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Abstract

We analyze a number of natural estimators for the optimal transport map between two
distributions and show that they are minimax optimal. We adopt the plugin approach: our
estimators are simply optimal couplings between measures derived from our observations, ap-
propriately extended so that they define functions on R

d. When the underlying map is assumed
to be Lipschitz, we show that computing the optimal coupling between the empirical measures,
and extending it using linear smoothers, already gives a minimax optimal estimator. When the
underlying map enjoys higher regularity, we show that the optimal coupling between appropri-
ate nonparametric density estimates yields faster rates. Our work also provides new bounds
on the risk of corresponding plugin estimators for the quadratic Wasserstein distance, and we
show how this problem relates to that of estimating optimal transport maps using stability ar-
guments for smooth and strongly convex Brenier potentials. As an application of our results, we
derive central limit theorems for plugin estimators of the squared Wasserstein distance, which
are centered at their population counterpart when the underlying distributions have sufficiently
smooth densities. In contrast to known central limit theorems for empirical estimators, this
result easily lends itself to statistical inference for the quadratic Wasserstein distance.

1 Introduction

Optimal transport maps play a central role in the theory of optimal transport (Rachev and Rüschen-
dorf, 1998; Villani, 2003; Santambrogio, 2015), and have received many recent methodological ap-
plications in statistics and machine learning (Kolouri et al., 2017; Panaretos and Zemel, 2019).
Given two distributions P and Q with support contained in a set Ω ⊆ R

d, an optimal transport
map T0 from P to Q is any solution to the Monge problem (Monge, 1781),

argmin
T∈T (P,Q)

∫

Ω
‖x− T (x)‖2 dP (x), (1)

where T (P,Q) is the set of transport maps between P and Q, that is, the set of Borel-measurable
functions T : Ω → Ω such that T#P := P (T−1(·)) = Q. Equivalently, we write T#P = Q whenever
X ∼ P implies T (X) ∼ Q. As we shall see in Section 2, the Monge problem admits a solution T0
as soon as P is absolutely continuous with respect to the Lebesgue measure.

A wide range of statistical applications involve transforming random variables to ensure they
follow a desired distribution. Optimal transport maps form natural choices of such transformations
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when no other canonical choice is available. For instance, optimal transport maps form a useful tool
for addressing label shift between train and test distributions in classification problems, and have
more generally been applied to various domain adaptation and transfer learning problems (Courty
et al., 2016; Redko et al., 2019; Rakotomamonjy et al., 2021; Zhu et al., 2021). A large body of
recent work has also employed optimal transport maps for defining notions of multivariate ranks
and quantiles (Chernozhukov et al., 2017; Hallin et al., 2021; Ghosal and Sen, 2022), and has
applied them to a variety of nonparametric hypothesis testing problems (Shi et al., 2020; Deb and
Sen, 2021; Deb et al., 2021a). We also note their recent uses in distributional regression (Ghodrati
and Panaretos, 2021), generative modeling (Finlay et al., 2020; Onken et al., 2021), fairness in
machine learning (Gordaliza et al., 2019; Black et al., 2020; de Lara et al., 2021), and in a wide
range of statistical applications to the sciences (Read, 1999; Wang et al., 2011; Schiebinger et al.,
2019; Komiske et al., 2020).

An important question arising in many of these applications is that of estimating the optimal
transport map between unknown distributions, based on independent samples. The aim of this
paper is to develop practical estimators of optimal transport maps achieving near-optimal risk.
Specifically, given i.i.d. samples X1, . . . , Xn ∼ P and Y1, . . . , Ym ∼ Q, we derive estimators T̂nm
which achieve the minimax rate of convergence1, under the loss function

∥∥T̂nm − T0
∥∥2
L2(P )

=

∫

Ω

∥∥T̂nm(x)− T0(x)
∥∥2dP (x). (2)

The theoretical study of such estimators was recently initiated by Hütter and Rigollet (2021), who
proved that for any estimator T̂nm with n = m,

sup
P,Q

E
∥∥T̂nm − T0

∥∥2
L2(P )

& n
− 2α

2(α−1)+d ∨ 1

n
, (3)

where the supremum is taken over all pairs of distributions (P,Q) admitting densities bounded away
from zero over a compact set Ω, for which T0 lies in an α-Hölder ball for some α ≥ 1, and satisfies a
key curvature condition A1(λ) which we define below. The lower bound (3) is reminiscent of, but
generally faster than, the classical n−2α/(2α+d) minimax rate of estimating an α-Hölder continuous
nonparametric regression function (Tsybakov, 2008), and is shown by Hütter and Rigollet (2021)
to be achievable up to a polylogarithmic factor. Nevertheless, their estimator is computationally
intractable in general dimension, and their work leaves open the question of developing practical
optimal transport map estimators which achieve comparable risk.

In this paper, we establish the minimax optimality of several natural and intuitive estimators
of optimal transport maps, several of which have already been proposed in the statistical optimal
transport literature, but have resisted sharp statistical analyses thus far. We focus on the following
two classes of plugin estimators.

(i) Empirical Estimators. When no smoothness assumptions are placed on P and Q, it is
natural to study the plugin estimator based on the empirical measures

Pn =
1

n

n∑

i=1

δXi , and Qm =
1

m

m∑

j=1

δYj .

1Here and throughout, minimax rate-optimality is tacitly understood up to polylogarithmic factors.
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In the special case n = m, there is an optimal transport map Tnm from Pn to Qm, and more
generally there is an optimal coupling of these measures. While the in-sample estimator Tnm
is only defined over the support of Pn, we readily obtain estimators defined over the entire
domain by casting the extension problem as one of nonparametric regression. We show how
linear smoothers and least-squares estimators can be used to interpolate Tnm, leading to an
estimator T̂nm defined over Ω. Under some conditions, T̂nm achieves the minimax rate for
estimating Lipschitz optimal transport maps T0.

(ii) Smooth Estimators. In order to obtain faster rates of convergence when P and Q admit
smooth densities p and q, we next analyze the risk of the unique optimal transport map
between kernel or wavelet density estimators of p and q. In contrast to our empirical optimal
transport map estimators, we show that such smooth plugin estimators are able to take
advantage of additional regularity of the densities p and q, and achieve minimax-optimal
rates when these densities are Hölder smooth.

While our emphasis is on optimal transport maps, an equally important target of estimation is the
optimal objective value in the Monge problem (1), which gives rise to the squared 2-Wasserstein
distance W 2

2 (P,Q) (defined formally in Section 2). Our optimal transport map estimators natu-
rally yield estimators for the Wasserstein distance, and we provide upper bounds on their risk, and
derive limit laws, as a byproduct of our study.

Our Contributions. The primary contributions of this paper are summarized as follows.

(i) In Sections 3 and 4, we develop new stability bounds which relate the risk of plugin transport
map estimators to the plugin density estimation risk, as measured in the Wasserstein distance.
These stability bounds are quite general and enable the analysis of flexible, practical transport
map estimators. The risk of density estimation under the Wasserstein distance has been
extensively studied (Weed and Berthet, 2019; Divol, 2021), and our stability bounds enable
us to leverage this past work. Additionally, our stability bounds enable the analysis of plugin
estimators of the Wasserstein distance, once again relating the risk in this problem to the
plugin density estimation risk.

(ii) We build on our stability bounds to analyze the risk of empirical, kernel-based and wavelet-
based transport map estimators in both the one-sample setup (where the source distribution is
known exactly, and the target distribution is sampled) and the two-sample setup (where both
the source and target distributions are sampled). The rates we obtain are minimax optimal.
For example, suppose that T̂n is the optimal transport map from P to Q̂n, where Q̂n is a
wavelet-estimator over the domain [0, 1]d. Then, whenever P and Q admit (α − 1)-Hölder
densities and satisfy several additional conditions, we show that,

E
∥∥T̂n − T0

∥∥2
L2(P )

.





n
− 2α

2(α−1)+d , d ≥ 3

(log n)2/n, d = 2

1/n, d = 1.

(4)

As we explain in Section 2, the Hölder smoothness of T0 is typically expected to be of one
degree greater than that of p and q, and thus our estimator achieves the minimax lower
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bound (3) when these densities are (α − 1)-Hölder smooth, for any α > 12. In the two-
sample setting, we develop analogous minimax-optimal analyses, for the empirical plugin
estimator (Propositions 13–15) as well as for kernel-based and wavelet-based plugin estimators
(Theorems 17–18) when P and Q admit Hölder-smooth densities. In the latter case, as we
discuss further in the sequel, we avoid complications that arise in the optimal transport
problem due to boundary effects by working over the d-dimensional flat torus.

(iii) In each of the above settings, we complement our results with upper bounds on the risk of
plugin estimators of the Wasserstein distance. For instance, in the smooth setting discussed
above, we show that,

E
∣∣W 2

2 (P, Q̂n)−W 2
2 (P,Q)

∣∣ .
(
1

n

) 2α
2(α−1)+d

∨ 1√
n
. (5)

We also develop analogous results in the one and two-sample settings, for various empirical
and smooth plugin estimators.

(iv) We build upon these estimation results to address inference for Wasserstein distances in the
high-smoothness regime 2(α + 1) > d. We show in Section 5.1, under regularity conditions,
that whenever P 6= Q, there exists σ2 > 0 such that

√
n
(
W 2

2 (P, Q̂n)−W 2
2 (P,Q)

)
 N(0, σ2), as n→ ∞. (6)

We also develop analogous results in the two-sample setting. To the best of our knowledge,
these are the first central limit theorems for a plugin estimator of the Wasserstein distance
which is centered at its population counterpart, for absolutely continuous distributions P and
Q in arbitrary dimension. We further show that the variance σ2 of the limiting distribution
can be estimated using our transport map estimators, leading to an asymptotic confidence
interval for W 2

2 (P,Q).

(v) We also develop the semiparametric efficiency theory for the Wasserstein distance functional.
In Section 5.2, we derive the efficient influence function of the Wasserstein distance, derive
asymptotic local minimax lower bounds, and show that our plugin Wasserstein distance esti-
mators are asymptotically efficient in the high-smoothness regime.

Related Work. The two recent works of Hütter and Rigollet (2021) and Gunsilius (2021) establish
L2(P ) convergence rates for transport map estimators. Gunsilius (2021) derives upper bounds on
the risk of a plugin estimator for Brenier potentials, obtained via kernel density estimation of p
and q. This analysis results in suboptimal convergence rates for the optimal transport map T0
itself. We show in this work that such plugin estimators do in fact achieve the optimal convergence
rate when the sampling domain is the d-dimensional torus.

Building upon a construction of del Barrio et al. (2020), a consistent estimator of T0 was obtained
by de Lara et al. (2021) under mild assumptions, by regularizing a piecewise constant approximation
of the empirical optimal transport map Tn. We do not know if quantitative convergence rates can
be obtained for their estimator under stronger assumptions. Beyond these works, a wide range of

2As discussed in Appendix E of Hütter and Rigollet (2021), the minimax lower bound (3) also holds under such
smoothness conditions on the densities p and q, as opposed to smoothness conditions on T0.
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heuristic estimators have been proposed in the literature (Perrot et al., 2016; Nath and Jawanpuria,
2020; Makkuva et al., 2020), but their theoretical properties remain unknown to the best of our
knowledge.

Rates of convergence for the problem of estimating Wasserstein distances have arguably received
more attention than that of estimating optimal transport maps. Characterizing the convergence
rate of the empirical measure under the Wasserstein distance is a classical problem (Dudley, 1969;
Boissard and Le Gouic, 2014; Fournier and Guillin, 2015; Weed and Bach, 2019; Lei, 2020) which
immediately leads to upper bounds on the convergence rate of the empirical plugin estimator of the
Wasserstein distance. While such upper bounds are generally unimprovable (Liang, 2019; Niles-
Weed and Rigollet, 2019), they have recently been sharpened by Chizat et al. (2020) and Manole
and Niles-Weed (2021) when P 6= Q, and we employ these results to bound the convergence rates
of our empirical optimal transport map estimators in Sections 3.2 and 4.2. Though the empirical
plugin estimator of the Wasserstein distance is minimax optimal up to polylogarithmic factors under
no assumptions on P and Q, it becomes suboptimal when P and Q are assumed to have smooth
densities. Weed and Berthet (2019) derive the minimax rate of estimating smooth densities under
the Wasserstein distance, and we build upon their results, together with those of Divol (2021), to
characterize the risk of our density plugin estimators (cf. Sections 3.3, 4.3, and 4.4).

Central limit theorems for the empirical quadratic costW 2
2 (Pn, Qm) around its expectation have

been derived by del Barrio and Loubes (2019) under mild conditions on the underlying distributions.
As we discuss in Section 5.1, however, the centering sequence EW 2

2 (Pn, Qm) in these results cannot
generally be replaced by its population counterpart W 2

2 (P,Q), which is a barrier to their use
for statistical inference. Key exceptions are obtained when P and Q are one-dimensional (Munk
and Czado, 1998; Freitag and Munk, 2005) or countable (Sommerfeld and Munk, 2018; Tameling
et al., 2019), in which case non-degenerate limiting distributions for the process W2(Pn, Qm) −
W2(P,Q) are known up to suitable scaling. In contrast, our work derives central limit theorems
with desirable centering for any absolutely continuous distributions P and Q admitting sufficiently
smooth densities.

Concurrent Work. During the final stages of preparation of the first version of our manuscript,
we became aware of the recent independent work of Deb et al. (2021b), which bounds the risk
of certain plugin optimal transport map estimators that are closely related to those in our work.
In particular, assuming for simplicity that n = m, they show that an estimator derived from

the empirical plugin optimal transport coupling achieves the n−(
1
2
∧ 2

d) convergence rate under the
squared L2(Pn) loss up to polylogarithmic factors. Our work establishes an analogous result using
a distinct proof, but further shows that empirical estimators achieve this rate in squared L2(P )
norm, once suitably extended using nonparametric smoothers. We also sharpen this result to the

rate n−(1∧
2
d) under additional conditions. Deb et al. (2021b) also analyze the convergence rate

of plugin estimators based on wavelet and kernel density estimation. Their work shows that such

estimators can achieve, for instance, the faster rate n
−
(

1
2
∨ α

d+2(α−1)

)

, when the underlying densities
lie in a (α − 1)-Hölder ball for some α > 1. While this upper bound illustrates an improvement
over empirical estimators in the presence of smoothness, it scales at a quadratically slower rate
than the minimax rate (3). In contrast, our work shows that wavelet density plugin estimators

do in fact achieve the minimax rate n
−
(
1∨ 2α

d+2(α−1)

)

(up to a polylogarithmic factor when d = 2).
The current version of our manuscript extends this result to kernel density estimators, using a
significantly different proof strategy than Deb et al. (2021b). Finally, we emphasize that our sharp
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analysis of estimators for the Wasserstein distance allows us to deduce that their bias is of lower
order than their variance when 2(α + 1) > d, which is a key component in our derivation of their
limiting distribution. Indeed, our results in Section 5 on statistical inference for the 2-Wasserstein
distance cannot be deduced from the work of Deb et al. (2021b).

Notation. For any a, b ∈ R, we write a ∨ b = max{a, b} and a ∧ b = min{a, b}, a+ = a ∨ 0. If
a ≥ 0, ⌊a⌋ and ⌈a⌉ denote the respective floor and ceiling of a. The Euclidean norm on R

d is
denoted ‖·‖, and the ℓp norm of a sequence (an)n≥1 ⊆ R is written ‖(an)n≥1‖ℓp = (

∑
n≥1 |an|p)1/p

for all 1 ≤ p ≤ ∞. Given a set Ω, which is either a closed subset of Rd or the d-dimensional flat
torus Ω = T

d := R
d/Zd, and given real numbers α > 0, s ∈ R \ {0}, 1 ≤ p, q ≤ ∞, the Hölder

spaces Cα(Ω), Besov spaces Bsp,q(Ω), homogeneous Sobolev spaces Ḣs(Ω), inhomogeneous Sobolev
spaces Hs(Ω), and their respective norms ‖·‖Cα(Ω), ‖·‖Bs

p,q(Ω), ‖·‖Ḣs(Ω), ‖·‖Hs(Ω), are defined in

Appendix A. We drop the suffix Ω when the underlying space can be understood from context. We
also define, for any M,γ > 0,

Cα(Ω;M) :=
{
f ∈ Cα(Ω) : ‖f‖Cα(Ω) ≤M

}
, (7)

Cα(Ω;M,γ) :=
{
f ∈ Cα(Ω) : ‖f‖Cα(Ω) ≤M,f ≥ 1/γ over Ω

}
. (8)

Furthermore, C∞(Ω) denotes the set of real-valued functions on Ω which are differentiable up
to any order, and C∞

c (Ω) denotes the set of compactly-supported functions in C∞(Ω). Given a
measure space (Ω,F , ν), Lp(ν) denotes the Lebesgue space of order 1 ≤ p ≤ ∞, endowed with
the norm ‖f‖Lp(ν) = (

∫
Ω |f(x)|pdν(x))1/p, for any measurable function f : Ω → R. We also write

Lp0(ν) = {f ∈ Lp(ν) :
∫
fdν = 0}. When ν is the Lebesgue measure L on Ω ⊆ R

d, we write Lp(Ω)
(or Lp0(Ω)) instead of Lp(L) (or Lp0(L)). We adopt the same convention when Ω ⊆ T

d, in which case,
by abuse of notation, L denotes the standard Haar measure over T

d. We often write
∫
f instead

of
∫
fdL. Given T : Ω → Ω, we write by abuse of notation ‖T‖L2(P ) = (

∫
‖T (x)‖2dP (x))1/2. For

any set X and f : X → R, we write ‖f‖∞ = supx∈X |f(x)|. The Fourier transform of a function

K ∈ L1(Rd) is denoted F [K](ξ) =
∫
Rd f(x)e

−2πix⊤ξdx for all ξ ∈ R
d. For any integer B ≥ 1, the

permutation group on [B] = {1, . . . , B} is denoted SB. The diameter of a set Ω ⊆ R
d is denoted

diam(Ω) = sup{‖x− y‖ : x, y ∈ Ω}, and its interior and closure are respectively denoted Ω◦ and
Ω. For all x ∈ R

d and ǫ > 0, B(x, ǫ) = {y ∈ R
d : ‖x− y‖ ≤ ǫ}. Given sequences (an)

∞
n=1 and

(bn)
∞
n=1, we write an . bn if there exists C > 0 such that an ≤ Cbn for all n ≥ 1, and we also

write an ≍ bn if bn . an . bn. The constant C is always permitted to depend on the dimension
d, the domain Ω, and additional problem parameters, whenever they are clear from context. We
sometimes emphasize the latter case by using the symbols .c1,c2,... or ≍c1,c2,..., indicating that the
suppressed constants depend on the problem parameters c1, c2, . . . .

2 Background on Optimal Transport

2.1 The Quadratic Optimal Transport Problem over R
d

We provide a brief background on the optimal transport problem over R
d with respect to the

squared Euclidean cost function, and direct the reader to Villani (2003); Santambrogio (2015) for
further details. To simplify our exposition, we assume throughout the rest of the paper, except
where otherwise specified, that all measures have support contained in a set Ω ⊆ R

d satisfying the
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following condition.

(S1) Ω is a compact set such that Ω ⊆ [0, 1]d.

Notice that once Ω is assumed compact, the final assumption in condition (S1) can always be
guaranteed by rescaling. Let P(Ω) denote the set of Borel probability measures with support
contained in Ω, and Pac(Ω) the subset of such measures which are absolutely continuous with
respect to the Lebesgue measure on R

d. As we shall recall in Theorem 1 below, for any P ∈ Pac(Ω)
and Q ∈ P(Ω) the Monge problem (1) admits a minimizer T0, which is uniquely defined P -almost
everywhere. The Monge problem may, however, be infeasible when the absolute continuity condition
on P is removed. This observation motivated Kantorovich (1942, 1948) to develop the following
convex relaxation of the Monge problem,

argmin
π∈Π(P,Q)

∫

Ω
‖x− y‖2 dπ(x, y), (9)

known as the Kantorovich problem, where Π(P,Q) denotes the set of joint distributions on Ω2 with
marginal distributions P and Q, known as couplings of P and Q. That is,

Π(P,Q) = {π ∈ P(Ω2) : π(· × Ω) = P, π(Ω× ·) = Q}.

Notice that the Kantorovich problem is always feasible since P ⊗ Q ∈ Π(P,Q). It can be shown
in our setting that a minimizer π in equation (9) always exists (Theorem 4.1, Villani (2008)), and
is called an optimal coupling. In the special case where π is supported in the graph of a map
T0 : Ω → Ω, it must be the case that T0 ∈ T (P,Q) due to the marginal constraints in the definition
of Π(P,Q), and it must then follow that T0 is precisely an optimal transport map from P to Q.
As we shall elaborate below, this situation turns out to characterize all optimal couplings when
P ∈ Pac(Ω), and for such measures the Monge and Kantorovich problems yield equivalent solutions.

While an optimal coupling represents a transference plan for reconfiguring P into Q, the corre-
sponding optimal value of the objective function (9) represents the optimal cost of such a reconfigu-
ration, which provides an easily interpretable measure of divergence between P and Q. Specifically,
it gives rise to the 2-Wasserstein distance,

W2(P,Q) =

(
inf

π∈Π(P,Q)

∫
‖x− y‖2 dπ(x, y)

) 1
2

. (10)

The above problem is an (infinite-dimensional) convex program with linear constraints, and it
admits a dual maximization problem, known as the Kantorovich dual problem, given by

W 2
2 (P,Q) = sup

(φ,ψ)∈K

∫
φdP +

∫
ψdQ, (11)

where K is the set of pairs (φ, ψ) ∈ L1(Ω)×L1(Ω) such that φ(x)+ψ(y) ≤ ‖x− y‖2 for all x, y ∈ Ω.
In the present setting of the quadratic optimal transport problem over the compact set Ω, it can
be shown that strong duality indeed holds in equation (11), and that the supremum is always
achieved by some pair (φ0, ψ0) ∈ K. Any such pair of functions is called a pair of Kantorovich
potentials. In this case, notice that (φ0, φ

c
0), with φc0(y) = infx∈Ω

{
‖x− y‖2 − φ0(x)

}
, is itself a

pair of Kantorovich potentials, since replacing ψ0 by φc0 can only increase the objective value (11),
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while retaining the constraint (φ0, φ
c
0) ∈ K. If we define ϕ0 = ‖·‖2 − 2φ0, then φc0 = ‖·‖2 − 2ϕ∗

0,
where for any f : Ω → R,

f∗(y) = sup
x∈Ω

{
〈x, y〉 − f(x)

}
, y ∈ Ω,

denotes the Legendre-Fenchel conjugate of f . Under this reparametrization, the Kantorovich dual
problem is equivalent to the so-called semi-dual problem

inf
ϕ∈L1(P )

∫
ϕdP +

∫
ϕ∗dQ, (12)

in the sense that ϕ0 is a solution to the semi-dual problem if and only if (‖·‖2 − 2ϕ0, ‖·‖2 − 2ϕ∗
0) is

a solution to the Kantorovich dual problem (11). The significance of the semi-dual problem is in
part due to its connection to the Monge problem, as described by the following result due to Knott
and Smith (1984); Brenier (1991).

Theorem 1 (Brenier’s Theorem). Let P ∈ Pac(Ω) and Q ∈ P(Ω).

(i) There exists an optimal transport map T0 between P and Q which takes the form T0 = ∇ϕ0

for a convex function ϕ0 : R
d → R which solves the semi-dual problem (12). Furthermore, T0

is uniquely determined P -almost everywhere.

(ii) If we further have Q ∈ Pac(Ω), then ∇ϕ∗
0 is the (Q-almost everywhere uniquely determined)

gradient of a convex function such that ∇ϕ∗
0#Q = P , and solves the Monge problem for

transporting Q onto P . Furthermore, for Lebesgue-almost every x, y ∈ Ω

∇ϕ∗
0 ◦ ∇ϕ0(x) = x, ∇ϕ0 ◦ ∇ϕ∗

0(y) = y.

Brenier’s Theorem implies the aforementioned fact that a unique optimal transport map exists
between any absolutely continuous distribution P and any distribution Q, where uniqueness is
always understood in the Lebesgue-almost everywhere sense. It further characterizes this map as
the gradient of an optimal semi-dual potential ϕ0, which we refer to as a Brenier potential in the
sequel.

The convexity of ϕ0 already implies that it will be almost-everywhere twice differentiable.
Further smoothness properties of Brenier potentials, and therefore of optimal transport maps, have
been studied via the regularity theory of partial differential equations of the Monge-Ampère type,
and we refer to De Philippis and Figalli (2014); Figalli (2017) for surveys. In short, denote by
p, q the respective Lebesgue densities of P,Q ∈ Pac(Ω), and assume ϕ0 is in fact everywhere twice
continuously differentiable. Then, the constraint ∇ϕ0#P = Q implies by the change of variable
formula that ϕ0 solves the equation

det
(
∇2ϕ0(x)

)
=

p(x)

q(∇ϕ0(x))
, x ∈ Ω. (13)

As a direct consequence of equation (13), notice that the Hessian ∇2ϕ0 admits a uniformly bounded
determinant whenever p and q are bounded, and bounded away from zero. This observation leads
to the following simple result noted by Gigli (2011).

Lemma 2. Assume ϕ0 ∈ C2(Ω) and γ−1 ≤ p, q ≤ γ for some γ > 0. Then, there exists a constant
λ > 0, depending only on γ and ‖ϕ0‖C2(Ω), such that ϕ0 is λ-strongly convex.
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Lemma 2 shows that, whenever equation (13) has positive and bounded right-hand side, smooth
Brenier potentials are also strongly convex. We shall require this property in Section 3.1 to derive
stability bounds for the L2(P ) loss. To further obtain sufficient conditions for the Hölder smooth-
ness of ϕ0, notice that the Monge-Ampère equation (13) suggests that ϕ0 admits two degrees of
smoothness more than the densities p and q. This intuition indeed turns out to hold true under
suitable regularity conditions on Ω, as was established in a series of publications by Caffarelli (1991,
1992a,b, 1996). The following is a summary of these results, as stated by Villani (2008, Chapter
12).

Theorem 3 (Caffarelli’s Regularity Theory). Assume Ω is convex and satisfies condition (S1).
Assume further that there exists γ > 0 such that γ−1 ≤ p, q ≤ γ over Ω. Then, the Brenier potential
ϕ0 is unique up to an additive constant, and satisfies the following.

(i) (Interior Regularity) Suppose there exists α > 1, α 6∈ N, such that p, q ∈ Cα−1(Ω◦). Then
ϕ0 ∈ Cα+1(Ω◦). Moreover, for any open subdomain Ω′ such that Ω′ ⊆ Ω◦, there exists a
constant C > 0 depending on γ, α,Ω,Ω′, ‖ϕ0‖L∞(Ω), ‖p‖Cα−1(Ω◦) , ‖q‖Cα−1(Ω◦) such that

‖ϕ0‖Cα+1(Ω′) ≤ C.

(ii) (Global Regularity) Assume Ω admits a C2 boundary and is uniformly convex. Assume further
that there exists α > 1, α 6∈ N, such that p, q ∈ Cα−1(Ω). Then, ϕ0 ∈ Cα+1(Ω).

Theorem 3(ii) implies that, under suitable conditions, the optimal transport map T0 inherits
one degree of smoothness more than the densities p and q over Ω. Unlike the interior regularity
result of Theorem 3(i), however, Theorem 3(ii) does not imply a uniform bound on ‖ϕ0‖Cα+1(Ω),
and therefore does not preclude the possibility that the latter quantity diverges when p, q vary
in a Cα−1(Ω) ball. Closely related global regularity results have also been established by Urbas
(1997) under slightly stronger conditions, but we do not know if either of these results can be made
uniform up to the boundary in an analogous way to the interior result of Theorem 3(i). Whenever
global uniform regularity results are needed in our development, we sidestep this issue by working
with the optimal transport problem over the torus, for which boundary considerations do not arise.

2.2 The Quadratic Optimal Transport Problem over the Flat Torus

Denote by T
d = R

d/Zd the flat d-dimensional torus. Specifically, Td is the set of equivalence classes
[x] = {x+ k : k ∈ Z

d}, for all x ∈ [0, 1)d. Abusing notation, we typically write x instead of [x]. Td

is endowed with the standard metric

dTd(x, y) = min{‖x− y + k‖ : k ∈ Z
d}, x, y ∈ T

d.

We identify P(Td) with the set of Borel measures P on R
d such that P ([0, 1)d) = 1 and which

are Z
d-periodic, in the sense that P (B) = P (k + B) for all k ∈ Z

d and all Borel sets B ⊆ R
d.

Furthermore, Pac(T
d) denotes the subset of measures in P(Td) which are absolutely continuous

with respect to the Lebesgue measure on R
d. A function f : Td → R is understood to be a function

on R
d which is Zd-periodic, and we write T : Td → T

d when T is a map from R
d to R

d such that
[T (x)] = [T (y)] whenever [x] = [y].

9



The optimal transport problem over Td with the quadratic cost d2
Td largely mirrors that of the

squared Euclidean cost over Rd. Define for all P,Q ∈ Pac(T
d) the Monge problem

argmin
T∈T (P,Q)

∫

Td

d2
Td(x, T (x))dP (x), (14)

where the integral is understood as being taken over [0, 1)d. The Kantorovich problem and its dual
give rise to the squared Wasserstein distance over P(Td),

W 2
2 (P,Q) = inf

π∈Π(P,Q)

∫
d2
Td(x, y)dπ(x, y) = sup

(ϕ,ψ)∈KT

∫
ϕdP +

∫
ψdQ, (15)

where KT denotes the set of pairs of potentials (ϕ, ψ) ∈ L1(P )×L1(Q) satisfying the dual constraint
ϕ(x) + ψ(y) ≤ d2

Td(x, y) for all x, y ∈ T
d. We abuse notation by writing W2 to denote both the

2-Wasserstein distance over R
d and T

d. Whenever we speak of the optimal transport problem or
Wasserstein distance between two measures P,Q ∈ P(Ω), the underlying cost function is tacitly
understood to be ‖ · ‖2 when Ω ⊆ R

d, and d2
Td when Ω = T

d.
As in the Euclidean setting, the Kantorovich duality in the above display is equivalent to a

semi-dual problem, whose solution characterizes the Monge problem. Indeed, the following result
due to Cordero-Erausquin (1999) is an analogue of Brenier’s Theorem, together with additional
properties about the optimal transport problem over Td.

Proposition 4. Let P ∈ Pac(T
d) and Q ∈ P(Td). Then, there exists a (P -almost everywhere

uniquely determined) optimal transport map T0 = ∇ϕ0 from P to Q which solves the Monge prob-
lem (14), where ϕ0 : R

d → R is a convex function satisfying the following properties.

(i) ‖·‖2 /2− ϕ0 is Z
d-periodic.

(ii) T0(x+ k) = T0(x) + k for almost every x ∈ R
d and k ∈ Z

d.

(iii) For P -almost all x ∈ R
d, ‖T0(x)− x‖ ≤ diam(Td) =

√
d/2 and ‖T0(x)− x‖ = dTd(x, T0(x)).

Assume further that Q ∈ Pac(T
d), and denote the respective densities of P,Q by p, q. Then,

(v) ∇ϕ∗
0 is the (Q-almost everywhere unique) optimal transport map from Q to P .

(vi) (‖·‖2 − 2ϕ0, ‖·‖2 − 2ϕ∗
0) is a pair of optimal Kantorovich potentials in equation (15).

(vii) If ϕ0 ∈ C2(Rd), then it solves the Monge-Ampère equation

det(∇2ϕ0(x))q(∇ϕ0(x)) = p(x), x ∈ R
d.

In particular, if γ−1 ≤ p, q ≤ γ for some γ > 0, then ϕ0 is λ-strongly convex, for some
constant λ > 0 depending only on γ and ‖ϕ0‖C2(Rd).

With Proposition 4 in place, regularity properties of Brenier potentials ϕ0 may be deduced
from smoothness conditions on p, q. The following result was stated by Cordero-Erausquin (1999)
without explicit mention of the uniformity of the Hölder norms appearing therein, but can readily
be made uniform using Caffarelli’s interior regularity theory (Theorem 3(i); Figalli (2017), Chapter
4). We also note that this result was stated by Ambrosio et al. (2012) in the special case d = 2.
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Theorem 5. Let P,Q ∈ P(Td) be absolutely continuous with respect to the Lebesgue measure, with
respective densities p, q satisfying γ−1 ≤ p, q ≤ γ for some γ > 0. Assume further that p, q ∈
Cα−1(Td) for some α > 1. Then, there exists a constant C > 0 depending only on α, γ, ‖p‖Cα−1(Td)

and ‖q‖Cα−1(Td) such that, ‖ϕ0‖Cα+1(Rd) ≤ C.

3 The One-Sample Problem

Throughout this section, we let P ∈ Pac(Ω) denote a known distribution, and Q ∈ Pac(Y) denote
an unknown distribution from which an i.i.d. sample Y1, . . . , Yn ∼ Q is observed. Let p and q
denote their respective densities, and let T0 = ∇ϕ0 denote the unique optimal transport map
from P to Q, with respect to a convex Brenier potential ϕ0. We also denote by φ0 = ‖·‖2 − 2ϕ0

and ψ0 = ‖·‖2 − 2ϕ∗
0 the Kantorovich potentials induced by ϕ0. We assume condition (S1) holds

throughout this section, and we may therefore assume without loss of generality that −d ≤ φ0 ≤ 0
and 0 ≤ ψ0 ≤ d over Ω (Villani (2003), Remark 1.13).

Unlike the two-sample case which we discuss in Section 4, there exist canonical estimators of
T0 when the source distribution P is known. Indeed, since P is absolutely continuous, Brenier’s
Theorem implies that there exists a unique optimal transport map T̂ between P and any estimator
Q̂ of Q, and we analyze two such examples below. We first take Q̂ to be the empirical measure of
Q in Section 3.2, and show that the resulting estimator T̂ achieves the minimax risk of estimating
Lipschitz optimal transport maps, under essentially no smoothness conditions on the underlying
measures. In Section 3.3, we then take Q̂ to be a density estimator, leading to an estimator T̂
achieving faster rates of convergence when Q admits a smooth density. In both cases, our analysis
will hinge upon known upper bounds on the risk of Q̂ under the Wasserstein distance, by invoking
a key stability bound which we turn to first.

3.1 A General Stability Bound

The main technical result of this section will be stated under the following curvature condition.

A1(λ) The Brenier potential ϕ0 is a closed convex function such that ϕ0 ∈ C2(Ω) and (1/λ)Id �
∇2ϕ0(x) � λId for all x ∈ Ω.

Condition A1(λ) implies in particular that T0 is λ-Lipschitz over Ω. As noted in Lemma 2,
whenever P and Q both admit densities satisfying γ−1 ≤ p, q ≤ γ over Ω, for some γ > 0, the
second inequality of A1(λ) is sufficient to imply the first, up to inflating λ by a factor depending
on γ. Under this condition, we prove the following stability bounds in Appendix C.

Theorem 6. Let P,Q ∈ Pac(Ω), and assume condition A1(λ) holds for some λ > 0. For any
Q̂ ∈ P(Ω), let T̂ = ∇ϕ̂ be the unique optimal transport map from P to Q̂. Then,

1

λ
‖T̂ − T0‖2L2(P ) ≤W 2

2 (P, Q̂)−W 2
2 (P,Q)−

∫
ψ0d(Q̂−Q) ≤ λW 2

2 (Q̂,Q).

We make several remarks regarding Theorem 6.

• Caffarelli’s regularity theory (cf. Theorem 3) provides sufficient conditions on the smoothness
of P,Q and ∂Ω for assumption A1(λ) to hold, albeit for a non-universal constant λ > 0. We
note, however, that our assumption is considerably weaker. For instance, condition A1(λ) is
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satisfied whenever P and Q differ by a location transformation, irrespective of the regularity
or positivity of their Lebesgue densities.

• We show in Section 5.2 that, under weaker assumptions than those of Theorem 6, the map
ψ0 − EQ[ψ0(Y )] is the efficient influence function of the functional Q ∈ P(Ω) 7→ W 2

2 (P,Q)
with respect to the tangent space L2

0(Q). It follows that the linear functional

L(Q̂) =

∫
ψ0d(Q̂−Q) (16)

is the first-order term in the von Mises expansion of W 2
2 (P, Q̂) around W 2

2 (P,Q). The upper
bound of Theorem 6 implies that the remainder of this expansion decays quadratically in the
topology induced byW2, a fact which we shall use to derive upper bounds and limit theorems
for plugin estimators of the Wasserstein distance. This fact combined with the lower bound
of Theorem 6 further implies the following remarkable equivalence,

1

λ
‖T̂ − T0‖L2(P ) ≤W2(Q̂,Q) ≤ ‖T̂ − T0‖L2(P ). (17)

Notice that the second inequality always holds due to the fact that (T̂ , T0)#P is a coupling

of Q̂ and Q. Equation (17) thus shows that the transport cost of this coupling is within a
universal factor of being optimal, when the curvature condition A1(λ) is in force. We use this
result to obtain upper bounds on the risk of one-sample plugin estimators T̂ by appealing to
the corresponding risk of Q̂ under the Wasserstein distance. We note that weaker analogues
of equation (17), in which the left-hand side admits an exponent greater than unity, have
previously been derived by Mérigot et al. (2019); Delalande and Mérigot (2021). Those works
adopted a weaker assumption than ours, however.

• Suppose that, in addition to the assumptions of Theorem 6, the measures Q and Q̂ are
both absolutely continuous with respect to the Lebesgue measure, with respective densities
q and q̂ which satisfy γ−1 ≤ q, q̂ ≤ γ over Ω, for some γ > 0. In this setting, it was
shown by Peyre (2018) that the 2-Wasserstein distance is equivalent to the negative-order
homogeneous Sobolev norm ‖ · ‖Ḣ−1(Ω), in the sense that, under suitable conditions on Ω,

γ−1‖q̂ − q‖2
Ḣ−1(Ω)

.W 2
2 (Q̂,Q) . γ‖q̂ − q‖2

Ḣ−1(Ω)
. (18)

Theorem 6 and the above display then imply

1

λγ
‖ϕ̂− ϕ0‖2Ḣ1(Ω)

.W 2
2 (P, Q̂)−W 2

2 (P,Q)−
∫
ψ0d(Q̂−Q) . λγ‖q̂ − q‖2

Ḣ−1(Ω)
.

It follows from the upper bound that W 2
2 (P, ·), when viewed as a functional of q̂, is Fréchet

differentiable at q in the Ḣ−1(Ω) topology. It moreover implies that this functional is strongly
convex and smooth with respect to the duality of the spaces Ḣ−1(Ω) and Ḣ1(Ω).

• Finally, one may also infer from Theorem 6 and the Kantorovich duality that,

1

2λ
‖∇ϕ̂−∇ϕ0‖2L2(P ) ≤

∫
(ϕ0 − ϕ̂)dP +

∫
(ϕ∗

0 − ϕ̂∗)dQ̂ ≤ λ

2
‖∇ϕ̂−∇ϕ0‖2L2(P ). (19)
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Equation (19) is a direct analogue of a stability bound proven by Hütter and Rigollet (2021,
Proposition 10), who show that similar inequalities hold when the measure Q̂ appearing in
the above display is replaced by Q. Their result assumes, however, that ϕ̂ itself satisfies
condition A1(λ). In contrast, we do not place any conditions on the estimator T̂ beyond it
being the optimal transport map from P to Q̂. This will permit our study of transport map
estimators which are potentially nonsmooth but easy to compute, as we show next.

3.2 Upper Bounds for the One-Sample Empirical Estimators

Recall that Qn = (1/n)
∑n

i=1 δYi denotes the empirical measure. Since P is known and absolutely
continuous, a natural estimator for T0 is the optimal transport map Tn from P to Qn, defined by

Tn = argmin
T∈T (P,Qn)

∫
‖x− T (x)‖2 dP (x). (20)

By Brenier’s Theorem, the minimizer Tn in the above display exists and is uniquely determined
P -almost everywhere. The optimization problem (20) is sometimes known as the semi-discrete
optimal transport problem, for which efficient numerical solvers are well-studied (Mérigot, 2011;
Levy and Schwindt, 2018).

In view of the stability bound in Theorem 6, the risk of Tn may be related to that of the
empirical measure Qn under the Wasserstein distance. For instance, from the work of Fournier and
Guillin (2015) we obtain the following bound, under no assumptions beyond (S1),

EW 2
2 (Qn, Q) . κn :=





n−1/2, d ≤ 3

n−1/2 log n, d = 4

n−2/d, d ≥ 5.

(21)

The following bound on the risk of Tn is now an immediate consequence of Theorem 6, together
with the fact that the functional L in equation (16) satisfies E[L(Qn)] = 0.

Corollary 7. Let P,Q ∈ Pac(Ω) and assume condition A1(λ) holds. Then,

E
∥∥Tn − T0

∥∥2
L2(P )

≍λ E
[
W 2

2 (P,Qn)−W 2
2 (P,Q)

]
≍λ EW 2

2 (Qn, Q) . κn.

When d ≥ 5, Corollary 7 implies that the empirical estimator Tn achieves the minimax lower
bound (3) for estimating Lipschitz transport maps T0. On the other hand, when 1 ≤ d ≤ 4, the
rate κn does not improve beyond n−1/2, unlike the minimax lower bound (3) of Hütter and Rigollet
(2021), which scales as fast as 1/n. This observation does not imply that the plugin estimator
Tn is minimax suboptimal, since equation (3) holds under stronger assumptions than those of
Corollary 7. In particular, it assumes that these distributions admit densities which are bounded
away from zero, and thus have connected support. In contrast, Corollary 7 applies to measures P
and Q with possibly disconnected support, for which our upper bound of κn cannot generally be
improved up to a logarithmic factor—similar considerations are discussed for the convergence rate
of the empirical measure by Bobkov and Ledoux (2019) when d = 1, and more generally by Weed
and Berthet (2019).

Nevertheless, when we further assume that Q has a positive density, the result of Corollary 7
can be strengthened to match the minimax rate of Hütter and Rigollet (2021) even for d ≤ 4.
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For instance, it was shown by Ledoux (2019) and references therein that, when Q is the uniform
distribution on [0, 1]d, Qn achieves the following faster rate,

EW 2
2 (Qn, Q) .





n−1, d = 1

n−1 log n, d = 2

n−2/d, d ≥ 3.

(22)

Such a result is also known to hold for any measure Q admitting positive density over a compact
subset of the real line (Bobkov and Ledoux, 2019), or over the flat torus (Divol, 2021). Inspired
by the latter result and by the work of Weed and Berthet (2019), we prove an analogous result for
general measures supported on the unit hypercube, at the expense of an inflated polylogarithmic
factor when d = 2.

Corollary 8. Let P,Q ∈ Pac([0, 1]
d) and assume that condition A1(λ) holds. Assume further that

γ−1 ≤ q ≤ γ over [0, 1]d, for some γ > 0. Then,

E
∥∥Tn − T0

∥∥2
L2(P )

≍ E
[
W 2

2 (P,Qn)−W 2
2 (P,Q)

]
≍ EW 2

2 (Qn, Q) . κn :=





n−1, d = 1
(logn)2

n , d = 2

n−2/d, d ≥ 3.

Under the assumptions of Corollary 8, we deduce that the plugin estimator Tn is minimax
optimal for all d ≥ 1, up to a polylogarithmic factor when d = 2. The scale of this factor is further
discussed following the statement of Theorem 18.

This result also provides a sharper bound on the bias of W 2
2 (P,Qn) than could have been

deduced from Chizat et al. (2020), who show that the risk of this estimator decays at the rate κn
using distinct techniques. Indeed, Corollaries 7–8 can also be extended to recover the risk bounds
of Chizat et al. (2020) under stronger conditions, though with an improved rate of convergence
when P approaches Q in Wasserstein distance.

Corollary 9. Let P,Q ∈ Pac(Ω), and assume condition A1(λ) holds. Then,

E
∣∣W 2

2 (P,Qn)−W 2
2 (P,Q)

∣∣ .λ EW 2
2 (Qn, Q) + n−

1
2 . κn. (23)

If we further assume that Ω = [0, 1]d and γ−1 ≤ q ≤ γ over Ω for some γ > 0, then

E
∣∣W 2

2 (P,Qn)−W 2
2 (P,Q)

∣∣ .λ,γ κn +W2(P,Q)n−
1
2 . (24)

Equation (24) exhibits an upper bound on the risk of W 2
2 (P,Qn) that interpolates between the

fast rate κn when W2(P,Q) . n−1/2, and the rate κn of Chizat et al. (2020), which is minimax
optimal when the distance between P and Q is unconstrained (Manole and Niles-Weed, 2021). We
defer the proofs of Corollaries 8–9 to Appendix D.

3.3 Upper Bounds for One-Sample Wavelet Estimators

While the empirical estimator in the previous section achieves the minimax rate of estimating Lip-
schitz optimal transport maps, we do not generally expect it to achieve faster rates of convergence
if T0 is assumed to enjoy further regularity. We instead show that such improvements can be
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achieved when Q admits a smooth density q, and when the empirical measure Qn is replaced by
the distribution Q̂n of a density estimator q̂n. Specifically, define

T̂n = argmin
T∈T (P,Q̂n)

∫
‖x− T (x)‖2 dP (x). (25)

We focus on the case where q̂n is a wavelet density estimator, for which sharp risk estimates under
the Wasserstein distance have been established by Weed and Berthet (2019). In order to appeal to
their results, we assume that the sampling domain is the unit hypercube Ω = [0, 1]d.

We briefly introduce notation from the theory of wavelets, and refer the reader to Appendix A
for a detailed summary and references. To define a basis over the unit cube Ω, we focus on the
boundary-corrected N -th Daubechies wavelet system, for an integer N ≥ 2, as introduced by Cohen
et al. (1993). In short, given an integer j0 ≥ log2N , their construction leads to respective families
of scaling and wavelet functions

Φbc = {ζbcj0k : 0 ≤ k ≤ 2j0 − 1}, Ψbc
j = {ξbcjkℓ : 0 ≤ k ≤ 2j0 − 1, ℓ ∈ {0, 1}d \ {0}}, j ≥ j0,

such that Ψbc = Φbc ∪⋃∞
j=j0

Ψbc
j forms an orthonormal basis of L2(Ω), with the property that Φbc

spans all polynomials of degree at most N − 1 over Ω. Given a probability distribution Q ∈ Pac(Ω)
admitting density q ∈ L2(Ω), one then has

q =
∑

ξ∈Ψbc

βξξ =
∑

ζ∈Φbc

βζζ +
∞∑

j=j0

∑

ξ∈Ψbc
j

βξξ, where βξ =

∫
ξdQ, ξ ∈ Ψbc,

where the series converges at least in L2(Ω). The standard truncated wavelet estimator of q (Kerky-
acharian and Picard, 1992) with a truncation level Jn ≥ j0 > 0 is then given by

q̃(bc)n =
∑

ξ∈Ψbc

β̂ξξ =
∑

ζ∈Φbc

β̂ζζ +

Jn∑

j=j0

∑

ξ∈Ψbc
j

β̂ξξ, where β̂ξ =

∫
ξdQn, ξ ∈ Ψbc.

Notice that q̃
(bc)
n is permitted to take on negative values, in which case it does not define a probability

density. We instead define the final estimator q̂
(bc)
n in equation (25) by

q̂(bc)n =
q̃
(bc)
n I(q̃

(bc)
n ≥ 0)

∫
q̃
(bc)
n I(q̃

(bc)
n ≥ 0)

, over Ω. (26)

We drop all superscripts “bc” in the sequel whenever the choice of wavelet system is unambiguous.
Weed and Berthet (2019) bounded the Wasserstein risk of a wavelet density estimator obtained
from a distinct modification of q̃n. By appealing to L∞ concentration inequalities for wavelet
density estimators (Masry, 1997), we show in Appendix A.4.4 that their result carries over to
the estimator q̂n. Equipped with this result, we arrive at the following bound on the risk of the

estimator T̂n ≡ T̂
(bc)
n defined in equation (25), and of the corresponding plugin estimator of the

squared Wasserstein distance. Recall that the Hölder balls Cα(Ω; ·) and Cα(Ω; ·, ·) are defined in
equations (7)–(8).
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Theorem 10 (One-Sample Wavelet Estimators). Let P,Q ∈ Pac([0, 1]
d) admit respective densities

p, q ∈ Cα−1([0, 1]d;M,γ), for some α > 1 and M,γ > 0. Let 2Jn ≍ n1/(d+2(α−1)).

(i) (Optimal Transport Maps) Assume ϕ0 satisfies condition A1(λ) for some λ > 0. Then, there
exists a constant C > 0 depending on M,λ, γ, α such that the following hold,

E
∥∥T̂n − T0

∥∥2
L2(P )

≤ CRT,n(α), where RT,n(α) :=





1/n, d = 1

(log n)2/n, d = 2

n
− 2α

2(α−1)+d , d ≥ 3.

(27)

(ii) (Wasserstein Distances) Assume that for some λ > 0, ϕ∗
0 ∈ Cα+1([0, 1]d;λ). Then, there

exists a constant C > 0 depending on M,λ, γ, α such that the following hold,

∣∣EW 2
2 (P, Q̂n)−W 2

2 (P,Q)
∣∣ ≤ CRT,n(α),

E
∣∣W 2

2 (P, Q̂n)−W 2
2 (P,Q)

∣∣2 ≤
[
CRT,n(α) +

√
VarQ[ψ0(Y )]

n

]2
.

Theorem 10 requires smoothness assumptions on both the density q and the potential ϕ∗
0; in

particular, the assumption of Theorem 10(ii) requires both q ∈ Cα−1(Ω) and ϕ∗
0 ∈ Cα+1(Ω). Caf-

farelli’s regularity theory (Theorem 3) suggests that the former condition on q should be sufficient
to imply the latter condition on ϕ∗

0, but such results cannot be invoked here due to the lack of
smoothness of the boundary of the unit cube [0, 1]d. Even if the above analysis could be adapted
to a domain Ω with smooth boundary, the lack of uniformity in Caffarelli’s global regularity theory
would prevent the bounds in Theorem 10 from holding uniformly in P and Q, in the absence of
a smoothness condition on ϕ∗

0. We refer to Appendix E of Hütter and Rigollet (2021) for related
discussions. In Proposition 43 of Appendix H, we will show that an analogue of Theorem 10 holds
merely under smoothness conditions on p and q when Ω is the d-dimensional torus Td, which enjoys
the global regularity result of Theorem 5. Here, instead impose smoothness conditions on both ϕ∗

0

and q, in which case T̂n achieves the minimax rate (3) of estimating an α-Hölder optimal transport
map.

Theorem 10(ii) also proves that the bias of W 2
2 (P, Q̂n) achieves the same convergence rate,

as does its risk when d ≥ 2(α + 1). In the high-smoothness regime d < 2(α + 1), the risk of
W 2

2 (P, Q̂n), in squared loss, does not generally improve beyond the parametric rate 1/n, except
when VarQ[ψ0(Y )] vanishes. Using Lemma 34 in Appendix B, the latter quantity is bounded above
by W 2

2 (P,Q) up to a constant, so Theorem 10(ii) also implies

E
∣∣W 2

2 (P, Q̂n)−W 2
2 (P,Q)

∣∣ .M,γ,λ,α RT,n(α) +
W2(P,Q)√

n
. (28)

We briefly highlight the main components of the proof of Theorem 10. Both assertions are
proven by combining the stability results of Theorem 6 with the bound EW 2

2 (Q̂n, Q) . RT,n(α),
which is stated formally in Lemma 30, and extends a result due to Weed and Berthet (2019).
In particular, Theorem 10(i) follows immediately from the equivalence (17). Our proof of Theo-
rem 10(ii) additionally requires us to analyze the evaluation L(Q̂n) of the linear functional L defined
in equation (16), for which we prove the following.

16



Lemma 11. Assume the same conditions as Theorem 10(ii). Then,

E[L(Q̂n)] = O
(
2−2Jnα

)
, Var

[
L(Q̂n)

]
=

1

n
VarQ[ψ0(Y )] +O

(
2−2Jnα

n

)
,

where the implicit constants depend only on M,γ, λ, α.

Lemma 11 shows that the bias of L(Q̂n) scales quadratically faster than the traditional bias of
Q̂n in estimating an (α−1)-Hölder density, which is known to be of order 2−Jn(α−1). We obtain the
faster rate 2−2Jnα due to the assumed (α + 1)-Hölder smoothness of the potential ϕ∗

0. The proofs
of Theorem 10 and Lemma 11 are deferred to Appendix E.

4 The Two-Sample Problem

In this section, we turn to analyzing two-sample estimators when both measures P,Q ∈ Pac(Ω)
are unknown. As in the one-sample case, we study two classes of plugin estimators. The first
consists of estimators which interpolate the empirical in-sample optimal transport coupling using
nonparametric smoothers. Such estimators will achieve the optimal rate of estimating T0 when it
is Lipschitz. The second class will consist of plugin estimators based on density estimates of P and
Q, and will achieve faster rates of convergence when P and Q have smooth densities. As before,
our proofs will rely on stability bounds for the two-sample problem, to which we turn our attention
first.

4.1 Two-Sample Stability Bounds

The stability bounds of Theorem 6 admit the following one-sided extension when both measures P
and Q are unknown.

Proposition 12. Let P,Q ∈ Pac(Ω), and assume condition A1(λ) holds for some λ > 0. Then,
for any measures P̂ , Q̂ ∈ P(Ω),

0 ≤W 2
2 (P̂ , Q̂)−W 2

2 (P,Q)−
∫
φ0d(P̂ − P )−

∫
ψ0d(Q̂−Q)

≤ λ
[
W2(P̂ , P ) +W2(Q̂,Q)

]2
.

(29)

The proof is deferred to Appendix F.1. Similarly to Theorem 6, this result shows that the
remainder of a first-order expansion of W 2

2 (P̂ , Q̂) around W 2
2 (P,Q) decays quadratically in the

W2 topology. Unlike Theorem 6, however, we do not generally expect that the lower bound in
Proposition 12 can be replaced by a squared distance between (P,Q) and (P̂ , Q̂): for instance,
the lower bound of zero is achieved in equation (29) when P̂ = Q̂ 6= Q = P , even though P̂
may be arbitrarily far from P in Wasserstein distance. This example shows more generally that
the bivariate functional W 2

2 (·, ·) is not strictly convex over Pac(Ω) × Pac(Ω), unlike the univariate
functional W 2

2 (P, ·) for a fixed absolutely continuous measure P (cf. Theorem 6 and Proposition
7.19 of Santambrogio (2015)).

These observations do not preclude the possibility of replacing the lower bound in Proposition 12
by λ−1‖T̂ − T0‖2L2(P ), for T̂ the optimal transport map between P̂ and Q̂. We were not able to
derive such a result under the stated assumptions, except when these estimators are taken to be
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empirical measures. We describe this special case next, and show how it may be used to derive
estimators of Lipschitz optimal transport maps T0.

4.2 Upper Bounds for Two-Sample Empirical Estimators

Let X1, . . . , Xn ∼ P and Y1, . . . , Ym ∼ Q denote i.i.d. samples, and define the empirical measures
Pn = (1/n)

∑n
i=1 δXi and Qm = (1/m)

∑m
j=1 δYj . Though the Monge problem between Pn and Qm

can be infeasible when n 6= m, the Kantorovich problem is always feasible, and takes the following
form

π̂ ∈ argmin
π∈Qnm

n∑

i=1

m∑

j=1

πij ‖Xi − Yj‖2 ,

where Qnm denotes the set of doubly stochastic matrices π = (πij : 1 ≤ i ≤ n, 1 ≤ j ≤ m),
satisfying πij ≥ 0,

∑n
i=1 πij = 1/m and

∑m
j=1 πij = 1/n. We shall formulate the main stability

bound of this section in terms of the quantity

∆nm =
n∑

i=1

m∑

j=1

π̂ij ‖T0(Xi)− Yj‖2 .

Recall that (κn) and (κn) denote the sequences defined in equation (21) and Corollary 8 respectively.
We obtain the following result, which we prove in Appendix F.3.

Proposition 13. Let P,Q ∈ Pac(Ω), and assume A1(λ) holds for some λ > 0. Then,

E[∆nm] ≍λ E

[
W 2

2 (Pn, Qm)−W 2
2 (P,Q)

]
. κn∧m.

If, in addition, Ω = [0, 1]d and there exists γ > 0 such that γ−1 ≤ p, q ≤ γ over Ω, then,

E[∆nm] ≍λ E

[
W 2

2 (Pn, Qm)−W 2
2 (P,Q)

]
.γ κn∧m.

To gain intuition about Proposition 13, it is fruitful to consider the special case n = m. In this
setting, there exists an optimal transport map Tn from Pn to Qn, and we may take

π̂ij = I(Tn(Xi) = Yj)/n, for all 1 ≤ i, j ≤ n.

We then have ∆nn = ‖Tn − T0‖2L2(Pn)
, and Proposition 13 implies

E ‖Tn − T0‖2L2(Pn)
≍ E

[
W 2

2 (Pn, Qn)−W 2
2 (P,Q)

]
. (30)

Equation (30) is a two-sample analogue of Corollary 7, and shows that the L2(Pn) risk of the in-
sample transport map estimator is of same order as the bias of the two-sample empirical optimal
transport cost. While the estimators Tn and π̂ are only defined over the support of Pn, we next
show how they may be extended to the entire domain Ω. We begin with an estimator inspired by
the classical method of nearest-neighbor nonparametric regression (Cover, 1968).
One-Nearest Neighbor Estimator. Define the Voronoi partition generated by X1, . . . , Xn as

Vj = {x ∈ Ω : ‖x−Xj‖ ≤ ‖x−Xi‖ , ∀i 6= j}, j = 1, . . . , n. (31)
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Then, we define the one-nearest neighbor estimator of T0 by

T̂ 1NN
nm (x) =

n∑

i=1

m∑

j=1

(nπ̂ij)I(x ∈ Vi)Yj , x ∈ Ω. (32)

In order to state an upper bound on the convergence rate of T̂ 1NN
nm , we place the following mild

condition on the support Ω. Recall that L denotes the Lebesgue measure on R
d.

(S2) Ω is a standard set, in the sense that there exist ǫ0, δ0 > 0 such that for all x ∈ Ω and
ǫ ∈ (0, ǫ0), we have L(B(x, ǫ) ∩ Ω) ≥ δ0L(B(x, ǫ)).

Condition (S2) arises frequently in the literature on statistical set estimation (Cuevas and Fraiman,
1997; Cuevas, 2009), and prevents Ω from admitting cusps. Under this condition, we arrive at the
following upper bound, which we prove in Appendix G.1.

Proposition 14. Let P ∈ Pac(Ω) admit a density p such that γ−1 ≤ p ≤ γ over Ω, for some γ > 0,
and let Q ∈ Pac(Ω). Assume conditions A1(λ) and (S1)–(S2) hold. Then,

E
∥∥T̂ 1NN

nm − T0
∥∥2
L2(P )

.λ,γ,ǫ0,δ0 (log n)2κn∧m.

Furthermore, if Ω = [0, 1]d and we additionally assume that γ−1 ≤ q ≤ γ over Ω, then

E
∥∥T̂ 1NN

nm − T0
∥∥2
L2(P )

.λ,γ,ǫ0,δ0 (log n)2κn∧m.

Proposition 14 proves that the one-nearest neighbor estimator achieves the minimax rate in
equation (3), up to a polylogarithmic factor. This result is in stark contrast to standard risk bounds
for K-nearest neighbor nonparametric regression, for which the number K of nearest neighbors
is typically required to diverge in order to achieve the minimax estimation rate of a Lipschitz
continuous regression function (Györfi et al., 2006). Though increasing K reduces the variance of
such estimators, in our setting, Propositions 13–14 suggest that the variance of T̂ 1NN

nm is already
dominated by its large bias, stemming from that of the in-sample coupling π̂, thereby making it
sufficient to use K = 1 to obtain a near-optimal rate. While the one-nearest neighbor estimator
is simplest to analyze, it is natural to expect that any linear smoother with sufficiently small
bandwidth may be used to smooth the in-sample coupling π̂nm and lead to a similar rate.
Convex Least Squares Estimator. Though nearly minimax optimal, the estimator T̂ 1NN

nm is
typically not the gradient of a convex function, and is therefore not an admissible optimal transport
map in its own right. We next show how this property can be enforced using an estimator inspired
by nonparametric least squares regression. Let Jλ denote the class of functions ϕ : Ω → R which
are convex and have λ-Lipschitz gradients ∇ϕ. Define the least squares estimator

T̂LS
nm = ∇ϕ̂LS

nm, where ϕ̂LS
nm ∈ argmin

ϕ∈Jλ

n∑

i=1

m∑

j=1

π̂ij ‖Yj −∇ϕ(Xi)‖2 .

The computation of the above infinite-dimensional optimization problem can be reduced to that
of solving a finite-dimensional quadratic program, by a direct extension of well-known solvers for
shape-constrained nonparametric regression with Lipschitz and convex constraints (cf. Seijo and
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Sen (2011), Mazumder et al. (2019), and references therein). We obtain the following upper bound
by a simple extension of Proposition 14.

Proposition 15. Proposition 14 continues to hold when T̂ 1NN
nm is replaced by T̂LS

nm.

4.3 Upper Bounds for Two-Sample Wavelet Estimators

We next study two-sample estimators under stronger smoothness assumptions on P and Q. As
discussed in Section 4.1, we do not know of a two-sample stability bound for the L2(P ) loss which
is analogous to Theorem 6, and only places regularity conditions on the population potential ϕ0.
Therefore, unlike Theorem 10, in which smoothness conditions on q and ϕ0 were sufficient to
obtain sharp upper bounds, in the two-sample case our analysis will also rely on the smoothness
of estimators ϕ̂nm of the potential ϕ0. In order to quantify their regularity, we shall require a
uniform analogue of Caffarelli’s global regularity theory (Theorem 3(ii)). Since we are unaware of
such results for generic compact domains Ω ⊆ R

d, we instead assume throughout the remainder
of this section that Ω is taken to be the d-dimensional torus T

d, thus allowing us to appeal to
Theorem 5. We note that such periodicity constraints are commonly imposed in nonparametric
estimation problems to mitigate boundary issues (Efromovich, 1999; Krishnamurthy et al., 2014;
Han et al., 2020). In many such cases, an alternative is to assume that the underlying probability
measures place sufficiently small mass near the boundary. Such an assumption cannot be used in
our context since, as before, we shall require all densities to be bounded away from zero throughout
their support. Optimal estimation rates under Wasserstein distances differ dramatically in the
absence of a density lower bound condition (Bobkov and Ledoux, 2019; Weed and Berthet, 2019),
and we do not address this setting here.

Recall the background on the quadratic optimal transport problem over Td in Section 2.2. Let
P,Q ∈ Pac(T

d) be absolutely continuous measures admitting respective Zd-periodic densities p and
q. We now denote by T0 the optimal transport map from P to Q, with respect to the cost d2

Td . As

outlined in Proposition 4, T0 is the gradient of a convex potential ϕ0 : Rd → R, and is uniquely
determined P -almost everywhere. We continue to denote by φ0 = ‖·‖2−2ϕ0 and ψ0 = ‖·‖2−2ϕ∗

0 a
corresponding pair of Kantorovich potentials. Let X1, . . . , Xn ∼ P and Y1, . . . , Ym ∼ Q denote i.i.d.
samples, which are independent of each other, and let P̂n, Q̂m respectively denote the distributions
induced by density estimators p̂n, q̂m of p, q over Td, to be defined below. Our aim is to bound the
risk of the estimator

T̂nm = ∇ϕ̂nm = argmin
T∈T (P̂n,Q̂m)

∫
d2
Td(T (x), x)dP̂n(x). (33)

Note that P̂n and Q̂m are absolutely continuous, thus there indeed exists a unique solution to the
above minimization problem, by Proposition 4. We continue to quantify the risk of T̂nm in terms
of the L2(P ) loss

∥∥T̂nm − T0
∥∥2
L2(P )

=

∫

Td

∥∥T̂nm(x)− T0(x)
∥∥2dP (x).

Notice that the integrand on the right-hand side of the above display is Z
d-periodic by Proposi-

tion 4(ii) and by the optimality of T̂nm and T0, thus it indeed defines a map T
d → R. As before, we

shall also obtain upper bounds on the bias and risk of W 2
2 (P̂n, Q̂m) as a byproduct of our proofs.

Indeed, our main results hinge upon the stability bounds derived in previous sections, which can
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easily be shown to hold in the present context.

Proposition 16. Assume ϕ0 satisfies condition A1(λ), in the sense that ϕ0 is a closed convex
function over R

d satisfying λ−1Id � ∇2ϕ0(x) ≤ λId for all x ∈ R
d. Then, Theorem 6 and Proposi-

tion 12 hold with Ω = T
d.

As in the one-sample case, we focus on the situation where P̂n and Q̂m are the distributions of
wavelet density estimators. Unlike the boundary-corrected wavelet system used in Section 3.3, it
will be convenient to introduce a simpler basis which guarantees that the density estimators are
periodic. Specifically, we describe in Appendix A.2.2 how the standard Daubechies wavelet system
may be periodized to obtain a set of Zd-periodic functions

Ψper = {1} ∪
∞⋃

j=0

Ψper
j , where Ψper

j =
{
ξperjkℓ : 0 ≤ k ≤ 2j−1, ℓ ∈ {0, 1}d \ {0}

}
, j ≥ 0,

which forms an orthonormal basis of L2(Td) (Daubechies, 1992; Giné and Nickl, 2016). Whenever
the densities p, q lie in L2(Td), they admit wavelet expansions of the form

p = 1 +

∞∑

j=0

∑

ξ∈Ψper
j

αξξ, q = 1 +

∞∑

j=0

∑

ξ∈Ψper
j

βξξ,

where αξ =
∫
ξdP and βξ =

∫
ξdQ. We then define the wavelet density estimators

p̃(per)n = 1 +

Jn∑

j=0

∑

ξ∈Ψper
j

α̂ξξ, q̃(per)m = 1 +

Jm∑

j=0

∑

ξ∈Ψper
j

β̂ξξ,

where α̂ξ =
∫
ξdPn and β̂ξ =

∫
ξdQm. By orthonormality of Ψper, it is straightforward to see

that p̃
(per)
n , q̃

(per)
m integrate to unity, but may nevertheless be negative. We therefore define the final

density estimators by

p̂(per)n ∝ p̃(per)n I(p̃(per)n ≥ 0), q̂(per)m ∝ q̃(per)m I(q̃(per)m ≥ 0), (34)

where the proportionality constants are to be chosen such that p̂
(per)
n and q̂

(per)
m are probability

densities, which respectively induce probability distributions P̂
(per)
n , Q̂

(per)
m ∈ Pac(T

d). Once again,
we drop all superscripts “per” whenever the choice of density estimator is unambiguous. As we state
in Proposition 43, Appendix H, the one-sample results from Theorem 10 may readily be extended
to the present periodic setting, by replacing the boundary-corrected wavelet estimator therein by
the periodic wavelet estimator q̂m in the above display. Building upon this observation, we arrive

at the following bound for the two-sample estimator T̂nm ≡ T̂
(per)
nm in equation (33), together with

the associated plugin estimator of the squared Wasserstein distance. Recall the sequence RT,n(α)
defined in Theorem 10.

Theorem 17 (Two-Sample Wavelet Estimators). Let P,Q ∈ Pac(T
d) admit densities p, q ∈

Cα−1(Td;M,γ) for some α > 1 and M,γ > 0. Assume 2Jn ≍ n
1

d+2(α−1) . Then, there exists a
constant C > 0 depending only on M,γ, α such that the following statements hold.
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(i) (Optimal Transport Maps) We have,

E
∥∥T̂nm − T0

∥∥2
L2(P )

≤ CRT,n∧m(α).

(ii) (Wasserstein Distances) When α 6∈ N, we have

∣∣EW 2
2 (P̂n, Q̂m)−W 2

2 (P,Q)
∣∣ ≤ CRT,n∧m(α),

E
∣∣W 2

2 (P̂n, Q̂m)−W 2
2 (P,Q)

∣∣2 ≤
[
CRT,n∧m(α)+

√
VarP [φ0(X)]

n
+

VarQ[ψ0(Y )]

m

]2
.

The proof appears in Appendix H.1. Theorem 17 shows that the plugin estimators T̂nm and
W 2

2 (P̂n, Q̂m) achieve the same convergence rates as in the one-sample setting. Unlike the latter
results, we also note that Theorem 17 places no conditions on the regularity of T0 or ϕ0. Indeed,
over T

d, these can be inferred from the assumption p, q ∈ Cα−1(Td;M,γ), due to Theorem 5. We
exclude the case α ∈ N from Theorem 17(ii) due in part to our use of this result. Nevertheless,
even when α ∈ N, Theorem 17(ii) implies that

∣∣EW 2
2 (P̂n, Q̂m)−W 2

2 (P,Q)
∣∣ . (n ∧m)ǫRT,n∧m(α),

for any ǫ > 0, and similarly for the risk of W 2
2 (P̂n, Q̂m).

Similarly as in Section 3.3, we may deduce from Theorem 17(ii) and Lemma 34 that

E
∣∣W 2

2 (P̂n, Q̂m)−W 2
2 (P,Q)

∣∣ .M,γ,α RT,n∧m(α) + (n ∧m)−1/2W2(P,Q).

Thus, in the high-smoothness regime 2(α+ 1) > d, the risk of W 2
2 (P̂n, Q̂m) decays at a rate which

adapts to the magnitude of the Wasserstein distance between P and Q.
If one is willing to place assumptions on the regularity of the potentials ϕ0 and ϕ∗

0, Theo-
rem 17(ii) may be extended to the case where the sampling domain is taken to be the unit cube
[0, 1]d. Such a result is stated in Proposition 44 of Appendix H, and is made possible by the fact
that Proposition 12 does not require any regularity of the fitted potentials.

4.4 Upper Bounds for Two-Sample Kernel Estimators

Though our main focus has been on wavelet density estimators, the absence of a boundary on the
sampling domain T

d also facilitates the analysis of kernel estimators, which we briefly discuss here.
Given P,Q ∈ Pac(T

d), we again denote by X1, . . . , Xn ∼ P and Y1, . . . , Ym ∼ Q two i.i.d.
samples which are independent of each other. Given a kernel K ∈ C∞

c (Rd) and a bandwidth
hn > 0, write Khn = h−dn K(·/hn), and define the kernel density estimators of p and q by

p̃(ker)n = Pn ⋆ Khn =

∫

Rd

Khn(· − z)dPn(z), q̃(ker)m = Qm ⋆ Khm =

∫

Rd

Khm(· − z)dQm(z).

Recall that integration over R
d with respect to a measure in P(Td) is understood as integration

with respect to this measure extended to R
d via translation by Z

d-periodicity. The above estimators
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may take on negative values, thus we again define the final density estimators by

p̂(ker)n ∝ p̃(ker)n I(p̃(ker)n ≥ 0), q̂(ker)m ∝ q̃(ker)m I(q̃(ker)m ≥ 0),

and their induced probability distributions by P̂
(ker)
n and Q̂

(ker)
m . Furthermore, T̂

(ker)
nm denotes the

optimal transport map between these measures.
We shall require the following condition on the kernel K, for given real numbers ζ, κ > 0.

K1(ζ, κ) K ∈ C∞
c (Rd) is an even kernel, whose Fourier transform F [K] satisfies

sup
x∈Rd\{0}

|F [K](x)− 1|‖x‖−ζ ≤ κ. (35)

A sufficient condition for equation (35) to hold is forK ∈ L∞(Rd) to be a kernel of order β = ⌈ζ−1⌉.
Such a statement appears for instance in Tsybakov (2008) when d = 1, and can easily be generalized
to d > 1. Multivariate kernels of order β which additionally lie in C∞

c (Rd) can readily be defined;
for example, one may start with a univariate even kernel K0 ∈ C∞

c (R) of order β, constructed for
instance using the procedure of Fan and Hu (1992), and then set K(x) =

∏d
i=1K0(xi) (Giné and

Nickl, 2016).

Divol (2021) stated that their work may be used to show that P̂
(ker)
n achieves a comparable rate

of convergence as the boundary-corrected wavelet estimator P̂
(bc)
n , in Wasserstein distance. We

provide a formal statement and proof of this fact in Lemma 46 of Appendix I, and use it to derive
the following result.

Theorem 18 (Kernel Estimators). Assume the same conditions on P and Q as in the statement
of Theorem 17. Assume further that K is a kernel satisfying condition K1(2α, κ) for some κ > 0.
Let hn ≍ n−1/(d+2(α−1)). Then, there exists a constant C > 0 depending only on K,M, γ, α such
that the following statements hold.

(i) (Optimal Transport Maps) We have,

E
∥∥T̂ (ker)

nm − T0
∥∥2
L2(P )

≤ CRK,n∧m(α), where RK,n(α) :=





n
− 2α

2(α−1)+d , d ≥ 3

log n/n, d = 2

1/n, d = 1.

(ii) (Wasserstein Distances) Assume further that α 6∈ N. Then,

∣∣EW 2
2 (P̂

(ker)
n , Q̂(ker)

m )−W 2
2 (P,Q)

∣∣ ≤ CRK,n∧m(α),

E
∣∣W 2

2 (P̂
(ker)
n , Q̂(ker)

m )−W 2
2 (P,Q)

∣∣2 ≤
[
CRK,n∧m(α)+

√
VarP [φ0(X)]

n
+
VarQ[ψ0(Y )]

m

]2
.

Theorem 18 shows that kernel plugin estimator of T0 achieves the same minimax convergence rate
as the wavelet estimators analyzed in Theorems 10 and 17, when d 6= 2. In contrast, when d = 2,
Theorem 18 exhibits an improved convergence rate, scaling as log n/n instead of (log n)2/n, which

we now briefly discuss. This rate arises from our upper bound on EW 2
2 (P̂

(ker)
n , P ) in Lemma 46,
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which makes use of the inequality (18) comparing W2 to a negative-order homogeneous Sobolev
norm (Peyre, 2018). This last implies

W2(P̂
(ker)
n , P ) . ‖p̂(ker)n − p‖Ḣ−1(Td) ≍ ‖p̂(ker)n − p‖B−1

2,2(T
d). (36)

In contrast, when P ∈ Pac([0, 1]
d), our upper bounds for wavelet estimators (and implicitly for

empirical estimators in Corollary 8) employed the following distinct relation, arising from the work
of Weed and Berthet (2019),

W2(P̂
(bc)
n , P ) . ‖p̂(bc)n − p‖B−1

2,1([0,1]
d), (37)

and similarly for the estimator P̂
(per)
n . It can be seen that the B−1

2,2 norm is weaker than the B−1
2,1

norm. While either of these norms provide sufficiently tight upper bounds in equations (36) and (37)
to obtain the minimax rate for density estimation in Wasserstein distance when d 6= 2, the former
allows for a tighter logarithmic factor to be derived when d = 2. Inspired by the celebrated Ajtai–
Komlós–Tusnády matching theorem (Ajtai et al., 1984; Talagrand, 1992), it is natural to conjecture
that the rate log n/n in the definition of RK,n(α) cannot be further improved when d = 2, for any
of the conclusions of Theorem 18.

Theorem 18 is proved in Appendix I, where the main difficulty is to show that the evaluation

L(Q̂
(ker)
m ), of the linear functional L from equation (16), has bias decaying at the quadratic rate

h2αm . As for our analysis of wavelet estimators, this rate improves upon the naive upper bound

|EL(Q̂(ker)
m )| . hα−1

m , which could have been deduced from the traditional bias of kernel density
estimators in estimating an (α− 1)-Hölder continuous density (Tsybakov, 2008). Similar consider-
ations arise in the analysis of kernel-based estimators for other important functionals, such as the
integral of a squared density (Giné and Nickl, 2008).

5 Efficient Statistical Inference for Wasserstein Distances

We now complement our results on estimation rates for Wasserstein distances by deriving limit laws,
in Section 5.1, for the plugin estimators studied in Sections 3–4. We then derive lower bounds in
Section 5.2, which show that these estimators are asymptotically efficient under suitable conditions.

5.1 Central Limit Theorems for Smooth Wasserstein Distances

Recall that we respectively denote by Pn, P̂
(bc)
n , P̂

(ker)
n , P̂

(per)
n the empirical measure and the dis-

tributions induced by the boundary-corrected, periodic, and kernel density estimators of p (and
similarly for q), as defined in Sections 3–4. Given a smoothness parameter α > 1 to be specified,
let their tuning parameters be chosen as 2Jn ≍ h−1

n ≍ n1/(d+2(α−1)), and assume that the kernel K
satisfies condition K1(2α, κ) for some κ > 0. Furthermore, in what follows, X1, . . . , Xn ∼ P and
Y1, . . . , Ym ∼ Q denote i.i.d. samples which are independent of each other, and we write

σ2ρ = (1− ρ)VarP [φ0(X)] + ρVarQ[ψ0(Y )], for any ρ ∈ [0, 1],

where we recall that φ0 = ‖ · ‖2 − 2ϕ0 and ψ0 = ‖ · ‖2 − 2ϕ∗
0, for any Brenier potential ϕ0 in the

optimal transport problem from P to Q. Our main result will be to derive one- and two-sample
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central limit theorems based on the various estimators P̂n and Q̂m under consideration, which take
the following form:

√
n
(
W 2

2 (P̂n, Q)−W 2
2 (P,Q)

)
 N(0, σ20), as n→ ∞, and (38)

√
nm

n+m

(
W 2

2 (P̂n, Q̂m)−W 2
2 (P,Q)

)
 N(0, σ2ρ), as n,m→ ∞,

n

n+m
→ ρ, (39)

for some ρ ∈ [0, 1]. Our main result is the following.

Theorem 19 (Central Limit Theorems). Let Ω denote T
d or [0, 1]d. Assume that P,Q ∈ Pac(Ω)

admit positive and bounded densities p, q over Ω. Then, the following assertions hold.

(i) (Density Estimation over the Torus) Let Ω = T
d and assume p, q ∈ Cα−1(Ω) for some α > 1,

α 6∈ N, satisfying 2(α+ 1) > d. Then, equations (38)–(39) hold when

(P̂n, Q̂m) = (P̂ (ker)
n , Q̂(ker)

m ), or (P̂n, Q̂m) = (P̂ (per)
n , Q̂(per)

m ).

(ii) (Density Estimation over the Hypercube) Let Ω = [0, 1]d, and assume p, q ∈ Cα−1(Ω) for
some α > 1 satisfying 2(α + 1) > d. Assume additionally that ϕ0, ϕ

∗
0 ∈ Cα+1(Ω). Then,

equations (38)–(39) hold when

(P̂n, Q̂m) = (P̂ (bc)
n , Q̂(bc)

m ).

(iii) (Empirical Measures) Let Ω be either T
d or [0, 1]d. Assume d ≤ 3, and that ϕ0, ϕ

∗
0 ∈ C2(Ω).

Then equations (38)–(39) hold when

(P̂n, Q̂m) = (Pn, Qm).

To the best of our knowledge, Theorem 19 provides the first known central limit theorems
for plugin estimators of the squared Wasserstein distance in arbitrary dimension d ≥ 1 which are
centered at their population counterpart W 2

2 (P,Q). We emphasize that the parametric scaling in
the above result is made possible by the smoothness condition 2(α + 1) > d. We do not generally
expect that a central limit theorem for W 2

2 (P̂n, Q) centered at W 2
2 (P,Q) can be obtained when

d > 2(α + 1), as we then expect the squared bias of this estimator to dominate its variance (cf.
Theorems 10 and 17). In contrast, even in the absence of any smoothness conditions, del Barrio
and Loubes (2019) derived limit laws of the form

√
n
(
W 2

2 (Pn, Q)− EW 2
2 (Pn, Q)

)
 N(0,Var[φ0(X)]), n→ ∞, (40)

and two-sample analogues, for any d ≥ 1. While such results are important and hold under milder
regularity conditions than those of Theorem 19(v), their centering sequence is a barrier to their use
for statistical inference for Wasserstein distances.

The proof of Theorem 19 is a consequence of the stability bounds in Theorem 6 and Proposi-
tion 12, which we use to show that W 2

2 (P̂n, Q)−W 2
2 (P,Q) asymptotically has same distribution as

the linear functional F (P̂n) =
∫
φ0d(P̂n−P ), under the stated smoothness conditions. We defer the

proof to Appendix J. Though our arguments differ significantly from those used by del Barrio and
Loubes (2019), this same linear functional also plays an important role in their work. Indeed, they
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prove that nVar[W 2
2 (Pn, Q)−F (Pn)] = o(1) under mild conditions. In Appendix L, we provide an

alternate proof of Theorem 19 which does not make use of our stability bounds, and which instead
combines a generalization of the proof strategy of del Barrio and Loubes (2019), together with our
convergence rates for optimal transport maps in Theorems 10, 17 and 18.

The variance σ2ρ is positive if and only if φ0 and ψ0 are non-constant, which is equivalent to
T0 being different than the identity map. Thus, the distributional limits in Theorem 19 are non-
degenerate whenever P 6= Q. When P = Q, it could already have been deduced from Lemma 30

that, for instance, the correct scaling for the process W 2
2 (P̂

(bc)
n , Q) is of larger order than

√
n, and

we leave open the question of obtaining limit laws under this regime.
The variances appearing in Theorem 19 can be consistently estimated using estimators for

the Kantorovich potentials φ0 and ψ0. Notice that the majority of our optimal transport map
estimators in Sections 3–4 take the form T̂ = ∇ϕ̂ for a convex Brenier potential ϕ̂, in which case
(‖ · ‖2 − 2ϕ̂, ‖ · ‖2 − 2ϕ̂∗) forms a natural estimator for the pair (φ0, ψ0). This estimator turns out
to be consistent in most cases that we considered, and leads to the following result, which we only
state for the setting of Theorem 19(i) in the interest of brevity.

Corollary 20 (Variance Estimation). Let P,Q ∈ Pac(T
d) be distributions with positive densities

p, q over Td, and suppose p, q ∈ Cα−1(Td) for some α > 1. Furthermore, let T̂nm = ∇ϕ̂nm denote the

optimal transport map from P̂
(ker)
n to Q̂

(ker)
m , and set (φ̂nm, ψ̂nm) = (‖·‖2−2ϕ̂nm, ‖·‖2−2ϕ̂∗

nm). Then,
as n,m→ ∞,

σ̂20,nm := VarU∼Pn [φ̂nm(U)]
p−→ σ20, and, σ̂21,nm := VarV∼Qm [ψ̂nm(V )]

p−→ σ21.

Letting σ̂2nm =
mσ̂2

0,nm+nσ̂2
1,nm

n+m , we deduce from Theorem 19(i) and Corollary 20 that

W 2
2 (P̂

(ker)
n , Q̂(ker)

m )± σ̂nmzδ/2

√
n+m

nm

is an asymptotic, two-sample (1 − δ)-confidence interval for W 2
2 (P,Q) under the conditions of

Corollary 20, and under the additional condition P 6= Q. Here zδ/2 denotes the δ/2 quantile
of the standard Gaussian distribution, for any δ ∈ (0, 1). To the best of our knowledge, this is
the first practical confidence interval for the Wasserstein distance between absolutely continuous
distributions in general dimension, albeit under the strong smoothness condition 2(α + 1) > d.
Similar confidence intervals can be obtained for the Wasserstein distance over the unit hypercube
[0, 1]d, by replacing T̂nm with the estimator T̂LS

nm defined in Section 4.2. In the sequel, we further
derive efficiency lower bounds, showing that the asymptotic variances appearing in these results
cannot be improved by any other regular estimator of W 2

2 (P,Q).

5.2 Efficiency Lower Bounds for Estimating the Wasserstein Distance

In discussing semiparametric efficiency theory, we follow the definitions and notation of van der
Vaart (1998, 2002). We begin with a derivation of the efficient influence function of the functional

ΦQ : P(Ω) → R, ΦQ(P ) =W 2
2 (P,Q),

where Ω is either Td or a subset of Rd, and Q ∈ Pac(Ω) is given. Santambrogio (2015, Proposition
7.17) has previously derived the first variation of this functional. The following result generalizes
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their argument, and states it in a language suitable for our development.

Lemma 21 (Efficient Influence Function). Let Ω be T
d or any connected and compact subset of

R
d, and let P,Q ∈ Pac(Ω). Assume that the density of at least one of P and Q is positive over Ω.

Let (φ0, ψ0) denote a pair of Kantorovich potentials in the optimal transport problem from P to Q,
uniquely defined up to translation by a constant, and define the map

Φ̃(P,Q)(x) = φ0(x)−
∫
φ0dP, x ∈ Ω.

Let ṖP ⊆ L2
0(P ) be any tangent set containing Φ̃(P,Q). Then, the functional ΦQ is differentiable

relative to ṖP , with efficient influence function given by Φ̃(P,Q).

Lemma 21 is proved in Appendix K. The assumption that P or Q have support equal to Ω
is only used to ensure that φ0 is unique, up to translation by a constant (cf. Proposition 7.18
of Santambrogio (2015)). While this condition is not necessary (Staudt et al., 2022), we retain it
for simplicity since we require it for our upper bounds.

By combining this result with the Convolution Theorem (van der Vaart (1998), Theorem 25.20),
it immediately follows that any regular estimator sequence of ΦQ(P ) has asymptotic variance
bounded below by VarP [φ0(X)]/n. The one-sample plugin estimators in Theorem 19 are thus
optimal among regular estimators.

We next complement this result with an asymptotic minimax lower bound, which relaxes the
assumption of regularity of such estimator sequences, at the expense of only comparing their worst-
case risk. In this case, we also provide lower bounds for the two-sample functional

Ψ : P(Ω)× P(Ω) → R, Ψ(P,Q) =W 2
2 (P,Q).

Using a construction of van der Vaart (1998), we fix two differentiable paths (Pt,h1)t≥0 and (Qt,h2)t≥0,

for any (h1, h2) ∈ R
2, with respective score functions h1Φ̃(P,Q) and h2Ψ̃(P,Q), where Ψ̃(P,Q)(y) :=

ψ0(y)−
∫
ψ0dQ. These paths are defined in equations (104–105) of Appendix K, and we use them

to obtain the following asymptotic minimax lower bound.

Theorem 22 (Asymptotic Minimax Lower Bound over T
d). Given M,γ > 0 and α > 1, let

P,Q ∈ Pac(T
d) admit densities p, q ∈ Cα−1(Td;M,γ). Let (φ0, ψ0) denote a pair of Kantorovich

potentials between P and Q, unique up to translation by a constant. Then, there exist M,γ, u > 0,
depending only on M,γ, α, such that Pt,h1 and Qt,h2 admit densities in Cα−1(Td;M,γ), for all t > 0
and h1, h2 ∈ R satisfying t(|h1| ∨ |h2|) ≤ u. Furthermore,

(i) (One Sample) For any estimator sequence (Un)n≥1, we have

sup
I⊆R

|I|<∞

lim inf
n→∞

sup
h∈I

nEn,h
∣∣Un − ΦQ(Pn−1/2,h)

∣∣2 ≥ VarP [φ0(X)].

where En,h denotes the expectation taken over the probability measure P⊗n
n−1/2,h

.
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(ii) (Two Sample) For any estimator sequence (Unm)n,m≥1, we have

sup
I⊆R

2

|I|<∞

lim inf
n,m→∞

sup
(h1,h2)∈I

nm

n+m
En,m,h1,h2

∣∣∣Unm −Ψ(Pn−1/2,h1
, Qm−1/2,h2

)
∣∣∣
2

≥ (1− ρ)VarP [φ0(X)] + ρVarQ[ψ0(Y )],

where the limit inferior is taken as n/(n + m) → ρ ∈ [0, 1], and En,m,h1,h2 denotes the
expectation taken over the probability measure P⊗n

n−1/2,h1
⊗Q⊗m

m−1/2,h2
.

The proof of Theorem 22 appears in Appendix K. For technical purposes, our statement assumes
that P,Q admit densities lying in a strict subset Cα−1(Td;M,γ) of Cα−1(Td;M,γ), the latter being
the class in which our differentiable paths are shown to lie. With this caveat, our plugin estimators
achieve the asymptotic minimax lower bounds of Theorem 22. For example, under the conditions
of Theorems 18, when 2(α+ 1) > d we deduce that

sup
I⊆R

2

|I|<∞

lim inf
n,m→∞

sup
(h1,h2)∈I

nm

n+m
En,m,h1,h2

∣∣∣Ψ(P̂ (ker)
n , Q̂(ker)

m )−Ψ(Pn−1/2,h1
, Qm−1/2,h2

)
∣∣∣
2

= (1− ρ)VarP [φ0(X)] + ρVarQ[ψ0(Y )],

and a similar assertion holds for the periodic wavelet estimators P̂
(per)
n , Q̂

(per)
m .

It can be verified that Theorem 22 continues to hold with T
d replaced by [0, 1]d, under the

additional condition that ϕ0, ϕ
∗
0 ∈ Cα+1([0, 1]d). We were unable, however, to derive differentiable

paths Qt,h = (∇ϕt,h)#Pt,h which simultaneously satisfy the Hölder continuity properties of Theo-
rem 22 while also having Brenier potentials ϕt,h, ϕ

∗
t,h with uniformly bounded Cα+1([0, 1]d) norm.

We therefore leave open the question of whether our estimators over [0, 1]d are asymptotically
minimax optimal.

6 Discussion

We have shown that several families of plugin estimators for smooth optimal transport maps are
minimax optimal. Our analysis hinged upon stability arguments which relate this problem to
that of estimating the Wasserstein distance between two distributions, and, in turn, to that of
estimating a distribution under the Wasserstein distance. The latter question is well-studied in the
literature, and formed a key component in deriving convergence rates for the former two problems.
As a byproduct of our stability results, we derived central limit theorems and efficiency lower
bounds for estimating the Wasserstein distance between any two sufficiently smooth distributions.
These results lead to the first practical confidence intervals for the Wasserstein distance in general
dimension.

The estimators in this work are simple to compute and minimax optimal, but we make no claim
that their computational efficiency is optimal. For example, our plugin estimators of the Wasserstein
distance between (α− 1)-smooth densities can be approximated by sampling N observations from
our density estimators, and computing the Wasserstein distance between the empirical measures
formed by these observations, which can be done in polynomial time with respect to N (Peyré et al.,
2019). In order for this approximation to achieve comparable risk to our theoretical estimators in
the high-smoothness regime α & d, one must take N ≍ ncd for some c ≥ 1. Our estimator
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thus requires computation time depending exponentially on d. Vacher et al. (2021) analyzed an
alternative estimator with more favorable computational properties; though their estimator is not
minimax optimal, it can be computed in polynomial time if α & d. It is an interesting open question
to derive polynomial-time estimators in d which are also minimax optimal.

In our analysis of smooth two-sample optimal transport map estimators, we required the fitted
optimal transport map to be twice Hölder-smooth, for which we appealed to Caffarelli’s regularity
theory. Since we do not know whether Caffarelli’s boundary regularity estimates hold uniformly
in the various problem parameters, we resorted to working over T

d, where a uniform analogue of
Caffarelli’s theory is available (cf. Theorem 5). We leave open the question of bounding the risk of
our estimators when the sampling domain is a subset of Rd.

Finally, our work leaves open the question of estimating optimal transport maps when the
ground cost function is not the squared Euclidean norm. While each of the plugin estimators in
this paper can be naturally defined for generic cost functions, their theoretical analysis presents a
breadth of challenges. For example, although the regularity theory of Caffarelli has been generalized
to cover a large collection of cost functions (Ma et al., 2005), this collection does not include the
costs ‖ ·‖p for p 6= 2 and p > 1, which are arguably most widely-used in statistical applications. For
such costs, it remains unclear what regularity conditions are sensible to place on the population
optimal transport map in order to obtain analogues of our risk bounds, and we hope to explore
such questions in future work.

A Smoothness Classes and Wavelet Density Estimation

In this Appendix, we collect several definitions and properties of Hölder spaces, Besov spaces, and
Sobolev Spaces, as well as properties of wavelet and kernel density estimators.

A.1 Hölder Spaces

Given a closed set Ω ⊆ R
d, let Cu(Ω) denote the set of uniformly continuous real-valued functions

on Ω. For any function f : Ω → R which is differentiable up to order k ≥ 1 in the interior of Ω,
and any multi-index γ ∈ N

d, we write |γ| =∑d
i=1 γi, and for all |γ| ≤ k,

Dγf =
∂|γ|f

∂xγ11 . . . ∂xγdd
.

Given α ≥ 0, the Hölder space Cα(Ω) is defined as the set of functions f ∈ Cu(Ω) which are
differentiable to order ⌊α⌋ in the interior of Ω, with derivatives extending continuously up to the
boundary of Ω, and such that the Hölder norm

‖f‖Cα(Ω) =

⌊α⌋∑

j=0

sup
|γ|=j

‖Dγf‖∞ +
∑

|γ|=⌊α⌋

sup
x,y∈Ω◦

x 6=y

|Dγf(x)−Dγf(y)|
‖x− y‖α−⌊α⌋

is finite. Furthermore, for any α ≥ 0, Cα(Td) (resp. Cu(Td)) is defined as the set of Zd-periodic
functions f : Rd → R such that f ∈ Cα(Rd) (resp. f ∈ Cu(Rd)).

Recall that Cα(Ω;λ) denotes the closed Cα(Ω) ball of radius λ > 0. We occasionally use the
following simple observation.
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Lemma 23. Let Ω be T
d or a closed subset of Rd. Then, for all λ, α > 0, there exists a constant

Cλ,α > 0 such that
sup

f,g∈Cα(Ω;λ)
‖fg‖Cα(Ω) ≤ Cλ,α.

Lemma 23 is stated for α < 1 by Gilbarg and Trudinger (2001, equation (4.7)), and can easily
be extended to all α ≥ 1 using the general Leibniz rule.

A.2 Wavelets and Besov Spaces

Recall that in Sections 3.3 and 4.3, we made use of the boundary-corrected wavelet system Ψbc over
the unit cube [0, 1]d, and of the periodic wavelet system Ψper over the flat torus Td. In this section,
we provide further descriptions and properties of these wavelet bases, before turning to definitions
and characterizations of Besov spaces over [0, 1]d and T

d. For concreteness, we describe these
constructions in terms of the compactly-supported N -th Daubechies scaling and wavelet functions
ζ0, ξ0 ∈ Cr(Rd), where r = 0.18(N − 1) for an integer N ≥ 2 (Daubechies (1988); Giné and Nickl
(2016), Theorem 4.2.10). We also extend this definition to the case N = 1 by taking ζ0, ξ0 to be
the (discontinuous) Haar functions (Giné and Nickl (2016), p. 298). Throughout the sequel and
throughout the main manuscript, whenever we work with a Besov space Bsp,q or a Hölder space Cs
with s > 0, we tacitly assume that the parameter N is chosen such that the regularity r is strictly
greater than the parameters ⌈s⌉ or α, in which case it must at least hold that N ≥ 2.

Our exposition closely follows that of Giné and Nickl (2016), and we also refer the reader
to Cohen et al. (1993); Cohen (2003); Härdle et al. (2012) and references therein for further details.

A.2.1 Boundary-Corrected Wavelets on [0, 1]d

It is well-known that the N -th Daubechies wavelet system

ζ0k = ζ0(· − k), ξ0jk = 2
j
2 ξ0(2

j(·)− k), j ≥ 0, k ∈ Z,

forms a basis of L2(R), with the property that {ζ0k : k ∈ Z} spans all polynomials on R of
degree at most N − 1. While this family may easily be periodized to obtain a basis for L2([0, 1]),
as in the following subsection, doing so may not accurately reflect the regularity of functions
in L2([0, 1]) via the decay of their wavelet coefficients, near the boundaries of the interval. This
consideration motivated Meyer (1991) and Cohen et al. (1993) to introduce the so-called boundary-
corrected wavelet system on [0, 1], which preserves the standard Daubechies scaling functions lying
sufficiently far from the boundaries of the interval, and adds edge scaling functions such that their
union continues to span all polynomials up to degree N − 1 on [0, 1]. In short, given a fixed integer
j0 ≥ log2N , the construction of Cohen et al. (1993) leads to smooth scaling and wavelet edge basis
functions

ζ left0j0k
, ξleft0j0k

supported in [0, (2N − 1)/2j0 ],

ζright0j0k
, ξright0j0k

supported in [1− (2N − 1)/2j0 , 1], k = 0, . . . , N − 1.

In this case, if one defines,

ζa0jk = 2
j−j0

2 ζa0j0k
(
2j−j0(·)

)
, ξa0jk = 2

j−j0
2 ξa0j0k

(
2j−j0(·)

)
, for all j ≥ j0, a ∈ {left, right},
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then the family

Φbc
0 ={ζbc0j0k : 0 ≤ k ≤ 2j0 − 1}=

{
ζ left0j0k, ζ

right
0j0k

, ζ0m : 0 ≤ k ≤ N − 1, N ≤ m ≤ 2j0 −N − 1
}
,

Ψbc
0 ={ξbc0jk : 0 ≤ k ≤ 2j − 1, j ≥ j0}
=
{
ξleft0jk, ξ

right
0jk , ξ0jm : 0 ≤ k ≤ N − 1, N ≤ m ≤ 2j0 −N − 1, j ≥ j0

}
,

form an orthonormal basis of L2([0, 1]), with the property that Φbc spans all polynomials on [0, 1]
of degree at most N − 1. We then define a tensor product wavelet basis of L2([0, 1]d) by setting for
all j ≥ j0 and all ℓ = (ℓ1, . . . , ℓd) ∈ {0, 1}d \ {0},

ζbcj0k(x) =
d∏

i=1

ζbc0j0ki(xi), and ξbcjkℓ(x) =
∏

i:ℓi=0

ζbc0jki(xi)
∏

i:ℓi=1

ξbc0jki(xi), x ∈ [0, 1]d,

where in the definition of ζbcj0k, the index k = (k1, . . . , kd) ranges over K(j0) := {1, . . . , 2j0 − 1}d,
while in the definition of ξbcjkℓ, k ranges over K(j). In this case, the wavelet system

Ψbc = Φbc ∪
∞⋃

j=j0

Ψbc
j , Φbc = {ζbcj0k : k ∈ K(j0)}, Ψbc

j = {ξbcjkℓ : k ∈ K(j)}, j ≥ j0,

announced in Section 3.3 forms a basis of L2([0, 1]d). We sometimes make use of the abbreviation
Ψj0−1 = Φ.

A.2.2 Periodic Wavelets on T
d

When working over Td, a simpler construction may be used due to the periodicity of the functions
involved. Denote the periodization on T of dilations of the maps ζ0, ξ0 by

ζper0 =
∑

k∈Z

ζ0(· − k) = 1, ξper0j =
∑

k∈Z

2j/2ξ0(2
j(· − k)), j ≥ 0.

In this case, the collection

Ψper
0 =

{
1, ξper0jk = ξper0j (· − 2−jk) : 0 ≤ k ≤ 2j − 1, j ≥ 0

}

forms an orthonormal basis of L2(T), which may again be extended to L2(Td) using tensor product
wavelets. Specifically, if ξperjkℓ =

∏d
i=1(ξ

per
jk )ℓi for all ℓ = (ℓ1, . . . , ℓd) ∈ {0, 1}d \ {0}, then

Ψper = {1} ∪
∞⋃

j=0

Ψper
j , with Ψper

j =
{
ξjkℓ : k ∈ K(j), ℓ ∈ {0, 1}d \ {0}

}
, j ≥ 0,

forms an orthonormal basis of L2(Td) (Daubechies (1992), Section 9.3; Giné and Nickl (2016),
Section 4.3).
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A.2.3 Properties of Boundary-Corrected and Periodic Wavelet Systems

In both of the preceding constructions, one obtains a family Φ of scaling functions and a sequence
of families (Ψj)j≥j0 of wavelet functions, such that

Φ = Ψj0−1 = {ζk : k ∈ K(j0)} =

{
Φbc, Ψ = Ψbc

{1}, Ψ = Ψper,

Ψj = {ξjkℓ : k ∈ K(j), ℓ ∈ {0, 1}d \ {0}} =

{
Ψbc
j , Ψ = Ψbc

Ψper
j , Ψ = Ψper,

j ≥ j0,

j0 =

{
⌈log2N⌉, Ψ = Ψbc

0, Ψ = Ψper,

K(j) = {0, . . . , 2j − 1}d, j ≥ j0.

In both cases, the wavelet system is defined over a domain Ω, which is to be understood as either
[0, 1]d in the boundary-corrected case, or as T

d (which itself may be identified with (0, 1]d) in the
periodic case. In either of these settings, the wavelet system

Ψ = Φ ∪
∞⋃

j=j0

Ψj (41)

forms a basis of L2(Ω). The following simple result collects several properties and definitions which
are common to both of the above bases.

Lemma 24. Let N ≥ 1. There exist constants C1, C2 ≥ 1 depending only on N, d and on the
choice of basis Ψ ∈ {Ψbc,Ψper} such that the following properties hold.

(i) |Φ| ≤ C1, |Ψj | ≤ C22
dj for all j ≥ j0.

(ii) For all j ≥ j0 and ξ ∈ Ψj, there exists a rectangle Iξ ⊆ Ω such that diam(Iξ) ≤ C12
−j,

supp(ξj) ⊆ Iξ, and
∥∥∥
∑

ξ∈Ψj
I(· ∈ Iξ)

∥∥∥
L∞

≤ C2.

(iii) ξ ∈ Cr(Ω) for all ξ ∈ Ψ.

(iv) Polynomials of degree at most N − 1 over Ω lie in Span(Φ).

(v) If N ≥ 2, we have,

sup
0≤|γ|≤⌊r⌋

sup
ζ∈Φ

‖Dγζ‖L∞ ≤ C1, sup
0≤|γ|≤⌊r⌋

sup
j≥j0

sup
ξ∈Ψj

2−j(
d
2
+|γ|) ‖Dγξ‖L∞ ≤ C2.

A.2.4 Besov Spaces

We next define the Besov spaces Bsp,q(Ω), for s > 0, p, q ≥ 1. Once again, Ω is understood to be

one of [0, 1]d or Td, and Ψ is understood to be the corresponding wavelet basis as in equation (41).
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Let f ∈ Lp(Ω) admit the wavelet expansion

f =
∑

ζ∈Φ

βζζ +
∞∑

j=j0

∑

ξ∈Ψj

βξξ, over Ω,

with convergence in Lp(Ω), where βξ =
∫
ξf for all ξ ∈ Ψ. Then, the Besov norm of f may be

defined by

‖f‖Bs
p,q(Ω) = ‖(βζ)ζ∈Φ‖ℓp +

∥∥∥∥
(
2
j(s+ d

2
− d

p
) ∥∥(βξ)ξ∈Ψj

∥∥
ℓp

)
j≥j0

∥∥∥∥
ℓq

, (42)

and we define

Bsp,q(Ω) =





{
f ∈ Lp(Ω) : ‖f‖Bs

p,q(Ω) <∞
}
, 1 ≤ p <∞{

f ∈ Cu(Ω) : ‖f‖Bs
p,q(Ω) <∞

}
, p = ∞.

We extend the above definition to s < 0 by the duality Bsp′,q′(Ω) =
(
B−s
p,q(Ω)

)∗
, where 1

p′ +
1
p =

1
q′ +

1
q = 1. It can be shown that the resulting norm on the space Bsp′,q′(Ω) is equivalent to the

sequence norm ‖ · ‖Bs
p′,q′

(Ω) in equation (42) (cf. Cohen (2003), Theroem 3.8.1), thus we extend its

definition to s < 0.
We shall often make use of Besov spaces in order to characterize Hölder continuous functions

in terms of the decay of their wavelet coefficients, via the following classical result.

Lemma 25. For all 0 < s < r, and d ≥ 1, we have

Cs([0, 1]d) ⊆ Bs∞,∞([0, 1]d), Cs(Td) ⊆ Bs∞,∞(Td), (43)

and there exist C1, C2 > 0 such that

‖·‖Bs
∞,∞([0,1]d) ≤ C1 ‖·‖Cs([0,1]d) , ‖·‖Bs

∞,∞(Td) ≤ C2 ‖·‖Cs(Td) .

If s 6∈ N, then equation (43) holds with equalities, and with equivalent norms.

An analogue of Lemma 25 is well-known to hold for the Daubechies wavelet system over R
d,

in which case it can readily be proven using an equivalent characterization of Besov spaces in
terms of moduli of smoothness (Giné and Nickl (2016), Section 4.3.1). Such characterizations are
also available for the periodized and boundary-corrected wavelet systems (Giné and Nickl (2016),
Theorem 4.3.26 and discussions in Sections 4.3.5–4.3.6), and at least in the periodized case can be
shown to lead to Lemma 25 (Giné and Nickl (2016), equation (4.167)). For the boundary-corrected
case, Lemma 25 is known to hold in the special case d = 1 (Cohen et al. (1993), Theorem 4; Giné
and Nickl (2016), equation (4.152)), but we do not know of a reference stating this precise result
when d > 1, in part due to the potential ambiguity of defining the Hölder space Cs([0, 1]d) over the
closed set [0, 1]d. We thus provide a self-contained proof of Lemma 25 in the boundary-corrected
case for completeness, using standard arguments.
Proof of Lemma 25 (Boundary-Corrected Case). Let Ω = [0, 1]d. Suppose first that f ∈
Bs∞,∞(Ω) for some s 6∈ N, with wavelet expansion

f =
∑

ζ∈Φbc

βζζ +

∞∑

j=j0

∑

ξ∈Ψbc
j

βξξ.
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We wish to show that ‖f‖Cs(Ω) . ‖f‖Bs
∞,∞(Ω). By Lemma 24, ξ ∈ Cr(Ω) for all ξ ∈ Ψbc, where

recall that s < r, thus we may define the map

fγ =
∑

ζ∈Φbc

βζD
γζ +

∞∑

j=j0

∑

ξ∈Ψbc
j

βξD
γξ, for all 0 ≤ |γ| ≤ ⌊s⌋.

Notice that ‖Dγζ‖L∞ . 1 for all ζ ∈ Φbc, and for all j ≥ j0, k ∈ K(j), ℓ ∈ {0, 1}d \ {0},

Dγξbcjkℓ = 2(j−j0)(
d
2
+|γ|)Dγξbcj0kℓ(2

j−j0(·))

Then, it follows from Lemma 24 that for all x ∈ Ω◦,

|fγ(x)| ≤
∑

ζ∈Φbc

|βζDγζ(x)|+
∞∑

j=j0

∑

ξ∈Ψbc
j

|βξDγξ(x)|

.
∥∥(βζ)ζ∈Φbc

∥∥
ℓ∞

|Φbc|+
∞∑

j=j0

‖(βξ)ξ∈Ψbc
j
‖ℓ∞2(j−j0)(

d
2
+|γ|)

∑

ξ∈Ψbc
j

I(|ξ(x)| > 0)

.
∥∥(βζ)ζ∈Φbc

∥∥
ℓ∞

+

∞∑

j=j0

2j(
d
2
+|γ|)‖(βξ)ξ∈Ψbc

j
‖ℓ∞

.
∥∥(βζ)ζ∈Φbc

∥∥
ℓ∞

+

∥∥∥∥
(
2j(

d
2
+s)‖(βξ)ξ∈Ψbc

j
‖ℓ∞
)
j≥j0

∥∥∥∥
ℓ∞

∞∑

j=j0

2
(|γ|−s)j

2 . ‖f‖Bs
∞,∞(Ω) , (44)

where on the final line, we used the fact that s is not an integer, thus |γ| < s. An analogous
calculation reveals that the series defining fγ converges uniformly for any 0 ≤ |γ| ≤ ⌊s⌋, thus it
must follow that f is differentiable up to order ⌊s⌋ with derivatives given by Dγf = fγ , which by
equation (44) must satisfy |Dγf(x)| ≤ C ‖f‖Bs

∞,∞(Ω) for all x ∈ Ω◦, for a constant C > 0 depending

only on d and r We next prove that Dγf is uniformly (s− ⌊s⌋)-Hölder continuous over Ω◦, for all
|γ| = ⌊s⌋. For all x, y ∈ Ω◦, we have,

|Dγf(x)−Dγf(y)| ≤
∑

ζ∈Φbc

|βζ ||Dγζ(x)−Dγζ(y)|+
∞∑

j=j0

∑

ξ∈Ψbc
j

|βξ||Dγξ(x)−Dγξ(y)|.

Since ζ ∈ Cr(Ω) for all ζ ∈ Φbc,

∑

ζ∈Φbc

|βζ ||Dγζ(x)−Dγζ(y)| . ‖f‖Bs
∞,∞(Ω) |Φbc| ‖x− y‖ . ‖f‖Bs

∞,∞(Ω) ‖x− y‖ .

Furthermore, using the definition of the boundary-corrected wavelet basis and its locality property
in Lemma 24(ii), we have

∞∑

j=j0

∑

ξ∈Ψbc
j

|βξ||Dγξ(x)−Dγξ(y)|

34



=
∞∑

j=j0

2j−1∑

k=0

∑

l∈{0,1]d\{0}

|βξjkℓ |2(j−j0)(
d
2
+|γ|)|Dγξj0kℓ(2

j−j0(x))−Dγξj0kℓ(2
j−j0(y))|

.

∞∑

j=j0

‖(βξ)ξ∈Ψbc
j
‖ℓ∞2(j−j0)(

d
2
+|γ|)(‖2j−j0x− 2j−j0y‖ ∧ 1

) ∑

ξ∈Ψbc
j

I(|ξ(x)| ∨ |ξ(y)| > 0)

.

∞∑

j=j0

‖(βξ)ξ∈Ψbc
j
‖ℓ∞2(j−j0)(

d
2
+|γ|)(2j−j0‖x− y‖ ∧ 1

)

.

∞∑

j=0

‖(βξ)ξ∈Ψbc
j+j0

‖ℓ∞2j(
d
2
+|γ|)(2j‖x− y‖ ∧ 1

)

.

J(x,y)∑

j=0

‖(βξ)ξ∈Ψbc
j+j0

‖ℓ∞2j(
d
2
+|γ|+1)‖x− y‖+

∞∑

j=J(x,y)

‖(βξ)ξ∈Ψbc
j+j0

‖ℓ∞2j(
d
2
+|γ|),

where J(x, y) is the smallest integer j ≥ 0 such that 2j |x− y| ≥ 1; in particular,

2−J(x,y) ≤ ‖x− y‖ ≤ 2−J(x,y)+1 (45)

Now, since 2j(
d
2
+s)‖(βξ)ξ∈Ψbc

j+j0

‖ℓ∞ ≤ ‖f‖Bs
∞,∞(Ω) <∞, and since |γ| < s 6∈ N, we obtain

‖f‖−1
Bs
∞,∞(Ω)|Dγf(x)−Dγf(y)| . ‖x− y‖

J(x,y)∑

j=0

2j(|γ|−s+1) +
∞∑

j=J(x,y)

2j(|γ|−s)

. ‖x− y‖2J(x,y)(|γ|−s+1) + 2J(x,y)(|γ|−s) . ‖x− y‖s−|γ| ,

where the final inequality is due to equation (45). It readily follows that ‖f‖Cs(Ω) . ‖f‖Bs
∞,∞(Ω).

Furthermore, since Dγf is uniformly Hölder continuous over (0, 1)d, it is in particular uniformly
continuous and hence extends to a continuous function over [0, 1]d, thus f ∈ Cs([0, 1]d). We next
show that Cs([0, 1]d) ⊆ Bs∞,∞([0, 1]d) for all s > 0, with the requisite Hölder norms. Assume

‖f‖Cs(Ω) <∞, and let βξ =
∫
fξ for all ξ ∈ Ψbc. By definition of the Besov norm, it will suffice to

prove that

∥∥(βζ)ζ∈Φbc‖ . ‖f‖Cs([0,1]d) ,
∥∥(βξ)ξ∈Ψbc

j
‖ . ‖f‖Cs([0,1]d) 2

−j( d
2
+s), j ≥ j0.

The first bound is immediate, since f is bounded above by ‖f‖Cs([0,1]d) over [0, 1]d. To prove the

second bound, let x0 ∈ (0, 1)d, and let s denote the largest integer strictly less than s. By a Taylor
expansion to order s, there exists cs > 0 such that

∣∣∣∣∣∣
f(x)−

∑

0≤|γ|≤s

Dγf(x0)(x− x0)
γ

∣∣∣∣∣∣
≤ cs ‖f‖Cs(Ω) ‖x− x0‖s , x ∈ Ω, (46)

where (x − x0)
γ =

∏d
i=1(xi − x0i)

γi . In particular, for any given ξ ∈ Ψbc
j , j ≥ j0, choose x0 ∈

Iξ ∩ (0, 1)d, where diam(Iξ) . 2−j and Iξ is a set containing the support of ξ, as defined in
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Lemma 24(ii). We then have,

∣∣∣∣
∫
ξf

∣∣∣∣ .

∣∣∣∣∣∣

∫
ξ(x)

∑

0≤|γ|≤s

Dγf(x0)(x− x0)
γdx

∣∣∣∣∣∣

+ ‖f‖Cs(Ω)

∫
|ξ(x)| ‖x− x0‖s dx = ‖f‖Cs(Ω)

∫
|ξ(x)| ‖x− x0‖s dx,

where the final equality uses the fact that polynomials of degree at most ⌊r⌋ lie in Span(Φbc) by
Lemma 24(iv), and are therefore orthogonal to ξ. We thus have,

|βξ| . ‖f‖Cs(Ω)

∫

Ω
|ξ(x)| ‖x− x0‖s dx

= ‖f‖Cs(Ω)

∫

Iξ

|ξ(x)| ‖x− x0‖s dx

. ‖f‖Cs(Ω)2
dj/2 diam(Iξ)

sL(Iξ) . ‖f‖Cs(Ω)2
−j( d

2
+s).

The claim readily follows.

A.3 Sobolev Spaces

For our analysis of the kernel plugin estimators appearing in Section 4.3, we briefly recall a Fourier
analytic description of the Sobolev spaces Hs(Td) = Bs2,2(Td) over the torus, and refer the reader
to Roe (1999); Grafakos (2009); Bahouri et al. (2011) for further details. Given a function φ ∈
L2(Td), denote its sequence of Fourier coefficients by

F [φ](ξ) =

∫
φ(x) exp(−2πix⊤ξ)dx, ξ ∈ Z

d.

If instead φ ∈ L1(Rd), we continue to denote by F [φ] the Fourier transform of φ, now defined for
all ξ ∈ R

d. The inhomogeneous Sobolev norm of order s ∈ R is defined by

‖φ‖Hs(Td) =
∥∥〈·〉sF [φ](·)

∥∥
ℓ2(Zd)

,

where 〈ξ〉 = (1 + ‖ξ‖2)1/2, and the inhomogeneous Sobolev space Hs(Td) is then defined as the
completion of C∞(Td) in the above norm. In the special case where s ∈ N, one may equivalently
write

Hs(Ω) ≡W s,2(Td) =
{
f ∈ L2(Td) : Dγf ∈ L2(Td), 0 ≤ |γ| ≤ s

}
,

where differentiation is understood in the distributional sense, and the norm ‖ · ‖Hs(Td) is then
equivalent to the norm

‖φ‖W s,2(Td) =
∑

0≤|γ|≤s

‖Dγφ‖L2(Td).

We also denote the homogeneous Sobolev seminorm of a map φ ∈ L2(Td) by

‖φ‖Ḣs(Td) =
∥∥‖ · ‖sF [φ](·)

∥∥
ℓ2(Zd)

.
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for any s ∈ R, with the convention 0/0 = 0. ‖·‖Ḣs(Td) is in fact a norm on L2
0(T

d), and we define

the homogeneous Sobolev space Ḣs(Td) as the completion of L2
0(T

d) ∩ C∞(Td) under this norm.
As before, one may equivalently write for s ∈ N,

Ḣs(Td) =
{
f ∈ L2

0(T
d) : Dγf ∈ L2(Td), |γ| = s

}
.

The following result summarizes some elementary identities (cf. Theorem 1.122 of Triebel (2006)
and Section 4.3.6 of Giné and Nickl (2016)).

Lemma 26. Let s > 0. Then, there exists a constant C > 0 depending only on d and s such that
‖ · ‖Hs(Td) ≤ C‖ · ‖Cs(Td), and hence Cs(Td) ⊆ Hs(Td). Also, for any s ∈ R,

Hs(Td) = Bs2,2(Td),

with equivalent norms.

A.4 Wavelet Density Estimation

We next state several properties of wavelet density estimators over Ω ∈ {Td, [0, 1]d}, with the
corresponding basis Ψ ∈ {Ψper,Ψbc} as in Section A.2.3. Let q ∈ L2(Ω) denote a probability
density with corresponding probability distribution Q, and with corresponding wavelet expansion

q =
∑

ζ∈Φ

βζζ +

∞∑

j=j0

∑

ξ∈Ψj

βξξ.

Given an i.i.d. sample Y1, . . . , Yn ∼ Q with corresponding empirical measure Qn = (1/n)
∑n

i=1 δYi ,
define the unnormalized and normalized wavelet density estimators of the density q of Q,

q̃n =
∑

ζ∈Φ

β̂ζζ +

Jn∑

j=j0

∑

ξ∈Ψj

β̂ξξ, q̂n =
q̃nI(q̃n ≥ 0)∫
q̃n≥0 q̃ndL

, (47)

where Jn ≥ j0 is a deterministic threshold, and β̂ξ =
∫
ξdQn for all ξ ∈ Ψj , j0 ≤ j ≤ Jn. The

following simple result guarantees that q̃n integrates to unity since q is a probability density.

Lemma 27. We have
∫
Ω q̃n = 1. In particular, it follows that

∑
ζ∈Φ β̂ζ

∫
Ω ζ = 1.

The proof of Lemma 27 appears in Appendix A.4.1. In the special case of the periodic wavelet
system, for which Φper consists only of the constant function 1, Lemma 27 implies that the cor-
responding estimated coefficient satisfies β̂1 = 1 deterministically, thus the definition of q̃n in
equation (47) coincides with that given in Section 4.3.

With this result in place, we turn to L∞ concentration results for q̃n, as well as for Besov norms
of q̃n, which we frequently use throughout our proofs. In what follows, write

qJn(y) = E[q̃Jn(y)] =
∑

ζ∈Φ

βζζ +

Jn∑

j=j0

∑

ξ∈Ψj

βξξ, y ∈ Ω.
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Lemma 28. Let N ≥ 2 and q ∈ Bs∞,∞(Ω) for some s > 0. Then, there exist constants v, b > 0
depending only on the choice of wavelet system, such that for any Jn ≥ j0, and all u > 0,

P

(
sup
ζ∈Φ

|β̂ζ − βζ | ≥ u

)
. exp

{
−nu

2

b

}
, (48)

P

(
sup
ξ∈Ψj

|β̂ξ − βξ| ≥ u

)
. 2

dj
2 exp

{
− nu2

v + 2jd/2bu

}
, j0 ≤ j ≤ Jn. (49)

Furthermore, if 2Jn = c0n
1

d+2s for some c0 > 0, then there exists a constant C > 0, depending on
c0 and on the choice of wavelet system Ψ, such that the following assertions hold.

(i) For all 0 < u ≤ 1,

P

(
‖q̃n‖Bs/2

∞,∞(Ω)
≥ u+ ‖q‖

B
s/2
∞,∞(Ω)

)
≤ CJn2

dJn exp
(
− u22sJn/C

)
.

(ii) For all 2−Jn ≤ u ≤ 1,

P
(
‖q̃n − qJn‖L∞(Ω) ≥ u

)
≤ CJn2

Jnd(d+3) exp
(
− nu22−dJn/C

)
.

Lemma 28(ii) is implicit in the proofs of almost sure L∞ bounds for wavelet estimators by
Masry (1997) and Guo and Kou (2019), as well as Giné and Nickl (2009) when d = 1. While these
results are based on wavelet estimators over Rd, they can readily be adapted to the wavelet systems
considered here, as consequences of inequalities (48)–(49). For completeness, we provide a proof of
Lemma 28(ii), along with the remaining assertions of Lemma 28, in Appendix A.4.2.

Using Lemmas 27 and 28(ii), the following result is now straightforward.

Lemma 29. Let N ≥ 2. Assume there exist γ, s > 0 such that q ≥ 1/γ over Ω, and such that
q ∈ Bs∞,∞(Ω). Then, there exists c1 > 0 depending on γ, ‖q‖Bs

∞,∞(Ω) such that with probability at

least 1 − c1/n
2, q̃n is a valid probability density over Ω, and hence q̂n = q̃n. If we instead have

N = 1, then under no conditions on q it holds that q̂n = q̃n almost surely.

Having now established that q̃n is a valid density with high probability, we may speak of its
convergence in Wasserstein distance. Weed and Berthet (2019) previously derived upper bounds
on the risk, in Wasserstein distance over [0, 1]d, of a projection of q̃n onto the set of probability
densities. Using Lemma 29, we are able to extend their result to the estimator Q̂n, i.e. the
distribution function of the density q̂n defined in equation (47). We also state this result for a
general exponent of the 2-Wasserstein distance.

Lemma 30. Let Ψ = Ψbc with N ≥ 2. Assume that q ∈ Bs∞,∞([0, 1]d) for some s > 0. Assume

further that q ≥ 1/γ over [0, 1]d for some γ > 0. Let 2Jn ≍ n1/(d+2s). Then, for any ρ ≥ 0, there
exists a constant C > 0 depending on M,γ, ρ, s such that

EW ρ
2 (Q̂n, Q) ≤ C





n−
ρ(s+1)
2s+d , d ≥ 3

(log n/
√
n)ρ, d = 2

1/nρ/2, d = 1.

(50)
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Furthermore, when N = 1, equation (50) continues to hold with s = 0 for any density satisfying
γ−1 ≤ q ≤ γ over [0, 1]d, for some γ > 0.

The proof appears in Appendix A.4.4.

A.4.1 Proof of Lemma 27

Recall that Span(Φ) contains all polynomials of degree at most N −1 over Ω, by Lemma 24(iv). In
particular, it contains the constant function 1, thus if β′ζ =

∫
Ω ζ, we obtain 1 =

∑
ζ∈Φ β

′
ζζ. It then

follows by orthonormality of Ψ that

∫

Ω
q̃n =

∫

Ω


∑

ζ∈Φ

β′ζζ




∑

ζ∈Φ

β̂ζζ +

Jn∑

j=j0

∑

ξ∈Ψj

β̂ξξ


 =

∑

ζ∈Φ

β′ζ β̂ζ =

∫ 
∑

ζ∈Φ

β′ζζ


 dQn = 1.

This proves the claim.

A.4.2 Proof of Lemma 28

Throughout the proof, b, v, c > 0 denote constants depending only on c0 and the choice of wavelet
system, whose value may change from line to line. To prove inequality (48), recall first from
Lemma 24(v) that

sup
ζ∈Φ

‖ζ‖L∞(Ω) ≤ b, sup
j≥j0

2−jd/2 sup
ξ∈Ψj

‖ξ‖L∞(Ω) ≤ b. (51)

By Hoeffding’s inequality, equation (51) implies that for all u > 0,

P

(
sup
ζ∈Φ

|β̂ζ − βζ | ≥ u

)
≤
∑

ζ∈Φ

P

(∣∣∣∣
∫
ζd(Qn −Q)

∣∣∣∣ ≥ u

)
. exp

{
−nu

2

b2

}
, (52)

where we have used the fact that |Φ| . 1 by Lemma 24(i). To prove equation (49), notice that for
all ξ ∈ Ψj and j ≥ j0, given Y ∼ Q,

Var[ξ(Y )] ≤
∫
ξ2(y)q(y)dy ≤ ‖q‖L∞(Ω)

∫
ξ2(y)dy = ‖q‖L∞(Ω) ≤ v,

where we used the fact that q ∈ Bs∞,∞(Ω) ⊆ L∞(Ω). Therefore, by Bernstein’s inequality, we have
for all u > 0 and j0 ≤ j ≤ Jn,

P

(
sup
ξ∈Ψj

|β̂ξ − βξ| ≥ u

)
≤
∑

ξ∈Ψj

P

(
|β̂ξ − βξ| ≥ u

)
. 2dj exp

{
− nu2

v + 2jd/2bu

}
. (53)

Here, the last inequality uses the fact that |Ψj | . 2dj by Lemma 24(i) for all j ≥ j0.
To prove part (i) from here, let 0 < u ≤ 1. A union bound combined with the above display

leads to

P

(
sup

j0≤j≤Jn

sup
ξ∈Ψj

|β̂ξ − βξ| ≥ u

)
. Jn2

dJn exp

{
− nu2

v + 2Jnd/2bu

}
, (54)
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whence, since 2Jn ≍ n
1

d+2s ,

P

(
2

Jn(s+d)
2 sup

j0≤j≤Jn

∥∥(β̂ξ − βξ)ξ∈Ψj

∥∥
ℓ∞

≥ u

)
(55)

. Jn2
dJn exp

{
− nu22−Jn(s+d)

v+b2
dJn
2 2−

Jns
2

− dJn
2 u

}
≤ Jn2

dJn exp
{
−cu22Jns

}
.

Combining this fact with equation (52), we have

P

(
‖q̃n − qJn‖Bs/2

∞,∞
≥ u

)

≤ P

(∥∥(β̂ζ − βζ)ζ∈Φ
∥∥
ℓ∞

≥ u/2
)
+ P

(
2

Jn(d+s)
2 sup

j0≤j≤Jn

∥∥(β̂ξ − βξ)ξ∈Ψj

∥∥
ℓ∞

≥ u/2

)

≤ CJn2
dJn exp{−u22Jns/C},

for a large enough constant C > 0. Thus, we have

‖q̃n‖Bs/2
∞,∞

≤ ‖q̃n − qJn‖Bs/2
∞,∞

+ ‖qJn‖Bs/2
∞,∞

≤ u+ ‖q‖
B
s/2
∞,∞

with probability at least 1 − CJn2
dJn exp{−u22Jns/C}. Part (i) thus follows. To prove part (ii),

let δn ≤ 2Jn(d+2)/(4C0), for a constant C0 > 0 to be specified below. Notice that for all x, y ∈ Ω,

|q̃n(x)− q̃n(y)| ≤

∣∣∣∣∣∣

∑

ζ∈Φ

β̂ζ(ζ(x)− ζ(y))

∣∣∣∣∣∣
+

∣∣∣∣∣∣

Jn∑

j=j0

∑

ξ∈Ψj

β̂ξ(ξ(x)− ξ(y))

∣∣∣∣∣∣

.
∑

ζ∈Φ

|β̂ζ |‖x− y‖+
Jn∑

j=j0

2j(
d
2
+1)|β̂ξ|‖x− y‖

∑

ξ∈Ψj

I(ξ(x) ∧ ξ(y) > 0)

. ‖x− y‖+
Jn∑

j=j0

2j(
d
2
+1)‖ξ‖L∞(Ω)‖x− y‖

.

Jn∑

j=j0

2j(d+1)‖x− y‖ . 2Jn(d+1)‖x− y‖,

where we have again used the properties appearing in Lemma 24. Upon repeating an analogous
calculation, we deduce that both q̃n and qJn are C02

Jn(d+1)-Lipschitz.
Let Kn = O(1/δdn) = O(2−d(d+2)) denote the δn-covering number of the unit cube [0, 1]d with

respect to the Euclidean norm, and let {x0k : 1 ≤ k ≤ Kn} be a corresponding δn-cover. Letting
Ik = {x ∈ [0, 1]d : ‖x− x0k‖ ≤ δn}, we have (for both Ω ∈ {[0, 1]d,Td}),

‖q̃n − qJn‖L∞(Ω) ≤ max
1≤k≤Kn

sup
x∈Ij

|q̃n(x)− qJn(x)|

≤ max
1≤k≤Kn

sup
x∈Ij

|q̃n(x)− q̃n(x0k)|
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+ max
1≤k≤Kn

sup
x∈Ij

|qJn(x0k)− qJn(x)|+ max
1≤k≤Kn

|q̃n(x0k)− qJn(x0k)|

≤ 2C02
Jn(d+1)δn + max

1≤k≤Kn

|q̃n(x0k)− qJn(x0k)|

≤ 2−Jn/2 + max
1≤k≤Kn

|q̃n(x0k)− qJn(x0k)|.

Thus, for any 2−Jn ≤ u ≤ 1, using Lemma 24 and the bounds (52)–(54), we have

P
(
‖q̃n − qJn‖L∞(Ω) ≥ u

)

≤ P

(
max

1≤k≤Kn

|q̃n(x0k)− qJn(x0k)| ≥ u/2

)

≤
Kn∑

k=1

P



∣∣∣∣∣∣

∑

ζ∈Φ

(β̂ζ − βζ)ζ(x0k) +

Jn∑

j=j0

∑

ξ∈Ψj

(β̂ξ − βξ)ξ(x0k)

∣∣∣∣∣∣
≥ u/2




≤
Kn∑

k=1

P



∣∣∣∣∣∣

∑

ζ∈Φ

(β̂ζ − βζ)ζ(x0k)

∣∣∣∣∣∣
≥ u/4


+

Kn∑

k=1

P



∣∣∣∣∣∣

Jn∑

j=j0

∑

ξ∈Ψj

(β̂ξ − βξ)ξ(x0k)

∣∣∣∣∣∣
≥ u/4




≤ KnP

(
sup
ζ∈Φ

|β̂ζ − βζ | ≥ cu

)
+KnP

(
Jn2

dJn
2 sup

j0≤j≤Jn

sup
ξ∈Ψj

|β̂ξ − βξ| ≥ cu

)

. Kn exp(−nc2u2/b2) + JnKn2
dJn exp

(
−nc2u22−dJn/(J2

nv + cbJnu)
)
.

It follows that, for a sufficiently large constant C > 0,

P
(
‖q̃n − qJn‖L∞(Ω) ≥ u

)
≤ CJn2

Jnd(d+3) exp
(
− nu22−dJn/(JnC)

)
,

for all 2−Jn < u ≤ 1. The claim readily follows.

A.4.3 Proof of Lemma 29

The claim for N = 1 follows by definition of the Haar system, thus we assume s > 0 and N ≥ 2.
Recall that q̃n integrates to unity by Lemma 27, thus it suffices to show that q̃n ≥ 0 with high
probability. Apply Lemma 28 to deduce that

‖q̃n − qJn‖L∞(Ω) ≥ γ−1/4,

except on an event with probability at most c1/n
2, for some c1 > 0 depending on γ−1 and

‖q‖Bs
∞,∞(Ω). Furthermore, using Lemma 24, the bias of q̃n satisfies

‖qJn − q‖L∞(Ω) =
∑

j≥Jn+1

2
dj
2 ‖(βξ)ξ∈Ψj

‖ℓ∞

≤ ‖q‖Bs
∞,∞(Ω)

∑

j≥Jn+1

2
dj
2
−j( d

2
+s) . ‖q‖Bs

∞,∞(Ω)2
−Jns ≤ γ−1/4,
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for all n larger than a universal constant depending only on ‖q‖Bs
∞,∞(Ω). Therefore, after possibly

increasing c1 > 0, we have with probability at least 1− c1/n
2 that for all n ≥ 1,

‖q̃n − q‖L∞(Ω) ≤ γ−1/2.

Since q ≥ γ−1, we deduce that q̃n ≥ γ−1/2 ≥ 0, over the same high probability event.

A.4.4 Proof of Lemma 30

By Jensen’s inequality, it suffices to assume that ρ ≥ 1. It is straightforward to verify from
Lemma 24 that the wavelet system Ψbc satisfies Assumptions E.1–E.6 of Weed and Berthet (2019),
except Assumption E.2 in the special case N = 1. We also have γ−1 ≤ q ≤ γ over [0, 1]d. These
conditions are sufficient to invoke their Theorem 4 for any N ≥ 1, leading to

W2(Q̂n, Q) .γ ‖q̂n − q‖B−1
2,1([0,1]

d) .

Furthermore, it follows from Lemma 29 that the event An = {q̂n = q̃n} satisfies P(Ac

n) . n
−2. Let

qJn = E[q̃n], so that

EW ρ
2 (Q̂n, Q) = E

[
W ρ

2 (Q̂n, Q)IAn

]
+ E

[
W ρ

2 (Q̂n, Q)IAc

n

]
. E‖q̃n − q‖ρ

B−1
2,1([0,1]

d)
+ n−2.

Now, we make use of the following result which can be deduced from the proof of Theorem 1 and
Proposition 4 of Weed and Berthet (2019).

Lemma 31 (Weed and Berthet (2019)). Let q be a density satisfying γ−1 ≤ q ≤ γ over [0, 1]d.
Assume further that q ∈ Bs∞,∞([0, 1]d) for some s ≥ 0. Then,

‖qJn − q‖ρ
B−1
2,1([0,1]

d)
. 2−ρJn(s+1),

E
∥∥(β̂ζ − βζ)ζ∈Φbc

∥∥ρ
ℓ2
. 1/nρ/2, E

∥∥(β̂ξ − βξ)ξ∈Ψbc
j

∥∥ρ
ℓ2
. 2dj/nρ/2, j ≥ j0.

Let ρ′ ≥ 1 satisfy 1
ρ +

1
ρ′ = 1. Lemma 31 implies,

E‖q̃n − q‖ρ
B−1
2,1([0,1]

d)

. E‖q̃n − qJn‖ρB−1
2,1([0,1]

d)
+ ‖qJn − q‖ρ

B−1
2,1([0,1]

d)

. E
∥∥(β̂ζ − βζ)ζ∈Φbc

∥∥ρ
ℓ2
+ E




Jn∑

j=j0

2−j
∥∥(β̂ξ − βξ)ξ∈Ψbc

j

∥∥
ℓ2



ρ

+ 2−ρJn(s+1)

. n−
ρ
2 +




Jn∑

j=j0

2ρ(η−1)j
E
∥∥(β̂ξ − βξ)ξ∈Ψbc

j

∥∥ρ
ℓ2






Jn∑

j=j0

2−ρ
′ηj




ρ
ρ′

+ 2−ρJn(s+1)

. n−
ρ
2 + n−

ρ
2




Jn∑

j=j0

2ρ(η+
d
2
−1)j






Jn∑

j=j0

2−ρ
′ηj




ρ
ρ′

+ 2−ρJn(s+1),
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for any η ∈ R. Now, when d ≥ 3, choose 1− d
2 < η < 0. In this case, the above display is of order

n−
ρ
2 2[ρ(η+

d
2
−1)−ρη]Jn + 2−ρJn(s+1) = 2ρ(

d
2
−1)Jn + 2−ρJn(s+1) . n−

ρ(s+1)
2s+d ,

which proves the claim for d ≥ 3. When d ≤ 2, choose η = 0. Then, the penultimate display is
dominated by its second term, which is of order n−ρ/2 when d = 1 and of order (log n/

√
n)ρ when

d = 2. The claim follows.

A.5 Kernel Density Estimation

We close this appendix with several properties of kernel density estimators. We adopt the same
notation as in Section 4.3. Specifically, K : Rd → R denotes an even kernel, we write Khn =
h−dn K(·/hn) for some bandwidth hn > 0, and we consider the kernel density estimator

q̃n = Qn ⋆ Khn =

∫

Rd

Khn(· − z)dQn(z),

where Qn ∈ P(Td) denotes the empirical measure based on an i.i.d. sample Y1, . . . , Yn ∼ Q ∈
Pac(T

d). In the above display, recall that integration over R
d with respect to the measure Qn is

understood as integration with respect to its extension to R
d by Z

d-periodicity, namely the measure

1

n

∑

k∈Zd

n∑

i=1

δYi+k.

Equivalently, we may write

q̃n =

∫

Td

K
(per)
hn

(· − z)dQn(z), where K
(per)
hn

=
∑

k∈Zd

Khn(·+ k).

With the same conventions, we define

qhn(y) = E[q̃n(y)] = Q ⋆Khn(y), y ∈ T
d.

We begin by proving an L∞(Td) concentration inequality for the estimator q̃n about its mean.
Though such concentration inequalities have previously been established by Giné and Guillou (2002)
under very general conditions on K, the following simple result will suffice for our purposes.

Lemma 32. Assume q ≤ γ over T
d for some γ > 0, and that K ∈ C1(Rd). Then, there exists a

constant C > 0 depending only on γ, ‖K‖C1(Rd) such that for all hn ≤ u ≤ 1,

P

(
‖q̃n − qhn‖L∞(Td) ≥ u

)
≤ Ch−d(d+2)

n exp
(
− nu2hdn/C

)
.

The proof appears in Appendix A.5.1. When the true density q is Hölder continuous with any
positive exponent, and bounded below by a positive constant, it is easy to infer from this result
that q̃n defines a valid density except on an event with exponentially small probability. We shall
additionally require the following result, which ensures that the fitted density q̃n enjoys a nonzero
amount of Hölder regularity.
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Lemma 33. Assume nhdn ≍ na for some a ∈ (0, 1). Assume further that q ∈ Cs(Td) for some
s > 0, and that K ∈ C1(Rd)∩L1(Rd). Then, there exist constants C, c1 > 0, β ∈ (0, s∧1) depending
only on ‖q‖Cs(Td) , ‖K‖C1(Rd) , ‖K‖L1(Rd) , a, s, d such that for all n ≥ 1, with probability at least

1− c1/n
2,

‖q̃n‖Cβ(Td) ≤ C.

The proof appears in Appendix A.5.2.

A.5.1 Proof of Lemma 32

Let δn ≤ hd+2
n /(4 ‖K‖C1(Rd)). By a direct calculation, it can be seen that

‖q̃n‖C1(Td) ∨ ‖qhn‖C1(Td) ≤ ‖K‖C1(Rd) h
−(d+1)
n .

Let Jn = O(1/δdn) = O(h
−d(d+2)
n ) denote the δn-covering number of the unit cube [0, 1]d with

respect to the Euclidean norm, and let {x0j : 1 ≤ j ≤ Jn} be a corresponding δn-cover. Letting
Ij = {x ∈ [0, 1]d : ‖x− x0j‖ ≤ δn}, we have,

‖q̃n − qhn‖L∞(Td) ≤ max
1≤j≤Jn

sup
x∈Ij

|q̃n(x)− qhn(x)|

≤ max
1≤j≤Jn

sup
x∈Ij

|q̃n(x)− q̃n(x0j)|

+ max
1≤j≤Jn

sup
x∈Ij

|qhn(x0j)− qhn(x)|+ max
1≤j≤Jn

|q̃n(x0j)− qhn(x0j)|

≤ 2 ‖K‖C1(Rd) h
−(d+1)
n δn + max

1≤j≤Jn
|q̃n(x0j)− qhn(x0j)|

≤ hn/2 + max
1≤j≤Jn

|q̃n(x0j)− qhn(x0j)|.

Thus, for any hn ≤ u ≤ 1,

P

(
‖q̃n − qhn‖L∞(Td) ≥ u

)

≤ P

(
max

1≤j≤Jn
|q̃n(x0j)− qhn(x0j)| ≥ u/2

)

≤
Jn∑

j=1

P (|q̃n(x0j)− qhn(x0j)| ≥ u/2)

≤
Jn∑

j=1

P

(∣∣∣∣∣
1

n

n∑

i=1

[
K

(per)
hn

(‖x0j −Xi‖)− E

{
K

(per)
hn

(‖x0j −Xi‖)
}]∣∣∣∣∣ ≥ u/2

)

≤ 2Jn exp


− nu2

8
(
γ‖K(per)‖L∞(Td)h

−d
n + uh−dn ‖K(per)‖L∞(Rd)/3

)


 ,

where we invoked Bernstein’s inequality by noting that

∥∥∥K(per)
hn

(‖x− ·‖)
∥∥∥
L∞(Td)

≤ h−dn ‖K(per)‖L∞(Td),
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and, Var
[
K

(per)
hn

(‖x−Xi‖)
]
≤ h−2d

n

∫ [
K(per)

(‖x− y‖
hn

)]2
q(y)dy

≤ γ‖K(per)‖L∞(Td)h
−d
n

∫
K

(per)
hn

(‖x− y‖) dy

= γ‖K(per)‖L∞(Td)h
−d
n .

It follows that, for a sufficiently large constant C > 0 depending on γ and ‖K‖C1(Rd), we have

P

(
‖q̃n − qhn‖L∞(Td) ≥ u

)
≤ Ch−d(d+2)

n exp
(
− nu2hdn/C

)
.

The claim readily follows.

A.5.2 Proof of Lemma 33

By Lemma 32, there is a constant c1 > 0 and an event An satisfying P(An) ≥ 1− 1/n2 such that

‖q̃n − qhn‖L∞(Td) ≤ γn = c1

√
log n

nhdn
.

All subsequent statements are made over the event An. Now, given β ∈ (0, s ∧ 1) to be specified
below, and x, y ∈ T

d, we have

|q̃n(x)− q̃n(y)| ≤ 2‖q̃n − qhn‖L∞(Td) + |qhn(x)− qhn(y)|

≤ 2γn +

∫

Rd

∣∣K(z)
[
q(x− hnz)− q(y − hnz)

]∣∣ dz

≤ 2γn + ‖q‖Cβ(Td)‖K‖L1(Rd) ‖x− y‖β

≤ C1(γn + ‖x− y‖β),

for a large enough constant C1 > 0. If ‖x− y‖β ≥ γn, then q̃n already satisfies the condition of
β-Hölder continuity, thus it suffices to assume ‖x− y‖β < γn. Recall that

‖q̃n‖C1(Td) ≤ ‖K‖C1(Rd) h
−(d+1)
n .

We deduce that for all x, y such that ‖x− y‖β < γn,

|q̃n(x)− q̃n(y)| .
‖x− y‖
hd+1
n

≤ γ
1
β
−1

n

hd+1
n

‖x− y‖β . (na/ log n)
1
2

(
1− 1

β

)

n(a−1)(d+1)
‖x− y‖β . ‖x− y‖β ,

for any small enough choice of β. The claim follows.

B On the Variance of Kantorovich Potentials

We state a straightforward technical result which will be used throughout our proofs.
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Lemma 34. Let Ω be equal to [0, 1]d or T
d. Given P,Q ∈ Pac(Ω), let (φ0, ψ0) be a pair of

Kantorovich potentials in the optimal transport transport problem from P to Q. Assume further
that the density q of Q satisfies γ−1 ≤ q ≤ γ over Ω, for some γ > 0. Define ψ0 = ψ0 −

∫
Ω ψ0.

Then, there exists a constant C > 0 depending only on d such that

‖ψ0‖L2(Q) ≤ CγW2(P,Q).

In particular,
VarQ[ψ0(Y )] ≤ (Cγ)2W 2

2 (P,Q).

The proof will follow from Poincaré inequalities over [0, 1]d and T
d, which we recall here as they

will be needed again in the sequel. The following is a special case of the Poincaré inequality for
convex domains (see for instance Leoni (2017), Theorem 12.30).

Lemma 35. Let 0 < a < b < ∞ and Ω = [a, b]d. Then, there exists a constant C > 0 depending
only on d such that for all f ∈ H1(Ω) satisfying

∫
Ω f = 0,

‖f‖L2(Ω) ≤ C(b− a) ‖∇f‖L2(Ω) .

We also state the following classical periodic Poincaré inequality (see for instance Steinerberger
(2016) for a simple proof).

Lemma 36. Let f ∈ H1(Td) satisfy
∫
Td f = 0. Then, ‖f‖L2(Td) ≤ ‖∇f‖L2(Td) .

Proof of Lemma 34. Since ψ0 ∈ H1(Ω) by definition, we may apply the Poincaré inequality
over Ω (namely, Lemma 35 when Ω = [0, 1]d, or Lemma 36 when Ω = T

d). This fact, together with
the assumption γ−1 ≤ q ≤ γ, implies

‖ψ0‖2L2(Q) ≤ γ‖ψ0‖2L2([0,1]d) ≤ C2γ‖∇ψ0‖2L2([0,1]d) ≤ (Cγ)2‖∇ψ0‖2L2(Q) = (Cγ)2W 2
2 (P,Q),

which then also implies

VarQ[ψ0(Y )] = VarQ[ψ0(Y )] ≤ ‖ψ0‖2L2(Q) ≤ (Cγ)2W 2
2 (P,Q),

as claimed.

C Proofs of Stability Bounds

C.1 Proof of Theorem 6

Recall that ϕ0 denotes a Brenier potential from P to Q, while φ0 = ‖·‖2− 2ϕ0 and ψ0 = ‖·‖2− 2ϕ∗
0

denote the corresponding Kantorovich potentials. Since we have assumed that both P and Q
are absolutely continuous distributions, Brenier’s Theorem implies that S0 = ∇ϕ∗

0 is the optimal
transport map from Q to P . Since ϕ0 is closed, the assumption

1

λ
Id � ∇2ϕ0 � λId,
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from condition A1(λ) also implies (Hiriart-Urruty and Lemaréchal (2004), Theorem 4.2.2),

1

λ
Id � ∇2ϕ∗

0 � λId.

Combining this bound with a second-order Taylor expansion of ϕ∗
0 leads to the following inequalities

1

2λ
‖x− y‖2 ≤ ϕ∗

0(y)− ϕ∗
0(x)−

〈
S0(x), y − x

〉
≤ λ

2
‖x− y‖2 , x, y ∈ Ω. (56)

With these facts in place, we turn to proving the theorem, namely that

1

λ
‖T̂ − T0‖2L2(P ) ≤W 2

2 (P, Q̂)−W 2
2 (P,Q)−

∫
ψ0d(Q̂−Q) ≤ λW 2

2 (Q̂,Q). (57)

We begin with the first inequality. Since T̂ is the optimal transport map from P to Q̂, we have,

W 2
2 (P, Q̂) =

∫
‖T̂ (x)− x‖2dP (x)

=

∫
‖T0(x)− x‖2dP (x)

+

∫
2
〈
T0(x)− x, T̂ (x)− T0(x)

〉
dP (x) +

∫
‖T̂ (x)− T0(x)‖2dP (x)

=W 2
2 (P,Q) +

∫
2
〈
T0(x)− x, T̂ (x)− T0(x)

〉
dP (x) + ‖T̂ − T0‖2L2(P ).

To bound the cross term, notice that equation (56) implies

2

∫ 〈
T0(x)− x, T̂ (x)− T0(x)

〉
dP (x)

= 2

∫ 〈
T0(x)− S0(T0(x)), T̂ (x)− T0(x)

〉
dP (x)

≥ 2

∫ [〈
T0(x), T̂ (x)− T0(x)

〉

+ ϕ∗
0(T0(x))− ϕ∗

0(T̂ (x)) +
1

2λ
‖T̂ (x)− T0(x)‖2

]
dP (x)

=

∫ [
‖T̂ (x)‖2 − ‖T0(x)‖2 − ‖T̂ (x)− T0(x)‖2

+ 2ϕ∗
0(T0(x))− 2ϕ∗

0(T̂ (x)) +
1

λ
‖T̂ (x)− T0(x)‖2

]
dP (x)

=

(
1

λ
− 1

)
‖T̂ − T0‖2L2(P ) +

∫
ψ0d(Q̂−Q).

We deduce

W 2
2 (P, Q̂) ≥W 2

2 (P,Q) +
1

λ
‖T̂ − T0‖2L2(P ) +

∫
ψ0d(Q̂−Q),
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To prove the second inequality in equation (57), let π̂ denote an optimal coupling between Q and
Q̂. Then, the measure π̂S0 = (S0, Id)#π̂ is a (possibly suboptimal) coupling between P and Q̂, thus

W 2
2 (P, Q̂) ≤

∫
‖x− z‖2 dπ̂S0(x, z) =

∫
‖S0(y)− z‖2 dπ̂(y, z). (58)

The claim is now a consequence of the following technical Lemma, which will be used again in the
sequel.

Lemma 37. We have,

∫
‖S0(y)− z‖2 dπ̂(y, z) ≤W 2

2 (P,Q) +

∫
ψ0d(Q̂−Q) + λW 2

2 (Q̂,Q).

C.2 Proof of Lemma 37

We have,

∫
‖S0(y)− z‖2 dπ̂(y, z)

=

∫
‖S0(y)− y‖2 dQ(y)+

∫
‖y − z‖2 dπ̂(y, z)+2

∫ 〈
S0(y)− y, y − z

〉
dπ̂(y, z)

=W 2
2 (P,Q) +W 2

2 (Q̂,Q) + 2

∫ 〈
S0(y)− y, y − z

〉
dπ̂(y, z).

Now, notice that by (56),

2

∫ 〈
S0(y), y − z

〉
dπ̂(y, z) ≤ 2

∫ [
ϕ∗
0(y)− ϕ∗

0(z) +
λ

2
‖y − z‖2

]
dπ̂(y, z)

= 2

∫
ϕ∗
0d(Q− Q̂) + λW 2

2 (Q̂,Q),

and,

2

∫ 〈
− y, y − z

〉
dπ̂(y, z)

=

∫ [
‖z‖2 − ‖z − y‖2 − ‖y‖2

]
dπ̂(y, z) =

∫
‖·‖2 d(Q̂−Q)−W 2

2 (Q̂,Q).

Therefore,

W 2
2 (P, Q̂)−W 2

2 (P,Q)

≤
∫ (

‖·‖2 − 2ϕ∗
0

)
d(Q̂−Q) + λW 2

2 (Q̂,Q) =

∫
ψ0d(Q̂−Q) + λW 2

2 (Q̂,Q),

and the claim follows.
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D Proofs of Upper Bounds for One-Sample Empirical Estimators

In this Appendix, we prove Corollaries 8 and 9.

D.1 Proof of Corollary 8

We shall make use of the notation introduced in Section 3.3 and Appendix A.2.4, regarding wavelet
density estimation over [0, 1]d. In particular, let Ψ = Ψbc with N = 1, so that Ψ is the Haar wavelet
basis on [0, 1]d.

Lemma 38. Let J ≥ 1 be an integer. For any µ ∈ P([0, 1]d), let µJ ∈ Pac([0, 1]
d) denote the

measure admitting density

qJ = 1 +

J∑

j=0

∑

ξ∈Ψj

ξ

∫
ξdµ,

with respect to the Lebesgue measure on [0, 1]d. Then, W2(µ, µJ) ≤
√
d2−J .

Proof. The Lemma is a straightforward consequence of dyadic partitioning arguments which have
previously been used by Boissard and Le Gouic (2014); Fournier and Guillin (2015); Weed and
Bach (2019); Lei (2020). In particular, for all j ≥ 0, let Qj denote the natural partition (up to
intersections on Lebesgue null sets) of [0, 1]d into 2dj cubes of length 2−j . Then, Proposition 1
of Weed and Bach (2019) implies

W 2
2 (µ, µJ) ≤ d


2−2J +

J∑

j=1

2−2(j−1)
∑

S∈Qj

|µ(S)− µJ(S)|


 .

To prove the claim, it thus suffices to show that µ(S) = µJ(S) for all S ∈ Qj and j = 1, . . . , J .
Let j ≥ 0, S ∈ Qj , and recall that IS is the indicator function of S. Denote its expansion in

the Haar basis by

IS = γζ +
∞∑

ℓ=0

∑

ξ∈Ψℓ

γξξ, where γψ =

∫
ISψ, ψ ∈ Ψ.

Notice that for any ℓ ≥ j and ξ ∈ Ψℓ, we have

supp(ξ) ⊆ IS , or supp(ξ) ∩ IS = ∅.

Furthermore, since ζ = I[0,1]d , and the Haar basis is orthonormal, we must have
∫
[0,1]d ξ = 0 for any

ξ ∈ Ψj , j ≥ 0. It must follow that

γξ =

∫
ISξ = 0, for all ξ ∈ Ψℓ, ℓ ≥ j,

that is, IS ∈ Span
(
Φ ∪⋃j−1

ℓ=0 Ψℓ

)
. We therefore have,

µJ(S) =

∫
IS(y)qJ(y)dy
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= L(S) +
J∑

j=0

∑

ξ∈Ψj

(∫
ξdµ

)(∫
IS(y)ξ(y)dy

)

= L(S) +
J∑

j=0

∑

ξ∈Ψj

(∫
ξdµ

)
γξ

=

∫ 
L(S) +

J∑

j=0

∑

ξ∈Ψj

ξγξ


 dµ =

∫
ISdµ = µ(S).

The claim follows.

To prove the claim from here, let 2Jn ≍ n1/d, and let Q̂n be the distribution with density

q̂n(y) = 1 +

Jn∑

j=0

∑

ξ∈Ψj

(∫
ξdQn

)
ξ, y ∈ [0, 1]d.

Apply Lemma 38 to the measure µ = Qn to obtain

W 2
2 (Qn, Q) .W 2

2 (Qn, Q̂n) +W 2
2 (Q̂n, Q) . 2−2Jn +W 2

2 (Q̂n, Q) . n−2/d +W 2
2 (Q̂n, Q).

Furthermore, recall that γ−1 ≤ q ≤ γ, thus we may apply Lemma 30 to deduce

EW 2
2 (Q̂n, Q) .





n−2/d, d ≥ 3

(log n)2/n, d = 2

1/n, d = 1.

The claim follows.

D.2 Proof of Corollary 9

By Theorem 6,

E
∣∣W 2

2 (P,Qn)−W 2
2 (P,Q)

∣∣ ≤ EW 2
2 (Qn, Q) + E

∣∣∣∣
∫
ψ0d(Qn −Q)

∣∣∣∣ .

By Jensen’s inequality, the final term satisfies

E

∣∣∣∣
∫
ψ0d(Qn −Q)

∣∣∣∣ ≤ n−
1
2

√
VarQ[ψ0(Y )].

Since ψ0 is uniformly bounded by a constant depending only on d, the right-hand side of the above
display is of order n−1/2. Furthermore, by equation (21), we have EW 2

2 (Qn, Q) . κn, thus the first
part of the claim follows.

Under the assumptions of the second part of the claim, we may instead use Corollary 8 to obtain
the stronger bound EW 2

2 (Qn, Q) . κn, as well as Lemma 34 to derive VarQ[ψ0(Y )] . W 2
2 (P,Q).

The claim then follows.
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E Proofs of Upper Bounds for One-Sample Wavelet Estimators

E.1 Proof of Theorem 10

Under the assumptions of part (i), we may apply Theorem 6 and Lemma 30 to obtain,

E
∥∥T̂n − T0

∥∥2
L2(P )

.λ EW 2
2 (Q̂n, Q) .M,γ,α RT,n(α),

which immediately leads to the first claim. To prove the second claim, recall that we have assumed
α > 1, whence the assumption on ϕ0 implies in particular that ‖ϕ0‖C2(Ω) ≤ λ. Since the densities

p, q are bounded from below by γ−1 over [0, 1]d, and also bounded from above due to their Hölder
continuity and the compactness of [0, 1]d, it follows by Lemma 2 that ϕ0 satisfies condition A1(λ),
after possibly modifying the value of λ in terms of γ. We may therefore invoke Theorem 6 to obtain,

L(Q̂n) ≤W 2
2 (P, Q̂n)−W 2

2 (P,Q) ≤ λW 2
2 (Q̂n, Q) + L(Q̂n).

Let C > 0 be a constant depending only on M,λ, γ, α, whose value may change from line to line.
By Lemma 30, we have

EW 2
2 (Q̂n, Q) ≤ CRT,n(α), and EW 4

2 (Q̂n, Q) ≤ CR2
T,n(α).

Furthermore, by Lemma 11, we have

∣∣EL(Q̂n)
∣∣ ≤ CRT,n(α)

Var
[
L(Q̂n)

]
≤ 1

n

(
VarQ[ψ0(Y )] + 2−2Jn(α+1)

)
≤ VarQ[ψ0(Y )]

n
+ CR2

T,n(α)

E
∣∣L(Q̂n)

∣∣2 =
∣∣EL(Q̂n)

∣∣2 +Var
[
L(Q̂n)

]
≤ VarQ[ψ0(Y )]

n
+ CR2

T,n(α).

Combining the preceding three displays, we deduce that

∣∣EW 2
2 (P, Q̂n)−W 2

2 (P,Q)
∣∣ ≤ λEW 2

2 (Q̂n, Q)+
∣∣EL(Q̂n)

∣∣≤CRT,n(α), (59)

and,

E
∣∣W 2

2 (P, Q̂n)−W 2
2 (P,Q)

∣∣2

≤ E

[(
λW 2

2 (Q̂n, Q) +
∣∣L(Q̂n)

∣∣
)2]

≤ λ2EW 4
2 (Q̂n, Q) + 2λE

[
W 2

2 (Q̂n, Q)
∣∣L(Q̂n)

∣∣
]
+ E

∣∣L(Q̂n)
∣∣2

≤ λ2EW 4
2 (Q̂n, Q) + 2λ

√(
EW 4

2 (Q̂n, Q)
)
E
∣∣L(Q̂n)

∣∣2 + E
∣∣L(Q̂n)

∣∣2

≤ Cλ2R2
T,n(α) + 2λ

√
CR2

T,n(α)

(
CR2

T,n(α) +
VarQ[ψ0(Y )]

n

)
+

VarQ[ψ0(Y )]

n

≤ C2R2
T,n(α) + 2CRT,n(α)

√
VarQ[ψ0(Y )]

n
+

VarQ[ψ0(Y )]

n
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≤
(
CRT,n(α) +

√
VarQ[ψ0(Y )]

n

)2

.

The claim follows
It thus remains to prove Lemma 11.

E.2 Proof of Lemma 11

In order to bound the bias of
∫
ψ0q̂n, recall from Lemma 29 that the event An = {q̂n = q̃n} satisfies

P(Ac

n) . n
−2. Since ψ0 is bounded by a constant depending only on d, we have,

E

∣∣∣∣
∫
ψ0(q̂n − q̃n)

∣∣∣∣ ≤ E

(∣∣∣∣
∫
ψ0(q̂n − q̃n)

∣∣∣∣ IAc

n

)
. P(Ac

n) . 1/n2.

We deduce that

∣∣E
[
L(Q̂n)

]∣∣ .
∣∣∣∣
∫
ψ0(q̃n − q)

∣∣∣∣+
1

n2
,

thus we are left with bounding the bias of
∫
ψ0q̃n. Recall that β̂ξ is an unbiased estimator of βξ for

all ξ ∈ Ψ, so that

qJn := E[q̃n] =
∑

ζ∈Φ

βζζ +

Jn∑

j=j0

∑

ξ∈Ψj

βξξ.

Write the expansion of ψ0 in the basis Ψ as

ψ0 =
∑

ζ∈Φ

γζζ +
∞∑

j=j0

∑

ξ∈Ψj

γξξ, where γξ =

∫
ψ0ξ for all ξ ∈ Ψ,

where the series converges uniformly due to the Hölder regularity of ψ0, so that,

∫
ψ0(q − qJn) =

∫ 
∑

ζ∈Φ

γζζ +

∞∑

j=j0

∑

ξ∈Ψj

γξξ






∞∑

j=Jn+1

∑

ξ∈Ψj

βξξ


 =

∞∑

j=Jn+1

∑

ξ∈Ψj

γξβξ,

by orthonormality of the basis Ψ. By Lemma 24(i) in Appendix A.2, we have |Ψj | . 2dj , therefore

∣∣∣∣
∫
ψ0(q − qJn)

∣∣∣∣ ≤
∞∑

j=Jn+1

∑

ξ∈Ψj

|γξβξ| .
∞∑

j=Jn+1

2dj‖(γξ)ξ∈Ψj
‖∞‖(βξ)ξ∈Ψj

‖∞. (60)

On the other hand, we have ‖·‖Bs
∞,∞(Ω) . ‖·‖Cs(Ω) for all s > 0 by Lemma 25. Therefore, by

assumption on q and ϕ∗
0, we obtain

‖(βξ)ξ∈Ψj
‖ℓ∞ ≤ ‖q‖Bα−1

∞,∞(Ω) 2
−j[(α−1)+ d

2
] . 2−j[(α−1)+ d

2
],

‖(γξ)ξ∈Ψj
‖ℓ∞ ≤ ‖ψ0‖Bα+1

∞,∞(Ω) 2
−j[(α+1)+ d

2
] . 2−j[(α+1)+ d

2
],

(61)

52



for all j ≥ j0. Combine equations (60)–(61) to deduce

∣∣EL(Q̂n)
∣∣ .

∞∑

j=Jn+1

2dj2−j[(α+1)+ d
2
]2−j[(α−1)+ d

2
] .

∞∑

j=Jn+1

2−2jα . 2−2Jnα ≍ n
− 2α

2(α−1)+d .

We next bound the variance VarQ[L(Q̂n)]. Denote by

ψJn =
∑

ζ∈Φ

γζζ +

Jn∑

j=j0

∑

ξ∈Ψj

ξγξ

the projection of ψ0 onto Span
(
Φ ∪⋃Jn

j=j0
Ψj

)
. By again applying Lemma 29, it is a straightforward

observation that
∣∣∣∣Var

[∫
ψ0q̂n

]
−Var

[∫
ψ0q̃n

]∣∣∣∣ . n
−2,

thus it suffices to show that Var
[∫
ψ0q̃n

]
= VarQ[ψ0(Y )]/n+O(2−2Jnα/n). Notice that

∫
ψ0q̃n =

∑

ζ∈Φ

β̂ζ

∫
ψ0ζ +

Jn∑

j=j0−1

∑

ξ∈Ψj

β̂ξ

∫
ψ0ξ

=
∑

ζ∈Φ

β̂ζγζ +

Jn∑

j=j0−1

∑

ξ∈Ψj

β̂ξγξ =
1

n

n∑

i=1


∑

ζ∈Φ

ζ(Yi)γζ +

Jn∑

j=j0−1

∑

ξ∈Ψj

ξ(Yi)γξ


 =

∫
ψJndQn,

(62)

whence,

Var

[∫
ψ0q̃n

]
=

1

n
VarQ[ψJn(Y )]

=
1

n
VarQ[ψ0(Y )] +

1

n
(VarQ[ψJn(Y )]−VarQ[ψ0(Y )]).

It thus remains to bound the final term. Notice that
∣∣∣VarQ[ψJn(Y )]−VarQ[ψ0(Y )]

∣∣∣

≤
∣∣∣EQ[ψ2

Jn(Y )− ψ2
0(Y )]

∣∣∣+
∣∣∣EQ[ψJn(Y )− ψ0(Y )]

∣∣∣ = (I) + (II).

We begin by bounding (I). Letting gn = (ψJn + ψ0)q, we have,

(I) =

∣∣∣∣
∫
(ψJn − ψ0)(ψJn + ψ0)q

∣∣∣∣ =
∣∣∣∣
∫
(ψJn − ψ0)gn

∣∣∣∣ .

It is clear that ‖ψJn‖Bα+1
∞,∞([0,1]d) ≤ ‖ψ0‖Bα+1

∞,∞([0,1]d) . λ, thus for any fixed ǫ > 0 sufficiently small,

the map ψJn + ψ0 lies in Cα+1−ǫ([0, 1]d) with uniformly bounded norm, by Lemma 25. Note that
one may take ǫ = 0 if α is not an integer. On the other hand, we also have ‖q‖Cα−1([0,1]d) ≤ M .
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Deduce that supn≥1 ‖gn‖Cα−1([0,1]d) . 1, by Lemma 23. By following the same argument as in the
first part of this proof, and using again the fact that ‖ψ0‖Cα+1([0,1]d) . λ, we may deduce that

(I) ≤
∞∑

j=Jn+1

2dj2−j[(α+1)+ d
2
]2−j[(α−1)+ d

2
] . 2−2Jnα.

Likewise, we have

(II) =

∣∣∣∣
∫
(ψJn − ψ0)q

∣∣∣∣ . 2−2Jnα,

and the claim follows from here.

F Proofs of Two-Sample Stability Bounds

F.1 Proof of Proposition 12

Due to the absolute continuity of P and Q, the optimal transport map from Q to P is given by
S0 = ∇ϕ∗

0. Furthermore, by absolute continuity of P , there exists an optimal transport map σ̂

from P to P̂ . We clearly have,
(σ̂ ◦ S0)#Q = P̂ .

Also let π̂ ∈ Π(Q, Q̂) be the optimal coupling between Q and Q̂, so that

(σ̂ ◦ S0, Id)#π̂ ∈ Π(P̂ , Q̂).

We deduce,

W 2
2 (P̂ , Q̂) ≤

∫
‖σ̂ ◦ S0(y)− z‖2 dπ̂(y, z)

=

∫
‖σ̂ ◦ S0(y)− S0(y)‖2 + ‖S0(y)− z‖2 dπ̂(y, z)

+ 2

∫
〈σ̂ ◦ S0(y)− S0(y), S0(y)− z〉dπ̂(y, z). (63)

Notice that
∫

‖σ̂ ◦ S0(y)− S0(y)‖2 dπ̂(y, z) =
∫

‖σ̂(x)− x‖2dP (x) =W 2
2 (P̂ , P ). (64)

Furthermore, we have

∫
‖S0(y)− z‖2dπ̂(y, z) ≤W 2

2 (P,Q) +

∫
ψ0d(Q̂−Q) + λW 2

2 (Q̂,Q), (65)

by Lemma 37. Additionally, the cross term in equation (63) is bounded as follows.
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Lemma 39. We have,

2

∫
〈σ̂ ◦ S0(y)− S0(y), S0(y)− z〉dπ̂(y, z)

≤
∫
φ0d(P̂ − P ) + 2W2(P̂ , P )W2(Q̂,Q) + (λ− 1)W 2

2 (P̂ , P ).

We prove Lemma 39 in Appendix F.2 below. By equations (63–65) and Lemma 39, we obtain

W 2
2 (P̂ , Q̂) ≤W 2

2 (P,Q) + λW 2
2 (P̂ , P ) + λW 2

2 (Q̂,Q)

+

∫
ψ0d(Q̂−Q) +

∫
φ0d(P̂ − P ) + 2W2(P̂ , P )W2(Q̂,Q)

≤W 2
2 (P,Q) + λ

[
W2(P̂ , P ) +W2(Q̂,Q)

]2
+

∫
ψ0d(Q̂−Q) +

∫
φ0d(P̂ − P ).

This proves the upper bound of the claim. To prove the lower bound, notice that, by the Kantorovich
duality,

W 2
2 (P̂ , Q̂) ≥

∫
φ0dP̂ +

∫
ψ0dQ̂

=

∫
φ0dP +

∫
ψ0dQ+

∫
φ0d(P̂ − P ) +

∫
ψ0d(Q̂−Q)

=W 2
2 (P,Q) +

∫
φ0d(P̂ − P ) +

∫
ψ0d(Q̂−Q).

The claim follows.

F.2 Proof of Lemma 39

Write

2

∫
〈σ̂ ◦ S0(y)− S0(y), S0(y)− z〉dπ̂(y, z) = (I) + (II) + (III), (66)

where

(I) = 2

∫
〈σ̂ ◦ S0(y)− S0(y), y − z〉dπ̂(y, z)

(II) = 2

∫
〈σ̂ ◦ S0(y)− S0(y),−y〉dπ̂(y, z)

(III) = 2

∫
〈σ̂ ◦ S0(y)− S0(y), S0(y)〉dπ̂(y, z).

Regarding (I), the Cauchy-Schwarz inequality implies

(I) ≤ 2

(∫
‖σ̂ ◦ S0(y)− S0(y)‖2 dπ̂(y, z)

) 1
2
(∫

‖y − z‖2 dπ̂(y, z)
) 1

2

= 2

(∫
‖σ̂(x)− x‖2 dP (x)

) 1
2
(∫

‖y − z‖2 dπ̂(y, z)
) 1

2
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= 2W2(P̂ , P )W2(Q̂,Q). (67)

Regarding term (II), recall that ϕ0 satisfies assumption A1(λ), thus we have

1

2λ
‖x− y‖2 ≤ ϕ0(y)− ϕ0(x)−

〈
T0(x), y − x

〉
≤ λ

2
‖x− y‖2, x, y ∈ Ω,

We deduce that,

(II) = 2

∫
〈σ̂ ◦ S0(y)− S0(y),−T0 ◦ S0(y)〉dπ̂(y, z)

≤ 2

∫ [
ϕ0(S0(y))− ϕ0(σ̂ ◦ S0(y)) +

λ

2
‖S0(y)− σ̂ ◦ S0(y)‖2

]
dπ̂(y, z)

=

∫
2ϕ0d(P − P̂ ) + λW 2

2 (P̂ , P ). (68)

Finally, term (III) satisfies

(III) =

∫ [
‖σ̂ ◦ S0(y)‖2 − ‖σ̂ ◦ S0(y)− S0(y)‖2 − ‖S0(y)‖2

]
dπ̂(y, z)

=

∫
‖·‖2 d(P̂ − P )−W 2

2 (P̂ , P ). (69)

Combine equations (67)–(69) with equation (66) to deduce the claim.

F.3 Proof of Proposition 13

Once again, denote by S0 = ∇ϕ∗
0 the optimal transport map from Q to P . Recall from the proof

of Theorem 6 (equation (56)) that, due to assumption A1(λ),

1

2λ
‖x− y‖2 ≤ ϕ∗

0(y)− ϕ∗
0(x)−

〈
S0(x), y − x

〉
≤ λ

2
‖x− y‖2 ,

for all x, y ∈ Ω. Now, we have,

W 2
2 (Pn, Qm) =

n∑

i=1

m∑

j=1

π̂ij‖Xi − Yj‖2

=

n∑

i=1

m∑

j=1

π̂ij

[
‖T0(Xi)−Xi‖2

+ 2〈T0(Xi)−Xi, Yj − T0(Xi)〉+ ‖Yj − T0(Xi)‖2
]
.

Notice that

E




n∑

i=1

m∑

j=1

π̂ij‖T0(Xi)−Xi‖2

 = E




n∑

i=1




m∑

j=1

π̂ij


 ‖T0(Xi)−Xi‖2



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= E

[
1

n

n∑

i=1

‖T0(Xi)−Xi‖2
]
=W 2

2 (P,Q),

where we have used the marginal constraint on the coupling π̂ in the first equality of the above
display. Recalling that ∆nm =

∑n
i=1

∑m
j=1 π̂ij‖Xi − Yj‖2, thus we obtain,

E

[
W 2

2 (Pn,Qm)−W 2
2 (P,Q)

]

= E[∆nm] + 2E




n∑

i=1

m∑

j=1

π̂ij〈T0(Xi)−Xi, Yj − T0(Xi)〉




= E[∆nm] + 2E




n∑

i=1

m∑

j=1

π̂ij〈T0(Xi)− S0(T0(Xi)), Yj − T0(Xi)〉


 .

Now,

2〈−S0(T0(Xi)), Yj − T0(Xi)〉 ≥ 2ϕ∗
0(T0(Xi))− 2ϕ∗

0(Yj) +
1

λ
‖T0(Xi)− Yj‖2 , (70)

whence, we obtain,

E

[
W 2

2 (Pn, Qm)−W 2
2 (P,Q)

]
≥ E[∆nm] + E

[
n∑

i=1

m∑

j=1

π̂ij

(
2ϕ∗

0(T0(Xi))− 2ϕ∗
0(Yj)

+
1

λ
‖T0(Xi)− Yj‖2 + 2〈T0(Xi), Yj − T0(Xi)〉

)]

Now, notice that

2〈T0(Xi), Yj − T0(Xi)〉 = −‖T0(Xi)− Yj‖2 + ‖Yj‖2 − ‖T0(Xi)‖2 .

Thus, continuing from before, we have

E

[
W 2

2 (Pn, Qm)−W 2
2 (P,Q)

]

≥ 1

λ
E[∆nm] + E




n∑

i=1

m∑

j=1

π̂ij

(
2ϕ∗

0(T0(Xi))− 2ϕ∗
0(Yj) + ‖Yj‖2 − ‖T0(Xi)‖2

)



=
1

λ
E[∆nm] + E


 1

m

m∑

j=1

(
‖Yj‖2 − 2ϕ∗

0(Yj)
)



− E

[
1

n

n∑

i=1

(
‖T0(Xi)‖2 − 2ϕ∗

0(T0(Xi))
)]

=
1

λ
E[∆nm].
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This proves one of the inequalities of the claim. To obtain the other, return to equation (70) and
notice that one also has

2〈−S0(T0(Xi)), Yj − T0(Xi)〉 ≤ 2ϕ∗
0(T0(Xi))− 2ϕ∗

0(Yj) + λ ‖T0(Xi)− Yj‖2 .

The proof then proceeds analogously. This proves that

E[∆nm] ≍λ E

[
W 2

2 (Pn, Qm)−W 2
2 (P,Q)

]
.

To conclude, apply Proposition 12 to deduce

E

[
W 2

2 (Pn, Qm)−W 2
2 (P,Q)

]

≤ E

∫
φ0d(Pn − P ) + E

∫
ψ0d(Qm −Q) + 2λ

[
EW 2

2 (Pn, P ) + EW 2
2 (Qm, Q)

]

= 2λ
[
EW 2

2 (Pn, P ) + EW 2
2 (Qm, Q)

]
.

The above display is of the order κn∧m due to equation (21). When we additionally assume that
Ω = [0, 1]d and γ−1 ≤ p, q ≤ γ, we may instead bound it from above by κn∧m, due to Corollary 8.
The claim follows.

F.4 Proof of Proposition 16

The claim follows along the same lines as the proofs of Theorem 6 and Proposition 12, thus we
only provide a brief proof of the analogue of Theorem 6 over the torus. It will suffice to prove

1

λ
‖T̂ − T0‖2L2(P ) ≤W 2

2 (P, Q̂)−W 2
2 (P,Q)−

∫
ψ0d(Q̂−Q) ≤ λW 2

2 (Q̂,Q). (71)

Recall that T̂ is the optimal transport map from P to Q̂. By Proposition 4(iii), we therefore have

dTd(T̂ (x), x) = ‖T̂ (x)− x‖, dTd(T0(x), x) = ‖T0(x)− x‖ , x ∈ T
d.

It follows that

W 2
2 (P, Q̂)−W 2

2 (P,Q) =

∫
‖T̂ (x)− x‖2dP (x)−

∫
‖T0(x)− x‖2dP (x).

From here, it follows identically as in the proof of Theorem 6 that

W 2
2 (P, Q̂)−W 2

2 (P,Q) ≥ 1

λ
‖T̂ − T0‖2L2(P ) +

∫
ψ0d(Q̂−Q).

To prove the second inequality in equation (71), let π̂ denote an optimal coupling between Q and
Q̂ with respect to the cost d2

Td . Notice similarly as before that Proposition 4(iii) implies

W 2
2 (P,Q) =

∫
‖S0(y)− y‖2dQ(y), W 2

2 (Q, Q̂) =

∫
‖y − z‖2dπ̂(y, z),
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thus, since (S0, Id)#π̂ ∈ Π(P, Q̂), and using the fact that dTd ≤ ‖ · ‖, we have

W 2
2 (P, Q̂)

≤
∫
d2
Td(S0(y), z)dπ̂(y, z)

≤
∫

‖S0(y)− z‖2dπ̂(y, z)

=

∫
‖S0(y)− y‖2 dQ(y) +

∫
‖y − z‖2 dπ̂(y, z) + 2

∫ 〈
S0(y)− y, y − z

〉
dπ̂(y, z)

=W 2
2 (P,Q) +W 2

2 (Q̂,Q) + 2

∫ 〈
S0(y)− y, y − z

〉
dπ̂(y, z).

By the same argument as in Theorem 6, the cross term is bounded above by (λ − 1)W 2
2 (Q̂,Q) +∫

ψ0d(Q̂−Q), thus the claim follows.

G Proofs of Upper Bounds for Two-Sample Empirical Estimators

In this Appendix, we prove Propositions 14 and 15. We begin with the following result.

Lemma 40. Let Ω satisfy conditions (S1)–(S2). Let P ∈ Pac(Ω) admit a density p such that
γ−1 ≤ p ≤ γ for some γ > 0. Let V1, . . . , Vn denote the Voronoi partition in equation (31), based
on an i.i.d. sample X1, . . . , Xn ∼ P . Then, there exist constants C1, C2 > 0 depending only on
d, γ, ǫ0, δ0 such that,

(i) For all δ ∈ (0, 1), we have,

P

(
max
1≤i≤n

P (Vi) ≥
C1

n

[
d log n+ log (1/δ)

])
≤ δ.

(ii) We have,

E

[
max
1≤i≤n

diam(Vi)
2

]
≤ C2

(
log n

n

) 2
d

.

Proof of Lemma 40. We shall make use of the relative Vapnik-Chervonenkis inequality (Vap-
nik, 2013; Bousquet et al., 2003), in the following form stated by Chaudhuri and Dasgupta (2010).

Lemma 41. Let B denote the set of balls in R
d. Then, there exists a universal constant C > 0

such that for every δ ∈ (0, 1), we have with probability at least 1− δ that for all B ∈ B,

P (B) ≥ C

n

[
d log n+ log

(
1

δ

)]
=⇒ Pn(B) > 0.

We now turn to the proof. Recall that Ω is a standard set by condition (S2), and recall
the constants ǫ0, δ0 > 0 therein. Fix 1 ≤ i ≤ n. Pick xi ∈ Vi for all 1 ≤ i ≤ n, and let
ρi = (ǫ0/2d) ‖xi −Xi‖. Since diam(Ω) ≤

√
d by condition (S1), we have ρi ≤ ǫ0. We also have
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ρi < ‖xi −Xi‖, thus the balls B(xi, ρi) of radius ρi centered at xi contain no sample points.
Therefore, by Lemma 41, we have that for any δ ∈ (0, 1), with probability at least 1− δ,

max
1≤i≤n

P (B(xi, ρi)) ≤
C

n

[
d log n+ log

(
1

δ

)]
. (72)

Now, since γ−1 ≤ p ≤ γ, the assumption of standardness on Ω leads to the bound

P (B(xi, ρi)) ≥ γ−1L(B(xi, ρi) ∩ Ω) ≥ δ0γ
−1L(B(xi, ρi)) ≍ ρdi ,

thus equation (72) reduces to

max
1≤i≤n

ρdi ≤
C

n

[
d log n+ log

(
1

δ

)]
.

By definition of ρi, we deduce that for some constant C1 > 0 not depending on δ, we have with
probability at least 1− δ,

max
1≤i≤n

diam(Vi) ≤ C1

[
d log n+ log (1/δ)

n

] 1
d

.

To prove claim (i), notice that since the density of P is bounded from above, we also have with
probability at least 1− δ,

max
1≤i≤n

P (Vi) ≤ γ max
1≤i≤n

L(Vi) . max
1≤i≤n

diam(Vi)
d .

1

n

[
d log n+ log (1/δ)

]
.

To prove claim (ii), let tn = 2Cd1 ((d+2) log n/n)2/d. Set δ = nd exp
(
−udn

Cd
1

)
for any u > 0 to obtain

E

[
max
1≤i≤n

diam(Vi)
2

]
=

∫ ∞

0
P

(
max
1≤i≤n

diam(Vi)
2 ≥ u

)
du

≤ tn + nd
∫ ∞

tn

exp

(
−u

d
2n

Cd1

)
du

= tn +
4nd

d

∫ ∞

t
d/4
n

exp

(
−v

2n

Cd1

)
v

4
d
−1dv

. tn + nd
∫ ∞

t
d/4
n

exp

(
− v2n

2Cd1

)
dv

. tn +
nd√
n
exp

(
− t

d/2
n n

2Cd1

)
.

(
log n

n

) 2
d

.

The claim follows.
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G.1 Proof of Proposition 14

Abbreviate T̂ 1NN
nm by T̂nm. We have,

∥∥T̂nm − T0
∥∥2
L2(P )

=

n∑

i=1

∫

Vi

‖T̂nm(x)− T0(Xi) + T0(Xi)− T0(x)
∥∥2dP (x)

.

n∑

i=1

∫

Vi

[
‖T̂nm(x)− T0(Xi)‖2 + ‖T0(Xi)− T0(x)‖2

]
dP (x).

To bound the first term, notice that,

n∑

i=1

∫

Vi

‖T̂nm(x)− T0(Xi)‖2dP (x) =
n∑

i=1

∫

Vi

∥∥∥∥∥

m∑

j=1

(nπ̂ij)Yj − T0(Xi)

∥∥∥∥∥

2

dP (x)

=
n∑

i=1

P (Vi)

∥∥∥∥∥

m∑

j=1

(nπ̂ij)Yj − T0(Xi)

∥∥∥∥∥

2

≤
n∑

i=1

P (Vi)

m∑

j=1

(nπ̂ij) ‖Yj − T0(Xi)‖2 ,

by convexity of ‖·‖2. Therefore, setting Mn = max1≤i≤n P (Vi), we obtain

∥∥T̂nm − T0
∥∥2
L2(P )

≤ n∆nm

(
max
1≤i≤n

P (Vi)

)
+

n∑

i=1

∫

Vi

‖T0(Xi)− T0(x)‖2dP (x).

Since T0 is λ-Lipschitz by condition A1(λ), the claim is now a consequence of the following simple
Lemma, which we isolate for future reference.

Lemma 42. Under the conditions of Proposition 14, we have for any λ-Lipschitz map F : Ω → Ω,

E

[
n∑

i=1

∫

Vi

‖F (Xi)− F (x)‖2dP (x)
]
.λ,γ (log n/n)2/d,

E

[
n∆nm

(
max
1≤i≤n

P (Vi)

)]
.λ,γ,ǫ0,δ0 (log n)κn∧m.

G.1.1 Proof of Lemma 42

The first quantity is easily bounded as follows,

E

[
n∑

i=1

∫

Vi

‖F (Xi)− F (x)‖2dP (x)
]
≤ λ2E

[
n∑

i=1

∫

Vi

‖Xi − x‖2dP (x)
]

≤ λ2E

[
n∑

i=1

P (Vi) diam(Vi)
2

]
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≤ λ2E

[
max
1≤i≤n

diam(Vi)
2

]
.

(
log n

n

) 2
d

,

where the final inequality is due to Lemma 40(ii). To bound the second quantity, let Mn =
max1≤i≤n P (Vi). By Lemma 40(i) with δ = 1/n2, there is a large enough constant c > 0 such that
if mn = c log n/n, then P(Mn ≥ mn) ≤ 1/n2. We have,

E [nMn∆nm] = E [nMnI(Mn ≥ mn)∆nm] + E [nMnI(Mn < mn)∆nm] .

Notice that ∆nm is bounded above by diam(Ω)2, and 0 ≤Mn ≤ 1, thus, by Proposition 13,

E [nMn∆nm] . nP(Mn ≥ mn) +mnnE [∆nm] .
1

n
+ (log n)E [∆nm] . (log n)κn∧m.

This proves the claim.

G.2 Proof of Proposition 15

Abbreviate T̂LS
nm by T̂nm. Notice first that we have

∥∥T̂nm − T0
∥∥2
L2(Pn)

=
1

n

n∑

i=1

∥∥T̂nm(Xi)− T0(Xi)
∥∥2

=

n∑

i=1

m∑

j=1

π̂ij
∥∥T̂nm(Xi)− T0(Xi)

∥∥2

.

n∑

i=1

m∑

j=1

π̂ij
∥∥T̂nm(Xi)− Yj

∥∥2 +
n∑

i=1

m∑

j=1

π̂ij
∥∥Yj − T0(Xi)

∥∥2

≤ 2

n∑

i=1

m∑

j=1

π̂ij
∥∥Yj − T0(Xi)

∥∥2 = 2∆nm, (73)

where the final inequality follows by definition of T̂nm, since ϕ0 ∈ Jλ under assumption A1(λ).
Therefore,

∥∥T̂nm − T0
∥∥2
L2(P )

=
n∑

i=1

∫

Vi

‖T̂nm − T0
∥∥2dP .

n∑

i=1

∫

Vi

[
‖T̂nm(x)− T̂nm(Xi)‖2

+ ‖T̂nm(Xi)− T0(Xi)‖2 + ‖T0(Xi)− T0(x)‖2
]
dP (x).

By definition of Jλ and by assumption A1(λ), T̂nm and T0 are both λ-Lipschitz, thus by Lemma 42,

E
∥∥T̂nm − T0

∥∥2
L2(P )

.

(
log n

n

) 2
d

+ E

[
n∑

i=1

∫

Vi

‖T̂nm(Xi)− T0(Xi)‖2dP (x)
]

≤
(
log n

n

) 2
d

+ E

[
n

(
max
1≤i≤n

P (Vi)

)∥∥T̂nm − T0
∥∥2
L2(Pn)

]
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.

(
log n

n

) 2
d

+ E

[
n

(
max
1≤i≤n

P (Vi)

)
∆nm

]
,

where we used equation (73). Lemma 42 may now be applied to bound the right-hand term in the
above display, leading to the claim.

H Proofs of Upper Bounds for Two-Sample Wavelet Estimators

The aim of this section is to prove Theorem 17. We first note that the one-sample results from
Section 3.3 may readily be extended to the optimal transport problem over Td.

Proposition 43. Assume P,Q ∈ Pac(T
d) admit densities p, q ∈ Cα−1(Td;M,γ) for some α > 1,

α 6∈ N, and M,γ > 0. Let q̂m = q̂
(per)
m be the periodic wavelet estimator defined in equation (34),

and let Q̂m be the induced probability distribution. Let

Tm = argmin
T∈T (P,Q̂m)

∫
d2
Td(x, T (x))dP (x).

Furthermore, let 2Jm ≍ m
1

2(α−1)+d . Then, there exists a constant C > 0 depending only on M,γ, α
such that the following statements hold.

(i) We have EW 2
2 (Q̂m, Q) ≤ CRT,m(α) and EW 4

2 (Q̂m, Q) ≤ CR2
T,m(α).

(ii) We have,

∣∣∣∣E
∫
ψ0d(Q̂m −Q)

∣∣∣∣ ≤ C2−2Jmα

∣∣∣∣Var
[∫

ψ0d(Q̂m −Q)

]
− VarQ[ψ0(Y )]

m

∣∣∣∣ ≤
C2−2Jmα

m
.

(iii) We have,

E‖Tm − T0‖2L2(P ) ≤ CRT,m(α),
∣∣EW 2

2 (P, Q̂m)−W 2
2 (P,Q)

∣∣ ≤ CRT,m(α),

E
∣∣W 2

2 (P, Q̂m)−W 2
2 (P,Q)

∣∣2 ≤
[
CR2

T,m(α) +

√
VarQ[ψ0(Y )]

m

]2
.

Notice that the only properties of the boundary-correct wavelet basis used in the proofs of
Lemma 30 and Theorem 10 are those contained in Lemmas 24 and Lemma 28 of Appendix A.2,
which are also stated to hold for the periodic wavelet basis. The proof of Proposition 43 is therefore
a direct extension of these results. Notice that, unlike Theorem 10, we no longer require any
conditions on the smoothnes of ϕ0 itself, due to the torus regularity result of Theorem 5. Indeed,
under the assumptions of Proposition 43, the latter implies that there exists a constant C ′ > 0
depending only on α, γ,M such that ‖ϕ0‖Cα+1(Td) ≤ C ′, assuming α 6∈ N.
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H.1 Proof of Theorem 17

Throughout the proof, we use the abbreviations

F (P̂n) =

∫
φ0d(P̂n − P ), L(Q̂m) =

∫
ψ0d(Q̂m −Q).

We begin by proving part (ii). Under the assumptions of this case, Theorem 5 implies that
‖ϕ0‖Cα+1(Td) ≤M0 for a universal constantM0 > 0 depending only on α, γ andM . In particular, it
also follows from Proposition 4(vii) that ϕ0 is strongly convex, and thus satisfies condition A1(λ)
for some λ > 0 depending only on M0 and γ. We may therefore invoke the two-sample stability
bound over Td in Proposition 13 (arising from Proposition 12) to deduce

F (P̂n) + L(Q̂m) ≤W 2
2 (P̂n, Q̂m)−W 2

2 (P,Q)

≤ F (P̂n) + L(Q̂m) + 2λ
[
W 2

2 (P̂n, P ) +W 2
2 (Q̂m, Q)

]
.

From Proposition 43(ii), it can be deduced that

∣∣EF (P̂n)
∣∣ ∨
∣∣EL(Q̂m)

∣∣ . RT,n∧m(α) (74)

Var
[
F (P̂n)

]
≤ VarP [φ0(X)]

n
+ CR2

T,n(α) (75)

Var
[
L(Q̂m)

]
≤ VarQ[ψ0(Y )]

m
+ CR2

T,m(α), (76)

for a constant C > 0 depending only on M,γ, α, whose value we allow to change from line to line
in the remainder of the proof. Thus, recalling Proposition 43(i),

∣∣EW 2
2 (P̂n,Q̂m)−W 2

2 (P,Q)
∣∣

.
∣∣EF (P̂n)

∣∣+
∣∣EL(Q̂m)

∣∣+ EW 2
2 (P̂n, P ) + EW 2

2 (Q̂m, Q) . RT,n∧m(α).

Furthermore,

E
∣∣W 2

2 (P̂n, Q̂m)−W 2
2 (P,Q)

∣∣2

≤ E

[(∣∣F (P̂n)
∣∣+
∣∣L(Q̂m)

∣∣+ 2λ
(
W 2

2 (P̂n, P ) +W 2
2 (Q̂m, Q)

))2]
=: (I) + (II) + (III),

where

(I) = E

[(∣∣F (P̂n)
∣∣+
∣∣L(Q̂m)

∣∣
)2]

(II) = 4λ2E

[(
W 2

2 (P̂n, P ) +W 2
2 (Q̂m, Q)

)2]

(III) = 4λE
[(
W 2

2 (P̂n, P ) +W 2
2 (Q̂m, Q)

)(∣∣F (P̂n)
∣∣+
∣∣L(Q̂m)

∣∣
)]
.
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Regarding term (I), recall that we have assumed that Xi is independent of Yj for all i, j = 1, . . . , n.
Therefore, using equations (74–76),

(I) = E
[
F 2(P̂n)

]
+ E

[
L2(Q̂m)

]
+ 2E

∣∣F (P̂n)L(Q̂m)
∣∣

= E
[
F 2(P̂n)

]
+ E

[
L2(Q̂m)

]
+ 2E

∣∣F (P̂n)
∣∣E
∣∣L(Q̂m)

∣∣

= Var
[
F (P̂n)

]
+Var

[
L(Q̂m)

]
+
∣∣EF (P̂n)

∣∣2 +
∣∣EL(Q̂m)

∣∣2 + 2E
∣∣F (P̂n)

∣∣E
∣∣L(Q̂m)

∣∣

≤ VarP [φ0(X)]

n
+

VarQ[ψ0(Y )]

m
+ CR2

T,n∧m(α).

Furthermore, by Proposition 43(i) we have

(II) ≤ 8λ2
(
EW 4

2 (P̂n, P ) + EW 4
2 (Q̂m, Q)

)
≤ CR2

T,n∧m(α),

and, using the Cauchy-Schwarz inequality and equations (74–76), we obtain

(III) ≤ C

√(
EW 4

2 (P̂n, P ) + EW 4
2 (Q̂m, Q)

)(
E
∣∣F (P̂n)

∣∣2 + E
∣∣L(Q̂m)

∣∣2
)

≤ C

√
R2
T,n∧m(α)

(
CR2

T,n∧m(α) +
VarP [φ0(X)]

n
+

VarQ[ψ0(Y )]

m

)

≤ CR2
T,n∧m(α) + CRT,n∧m(α)

√
VarP [φ0(X)]

n
+

VarQ[ψ0(Y )]

m
.

Deduce that

(I) + (II) + (III) ≤
(
CRT,n∧m(α) +

√
VarP [φ0(X)]

n
+

VarQ[ψ0(Y )]

m

)2

.

Claim (ii) follows from here.
To prove part (i), we shall make use of the one-sample optimal transport problem from P to

Q̂m. Denote by ϕm an optimal Brenier potential for this problem, so that Tm = ∇ϕm is the optimal
transport map pushing P forward onto Q̂m, with respect to the cost function d2

Td . Furthermore,
denote by

φm = ‖·‖2 − 2ϕm, ψm = ‖·‖2 − 2ϕ∗
m,

a corresponding pair of optimal Kantorovich potentials. We proceed with three steps.
Step 1: Regularity of the Fitted Potentials. Recall that α > 1, and fix ǫ ∈ (0, 1 ∧ α−1

2 ). By
Lemma 28(i) and Lemma 29, under our choice of threshold Jn, notice that the event

Enm = {p̃n = p̂n} ∩ {q̃m = q̂m}
∩
{
‖p̃n‖Bǫ

∞,∞(Td) ≤ 2‖p‖Bα−1
∞,∞(Td)

}
∩
{
‖q̃m‖Bǫ

∞,∞(Td) ≤ 2‖q‖Bα−1
∞,∞(Td)

}

satisfies P(Ec

nm) . (n ∧m)−2. Note that ǫ 6∈ N, thus by Lemma 25, we have on the event Enm,

‖q̂m‖Cǫ(Td) . ‖q̂m‖Bǫ
∞,∞(Td) . ‖q‖Bα−1

∞,∞(Td) . ‖q‖Cα−1(Td) ≤M,
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and similarly for p̂n. Thus, there exists M1 > 0 depending only on M,γ such that

‖p̂n‖Cǫ(Td) , ‖q̂m‖Cǫ(Td) ≤M1, on Enm.

Furthermore, by Lemma 28(ii), there exists γ0 > 0 depending only on γ such that

γ−1
0 ≤ p̂n, q̂m ≤ γ0, on Enm.

Under the preceding two displays, together with the smoothness assumptions on the population
densities p, q themselves, we may apply the regularity Theorem 5 to deduce that there exists a
constant M2 > 0 depending only on M0,M1, γ such that

‖ϕ0‖C2+ǫ(Rd) ∨ ‖ϕ̂nm‖C2+ǫ(Rd) ∨ ‖ϕm‖C2+ǫ(Rd) ≤M2, (77)

on Enm. Apply Proposition 4(vii) to deduce that ϕ̂nm and ϕm satisfy the curvature conditionA1(λ)
almost surely, up to modifying the value of λ > 0 in terms of M2 and γ, namely:

λ−1Id � ∇2ϕ0(x),∇2ϕm(x),∇2ϕ̂nm(x) � λId, for all x ∈ R
d; n,m ≥ 1, (78)

on the event Enm.
Step 2: Reduction to Optimal Transport Problems with Same Source Distribution. In
order to appeal to the one-sample stability bounds of Theorem 6, write

∥∥T̂nm − T0
∥∥2
L2(P )

.
∥∥T̂nm − Tm

∥∥2
L2(P )

+
∥∥Tm − T0

∥∥2
L2(P )

. (79)

The first term in the above display compares transport maps which are optimal for distinct source
distributions. We therefore proceed with the following reduction, over the event Enm:

∥∥T̂nm − Tm
∥∥2
L2(P )

=

∫

Td

∥∥T̂nm(x)− Tm(x)
∥∥2dP (x)

=

∫

Td

∥∥T̂nm(T−1
m (y))− y

∥∥2dQ̂m(y)

=

∫

Td

∥∥T̂nm(T−1
m (y))− T̂nm(T̂

−1
nm(y))

∥∥2dQ̂m(y), (80)

where the second line follows from the fact that (Tm)#P = Q̂m, and the third follows from in-

vertibility of T̂nm, which is ensured by the strong convexity of ϕ̂nm in equation (78). This same
equation implies that, over the event Enm, T̂nm = ∇ϕ̂nm is Lipschitz with a universal constant. It
follows that

∥∥T̂nm − Tm
∥∥2
L2(P )

.

∫

Td

∥∥T̂−1
nm(y)− T−1

m (y)
∥∥2dQ̂m(y) =

∥∥T̂−1
nm − T−1

m

∥∥2
L2(Q̂m)

. (81)

Step 3: Stability Bounds. Due to the inequalities (78), the stability bounds of Proposition 16
(arising from Theorem 6) imply

∥∥T−1
m − T̂−1

nm

∥∥2
L2(Q̂m)

≤ λ2W 2
2 (P̂n, P ),

∥∥Tm − T0
∥∥2
L2(P )

≤ λ2W 2
2 (Q̂m, Q). (82)
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Thus, combined with equations (79) and (81), we have on the event Enm,

∥∥T̂nm − T0
∥∥2
L2(P )

.W 2
2 (P̂n, P ) +W 2

2 (Q̂m, Q).

We deduce,

E
∥∥T̂nm − T0

∥∥2
L2(P )

= E

[∥∥T̂nm − T0
∥∥2
L2(P )

IEnm

]
+ E

[∥∥T̂nm − T0
∥∥2
L2(P )

IEc

nm

]

. E

[
W 2

2 (P̂n, P )IEnm

]
+ E

[
W 2

2 (Q̂m, Q)IEnm

]
+ P(Ec

nm)

≤ E

[
W 2

2 (P̂n, P )
]
+ E

[
W 2

2 (Q̂m, Q)
]
+ P(Ec

nm)

. RT,n(α) +RT,m(α) + (n ∧m)−2 . RT,n∧m(α),

where we made use of Proposition 43(i) on the final line. The claim follows.

We now state an extension of Theorem 17(ii) to the unit hypercube [0, 1]d. Let P,Q ∈ Pac([0, 1]
d),

and denote by P̂
(bc)
n and Q̂

(bc)
m the boundary corrected wavelet estimators defined in Section 3.3.

Proposition 44. Let P,Q ∈ Pac([0, 1]
d) admit densities p, q ∈ Cα−1([0, 1]d;M,γ) for some α > 1

and M,γ > 0. Assume further that for some λ > 0,

ϕ0, ϕ
∗
0 ∈ Cα+1([0, 1]d;λ). (83)

Let 2Jn ≍ n
1

d+2(α−1) . Then, there exists a constant C > 0 depending only on M,λ, γ, α such that,

∣∣EW 2
2 (P̂

(bc)
n , Q̂(bc)

m )−W 2
2 (P,Q)

∣∣ ≤ CRT,n∧m(α),

E
∣∣W 2

2 (P̂
(bc)
n , Q̂(bc)

m )−W 2
2 (P,Q)

∣∣2 ≤
[
CRT,n∧m(α)+

√
VarP [φ0(X)]

n
+
VarQ[ψ0(Y )]

m

]2
.

The proof follows along similar lines as that of Theorem 17(ii), and is therefore omitted.
Condition (83) places a smoothness assumption on ϕ∗

0 in addition to ϕ0. If our analysis could
be carried out over a domain Ω ⊆ R

d with smooth boundary, then, under appropriate boundary
conditions on the potentials and under the assumptions made on p, q, the Evans-Krylov Theorem
for uniformly elliptic fully nonlinear partial differential equations could be applied to the Monge-
Ampère equation to obtain that ϕ∗

0 ∈ Cα+1(Ω) as soon as ϕ0 ∈ C2(Ω), with uniform Hölder norms
(see, for instance, the discussion in Appendix A.5.5 of Figalli (2017)). We do not know whether
analogues of such results can be applied over the hypercube [0, 1]d, thus we have placed assumptions
both on ϕ0 and its convex conjugate.

I Proofs of Upper Bounds for Kernel Estimators

The goal of this Appendix is to prove Theorem 18. For ease of notation, we omit the superscript
“ker” in all kernel-based estimators, and write

phn(x) = E[p̃n(x)] = (p ⋆ Khn)(x), qhm(y) = E[q̃m(y)] = (q ⋆ Khm)(y), x, y ∈ T
d.

67



We begin with the following technical result.

Lemma 45. Let t, s > 0, and assume p ∈ Hs(Td). Assume further that the kernel K satisfies
condition K1(s+ t, κ) for some κ > 0. Then, for any hn > 0,

‖phn − p‖Ḣ−t(Td) ≤ κ ‖p‖Hs(Td) h
s+t
n

Proof of Lemma 45. By definition of the Ḣ−t(Td) norm,

‖phn − p‖Ḣ−t =
∥∥‖ · ‖−tF [phn − p](·)

∥∥
ℓ2(Zd)

.

Furthermore, using standard properties of the Fourier transform,

F [phn − p] = F [p ⋆ Khn − p] = (F [K](hn·)− 1)F [p].

Thus, using assumption K1(s+ t, κ), we have

‖phn − p‖2
Ḣ−t(Td)

=
∑

ξ∈Zd

1

‖ξ‖2t
∣∣F [K](hnξ)− 1

∣∣2F [p]2(ξ)

≤ κ2
∑

ξ∈Zd

‖hnξ‖2(s+t)

‖ξ‖2t
F [p]2(ξ)

= κ2h2(s+t)n

∑

ξ∈Zd

‖ξ‖2sF [p]2(ξ) ≤ κ2h2(s+t)n ‖p‖2Hs(Td) ,

as claimed.
While Lemma 45 will be needed in the proof of Theorem 18 below, we begin by showing how it

may also be used to derive a rate of convergence of Q̂n under the Wasserstein distance. The following
result was anticipated by Divol (2021), who derived a Fourier-analytic proof of the convergence rate
of the empirical measure under the Wasserstein distance on T

d. Our proof follows along similar
lines, and is simplified by the fact that we work only with the Wasserstein distance of second order,
but is complicated by the fact that we require general exponents ρ ≥ 1.

Lemma 46. Let s > 0. Assume P ∈ Pac(T
d) admits a density p such that

‖p‖Hs(Td) ≤ R <∞, 0 < γ−1 ≤ p ≤ γ <∞.

Assume further that the kernel K satisfies condition K1(s+1, κ) for some κ > 0. Set hn ≍ n
1

2s+d .
Then, for any ρ ≥ 0,

EW ρ
2 (P̂n, P ) .R,ρ,γ,s





n−
ρ(s+1)
2s+d , d ≥ 3

(log n/n)ρ/2, d = 2

(1/n)ρ/2, d = 1.

Proof. By Jensen’s inequality, it suffices to prove the claim for ρ ≥ 2. It is a direct consequence of
Lemma 32 and the assumption γ−1 ≤ p ≤ γ that the event An = {p̂n = p̃n} satisfies P(An) . 1/n2.
Furthermore, recall from equation (18), arising from the work of Peyre (2018), that

W2(P̂n, P ) . ‖p̂n − p‖Ḣ−1 .
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We therefore have,

EW ρ
2 (P̂n, P ) = E

[
W ρ

2 (P̂n, P )IAn

]
+ E

[
W ρ

2 (P̂n, P )IAc

n

]

. E

[
‖p̂n − p‖ρ

Ḣ−1
IAn

]
+ 1/n2

= E

[
‖p̃n − p‖ρ

Ḣ−1
IAn

]
+ 1/n2

. ‖phn − p‖ρ
Ḣ−1

+ E‖p̃n − phn‖ρḢ−1
+ 1/n2

. hρ(s+1)
n + E‖p̃n − phn‖ρḢ−1

+ 1/n2, (84)

where we used Lemma 45 on the final line, together with the assumption K1(s+ 1, κ). To bound
the variance term, write E‖p̃n − phn‖ρḢ−1

. Sn,1 + Sn,2, where

Sn,1 := E





 ∑

ξ∈Zd,‖hnξ‖≤1

‖ξ‖−2
∣∣F [p̃n − phn ](ξ)

∣∣2



ρ
2


 ,

Sn,2 := E





 ∑

ξ∈Zd,‖hnξ‖>1

‖ξ‖−2
∣∣F [p̃n − phn ](ξ)

∣∣2



ρ
2


 .

We begin by bounding Sn,1. Recall that

F [p̃n − phn ](ξ) = F [K](hnξ)
1

n

n∑

j=1

(
e−2πi〈Xj ,ξ〉 −F [p](ξ)

)
, ξ ∈ Z

d,

where i2 = −1. In fact, since p̃n and phn integrate to the same constant, we have F [p̃n−phn ](0) = 0.
Furthermore, let ρ′ ∈ R satisfy 1

ρ +
1
ρ′ =

1
2 . Then, for any η ∈ R, we have by Hölder’s inequality,

Sn,1 = E





 ∑

ξ∈Zd,‖hnξ‖≤1

‖ξ‖−2η ‖ξ‖2(η−1)
∣∣F [p̃n − phn ](ξ)

∣∣2



ρ
2




≤




∑

ξ∈Zd,ξ 6=0
‖hnξ‖≤1

‖ξ‖−ρ′η




ρ
ρ′

E




∑

ξ∈Zd,ξ 6=0
‖hnξ‖≤1

‖ξ‖ρ(η−1)
∣∣F [p̃n − phn ](ξ)

∣∣ρ




=




∑

ξ∈Zd,ξ 6=0
‖hnξ‖≤1

‖ξ‖−ρ′η




ρ
ρ′

∑

ξ∈Zd,ξ 6=0
‖hnξ‖≤1

‖ξ‖ρ(η−1)
∣∣F [K](hnξ)

∣∣ρE

∣∣∣∣∣∣
1

n

n∑

j=1

Zj(ξ)

∣∣∣∣∣∣

ρ

,

where Zj(ξ) = e−2πi〈Xj ,ξ〉 −F [p](ξ), for all j = 1, . . . , n and ξ ∈ Z
d. Since ρ ≥ 2, it can be deduced

69



from Rosenthal’s inequalities (Rosenthal, 1970, 1972) that,

E

∣∣∣∣∣∣
1

n

n∑

j=1

Zj(ξ)

∣∣∣∣∣∣

ρ

. n−
ρ
2
(
E|Z1(ξ)|2

)ρ
+ n1−ρE|Z1(ξ)|ρ.

Notice that |Z1(ξ)| ≤ 2 for any ξ ∈ Z
d, and ρ/2 ≤ ρ − 1, thus we deduce from the previous two

displays that,

Sn,1 . n
− ρ

2




∑

ξ∈Zd,ξ 6=0
‖hnξ‖≤1

‖ξ‖−ρ′η




ρ
ρ′

∑

ξ∈Zd,ξ 6=0
‖hnξ‖≤1

‖ξ‖ρ(η−1)
∣∣F [K](hnξ)

∣∣ρ (85)

. n−
ρ
2




∑

ξ∈Zd,ξ 6=0
‖hnξ‖≤1

‖ξ‖−ρ′η




ρ
ρ′

∑

ξ∈Zd,ξ 6=0
‖hnξ‖≤1

‖ξ‖ρ(η−1) , (86)

where the final inequality follows from the fact that the Fourier transform of K is bounded over
the unit ball, since K ∈ C∞

c (Rd). When d ≥ 3, due to the condition 1
ρ +

1
ρ′ =

1
2 , we may choose η

satisfying

d

(
1

d
− 1

ρ

)
< η <

d

ρ′
. (87)

In particular, we then have −d < ρ(η − 1) and −d < −ρ′η, so that

Sn,1 . n
− ρ

2

(
hρ

′η−d
n

) ρ
ρ′

h−ρ(η−1)−d
n = n−

ρ
2h

ρ−d( ρ
ρ′
+1)

n = n−
ρ
2h

ρ(1− d
2
)

n .

If d = 2, we choose η such that the strict inequalities in equation (87) both hold with equality. In
this case, we have ρ′η = d and ρ(η − 1) = −d, thus

Sn,1 . n
− ρ

2


 ∑

ξ∈Zd,‖hnξ‖≤1

‖ξ‖−d



ρ
ρ′
+1

. n−
ρ
2 log(h−1

n )
ρ
ρ′
+1

=
(
log(h−1

n )/n
) ρ

2 .

Finally, if d = 1, choose η such that

1− 1

ρ
> η >

1

ρ′
. (88)

In this case, both sequences in equation (86) are summable, and we obtain Sn,1 . n−ρ/2. In

70



summary, we deduce

Sn,1 . βn := n−
ρ
2





h
ρ(1− d

2
)

n , d ≥ 3
(
log(h−1

n )
)ρ/2

, d = 2

1, d = 1.

(89)

We next bound Sn,2. Let η < d/ρ′. Apply a similar reduction as in equation (85), to obtain

Sn,2 . n
− ρ

2


 ∑

ξ∈Zd,‖hnξ‖>1

‖ξ‖−ρ′η



ρ
ρ′

 ∑

ξ∈Zd,‖hnξ‖>1

‖ξ‖ρ(η−1)
∣∣F [K](hnξ)

∣∣ρ

 .

Since K ∈ C∞
c (Rd), notice that K and F [K] are Schwartz functions. In particular, F [K](ξ) . ‖ξ‖−ℓ

for any ℓ > 0. Choose ℓ > 0 such that ρ(η − 1− ℓ) < −d. We then have,

Sn,2 . n
− ρ

2


 ∑

ξ∈Zd,‖hnξ‖>1

‖ξ‖−ρ′η



ρ
ρ′

h−ρℓn

∑

ξ∈Zd,‖hnξ‖>1

‖ξ‖ρ(η−1−ℓ)




. n−
ρ
2

(
hρ

′η−d
n

) ρ
ρ′

h−ρℓn h−ρ(η−1−ℓ)−d
n . n−

ρ
2h

ρ(1− d
2
)

n . βn.

Combine this bound with those of equations (84) and (89)

EW ρ
2 (P̂n, P ) . h

ρ(s+1)
n + βn + 1/n2 .





n−
ρ(s+1)
2s+d , d ≥ 3

(log n/n)ρ/2, d = 2

(1/n)ρ/2, d = 1.

The claim follows.

We are now in a position to prove Theorem 18.

I.1 Proof of Theorem 18

In view of Lemmas 32, 33, 45, and 46, the proof of the claim is analogous to that of Theorem 17,
thus we only provide brief justifications.

Regarding part (i), apply Lemmas 25 and 32–33 to deduce that there exists ǫ ∈ (0, 1 ∧ α−1
2 )

and an event of probability at least 1 − 1/n2 over which p̂n, q̂m coincide with p̃n, q̃m respectively,
and are of class Cǫ(Td), with Hölder norm uniformly bounded in n. By Theorem 5, it follows that,
over this same high-probability event, any mean-zero Brenier potential in the optimal transport
problem from P to Q̂m, or from P̂n to Q̂m, is of class C2+ǫ(Td), again with a uniformly bounded
Hölder norm. Arguing as in Step 1 of the proof of Theorem 17(i), we deduce that these potentials
achieve the conclusion of equation (78) therein. The same argument as in Steps 2–3 of that proof,
coupled with Lemma 46 stating the convergence rate of the kernel density estimator in Wasserstein
distance, can then be used to deduce that the optimal transport map T̂nm from P̂n to Q̂m satisfies

E
∥∥T̂nm − T̂0

∥∥2
L2(P )

. EW 2
2 (P̂n, P ) + EW 2

2 (Q̂m, Q) +
1

(n ∧m)2
. RK,n∧m(α).
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In applying Lemma 46, we note that our stated assumption K1(2α, κ) implies K1(α+ 1, κ′) for a
constant κ′ > 0 depending only on α and κ. This proves part (i). To prove part (ii), we use the
following observation.

Lemma 47. Under the assumptions of Theorem 18, we have

E

[∫
φ0(p̂n − p)

]
= O(h2αn ), Var

[∫
φ0(p̂n − p)

]
=

VarP [φ0(X)]

n
+O

(
h2αn
n

)
, (90)

where the implicit constants depend only on M,γ, α.

Using Lemmas 46–47, the same argument as in the proof of Theorem 17(ii) leads to the claim
of part (ii).

It thus remains to prove Lemma 47.

I.2 Proof of Lemma 47

Using Lemma 32, and arguing similarly as in the proof of Lemma 11, it will suffice to prove that

∫
φ0(p− phn) = O(h2αn ), Var

[∫
φ0(p̃n − phn)

]
=

VarP [φ0(X)]

n
+O

(
h2αn
n

)
. (91)

Under the condition α 6∈ N, α > 1, we deduce from Theorem 5 that there exists λ > 0 depending
only on M,γ, α such that

φ0, ψ0 ∈ Cα+1(Td;λ). (92)

Now, by Parseval’s Theorem,

∣∣∣∣
∫

Td

φ0(p− phn)

∣∣∣∣ =

∣∣∣∣∣∣

∑

ξ∈Zd

F [φ0](ξ)F [p− phn ](ξ)

∣∣∣∣∣∣

≤
∥∥‖ · ‖α+1F [φ0](·)

∥∥
ℓ2(Zd)

∥∥‖ · ‖−(α+1)F [p− phn ](·)
∥∥
ℓ2(Zd)

= ‖φ0‖Ḣα+1(Td)‖p− phn‖Ḣ−(α+1)(Td) . ‖p− phn‖Ḣ−(α+1)(Td),

where we used equation (92) and the fact that ‖φ0‖Ḣα+1(Td) ≤ ‖φ0‖Hα+1(Td) . ‖φ0‖Cα+1(Td) (cf.

Lemma 26). Apply Lemma 45, under the assumption K1(2α, κ), to deduce

∣∣∣∣
∫

Td

φ0d(p− phn)

∣∣∣∣ . h
2α
n . RK,n∧m(α).

To prove the variance bound, notice that

Var

[∫
φ0(p̃n − phn)

]
= Var

[∫
(φ0 ⋆ Khn)d(Pn − P )

]
=

1

n
VarP [φhn(X)],

where φhn = φ0 ⋆ Khn . Thus, reasoning as in the proof of Lemma 11, we have

∣∣∣∣Var
[∫

φ0(p̃n − phn)

]
− 1

n
VarP [φ0(X)]

∣∣∣∣
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≤ 1

n

∣∣∣VarP [φhn(X)]−VarP [φ0(X)]
∣∣∣

≤ 1

n

∣∣∣E[φ2hn(X)− φ20(X)]
∣∣∣+ 1

n

∣∣∣E[φhn(X)− φ0(X)]
∣∣∣ = 1

n

[
(I) + (II)

]
.

We shall again bound term (I), and a similar proof can be used for term (II). Notice that

(I) =

∣∣∣∣
∫
(φhn − φ0)(φhn + φ0)p

∣∣∣∣ ≤ ‖φhn − φ0‖Ḣ−(α−1)(Td)‖(φhn + φ0)p‖Ḣα−1(Td).

It is a straightforward observation that ‖φhn‖Cα+1(Td) ≤ ‖φ0‖Cα+1(Td) for all n ≥ 1, thus the function

(φhn + φ0)p has uniformly bounded Cα−1(Td) norm, by Lemma 23. Since φ0 ∈ Cα+1(Td;λ), we
deduce that

(I) . ‖φhn − φ0‖Ḣ−(α−1)(Td) . h
2α
n ,

by Lemma 45. The claim follows from here.

J Proofs of Central Limit Theorems

The aim of this appendix is to prove Theorem 19 and Corollary 20. We begin by deriving limit laws

for the functional
∫
φ0(p̂n−p). Here, once again, p̂n is one of the estimators p̂

(bc)
n , p̂

(per)
n , p̂

(ker)
n , which

respectively arise from the classical boundary-corrected, periodic, and kernel density estimators

p̃
(bc)
n , p̃

(per)
n , p̃

(ker)
n . We also write

p
(bc)
Jn

= E[p̃(bc)n ], p
(per)
Jn

= E[p̃(per)n ], p
(ker)
hn

= E[p̃(ker)n ].

Lemma 48. Let ǫ, s > 0, and let h−1
n ≍ 2Jn ↑ ∞.

(i) (Unit Hypercube) Let p ∈ Cǫ([0, 1]d) be positive over [0, 1]d. Assume that φ0 ∈ Cs([0, 1]d)
satisfies VarP [φ0(X)] > 0. Then, as n→ ∞,

√
n

∫
φ0(p̂

(bc)
n − p

(bc)
Jn

) N(0,VarP [φ0(X)]).

(ii) (Flat Torus) Let p ∈ Cǫ(Td) be positive over Td. Assume that φ0 ∈ Cs(Td) satisfies VarP [φ0(X)] >
0. Then, as n→ ∞,

√
n

∫
φ0(p̂

(per)
n − p

(per)
Jn

) N(0,VarP [φ0(X)]),

√
n

∫
φ0(p̂

(ker)
n − p

(ker)
hn

) N(0,VarP [φ0(X)]).

J.1 Proof of Lemma 48

The proof is standard, thus we only prove claim (i). The remaining claims can be proven similarly.
For simplicity, we write Ψbc

j0−1 = Φbc throughout the proof. Reasoning as in the proof of Lemma 11,
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and in particular using Lemma 29, it holds that

√
n

∫
φ0(p̂

(bc)
n − p

(bc)
Jn

) =
√
n

∫
φ0(p̃

(bc)
n − p

(bc)
Jn

) +
√
n

∫
f(p̂(bc)n − p̃(bc)n )

=
√
n

∫
φ0(p̃

(bc)
n − p

(bc)
Jn

) + op(1)

=
1√
n

n∑

i=1

(Zn,i − E[Zn,i]),

where we write

Zn,i =

Jn∑

j=j0−1

∑

ξ∈Ψbc
j

ξ(Xi)γξ,

and where γξ =
∫
φ0ξ for all ξ ∈ Ψbc. By Lyapunov’s central limit theorem (Billingsley (1968),

Theorem 7.3), it holds that

1√∑n
i=1Var[Zn,i]

n∑

i=1

(Zn,i − E[Zn,i]) N(0, 1), (93)

provided that for some p > 2, ∑n
i=1 E [|Zn,i − EZn,i|p]
(
∑n

i=1Var[Zn,i])
p/2

→ 0. (94)

Now, using Lemma 24, it holds that

sup
n≥1

sup
1≤i≤n

|Zn,i| ≤ sup
n≥1

∥∥∥∥∥∥∥

Jn∑

j=j0−1

∑

ξ∈Ψbc
j

ξγξ

∥∥∥∥∥∥∥
L∞([0,1]d)

≤
∞∑

j=Jn+1

‖(γξ)ξ∈Ψbc
j
‖ℓ∞


 sup
ξ∈Ψbc

j

‖ξ‖L∞([0,1]d)




∥∥∥∥∥∥∥

∑

ξ∈Ψbc
j

I(|ξ| > 0)

∥∥∥∥∥∥∥
L∞([0,1]d)

.

∞∑

j=Jn+1

2−j(
d
2
+s)2

dj
2 . 2−Jns = o(1). (95)

On the other hand, under the stated conditions, it follows from Lemma 11 that

n∑

i=1

Var[Zn,i] = n(VarP [φ0(X)] + o(1)). (96)

Since VarP [φ0(X)] > 0, the denominator in equation (94) is of the order np/2, while the numerator
is of order n by equation (95). It follows that Lyapunov’s condition (94) holds for all p > 2. The
claim thus follows from equations (93) and (96).
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J.2 Proof of Theorem 19

Assume first that σ0, σ1 > 0. We begin with part (i). Apply the stability bound of Theorem 6 to
obtain,

0 ≤W 2
2 (P̂

(per)
n , Q)−W 2

2 (P,Q)−
∫
φ0d(P̂

(per)
n − P ) ≤W 2

2 (P̂
(per)
n , P ).

Using the convergence rate of P̂
(per)
n underW 2

2 in Proposition 43(i), and Proposition 43(ii) regarding

the bias of
∫
φ0dP̂

(per)
n , we obtain

W 2
2 (P̂

(per)
n , Q)−W 2

2 (P,Q) =

∫
φ0(p̂

(per)
n − p

(per)
Jn

) +Op

(
n
− 2α

2(α−1)+d ∨ (log n)2

n

)
.

Using the assumption 2(α+ 1) > d, deduce that

√
n
(
W 2

2 (P̂
(per)
n , Q)−W 2

2 (P,Q)
)
=

√
n

∫
φ0(p̂

(per)
n − p

(per)
Jn

) + op(1).

Apply Lemma 48 to deduce that

√
n
(
W 2

2 (P̂
(per)
n , Q)−W 2

2 (P,Q)
)
 N(0, σ20), as n→ ∞.

By the same reasoning, but now using the two-sample stability bound of Proposition 12, we also
have

√
nm

n+m

(
W 2

2 (P̂
(per)
n , Q(per)

m )−W 2
2 (P,Q)

)

=
√

(1− ρ)n

∫
φ0(p̂

(per)
n − p

(per)
Jn

) +
√
ρm

∫
ψ0(q̂

(per)
m − q

(per)
Jm

) + op(1),

as n,m → ∞ such that n/(n + m) → ρ ∈ [0, 1]. By Lemma 48 and the independence of
X1, . . . , Xn, Y1, . . . , Ym, we deduce that

√
nm

n+m

(
W 2

2 (P̂
(per)
n , Q(per)

m )−W 2
2 (P,Q)

)
 N(0, σ2ρ),

as n,m → ∞ such that n/(n+m) → ρ. This proves claim (i) for the periodic wavelet estimators.
Claim (i) for kernel estimators (resp. claim (ii) for boundary-corrected wavelet estimators) follows

analogously by now using Lemma 47 (resp. Lemma 11) to bound the bias of
∫
φ0dP̂

(ker)
n (resp.∫

φ0dP̂
(bc)
n ), Lemma 46 (resp. Lemma 30) to bound the convergence rate of P̂

(ker)
n (resp. P̂

(bc)
n )

in Wasserstein distance, and Lemma 48 to obtain the limiting distribution of
∫
φ0(p̂

(ker)
n − p

(ker)
hn

)

(resp.
∫
φ0(p̂

(bc)
n − p

(bc)
Jn

)).
Finally, to prove part (v), apply Corollary 8 and the result of Divol (2021) to deduce that, for

Ω ∈ {[0, 1]d,Td}, since the densities p and q are bounded and bounded away from zero, we have

√
nW 2

2 (Pn, P ) = op(1),
√
mW 2

2 (Qm, Q) = op(1),

as n,m → ∞, whenever d ≤ 3. Therefore, using Theorem 6, Proposition 12, and Proposition 16,
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we obtain

√
n
(
W 2

2 (Pn, Q)−W 2
2 (P,Q)

)
=

√
n

∫
φ0d(Pn − P ) + op(1),

√
nm

n+m

(
W 2

2 (Pn, Qm)−W 2
2 (P,Q)

)
=
√
(1− ρ)n

∫
φ0d(Pn − P )

+
√
ρm

∫
ψ0d(Qm −Q) + op(1).

Claim (v) then follows by the classical central limit theorem. It thus remains to consider the
situation where σ1 = 0 or σ0 = 0. Notice that the Kantorovich potentials φ0 and ψ0 are almost
everywhere constant if and only if P = Q. As a result, the statements “σ0 = 0”, “σ1 = 0”, and
“P = Q” are equivalent, thus it remains to prove the claim when P = Q. In this case, it suffices

to show that
√
nW 2

2 (P̂n, P ) = op(1) and
√

nm
n+mW

2
2 (P̂n, Q̂m) = op(1) for the various estimators P̂n

and Q̂m under consideration. But these assertions are a direct consequence of the aforementioned
convergence rates of these estimators in Wasserstein distance, under the assumptions of each of
parts (i)–(iii). The claim thus follows.

J.3 Proof of Corollary 20

Throughout the proof, we write

φ̂onm = φ̂nm −
∫

Td

(φ̂nm − φ0), ψ̂onm = ψ̂nm −
∫

Td

(ψ̂nm − ψ0).

Recall from Proposition 4 that the Kantorovich potentials φ0, φ̂nm, ψ0, ψ̂nm are Z
d-periodic, and

may be taken to be uniformly bounded over R
d due to the compactness of Td. The same is then

also true of φ̂onm, ψ̂
o
nm, and we obtain,

|σ̂20,nm − σ20| =
∣∣∣VarPn [φ̂nm(U)]−VarP [φ0(X)]

∣∣∣

=
∣∣∣VarPn [φ̂

o
nm(U)]−VarP [φ0(X)]

∣∣∣

.

∣∣∣∣
∫

Td

(φ̂onm)
2dPn −

∫

Td

φ20dP

∣∣∣∣+
∣∣∣∣
∫

Td

φ̂onmdPn −
∫

Td

φ0dP

∣∣∣∣

.

∣∣∣∣
∫

Td

(φ̂onm)
2d(Pn − P )

∣∣∣∣+
∣∣∣∣
∫

Td

φ̂onmd(Pn − P )

∣∣∣∣+
∥∥φ̂onm − φ0

∥∥
L2(P )

=

∣∣∣∣∣

∫

[0,1]d
(φ̂onm)

2d(Pn − P )

∣∣∣∣∣+
∣∣∣∣∣

∫

[0,1]d
φ̂onmd(Pn − P )

∣∣∣∣∣+
∥∥φ̂onm − φ0

∥∥
L2(P )

. (97)

Since φ̂onm is convex up to translation by a quadratic function, and uniformly bounded, it must be
Lipschitz with respect to ‖ · ‖ over the compact set [0, 1]d, with a uniform constant depending only
on the diameter

√
d of this set (Hiriart-Urruty and Lemaréchal (2004), Lemma 3.1.1, p. 102). Thus,

(φ̂onm)
2 is also Lipschitz over [0, 1]d with uniform constant. The set of Lipschitz functions with a

uniformly bounded Lipschitz constant, over any given compact domain, forms a Glivenko-Cantelli
class (van der Vaart and Wellner (1996), Theorem 2.7.1), thus the first two terms on the right-hand
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side of the above display vanish in probability.
We next bound the third term. Since p is positive over Td and lies in Cα−1(Td), implying that

it is continuous, there must exist a real number γ > 0 (depending on p) such that 2/γ ≤ p ≤ γ/2
over Td. Thus, ∥∥φ̂onm − φ0

∥∥2
L2(P )

≤ γ

2

∥∥φ̂onm − φ0
∥∥2
L2(Td)

.

Now, notice that
∫
Td φ̂

o
nm =

∫
Td φ0 for all n,m ≥ 1. As a result, we may apply the Poincaré

inequality over Td (Lemma 36) to deduce that

∥∥φ̂onm − φ0
∥∥2
L2(Td)

≤
∥∥∇(φ̂onm − φ0)

∥∥2
L2(Td)

=
∥∥T̂nm − T0

∥∥2
L2(Td)

.
∥∥T̂nm − T0

∥∥2
L2(P )

. (98)

By Theorem 18(i), E‖T̂nm − T0‖2L2(P ) → 0. Combine this fact with equations (97–98) to deduce

that |σ̂20,nm − σ20| = op(1) as n,m→ ∞, as claimed.

To prove an analogous result for σ̂21,nm, apply the same reduction as in equation (97) to obtain
that, as n,m→ ∞,

|σ̂21,m − σ21| .
∥∥ψ̂nm − ψ0

∥∥2
L2(Q)

+ op(1). (99)

By the same reasoning as before, up to modifying the value of γ > 0, it holds that 2/γ ≤ q ≤ γ/2
over Td. Therefore,

∥∥ψ̂nm − ψ0

∥∥2
L2(Q)

.
∥∥ψ̂nm − ψ0

∥∥2
L2(Td)

≤
∥∥T̂−1

nm − T−1
0

∥∥2
L2(Td)

,

where the final inequality again follows from the Poincaré inequality (Lemma 36), since
∫
Td ψ̂nm =∫

Td ψ0. It can further be deduced from Lemma 32 that P(γ−1 ≤ p̂n, q̂m ≤ γ over Td) → 1 as
n,m→ ∞, thus the above display also leads to

∥∥ψ̂nm − ψ0

∥∥2
L2(Q)

.
∥∥T̂−1

nm − T−1
0

∥∥2
L2(Q̂m)

,

with probability tending to one. Now, since 2/γ ≤ p, q ≤ γ/2 and p, q ∈ Cα−1(Td), we deduce from
Theorem 5 that ϕ0 ∈ Cα+1(Td). In particular, T−1

0 is Lipschitz, thus continuing from the above
display, we have over the event γ−1 ≤ p̂n, q̂m ≤ γ, which has probability tending to one, that,

∥∥ψ̂nm − ψ0

∥∥2
L2(Q)

.
∥∥Id− T−1

0 ◦ T̂nm
∥∥2
L2(P̂n)

=
∥∥T−1

0 ◦ T0 − T−1
0 ◦ T̂nm

∥∥2
L2(P̂n)

.
∥∥T0 − T̂nm

∥∥2
L2(P̂n)

.
∥∥T0 − T̂nm

∥∥2
L2(P )

= op(1),

where the final order assessment again follows from Theorem 18(i). The claim follows.

K Proofs of Efficiency Lower Bounds

Throughout this appendix, given Q ∈ Pac(Ω), we abbreviate the functional ΦQ by Φ, and the

influence functions Φ̃(P,Q) and Ψ̃(P,Q) by Φ̃ and Ψ̃, respectively.
We begin by defining the differentiable paths (Pt,h1)t≥0 and (Qt,h2)t≥0, for all (h1, h2) ∈ R

2, as
announced in Section 5.2. We follow a construction from Example 1.12 of van der Vaart (2002).
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Recall P,Q ∈ Pac(Ω) admit respective densities p, q. Let ζ ∈ C∞(R) ∩ C2(R) be a bounded non-
negative map, which is bounded away from zero over R by a positive constant, and which satisfies
ζ(0) = ζ ′(0) = ζ ′′(0) = 1. For any functions f ∈ L2

0(P ) and g ∈ L2
0(Q), define P ft , Q

g
t ∈ Pac(Ω) to

be the distributions with densities

pft (x) ∝ ζ(tf(x))p(x), qgt (y) ∝ ζ(tg(y))q(y), (100)

for all x, y ∈ Ω and t ≥ 0. Since ζ is bounded away from zero over R, notice that the implicit
normalizing constants in the above display are bounded from above by a constant which does not
depend on t, f, g, p, q. We now turn to the proofs of Lemma 21 and Theorem 22.

K.1 Proof of Lemma 21

To prove the claim, we shall make use of the following stability result for Kantorovich potentials
over compact metric spaces, due to Santambrogio (2015, Theorem 1.52), which we only state in
the generality required for our proof.

Lemma 49 (Santambrogio (2015)). Let Ω be equal to T
d, or to a compact and connected subset

of Rd. Let P,Q ∈ Pac(Ω), and assume that at least one of P and Q has support equal to Ω. Let
(Pk)k≥1, (Qk)k≥1 ⊆ P(Ω) be sequences which respectively converge to P,Q weakly. Let (φk, ψk)
denote a pair of Kantorovich potentials in the optimal transport problem from Pk to Qk, for all
k ≥ 1. Then, up to taking subsequences, it holds that φk → f0 and ψk → g0 as k → ∞, the
convergence being uniform over Ω, for some pair of Kantorovich potentials (f0, g0) in the optimal
transport problem from P to Q, which is uniquely defined up to translation by constants.

Returning to the proof, let f ∈ ṖP be an arbitrary score function, and abbreviate the dif-
ferentiable path Pt := P ft , and its density pt := pft , for all t ≥ 0. Here, we use the definition
in equation (100). Let (φt, ψt) denote a pair of Kantorovich potentials in the optimal transport
problem from Pt to Q, which we may and do choose to be uniformly bounded by diam(Ω), and
hence uniformly bounded in t. By the Kantorovich duality, one has

Φ(Pt)− Φ(P ) = sup
(φ,ψ)∈K

[∫
φdPt +

∫
ψdQ

]
−
∫
φ0dP −

∫
ψ0dQ

≥
∫
φ0dPt +

∫
ψ0dQ−

∫
φ0dP −

∫
ψ0dQ =

∫
φ0d(Pt − P ),

Φ(Pt)− Φ(P ) =

∫
φtdPt +

∫
ψtdQ− sup

(φ,ψ)∈K

[∫
φdP −

∫
ψdQ

]
≤
∫
φtd(Pt − P ).

(101)

By construction, the map t ∈ [0,∞) 7→ pt(x) is differentiable for every x ∈ Ω, and letting ∆t(x) =
(pt(x)− p(x))/t, we have

lim
t→0

∆t(x) =
∂

∂t
pt(x)

∣∣∣∣
t=0

= f(x)p(x). (102)

Now, notice that for all t ≥ 0,

|∆t(x)| .
∣∣∣∣
ζ(tf(x))− 1

t

∣∣∣∣ p(x) =
∣∣∣∣
ζ(tf(x))− ζ(0)

t

∣∣∣∣ p(x) ≤ ‖ζ‖C1(Rd)f(x)p(x).
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Since f ∈ L2
0(P ) ⊆ L1

0(P ), we deduce that ∆t(x) is dominated by an integrable function, uniformly
in t. Since φ0 is uniformly bounded, we also deduce that the map |φ0||∆t− fp| is dominated by an
integrable function. We then have, by equation (102) and the Dominated Convergence Theorem,

lim inf
t→0

Φ(Pt)− Φ(P )

t
≥ lim inf

t→0

∫

Ω
φ0∆tdL

=

∫

Ω
φ0fdP + lim inf

t→0

∫

Ω
φ0 [∆t − fp] dL

≥
∫

Ω
φ0fdP − lim sup

t→0

∫

Ω
|φ0| |∆t − fp| dL

≥
∫

Ω
φ0fdP −

∫

Ω
|φ0| lim sup

t→0
|∆t − fp| dL =

∫
φ0fdP, (103)

and similarly,

lim sup
t→0

Φ(Pt)− Φ(P )

t
≤ lim sup

t→0

∫
φt∆tdL

≤ lim sup
t→0

∫
φtfdP +

(
sup
t≥0

‖φt‖L∞(Ω)

)
lim sup
t→0

∫
|∆t − fp| dL

= lim sup
t→0

∫
φtfdP.

Let tk ↓ 0 be a sequence achieving the limit superior, in the sense that limk→∞

∫
φtkfdP =

lim supt→0

∫
φtdP . Up to taking a subsequence of (tk), Lemma 49 implies that φtk converges

uniformly to a Kantorovich potential f0 from P to Q, which is unique up to translation by a
constant, and which therefore takes the form f0 = φ0 + a for some a ∈ R. The limit superior
clearly continues to be achieved along this subsequence, thus we replace it by (φtk) without loss of
generality. We thus have

lim sup
t→0

∫
φtfdP = lim

k→∞

∫
φtkfdP =

∫ (
lim
k→∞

φtk

)
fdP =

∫
(φ0 + a)fdP =

∫
φ0fdP,

where the interchange of limit and integration holds again by the Dominated Convergence Theorem,
since φt are uniformly bounded, and f ∈ L2

0(P ). Combine this fact with equation (103) to deduce
that

lim
t→0

Φ(Pt)− Φ(P )

t
=

∫
φ0fdP.

It follows that Φ̃ = φ0−
∫
φ0dP is an influence function of Φ with respect to ṖP . Since we assumed

that Φ̃ ∈ ṖP , it must in fact be the case that Φ̃ is the unique efficient influence function of Φ with
respect to ṖP (van der Vaart, 2002), and the claim follows.
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K.2 Proof of Theorem 22

We shall use the following abbrevations of the differentiable paths defined in equation (100). For
any h ∈ R and t ≥ 0, if f = hΦ̃ and g = hΨ̃, we write

Pt,h := P ft , pt,h(x) := pft (x) = ch(t)ζ(thΦ̃(x))p(x), (104)

Qt,h := Qgt , qt,h(y) := qgt (y) = kh(t)ζ(thΨ̃(y))q(y), (105)

for all x, y ∈ T
d, where the normalizing constants are explicitly denoted

ch(t) =

(∫

Td

ζ(thΦ̃(x))dP (x)

)−1

, kh(t) =

(∫

Td

ζ(thΨ̃(y))dQ(y)

)−1

.

In this case, the collections {(Pt,h)t≥0 : h ∈ R} and {(Qt,h)t≥0 : h ∈ R} respectively have score
functions given by the tangent spaces

ṖP = {hΦ̃ : h ∈ R}, ṖQ = {hΨ̃ : h ∈ R}.

We begin by showing that there exist M,γ > 0 such that pt,h ∈ Cα−1(Td;M,γ) uniformly in
t, h. An identical argument may then be used to show that qt,h ∈ Cα−1(Td;M,γ) for all appropriate
t, h. Our proof then proceeds by proving parts (i) and (ii).

Since p ≥ γ−1, and since ζ is bounded from below by positive constants, it is clear that there
must exist γ > 0 depending on M and ζ such that

γ̄−1 ≤ pt,h over Td, for all t ≥ 0, h ∈ R. (106)

We next prove the uniform Hölder continuity of pt,h. We begin by studying the Hölder continuity

of the map ζ(thΦ̃(·)). Since p, q ∈ Cα−1(Td;M,γ), and since we assumed α 6∈ N, we have by
Theorem 5 that, for some constant λ > 0 depending only on M,γ, α,

‖Φ̃‖Cα+1(Td) ≤ λ. (107)

Furthermore, recall that ζ ∈ C∞(R). Thus, by the multivariate Faà di Bruno formula (see, for
instance, Encinas and Masque (2003)), it holds that for all multi-indices 1 ≤ |β| ≤ ⌊α+ 1⌋,

Dβζ(thΦ̃(·)) = β!

|β|∑

ℓ=0

(th)ℓζ(ℓ)(thΦ̃(·))
∑

(eτ )τ

∏

τ

1

eτ !

(
1

τ !
Dτ Φ̃(·)

)eτ
,

where the second summation is taken over all tuples (eτ )1≤|τ |≤|β| ⊆ N such that
∑

τ eτ = ℓ, and
the product is taken over all 1 ≤ |τ | ≤ ℓ such that

∑
τ eττ = β. Furthermore, β! = β1! . . . βd!.

Since ζ ∈ C∞(R), its derivatives of all orders less than α+ 1 are uniformly bounded over any fixed
compact set. Since Φ̃ is bounded, we deduce for any u > 0,

sup
0≤ℓ≤⌊α+1⌋

sup
t≥0,h∈R
t|h|≤u

‖(th)ℓζ(ℓ)(thΦ̃(·))‖∞ .u,α 1.

Furthermore, we have ‖Dτ Φ̃‖∞ ≤ λ for any 0 ≤ |τ | ≤ ⌊α+1⌋. This fact together with the preceding
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two displays implies
sup

0≤|β|≤⌊α+1⌋
sup

t≥0,h∈R
t|h|≤u

‖Dβζ(thΦ̃(·))‖∞ .λ,u,α 1. (108)

Now, recall that pt,h(·) = ch(t)ζ(thΦ̃(·))p(·), and that ch(t) is uniformly bounded in h and t because
ζ is bounded away from zero by a positive constant. Thus, using the above display, the fact that
p ∈ Cα−1(Td;M), and Lemma 23, we deduce there exists a constant M > 0, depending only on
M,u, α and the choice of ζ, such that

sup
t≥0,h∈R
t|h|≤u

‖pt,h‖Cα−1(Td) ≤M.

Combine this fact with equation (106) to deduce that

pt,h ∈ Cα−1(Td;M,γ), for all t ≥ 0, h ∈ R, t|h| ≤ u.

We now prove part (i). Since Φ̃ ∈ ṖP , it follows from Lemma 21 that Φ̃ is the efficient influence
function of Φ relative to ṖP . Since ṖP is a vector space, it follows from Theorem 25.21 of van der
Vaart (1998) that for any estimator sequence Un,

sup
I⊆R

|I|<∞

lim inf
n→∞

sup
h∈I

nEn,h
∣∣Un − ΦQ(Pn−1/2,h)

∣∣2 ≥ VarP [φ0(X)],

where the infimum is over all estimator sequences.
We next prove part (ii). Inspired by the proof of Theorem 11 of Berrett and Samworth (2019),

our goal will be to invoke a more general version of Theorem 25.21 of van der Vaart (1998), given in
Theorem 3.11.5 of van der Vaart and Wellner (1996), whose statement we briefly summarize here.
Let H be a Hilbert space with inner product 〈·, ·〉H , and norm ‖·‖H . Let (Xn,An, µn,h : h ∈ H) be
a sequence of asymptotically normal experiments (as defined in Section 3.11 of van der Vaart and
Wellner (1996)). A parameter sequence (κn(h) : h ∈ H) ⊆ R is said to be regular if there exists a
nonnegative sequence (rn) such that

rn
(
κn(h)− κn(0)

)
→ κ̇(h), h ∈ H,

for a continuous linear map κ̇ : H → R. Denote by κ̇∗ : R → H the adjoint of κ̇, namely the map
satisfying 〈κ̇∗(b∗), h〉H = b∗κ̇(h) for all h ∈ H.

Lemma 50 (van der Vaart and Wellner (1996), Theorem 3.11.5). Let the sequence of experiments
(Xn,An, µn,h : h ∈ H) be asymptotically normal, and let the parameter sequence (κn(h) : h ∈ H)
be regular. Suppose there exists a Gaussian random variable G such that for all b∗ ∈ R, b∗G ∼
N(0, ‖κ̇∗(b∗)‖2H). Then, for any estimator sequence (Un)n≥1,

sup
I⊆H
|I|<∞

lim inf
n→∞

sup
h∈I

r2nEµn,h
(Un − κn(h))

2 ≥ Var[G].
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Returning to the proof, define the Hilbert space H = R
2 with inner product

〈(h1, h2), (h′1, h′2)〉H = h1h
′
1VarP [φ0(X)] + h2h

′
2VarQ[ψ0(Y )], (h1, h2), (h

′
1, h

′
2) ∈ H,

and the sequence of experiments

µn,h = P⊗n
n−1/2,h1

⊗Q⊗m
m−1/2,h2

, h = (h1, h2) ∈ R
2,

endowed with the standard Borel σ-algebra. Here, m is viewed as a function of n which satisfies
n/(n+m) → ρ ∈ [0, 1] as n→ ∞. The following result can be deduced from Section 7.5 of Berrett
and Samworth (2019) with minor modifications, using our assumptions placed on ζ.

Lemma 51 (Berrett and Samworth (2019)). The sequence of experiments (µn,h : h ∈ H) is
asymptotically normal.

For all h = (h1, h2) ∈ H, let κn(h) = Ψ(Pn−1/2,h1
, Qm−1/2,h2

), where again m is treated as a
function of n. Notice that κn(0) = Ψ(P,Q) for any n ≥ 1. By following the same argument as
in the proof of Lemma 21, using the Kantorovich duality and the stability result for Kantorovich
potentials in Lemma 49, one has

κn(h)− κn(0) =

∫
φ0d(Pn−1/2,h1

− P ) +

∫
ψ0d(Qm−1/2,h2

−Q) + o(1).

Now, since ζ(0) = ζ ′(0) = 1 and
∫
Φ̃dP = 0, we have for all t ≥ 0,

∣∣∣∣∣
1

ch1(t)
− 1

∣∣∣∣∣ =
∣∣∣∣
∫ [

ζ(th1Φ̃(x))− 1− th1Φ̃(x)
]
dP (x)

∣∣∣∣ . ‖ζ‖C2(R)t
2h21‖Φ̃‖L2(P ).

Recall that p and ζ are bounded, and that cn−1/2(h1) is uniformly bounded in h1 and n, thus for
all x ∈ T

d,

pn−1/2,h1
(x)− p(x) = p(x)

[
ch1(n

−1/2)ζ
(
h1n

−1/2Φ̃(x)
)
− 1
]

= p(x)
[
ζ
(
h1n

−1/2Φ̃(x)
)
− 1
]
+O

(‖p‖∞‖ζ‖∞h21
n

)

= p(x)h1n
−1/2Φ̃(x) +O

(
h21/n

)
,

where we again used the fact that ζ(0) = ζ ′(0) = 1. Similarly, for all y ∈ T
d,

qm−1/2,h2
(y)− q(y) = q(y)h2m

−1/2Ψ̃(y) +O
(
h22/m

)
,

implying that,

κn(h)− κn(0) = h1n
−1/2

∫
φ0Φ̃dP + h2m

−1/2

∫
ψ0Ψ̃dQ+O(h21/n+ h22/m)

= h1n
−1/2VarP [φ0(X)] + h2m

−1/2VarQ[ψ0(Y )] +O(h21/n+ h22/m).
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We deduce that
√

nm

m+m
(κn(h)− κn(0)) −→ κ̇(h) := 〈(

√
1− ρ,

√
ρ), (h1, h2)〉H ,

as n,m→ ∞ such that n/(n+m) → ρ. It follows that the sequence of parameters (κn(h) : h ∈ H)
is regular. Furthermore, the adjoint of κ̇ is easily seen to be κ̇∗(b∗) = b∗(

√
1− ρ,

√
ρ), for all b∗ ∈ R,

and one has
‖κ̇∗(b∗)‖2H = b∗

(
(1− ρ)VarP [φ0(X)] + ρVarQ[ψ0(Y )]

)
.

The claim now follows from Lemma 50.

L Alternate Proof of Central Limit Theorems

In this Section, we provide an alternate proof of Theorem 19 which does not rely on our stability
bounds in Theorem 6 and Proposition 12. We instead follow the strategy developed by del Barrio
and Loubes (2019) for obtaining limit laws of the distinct process

√
n(W 2

2 (Pn, Q) − W 2
2 (P,Q)).

For the sake of brevity, we only prove the one-sample case of Theorem 19(ii), and the remaining
assertions of Theorem 19 can be handled similarly. Throughout this section, we abbreviate Ψ = Ψbc

and P̂n = P̂
(bc)
n .

We shall make use of the classical Efron-Stein inequality (see for instance Boucheron et al.
(2013), Theorem 3.1) for bounding the variance of functions of independent random variables,
stated as follows.

Lemma 52 (Efron-Stein Inequality). Let X1, X
′
1, X2, X

′
2, . . . , Xn, X

′
n be independent random vari-

ables, and let Rn = f(X1, . . . , Xn) be a square-integrable function of X1, . . . , Xn. Let

R′
ni = f(X1, . . . , Xi−1, X

′
i, Xi+1, . . . , Xn), i = 1, . . . , n.

Then,

Var[Rn] ≤
n∑

i=1

E(Rn −R′
ni)

2
+.

With these results in place, we turn to proving the one-sample case of Theorem 19(ii). In view of

Lemma 30, it suffices to assume P 6= Q, in which case Var[φ0(X)] > 0. We abbreviate P̂n = P̂
(bc)
n ,

and we begin with the following result.

Proposition 53. Assume the same conditions as Theorem 19(ii). Define

Rn =W 2
2 (P̂n, Q)−

∫
φ0dP̂n.

Then, as n→ ∞, nVar(Rn) → 0.
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L.1 Proof of Proposition 53

Let X ′
1 ∼ P denote a random variable independent of X1, . . . , Xn, and let

P ′
n =

1

n
δX′

1
+

1

n

n∑

i=2

δXi

denote the corresponding empirical measure. Let P̂ ′
n be the distribution with density

p̂′n =
∑

ζ∈Φ

β̂′ζζ +

Jn∑

j=j0

∑

ξ∈Ψj

β̂′ξξ =

Jn∑

j=j0−1

∑

ξ∈Ψj

β̂′ξξ, where β̂′ξ =

∫
ξdP̂ ′

n, ξ ∈ Ψ,

where we write ΨJ0−1 = Φ for ease of notation. Set

R′
n =W 2

2 (P̂
′
n, Q)−

∫
φ0dP̂

′
n.

By Lemma 52, it will suffice to prove that n2E(Rn − R′
n)

2
+ = o(1). Let (φ̂n, ψ̂n) be a pair

of Kantorovich potentials between P̂n and Q. Without loss of generality, we may assume that∫
φ̂ndL =

∫
φ0dL for all n ≥ 1. By the Kantorovich duality, we have

W 2
2 (P̂n, Q) =

∫
φ̂ndP̂n +

∫
ψ̂ndQ,

W 2
2 (P̂

′
n, Q) = sup

(φ,ψ)∈K

∫
φdP̂ ′

n +

∫
ψdQ

≥
∫
φ̂ndP̂

′
n +

∫
ψ̂ndQ =W 2

2 (P̂n, Q) +

∫
φ̂nd(P̂

′
n − P̂n).

It follows that, on the event En,

Rn −R′
n ≤

∫
(φ̂n − φ0)d(P̂n − P̂ ′

n).

In view of Lemma 52, the claim will follow if we are able to show that n2E(Rn − R′
n)+ = o(1).

Arguing similarly as in the proof of, for instance, Lemma 11, it holds that P(p̂n = p̃n) . n
−3. Using

this fact and the above inequality, it will suffice to prove that the quantity

∆n := n2E

(∫
(φ̂n − φ0)(p̃n − p̃′n)dL

)

+

vanishes as n→ ∞. To this end, notice that

∫
(φ̂n − φ0)(p̃n − p̃′n)dL =

∫
(φ̂n − φ0)




Jn∑

j=j0−1

∑

ξ∈Ψj

(β̂ξ − β̂′ξ)ξ



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=
1

n

Jn∑

j=j0−1

∑

ξ∈Ψj

(ξ(X1)− ξ(X ′
1))

∫
(φ̂n − φ0)ξ.

Using the locality of the wavelet basis (Lemma 24(ii)) and the Cauchy-Schwarz inequality, we obtain

∆n . Jn

Jn∑

j=j0−1

∑

ξ∈Ψj

E[ξ2(X)]

∫ ∥∥φ̂n − φ0
∥∥2|ξ|2 . Jn

Jn∑

j=j0−1

∫ ∥∥φ̂n − φ0
∥∥2|ξ|2.

In the final step, we again used Lemma 24(ii) together with the fact that p is bounded over [0, 1]d

(since p ∈ Cα−1([0, 1]d)), implying that

E[ξ2(X)] =

∫
ξ2(x)p(x)dx .

∫
ξ2(x)dx = 1.

By Lemma 24, for all ξ ∈ Ψj and j ≥ j0, we have supp(ξ) ⊆ Iξ for a rectangle Iξ ⊆ [0, 1]d satisfying
diam(Iξ) . 2−j , and ‖ξ‖L∞(Iξ) . 2dj/2. Thus,

n2E(Rn −R′
n)

2
+ . Jn

Jn∑

j=j0−1

2dj
∫

Iξ

∥∥φ̂n − φ0
∥∥2.

Apply the Poincaré inequality in Lemma 35 together with the bound diam(Iξ) . 2−j to deduce

n2E(Rn −R′
n)

2
+.Jn

Jn∑

j=j0−1

2(d−2)j

∫

Iξ

∥∥∇(φ̂n − φ0)
∥∥2.Jn

Jn∑

j=j0−1

2(d−2)j
∥∥T̂n − T0

∥∥2
L2(P )

,

where the final inequality holds due to the assumption that p has a positive density over [0, 1]d,
which, due to the continuity of p, implies that there is a constant γ−1 > 0 such that p ≥ γ−1 over
[0, 1]d. Apply Theorem 10 to deduce that

n2E(Rn −R′
n)

2
+ . Jn

Jn∑

j=j0−1

2(d−2)j
∥∥T̂n − T0

∥∥2
L2(P )

. Jn

(
2Jn(d−2−2α) ∨ (log n)2

n

)
.

Since d < 2(α + 1) and Jn ≍ log n, the above display is of order o(1), thus the claim follows from
Lemma 52.

To prove the claim from here, write

√
n
(
W 2

2 (P̂n, Q)− EW 2
2 (P̂n, Q)

)
=

√
n

∫
φ0(p̂n − pJn) +

√
n
(
Rn − E[Rn]

)
,

where recall that pJn = E[p̂n]. It follows from Proposition 53 that the final term of the above
display converges to zero in probability. Furthermore,

√
n
∫
φ0(p̂n − pJn)  N(0,Var[φ0(X)]) by

Lemma 48, and the claim follows.
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Ajtai, M., Komlós, J., and Tusnády, G. (1984). On optimal matchings. Combinatorica, 4(4):259–
264.

Ambrosio, L., Colombo, M., De Philippis, G., and Figalli, A. (2012). Existence of Eulerian so-
lutions to the semigeostrophic equations in physical space: The 2-dimensional periodic case.
Communications in Partial Differential Equations, 37:2209–2227.

Bahouri, H., Chemin, J.-Y., and Danchin, R. (2011). Fourier Analysis and Nonlinear Partial
Differential Equations, volume 343. Springer Science & Business Media.

Berrett, T. B. and Samworth, R. J. (2019). Efficient two-sample functional estimation and the
super-oracle phenomenon. arXiv preprint arXiv:1904.09347.

Billingsley, P. (1968). Convergence of Probability Measures. John Wiley & Sons.

Black, E., Yeom, S., and Fredrikson, M. (2020). Fliptest: Fairness testing via optimal transport.
In Proceedings of the 2020 Conference on Fairness, Accountability, and Transparency, pages
111–121.

Bobkov, S. and Ledoux, M. (2019). One-dimensional empirical measures, order statistics, and
Kantorovich transport distances. Memoirs of the American Mathematical Society, 261.

Boissard, E. and Le Gouic, T. (2014). On the mean speed of convergence of empirical and occu-
pation measures in Wasserstein distance. In Annales de l’Institut Henri Poincaré Probabilités et
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Giné, E. and Guillou, A. (2002). Rates of strong uniform consistency for multivariate kernel density
estimators. In Annales de l’Institut Henri Poincare (B) Probability and Statistics, volume 38,
pages 907–921. Elsevier.
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Mérigot, Q., Delalande, A., and Chazal, F. (2019). Quantitative stability of optimal transport
maps and linearization of the 2-Wasserstein space. arXiv preprint arXiv:1910.05954.

Meyer, Y. (1991). Ondelettes sur l’intervalle. Revista Matematica Iberoamericana, 7:115–133.
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