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Effect of Wear on Thermoelastic
Instability Involving Friction Pair
Thickness in Automotive Clutches
Wear is an inevitable phenomenon in the working process of clutch and brake system. With
the increase of transmission speed and power density, the thermoelastic instability (TEI) of
clutch and brake system is becoming more serious over time. It is difficult to obtain the prac-
tical solution for conventional materials of clutches and brakes and their actual geometry
with finite thickness using the existing analytical method. To study the comprehensive effects
of wear and friction pair thickness on TEI, Archard Wear Law is combined with the Fourier
Reduction Method to develop a finite element model, the accuracy of which is validated
using the existing analytical method. Within the usual ranges of thickness and wear coeffi-
cient of friction pair, the increase of friction material thickness or the decrease of steel mate-
rial thickness will suppress the TEI. Nonetheless, if the wear-rate is increased significantly,
the effect of friction material thickness will be reversed. The worst thickness, which must be
avoided in the design, and the local optimum thickness exist for the steel material.
[DOI: 10.1115/1.4052781]

Keywords: clutches, hotspots, thermoelastic instability, wear

1 Introduction
The clutches and brakes, which usually include one or more fric-

tion pairs, are the key components of mechanical transmission. As
the speed and power density increase, the transmission system puts
forward higher requirements on the performance and service life of
clutches and brakes. For instance, as shown in Fig. 1, the hydro-
viscous clutch is composed of multiple sets of friction discs and
separator discs. The friction pair gap is filled with working oil,
and the torque and power are transmitted through this oil film shear-
ing and friction. It supports soft start, stepless speed regulation,
overload protection, and high reliability [1,2]. Local ablation of fric-
tion discs, warping and cracking of steel discs often lead to clutch
failure, and brake systems often pulsate due to uneven torque at
the brake pad/rotor interface, known as hot judder [3]. The causes
of these phenomena are as follows: during friction pair sliding, a
large amount of mechanical energy is converted into internal
energy. This leads to a high surface temperature of friction pair
and large temperature difference of friction material, resulting in
large thermal stress. The friction side will degrade or fail if the tem-
perature or thermal stress exceeds the allowable limit of the mate-
rial. On the other hand, there is some initial non-uniformity of the
physical field inside the friction pair because of manufacturing
error, installation issue, structure mismatch, control error, etc. Fric-
tionally excited thermoelastic instability (TEI) will occur if the

sliding speed of the friction pair exceeds the critical value [4].
The inhomogeneity of the initial physical field will increase expo-
nentially with time, leading to local high-temperature regions on
the surface of the friction pair, which will damage the friction
surface. This will result in performance degradation or failure of
the transmission system [5].
Barber [4] first made a theoretical study on TEI and figured out

that when sliding friction occurs between two solids, the irregularity
of the surface will result in the non-uniform distribution of contact
pressure, then causing the non-uniform distribution of friction heat
and thermal expansion of the material, exaggerating the initial irreg-
ularity of the surface. The friction heat will be concentrated in the
high-pressure region, resulting in local hot spots. A theoretical
model for the sliding of the blade and the semi-infinite plane was
established by Dow and Burton [6], focusing on the study of the

Fig. 1 Structure of the hydro-viscous clutch
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TEI problem of the system by a perturbation method. They figured
out that if the sliding speed exceeds the critical value, the initial dis-
turbance will boost exponentially in the system, and the system
would become unstable. Burton et al. [7] studied the two limiting
cases: friction pair composed of the same material, or heat conduc-
tor slide on thermal insulation, concluding that the latter system is
more prone to TEI, whereas it occurs only with a bigger friction
coefficient for the first friction system. Considering the lubricant,
Jang and Khonsari [8] developed a conductor-insulator model and
identified the elongated hotspots when the sliding speed of the fric-
tion pair was much higher than migration speed. Lee and Barber [5]
presented a solution to the TEI problem involving steel material
thickness, providing a reliable prediction of the critical velocity
and TEI mode of the typical brake assembly. This is widely used
in TEI analysis in the brake and clutch industry.
Thermoelastic instability problems are usually solved using the

Finite element method. Yi et al. [9] developed the Fourier reduction
method to solve the TEI problems, which can compute the critical
velocity and the exponential growth rate of the system when
sliding above the critical velocity. Besides, Yi [10] built the finite
element model of the thermoelastodynamic instability (TEDI)
problem, the coupling effect of the dynamic and thermoelastic insta-
bility, proposed the solution method for the high order eigenvalue
equations, and predicted growing modes at a lower speed than the
critical speed. Another type of friction-induced instability caused
by the temperature-dependent coefficient of friction was studied
byMortazavi et al. [11]. Zagrodzki and Macey [12] studied the tran-
sient thermoelastic issue of clutches and brakes by combining the
simulation and test results, concluding the suitability of the plane
strain model for the TEI problem. Zagrodzki [13] also developed
the TEI transient model by finite element method and modal
superposition, demonstrating that most of the actualized clutches
operate above the critical speed. The finite element solution of the
TEI eigenvalue problem with coarse discretization in the time
domain was studied by Abdullah and AL-Shabibi [14]. This signif-
icantly improved the computational efficiency of the transient TEI
model.
Certain studies are conducted on the effects of wear on TEI. In

early 1969, when the concept of TEI was first proposed, Barber
[4] came up with some experimental research to reveal the complex-
ity of the relationship between wear and TEI. Dow and Burton [15]
introduced the influence of wear on the theoretical model of a blade
pressed against the above-mentioned semi-infinite plane and con-
cluded that wear would inhibit the TEI. Papanglo and Ciavarella
[16,17] showed that the wear would reduce the stability of the
system in some cases and stated a critical wear-rate, beyond
which the TEI will be completely suppressed for the non-
conducting half-space model. The finite element method was intro-
duced by Qiao et al. [18] to study the influence of wear on TEI, by
which, however, only the models with very thick materials were
studied, without considering the effects of thickness reduction on
the result.
Owing to the complexity of geometry and the particularity of the

commonly used materials, the analytical method has limitations of a
few simple cases. In this study, the finite element method is used to
solve the TEI problem of practical brakes or clutches. The Archard
wear law is introduced into the Fourier reduction method, the two-
dimensional friction sliding model of the bi-material interface is
applied, and the graded mesh method is used to capture the drasti-
cally changing temperature and stress on the contact surface, so the
combined effects of wear and material thickness on TEI could be
studied.

2 Method
2.1 Finite Element Method. A two-dimensional sliding

system is considered, in which a moving body (material 1) slides
on a stationary body (material 2) in the positive x direction with a
constant velocity V. The two bodies touch on a common interface

(Fig. 2), assuming that all the boundaries except the sliding interface
are adiabatic, and the two objects extend indefinitely in the horizon-
tal x direction.

2.1.1 Temperature Field. The heat conduction equation is as
follows:

Ki∇2T − ρic pi
∂T
∂t

+ V
∂T
∂x

( )
= 0 (1)

where Ki, ρi, cpi denote the thermal conductivity, density, and spe-
cific heat of material i, respectively. Assuming that the temperature
perturbation is

T(x, y, t) = Re{ebt+jmxΓ(y)} (2)

where b represents the exponential growth rate, j indicates an imag-
inary unit, m= 2π/L indicates the perturbation frequency, and L is
the perturbation wavelength, Γ denotes the nodal temperature
vector, which is only related to y and independent of x, the
problem is reduced to a one-dimensional system. Substitute Eqs.
(2) into (1) and eliminate the exponential terms to obtain

Ki
∂2Γ
∂y2

− [Kim
2 + ρic pi(imV + b)]Γ = 0 (3)

2.1.2 Discretized Governing Equation. Using appropriate
boundary conditions and discretizing the model by Galerkin formu-
lation, the resulting equations can be obtained in the matrix form as
follows:

(S + VH + bM)Γ +ΦfVP = 0 (4)

Where

S =
∫∫

Ω

Ki
∂W
∂y

∂WT

∂y
+ m2WWT

( )
dΩ

M =
∫∫

Ω

ρic piWWTdΩ

H =
∫∫

Ω

jmρic piWWTdΩ

Φ =
I

0

[ ]
N×Nc

(5)

where Ω indicates the sum of the combined domain of two materi-
als,W represents a matrix, each row vector of which corresponds to
a shape function (i.e., weight function), N and Nc are the number of
total nodes and contact nodes, respectively, I indicates an Nc order
identity matrix, P is the vector of the node contact force perpendic-
ular to the contact interface, and f denotes the friction coefficient.

2.1.3 Linear Relation Between P and Γ. The coupling of the
contact force with the displacement field and the temperature field

Fig. 2 Schematic of two sliding materials
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for the thermoelastic contact problem without considering wear can
be expressed as

D1

D2

[ ]
U − G1

G2

[ ]
Γ =ΦP (6)

where U indicates the displacement vector. Considering the
Archard Wear Law uwi =

�
ωiVPdt, in which uwi and ωi represent

the wear displacement and wear coefficient of material i, respec-
tively, and assuming that wear takes place only on material 1, U
needs to be separated into two parts: the part related to the displace-
ment of the contact node, i.e., U1 and the degrees of freedom of the
remaining nodes of the system, i.e., U2. D1 and D2, the coefficient
matrix of U, would be therefore divided to D11, D12, and D21, D22,
respectively. The contact boundary condition of Eq. (6) can be mod-
ified as

D11 D12

D21 D22

[ ]
U1 −

�
ω1VPdt
U2

[ ]
− G1

G2

[ ]
Γ =ΦP (7)

The wear problem is related to time t, and the thermoelastic
problem is related to the growth rate b. If displacement field,
contact pressure field, and temperature field are represented as
Uebt, Pebt, and Γebt, the derivative of Eq. (7) with respect to time
t can be obtained as

bD1U − D11ω1VP − bG1Γ = bP
bD2U − D21ω1VP − bG2Γ = 0

{
(8)

Combining the two equations and canceling U

D∗VP + bG∗Γ − bP = 0 (9)

in which

D∗ = ω1(D1D−1
2 D21 − D11) (10)

G∗ = D1D−1
2 G2 −G1 (11)

2.1.4 Eigenvalue Equation. By combining Eqs. (4) and (9), the
pressure P gets eliminated and a second-order polynomial eigen-
value equation can be obtained as

(b2Q2 + bQ1 −Q0)Γ = 0 (12)

Where

Q0 = −D∗V(S + VH) (13)

Q1 = (S + VH) −MD∗V −ΦfVG∗ (14)

Q2 =M (15)

Equation (12) is transformed into two first-order eigenvalue
equations to facilitate the solution

Q0 Q1

O I

[ ]
− b

O −Q2

I O

[ ]( )
Γ
Γ̃

{ }
= 0 (16)

and

Γ̃ = bΓ (17)

The above discussion is based on the assumption that material 2
observes no wear. To investigate the wear of both the materials, D∗

can be redefined as

D∗ = D1D−1
2

∑2
i=1

D21iωi −
∑2
i=1

D11iωi (18)

Subscripts i = 1, 2 represent two different materials. The rest of
the equation stays the same.

2.2 Analytical Method. The analytical model of wear effects
developed by Papangelo and Ciavarella comprises two half-planes

with different materials. Relative to the two materials, the distur-
bance moves on the contact surface, fixed on which is the global
coordinate system (x, y). The two materials move at the speed of c1
and c2, and the local coordinate system (xi, yi) isfixed on them respec-
tively, where i denotes material i (i= 1, 2) (as highlighted in Fig. 2).
The relative sliding velocity of the two half-planes is V= |c1− c2|.

2.2.1 Temperature Field. The thermal diffusion equation with
the appropriate convection term must be satisfied by the corre-
sponding temperature field T. The transient heat conduction equa-
tion is

∂2Ti
∂x2

+
∂2Ti
∂y2i

+
ci
ki

∂Ti
∂x

=
1
ki

∂Ti
∂t

(19)

where Ti and ki=Ki/ρicpi indicate the temperature field and thermal
diffusivity of material i and t represent the time. The general solu-
tion of the heat conduction equation can be expressed in perturba-
tion form as below:

Ti(xi, yi, t) = Re{Γ0e
−λiyi ebte jmx} (20)

where Γ0 is complex constant, b indicates the perturbation growth
rate, and the spatial decay rate of perturbation λ is

λi =

����������������
m2 +

b

ki
−

jmci
ki

√
(21)

2.2.2 Pressure Distribution. The displacement on the surface
can be caused by three types of deformations: elastic deformation,
thermal deformation, and wear deformation. To ensure that the
contact surfaces do not separate, the sum of these three displace-
ments of the two materials must be zero

∑2
i=1

(ueli + uthi + uwi ) = 0 (22)

where ueli is the elastic displacement of material i, uthi represents the
thermal displacement of material i, and uwi indicates the wear displa-
cement of material i. Displacement and contact pressure are
expressed in the form of disturbance to obtain Eq. (23)

p0 =

∑2
i=1

2αi(1 + νi)
m + λi

2

mẼ
+ V

∑2

i=1

ωi

b − jmci

Γ0 (23)

where p0 indicates the amplitude of pressure disturbance, ωi repre-
sents the wear coefficient of material i, αi is the thermal expansion
coefficient of material i, and Ẽ indicates the comprehensive elastic
modulus defined as

1

Ẽ
=
1 − ν21
E1

+
1 − ν22
E2

(24)

where E1, E2 are Young’s elastic modulus, and ν1, ν2 are Poisson’s
ratio of the two materials.

2.2.3 Characteristic Equation. Considering that all the heat
generated by the friction goes into the two materials

−K1
∂T1
∂y1

− K2
∂T2
∂y2

= fVRe{p0e
bte jmx} (25)

Substituting Eqs. (20) and (23) into Eq. (25) and eliminating the
exponential terms, the characteristic equation can be obtained as

K1λ1 + K2λ2 = f |c1 − c2|

×

2α1(1 + ν1)
m + λ1

+
2α2(1 + ν2)
m + λ2

2

mẼ
+ |c1 − c2| ω1

b − jmc1
+

ω2

b − jmc2

( ) (26)
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2.2.4 Dimensionless Formulation. Defining the dimensionless
parameters

K∗ =
K1

K2
, k∗ =

k1
k2

, α∗ =
α1(1 + ν1)
α2(1 + ν2)

λ∗i =
λi
m
, c∗i =

ci
mk2

, b∗ =
b

k2m2

ω∗
i = Ẽωi,R∗ =

ω2

ω1
,H∗ =

k2f

K2
Ẽα2(1 + ν2)

ω∗ = 2H∗,V∗ =
2
H∗

(27)

the characteristic Eq. (26) can be restated as follows:

(K∗λ∗1 + λ∗2) 1 + j
ω∗
1

2
|c∗1 − c∗2|

1
c∗1

+ R∗ 1
c∗2

( )[ ]

− H∗|c∗1 − c∗2|
α∗

1 + λ∗1
+

1
1 + λ∗2

( )
= 0 (28)

3 Results and Discussions
To validate the accuracy of the finite element method, the results

obtained by the two methods are compared. Figure 3 illustrates the
dimensionless critical speed V∗

cr/V
∗ versus the thermal conductivity

ratio K∗ forH∗ = 0.34, R∗ = 0.1, α∗ = 2.5, and k∗ = K∗, with differ-
ent values of wear-rates ω∗

1/ω
∗ = [0.2, 0.4, 0.6, 0.8, 1]. The lines in

different line styles represent the results obtained by the analytical
method, and the marker symbols indicate the results obtained by
the finite element method. For K∗ > 0.5, the critical speed increases
with the increase of ω∗

1/ω
∗, which means the wear stabilizes the

system by inhibiting the TEI. On the contrary, the critical speed
reduces with ω∗

1/ω
∗ for K∗ < 0.5, which suggests that wear

weakens the stability of the system. The two methods lead to
results with remarkable consistency, the maximum difference
between which is only 1.97%, presenting in an extreme case that
the wear coefficient of friction material is equal to the critical
values.
Figure 4 demonstrates the dimensionless critical speed V∗

cr/V
∗

versus the dimensionless parameter H∗ for k∗ = K∗ = 0.1,
and α∗ = 2.5, with different values of wear-rate ω∗

1/ω
∗ =

[0.1, 0.2, 0.3, 0.4, 0.5], and for R∗ = [0.01, 0.05, 0.1], respectively,
in panels (a), (b), and (c) obtained by the analytical method. The
results are almost the same for different ω∗

1/ω
∗ when R∗ = 0.01

(Fig. 4(a)). With the increase of R∗ (Figs. 4(b) and 4(c)), the differ-
ences appear and increase. Moreover, no matter what value of R∗ is
assumed, the critical velocity increases with the wear-rate ω∗

1/ω
∗.

The results vary slowly when H∗ is large, but with the decrease
of H∗, the result changes abruptly. For the commonly used friction

pair materials mentioned in Table 1, H∗ = 0.00129 for the paper-
based friction pair and H∗ = 0.00537 for the Cu-based friction
pair. A little change of H∗ leads to a magnitude difference of the
critical velocity, and the results change too dramatically to converge
by the analytical method.
The finite element method can still get convergence solutions

when H∗ is very small. So, the finite element method can be used
to study the influence of wear on TEI more effectively and practi-
cally. Figure 5 highlights the dimensionless critical speed V∗

cr/V
∗

as a function of conductivity ratio K∗, with different values of wear-
rate ω∗

1/ω
∗, for different materials of friction pairs respectively in

panels (a) and (b) obtained using finite element method. With the
increase of conductivity ratio, the critical velocity increases due
to the large unevenness of friction heat distribution between the
two materials when the conductivity of the friction material is
small and that of the steel material is large. Moreover, the poor
internal conductivity of friction material results in a large tempera-
ture difference between high- and low-temperature zone in the

Fig. 3 Dimensionless critical speed V∗
cr/V

∗ versus conductivity
ratioK∗ forH∗ = 0.34,R∗ = 0.1, α∗ = 2.5, and k∗ = K∗, with different
values of wear-rates ω∗

1/ω
∗ = [0.2, 0.4, 0.6, 0.8, 1]

Fig. 4 Dimensionless critical speed V∗
cr/V

∗ versus the dimen-
sionless parameter H∗ for K∗ = k∗ = 0.1, α∗ = 2.5, with different
values of wear-rates ω∗

1/ω
∗ = [0.1, 0.2, 0.3, 0.4, 0.5], and for R∗ =

[0.01, 0.05, 0.1] respectively in panels (a), (b), and (c) obtained
by analytical method
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friction material. The possibility of the local high-temperature
region in the steel material gets increased due to a large amount
of friction heat conducted into the steel material. Due to this, the sta-
bility of the system is poor and the critical speed is low for a small
conductivity ratio. On the contrary, with the increase of conductiv-
ity ratio, the friction heat distribution between the two materials
becomes more uniform, the temperature difference between high
and low-temperature zone in friction material reduces, and the pos-
sibility of high-temperature zone in the steel material reduces. Also,
the dimensionless critical speed decreases as the dimensionless fric-
tion material wear-rate increases, on the ground that the greater the
wear-rate of friction material, the faster the reduction of friction
material thickness; the smaller the remaining thickness, the larger
the internal temperature gradient and the smaller the heat capacity
of the friction material, the more friction heat into the steel material,
the more uneven the distribution of friction heat between the two
materials, the worse the thermoelastic stability of the system. It is
worth noticing that the limit wear coefficient WNC

lim obtained by
Papanglo and Ciavarella [16,17], above which the TEI is elimi-
nated, is not obtained using the finite element method. This suggests

that the critical velocity can still be obtained after the wear coeffi-
cient of friction material ω1 exceeds WNC

lim . As represented in
Fig. 5, when ω1/WNC

lim = ω∗
1/ω

∗ ≥ 1, the critical velocity is not infi-
nite. This is because the finite element method uses a finite thick-
ness model, while the analytical method uses a semi-infinite
thickness model. As for the materials listed in Table 1, WNC

lim =
4.45 × 10−12 [1/Pa] for paper-based pair and WNC

lim = 4.31 ×
10−12 [1/Pa] for Cu-based pair, which are from two to three
orders of magnitude higher than the typical wear-rates 1∼ 20 ×
10−14 [1/Pa]. The resulting curve at the typical wear-rate is indistin-
guishable from the curve ω∗

1/ω
∗ = 0.1 (also refer to Figs. 6 and 7).

The friction material thickness greatly affects the critical velocity.
Figure 6(a) demonstrates the critical velocity Vcr versus friction
material thickness a1 for the conductivity ratio K∗ = 0.01, steel
material wear-rate ω∗

2/ω
∗ = 0.1, and steel material thickness

a2 = 0.5m, at different wear coefficient ratios R∗ = [1, 0.01,
0.002, 0.001]. The critical velocity remains the same with the thick-
ness of the friction material when the friction material thickness
a1 ≥ 0.2m, where the friction material is approximately semi-
infinite plane and the thickness has negligible effect on the

Table 1 Material property of the two typical friction pairs used in clutches and brakes [19,20]

Paper-based pair Cu-based pair

Friction Steel Friction Steel

Young’s modulus, E (Pa) 0.53 × 109 200 × 109 2.26 × 109 160 × 109

Poisson’s ratio, ν 0.3 0.3 0.29 0.29
Density, ρ (kg ·m−3) 846 7800 5500 7800
Specific heat, cp (J · kg−1 · K) 4140 449 460 487
Thermal expansion coefficient, α (K−1) 3 × 10−5 1.2 × 10−5 1.21 × 10−5 1.27 × 10−5

Thermal conductivity, K (W ·m−1 · K−1) 0.5 42 9.3 45.9

Fig. 5 Dimensionless critical speed V∗
cr/V

∗ as a function of con-
ductivity ratio K∗, for R∗ = 0.1 with different values of wear-rates
ω∗

1/ω
∗ = [0.1, 1, 10, 100] obtained by finite element method:

(a) paper-based friction pairs and (b) Cu-based friction pairs

Fig. 6 Critical velocity Vcr versus friction material thickness a1
for conductivity ratio K∗ = 0.01, steel material thickness
a2 = 0.5m: (a) for steel material wear-rate ω∗

2/ω
∗ = 0.1, at different

wear coefficient ratiosR∗ = [1, 0.01, 0.002, 0.001] and (b) for wear
coefficient ratio R∗ = 0.1, at different friction material wear-rates
ω∗

1/ω
∗ = [0.1, 10, 50,100]
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thermoelastic instability. For the friction material thickness
0.02m ≤ a1 ≤ 0.1m, the critical velocity is positively correlated
with the thickness of the friction material. This is because the inter-
nal temperature gradient decreases and the heat capacity increases
with the increase of the friction material thickness. Also, the
friction heat entering the steel material decreases, enhancing the
thermoelastic stability of the system. The critical speed decreases
with the increase of friction material thickness, when the friction
material thickness a1 ≤ 0.01m and the wear coefficient ratio
R∗ ⊂ [0.001, 0.002]. This is because the wear-rate of the friction
material is larger at the same relative sliding friction velocity
when the wear coefficient ratio is relatively smaller. Thus, the fric-
tion material is lost more, and the remaining friction material is less.
The internal temperature gradient of friction material increases and
the heat capacity decreases, the temperature rising rate increases,
and the heat is distributed less evenly between the two materials,
so the thermoelastic stability of the system is worse. When the fric-
tion material thickness a1 ≤ 0.01m and the wear coefficient ratio
R∗ ⊂ [0.01, 1], the critical speed increases with the increase of fric-
tion material thickness. This is due to the smaller wear-rate of the
friction material for relatively larger wear coefficient ratio. Thus,
the lost amount of friction material is not very high, and the domi-
nant factors are still the internal temperature gradient and the heat
capacity. The relationship of critical speed with friction material
thickness is the same as when 0.01m ≤ a1 ≤ 0.1m. Figure 6(a)
also highlights that the critical velocity increases with the increase
of the wear coefficient ratio R∗ when the friction material thickness
is a1 > 0.02m. This is because the greater the wear coefficient ratio,
the smaller the friction material wear-rate. The slower the friction
material reduces, the smaller the internal temperature gradient and
the greater the heat capacity of friction material. The less the friction

heat into steel material, the more evenly the friction heat is distrib-
uted between the two materials, the better the thermoelastic stability
of the system. On the contrary, the critical velocity reduces with the
increase of the wear coefficient ratio R∗ when the friction material
thickness a1 < 0.01m. This is because the more the remaining fric-
tion material, the smaller the thermoelastic deformation of the fric-
tion material, the greater the internal thermoelastic stress, and the
weaker the thermoelastic stability of the system.
Figure 6(b) illustrates the critical velocity Vcr versus friction mate-

rial thickness a1 for conductivity ratio K∗ = 0.01, wear coefficient
ratio R∗ = 0.1, and steel material thickness a2 = 0.5m, at different
wear-rates ω∗

1/ω
∗ = [0.1, 10, 50, 100]. It can be observed that the

change rule of the critical velocity relative to the thickness of the fric-
tionmaterial is the same as that in Fig. 6(a). This is because the wear-
rate of the friction material plays a significant role in the thermoelas-
tic instability of the system. On the other hand, the thermoelastic
instability of the system is also affected by the wear-rate of the
steel material. For example, the curve R∗ = 0.002 in Fig. 6(a) has
the same wear-rate of the frictional material as the curve ω∗

1/ω
∗ =

50 in Fig. 6(b), identified as Curve 1 and Curve 2, respectively.
The difference is the steel material wear-rate ω∗

2/ω
∗ = 0.1 of Curve

1, whileω∗
2/ω

∗ = 5 of Curve 2. When the thickness of friction mate-
rial is a1 = 0.5m, the critical velocity of Curve 1 is 39.4922 m/s, and
the critical velocity ofCurve 2 is 37.7539 m/s. In this case, the critical
velocity reduces with the increase of the wear-rate of steel material.
This is because the larger the steel material wear-rate, the less the
remaining steel material at the same relative slide velocity, the
smaller the heat capacity of the steel material, the faster the tempera-
ture rises, the larger the internal temperature gradient, the worse the
thermoelastic stability of the system. For a1 = 0.01m, the critical
velocities of Curve 1 and Curve 2 are 0.1039 m/s and 0.1096 m/s,
respectively; for a1 = 0.001m, the critical velocity of Curve 1 and
Curve 2 are 0.2754 m/s and 0.3601 m/s, respectively. The critical
velocities increasewith the increase of thewear-rate of the steelmate-
rial. This is because the larger the steelmaterial wear-rate, the less the
remaining steel material, the larger the thermoelastic deformation
and the smaller the internal thermoelastic stress of the steel material
under the same temperature field and contact pressure, thus the
higher the thermoelastic stability of the system.
The thickness of steel material also significantly affects the critical

velocity. Figure 7(a) highlights the critical velocity Vcr versus steel
material thickness a2 for conductivity ratio K∗ = 0.01, steel material
wear-rateω∗

2/ω
∗ = 0.1, and frictionmaterial thickness a1 = 0.5m, at

different wear coefficient ratios R∗ = [1, 0.01, 0.002, 0.001]. The
critical velocity remains constant with the thickness of the steelmate-
rial when the steel material thickness a2 ≥ 0.2m. In that case, the
steel material is approximately a semi-infinite plane, and the thick-
ness has a negligible effect on the thermoelastic instability. When
the thickness of the steel material is 0.06m < a2 < 0.2m, the rela-
tionship between the critical velocity and the thickness of the steel
material is in an anti-parabolic shape. This means that with the
decrease of the steel material thickness, the critical velocity first
increases and then drops. Regardless of the wear coefficient ratio,
there is a local maximum critical velocity towhich the corresponding
thickness is defined as the local optimum thickness. When the thick-
ness of the steel material decreases below the local optimum thick-
ness, the critical velocity reaches the minimum value, to which the
corresponding thickness of the steel material is defined as
the worst thickness. Two factors account for this phenomenon: (1)
The thermoelastic deformation of the steel material increases with
the decrease of the steel material thickness, and the internal thermo-
elastic stress decreases under the action of the same temperature field
and contact pressure. This increases the thermoelastic stability of the
system. (2) With the decrease of the steel material thickness, the
internal temperature gradient increases, and the heat capacity
reduces, the temperature rising rate increases, so the thermoelastic
stability of the system decreases. When the thickness of the steel
material is greater than the local optimum thickness or smaller than
the local worst thickness, factor (1) plays a leading role. On the con-
trary, when the thickness of the steel material is less than the local

Fig. 7 Critical velocity Vcr versus steel material thickness a2 for
conductivity ratio K∗ = 0.01, friction material thickness
a1 = 0.5m: (a) for steel material wear-rate ω∗

2/ω
∗ = 0.1, at different

wear coefficient ratios R∗ = [1, 0.01, 0.002, 0.001] and (b) for wear
coefficient ratio R∗ = 0.1, at different friction material wear-rates
ω∗

1/ω
∗ = [0.1, 10, 50, 100]
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optimum thickness and greater than the local worst thickness, factor
(2) plays a key role. The local optimal thickness is a little larger for
the current commonly used clutch and brake. This is due to the struc-
tural limitations of the components, and it is more convenient to
enhance the thermoelastic stability by decreasing the thickness of
the steel material. However, it must be noted that clutches or
brakes with steel material thickness between 30 mm and 110 mm
will appear in the future, the structural design and optimization of
which will require the results of this paper to make the thickness of
steel material close to the local optimum thickness and also to
avoid the worst thickness. Figure 7(a) also indicates that, regardless
of the thickness of the steel material, critical velocity increases with
the increase of the wear coefficient ratio. In particular, the local
maximum critical velocity increases the most and the corresponding
local optimal thickness increases accordingly. Considering that the
greater the wear coefficient ratio, the smaller the friction material
wear-rate, as the steel material wear-rate is constant, the slower the
friction material thickness, the more the remaining friction material,
the smaller the internal temperature gradient, the greater the heat
capacity, the less friction heat into the steel material, the more
evenly the friction heat is distributed between the two materials,
thus the stronger the thermoelastic stability of the system.
Figure 7(b) highlights the critical velocity Vcr versus steel mate-

rial thickness a2 for conductivity ratio K∗ = 0.01, wear coefficient
ratio R∗ = 0.1, and friction material thickness a1 = 0.5m, at differ-
ent wear-rates ω∗

1/ω
∗ = [0.1, 10, 50, 100]. It can be observed that

the change rule of the critical velocity relative to the thickness of
the steel material is the same as that in Fig. 7(a) because the wear-
rate of the friction material plays a key role in the thermoelastic sta-
bility of the system. Besides, the wear-rate of the steel material
also affects the thermoelastic instability of the system. For instance,
the curve R∗ = 1 in Fig. 7(a) has the same wear-rate of the frictional
material as the curve ω∗

1/ω
∗ = 0.1 in Fig. 7(b), identified as Curve 3

and Curve 4, respectively. The difference is the steel material wear-
rate ω∗

2/ω
∗ = 0.1 of Curve 3, while ω∗

2/ω
∗ = 0.01 of Curve

4. Regardless of the steel material thickness, the critical speed of
Curve 4 is greater than that of Curve 3. This is because the larger
the steel material wear-rate, the smaller the remaining steel material,
the larger the internal temperature gradient, the smaller the heat
capacity, and the faster the temperature rise rate, thus the lower
the thermoelastic stability of the system.

4 Conclusions
Thermoelastic instability proves to be the root cause of hotspots

in clutches and brakes. The study of the comprehensive effect of
wear and friction pair thickness on TEI must be conducted for the
structure optimization of friction pairs, the selection of friction
materials, and the improvement of thermoelastic stability. Although
it is difficult to solve the TEI problem of the friction pair used in
conventional clutch and brake systems using the analytical
method, the finite element method provides a better approach to
efficiently figure out the effects of the wear coefficient and the thick-
ness of the friction pair (including friction material and steel mate-
rial) on the critical speed of TEI.
When the thickness of friction material is below 10 mm, TEI is

inhibited by wear, and conversely, it gets promoted by wear. For
the small wear-rate of friction material, the increase of friction mate-
rial thickness will suppress the TEI; for the large wear-rate of fric-
tion material, the increase of friction material thickness first
promotes and then inhibits the TEI.
The local optimum thickness and the worst thickness are

observed in the steel material, and the worst steel thickness must
be avoided in the design. In practical engineering applications,
the impact of steel wear-rate on TEI is complex yet inconspicuous
and could be ignored compared to the wear of friction materials. In
the future, the existing two-dimensional model can be extended to a
three-dimensional axisymmetric model to provide more accurate
predictions.
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Nomenclature
j = imaginary unit
k = thermal diffusivity
m = perturbation frequency
t = time
x = slip direction
y = thickness direction

M = mass matrix
O = identity matrix
S = conductivity matrix
K = thermal conductivity
L = perturbation wavelength
N = number of total nodes
P = vector of the node contact force
T = temperature field
U = displacement vector
V = relative speed
k* = thermal diffusivity ratio
K* = thermal conductivity ratio
R* = wear coefficient ratio
V* = dimensionless Burton critical speed
p0 = amplitude of pressure disturbance
Nc = number of contact nodes
U1 = contact nodes displacement
U2 = remaining node displacement
Vcr = critical speed
ueli = elastic displacement of material i
uthi = thermal displacement of material i
uwi = wear displacement of material i
V∗
cr = dimensionless critical speed

Q0, Q1, Q2 = coefficient matrix of eigenvalue equation

α∗ = thermal expansion coefficient ratio
αi = thermal expansion coefficient of material i
Γ = vector of the node temperature
Γ̃ = facilitating vector
Γ0 = complex constant
λi = spatial decay rate of material i
λ∗i = dimensionless spatial decay rate of material i
νi = Poisson’s ratio of material i
ρi = density of material i
Φ = coefficient matrix
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ωi = wear coefficient of material i
ω∗ = critical wear coefficient
ω∗
i = dimensionless wear coefficient of material i
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