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1. Introduction
1.1. Relevance of structure preserving methods with focus on kinetic energy and helicity conservation

In this work we address the discretization of the incompressible Navier-Stokes equations, defined on a periodic domain
Q c R? and time interval (0, tr]. These well known equations govern the dynamics of an incompressible fluid's velocity,
u:Q2x(0,tr]— R3, and pressure, p : 2 x (0, tr] — R, subject to a body force, f : €2 x (0, t;] — R3, and an initial condition,
u®: 2+ R3. A general dimensionless form of these equations is

ou 1
—+Cu)— —Du)+Vp=f, in Q2 x (0, tr], (1a)
at Re
V-u=0, inQ x (0,tr], (1b)
ul_o=u’, inQ, (1c)

where C(u) and D(u) represent the nonlinear convective term and the linear dissipative term, respectively, and Re is the
Reynolds number. The operators C and D can take different forms, all analytically equivalent at the continuous level, see
for example [1-7].
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The four most common forms of the nonlinear convective term C(u) present in the literature, e.g., [3,5,8], are

Advective form: C(u) :=u - Vu, (2a)
Conservative (or divergence) form: C(u) :==V - (uQu) , (2b)
1 1
Skew-symmetric form: C(u) := EV -(u®u)+ Eu -Vu, (2¢)
1
Rotational (or Lamb) form: C(u) == x u + EV (u-u), (2d)

where @ :=V x u is the vorticity field. Besides these most common formes, it is also possible to construct a wide range of
nonlinear convective terms as linear combinations of the above mentioned ones and/or employing vector calculus identities.
For example, one such choice with interesting properties is the EMAC scheme [9]. Following similar ideas, it is possible to
construct analytically equivalent representations for the dissipative term D, for example,

D(u) .= Au, and Du)=—VxVxu=-Vxw, (3)

where the latter representation can be derived from the former by using the identity Au =V (V-u) —V x (V x u) and the
divergence free condition (1b).

As mentioned before, these different forms are equivalent at the continuous level and, therefore, may be used inter-
changeably. At the discrete level, see for example [3,5,8], a particular choice of convective term used as the starting point of
the discretization process leads to numerical schemes with substantially different properties.

One interesting aspect of the incompressible Navier-Stokes equations (1) is the fact that, in the inviscid limit (Re — 0c0)
and when the external body force is conservative (there exists a scalar field ¢ such that f = Vg), its dynamics conserves
several invariants. Some of these invariants are the total kinetic energy X (in 2D and 3D), total enstrophy £ (in 2D), and
the total helicity A (in 3D),

1 1
IC::E/wu, 5::§/w-w, and H::/ww, (4)
Q Q Q

provided there is no net in- or out-flow of kinetic energy, enstrophy or helicity over the domain boundary. Note that, in
2D, vorticity can be regarded as a vector field constrained to the direction orthogonal to the planar 2D domain and velocity
can be regarded as a vector field whose component along the direction orthogonal to the planar 2D domain is zero, i.e.,
w=10,0, a)]T and u=[u,v, O]T. Thus helicity is trivially zero in 2D flows.

The proofs for these conservation laws are straightforward. For illustration purposes and as an introduction to some of
the ideas discussed later in this work, we present these proofs here for the case of no external force, i.e., f =0, and periodic
boundary condition. For simplicity, and without loss of generality, we use the rotational (or Lamb) form for the nonlinear
convective term, (2d). The total (or Bernoulli) pressure is defined as

1
P:= -u-u.
P+

dK
Kinetic energy conservation (in 2D and 3D) corresponds to T 0. Differentiating /C as defined in (4) with respect to

time and taking (1) in the inviscid limit, Re — oo, leads to

dK ou

E= §~u(]=)—/6(u)-u—/-Vp~u=—/(wxu)~u+/PV-u=0,

Q Q Q Q Q

where we have used (i) the vector calculus relation that the cross product of two vectors is perpendicular to either vector,
ie,

(@axb)lLa and (axb)Lb, (5)
(ii) integration by parts on the total pressure term and (iii) the divergence free condition (1b).

d&
Enstrophy conservation (in 2D) equates to T 0. As done above for kinetic energy, time differentiation of £ as defined

in (4) gives
dé ow
| =. 6
dr ar (6)
Q

Computing the curl of the momentum equation in (1) with Re — oo and substituting @ = V x u into (6) results in

2
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de 1 1 1 1

—=— | Vx(wxu) - o=—= u-v —— | V- (uw)w == V-uw)— = | V-(u =0,

ar /X(X) 2/( w)w zf (uw) Z/w (uw) 2/ (uw) w
Q Q Q Q Q

where we first used the vector calculus identity

Vx(wxu):%(u-Vw)—i—%V-(ua)),

followed by integration by parts on the first term of the second equality.

d
Helicity conservation (in 3D) stands for di;[ = 0. Expanding the time derivative of  as defined in (4) leads to

dH _ u w+/u 1) 7)
dt ) ot at
Q Q

If we now use the momentum equation in (1) and its curl, (7) may be rewritten as

d
d—?:—/(wxu)«w—/u'Vx(wxu)+/VxVP-u+/VP‘w
Q Q Q Q
=—/(wxu)-w—/w-(wxu)+/vxVP-u—/P~V‘V><u=0,
Q Q Q Q

where we have used (i) the definition of vorticity @ := V x u, (ii) integration by parts on the second and fourth terms in the
right side of the first identity, (iii) the vector calculus relation (5), and (iv) the identities Vx V(-)=0and V-V x (-)=0.

These conservation laws for kinetic energy (in 2D and 3D), enstrophy (in 2D), and helicity (in 3D), are the expression
of a more general structure underlying the incompressible Euler equations: the Hamiltonian structure, [10-16]. A system of
partial differential equations (PDEs) is Hamiltonian if it can be cast in the general form, see for example [12,17],

y _ GOHW)

a Sy
where S is a skew-adjoint operator, such that the induced bilinear form must also be a derivation and satisfy the Jacobi-
identity, and H is the Hamiltonian functional.

The system of equations (1), in the inviscid limit, is not in Hamiltonian form but may be rewritten in this form if pressure
is eliminated and the Hamiltonian functional is set to the kinetic energy K. This can be achieved by either: (i) restricting
the momentum equation to divergence free velocity fields (e.g., by making use of the stream function (in 2D) or the stream
vector field (in 3D) ¥ such that u =V x 9) [18], or (ii) taking the curl of the momentum equation (transforming it into the
vorticity equation) [12].

Noether’s theorem establishes a connection between conservation laws of a Hamiltonian system and its underlying sym-
metries, [19-22], thus highlighting the strong connection between the (geometric) structure of a system of PDEs and its
dynamics. For example, spatial translation symmetry gives rise to conservation of linear momentum, and temporal transla-
tion symmetry results in energy conservation.

Helicity, on the other hand, is a more subtle quantity. Helicity as introduced in (4) is a particular case of the general
concept of helicity of a divergence-free vector field, v, tangent to the boundary 9 of a simply connected domain € c R3,
see for example [20,23],

s

’H(va)::/v-va,
Q

which measures the average linking of its field lines.

The 19th century works of Helmholtz [24] and Kelvin [25] contain the seminal ideas for the modern concept of helicity,
[26]. A renewed interest in these ideas appeared only later in the mid 20th century, first in the context of magnetohydrody-
namics (MHD), [27], and then for hydrodynamics, [28,29]. Moreau, [28], discovered the law of conservation of helicity, and
the term helicity appeared first in the work by Moffatt, [29], where the topological nature of this quantity was highlighted.
For a detailed historical discussion of helicity see the very informative works by Moffatt [30,31].

It is possible to show, see for example [23], that helicity of any divergence-free vector field is preserved under the action
of any volume preserving diffeomorphism. This property shows that helicity is not a dynamical invariant but a topological
invariant, since its conservation is independent of the specific diffeomorphism, [20]. In fact, helicity is associated to the
nontrivial kernel of the operator S, and is a Casimir for the Hamiltonian formulation of the inviscid Navier-Stokes equations,
[20]. In the same way, in 2D, enstrophy is also a Casimir of the inviscid Navier-Stokes equations (as are all integral powers
of vorticity).
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This very brief digression into Hamiltonian formalism intends to show the connection between the physical properties
of a system of PDEs and its underlying geometrical structure. Invariants are not mere incidental features of the dynamics of
a system, they are expressions of the underlying structure of the equations.

Helicity plays an important role in the generation and evolution of turbulence, [32-34]. The joint cascade of energy and
helicity, [35], is an active field of research, [36-40]. Particularly important is the interaction between the two and how helic-
ity impacts the energy cascade and, therefore, turbulence, [29,32,34,38,41-43]. This complex interaction between the energy
cascade and the helicity cascade and especially the suppressive role of helicity motivates the focus on the development of
discretization schemes that, besides conserving energy, conserve helicity. In the same way as energy conserving schemes
have shown to substantially contribute to a higher fidelity in simulations, see for example [3,44-49], due to the connection
between the cascades of energy and helicity, helicity conserving schemes should also present a positive impact towards
improving the simulation accuracy.

1.2. Overview of structure-preserving methods for fluid flows

As highlighted above, the solutions to systems of PDEs (of which the Navier-Stokes are a particular example) satisfy
strong constraints [50,51]. These constraints reflect the underlying mathematical structure of the equations (e.g., Hamiltonian
structure, Poisson structure, de Rham sequence). These fundamental mathematical structures have long played an essential
role in modern physics and pure mathematics. Owing to the fundamental nature of these structures and their impact on
the dynamics of the systems under study, in recent years there has been an increasing interest in the various aspects of
structure preservation at the discrete level [50,52,53]. This interest is rooted in three important points. First, there are well
known connections between discrete structure preservation and standard properties of numerical methods [50,54,55]. Second,
standard properties only guarantee physical fidelity in the limit of fully (at least highly) resolved discretizations. Reaching this
limit requires infeasible computational resources (e.g., [56]). In contrast, structure preserving discretizations, by construction,
generate solutions that satisfy the underlying physics even in highly under-resolved simulations. This is extremely relevant
since most (if not all) simulations are inherently under-resolved. Third, physics preservation is fundamental when coupling
systems in multiphysics problems [57].

The underlying principle behind structure preserving discretizations is to construct discrete approximations that retain as
much as possible the structure of the original system of PDEs. A departure from this principle introduces spurious unphysical
modes that pollute the physics of the system being modeled [54,58,59]. For example, as seen before, turbulence plays a
fundamental role in the dynamics of the flow. A correct representation of the turbulent dynamics of a fluid is paramount
in order to achieve accurate simulations. For this reason, if a numerical discretization introduces spurious unphysical energy
dissipation into the system, it will fail to accurately capture the energy cascade and consequently the turbulent dynamics,
[60-62]. The main focus of structure preserving discretizations for flow problems has been on energy conservation, e.g.
[3,44,45,61]. As noted in the previous section, there is a growing knowledge on the role played by helicity and its impact
on the energy cascade. For this reason, more recently, helicity conservation at the discrete level has been addressed in the
literature, see for example [5,62,63].

Most standard structure preserving discretizations can be seen as variations of staggered grid methods which date back to
the pioneering works of Harlow and Welch [64], and Arakawa and colleagues [65,66]. These methods employ a discretization
that distributes the different physical quantities (pressure, velocity, vorticity, etc) at different locations in the mesh (vertices,
faces, cell centres). It can be shown that, by doing so, important conservation properties can be maintained. Since then,
much work has been produced and a rich variety of different flavours of structure preserving discretizations have been
presented: finite differences/finite volumes [67-71], discrete exterior calculus (DEC) [72], finite element exterior calculus
(FEEC) [55,73,74] and the works by the authors [8,75-78].

More recently, another approach develops a discretization of the physical field laws based on discrete variational princi-
ples. This approach has been used in the past to construct variational integrators for Lagrangian systems, e.g. [79,80]. These
ideas have been extended to magnetohydrodynamics [81-83], incompressible flows [84], and geophysical flow [85,86].

1.3. Objective

In this work, extending the initial ideas introduced for the 2D case, see [8], we combine (i) a particular choice for the
formulation of the Navier-Stokes equations with (ii) a structure preserving discretization. Specifically, we will present two
velocity evolution equations (dual-field) in a rotational form, discretized by the mimetic spectral element method (MSEM)
[75.87,88].

This formulation attempts to address the dual character of the velocity field in the incompressible Navier-Stokes equa-
tions. This dual character implies that it is natural to look for a solution for the velocity field in H(div; &) N H(curl; 2). At
the continuous level this is easily achievable, but that is not true at the discrete level since the space H(div; 2) N H(curl; 2)
is hard to discretize. The use of two velocity field evolution equations enables the representation of this dual character. It is
shown that in this way the resulting discretization conserves mass, kinetic energy, and helicity in 3D.

The vorticity fields in the rotational form of the nonlinear convective term, see (2d), serve as a means of exchanging
information between the two evolution equations. Additionally, this leads to a leap-frog like scheme that handles the non-
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linear rotational term by staggering in time the velocity and vorticity such that the resulting discrete algebraic systems are
linearized and decoupled.

Overall, the objective of this novel approach is the construction of a discretization which conserves mass, kinetic energy
and helicity for the incompressible Navier-Stokes equations in the absence of dissipative terms and predicts the proper
decay rate of kinetic energy and helicity based on the global enstrophy and an integral quantity of vorticity, respectively.

1.4. Outline of paper

The outline of the paper is as follows: In Section 2, we introduce a dual-field mixed weak formulation and prove that
it preserves the desired conservation properties. In Section 3, a conservative staggered temporal discretization scheme is
applied to the formulation, which is followed by a mimetic spatial discretization in Section 4. Numerical results that support
the method are presented in Section 5. Finally, a summary is given and potential future work is listed in Section 6.
2. A mass-, kinetic energy- and helicity-conserving formulation

In this section, we propose a new conservative formulation for the Navier-Stokes equations in periodic domains. As we
will only consider periodic domains in this paper, from now on, 2 represents a 3D periodic domain. The function spaces are

the classic Hilbert spaces which form an exact complex, namely, the well-known de Rham (or Hilbert) complex [8,55,58,59]:

R <> H'(Q) - H(curl; Q) 5 H(div: ) —> L2(Q) — 0. (8)

This complex plays a fundamental role in the proofs and analysis of the presented work.
2.1. The rotational form of the incompressible Navier-Stokes equations

If in (1) we use the rotational (or Lamb) form for the nonlinear convective term, (2d), and use the representation

D(u) = —V x @ for the linear dissipative term, (3), we obtain the rotational form of the incompressible Navier-Stokes
equations,
ou 1
—+wxUu+—Vxw+VP=f, (9a)
at Re
w=Vxu, (9b)
V-u=0. (9¢)

We have proven that, in 3D and in the inviscid limit (Re — 00), these equations preserve total kinetic energy and total
helicity over time for the case of no external body force, f =0, in Section 1.1. For non-zero conservative external body
force, f = V@ # 0, we can include it by replacing the total pressure by an extended total pressure

PP:=P—¢. (10)

All analysis and proofs remain valid. Without loss of generality, in this paper we will only use zero external body force for
the analysis and proofs.

When the flow is viscous, Re < oo, the viscosity dissipates kinetic energy of the incompressible Navier-Stokes equations
at rate

dK 2

— =g, 11

de Re (11)
while it dissipates or generates helicity at rate

dH 2

—=——(®w,Vxwq, 12

i Re ( X ®)q (12)

where (-, -)o denotes the inner product, i.e.,

(a,b)Qz/wb and (c,d)Q=/cd,

Q Q

if @, b are vectors and c,d are scalars. The viscosity always dissipates kinetic energy because the total enstrophy cannot
be negative, £ > 0, see the definition of the total enstrophy in (4). It either dissipates or generates helicity because the
term (@, V X @) generally can be either positive or negative (or zero). This means the dissipation rate of helicity can be
negative.



Y. Zhang, A. Palha, M. Gerritsma et al. Journal of Computational Physics 451 (2022) 110868

2.2. A conservative dual-field mixed weak formulation

We propose the following dual-field mixed weak formulation for the rotational form of the incompressible Navier-
Stokes equations: Given f € [LZ(Q)]3, seek (U1, 2, Pg) € H(curl; Q) x H(div; Q) x H'(R) and (u2, w1, P3) € H(div; Q) x
H (curl; Q) x L%(2) such that,

ou 1
< ! > + (w1 x u1,61)Q+R—e (W2, V x€1)q+(VPo,€1)q = (f,€1)q Ve € H(curl; ), (13a)
(VX €)g— (@,€)9=0 Ve, € H(div; Q), (13b)
(U1, Veg)g =0 Veo € HI(R), (13c)
ou 1
< 8t2 €2> +(w2Xuziz)g—kﬁw><0)1,€2>g—<P3,V-€2>Q=<f,€2)g Ve, € H(div; ), (13d)
Q
(U, V x €1)q — (@1,€1)q =0 Ve € H(curl; ), (13e)
(V-uz,e3)q=0 Ves € L2(Q). (13f)

Remark 1. In this formulation, the terms (@; x u;) - €; are not known to be L?-integrable for the vector fields that belong to
the infinite dimensional function spaces H(curl; 2) (i =1) and H(div; ) (i = 2). Showing this integrability requires proving
additional regularity of the velocity and vorticity variables, which we currently are unable to do. However, in the finite
dimensional case, the known regularity is sufficient, see Section 4. Thus, despite the potential mathematical issue, we still
write this formulation above for its clear interpretation and to motivate the discrete scheme.

The formulation (13) is called dual-field because it contains two evolution equations, (13a) and (13d), and, for each
variable, dual representations of its solution are sought: For velocity, we seek (u1, uy) € H(curl; Q) x H(div; 2), for vorticity,
we seek (w2, w1) € H(div; Q) x H(curl; ), and, for total pressure, we seek (Pg, P3) € HI() x L?(R). If all variables are
sufficiently smooth, integration by parts will show that either (u1, @, Pg) or (43, @1, P3) solves the Navier-Stokes equations
in rotational form, (9). Note that the de Rham complex (8) and the constraint (13b) ensure

W)=V xuy. (14)

Therefore, in practice, w, may be dropped from (13) if we replace it by V x u;. We leave in w, above to maintain the
clearness of the formulation.

2.3. Properties of the formulation

We now show that the proposed dual-field formulation (13) conserves (i) the mass in terms of u, and, in the case of
conservative external body force and zero viscosity, (ii) the kinetic energy in the formats

1 1
Ki=-(uj,u and Ky =—
1=3 (U1, u1)q 2=3

and (iii) the helicity in the formats

(uz, uz)q

HlZ/u1-w1=<u1,w1)Q and Hz=/“2~w2=(u2,wz)§z-
Q Q
We will also analyze the dissipation rate of kinetic energy and helicity in the viscous case for the proposed formulation.

Note that, in this subsection, everything is still at the continuous level. The purpose is to show that the proposed weak
formulation possesses the same properties as the strong formulation does.

2.3.1. Mass conservation
For the mass conservation, since we have restricted u, to space H(div; 2), the de Rham complex (8) and the constraint
(13f) ensure that the relation

H(div: Q) 5 1y —> 0 € L2(Q)

is strongly satisfied; no integration by parts is required. Therefore, the mass conservation is satisfied for velocity u,. Such
an approach is widely used to construct mass conserving discretizations. While for u; € H(curl; 2), the mass conservation
is only weakly satisfied, see (13c).
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2.3.2. Time rate of change of kinetic energy
In the inviscid limit (Re — co) and when f =0, the kinetic energy conservation is equivalent to

dK a dic a
=1 _ ﬂ,ul =0 and —2= ﬂ,uz =0.
dr at g dr at Y,

Because (13a) is valid for all €1 € H(curl; 2), we can select €1 to be u; € H(curl; 2). As a result, we get

ou ou
<a—],u1> + (w1 ><ul,u1)9+(u1,vpo)9=<—]au1> =0.

The second term vanishes because of (5). Meanwhile, from (13c), we know that (i1, VPg)q = 0 because Py € H' ().
Therefore, the third term also vanishes, which accomplishes the proof of kinetic energy conservation for C;. Similarly, by
selecting €, of (13d) to be u;, we can get

at ot ’

where the second and third terms vanish because (5) and (13f), respectively. Thus we can conclude that K, is also preserved
over time.

In the viscous case, Re < oo, if we repeat the above analysis, the viscous terms will remain. We will eventually obtain
the following kinetic energy dissipation rates,

ouy ouy
<—,uz> +(wzxuz,uz>9—(P3,V-uz>Q=<— uz> =0,
Q Q

I =<8ﬂ,u1> {02V X g =~ (02, @2)0 =~ <0, (15)
dt ot Q Re Re Re
= =<%,u2>gz—é (V x 01, 120 "2 (01,000 =~ 261 <0, (16)
where the total enstrophy £ and &, are defined as
&= % (w1, @1)q and &= % (@2, @2)q -

This is in agreement with the kinetic energy dissipation rate of the strong formulation, see (11).

2.3.3. Time rate of change of helicity
If Re - oo and f =0, the helicity conservation is equivalent to
dH d ouq 0w1
—— =, w)g=\—,® +{uy,—) =0,
@ T M eve <8t o T\ Tt g

d#H> d ouy 0w
_ 5 =\—-—, y T == O.
i~ ar M2 @2e < at w2>9 + <u2 at >Q

Replacing €4 in (13a) by @1 € H(curl; ©2) leads to

ot at

The second term vanishes because of (5). Meanwhile, we have (13e) saying

ou ou
<—1,w]> + (@1 Xu]»w1>9+<w17VPO>Q:<—1’wl> =0. (17)
Q Q

—(up,Vxe€1)g+ (w1,€1)q=0 Veq € H(curl; Q). (18)

And because Py € H1(S2), we have VPg € H(curl; Q) (in particular, VPg is in the null space of H(curl; §2) with respect to
V x). Thus we can replace €7 in (18) by VP and get

—(u2,V x VPg)q + (w1, VPo)g =0. (19)

This implies (@1, VPg)g = 0 because V x V() =0 showing that the third term of (17) vanishes.
If we take the time derivative of (18), we have

at at
In addition, we know that, (13d),

ouy 0w .
—,Vxe€1) ={—, €1 Veq1 € H(curl; Q). (20)
Q Q

ou
<8—t2,€2> + (@2 X Uy, €2)q — (P3,V-€2)q =0 Ve, € H(div; Q). (21)
Q

7
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Therefore, given any € € H(curl; 2), (21) must hold for V x €; € H(div; Q), i.e.,

ou
<at2 VX€1> +(w2Xﬂz,VXG])g—(Pg,V-VXG])QZO VG]GH(CUI'I;Q). (22)
Q

If we insert (20) into (22), we obtain

ot ’

Because uq € H(curl; ©2), we now replace €1 in above equation with u; and obtain

0w
< L €1> 4+ (w2 xuy,Vx€1)qg—(P3,V-Vxe€1)q=0 Ve € H(curl; Q).
Q

ow ow

L w) (@ xua, Vxug)g—(P3,V-Vxu)g={—t,uy) =0. (23)
ot Q ot Q
Since wy =V x uq, see (14), is exactly satisfied, the second term of (23) vanishes due to (5), and the third term is zero
because V-V x (-) =0. Overall, (17) and (23) together prove that helicity 4 is preserved over time.

We now reuse (13e) and select €1 to be u; € H(curl; ). As a result, we get

—(u2, V xu)g + (@1,u1)g =0,

which implies

Ho = (Up, W) = (U2, V X U1)g = (W1, U1)g =H1.

Thus both #H1 and #; are preserved over time.
In the viscous case, Re < oo, if we repeat above analysis, the viscous contribution will not cancel and we will obtain the
following helicity dissipation rate,
OH1  0Hy 2
—=—=—— (w2, VX®
at ot Re (@2 e
which is consistent with that of the strong formulation, see (12).

3. Temporal discretization

Inspired by a mass, energy, enstrophy and vorticity conserving (MEEVC) [8] scheme for the 2D incompressible Navier-
Stokes equations, we construct a staggered temporal discretization for the two evolution equations in the dual-field formu-
lation (13). The MEEVC scheme, as well as the presented method, starts with a formulation of two evolution equations. The
two evolution equations are discretized temporally at two sequences of time steps respectively using a Gauss integrator. The
two sequences of time steps are staggered such that the endpoints of time steps in one sequence are exactly the midpoints
of time steps in the other sequence. Thus at each time step either discrete evolution equation can use the solution from the
other one as known variable at the midpoint, see Fig. 1.

We use a lowest order Gauss integrator as the time integrator [89-91]. For example, if we apply the integrator to an
ordinary differential equation (ODE) of the form

af®
Sdt
at a time step from time instant t*~! to time instant t¥, we obtain

fk _ fk—] el ko1 At
CAN — U — 24
Al e o) (24)

=h(f®),1)

where At =tk — k=1 fk — £(tk). Additionally, we will use the midpoint rule, namely,

k k—1
[ Y TN SPES AL (25)

We further introduce two time sequences, the integer time steps and the half-integer time steps. The integer time steps use
time instants indicated with integer superscripts. For example, kth (k =1,2,---) integer time step (denoted by Sy) is
from t*=1 to tk. The half-integer time steps use time instants indicated with half-integer superscripts. For example, kth
(k=1,2,---) half-integer time step (denoted by §k) is from t=3 to t&*3 . These time steps satisfy

k k—1
i i i+ 1 i—1 _1 4t .
At =t — =1 =¢its _tJ=7 and t*—2 =—— Vijk=12..
In other words, we restrict ourselves to constant time intervals equal for both time sequences.

8
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3.1. Temporal discretizations at staggered time steps

We now apply the time integrator (24) to evolution equations (13d) and (13a) at integer and half-integer time steps,
respectively.

3.1.1. Temporal discretization at integer time steps
If we apply the time integrator (24) to the evolution equation for u, (13d) at integer time steps, with the midpoint
rule, see (25), and constraints (13e) and (13f), we can obtain a semi-discrete weak formulation at, for example, kth integer

_1 _1
time step Si: Given (m’;—1,u’;—1, o ) 2) € H(curl; @) x H(div; @) x [L2(@)]’ x H(div; @), find (w’;,ug, Py 2) €
H(curl; Q) x H(div; ) x L2(2) such that

k k—1 k k—1
u, —u k=3 Uyt
2 2 ¢ ® 22 ¢ 26
< i 2) +H{w, *x > 2 (26a)
Q Q
1 ok + w1 _1 ,
+(Vx T ) (P v =<f"—%,ez> Ve, € H(div: Q)
Re 2 Q Q Q
<u’§, vV x e1>9 - <w’;, 61>Q -0 Ve, € Hcurl; Q) , (26b)
(v uk, e3>9 —0 Ves € [2(Q), (26¢)

k-1 . . . . . . . .
where @, * is borrowed from the other time sequence, in particular, is the solution of w; at (k — 1)st half-integer time

step and, therefore, is known.

3.1.2. Temporal discretization at half-integer time steps
Similarly, we apply the time integrator (24) to the evolution equation for uq (13a) at half-integer time steps. With
the midpoint rule, see (25), and constraints (13b) and (13c), we can get a second semi-discrete weak formulation at, for

R _1 1
example, kth half-integer time step Si: Given (uli 2, wg 2, fk, a)’{) € H(curl; Q) x H(div; ) x [LZ(Q)]3 x H(curl; 2), seek

k I<+% I<+% 1 .
Py u; @, € H' () x H(curl; Q) x H(div; ) such that

1 _1 1 _1
ul]<+2 _u’; 2 . N wk ullﬁLz +u11< 2 . (273)
— Xi
At ik . 1 2 ik o
k+3 -3
1 /o, *+w, ?
+E<%,VX€] +<Vpg,el>ﬁz<f",e1>9 Ve1 € H(curl; ),
Q
k+3 k+3 :
Vxu; %, €) —(w, *,€2) =0 Ve, € H(div; ), (27b)
Q Q
1
<u'{+2,v60> =0 Veo e H'(2), (27¢)
Q

where w’{ is borrowed from the other time sequence and, more specifically, is the solution of @ at kth integer time step,

. . k+1
see (26). Thus it is known. The solution w2+2

iterations can proceed.

can be sequentially used for the next, the (k + 1)st, integer time step. Thus

3.1.3. Overall temporal discretization
101 . .
One may notice that to start the iterations we need to know u;, w; . Therefore we need a Oth time step, $o, computing

11
from ¢° to t? for u], w;. The simplest approach for the Oth time step is applying the explicit Euler method to evolution

equation (13a) which, together with constraints (13b) and (13c) at t%, leads to a semi-discrete system similar to (27). More
accurate approaches, like directly applying the Gauss integrator (24) or other (higher order) integrators to formulation (13),
could also be used. These methods will eventually lead to nonlinear discrete algebraic systems for which more expensive

9
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Si S S3 integer time steps
0o 11 2 9
U, W, el U3, Wi A+3 Uz, Wi 2+3% ‘
e ey oy H H 2 A 2
initial condition ; #°}— T . ; 1 ; >
! ! 1 2
' ' 1 1 t 141 141 t o4l o4l
12,0 0 2 2 2 2 2 2
UL Wy U, W u; L wy u; ?,wy
S0 S S S5 -+ half-integer time steps

Fig.Al. An illustration of the proposed staggered temporal discretization scheme. Integer time steps are denoted l{y Sk, half-integer time steps are denoted
by Sk, and the Oth time step is denoted by $o. The iterations proceed in a sequence: $o — S1 — S; — Sy — S — ---. The kth integer time step also

k—1 . .
computes P; 2 and the kth half-integer time step also computes Pg.

iterative methods like the Newton-Raphson method are needed. After the Oth time step, $o, standard iterations, S and S,
can proceed.! The overall temporal scheme is illustrated in Fig. 1.

It is easy to see that, instead of applying a standard temporal discretization directly to the dual-field mixed weak formu-
lation (13), using the presented staggered temporal discretization can greatly reduce the computational cost. Although the
dual-field formulation doubles the variables, we will only solve for half of them at each time step as the staggered temporal
discretization decouples the dual-field formulation. Meanwhile, since each semi-discrete formulation borrows the solution
from the other for the nonlinear terms, see the second terms of (26a) and (27a), the semi-discrete formulations will lead to
linearized discrete algebraic systems.

3.2. Properties after temporal discretization

In this part, we check whether the conservation (in the inviscid case) and dissipation (in the viscous case) properties
proven at the continuous level, see Section 2.3, are preserved after the proposed staggered temporal discretization. Note
that we have not yet applied a spatial discretization; the function spaces are still the infinite dimensional Hilbert spaces in
the de Rham complex, (8).

3.2.1. Mass conservation after temporal discretization
The mass conservation is not influenced by the temporal discretization. Due to the same proof as given in Section 2.3.1,

. . . . L k+1 .
for u’ﬁ € H(div; ), V~u’§ =0 is exactly satisfied at all integer time instants, and for ulJr2 € H(curl; ) the mass conservation
is only weakly imposed through integration by parts, see (27c).

3.2.2. Time rate of change of kinetic energy after temporal discretization

— k+1 k—1
uilpul u;? puy .
Let Re — oo and f = 0. We replace €, by in (26a) and replace € by — in (27a). Following the
same process used for the proof at the continuous level, see Section 2.3.2, one can get
bty k=g kg -3 Kk gk=1 ok k=1
u —u u +u u, —u u; +u
1 LI 1 —0 and 2 2 22 2 =0,
At 2 At 2
Q Q
which then leads to
k+4 1) k+d k4l 1/ k-1 k-1 k-1
2 2
Q Q
1 1
ik — 2 (uk, uk) _ 1 <uk—1’ uk—1> — k-1 29
S\ B2/, T 5\ 2 g 2 (29)
Thus the kinetic energy is preserved at both integer and half-integer time steps.
If Re < oo, with the same analysis, we will obtain
k+1 k=1 k+d k—1 k—1 k+1 k+1 k—1
u] Z_u] 2 u] 2+u1 2 :_i (1)22+(l)22 qu] 2+u1 2
At ’ 2 Re 2 ’ 2 ’
Q Q
L L T L 11 _ e, ok + o uk k!
At 2 Re 2 ’ 2
Q Q

T It is also fine to switch time sequences for the evolution equations.

10



Y. Zhang, A. Palha, M. Gerritsma et al. Journal of Computational Physics 451 (2022) 110868

With (26b), (27b), we can conclude that

k+1 k—1 k41 -1 k! k—1
Ky 2K 2 1 /w, ? a) 2w, 2 2 2
A B :__< 2 “ @ T @ " te > D2 <o, (30)

At Re 2 ’ 2

k _ pok—1 k—1 k—1
K5 — K5 __i<w1+w1 o + o) > (25) 2
At Re

1
: D_Lt oo (31)
2 2 Re

This shows that the boundedness of the kinetic energy (15) and (16) is preserved by this staggered temporal discretization,
which can contribute to the stability of the scheme.

3.2.3. Time rate of change of helicity after temporal discretization
Let Re — oo and f = 0. We select €7 in (27a) to be w’l‘ and perform the same process for proving (17). We will get

uk+% uk—%
1 % k
—_® =0. 32
< At 1> (32)
Q
Analogously, by repeating the proof for (23), we can obtain
AL k— 1
-l k=3
—u =0. 33
() )
Q
Equations (32) and (33) together imply
K k-3 k-1
<u1<+2 w’{> = <u1 2w’{> = <u1 L@k~ > . (34)
Q Q Q
At the half-integer time step §k,1 (assume k > 2), (32) reads
k—1 k—3
Bl V) R (35)
At e o

With this relation, we can extend (34) to

3k k=3 g k=3 k- k=3 k1
<u1 Jw1) =(u; 2 ef) =(u “’1 =(u; ’, @] )
Q Q Q Q

If we further apply the midpoint rule, (25), to the first two terms and the last two terms of above equation, we obtain

_1

k+5 k-5
u +u (25)
1 1 k k .k k
< 2 ’w1>9 = (ul. of) =

. 5 (36)
k=3 Lk
k—1 k=1 k=1) (29) [ 1 k—1
S = (o) @B )
1 0@ Q < ) 1
Q
25 uk+% + uk_%
In addition, since (26b) holds for all €1 € H(curl; ), we can fill uk =l % € H(curl; Q) in it and obtain
k+3 k-1 k+3 k-1
kook k k k u Tty T )
Wi, u :u,qu>:u,Vx7 =(us, =—— =) . 37
ot ], =0 ) = (v S50 g o
Q Q
Again, as w; is only solved at half-integer time instants, see (27), we use the midpoint rule, (25), to bring it to the integer
k _1
L P w2+2 +w, ° _
time instants, namely, @3 = —~————=—. As a result, (37) implies
2
HE = <u1, w’{>Q = <u’§, w’§>9 =HK. (38)

And with (36), we can finally conclude that
k k k—1 k—1
H{zH‘=H1 =H, =C.

11
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In the viscous case, Re < 0o, repeating above analysis at the half-integer time step Sk and at the integer time step Sy

(see (32) and (33)) leads to

k43 k—1 k4 k—1
u P owg oy 1 /@, " +w, ° k
7,(1}1 e 4’wal 5

At 2 o

k k—1 k k—1
0 — ® k—1 1 0+ o k—1
1 1 oy 7)) =——(vx 1 1 :“’22 )
At Re 2
Q Q

If we combine the above two equations, i.e., (39) + (40), and use the midpoint rule, (25), we obtain

1 k+1 1 k—1 1 1 [
—<u]+2,w’{> ——<u1< Z,w’f’1> ———<a)’§,wa’{> ——<V><co1< ’, o, > .
At o At Q Re Q Re Q

Again, (39) is still valid at (k — 1)st half-integer time step, Sk_1, (assume k > 2) where it reads

k—3% k-3 k—1 k—3
u —u _ 1 /w, “+o _
1 1 7wl1<1 __ 1 [*% 2 ’wa1{1 _
At Re 2
Q Q

If we now combine (40) and (42), and use the midpoint rule, (25), we get

[N]

1 [ k-1 1 [ k-3 4 1 _ _ 1 k=1 k=1
—<u1 2,w’1‘> ——<u1< 2 ok 1> =——<w§ 1V xof 1) ——<wa1< 2w, 2> :
At Q At Q Re Q@ Re Q

We now can combine (41) and (43) and obtain

k+1 k=1 4 k-1 k=3 1
<u1 +u,y ,w1Q u, P +u; C ] .

At B At
k ok k=1, k-1
(25) <"1""1)g_<"1 » @7 )Q
At
K q/k—1
At
2 kel kel (w’g,wa’{>9+<w’§‘l,wa’{‘l>
=——(Vxw, >, w, ) — Q
Re 12 Re
Q

Finally, because (38) still holds, the viscosity dissipates ”H’{ and ’H§ at the same rate, denoted by

k—1 k—1
- H s ! <wa1 R 2>Q
At At Re
(@5, v x @), + <w§_1, V x w’l‘_1>ﬂ

2Re

2(w1, @2) ==

4. Mimetic spatial discretization

(42)

(44)

It has been shown that the de Rham complex plays an essential role in the proofs and analysis of the conservation
properties and the dissipation rates for the proposed dual-field formulation at both continuous and semi-discrete lev-
els. For example, (19) is valid because we have chosen Py € H'(2) such that VP € H(curl; Q) is guaranteed. Choosing
u1 € H(curl; Q) and w; € H(div; Q) ensures that the relation w, = V x uq is satisfied exactly. In addition, as shown in

Section 2.3.1, the de Rham complex is essential for the mass conservation V - u; =0 where uy € H(div; Q).

In this work we consider a set of discrete function spaces,

{G(€2),C(), D(), S()}

where
G(Q) CHYQ), C(Q)CH(url; ), D) cCHUiv;Q), S cClL*Q),

12
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such that

R < G(Q) — C(Q) 5 D(Q) —> S(Q) — 0, (45)

i.e., they constitute a discrete de Rham complex. In order to enable the validity of the proofs and analysis at the fully
discrete level, we need to employ such a set of discrete spaces for the spatial discretization.

Any sequence of discrete function spaces that satisfies (45) is equally valid. One possible choice is to employ G(2) = CGy,
C(Q) = NED}V, D(2) = RTy, and S(R2) = DGy_1, where CGy are the Lagrange polynomials of degree N, NED}\, are the
Nédélec H(curl)-conforming spaces of the first kind of degree N, see [92], RTy are the Raviart-Thomas spaces of degree
N, see [92,93], and DGy_1 are the discontinuous Lagrange spaces of degree (N — 1). Another possible exact sequence of
discrete function spaces employing b-splines is employed in the works by Hiemstra et al. [94], Buffa et al. [95], and Ratnani
and Sonnendriicker [96]. We call these spaces structure-preserving or mimetic spaces, see another example, the mimetic
polynomial spaces [8,75,87,88,97]. Note that variables in the finite dimensional spaces C(£2) and D(2) possess the regularity
that ensures the L2-integrability of the convective terms in the weak formulation (13), see Remark 1.

4.1. Fully discrete systems

Applying a particular set of mimetic spaces to the semi-discrete problems (26) and (27) leads to two local fully discrete
linear algebraic systems, one for the kth integer time step Sy, i.e.,

=k =k—1 =k | =k—1 1 -k ~k—1

uH-uw k—1Up + Uy W + @y THK=3 _ k-1
N————+R"2 —C —-D'P =f"2, 46a
At 2 Re 2 3 (46a)
cTitb — vk =0, (46b)
Diif =0, (46¢)
and one for the kth half-integer time step Sy, namely,
b geh ) e iHd e
u u u, ‘+u 1 0, “+w -
AR et 2 ey = 1, (47a)
Sk+1 N
Cil; 2 —N@, 2 =0, (47b)
_k+1
G, 2=0, (47¢)

where we have used the vector sign to indicate the vector of the expansion coefficients of a discrete variable. And, if
y,T,0, x are basis functions of mimetic spaces

G(2), C(Q), D(E), S,
respectively, M and N are the symmetric mass (or stiffness) matrices of spaces C(2) and D(2),
M,'j:(‘[j, Ti)g and NiJ':(O'j, O',')Q ,

and the entries of matrices C,D, G, RK-3 ,R¥ and vectors *—3 L are
Cij Z(V X Tj, ()'i>Q ,
Dij=(V-0j, Xilg -

Gij = (V). Tilg -

k k
R~:<w X Ti, ‘t<> s
ij 1 ] a
k—1 _1
fl 2:<fk 270.1'>Q»
k k
f= (i) .
1 f 1 Q
If we rearrange the systems (46) and (47) and write them in linear algebra format, we can obtain following linear systems,

13
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r1 1 1 1 =k 1 1 1\ ok 1 > k—1 k—1
—N+=-R¥2 —c -DT u; —N-—=-R2 )35 —Ccw 3
At +g 2Re ok || \at 2 S T

C —M 0 -.kfll - 0 s
D 0 0 Py % 0

r1 1 1 _k+3 /1 1 k-1 1 k-1
—M+-R¢ —CT Gg||u 2 —M—=RK)u; 2— —CT@, 2 +¢
AT ke el | \act 2 1 R~ @2

C -N 0| @ 2= 0
GT 0 0 P§ i 0

A similar spatial discretization can be applied to the semi-discrete system for the Oth time step $g, see Fig. 1.

Suppose a mesh has been generated in the computational domain Q2. We can perform such discretizations in all elements.
After applying the initial condition and assembling the local systems, we will eventually obtain global linear systems ready
to be solved in the sequence shown in Fig. 1.

4.2. Properties of the fully discrete systems

Since we have used a sequence of function spaces which form a discrete de Rham complex, the proofs for the con-
servation properties and the analysis for the dissipation rates of kinetic energy and helicity at the semi-discrete level, see
Section 3.2, remain valid at the fully discrete level.

5. Numerical experiments

We now test the proposed mimetic dual-field method with two manufactured solutions and a more general flow, the
well-known Taylor-Green vortex.

For all tests, we use the mimetic polynomial spaces as our mimetic spaces and do the spatial discretization under the
framework of the MSEM. Meshes are uniform orthogonal structured hexahedral meshes. The mesh size, namely, the edge
length of the cubic element cell, is denoted by h. The degree of the mimetic polynomials is denoted by N. And we use the
explicit Euler method for the temporal discretization of the Oth time step, i.e., So in Fig. 1. The implementation is conducted
in Python.

5.1. Manufactured solution tests

Two manufactured solutions are taken from [62]; one for testing the conservation properties and one for investigating
the convergence rate of the method. The domain is selected to be the periodic unit cube € := [0, 1]3.

5.1.1. Conservation properties and dissipation rates
For these first tests, we select the initial condition

U|—g = [cos(2m 2), sin(2w z), sin(271x)]T .

Such an initial condition possesses kinetic energy XC|;—o = 0.75 and helicity #|;—g = —6.283. The problem is solved until
t =10 on an extremely coarse mesh of h=1/3 and N = 2.

We first try to verify that the proposed method does preserve mass, kinetic energy and helicity if in the inviscid limit
Re — oo and f =0. In Fig. 2 some results are presented. The results of |V -u%| . in the bottom-right diagram imply that

the pointwise mass conservation is always satisfied. In the bottom-left diagram, the results show that both ’H’l‘ and 7—[’5
are preserved. The fact that the two lines coincide with each other up to O(10710) verifies (38). As for kinetic energy, the

1
results are present in the top diagrams where the discrete conservation for both ICI;_i and IC’; at their corresponding time
steps are shown.

We then keep f =0 and use a Re < oco; we let the viscosity dissipate kinetic energy and helicity. Some results for
Re = 100 are presented in Fig. 3 where the results shown in the top diagrams verify the dissipation rate of kinetic energy
derived in (30) and (31) and the results in the bottom-left diagram are in agreement with the dissipation rate of helicity,
see (44). The pointwise conservation of mass is still satisfied at all time steps as shown in the bottom-right diagram of
Fig. 3.

1

2 are presented. It is seen that for both the convergence and

L

In Fig. 4, some results of the magnitude of HV . ullc

s . . . k+do - . .
dissipation tests the conservation of mass is not satisfied for u;+2. It is not surprising that the error is large especially for
the inviscid case as we have used an extremely coarse mesh. This is consistent with the analysis that the constraint of mass

o . k+3
conservation is only weakly imposed for u;

level in Section 2.3.1.

€ C(2) C H(curl; 2), see Section 3.2.1. Also see the analysis at the continuous

14



Y. Zhang, A. Palha, M. Gerritsma et al.

Journal of Computational Physics 451 (2022) 110868

x1071 x10~1
T
5.0F — 4+ |
:i:_ 2.5 ~ - 3k B
L R
A‘J < 0.0 7 Sf 527 N
| <
©l —25t : <L ,
—5.0F b L A i
| | | | | | 0 \!_v | | | | |
0 2 4 6 8 10 0 2 4 6 8 10
t t
><‘10’9
6, -
8
= -
g
=1 ]
| |
1 1 1 1 1 1
0 2 4 6 8 10
t
Fig. 2. Some results of the conservation test for h =1/3, N=2 and At =1/20.
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Fig. 3. Some results of the dissipation test for Re =100, h =1/3, N=2 and At=1/20. @(w’}, wg) is the dissipation rate of helicity, see (44).

Note that these tests are also valid for the non-zero conservative external body force. If ¢ is known and f = V¢ # 0, we
can still first conduct the test with f =0 and get the same results. The only difference is that we now obtain the solution
for the extended total pressure P’, see (10). We can post-process P’ with the known ¢ to retrieve the solution for total

pressure P.

15



Y. Zhang, A. Palha, M. Gerritsma et al. Journal of Computational Physics 451 (2022) 110868

2T oFT ]
~/~ /
2 8
~ 1k | ~_
- *
S S
> oo . >
= = -2r 1
=) )
= 4k i 2
1 1 1 1 1 1 _37\ 1 1 1 1 \7
0 2 4 6 8 10 0 2 4 6 8 10
t t
(a) Re = o0 (b) Re = 100

Fig. 4. Some results of the magnitude of

k+3
‘V~u1 2

for both the conservation and dissipation tests at h =1/3, N =2 and At =1/20. The divergence is
[

computed per element.

5.1.2. Convergence tests
We now investigate whether the proposed method produces converging solutions and, if yes, what is the convergence
rate of the proposed method with a manufactured solution. Assume

u=[2—-t)cos(2mz), (1+t)sin(2mz), (1—1t) sin(271x)]T

and

p=sin2r(x+y +t))

solve the Navier-Stokes equations with Reynolds number Re =1 and the body force f which can be calculated from u, p
and Re using the Navier-Stokes equations. The exact solutions of vorticity @ and total pressure P can also be calculated. We
use u|;_q as initial condition and let the flow evolve for different mesh element sizes and polynomial space degrees. Errors
are then measured at t = 2.

Results are presented in Fig. 5 where the optimal convergence rates are observed for all variables of the dual-field for-
mulation when the mesh is h-refined under different polynomial degrees. The plot of HV . ug || L Shows that the pointwise
conservation of mass is satisfied up to the machine precision in all cases.

We can also measure the difference between the two dual solutions of one physical variable. The results of |[u} — u®| 12
and ||} — |, at t =2 are shown in Fig. 6. Note that, since u and u} (@ and @) are staggered in time, we have used
the midpoint rule, (25), to u’i‘ (w’}) such that it can be compared to u'21 at t =2, an integer time instant. It is not surprising
that they converge under p- or h-refinement. This suggests that we can use them for accuracy indicators, for example,

[wd —ulil>  Jui—wil o 2[ul—wlp
.2 w312 1+ ud] 2

which can be very helpful for general (non-manufactured) simulations. More interestingly, one can measure the local differ-
ence of the dual solutions and use it as an indicator for mesh adaptivity, which is outside of the scope of the current paper.
From this aspect, the existence of dual representations of the solution for one variable can be regarded as an advantage
for the proposed method. Despite the existence of the difference between the dual representations, both of them should
be considered as equally important solutions of the variable. Recall the dual character of the velocity field which is hard to
capture in one discrete space, see Section 1.3. The dual representations together can be regarded as a discretization of its
dual character.

’

5.2. Taylor-Green vortex

We now test the method with a more general flow, the Taylor-Green vortex (TGV) flow. The domain is given as Q :=
[-m,7)? and is periodic. V = 873 denotes the volume of the domain. The body force is set to f =0 and the initial
condition is selected to be

u|;—o = [sin(x) cos(y) cos(z), — cos(x) sin(y) cos(z), O]T .

Such an initial condition possesses kinetic energy |, = 0.125 and zero helicity. We solve the flow using the proposed
mimetic dual-field method at Re = 500.
Iso-surfaces of @} = —3 (@} = (o}, w], w?)) at some time instances are shown in Fig. 7. It is seen that the flow initially

induces vortices of clear structures which then break down and finally are dissipated by the viscosity.
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Fig. 5. ph-convergence and mass conservation results of the convergence tests. At =1/50.

In Fig. 8 and Fig. 9, results of total kinetic energy and total enstrophy are presented. These results are compared to
benchmarks taken from [98]. In Fig. 8 we can see that the proposed mimetic dual-field method, compared to a discontinuous
Galerkin (DG) method of the same order (p =2) and in the same mesh (32 x 32 x 32 elements), produces better results in
terms of the error to the results produced by a reference, a very high (128th) order spectral method. This is mostly clear
in the enstrophy results near t =9 when the total enstrophy reaches its peak; the DG method is not able to capture the
peak of the total enstrophy while the mimetic dual-field method captures it well for both of the dual solutions. Similar
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comparisons are made for more resolved simulations in Fig. 9, where improved results are seen especially near the peak of
total enstrophy; the DG method now is able to capture the peak and the mimetic dual-field method captures the shape of
the peak better.

In Fig. 10, some results of the total helicity versus time for the TGV flow are shown. It is seen that, as the flow evolves,
the total helicity remains zero (to the machine precision). Such a phenomenon is consistent with the fact that the dissipation
rate of helicity, see (44), is constantly zero (to the machine precision) as shown in the same diagram.

In Fig. 11, the results of kinetic energy spectra at t =9.1 are presented. In the left diagram, it is seen that, in terms of
kinetic energy, the mimetic dual-field method has similar accuracy as the DG method for large scales (k < 10). For medium
scales (10 < k < 35), both methods start to deviate from the high order spectral reference results with the proposed dual-
field method showing less overdissipation. For small scales (k > 35), both methods show large deviations from the reference
results. The interesting aspect is that, for small scales, the DG method and the proposed dual-field method present different
behaviors: the DG method over dissipates the energy and the dual-field method accumulates energy. The accumulation of
energy at small scales is expected due to the energy conservation properties of the dual-field method. The energy cascade
occurs up to the resolved scales and then it is stored (and accumulates at the smaller scales). It is the authors opinion that
this can be an advantage of this method since subscale grid methods can specifically target these small scales and introduce
the required dissipation that is not resolved. In opposition, the DG method already over dissipates the energy, therefore it
is challenging for a dissipation based sub-grid scale model to improve the results for these smaller scales. This is a topic of
interest for the authors and will be further researched in the future. A partial support for this claim is the results presented
in the right diagram of Fig. 11 where it is seen that the value of k where energy accumulation starts decreases when a less
resolved discretization is employed.

6. Summary and future work
6.1. Summary

In this paper, we introduce a discretization which satisfies pointwise mass conservation and, if in the absence of dis-
sipative terms, conserves total kinetic energy and total helicity and, otherwise, properly captures the dissipation rates of
total kinetic energy and total helicity for the 3D incompressible Navier-Stokes equations. The discretization is based on a
novel dual-field mixed weak formulation where two evolution equations are employed. A staggered temporal discretization
linearizes the convective terms and reduces the size of the discrete systems, which can be regarded as a big advantage of
the proposed method in terms of the computational efficiency. A mimetic spatial discretization enables the validity of the
conservation properties and the dissipation rates at the fully discrete level.

6.2. Future work

In this paper, u1 and u; (@ and w,) are approximated in different function spaces, and, therefore, equality between
them will not hold unless the flow is fully resolved. In other words, we are not able to construct a square, time-independent
and explicit discrete Hodge operator. Instead, this method implicitly defines a time-dependent discrete Hodge operator. By
allowing the time evolution of the discrete Hodge operator we can construct a helicity conserving scheme. Based on the
promising results reported in this paper, we want to apply the algebraic dual polynomial spaces, [99], such that solutions
u’} and ug (w’;' and wg) are two representations in a pair of algebraic dual polynomial spaces. As a result, we expect the
difference between u’i’ and u’% (w’l‘ and w’%) to be smaller and using the vorticity from the other subset of equations, see
(26) and (27), to be more consistent.

In the kinetic energy spectra of the dual field formulation, Fig. 11, we see that for high wave numbers the energy decay
is insufficient. This is attributed to the fact that the scheme is non-dissipative and the grids are too coarse for energy at the
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Fig. 7. Iso-surface of o} = —3 (@ = (}, ], w?)) for the TGV test using MDF-24p3. MDF-24p3 stands for the mimetic dual-field method at h = 1/24
using polynomial spaces of degree 3. The time step interval is selected to be At =1/50.
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small scales to dissipate. In future work we want to add a sub-grid scale model on the momentum equations for u and u;
of the form € A(u1 — uy) to the uy equation, (13a) and € A(u; — uq) to the u, equation, (13d). If we define

_ 1
=—(u+uy),
2(1+ 2)

this sub-grid scale diffusion cancels from the average, while it only acts on the difference between the two fields
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u = ! (uq — uy)
=5 2) -

So the numerical dissipation only acts on the difference of the two fields. This implies that the added diffusion is only active
for the large wave numbers, where the difference between u; and u; is significant, while for the small wave numbers where
uq and u; are almost the same, no dissipation takes place of w’. In this sense the dual field formulation can be used as a
turbulence model. Future work needs to establish how the parameter € should be chosen.

Other steps we want to report in the future include, for example, error analysis, mesh adaptivity based on the local
difference between u’{ and ug (w’} and w’;) and the extension from periodic boundary conditions to general boundary
conditions.

CRediT authorship contribution statement

Yi Zhang: Formal analysis, Methodology, Project administration, Software, Visualization, Writing - original draft, Writing
- review & editing. Artur Palha: Conceptualization, Methodology, Validation, Writing — original draft, Writing - review &
editing. Marc Gerritsma: Conceptualization, Methodology, Supervision, Writing - review & editing. Leo G. Rebholz: Method-
ology, Writing - review & editing.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Acknowledgements

Yi Zhang is supported by China Scholarship Council under grant number 201607720010 and Leo G. Rebholz is supported
by US National Science Foundation grant DMS2011490. The authors also would like to thank Dr. Chapelier for sharing
reference results (spectral and DG methods) that enabled the comparison of the proposed to existing methods. We also

thank the reviewers for their valuable comments.

21



Y. Zhang, A. Palha, M. Gerritsma et al. Journal of Computational Physics 451 (2022) 110868

References

[1] TA. Zang, On the rotation and skew-symmetric forms for incompressible flow simulations, Appl. Numer. Math. 7 (1991) 27-40.
[2] E.M. Renquist, Convection treatment using spectral elements of different order, Int. J. Numer. Methods Fluids 22 (1996) 241-264.
[3] Y. Morinishi, T. Lund, O. Vasilyev, P. Moin, Fully conservative higher order finite difference schemes for incompressible flow, ]. Comput. Phys. 143 (1998)
90-124.
[4] W. Layton, C.C. Manica, M. Neda, M. Olshanskii, L.G. Rebholz, On the accuracy of the rotation form in simulations of the Navier-Stokes equations, ].
Comput. Phys. 228 (2009) 3433-3447.
[5] E. Capuano, D. Vallefuoco, Effects of discrete energy and helicity conservation in numerical simulations of helical turbulence, Flow Turbul. Combust.
101 (2018) 343-364.
[6] M.A. Olshanskii, A. Reusken, Navier-Stokes equations in rotation form: a robust multigrid solver for the velocity problem, SIAM J. Sci. Comput. 23 (5)
(2002) 1683-1706.
[7] W. Layton, C.C. Manica, M. Neda, M. Olshanskii, L.G. Rebholz, On the accuracy of the rotation form in simulations of the Navier-Stokes equations, J.
Comput. Phys. 228 (9) (2009) 3433-3447.
[8] A. Palha, M. Gerritsma, A mass, energy, enstrophy and vorticity conserving (MEEVC) mimetic spectral element discretization for the 2D incompressible
Navier-Stokes equations, J. Comput. Phys. 328 (2017) 200-220.
[9] S. Charnyi, T. Heister, M.A. Olshanskii, L.G. Rebholz, On conservation laws of Navier-Stokes Galerkin discretizations, J. Comput. Phys. 337 (2017)
289-308.
[10] PJ. Morrison, J.M. Greene, Noncanonical hamiltonian density formulation of hydrodynamics and ideal magnetohydrodynamics, Phys. Rev. Lett. 45 (10)
(1980) 790-794.
[11] PJ. Morrison, Poisson brackets for fluids and plasmas, in: Mathematical Methods in Hydrodynamics and Integrability in Dynamical Systems, vol. 88,
1982, pp. 13-46.
[12] PJ. Olver, A nonlinear Hamiltonian structure for the Euler equations, J. Math. Anal. Appl. 89 (1982) 233-250.
[13] R. Salmon, Hamiltonian fluid mechanics, Annu. Rev. Fluid Mech. 20 (1988) 1988.
[14] PJ. Morrison, Hamiltonian description of the ideal fluid, Rev. Mod. Phys. 70 (1998) 467-521.
[15] C. Chandre, P. Morrison, E. Tassi, On the hamiltonian formulation of incompressible ideal fluids and magnetohydrodynamics via Dirac’s theory of
constraints, Phys. Lett. A 376 (5) (2012) 737-743.
[16] PJ. Morrison, T. Andreussi, F. Pegoraro, Lagrangian and Dirac constraints for the ideal incompressible fluid and magnetohydrodynamics, J. Plasma Phys.
86 (3) (2020) 835860301.
[17] R. Abraham, J.E. Marsden, T. Ratiu Manifolds, Tensor Analysis, and Applications, Applied Mathematical Sciences, vol. 75, Springer, 2001.
[18] V.. Arnold, V.I. Arnold, Hamiltonian nature of the Euler equations in the dynamics of a rigid body and of an ideal fluid, in: Vladimir I. Arnold -
Collected Works, 1969.
[19] PJ. Olver, On the Hamiltonian structure of evolution equations, Math. Proc. Camb. Philos. Soc. 88 (1980).
[20] D.D. Holm, Geometric Mechanics - Part I: Dynamics and Symmetry, 2nd edition, Imperial College Press, 2011.
[21] M. Fecko, Differential Geometry and Lie Groups for Physicists, 2006.
[22] H. Goldstein, C. Poole, ]. Safko, Classical Mechanics, Addison Wesley, 2000.
[23] V.I. Arnold, B.A. Khesin, Topological methods in hydrodynamics, Annu. Rev. Fluid Mech. 24 (1992) 145-166.
[24] H. Helmholtz LXIII, On integrals of the hydrodynamical equations, which express vortex-motion, The London, Edinburgh, and Dublin Philos. Mag. J. Sci.
33 (1867).
[25] L. Kelvin, On Vortex Motion, Mathematical and Physical Papers, vol. 4, Cambridge University Press, 2011, pp. 172-183.
[26] K. Moffatt, Vortex dynamics: the legacy of Helmholtz and Kelvin, in: Solid Mechanics and Its Applications, vol. 6, 2008.
[27] L. Woltjer, A theorem on force-free magnetic fields, Proc. Natl. Acad. Sci. 44 (1958).
[28] J. Moreau, Constantes dun ilot tourbillonnaire en fluid parfait barotrope, C. R. Domadaires Seances Acad. Sci. 252 (1960) 2810.
[29] H.K. Moffatt, The degree of knottedness of tangled vortex lines, J. Fluid Mech. 35 (1969).
[30] H.K. Moffatt, Helicity in laminar and turbulent flow, Annu. Rev. Fluid Mech. 24 (1992) 281-312.
[31] H.K. Moffatt, Helicity and singular structures in fluid dynamics, Proc. Natl. Acad. Sci. USA 111 (2014) 3663-3670.
[32] F. Capuano, D. Vallefuoco, Effects of discrete energy and helicity conservation in numerical simulations of helical turbulence, Flow Turbul. Combust.
101 (2) (2018) 343-364.
[33] D. Vallefuoco, F. Capuano, G. Coppola, Discrete conservation of helicity in numerical simulations of incompressible turbulent flows, in: Direct and
Large-Eddy Simulation XI, Springer, 2019, pp. 17-22.
[34] Z. Yan, X. Li, C. Yu, ]. Wang, S. Chen, S. Chen, Dual channels of helicity cascade in turbulent flows, ]. Fluid Mech. 894 (2020).
[35] A. Brissaud, U. Frisch, J. Leorat, M. Lesieur, A. Mazure, Helicity cascades in fully developed isotropic turbulence, Phys. Fluids 16 (1973) 1366-1367.
[36] L. Biferale, S. Musacchio, F. Toschi, Split energy-helicity cascades in three-dimensional homogeneous and isotropic turbulence, J. Fluid Mech. 730 (2013)
309-327.
[37] Q. Chen, S. Chen, G.L. Eyink, The joint cascade of energy and helicity in three-dimensional turbulence, Phys. Fluids 15 (2003) 361-374.
[38] M. Kessar, F. Plunian, R. Stepanov, G. Balarac, Non-Kolmogorov cascade of helicity-driven turbulence, Phys. Rev. E, Stat. Nonlinear Soft Matter Phys. 92
(2015).
[39] G. Sahoo, F. Bonaccorso, L. Biferale, Role of helicity for large- and small-scale turbulent fluctuations, Phys. Rev. E, Stat. Nonlinear Soft Matter Phys. 92
(2015).
[40] A. Alexakis, L. Biferale, Cascades and transitions in turbulent flows, Phys. Rep. 767-769 (2018) 1-101.
[41] PD. Ditlevsen, P. Giuliani, Cascades in helical turbulence, Phys. Rev. E, Stat. Phys. Plasmas Fluids Relat. Interdiscip. Topics 63 (2001).
[42] Q. Chen, S. Chen, G.L. Eyink, The joint cascade of energy and helicity in three-dimensional turbulence, Phys. Fluids 15 (2003) 361-374.
[43] Q. Chen, S. Chen, G.L. Eyink, D.D. Holm, Intermittency in the joint cascade of energy and helicity, Phys. Rev. Lett. 90 (2003) 4.
[44] F. Capuano, G. Coppola, G. Balarac, L. de Luca, Energy preserving turbulent simulations at a reduced computational cost, J. Comput. Phys. 298 (2015).
[45] M. Duponcheel, P. Orlandi, G. Winckelmans, Time-reversibility of the Euler equations as a benchmark for energy conserving schemes, . Comput. Phys.
227 (2008) 8736-8752.
[46] P. Mullen, K. Crane, D. Pavlov, Y. Tong, M. Desbrun, Energy-preserving integrators for fluid animation, ACM Trans. Graph. 28 (2009) 1.
[47] D. Pavlov, P. Mullen, Y. Tong, E. Kanso, J. Marsden, M. Desbrun, Structure-preserving discretization of incompressible fluids, Phys. D: Nonlinear Phenom.
240 (2011) 443-458.
[48] ].B. Perot, Discrete conservation properties of unstructured mesh schemes, Annu. Rev. Fluid Mech. 43 (2011) 299-318.
[49] A. Arakawa, Computational design for long-term numerical integration of the equations of fluid motion: two-dimensional incompressible flow. Part I,
J. Comput. Phys. 1 (1966) 119-143.
[50] S.H. Christiansen, H.Z. Munthe-Kaas, B. Owren, Topics in structure-preserving discretization, Acta Numer. 20 (2011) 1-119.
[51] E. Tadmor, A review of numerical methods for nonlinear partial differential equations, Bull. Am. Math. Soc. 49 (2012) 507-554.

22


http://refhub.elsevier.com/S0021-9991(21)00763-4/bibBA970C7EA1E0A02632B9F9381C10DDFDs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib4FB19AD72F297BBF5F0FA7EE381C976As1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibBAC36E686B9ABFC7F5602F130CF2C604s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibBAC36E686B9ABFC7F5602F130CF2C604s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibBF3D7E405681FD65077C42A7D86E8E00s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibBF3D7E405681FD65077C42A7D86E8E00s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibB1235D27BDCF241567FE6B0A8AABFC88s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibB1235D27BDCF241567FE6B0A8AABFC88s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib6873BB189611EECD0F382CB5F2198ACAs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib6873BB189611EECD0F382CB5F2198ACAs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib7489173DA28C181639E6861838EFF314s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib7489173DA28C181639E6861838EFF314s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib30A64C9529DE35708C425A7BF46CE799s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib30A64C9529DE35708C425A7BF46CE799s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibD1CCB25A59F4D378A351FD37A7DB3772s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibD1CCB25A59F4D378A351FD37A7DB3772s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibBCCD775569CDBDD0F97C1E271B164150s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibBCCD775569CDBDD0F97C1E271B164150s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibBDEEAE2CCDD9A33BA8F40DAF93BFC001s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibBDEEAE2CCDD9A33BA8F40DAF93BFC001s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibF3967BCF47E99F4A9B187EBFFAE00625s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibDC3C6590505738A0E3057449B251EE4Es1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibE7157518A962DBB1FAE06F420518F3D6s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibBED5893B02CEAC3960E22FE1BC7B23A8s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibBED5893B02CEAC3960E22FE1BC7B23A8s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib0677DA13958A73FB5B8927141DAD7D46s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib0677DA13958A73FB5B8927141DAD7D46s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib8F7FBE8ECBA447065BB7E93CBC79B259s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib8FCA405DAF7078A3E7D6EA4C74B06645s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib8FCA405DAF7078A3E7D6EA4C74B06645s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibB0FF7AF57F4457243B67262FA6E4C845s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib2932E5C2867CB6FCC2270D6775900E77s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib240742A8F60459232F847BCB8883EFC4s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib2DAB038D3ABA422F5FAB499061A7DFB1s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib3726E0540AE0CFC4AB6166A4967CCD00s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib837BB6267EC30810135897D26B8D888Fs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib837BB6267EC30810135897D26B8D888Fs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib1FF9D5C8BD0BB70F9471EF3E85F16667s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibBF6205F6AC5721D68B9BD2E9870B3D3Cs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibFB36C6EB9F34BEF3388E9E18248A8144s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib82D4515B85CF3B6EE34CC6CEA871410Ds1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibAC51EC8C015F9833FC45B9250C5BB53Bs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibFBE7BB3CAF8F5915C42700A092BD5361s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibA8A7604654CE50481833D3780B80CF0Cs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib8EE3EDAEE54B862CD1572FF3DB4CCF19s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib8EE3EDAEE54B862CD1572FF3DB4CCF19s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibEC0FD5C5F17545017AA94FE871B49661s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibEC0FD5C5F17545017AA94FE871B49661s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibBE06C6F910572A27997F14CCEDEC4A06s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib9C43FFE1A0A0B4CD42C560B7DBD830EBs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib5D027F864CBE2798C5B73EA30B8B68A3s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib5D027F864CBE2798C5B73EA30B8B68A3s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib118D21820EBB4E3732EBBD6885ED88FFs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib67A769BA0ADE351F02F0E939B1ED40E9s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib67A769BA0ADE351F02F0E939B1ED40E9s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibF05F1EDF07DA0A57C37FF999F324C524s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibF05F1EDF07DA0A57C37FF999F324C524s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibF90B99275EDCF192CC451A92D4DCD7C2s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib71D9BEEF3536E15ED9CFAF84496EDA1Ds1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib9BFC1B9900ADC1805ACCE07729EC79B9s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib84C564667983454FAA3C491ECE392BFAs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib61F72D4927732AA010A8E51ECB41DC2Es1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibE635A43F5EBBD267BA450209DE9CE8FDs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibE635A43F5EBBD267BA450209DE9CE8FDs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib6A00D126C25CDDCBC6B5B94F84742F09s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib8C0A5BD0780AAB96CA86D47CA89E2CDFs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib8C0A5BD0780AAB96CA86D47CA89E2CDFs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibE8AC15175E35528C8D27F3B27FEBBA1Ds1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibD28B63819B69F7A76B7E08A3D0B1FFE2s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibD28B63819B69F7A76B7E08A3D0B1FFE2s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib1C96558AFA1170506003086C60A66004s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibE60EEF2171B6DB6F80D8EDD89E0E630Ds1

Y. Zhang, A. Palha, M. Gerritsma et al. Journal of Computational Physics 451 (2022) 110868

[52] D.N. Arnold, P.B. Bochev, R. Lehoucq, R.A. Nicolaides, M. Shashkov, Compatible Spatial Discretizations, Springer, New York, 2006.

[53] B. Koren, R. Abgrall, P. Bochev, ]. Frank, B. Perot, Physics-compatible numerical methods, J. Comput. Phys. 257 (2014) 1039.

[54] E. Hairer, C. Lubich, G. Wanner, Geometric Numerical Integration, Springer, 2006.

[55] D.N. Arnold, R.S. Falk, R. Winther, Finite element exterior calculus, homological techniques, and applications, Acta Numer. 15 (2006) 1-155.

[56] S.A. Orszag, Analytical theories of turbulence, J. Fluid Mech. 41 (1970) 363-386.

[57] E.H. Dowell, K.C. Hall, Modelling of fluid-structure interaction, Annu. Rev. Fluid Mech. 33 (2001) 445-490.

[58] D.N. Arnold, R.S. Falk, R. Winther, Finite element exterior calculus: from Hodge theory to numerical stability, Bull. Am. Math. Soc. 47 (2010) 281-354.

[59] P. Bochev, A discourse on variational and geometric aspects of stability of discretizations, in: 33rd Computational Fluid, in: Dynamics Lecture Series,
VKI LS, vol. 5, 2003.

[60] L.G. Rebholz, Conservation laws of turbulence models, J. Math. Anal. Appl. 326 (2007) 33-45.

[61] R. Verstappen, A. Veldman, Symmetry-preserving discretization of turbulent flow, J. Comput. Phys. 187 (2003) 343-368.

[62] L.G. Rebholz, An energy- and helicity-conserving finite element scheme for the Navier-Stokes equations, SIAM ]. Numer. Anal. 45 (2007) 1622-1638.

[63] K. Hu, Y.J. Lee, J. Xu, Helicity-conservative finite element discretization for incompressible MHD systems, ]. Comput. Phys. 436 (2021) 110284.

[64] EH. Harlow, J.E. Welch, Numerical calculation of time-dependent viscous incompressible flow of fluid with free surface, Phys. Fluids 8 (1965) 2182.

[65] A. Arakawa, V.R. Lamb, Computational Design of the Basic Dynamical Processes of the UCLA General Circulation Model, Methods in Computational
Physics, vol. 17, Academic Press, 1977, pp. 173-265.

[66] F. Mesinger, A. Arakawa, Numerical methods used in atmospheric models, in: Global Atmospheric Research Program World Meteorological Organization,
vol. 1, 1976, pp. 1-65.

[67] J.]M. Hyman, M. Shashkov, S. Steinberg, The numerical solution of diffusion problems in strongly heterogeneous non-isotropic materials, ]. Comput.
Phys. 132 (1997) 130-148.

[68] F. Brezzi, A. Buffa, K. Lipnikov, Mimetic finite differences for elliptic problems, Math. Model. Numer. Anal. 43 (2009) 277-296.

[69] .M. Hyman, J. Morel, M. Shashkov, S. Steinberg, Mimetic finite difference methods for diffusion equations, Comput. Geosci. 6 (2002) 333-352.

[70] N. Robidoux, A new method of construction of adjoint gradients and divergences on logically regular smooth grids, in: Finite Volumes for Complex
Applications: Problems and Perspectives, Editions Hermés, Rouen, France, 1996, pp. 261-272.

[71] ].B. Perot, Conservation properties of unstructured staggered mesh schemes, ]. Comput. Phys. 159 (2000) 58-89.

[72] M. Desbrun, A.N. Hirani, M. Leok, J.E. Marsden, Discrete exterior calculus, arXiv:math/0508341v2, 2005.

[73] A. Bossavit, On the geometry of electromagnetism, Jpn. Soc. Appl. Electromag. Mech. 6 (1998) 17-28, 114-123, 233-240, 318-326.

[74] R. Hiptmair PIER, in: Geometric Methods for Computational Electromagnetics, vol. 42, EMW Publishing, 2001, pp. 271-299.

[75] J. Kreeft, M. Gerritsma, Mixed mimetic spectral element method for Stokes flow: a pointwise divergence-free solution, ]. Comput. Phys. 240 (2013)
284-309.

[76] D. Lee, A. Palha, A mixed mimetic spectral element model of the rotating shallow water equations on the cubed sphere, J. Comput. Phys. 375 (2018)
240-262.

[77] D. Lee, A. Palha, A mixed mimetic spectral element model of the 3D compressible Euler equations on the cubed sphere, ]. Comput. Phys. 401 (2020)
108993.

[78] G.G. de Diego, A. Palha, M. Gerritsma, Inclusion of no-slip boundary conditions in the MEEVC scheme, ]J. Comput. Phys. 378 (2019) 615-633.

[79] S. Kouranbaeva, S. Shkoller, A variational approach to second-order multisymplectic field theory, . Geom. Phys. 35 (2000) 333-366.

[80] J.E. Marsden, M. West, Discrete mechanics and variational integrators, Acta Numer. 2001 (10) (2003) 357-514.

[81] M. Kraus, O. Maj, Variational integrators for nonvariational partial differential equations, Phys. D: Nonlinear Phenom. 310 (2015) 37-71.

[82] M. Kraus, Variational integrators for inertial magnetohydrodynamics, Phys. Plasmas 25 (2018).

[83] D.A. Kaltsas, M. Kraus, G.N. Throumoulopoulos, A Discrete Nambu Bracket for 2D Extended Magnetohydrodynamics, Journal of Physics: Conference
Series, vol. 1391, 2019.

[84] E.S. Gawlik, F. Gay-Balmaz, A variational finite element discretization of compressible flow, Found. Comput. Math. (2020).

[85] R. Brecht, W. Bauer, A. Bihlo, F. Gay-Balmaz, S. MacLachlan, Variational integrator for the rotating shallow-water equations on the sphere, Q. J. R.
Meteorol. Soc. 145 (2019) 1070-1088.

[86] W. Bauer, F. Gay-Balmaz, Variational Discretization Framework for Geophysical Flow Models, Lecture Notes in Computer Science (Including Subseries
Lecture Notes in Artificial Intelligence and Lecture Notes in Bioinformatics), vol. 11712, LNCS, 2019.

[87] A. Palha, P.P. Rebelo, R. Hiemstra, J. Kreeft, M. Gerritsma, Physics-compatible discretization techniques on single and dual grids, with application to the
Poisson equation of volume forms, ]. Comput. Phys. 257 (2014) 1394-1422.

[88] J. Kreeft, A. Palha, M. Gerritsma, Mimetic framework on curvilinear quadrilaterals of arbitrary order, arXiv:1111.4304, 2011, p. 69.

[89] B. Sanderse, Energy-conserving Runge-Kutta methods for the incompressible Navier-Stokes equations, J. Comput. Phys. 233 (2013) 100-131.

[90] E. Hairer, C. Lubich, G. Wanner, Geometric Numerical Integration: Structure-Preserving Algorithms for Ordinary Differential Equations, vol. 31, Springer
Science & Business Media, 2006.

[91] S.L. Steinberg, Explicit time mimetic discretizations, arXiv preprint, arXiv:1605.08762, 2016.

[92] J.C. Nédélec, Mixed finite elements in R3, Numer. Math. 35 (1980) 315-341.

[93] PA. Raviart, .M. Thomas, A mixed finite element method for 2nd order elliptic problems, in: Mathematical Aspects of the Finite Element Method, in:
Lecture Notes in Mathematics, vol. 606, 1977, pp. 292-315.

[94] R. Hiemstra, D. Toshniwal, R. Huijsmans, M. Gerritsma, High order geometric methods with exact conservation properties, ]. Comput. Phys. 257 (2014)
1444-1471.

[95] A. Buffa, G. Sangalli, ]. Rivas, R. Vazquez, Isogeometric discrete differential forms in three dimensions, SIAM ]. Numer. Anal. 118 (2011) 271-844.

[96] A. Ratnani, E. Sonnendriicker, An arbitrary high-order spline finite element solver for the time domain Maxwell equations, ]. Sci. Comput. (2012)
87-106.

[97] M. Gerritsma, Edge functions for spectral element methods, in: Spectral and High Order Methods for Partial Differential Equations, in: Lecture Notes
in Computational Science and Engineering, vol. 76, Springer, 2011, pp. 199-207.

[98] J.-B. Chapelier, M. De La Llave Plata, F. Renac, Inviscid and viscous simulations of the Taylor-Green vortex flow using a modal discontinuous Galerkin
approach, in: 42nd AIAA Fluid Dynamics Conference and Exhibit, 2012, p. 3073.

[99] V. Jain, Y. Zhang, A. Palha, M. Gerritsma, Construction and application of algebraic dual polynomial representations for finite element methods on
quadrilateral and hexahedral meshes, Comput. Math. Appl. 95 (2021) 101-142.

23


http://refhub.elsevier.com/S0021-9991(21)00763-4/bibF6C3E6BAD7EB5D748DFC7ED0B832207Cs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib1B10A847854AD58DAFC8CFBC0BB27F11s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib5E1EB69245D9307F33E1E7E6B673E62Fs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib61AEC3BB35FFD56FF280DA909D3BDFC6s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib0C1E125990CED02C3881AD9A915AE396s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib087CBAEE8DC7337D5A6008F84A7275EAs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibF5B58EA8B417509D7AEC3602274D53A1s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibC73F49208FF591C6A85841F9B4D83CA2s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibC73F49208FF591C6A85841F9B4D83CA2s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib55EDBBC873D2C26A3B24C3DE0B8C732Es1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib1702D3C42652098369C5984B954FA5D8s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibDCEA912670AAA0D32AAE5D39CC2315C3s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibF49A745D341B81C451B1D6315E6543FCs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib3BE33CA8BBBF2B0994C826DC2F2DB0F5s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib64B1CDCAAB63259F34CCD341955588D8s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib64B1CDCAAB63259F34CCD341955588D8s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib505CF1A22898D1B8BFF12D33B865DE25s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib505CF1A22898D1B8BFF12D33B865DE25s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib5B453BAFE72961B3C3BAB1821AA9CCDFs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib5B453BAFE72961B3C3BAB1821AA9CCDFs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib3D5F062CA420591C0B131EC60E1AEAFDs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib111B070BB864143DEDF9274265F9E791s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib074C8349C52C8C5E31A8AE552FC72741s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib074C8349C52C8C5E31A8AE552FC72741s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib3993CC7921C0F1454FF427FB8C33487Fs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib3AE2B9E4E3F2352D140E2615BC8AD4F1s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib6FDF8EA7CBE7AC8F186B1D0BE81191D7s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib98E650B4C79563E0CE0DE755EA46B079s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib34747E78C094B322CD7AC0B3B38A57D5s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib34747E78C094B322CD7AC0B3B38A57D5s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib4605B696EAED6B6E6A7BE0E421754C8As1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib4605B696EAED6B6E6A7BE0E421754C8As1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib1CCDA4165C1CD72E4107BF05BB4AF4C9s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib1CCDA4165C1CD72E4107BF05BB4AF4C9s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib028C10D506EDA3436A1FF14F4C8FAA73s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibCA834CEB48AF88C87CD42E23B5517874s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib7429D34A95BF70275736691F13071E4Fs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib40C4E3F0A7AB32497CA990F3A1C538BAs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib94C1EA4B7AFE70A4F81E1FE9C59C8D0Es1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibB924C284D9602101BA47211213458B4Bs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibB924C284D9602101BA47211213458B4Bs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibDD09531AE070AFD7B1A235DA980285E5s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibE4CD345A4672B18732518C556784C46Ds1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibE4CD345A4672B18732518C556784C46Ds1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib8C06F8B9DAF25D0A3822442EF491BA7Cs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib8C06F8B9DAF25D0A3822442EF491BA7Cs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibB3D8F2FEBD6A4D177408C6C14B257F1Ds1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibB3D8F2FEBD6A4D177408C6C14B257F1Ds1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib8FD20B2DB300500ADFE7E44E55C985A3s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib736D7543B6C0F7D05323A873D66C36DBs1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibEAAA225FE2D37ED4670E7C60E1C75767s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibEAAA225FE2D37ED4670E7C60E1C75767s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibBD8ECF51CF419E0668D4614C01C1D05As1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibBF6D3EBE83DBFC22A2F302966C1BA915s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib41220E27D72CF34569C2FE0F9ED5BE30s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib41220E27D72CF34569C2FE0F9ED5BE30s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib733818C94430AB34D7ACB37C0AF5F9A7s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib733818C94430AB34D7ACB37C0AF5F9A7s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib5507251D87BAB899E0D253883BB218A1s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib3868BD88FB4EC424DBCB57A8311596D7s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib3868BD88FB4EC424DBCB57A8311596D7s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibD307071A34015C1383E1B83E26743493s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibD307071A34015C1383E1B83E26743493s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib0AA562CDA9A7A1BE72EBA8E65268F054s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bib0AA562CDA9A7A1BE72EBA8E65268F054s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibD7BAFE822B90B409DE1F1CE0794D5F21s1
http://refhub.elsevier.com/S0021-9991(21)00763-4/bibD7BAFE822B90B409DE1F1CE0794D5F21s1

	A mass-, kinetic energy- and helicity-conserving mimetic dual-field discretization for three-dimensional incompressible Nav...
	1 Introduction
	1.1 Relevance of structure preserving methods with focus on kinetic energy and helicity conservation
	1.2 Overview of structure-preserving methods for fluid flows
	1.3 Objective
	1.4 Outline of paper

	2 A mass-, kinetic energy- and helicity-conserving formulation
	2.1 The rotational form of the incompressible Navier-Stokes equations
	2.2 A conservative dual-field mixed weak formulation
	2.3 Properties of the formulation
	2.3.1 Mass conservation
	2.3.2 Time rate of change of kinetic energy
	2.3.3 Time rate of change of helicity


	3 Temporal discretization
	3.1 Temporal discretizations at staggered time steps
	3.1.1 Temporal discretization at integer time steps
	3.1.2 Temporal discretization at half-integer time steps
	3.1.3 Overall temporal discretization

	3.2 Properties after temporal discretization
	3.2.1 Mass conservation after temporal discretization
	3.2.2 Time rate of change of kinetic energy after temporal discretization
	3.2.3 Time rate of change of helicity after temporal discretization


	4 Mimetic spatial discretization
	4.1 Fully discrete systems
	4.2 Properties of the fully discrete systems

	5 Numerical experiments
	5.1 Manufactured solution tests
	5.1.1 Conservation properties and dissipation rates
	5.1.2 Convergence tests

	5.2 Taylor-Green vortex

	6 Summary and future work
	6.1 Summary
	6.2 Future work

	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgements
	References


