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We study two-dimensional Rayleigh-Bénard
convection with Navier-slip, fixed temperature
boundary conditions and establish bounds on the
Nusselt number. As the slip-length varies with
Rayleigh number Ra, this estimate interpolates

between the Whitehead-Doering bound by Ra15_2 for
free-slip conditions (Whitehead & Doering. 2011
Ultimate state of two-dimensional Rayleigh-Bénard
convection between free-slip fixed-temperature
boundaries. Phys. Rev. Lett. 106, 244501) and the

classical Doering—Constantin Ra% bound (Doering &
Constantin. 1996 Variational bounds on energy
dissipation in incompressible flows. IIl. Convection.
Phys. Rev. E 53, 5957-5981).

This article is part of the theme issue ‘Mathematical
problems in physical fluid dynamics (part 1)".

1. Introduction

The standard Rayleigh-Bénard convection model
describes the dynamics of a fluid layer confined
between two rigid plates held at different uniform
temperatures: the lower plate is hot and the upper
plate is cool. This temperature difference triggers density
variations of the fluid layers and instability ensues,
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leading to a convective fluid motion and, as the control parameter Rayleigh number Ra increases,
eventually becomes turbulent. Rayleigh-Bénard convection is a paradigm of nonlinear dynamics,
including pattern formation and fully developed turbulence, and has important applications in
meteorology, oceanography and industry. A principal quantity of interest due to its relevance in
geophysical and industrial applications is the vertical heat transport across the domain. This is
usually expressed through the non-dimensional Nusselt number Nu, which is the ratio between
the total heat flux and the flux due to thermal conduction. Famously, experiment and numerical
simulation suggest a power-law scaling for the Nusselt number Nu

Nu~ Pr*Ra?  for some a, BeR,

where Ra and Pr are the non-dimensional Rayleigh and Prandtl number, respectively. In [1]
a systematic theory for the scaling of the Nusselt number Nu is proposed, based on the
decomposition of the global thermal and kinetic energy dissipation rates into their boundary layer
and bulk contributions. As such, it is of interest to provide mathematical constraints on allowed
exponents from the equations of motion.

In physical theories, scaling laws are based, in part, on the structure of (thermal and viscous)
boundary layers. It is therefore interesting to understand how the heat transport properties
change with respect to different choice of boundary conditions for the velocity. Most research has
focused on the cases where the velocity field satisfies the no-slip [2-5] and free-slip boundary
conditions [6-9]. In this paper we consider the non-dimensional Rayleigh-Bénard convection
model subject to Navier-slip boundary conditions. We note that, in contrast to the free-slip
boundary conditions studied by Whitehead-Doering, the Navier-slip boundary conditions allow
for vorticity to be produced at the boundary. In a sense, these conditions interpolate between the
no-slip and free-slip conditions as the slip length is increased from 0 to co. As such, our bounds
degenerate to those available for no-slip in the small slip length regime. As we show later in this
paper, the bound Nu < Ral/2 holds uniformly in Prandtl number in any dimension and for any
boundary conditions such that the vertical component of the velocity is zero at the (upper and
lower) boundaries. At fixed Pr, this bound corresponds to the classical Spiegel-Kraichnan scaling
and has since been termed the ‘ultimate regime’. To this day, there is active debate regarding the
validity of the ultimate regime insofar as it can be inferred from data [10-12]. We remark that the
bound holds in any dimension and for any of the three types of boundary conditions mentioned
above and its estimation uses only non-penetration of the velocity at the walls.

We now describe our setup precisely. Let £2 = [0, I'] x [0, 1] be the channel with boundaries at
{x =0} and {xp =1} and periodic in x1. We consider the Rayleigh-Bénard system [13]

1
ﬁ(atu +u-Vu)+ Vp— Au=Rale;, in £2, (1.1)
V.-u=0, 1in$2, (1.2)
T +u-VT=AT, ing2, (1.3)
1
ur=ru, onfn= 0}, (1.4)
S
1
— Uy = [, on {xo=1}, (1.5)
S
up =0, on{x=0}U{x =1}, (1.6)
T=1, on{x;=0}, (1.7)
T=0, on{x=1} (1.8)

In the horizontal direction x1, all the unknowns are I'-periodic. See figure 1 for a depiction
of the setup in two dimensions. For higher dimensions, e, in equation (1.1) becomes ¢; and
the boundary conditions are (1.5) and (1.6) in all tangential components. There are two non-
dimensional parameters appearing in the system: the Rayleigh number Ra which expresses the
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Figure 1. Visualization (with data from no-slip convection [14]) of temperature field. (Online version in colour.)

strength of the thermal forcing and the Prandtl number Pr which represents the ratio of kinematic
viscosity to thermal diffusivity.
As (1.1)—(1.8) is already non-dimensional, the Nusselt number is defined simply by
Nu:= (upT — 0T), (1.9)
where we have introduced notation for the long-time, global-in-space average
1(T1 1
() =limsup = J — J J o(x1,x2, 1) dxp dxq dt. (1.10)
T-oo LJo I'Jo Jo
We shall also write (¢)y, for the long-time and x; average. Our main result is the following:

Theorem 1.1. Let Ly > 0. Then

— Forany d > 2, we have
Nu < Ral/2, (1.11)

— Ford =2, if Pr satisfies L2P? > Ra%/2, then for all Ra > 1 it holds

5
Nu<Ral2 + L~ 2Ral/2. (1.12)

The implicit constants depend only on I", || To||r~ and ||ug ||y for any fixed r € (2, co).

Note that when L; = c;Ra® with ¢; > 0 then for Pr> ¢, ~1Ra®/9~¢ the bound (1.12) reads
5 1

— fao>—
Nu < RP@),  plar) = “112 24 - (1.13)
7 20 if0<ac< 21

SO0t o S AR
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Theorem 1.1 recovers the Whitehead-Doering bound of [8] in two dimensions with Ly = oo and of
[9] in three dimensions with Ly = Pr=co. For smaller slip-lengths, the bound (1.13) approaches
the classical result of Doering-Constantin [4]. Our result improves upon available bounds at
fixed Prandtl numbers when the system is equipped with no-slip boundary conditions instead
of (1.4)(1.5) provided that the slip-length is sufficiently large L; > c;Ra®4, suggesting that the
Navier-slip conditions may slightly inhibit turbulent heat transport. We remark that the work
of Choffrut-Nobili-Otto [2] for no-slip boundaries (in arbitrary dimensions) gives Nu < Ral/3 for
Pr > Ral/3, which improves the bound over Doering-Constantin in that regime. Similar arguments
may improve our estimates in that case. Moreover we observe that for the three-dimensional
model with free-slip boundary conditions, Wang and Whitehead in [15] proved the estimate

5
Nu < Ra12 + Gr2Ral/# where the Grashof number Gr = Ra/Pr is small.
Remark 1.2 (Infinite Prandtl number). For d > 2, Pr= oo, ]. Whitehead (unpublished) proved
5
Nu < Ral2 for all Ly > 0. In remark 3.6, we show how this follows from our argument.

Inspired by [8], we employ the background field method with the simple ansatz of a
background profile t(x2) being constant in the bulk and linear in the boundary layers of size §.
Since the Navier-slip conditions allow vorticity production at the walls, our argument is delicate
in a number of places compared to that for free-slip conditions. A consequence of the vorticity
production at the walls is the lack of conservation of the mean of u;. As a result, our uniform-
in-time bound for the kinetic energy grows linearly with the slip-length Ls (see lemma 2.3 and
remark 2.4). Another consequence is that the uniform-in-time bound for the enstrophy does not
follow directly from an energy estimate for the vorticity equation. Here, following an idea in [16],
we establish the uniform L7 bounds

1
llo(®)llr =C (||w0||U’ + [ luollr2 + Ra) vt>0, pe[l,00). (1.14)
S

Firstly, (1.14) yields the long-time average enstrophy balance (2.22). Secondly, (1.14) is carefully
combined with an appropriate pressure estimate (see (2.10)) to handle the bad boundary term in
(3.16) in such a way that our Nusselt bound (1.12) recovers the result in [8] when L; — co.

Following [8], we use the long-time average energy/enstrophy balances and reduce the proof
of (1.12) to establishing the positivity of certain quadratic functional Q (see proposition 3.3) when
parameters are suitably chosen. By obtaining a new estimate for the term (t'u26) generated by
the background field, we bypass a Fourier argument in [8] and base the proof entirely in physical
space.

2. Energy identities and uniform bounds

In what follows, we always consider smooth initial data so that the system (1.1)-(1.8) has
a unique global smooth solution. See e.g. [17,18]. We will repeatedly use that ||T(t)||r~(2) <
max{1, ||Tol|r~(s)} for all t > 0 by the maximum principle. Without loss of generality, we consider
initial data || T||r~(e) <1 so that

T2y < 1. (2.1)

Now we recall the well-known (e.g. [4]) identification of the Nusselt number with the heating rate
Proposition 2.1. The Nusselt number satisfies Nu= (IVTJ?).

Proof. Multiplying the temperature equation (1.3) by T, integrating by part in space, and using
the incompressibility condition (1.2) and the boundary conditions for u; and T, we get

2dt
Since [|T(#)|]12(e) is uniformly bounded in ¢, averaging in time yields

(IVTP) == (0T, o),

r
2 2
TRy ==V Ty = | 22T, g

ooz oag s oos 4 s . eseantiobusiandaonoseior [
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where (-)y, denotes the long time and x; average. On the other hand, if we integrate (1.3) in x;
and time average, we find 9, (uxT — 92T)x, = 0. Integrating in x, gives

(2T — Ty, = (2T — HT)[, _o)w = (=82T], _o)x:-
In view of the definition (1.9), we deduce that Nu= —(8T|x,—0)x, = (IVTJ?). |

Proposition 2.2 (Energy Balance). Strong solutions of (1.1)—(1.8) satisfy the balance

1d o 2 1 2 2
ﬁa”ulle + ||VM||L2 + I:(H”lHLZ({xZ:l}) + ||”1||L2({ch:0})) =Ra JQ up T dx. (2.2)

Proof. Dotting equation (1.1) with u, integrating over £2 and using (1.2) and (1.6), we find

1d

2
— —||ull5n=| u-Au-+Ra| upTdx.
o 3 I1E2 L? | s

2

Using the periodicity and (1.4), (1.5) and (1.6) gives

r
J u-Audx:—HVull%z—I—J <u~82u —u-ou
Q 0

xZ=0) dX1

xz:0> dx1

1
=—IIVullf: = ¢ (110212 gy + 1112 )

xz=1

r

— v, +J

32”1”1’ — dpuq U
0 x=1

|
From the energy balance, we find that the kinetic energy is bounded for all times.
Lemma 2.3. The energy of u satisfies the following bound:
Nu(®)ll2 < lJuol|p2 e t3PminLE) o max{1,L;}Ra, Vt> 0. 2.3)

Proof. From the fundamental theorem of calculus, we have

X2 2
|1 (1, %2)|* < 2Ju (x1, 0) + 2 (Jo 0201 (x1, )] dy)
2 ! 2
= 2[ug(x1,0)I” + 2x2 JO 0201 (x1, ¥)I” dy
and thus upon integrating over §2, we obtain

117y < 211u1(, 0172y + 21102041117 -

Combining this with the Poincaré inequality ||uz|l12(o) < 110212|l12(), We obtain

il 72y < 211u1(, 0172y + 31Vl -

G o 5 i s
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In addition, the temperature T obeys the maximum principle (2.1); hence |[|T()||2 <
[21|IT(t)||L>~ < I'. Then, proposition 2.2 gives

d 2
o 71z < 2Rl — S min{1, £)1ullz. (24)

Remark 2.4. Consider the free-slip boundary conditions u; =0 and d,11 =0onx; =0, 1, which
can be formally obtained by setting Ls = oo in (1.6)—(1.7). The (spatial) mean of u; is conserved
upon integrating the first component of (1.1). Appealing to the Galilean symmetry of the system,
one can assume without loss of generality that the mean of u; is zero for all time. Consequently,
the Poincaré inequality [|u||;2 < C||Vul|;2 holds. Then, the energy balance

1d

2 2
— —||ull5, = —||Vu Ra T dx,
o el = =17l + Lzuz

yields the uniform bound ||u(t)||2 < e~ EO) ug| I;2 4+ Cl|To || ~Ra. This bound is better than (2.3) by
the factor L in front of Ra. On the other hand, for the Navier-slip boundary condition, the mean of
11 is not conserved due to the generation of vorticity at the walls.

Corollary 2.5 (Average energy balance). The following balance holds

1
(V) + » (<u§|x2=1> + <u§|x2=0>) = Ra(Nu — 1). 2.5)
Proof. Using the boundary conditions for the temperature (1.7) and (1.8), one finds
Nu=1+ (uT), (2.6)

from definition (1.9). Then the claim follows upon integrating (2.2) in time and taking the long
time limit using the uniform bound for ||u(t)||;2 given by lemma 2.3. |

Proposition 2.6 (Pressure-Poisson equation). The pressure in (1.1) satisfies

1
Ap = —ﬁVuT (Vu+ R, T in £2, (2.7)
1
—dp= falul —Ra on {xy =0}, (2.8)
S
1
and dp= L—alul on {xp =1}. (2.9)
S

Proof. Equation (2.7) follows from taking the divergence of the momentum equation. The
boundary conditions come from tracing the second component of the momentum equation along
the boundaries. Specifically, one has

dop = 93up + RaT = —d1 dpup + RaT,
where 811 is given by (1.4) and (1.5). |

Proposition 2.7. For any r € (2, 00), there exists C= C(r, I') such that

1 1
Pl ) < C(E||31w||L2(Q) +RallTllz2(2) + ﬁIIwIILZ(Q)IlelLr(Q))- (2.10)
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Proof. On one hand, using the boundary conditions (2.8) and (2.9) gives
2 r =1
meﬂﬁ?ﬂwm+Lp%M;NM

1 r r
=~ IpIR + JO (POr111 Lyt + por1t1 ly—o)dy — Ra JO Plpo s,
S

On the other hand, using (2.7), (1.7) and (1.8), we find

1 r
J pApdx=—— J pvul : Vi dx — RaJ dopT dx — RaJ Plxy=0 dx1.
Q Prlo Q 0

Consequently,

1 (F 1
VP2, = — J (pd111lxy=1 + PO U1 |xy—0) d¥1 + — J pvul : vudx + RaJ dpT dx.
Ls Jo Pr e 2

By virtue of the Sobolev trace inequality and Ho6lder’s inequality, it follows that
IVpIIE: < Lls”p”HlHalulHHl + Rallpl g 1T + %HPVMT SVl
For any r € (2,00), letting 1/g=1/2 — 1/r, we have g € (2, 00) and
lIpVu®: Vullp < lpleal I Vull 2l Valle < Clipllg lollz2lloll,

where we use the Sobolev embedding and (A 4).
Since p has mean zero, we have ||p||1 < C||Vpl|2, so that upon using 9111 = —drup we get

1 C
Pl < 1oau2llm + Ral| T2 + ﬁ”w”LZ”wHL’-
S

From lemma A.1 and (A 4), ||Vul|;2 = |||}z and ||82u2||g1 < C||91w]]12, whence (2.10) follows. B

Proposition 2.8 (Vorticity formulation). The vorticity w =V - u where V- = (—d,, &) satisfies

1
ﬁ(atw +u-Vo)— Aw=RnT in$2, (2.11)
1
—w= ful on {x, =0} (2.12)
S
1
and w= ful on {xp =1}. (2.13)
S

Proof. Equation (2.11) follows from taking the curl of the momentum equation (1.1). The
boundary conditions (2.12) and (2.13) follow from the conditions (1.4) and (1.5) since the vorticity
on the boundary is simply @ = —d,u1 upon recalling (1.6). n

Lemma 2.9. The normal derivative of vorticity satisfies
—ho= %(Btul +u101u) + dhp, on {xp=0}and {x, =1}. (2.14)
Proof. Using incompressibility of u, we find
dw = —d3uy + d1d2up = —Auy. (2.15)

From the first component of (1.1) traced on the boundary (using u, = 0 there), we have

1
Aup = ﬁ(atul + u131u1) + o1p. (2.16)

cwoozac oat v oos 4 s . eseatiobusiandaonoseior [
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Proposition 2.10 (Enstrophy balance). The following identity holds

1d, ., 14 > ) o2
amr a1+ i (10212 ey + 110112y ) + 1101122

1
=L

Proof. Multiplying (2.11) by @ and integrating over the domain, we obtain

r r
J palul‘ dxH—J palul‘ dx1>+RaJ wi Tdx. 2.17)
0 xp=1 0 x2=0 Q

1d 2
—— = Awdx +R 91T dx, 2.18
2Prdt”w”L2 ng wdx + aJQw1 X (2.18)

where we have use the non-penetration boundary conditions for the velocity (1.6). Now note that

dx 1
X2 =0
r

1
dxq + — Uu10w
x=1 Ls Jo

r r
J wAwdx=—||Vol%, +J a)aza)‘ dx; —J W
Q 0 x=1 0

dx 1

xZ:O

1 r
=~ lIVolf: + = JO o
S

r r
- Vol - L& u2‘ dx; + u2‘ dx,
L ZLSPT dt 0 1 x=1 0 1 x2=0

1 r
— 0 d
+ L (L 1u1p 120 xl),

where we have used lemma 2.9 together with periodicity of the function 17 in x;. n

r
dxq —I—J au1p
1 0

Xo=

Next we provide uniform in time bounds for the vorticity
Lemma 2.11 (L? vorticity bounds). Let s> 1, p €[1, 00). There is C=C(p, I") < oo so that
1
No®lly < C(Ilwolan + Clluolliz + Ra) Vt> 0. (2.19)
S

Proof. Since §2 is bounded it suffices to prove (2.19) for p € (2,00). To this end, we follow a
strategy used in [16]. For arbitrary T > 0 set

1
A= T [11 11200 (22 =0,1} % (0,T))~
S
and consider the problems
1, . - - .
ﬁ(atwi—i-u - Vi) — Aor=Rao T in £2,
Wx|t=0 =Fl|awp| in £
and o+ =F+A on{xx=0}U{x,=1}.
Now let o/, := w — @+. This quantity satisfies
1
ﬁ(atw’i—i—u -Val) — Ao, =0 in$2,
@ lt=0 = wo F lwp| in 2
1
— a)’izrm + A on{x=0}
S

1
and w/i:rul FA on{xp=1}.
S

By the maximum principle, we have wjr <0and o’ >0a.e. 2 x [0,T). Thus we obtain &_ <w <
@+ and hence

lo| <max{|oy], |o—|} a.e. 2 x[0,T). (2.20)
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We now bound @4 in LP. We focus on @ = @, the other is similar. Let ® := @ — A. This solves
%(Btc?) 4+u-Vd)— Ad=RaT in £,
oli=0=lwpl — A ing,
w=0 on{x=0}U{xx=1}.

We now perform LF estimates; multiplying by &|&[P~2 where p > 2 we find

d . R e
*Ellwllip—k(p—l)J Voo 2dx:—RaJ N (@|GP~2)T dx.
2 2

We bound using Cauchy—Schwarz and Young's inequality

1/2 1/2
<@p-1) (J |v(:)|2|(:)|P*2dx) (RaZJ |é)|”’2T2dx>
2 2

p—1
2

Ra

J (&P ~2)T dx
2

=

JQ VoPior dx+ Lt eRmaal;,

where we used that ||T||;~ = 1. Thus we obtain

1d . -1 T -1 =2
;anwnip +”TJQ|Vw|2|w|” Zdx < pTIQIZ/”RaZIIwII’Zp :

Finally, since & vanishes on the boundary, we have the Poincaré inequality

T 4
J Vo 1P 2 dx = —[|V]elP/?|2, > 2|||w|’7/2
2 P

I 2 el
= 12 = 5 U@l
PG P*Cy

Thus we obtain (dividing through by ||&| |’L7,,_2) the inequality
p —

@Hé}ll%ps——

p—1
> 2 C2|| 1T + S5—1521*/PRa%.

It follows that for all t > 0

C
||é)(t)||LP < ||&)O||U’ e—t((P_l)/PZC;Z;) + prlgp/pRa < C(HG)OHU’ e—t/C + A+ Ra), C= C(p, F).
2.21)

Given this bound, we estimate A using interpolation as follows:

1
A< *Hu”LOO(.Qx(O,T))
C
||M||Lo<_ ([0,T]; LZ)llvulle([o ] LP) EHMHL"O([O,T];Lf,)
C
E o g 1010 iy + ¢l oy

1 1
<Ce (W + E) [l (o, 1y2) + ellol Lo, ry12)

where 0 =(p —2)/(2p —2)€(0,1), ¢ >0 is arbitrary and, appealing to lemma A.2, we used
[IVullrr < llollrp. By virtue of lemma 2.3, for Ls > 1 we obtain

1
A=<C; <r||u0||L2 + Ra) + 8||w||Loc([0,T];L€)-
; ;
In view of this, (2.20) and (2.21), choosing & small enough gives

1
lolliqo i = C(llollr + = Iluollzz + fa),
S

where C is independent of T. Since T > 0 is arbitrary, this completes the proof. [ |
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An immediate consequence of the enstrophy balance (2.17) and the uniform vorticity bound
(2.19) is the following global balance

Corollary 2.12 (Average enstrophy balance). We have the balance for long-time averages

1

(IVol?) = ’

((porn,_y) + o, o)) + Ralwdr . (2.22)

3. Proof of theorem 1.1

The theorem follows by an application of the background field method [4]. This method is based
on adopting the ansatz

T(x1,x,t) =: T(x2) 4+ 0(x1, X2, ). 3.1
We choose the ‘background’ profile 7 : [0, 1] — [0, 1] to be the continuous function given by

1 ya 26[018]
1(z2):=1- 5 1% ze(5,1-36), (3.2)
z4+25—1 ze[l1-6,1]

for some § > 0 to be chosen later in the proof. Note that

1 z€]0,9)
'(z) = ~% 0 ze(5,1-96). (3.3)
1 ze(1-4,1]
Note that ||r’||%2([O = 1/25. Note that 6 vanishes at the boundaries x, = {0, 1}.

Proposition 3.1. With 6 and t defined by (3.1) and (3.2), the following identity holds

1
Nu— — = —(|VO|?) — 2(t'uz6). (34)
28
Proof. According to proposition 2.1, the decomposition (3.1) and the profile (3.3), we have
Nu=(IVOI) + 117’ II 2 go 1 + 2(T'926)- (3.5)

Inserting now the ansatz (3.1) into (1.3), we find the fluctuation 6 satisfies

30 +upt' +u -V — A0 —7t"=0 in £, (3.6)
6=0 on{x=0}U{x =1} (3.7)

Integrating (3.6) against 6 and taking the long-time average (using the fact that 6, like T, is
uniformly bounded in time), we obtain

(t'920) = —(IVOI*) — (T'u20). (3.8)

This argument can be made rigorous by smooth approximation of the profile r. Inserting this
equality above yields the claimed identity. u

Similarly to the bound of Doering—Constantin for the no-slip boundary condition [4], we have

Lemma 3.2. For any Ls > 0, we have Nu < Ral/2,

52001207 08€ 1 205 Y SUpi 144 ®1syjeuinol/bio'Buysigndaposefor



Downloaded from https://royalsocietypublishing.org/ on 13 May 2022

Proof. Equation (3.4) implies Nu < 1/28 — 2(t'u36). Since t/ = 1/28 on its support (0,8) U (1,1 — 8)
and 6 and u, vanish on x, =0, 1, we have

101, x2)| < V311820 (x1, 201 x2 € (0,8)U (L1 9)

and similarly for up. Consequently,

1t 1
!
T L) Jo 2|t"uz0| dxp dxy < 5F||32M2||L2(9)||329||L2(9)~

Integrating in time and applying the Cauchy-Schwarz inequality gives
|(=27"u26) | < 26(|pua ) /2 (1220112, (39)

Appealing to proposition 2.1 and corollary 2.5 we deduce
1 1
Nu< o<+ 25(Nu)/2((Nu — 1)Ra) /2 < — T 25NuRa'/2. (3.10)

Choosing 8 ~ Nu=1/2Ra~1/4 by balancing the contributions of each term yields Nu < Ra'/2. n

To improve the bound, we follow [8] by using the energy and enstrophy balances
@ = (Vo) - = ((po d Ra(wdr T
@) = (Vol) - ¢ ((porm,—y) + o, o)) — Rawdr T,

1
(b) = (Vul) + = (0] ) + 0] ) ) = Ralu —1).

Note that (a) = (b) =0 by corollary 2.5 and 2.12. Thus in view of (3.4) we have

1 ) b
Nu= o = (IV0F) —2(t'10) — - (b) —afa), .11)

forallbe[0,1) and a € R.

Proposition 3.3. Let § >0,b€[0,1), a> 0and M > 0. Then the following identity holds

(1—bNu+b= 2173 + MRa? — Q[8,u, 7], (3.12)

where Q[0,u, t] is defined by

b b
Q16 u, T]:= Mha® + (|10) + (13261) +2(e'120) + (o) + = (4], ) + 13,
S

+a(Vol?) — Lf ((palul\xFl) n (p81u1|x2:o)> — aRa(w6). (3.13)
S

The strategy is to show that Q is non-negative for an appropriate choice of §:=§(Ra). Then
(3.12) will yield the desired bound on the Nusselt number. This requires bounds for the pressure
and for 2(t'u30), where the former is handled by virtue of (2.10) and the latter requires a bound
different from (3.9). The main result is

Proposition 3.4. There exists a universal constant Ly > O such that for all Ly > Lo and Pr such that
L;2Pr2 > Ra®/2, we have

i
12

Nu<Ral2 +L;%Ra'/2, VRa>1. (3.14)

Here, the implicit constant depends only on I, ||To||L and ||ug||w1. for any fixed r € (2, 00).
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Proof. First we use Cauchy-Schwarz and Young's inequality to get

a*Ra?
2
so that Q of proposition 3.3 enjoys the lower bound

|aRa(wd1 6)] < (lol?) + %(|319|2)1 (3.15)

1 b a?Ra?
Ql6,u, 1] > MRa* + §(|319|2) + (102017 + 2(t"u20) + <Ra -

) (lo]?) + a{|Vol?)

b 2 2 a
+ KLS (<u1‘x2:1) + <u1|x2:0)) - |: <(p31u1|x2:1> + (palu1|x2:0>) . (3.16)
Note that from the Sobolev trace inequality and the incompressibility, we have
a Cia Cia
= o] ) + ponen] )| = == dlpll lozmllin) < == IVpll el lz2),
S S S

where we used (A 4) and C; = C1(I"). To bound the pressure, we recall from (2.10) that for any
re(2,00),

1 1
Pl (2) < C(E||31w||L2(Q) + Ral|Tllr2() + ﬂ”wHLZ(Q)Hw”U(Q))

Recall also from lemma 2.11 that ||| < C(||ug||w1- + Ra) and hence

1 [lugllwrr + Ra
Cillplline) = Co( [ Ir0llizg) + o+ === ollizg) ).
S
Using Young's inequality yields
1 [luollwrr + Ra
L) Vplialitolle < - = 2 grolZ, + 72 ||aiw||L (ha+ U 2
S

2 2
aCz 2 a 2 ac% 2 | |M0| le,r 2 Ra 2
= ?HaleLz + §||alw||Lz + ﬂ Ra” + T'lw”l] + ﬁllwlle .
Choosing M = aC% /2L52 in the definition on Q, we find

Qlo,u,t] = (|319| )+ (10201) + 2(zu20)

b aRa? aCzlluoHWl, aC3Ra? ) 1 G )
+ = - o|?) +al = — — ){|Vw|?). 3.17
(Ra >~ et g ) MeR Falz - 3)uvel.  Ga7)

Lemma 3.5. For some Cy > 0 and any & > 0, we have
(a) .
12(t"u26)| < §(|329| )+ Cod%e Hw?) + - <|alw| ) (3.18)

(b)
N 2
12(t'up0)| < <|329| ) + Cod*e ™5 (Jol?) + %<|a%w|2>. (3.19)

Proof of lemma 3.5. Note that

1 1 8 1
ZJ tupfdxy = = J 16 dxp + J 6 dxy ).
0 3 \Jo 1-8

We shall consider the first integral; the second one is treated similarly. Since 6 and u, vanish on
xp =0, we have

10(x1, x2)] < V/X201820(x1, MI120.x0),  1M2(x1, X2)| < X2[82u2(x1, -)lIL*(0,1) VX2 € (0, 1),

where, for the second bound, we used the fundamental theorem of calculus to have
. 1
up(x1,x2) = JSZ doup(xq,z)dz <xp SUP)<, <y, |d2u2(x1,-)|. Noting that jO doup(x1,x2)dxp =0, we
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deduce dru3(x1,29) = 0 for some zg = zo(x1) € (0,1). Then by the fundamental theorem of calculus
and Hoélder’s inequality, we obtain
|9a1a (x1, x2) 1> =2

X2
J dua(x1,2)d3uz(x1, 2)dz| S |02u2(x1, 2,0 105u2(x1, iz, (3-20)

20

Applying Holder’s inequality for x; yields

11 I 6
I:=—-—— J J U6 dxy dxq
1 12 172
< 82 1102012192112l o 193 21 5
C 3 12 12
< FS 1020112y lloll 2 ) 110011 2 )
where we have used lemma A.1 and (A 4).
Proof of (a): From the above we have
C _ 1/2 1/2
1< 211201122y 18”26~ 1ol oy Me 1ol A )

Taking the time average and using the Holder and Young inequalities, we deduce

I < %(|329|2> + C8% o) + §<|81w|2>.

2

Proof of (b): As in (3.20), we have the interpolation inequality |9 | |L2(.Q) <||w| |Lz(9)||812a)| l12¢2)-

Thus we obtain the bound

3/4
L2(£2)

1/4

C _
1= 2102011122 (82674l L)

Hel/4192wl|

1 - 3/4 1 1/4
< 7 1122011F2 g + Cotd™ 2™ HIl15 1% + S (e 15wl 2 ).
The proof is complete. u

Applying lemma 3.5 (a) with ¢ =a to (3.17), we find

1 1
o[, u, 7] > §<|819|2> + §(|329|2>

2p52 2 2 2p42
(b_aRa _ aC3lluollyy,  aCiRa

1 &
- —Co8%a ) (lo?) +a(> — = )(IVl?).
w2 " ape aape O )(I ) +a(3 - 3) Vel

4 |2
(3.21)

Clearly, the coefficient of (IVw|?) in (3.21) is positive for sufficiently large L. Fixing an arbitrary
b e (0,1) and imposing L2 Pr? > Ra>2 and a = agha™2 gives

2 2 2 2
bR aClwollGy,  aCR b gy aoCElollGy,  a0C

A=— — - -
Ra 2 212 Pr? 2L2Pr2 ~Ra 2Ra Ra3 2Ra

We choose

b . Ra2
4p = ——— min 1, —_—
100C2 [[uol IW],r

so that A > % Letting & solve b/2Ra = 2C086aalRa3/2, the coefficient of (|w|2) in (3.21) is positive
and hence Q is positive. This gives
1/6
aob _5
S=|-— Ra~ 12,
(4C0 )
5

In view of (3.12) with M=aC3/2L2, we obtain Nu<1/2(4Co/aob)"/®Ra12 + (a9C3/2)L~2Ral/2.
Inserting ap we finally arrive at (3.14).
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For Ls € (0, Lg), we have Nu < Ral/2 according to lemma 3.2, and hence the bound (3.14) is still
valid. If Ly = oo, the entire argument follows the same way in view of remark 2.4.

Remark 3.6 (A proof of the Pr = oo result of Whitehead). If Pr = oo, the inertial term in the
momentum equation vanishes. We work in 24 for the sake of simplicity. The key observation of
Whitehead is that from (2.11) with Pr = co we have

1 1
(19167 = Ra—2<|Aw|2> > E<'812‘”'2>’ (3.22)

since 910 = 91T and according to lemma A.3, we have (|8%a)|2) < C{|Aw|?) for some C > 0 for any
Ls > 0. Applying lemma 3.5 (b) to (3.17) with M =a =0, we find

b 423 2 1 e\ o o
Ql6,u, 7] = (ﬁ = Cop*e ™2 ) (o) + (5 — g )13l

The bound QJ[f, u, t] > 0 follows by choosing ¢ = C1/2pa~1 and § ~Ra—>/12,
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Appendix A. Some elliptic estimates

Here we record some useful identities /inequalities involving the vorticity.
Lemma A.1. With w =V - u, the following identities hold

— [IVullz =llllg2,
— [lAull2 =[Vollp2.

Proof. The second identity is a consequence of Au = V+w. Next we prove the first identity. By
the periodicity in x; and the boundary condition up =0 on {x =0} U {x =1}, we have

Z JQ dju;dju; dx = —J'

ij=12 2

r
u-Au dx+J U101
0

X2=1
dx1

x2=0

n r X2=1
:—J u-v wdx+J U101 de1
Q

0 X2=

2 r x=1 2
:J |w|” dx —|—J u1(doug + a))‘ dxq :J |w|” dx,
Q 0 x=0 Q
where we have used that dyu; + w =091up =0 on 952. [ ]

Lemma A.2. Foranym>1and p € (1,00), there exists C such that ||Vu||lwmr < Cl|o|lwmr.

cwooizaz oag v o0s s . eseantiobunsiandaonoseior [
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Proof. Let y be the streamfunction for u, i.e. u = V-1 such that

AY =0 in 2,
¥ =0 onfx,=0},
and Y =c(t) on{x;=1},

for some possibly time dependent but spatially constant c(t). Consequently, 31y satisfies
AdY =dw in (A1)

and

oYy =0 on{x=0}U{xp=1}. (A2)
Fix k> 1 and p € (1, 00). By elliptic regularity, we have
[IVuzllpy = IVo1 ¢l < Cllolly (A3)

and

2] lwrekp = 11019 [l wrskp < CllO1 0] [y (A4

Now note that by divergence-free and the definition of the vorticity we have 9811 = —d,up and
dru1 = d1up — w. Therefore, for any m > 0, we have the bound

Vg |lwmr < C(1IVu2|[wme + llwllwnr) < Cllw|[wm -

Lemma A.3. With w = V= - u, we have ||81w||;2 < C||Aw||;2 for some C > 0.

Proof. From (A 1)-(A 2) we have Adjup = 812w in 2 and 911 =0 on {x, =0} U {xp = 1} since 91 is
a tangential derivative. It follows

J A231 updupy dxq dxp = J' Aalzwaluz dxq dxo.
2 2
First note

J A281u281u2 dxq doay =— J VA uy - Voup dxq dxp
2 2

r 1
= ||A31u2||%2(9) - Jo 33 911rd 3 up dxy dy

X2 =0

r 1
_ 2 2 2
= ||A31”2||L2(9) — Jo 01 0xu107 U1 dxq dxo 10

1 r
= ||A31u2||%2(9) + — J (812u1)2 dxq dxy

1 r
~ | (0%u1)*dx; d
L, ‘Xz:l + L Jo (07u1)” dx1 dxp -

= (| A% |2 g,

where we used incompressibility, the fact that 813 uy is zero on the boundary and the boundary
conditions (1.4) and (1.5). On the other hand,

J A812w81u2 dxq dxp = J Aa)afuz dxq dxp
2 2

< l1Aoll2) |17 u2ll12(2) < CllA®|I2(0)||Ad1 2] 1120,

where we used that, since dju; =0 on the boundary, elliptic regularity tells us ||813u2|| 12(2) <
191142122y < CllAdy142]]12(z)- Finally since Adyuz07e, we are done. [ |
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