <Y Y DTyt Y. DTy

j i i€[\Bxy (v5) 3 i€Bx(v))

< Z Z D; -4)\07'2‘1‘2 Z T
j

J i€M\By,(v;) i€Bx, (v;)

~(d
SN +n-T20 )\—l—n)\oe_’\g/c) .
0

The second RHS term in Equation (33) can be controlled in a similar fashion and obey
2 2
the same bound. Combining these bounds and recalling that Ay := # = g—o, we obtain

~(d 1 ~ (nd
S1 Syhm? 4+ nT?O0 [ — + n)\oe_’\g/c < —yA?*+7%.0 ne + n2s2es"/01
Ao 100 52

for some universal constant C'; > 0, thereby proving Proposition 4.

B.1.1. Proof of Lemma 9 Our strategy involves two steps: (i) prove the desired
inequality for fixed A and v, and (ii) establish a uniform bound using an e-net argument.

Step (i): Controlling |B,(v)| for fized A and v. Set e¢:=1/(2¢c\/dy), where c is
as defined in Lemma 7 and dy is defined in Equation (31). We assume without loss of
generality that cy/d, is an integer; otherwise, we replace c in the definition of € with a larger
constant so as to fulfill this assumption. Let us first show that the inequality (32) holds
for a fixed number A > 1 and a unit vector v with probability at least 1 — (cdy)~'(3/€) 2.
Define the indicator random variable X; :=1{|(g;,v)| > A7} for i € [n]. Since each g; is a
shrunk version of g;, the quantity of interest satisfies the bound |B\(v)[ <3~ X;. The
last RHS is the sum of independent Bernoulli RVs, where

wi=E |3 Xi| =3 P{lenv)| > Ay <ne

i€[n] i€[n]

as (g;,v) has sub-Gaussian norm at most 7. To bound the sum ), X;, we record the
standard Chernoff bound:

LEMMA 10 (Chernoff bound; Theorem 4.4 in [46]). Under the above setting, for
each § >0 we have P{Y, X; > (14 0)u} < e #(+0)1ea(l+0)tn0 < o=pmin{s%.5}/3
We proceed by considering two cases:

Case 1: If d < ne‘AQ/lG, then we set § = ( %d + %—?) Iog(%). Applying the second inequal-
ity in the Chernoff bound, we obtain that with probability at least 1 —exp (—3d log(g)) >
1 — (ev/dy)~1(3/€)~24, there holds

D XS (p+d) log(2) =0 (ne”?‘/8 + ne‘*z/”)‘) -0 (ne_’\2/16> ,

€
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where we recall that note O(-) hides multiplicative factors of log(2) < log(d+1logn).
Case 2: If d > ne=>"/16 then we set § = <3 + 1i—d/log(%d)> log(2). In this case, we have
the inequalities

>3 = (1+5)10g(1+5)2%5 = (1+5)10g(1+5)—52%510g5

and
a2 184 _ 1 18d 184, _ 1. ,18d
pne s IS 10 g og (1Y)~ loglog(22Y) > L10g(12) >0,
n It d 7 Jz 2 p
whence
6dlog(?)

w(l+490)log(1+6) — po > 3/u5 logd > W . (log(lid) - loglog(lid)> > 3dlog(§).

Applying the first inequality in the Chernoff bound, we obtain that with probability at
least 1 —exp (—3dlog(2)) >1— (cv/do)~*(3/€) 2%, there holds

3

dlog(?) d e d
ZXW log(18d/11) O(’u+log(18)+)\2/8—log(n/d)> _O<”e / +/\2/16)’

where the last step holds because d > ne=>/16 —s log(n/d) < %

Step (i1): Applying union bound on e-net and for all A\. In both cases above,
the inequality (32) holds with probability > 1 — (cv/do) ' (3/€) 2%, for each fixed number
A >1 and unit vector v. Now, let N be an e-net of the set of d-dimensional unit vectors,
where | V| < (3/€)?. Applying a union bound, we find that the inequality (32) holds simul-
taneously for all integers A =1,2,...,cv/d, and vectors v € N with probability at least

1—(3/e)"*>1—-6"7 (since €:= 1/(20\/%) < 1/2). Also note that ’B ‘ =0 with

probability at least 1 —n~" (cf. Lemma 7).
On the above event, for all real numbers X € [1,cy/dy] and all vectors v € N, we have

B,(9)] < [BL(¥)| =0 (ij (—QJ)) <0 (% new(-3)).

where the last two steps hold since |A| is an integer and satisfy |A| > A/2. Moreover, for
all A > c\/dy we have |By(v)| < ’BC\/%(\_/)’ =0 . We hence see that the inequality (32)

holds (with a change of absolute constants) for all A >1 and v € N. Finally, for each unit
vector v in R?, let v be the nearest vector in the e-net V. If i € By(v), then

- _ -~ (2) u)l
(g, V)| > (i, V)| — |(8i, V—V)| > AT —cT/dy-€ > )\T,

where step (i) follows from Lemma 7 and step (i7) follows from our choice €:=1/(2¢v/dy)
and A > 1. This means that B(v) C B, /2(v), and thus inequality (32) holds (with a change
of absolute constants) for all unit vectors v in R? as well. We have completed the proof
of Lemma 9.

Appendix C: Standard Results for Sub-Gaussian Random Variables We
collect several standard tail bounds that are used in the proofs of our main theorems.
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C.1. Sub-Gaussian Tail Bounds The first lemma is the standard Hoeffding’s in-
equality as given in [59, Theorem 2.6.2].

LEMMA 11 (Hoeffding’s inequality for Sub-Gaussians). Let Xy,..., Xy be in-
dependent, mean zero, sub-Gaussian random variables. Then, for every t >0 we have

]P’[f:X >t]<2exp[ ct? ]
il 2t = iy v a——
> iz 1XGllZ,

i=1
where ¢ >0 is a universal constant.

The next lemma controls the inner product between sub-Gaussian random vectors.

LEMMA 12. Let {x;},.;, be independent sub-Gaussian random vectors such that
|xi|ly, < p for each i € [n]. For any fized i € [n], M C[n], t >0 and 6 >0, there exists a
universal constant C >0 such that

<Xi, ! Z Xj> < 3’ (50\/W (v/dlogn +logn) +d)

M| M|

JEM
with probability at least 1 —n~1°.
Proof. We record the following lemma, which is Lemma A.3 in [42].

LEMMA 13. Let {Xi}ie[n] be independent sub-Gaussian random wvectors such that
|%: ||y < p for each i € [n]. For any fized i € [n], M C[n], t >0 and § >0, we have

] <X . ij>23p2(t\/m+d+log(l/5)) gexp<—min{t2 t}>+5‘

M| £, M 4d’ 4

Taking ¢ =4C (v/dlogn +logn) and § =n~2 (where C > 0 is a sufficiently large universal
constant), we prove the bound in Lemma 12. [

C.2. Random Vectors on the Unit Ball In this section we prove Fact 1 con-
cerning the sub-Gaussian norm of a rotationally invariant random vector on the unit /5
ball.

Proof of Fact 1. Let g=(g1,...,94)" be a random vector drawn from a rotationally
invariant distribution supported on the unit ¢, ball in R?. Also let C,C” > 0 be universal
constants whose values may change line by line. By [12, Proposition 4.10], g can be
represented as g 4 ru, where < means equality in distribution, r 4 llgll2, u is uniformly
distributed on the unit sphere in R¢, and r and u are independent. The random vector

u is sub-Gaussian with norm |ul|y, <C \/g [59, Theorem 3.4.5], so its one-dimensional

margin satisfies P {|u;| >t} <2exp g th/d . On the other hand, we have r < ||g||» € [0, 1]
since g is supported on the unit ball. Putting together the above facts gives

t2
P{lg1| >t} =P{r|u| >t} <P{|lus| >t} <2exp <_C’/d> ;

whence [|g1 |y, < C'\/g.
a [12, Proposition 4.8]. Therefore, all one-dimensional margins (a,g) of g is sub-Gaussian
with norm at most C' \/g . This completes the proof. [

By rotation invariance, we know that (a,g) 4 g1 for all unit vector
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