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The effective conductivity of a heterogeneous particulate material system is computationally investigated using the
Monte Carlo scheme and the finite element method. The material is modeled as randomly dispersed, deformable ellip-
soids considering interfacial contact including both Coulomb friction and contact resistance. A dynamic deployment
algorithm for particle generation is implemented, followed by a steady-state heat conduction analysis with a constant
temperature gradient across the boundaries, using the implicit numerical scheme. The simulations are performed to
establish a quantitative relationship between the dimensionless conductivity and the various parameters including (1)
volume fraction, (2) particle aspect ratio, (3) material stiffness, (4) coefficient of friction, and (5) thermal contact resis-
tance. The computational results have revealed that the prolate particles produce the highest effective conductivity over
the oblate or tri-axial ones, that the conductivity decreases with the particle aspect ratio, and that the contact resistance
changes the effective conductivity based on a monotonic, yet nonlinear function.
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1. INTRODUCTION

Heterogeneous particulate composites play an important role in modern industry. For example, friction materials
are widely used in aircraft and aerospace, automobiles, railroad construction, and heavy machinery manufacturing
(Solomon and Berhan, 2007). Depending on the application, friction material formulations consist of various particu-
late ingredients, both metallic and nonmetallic (Lu, 2006; Sriwiboon et al., 2018). Existing laws facilitate the removal
of heavy metals in vehicle brake friction materials to reduce environmental exposure of these materials in waterways.
Graphite (Aranganathan and Bijwe, 2016; Panda et al., 2016), carbon (Ye et al., 2016; Singaravelu et al., 2019), and
ceramic (Kazmierczak-Baiata and Mazur, 2018) are potential replacements for metals; however, the implementation
of these new materials may introduce operational safety issues. For example, thermal conductivity is associated with
the capacity of heat dissipation to prevent overheating (Li and Yan, 2017). It is unclear how the new materials (e.g.,
graphitic powders or ceramic compounds in place of metals) will alter tribological properties that can affect thermal
stability (Zhao et al., 2015). In addition, during the manufacturing of friction linings or other particulate materials
such as metal powders in laser powder bed fusion additive manufacturing (King et al., 2015; Volpp, 2019; Mussatto
et al., 2021), enhanced thermal or mechanical properties result from pressing materials into higher volume fraction
layers. It is essential to have a predictive tool to study the effect of various factors including material composition,
microstructure, morphology, and manufacturing processes.

Multiscale modeling of heterogeneous carbon and graphite-related composites has been an active research area
for many years. Approximations using the effective medium theories (EMTs) are widely available in the litera-
ture (Torquato, 2002), with examples including linear rules of mixing (Wei et al., 2004), Maxwell approximation
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(Maxwell, 1873), self-consistent approximation (Gubernatis and Krumhansl, 1975), differential effective medium
theory (Mclaughlin, 1977), and other theories applicable at low volume fractions (Mondescu and Muthukumar, 1999).
It is also known that many of the material properties have a strong connection to the percolation problem (Sykes and
Essam, 1963). A shortcoming of EMTs is the existence of numerical uncertainties (Garboczi and Berryman, 2001).
In comparison, the Monte Carlo method is more efficient, especially for fillers of large aspect ratios (Zhang and Yi,
2008). Researchers have reported simulation results for spheres (Pike and Seager, 1974), ellipses (Qiu and Yi, 2018),
ellipsoids (Yi et al., 2004), thin disks (Yi and Tawerghi, 2009; Qiu et al., 2015), and fibers (Cheng and Sastry, 1999).
The homogenization method (Song and Youn, 2006; Fish and Fan, 2008) has also been a widely utilized tool, along
with finite element analysis based on digital images (Cai et al., 2005; Chen et al., 2008). However, very few results
were reported on the interfacial effects in the settings of contact mechanics, especially for nonspherical inclusions.

In this study we correlate the thermal conductivity of particulate composites to compression and packing, by
incorporating the effects of friction and deformability of materials, using the finite element method. When particles are
in physical contact, the thermal gradient across the interface can be appreciable and characterized by contact resistance
(Y1, 2008). A study of contact resistance requires modeling of both thermal conduction and contact mechanics, which
could be complicated due to the nonlinear relationship between the contact area and pressure (Kansal et al., 2002). In
contrast, the nonlinearity in EMTs is primarily a result of solving the Laplace equation in multiphase media without
considering contact mechanics. These models deal with two or three-phase composite systems, in which both the
inclusions and matrix are conductive and the particles do not touch each other (Torquato and Rintoul, 1995). Also,
the inclusions were assumed to be completely bounded by the matrix and the contact area was the entire surface of an
inclusion (Wei and Poon, 2006). For dispersions of particles in a polymer matrix, however, the contact area is variable
and generally smaller than the entire surface area of a particle (Wang et al., 2004). The coupling between mechanical
deformation and thermal conductivity thus entails an iterative modeling technique incorporating dynamic deployment
algorithm, interparticle contact, and thermal analysis with the consideration of contact resistance.

2. METHODS

Briefly, the simulation consists of three main steps: (1) particle generation and deployment, which is a dynamic
process involving particle movement and rotation. Its algorithm is written in C programming language; (2) finite
element analysis of particle compression using the commercial code ABAQUS/EXPLICIT. During the compression,
the originally separate particles may come into contact under the pressure, therefore it is also an intrinsic, dynamic
process; (3) finite element analysis of heat conduction. This is a static problem in which the particles cannot move
and a steady-state heat conduction analysis is performed.

2.1 Particle Generation and Deployment Algorithm

We consider a system of randomly dispersed, impermeable, and equalized ellipsoidal inclusions distributed in a unit
cell. The particles were generated with the incorporation of a series of dynamic collision algorithms. The particles
were assumed to be tri-axial and the collisions were regarded as fully elastic so that no energy was lost during
the process. The generation procedure of random particulate system not only required the center-point location to
be dispersed randomly but also assumed the Euler angles of the axes to obey the prescribed density functions of
probability. To avoid overlaps, the dynamic algorithms were deployed in which random parameters such as initial
positions of the center-points of each inclusion and random velocities that allowed rigid body collision of particle—
particle and particle-wall were assigned (Yi et al., 2006; Tawerghi and Yi, 2009). In the previous works, the so-
called maximal packing fractions in a random particulate system were investigated by the deployment of growth
algorithms. In the current study, we neglected the successive growth rate of the actual diameter since our intents
were not concentrated on arranging particles to achieve maximum packing fractions, but we kept the technique of
expanding the actual diameters with a size factor and performed collision processing with the expanded outer particles
to guarantee that the actual particles were separated (Qiu and Yi, 2018).

The initial randomly generated particles were distributed in a unit cell. For spherical inclusions, the criterion
for overlap detection is straightforward. However, it is more intensive to derive the contact or overlap criterion for
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ellipsoidal inclusions, whose locations and geometries would be defined by not only the center-point location but
also the orientation angles. The prior algorithm was adopted in the current study for overlap detection between two
ellipsoids, in which each inclusion was given an initial velocity and rigid body collisions were allowed as mentioned
previously. This algorithm was developed using C language and was run over thousands of iterations until there were
no overlaps detected among the inclusions. The process usually ran 4000-5000 iterations, with a time step size set
to 0.001. Also, the particle number and size were predetermined to ensure a constant initial volume fraction. The
repulsive force couplings between the contacting particles were used to rectify the initial overlaps over particle—
particle and particle-wall. Figure 1 shows computer generated, impermeable particulate systems.

2.2 Mechanical Modeling

In the second step, finite element meshing was performed on each generated ellipsoid from the first step. We assumed
the system inclusions as shell particles in such a way that the conductive contents lay exclusively on the surfaces
of particles. While volumetric conductivity is important in some applications, we focus our attention on conduction
taking place on the particle surfaces only, due to the following reasons: (1) particle compression is in general a multi-
body dynamics problem that is very time consuming for finite element analysis. Using volumetric elements would
involve an order of magnitude more degrees of freedom and therefore increase the computational effort considerably;
(2) we encountered some numerical convergence difficulties with tetrahedral elements. The solution was found more
stable using shell elements, possibly because the mechanical structure consisting of shell elements has a lower overall
mechanical rigidity than that of volumetric elements.

The mesh generation of particles is a fundamental step in finite element analysis. In this study, we created a shell
mesh with triangular elements on the surface of each inclusion using the built-in automatic mesh generation algo-
rithms inside the commercial code COMSOL®. To avoid the possibility of inhomogeneous mesh density, which is
curvature dependent, the parameters such as the curvature cutoff threshold and maximum element size were incorpo-
rated to prevent the occurrence of numerical inaccuracy that was caused by the local singularities. The triangular finite
element meshing was first generated on a single particle, and then replicated on the others by implementing geometric
data of each specified ellipsoid. The coordinates of each node of the particle were multiplied by the ellipsoid semi-
lengths in the corresponding x-, y-, and z-directions. Then the nodal coordinates were updated via a rotation matrix,
and finally the coordinates of each node were added to the center-point coordinates of the ellipsoid. The total number
of the nodes was between 30,900 and 61,800. In the second step (contact behavior analysis), we chose “S3R” (3-node
triangular, general-purpose, conventional stress/displacement shell element with reduced integration, finite membrane
strains) as the element type of ellipsoidal particles, since the S3R type of element can provide accurate results in most
loading situations. The reduced integration in the shell elements can form element stiffness while integrating mass
matrix and distributing loadings exactly. In our three-dimension analysis, using reduced integrations not only pro-
vided relatively more accurate results but also reduced simulating times. Another important reason for choosing the

(a) (b) ()

FIG. 1: Computer-generated models of (a) non-overlapping prolate spheroids; (b) non-overlapping of spheres; (c) non-overlapping
oblate spheroids
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first-order, reduced-integration elements are the best choice suitable for our solver ABAQUS/EXPLICIT® used in the
contact analysis. In our third step (conduction analysis), we chose the element type “DS3” (3-node triangular, heat
transfer shell element), which is available only in ABAQUS/STANDARD®. The total number of the elements was
between 61,600 and 123,200.

2.3 Selection of Simulation Parameters

The finite element model parameters and material properties used to construct ellipsoids in the simulation process are
listed in Tables 1 and 2. These were selected and combined for the purpose of achieving the numerical converging
results with the fast speed based on the pre-determined solution tolerance. The simulation procedure required a large
number of small time increments in the explicit analysis, in order to reduce the effect of inertia effects caused by
particle compression. The selection of simulation time lengths plays an essential role in our study, as the elastic
deformation of the top set of particles in the system would become so significant that they cannot transfer the loads
to the bottom set if the domain walls move fairly fast. The results also would not be acceptable if the domain walls
move in an absolutely slow fashion, which results in the absence of local stresses developing when the stress waves
propagate over the entire system. The value of simulation time 0.4 based on the domain wall displacement 0.2 was
chosen through a series of testing in our parameter study, which ensured our simulation results were independent of
the compression speed of domain walls.

2.4 Finite Element Simulation

The two basic solvers implicit in ABAQUS/STANDARD® and explicit in ABAQUS/EXPLICIT® are commonly
used in solving nonlinear mechanical problems. Although certain static or quasi-static problems that can be simu-
lated well with either program, ABAQUS/STANDARD® may have difficulty converging in dealing with problems
containing contact or material complexities, which would require excessive iterations. A large set of linear equations
need to be solved in each iteration, and the iterations are repeated in each increment until the results are converged.
Whereas ABAQUS/EXPLICIT® obtains the solution without iterating by explicitly advancing the kinematic state
from the previous increment, even though a large number of time increments might be investigated in a certain anal-
ysis. Also, the time increment size is independent of the number of contact points and the complexity of the contact
conditions in the explicit procedure. The three-dimensional models with complex contact interactions among several
independent bodies always have a huge number of contacting points and the changing contact conditions simulated
in our analysis would result in extremely small time increments or convergence difficulties. Thus, we, in this step,
simulated the contact behavior between the deformable ellipsoidal particles via explicit finite element analysis in
ABAQUS/EXPLICIT®.

The same elastic material properties were set to all the elements. Young’s Modulus was set to a relatively small
value to ensure the particles were soft and deformable during compression. Poisson’s ratio was set to avoid surface
area changes during particle compression. The parameters used in the explicit finite element analysis during particle

TABLE 1: Normalized parameters for contact mechanics analysis of particle compression

Simulation | Wall | Inter-particle | Particle-container | Elastic | Poisson’s | Density Shell
time Displa- Friction Friction Modulus | Ratio Thickness/
cement | Coefficient Coefficient Radius Ratio
0.4 0.2 0-1 0-1 10 0.495 |1x107° 0.15
TABLE 2: Normalized parameters for conduction analysis
Elastic | Density | Conductivity | Specific | Thermal Gap Gap
Modulus Heat | Expansion | Conductance | Distance
1x10" [ 1x1073 1 1x10~4 0 1x10° 1x1073
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compression are listed in Table 1. The volume fraction of particles was obtained by the sum of total particle volumes
divided by the volume of the system cell corresponding at the specific position of the domain wall. During the simu-
lation, each of the six domain walls was compressed uniformly along the x-, y-, and z-directions; the two horizontal
faces, the top and the bottom faces, can only move vertically, and the four vertical side faces can only move in the
horizontal direction, while all of the rest of the degrees of freedom were fixed. The system domain was compressed
by the six domain walls at a constant speed, leading the system of the domain as a cubical cell during the compression
simulation (Fig. 2). The surface interaction (i.e., inter-particle friction coefficient), and particle-container friction co-
efficient, were assigned to the contact pairs. The “all element based” option was adopted between these contact pairs
for an all-inclusive element-based surface. Firstly, we investigated the contact pairs with frictionless contacting inter-
actions in order to reduce the number of variables and simulation complexity. In the following parametrical study, we
implemented the friction interactions as well as keeping some of the variables constant. The penalty friction formula
was used to study the tangential behavior of contacting surfaces.

Another issue is the inhomogeneity of the system during the particle compression procedure, in which the local
density of the particles near the boundary faces is not equal to the particles inside the domain. This is because the
density of the outside particles starts to increase at the beginning while the density of interior remains unchanged
when compressing the particles that are initially stable. This issue was resolved by assigning each particle with
random initial velocities to allow them to move randomly. The analysis was performed by a set of script codes, which
contained the mesh information of particles, the material properties assigned, the surface contacting interactions
between particle—particle or particle-wall, the defined appropriate boundary conditions, and the prescribed loading.

2.5 Steady-State Conduction Analysis

In the heat transfer analysis, we considered the steady-state conduction, which was enforced by a constant temperature
gradient. According to the law of heat conduction (Fourier’s law), it is known that the heat conduction rate can be
determined via

q = —kVT (1)

where ¢ is the time rate of heat flux, W-m~2; k is the thermal conductivity of the material, W-m~!-K~!. V7 is the
temperature gradient through the surface layer, K-m~'. Through the integral form as follows, we can look into the
amount of thermal energy flowing through the material body:

0Q .
> = ky%VT ds )

T=0
(a) (b) ()

FIG. 2: Compression of the particulate system using rigid walls
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where 0Q) /0t is the amount of heat transferred per unit time, and d.S is an oriented surface area element. To perform
the analysis numerically, an implicit finite element solving procedure in ABAQUS/STANDARD® is implemented,
since the contact resistance (or “gap conductance”) and transient analysis simulated here would lead to a more expen-
sive way of finding solutions and a requirement for extremely small time step when using an explicit finite element
procedure instead. However, before the heat conduction analysis was performed, the simulation results of the nodal
displacement were exported to an ABAQUS® report file at the requested time interval (30 intervals were used actu-
ally), each of which was related to a specific value of the varying volume fractions of inclusions, or a distinct situation
of the compressing cubical domain walls. The displacement results were then used to update the nodal positions of
the deformed tetrahedron finite element mesh at each interval. More specifically, the appropriate boundary conditions
were established in such a way that a unit temperature was defined on the top surface of the model, whereas a zero
temperature was set on the bottom of the model. The reactive heat flux happened under the temperature difference,
and the steady-state heat conduction was computed by solving Laplace’s equation. The temperature was the single
remaining degree of freedom whereas other kinetic degrees of freedom were dismissed. The pre-determined condi-
tions implemented to classify the node for the top set or for the bottom set, which was used to assign temperature
gradient, were achieved by the comparisons between z-direction coordinates of each node. The frequently used pa-
rameters in this conduction analysis are listed in Table 2. We set the coefficient of thermal expansion to zero since the
effect of thermal expansion is insignificant in determining the thermal conductivity of packed powder (e.g., ceramic
compounds for friction material applications). It can be demonstrated that the sum of the nodal reactive flux is equal
to the effective conductivity of the whole particulate system. The reciprocal of conductance is resistance, R, given by

R=.= . A3)
The thermal contact resistance would drive the temperature to drop appreciably across the contacting interface. In
general, it lowers the effective conductance as determined by either the contact stress or the normal distance between
two approaching surfaces. In reality, the thermal contact resistance is a continuous function of the gap distance. For
simplicity, this relationship can be approximated by a binary function in which the gap conductance is set to zero
when the distance is greater than a prescribed threshold, and a nonzero constant when the distance falls below the
threshold. We apply this strategy in the current study by setting the distance threshold to 0.001 to incorporate the
effect of asperity contact of rough surfaces and radiation between two approach surfaces.

3. RESULTS

To limit the number of variables in the simulations, an infinite gap conductance or zero contact resistance is assumed
in the following discussions (except Section 3.9 where the effect of gap conductance is investigated).

3.1 Finite Element Convergence Study

The total number of finite elements on each particle is of importance in our study since it affects both simulation
accuracy and efficiency: the appropriate number of finite elements must be simulated in order to accurately describe
the feature of particle interfaces, however, the computational time will increase according to a power law function
of the element number. Thus, we conducted a convergence study at the beginning to investigate the sensitivity of
the solution with respect to the mesh density, so that we can obtain the balance between computational accuracy
and efficiency. The outcomes show that 618 nodes and 1232 elements on each particle could ensure the numerical
efficiency as well as accuracy in our cases.

3.2 Effect of Volume Fraction on Conductivity of Spheres

The effective conductivity was determined as a function of the volume fraction of spherical particles. Figure 3 shows
a relation of the simulated effective conductivity for three different cases: (1) 120 spheres of radius 0.07; (2) 250
spheres of radius 0.055; and (3) 300 spheres of radius 0.0516. In this study, we define a dimensionless conductivity,
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FIG. 3: Effect of particle volume fraction on conductivity

shown in Fig. 3 for example, in which it is normalized by the parameters describing the conductivity of particulate
material as follows:

K = & 4)

kparticle

where kg, describes the conductivity of the entire system, and k,q,+icic represents the conductivity of particulate
material. It can be seen that the contact model in all three cases starts to have non-zero conductivity when the volume
fraction is above a certain threshold, which is located between 32% and 35% in terms of volume fraction. Below
this threshold, zero conductivity was obtained since there is no conductive path formed along with the temperature
distribution. Reaching this stage of the compression process, the system is considered to be “jammed” and the particles
are starting to be in full contact with each other. It is clear that the volume fraction thresholds for the formation of
conductive paths in all three cases are nearly the same. Above the threshold, the effective conductivity is almost a
nonlinear function of the volume fraction. For example, the effective conductivity increases by 367% at 80% volume
fraction compared to 40% volume fraction. At the range of 35%—60% volume fraction, the simulated results oscillate
as the volume fraction increases. It is related to the fact that the contact pairs do not touch each other tightly so that
there still exist some void spaces for them to adjust their locations, although they have already begun to contact with
each other at this volume fraction. The irregular alteration of contact regions leads to the fluctuation of conductivity
since the contact area is the only factor determining the conductivity under the infinite gap conductance assumption.
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As the volume fraction increases to 65%, it is seen that the simulated results do not have much difference for all three
cases. This is because the particles were in contact against each other tightly, in which the void space was rare and
the variations in particle spatial locations were limited, leading to a constant value of effective conductivity. It should
be pointed out that the particles are assumed to be deformable in the current study, therefore the achievable volume
fraction can be as high as 100%, whereas the packing limit for random hard spheres is known to be around 64%
(Torquato et al., 2000).

3.3 Comparison between Spheres and Ellipsoids

The intent here is to make a comparison between spherical and ellipsoidal inclusions. The averaged results with
error bars are presented in Fig. 4. Two distinct cases are implemented here: (1) 120 spheres of radius 0.07; (2) 120
ellipsoids of semi-axis lengths 0.147, 0.049, 0.049 in x-, y-, z-directions, respectively. The estimated volume fraction
thresholds for the formation of conductive paths for the different shapes of inclusions are very close, approximately
31% in terms of volume fraction. However, this value is much greater than the theoretical prediction reported in the
literature (20%—-23%) due to the scaling effect induced by a relatively small number of inclusions in the simulations.
The geometric characteristics of the particles do not play an essential role, although the variations in conductivity are
discernable. However, the difference between the two types of inclusions is appreciable when the volume fraction
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FIG. 4: Effect of particle shape on conductivity
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reaches 75%. This can be explained as the distinct geometry characteristic of two different inclusions that lead to
the difference in contacting regions under the compression process. A polynomial function that describes the relation
between the normalized effect conductivity, K and volume fraction, A for the ellipsoidal system was obtained via the
least square regression method, as follows:

K =5.1702 — 1.1617A + 1.089A2 — 0.0056A° + 0.0002A* (5)

The corresponding function for the spherical system is

K =0.983 — 0.3765A 4 0.0467A\% — 0.0028A> + 0.0001A* (6)

Figure 5 demonstrates how the conductive paths change under different volume fractions of a system consisting of
ellipsoidal inclusions with semi-axis lengths 0.147, 0.049, 0.049, respectively. When the volume fraction is 30.5%
[Fig. 5(a)], it can be seen that no conductive path is formed and the effective conductivity is zero. In addition, most of
the particles are isolated from each other and rare deformation is detected. A unit temperature is uniformly distributed
for those particles associated with the top domain wall, while a zero temperature is assigned to those particles con-
nected to the bottom domain wall. As the walls progressively compress the particles to the level of jamming fraction,
at least one conductive path is formed. The particles stay close to each other and most have contact regions with the
adjacent pairs.

Figure 5(b) shows the deformable particles when the system volume fraction increases to 48.2% during the
compression. The contact regions can be clearly seen among the deformed particles and more than one conductive
path is formed. Most of the particles are interconnected with each other, and the temperature gradients for each of
the conductive paths that vertically cross the system are about the same. When the volume fraction further increases
to 93.6% as presented in Fig. 5(c), the elastic deformation becomes so severe that the particles can no longer retain
their original shapes. The temperature gradient and heat flux along the vertically conductive paths are approximately
uniformly arranged from the top side to the bottom.

3.4 Effect of Material Stiffness on Conductivity

We performed simulations by altering the value of dimensionless Young’s Modulus while fixing Poisson’s ratio to
0.495 (close to that of an incompressible material). Three identical systems of particles were maintained, and Young’s
Modulus was the only variable: (1) 120 spheres of radius 0.07 with dimensionless Young’s Modulus 10; (2) 120
spheres of radius 0.07 with Young’s Modulus 1; (3) 120 sphere of radius 0.07 with Young’s Modulus 0.1. All three

(a) (b) (c)

FIG. 5: Temperature field in the contact model with the following volume fractions: (a) 30.5%; (b) 48.2%; (c) 93.06%
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cases show a relatively good agreement with each other, especially when the volume fraction is higher than 50%.
The variation in the conductivity is greater for the stiffer material compared to the softer ones. The reactive force be-
tween contacting particles, which is responsible for the particle velocities, was supplied by the intermittent, dynamic
collisions among particle—particle or particle—wall. The reactive force among particles might be larger for those of
stiffer interfaces compared to the softer ones, implying that there were more frequent changes of contact regions that
occurred in the stiffer ones. Thus, the results of softer particles are relatively smooth, whereas those of stiffer particles
have large variations. It is observed that the material system containing soft particles can reduce the threshold for the
formation of conductive paths. For example, the particulate system with normalized Young’s Modulus of 1 or 0.1 has
a reduction of 5% in volume fraction at this threshold in comparison with the system of Young’s Modulus of 10. This
might be explained by the presence of larger reactive forces between stiffer particles, causing a propulsion to provide
dynamic momentum, and to facilitate the particle adjustment.

3.5 Effect of Prolate Ellipsoid Aspect Ratio on Conductivity

The ellipsoid aspect ratio, ¢, defined as the ratio of the major semi-axis length to the minor semi-axis length, is a
significant parameter that was related to describing the microstructure of a particulate material system. The geometry
used in this study is assumed to be a prolate spheroid, in which the lengths of the two minor axes are equal to each
other. Three distinct cases with aspect ratio of 1, 3, and 6 are investigated here, respectively, with the following
parameters: (1) 120 spheres of radius 0.07; (2) 110 prolate spheroids of semi-axis lengths 0.15, 0.05, 0.05; and (3)
107 prolate spheroids of semi-axis lengths 0.24, 0.04, 0.04. These numbers of particles and semi-axis lengths were
chosen to maintain the same volume fraction for all three cases. The results are shown in Fig. 6, in which the effective
conductivity is a function of the aspect ratio.

It is found that the effective conductivity decreases with the ellipsoid aspect ratio at the same volume fraction.
The results start to deviate from each other when the volume fraction exceeds 30%. The difference increases with
the volume fraction and it is expected to have a significant discrepancy at a sufficiently high volume fraction. For
example, the effective conductivity with an aspect ratio of 1 is 3.8% higher than that with an aspect ratio of 3, and
8% higher than that with an aspect ratio of 6, all at the volume fraction of 80%. Although the result is not conclusive
here, it is suspected that a larger aspect ratio may impede particle adjustment, thus reducing the total contact area in
comparison with spheres, leading to a lower conductivity.

3.6 Effect of Tri-Axial, Oblate, and Prolate Particle Shapes on Conductivity

Three types of ellipsoidal inclusions, namely tri-axial ellipsoids, oblate spheroids, and prolate spheroids, were inves-
tigated here to determine the effects of particle shapes on the effective conductivity. The following parameters were
used in the simulations: (1) 83 tri-axial ellipsoids with semi-axis lengths of 0.16, 0.08, 0.04; (2) 71 oblate ellipsoids
with semi-axis lengths of 0.1, 0.1, 0.06; (3) 98 prolate ellipsoids with semi-axis lengths 0of 0.06, 0.06, 0.12. The results
are reported in Fig. 7.

It can be seen that the conductivities of the three distinct systems are very close to each other at lower volume
fractions. However, they start to deviate as the volume fraction increases to around 50%. The difference becomes
even larger when the volume fraction further increases. In addition, the conductivity of the prolate spheroidal system
is higher than that of the oblate and tri-axial ellipsoidal systems. For example, the effective conductivity of the prolate
system is 8.7% higher than that of the oblate one and 36.3% higher than that of the tri-axial system, at the volume
fraction of 82%. The distinct particle morphologies in these three cases cause the difference in the contact areas thus
affects the overall conductivity, especially when the particles are tightly packed.

3.7 Effect of Inter-Particle Friction on Conductivity

The above discussions were based on the assumption of frictionless contact, in which the alteration in the contact
area was solely induced by the normal stresses due to compression. In reality, friction can play an important role and
it is necessary to incorporate rough surfaces in the computational model. In particular, the existence of shear stresses
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FIG. 6: Effect of particle aspect ratio, € on conductivity

due to Coulomb friction leads to the shear deformation of materials in the directions parallel to the contact surfaces,
thus alters the contact area. The overall thermal conductance is therefore determined not only by the applied pressure
and volume fraction, but also by the coefficients of friction as well. In the current section, our prior work has been
extended to involve inter-particle or particle-container frictions. A quantitative relationship was established between
the conductivity and volume fraction in the following five cases: (1) 120 spheres of radius, » = 0.07 and inter-particle
coefficient of friction, ul = 0; (2) 120 spheres of » = 0.07 and nl = 0.15; (3) 120 spheres of r = 0.07 and pl = 0.3;
(4) 120 spheres of » = 0.07 and nl = 0.5; (5) 120 spheres of » = 0.07 and p1 = 0.9. No further contact behavior was
monitored for nl > 1 since the particles were believed to be “sticky” enough when 1 is around 1. In Fig. 8, it is seen
that a sudden increase in the conductivity occurs when the volume fraction is approaching a certain threshold. The
values of the threshold differ in these five cases. In general, the presence of inter-particle friction lowers the volume
fraction threshold at which the conductive path is formed and a sudden increase in the conductivity is obtained, due
to the fact that tractions could interfere the location adjustment of particles. For example, a friction coefficient of 0.15
reduces this threshold from 34% to 32%, in terms of volume fraction. A friction coefficient of 0.3 further reduces the
threshold to 31%, and a coefficient of 0.5 leads to a threshold of 30%. The maximum reduction of 5% (from 34%
to 29%) occurs when p is set to 0.9, which is believed to be higher enough to make the particles “sticky”. Above
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FIG. 7: Effect of geometric shape of inclusions on conductivity

this threshold, the effective conductivity increases as a nonlinear function of volume fraction. Since the frictionless
contact does not impede particle adjustment, rapid changes of contact regions and thus a large standard deviation
in the conductivity is observed. The system undergoes energy dissipation in the presence of friction, leading to a
reduction in the variations in the results. It is found that the conductivity of the frictionless contact model is lower
than that of the friction contact model when the volume fraction is between 40% and 55%. When the compression
continues and the volume fraction is exceeding 60%, all five curves flatten due to suppression in the variations of the
contact areas, although a slight difference between them is discernable. It can also be seen that there is a crossover in
the result showing that the conductivity decreases with the friction coefficient when the volume fraction exceeds 60%.

3.8 Effect of Particle-Container Friction on Conductivity

The effect of the Coulomb friction between the particles and the container walls was also investigated. Figure 9 shows
the simulated effective conductivity as a function of the volume fraction in the following five cases: (1) 120 spheres
of radius, r = 0.07 and the coefficient of particle-container friction, u2 = 0; (2) 120 spheres of » = 0.07 and p2 = 0.15;
(3) 120 spheres of » = 0.07 and u2 = 0.3; (4) 120 spheres of » = 0.07 and p2 = 0.5; (5) 120 spheres of r = 0.07 and
u2=0.9.
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FIG. 8: Effect of inter-particle friction coefficient, 11 on effective conductivity (with error bars)

The results show a similar pattern compared with the inter-particle friction cases. It is found that the presence
of particle-container friction lowers the volume fraction threshold for the formation of conductive paths due to the
impediment of particle location adjustment, although the effects are not as significant as that in the inter-particle fric-
tion cases. Above this threshold, the conductivity of the frictionless contact model is lower than that of the frictional
contact model, due to the increased contact areas in the latter case.

3.9 Effect of Gap Conductance on Conductivity

The aforementioned results were based on the assumption of infinite gap conductance or zero contact resistance, in
which the alteration of the contact area is the only factor that affects the overall conductivity. In a more realistic
material system, the contact resistance is inevitable due to the rough surfaces of particles caused by the compression
or mixing processes. Further, contact resistance can also come from a perfectly smooth, but oxidized surfaces, as
in the aluminum oxide layer on aluminum particles. In both cases, the contact resistance can be characterized as a
gap conductance with a finite value. Here we have determined the relationship between the gap conductance and
the effective conductivity. A special case involving 120 spheres of radius, » = 0.07 with the gap conductance as the
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only variable that varies from 1 to 10 was studied. The thermal conductivity is shown as a function of the volume
fraction under the difference gap conductance in Fig. 10. On the other hand, Fig. 11 presents the relation between
the gap conductance and the thermal conductivity when the volume fraction is set to 80%. Clearly as expected, the
gap conductance has lowered the effective conductivity. When the volume fraction is sufficiently high, the difference
could be significant. For example, the dimensionless thermal conductivity is 0.03 at the gap conductance of 1, which
decreases by 77% compared to the case assuming an infinite gap conductance. However, the thermal conductivity is
independent of gap conductance when it exceeds a magnitude of 103 and the overall thermal conductivity approaches
zero when the gap conductance is sufficiently small. This is because the overall thermal conductivity in a bi-material
system is always dominated by the poor conductor. Finally, the nonlinearity in the curves is a collective effect caused
by both the thermal conductivity of particle material and the interfacial contact resistance.

4. CONCLUSIONS AND FUTURE WORK

In manufacturing of particulate friction materials, the particle morphologies, the orientation angles of the grains, and
the local deformation can be altered through different processes. In this study, a dynamic collision algorithm was
successfully implemented to simulate the effective thermal conductivity based on the Monte Carlo method and the
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FIG. 10: Effect of gap conductance on effective conductivity

finite element scheme. The contact among deformable particles not only included the basic contact mechanics but

70

also the interfacial Coulomb friction and contact resistance. Several conclusions have been obtained as follows:

1. A quantitative relationship is obtained between the volume fraction and the effective conductivity. A large
variation is observed for a finite system due to the rapid change in contacting area among particles while they

are experiencing location adjustment during compression.

2. The effects of material stiffness cannot be neglected. The simulation results show a greater variability in the

conductivity for “hard” particles compared with “soft” ones.

3. The conductivity decreases with the aspect ratio of particles, especially at high volume fractions. The discrep-
ancies among particles of different shapes increase with the volume fraction.

4. An analysis of the effect of morphological shapes (i.e., tri-axial, prolate, or oblate ellipsoids) reveals that the
prolate inclusions produce the highest effective conductivity over the oblate particles or tri-axial ellipsoids at

high volume fractions.

5. The presence of interfacial friction can change the conductivity via impeding the relative motion among

particles and causing local deformation of particle surfaces.
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6. The gap conductance decreases the effective conductivity. However, the conductivity becomes independent of
the gap conductance when the normalized value exceeds the order of magnitude approximately 103.

The above findings are particularly important in predictive modeling of friction materials consisting of graphite
or ceramic particles for the prevention of thermal instability. Our intention of the current study is to develop a method-
ology to study the effect of contact resistance on thermal conductivity. There should be a scaling or size effect that
may impact the applicability of the results at a different scale, but our tentative work shows the same trend in the
simulation results. Future work will involve modeling the pressure-dependent contact resistance, as well as the effect
of thermal expansion at elevated temperatures in the presence of frictional heating.
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