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Nonlinear interactions in many-mode systems are ubiquitous 
in nature. In condensed-matter physics, for example, anhar-
monic processes are known to limit the thermal conductiv-

ity of solids and are behind high-temperature superconductivity in 
binary alloy systems1,2. The role of nonlinearity in lattices with many 
degrees of freedom was first explored in the 1950s by Fermi et al3. 
in an effort to support the ergodic hypothesis during thermaliza-
tion—a seminal study that ushered in the development of soliton 
and ergodic theories, chaos and integrable systems4. Appreciation 
of the profound effects that nonlinearities can have on fields that 
propagate in multimode structures such as cavities, waveguides 
and random media5,6 has driven renewed interest in addressing 
these issues in optical settings. The resurgence of interest in sys-
tems that support a multitude of modes is driven by the promise 
of high-bandwidth communication networks7 and high-power light 
sources8. Along these lines, a series of experiments have been car-
ried out in multimode silica fibres where a number of surprising 
effects have been observed9–16, such as geometric parametric insta-
bilities11,12,17, broadband supercontinuum17,18 and new families of 
spatiotemporal dispersive waves9,16. In addition, a somewhat unex-
pected effect has been independently reported in several studies, 
where, at high intensities, power is found to redistribute itself in a 
manner that favours the lower groups of spatial eigenmodes of the 
fibre—the so-called beam self-cleaning effect10. This peculiar pro-
cess has nothing to do with self-focusing or Raman effects; energy is 
exchanged among the modes by four-wave mixing. In view of these 
developments, a new set of theoretical challenges arose in terms of 
interpreting and predicting the complex nonlinear response of such 
systems, especially when a large number of modes are involved. This 
complexity can be readily appreciated by keeping in mind that in a 

nonlinear system that supports M modes, one must account for M2 
cross-phase modulation products and M4 four-wave mixing path-
ways through which the modes can exchange energy19. The analysis 
of this class of problems is exceedingly complex, and it is difficult to 
glean physical insights from computational approaches.

To address these issues, models have been put forward based 
on notions from wave turbulence/kinetic theories20–24 and statis-
tical mechanics25–28. A central prediction of these theories is that 
the power in nonlinear multimode systems should irreversibly 
settle after thermalization (that is, in thermal equilibrium) into a 
Rayleigh–Jeans (RJ) distribution20,21,26,27, which is uniquely charac-
terized by optical temperature T and chemical potential μ. In gen-
eral, once the RJ distribution is reached, power |ci|2 that occupies 
mode i is given by |ci|2 = –T/(βi + µ), where βi is the linear propaga-
tion constant (eigenvalue) associated with the mode. We note that 
the RJ distribution in such multimode arrangements is all-optically 
induced via multi-wave mixing (Fig. 1a) as the system maximizes 
its entropy in phase space. The sole function of nonlinearity is to 
chaotically reallocate power among the modes so that ergodic-
ity is thermodynamically manifested. During propagation, the 
system is constrained to move on constant-power (P =

∑

i

|c
i

|2) 
and Hamiltonian (H =

∑

i

β

i

|c
i

|2) isosurfaces. In high-quality 

fibres, power is preserved during propagation, whereas the linear 
Hamiltonian is also a constant of motion since it physically rep-
resents the longitudinal momentum flow of the electrodynamic 
field26, as expected from the zz component of the electromagnetic 
stress tensor, Tzz (ref. 29). In all these cases, the optical temperature 
and chemical potential represent thermodynamic forces that gov-
ern the flow of longitudinal momentum and power, respectively, 
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in a closed Hamiltonian system30. The wave turbulence descrip-
tion of wave condensation—a process found to be related to beam 
self-cleaning—requires the introduction of a frequency cutoff 
to avoid divergence of energy for condensation: another study31 
pointed out that a parabolic-index waveguide provides such a cut-
off. In the last two years, experimental efforts have exposed some 
of the ramifications of the expected RJ distribution in multimode 
optical fibres14. From the near-field and far-field intensity profiles 
measured in beam-cleaning experiments, the average occupancy of 
the fundamental mode was determined32 during condensation. The 
corresponding entropy and heat capacity were consistent with equi-
librium thermodynamics. In addition, it was shown that the average 
mode number is conserved in this process15. Although the measure-
ment of the fundamental mode occupancy agrees with the theo-
retical prediction on average, the distribution cannot be inferred by 
only monitoring the fundamental mode.

In this paper, we provide unequivocal demonstration of RJ ther-
malization in a multimode optical fibre. Modal decomposition of 
the directly measured spatial profile of the complex electric field33 
reveals how the modal groups are populated throughout the ther-
malization process. For some initial conditions, the thermal distri-
bution can be reached after a few characteristic nonlinear lengths of 
propagation. We find that power equipartition takes place among 
degenerate groups of modes, in accordance with theoretical expec-
tations. We find that the output beam quality is invariant, even after 
the onset of beam self-cleaning.

The experimental arrangement used to observe the thermal-
ization processes is illustrated in Fig. 1b. A fibre laser8 generates 
200 fs pulses at 1,040 nm that consist of multiple transverse modes 
locked together in time. With pulse energy of about 20 nJ, the peak 
power can be as high as 70 kW. The pulses are launched into various 
lengths of graded-index (GRIN) multimode fibre. Unless specified 
otherwise, the fibre has a 50 µm core diameter, numerical aperture 
(NA) of 0.2 and zero-dispersion wavelength near 1,300 nm. The 
GRIN fibre is chosen because its equally spaced propagation con-
stants facilitate multi-wave mixing (in this case, four-wave mixing) 
interactions among the modes (Supplementary Fig. 1). This fibre 
supports about 220 spatial eigenmodes (110 in each polarization) 
at 1,040 nm. Different combinations of transverse modes can be 

excited by controlling the position and angle of the lens that cou-
ples light into the fibre and maintaining 80% coupling efficiency, 
and the losses are negligible. Although the input field is linearly 
polarized, the polarization changes as the pulse accumulates the 
nonlinear phase. The output is projected onto a basis of orthogo-
nal linear polarizations (Methods). For each polarization, the com-
plex electric field is measured by off-axis digital holography and 
decomposed into a spectrally resolved eigenmode basis (Methods 
and Supplementary Section 2). The modal power |ci|2 is obtained 
by summing the contributions of the two polarizations. The peak 
power is used as a control parameter to observe the evolution to a 
thermal distribution. Each measured modal distribution is an aver-
age over ~1010 pulses, which exhibit ~1% fluctuations in peak power. 
Short lengths of fibre were chosen for the experiments to preclude 
the possibility of stimulated Raman scattering. With fibre lengths 
between 0.5 and 2.5 m and bending radii of about 0.4 m, linear mode 
coupling is weak. The differential group delay between the modes 
in the used parabolic GRIN fibre is small compared with the effects 
of chromatic dispersion. The characteristic (chromatic) dispersion 
length is LDS ≈ 0.5 m, whereas the nonlinear length is LNL ≈ 5 cm for 
the highest-energy pulses launched into the fibre (the characteristic 
lengths are defined in Supplementary Section 7).

When the launched beam has some overlap with the fundamen-
tal mode of the fibre, the process of thermalization can be observed. 
Typical results obtained in a 50-cm-long segment of the fibre, with a 
50 µm core diameter, will be described first. The beam profiles and 
modal decompositions observed at the output of the fibre are shown 
in Fig. 2 for the indicated range of input peak powers. The total 
power conveyed in each mode group is averaged over its degen-
eracy gk to plot the mode occupancy versus propagation constant. 
Because the linear mode coupling is weak, the distribution (Fig. 2, 
top) reflects the modal composition of the launched field. As the 
peak power is increased above ~10 kW, the spatial profile becomes 
an intense bell-shaped lobe with approximately the diameter of the 
fundamental mode of the fibre, accompanied by a low-intensity 
background. As the power increases, the measured modal occupan-
cies clearly evolve from the initial non-equilibrium distribution at 
the input to a thermal-equilibrium state. The modal decomposi-
tion is performed for each frequency in the spectrum, where it is  
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Fig. 1 | Process of optical thermalization and experimental setup used to observe RJ distribution. a, Schematic depicting the evolution to optical thermal 
equilibrium in a nonlinear multimode fibre, arising from four-wave mixing interactions among a multitude of optical guided modes. A superposition of 
these modes launched into the multimode fibre eventually settles into an RJ distribution, thus signifying the onset of thermal equilibrium. b, Experimental 
arrangement used to demonstrate optical thermalization to an RJ distribution. A multimode mode-locked laser generates femtosecond-duration pulses 
that consist of multiple transverse modes locked together. The pulses exit the laser with large frequency chirp, which is removed in the compressor 
to launch pulses with peak powers up to 70!kW in the multimode GRIN fibre. For experiments with speckle-pattern inputs, a spatial light modulator 
is inserted between the laser and multimode fibre. The near- and far-field profiles of the output beam are then recorded, and the beam is sent to 
the interferometric off-axis digital holography setup for spatiotemporal characterization. BS, beamsplitter; NF, near field; FF, far field; PBS, polarizing 
beamsplitter; HWP, half-wave plate.
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appreciable. At a peak power of 52 kW, an RJ distribution is observed. 
From the initial modal distribution (recorded at an input power of 
1 kW), one can directly predict the optical temperature and chemi-
cal potential by invoking the universal equation of state, namely, 
H + µP = –MT, where M represents the number of participating 
modes and P =

∑
|c
i

|2 is the total power flowing in the system26 
(Supplementary Section 9). Here, for convenience, the total power 
flowing in the system is now normalized to unity. Under these con-
ditions, as well as from the input excitation data, theory predicts that 
this system should settle to an RJ distribution with T = 0.4 mm–1 and 
µ = –72.6 mm–1 (Fig. 2b, dashed curve). Experiments carried out at 
this power level reveal that the system indeed relaxes to an RJ distri-
bution with T = 0.42 mm–1 and µ = –73.00 mm–1, in close agreement 
with theory. We emphasize that the theoretical curve in Fig. 2b is 
determined from the initial distribution (that is, T = 0.40 mm–1) and 
is not a fit to the final distribution (which would yield T = 0.42 mm–1).  
The mode-resolved technique employed in our experiment pro-
vides irrefutable evidence of the RJ distribution that was theorized 
in earlier works20,21,26–28.

Although the result shown in Fig. 2 is associated with the 
single-input condition, the convergence to an RJ distribution is a 
more general phenomenon. To demonstrate this, we illuminated 
a 2.5-m-long parabolic-index fibre (62.5 μm core diameter and 
NA of 0.275, supporting 812 modes in both polarizations) with an 
ensemble of statistically equivalent random input states (speckled 
fields) and determined the modal-occupancy probability density 
function (PDF) of the entire ensemble at the output, for different 
input pulse powers (Methods and Supplementary Section 10). In 
Fig. 3a, we show that for a sufficiently high peak power (~20 kW), 
the ensemble-average modal-occupancy PDF converges to an RJ 
distribution, which can be predicted from the ensemble-average 
PDF of a set of low-power (~2 kW) pulses. This means that for 
any equivalent random-input condition, the corresponding out-
put modal-occupancy distribution statistically converges to an RJ 
distribution for appropriate input powers. An example low-power 
output pattern is shown in Fig. 3b for reference. From the ensemble 

of low-power pulses, we find 
H =

∑

i

β

i

〈
|c
i

|2
〉 ≅ 128.0 mm–1, which 

allows us to predict the equilibrium temperature and chemical 
potential (T = 0.3 mm–1 and µ = –178.0 mm–1) of the ensuing RJ 
distribution (Fig. 3e, red line) that corresponds to the high-power 
ensemble. Figure 3c–f displays the measurements of different 20 kW 
wavelength-resolved output intensity patterns, each generated by a 
different speckled input. The spatial concentration of the intensity 
at the centre of the fibre core in Fig. 3c–f, relative to Fig. 3b, reflects 
the speckle ensemble’s convergence to an RJ distribution.

It is worth noting that the experiment shown in Fig. 2 was 
performed under conditions corresponding to a microcanonical 
ensemble: a single-input field pattern was used, where both power 
and Hamiltonian of the system were invariant during the evolution. 
On the other hand, the experiment shown in Fig. 3 is effectively per-
formed under canonical-like conditions30,34, because the ensembles 
of speckle patterns were used. Each speckle pattern is uncorrelated 
with the other elements in the ensemble, and its precise proper-
ties fluctuate relative to the ensemble average. The speckle patterns 
fluctuate but yield, on average, a modal power distribution, whereas 
the value of the Hamiltonian fluctuates in a similar manner with a 
constant expectation value. This is formally equivalent to a stan-
dard canonical-like thermodynamic setting, where the system is 
allowed to exchange energy with a heat bath in a statistical man-
ner, whereas—on average—its internal energy is constant30,34. In this 
case, the ensemble-average quantities can be used to predict optical 
thermodynamic behaviours. As shown in Fig. 3, the experimental 
results are in good agreement with theory, which demonstrates the 
true thermodynamic nature of the process.

Once a modal distribution reaches RJ equilibrium, the distribu-
tion values should not change with further evolution. Experiments 
were performed with longer fibres and/or higher peak powers to 
verify that the process is indeed irreversible. In these experiments, 
the beam from the mode-locked laser was used to excite the fibre 
with a 50 μm core (Fig. 2). By increasing the input power, the non-
linear length LNL can be adjusted. For peak powers as high as 70 kW 
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 where β̄
k

 denotes the actual propagation constant, k0!=!2π/λ0, λ0 is the vacuum wavelength, 
and ncladding is the index of refraction of the cladding. The distribution at 1!kW (the lowest power level) represents the relative power levels initially 
launched in the various mode groups at the input. As the power increases, the modal occupancies |ci|2 are nonlinearly reshuffled. b, Direct observation 
of an RJ distribution on optical thermalization, which occurs at 52!kW. The thermal-equilibrium RJ state observed in the experiment is characterized by 
temperature T!=!0.42!mm–1 and chemical potential µ!=!–73.00!mm–1. The error bars represent the uncertainties (Supplementary Section 5). The dashed 
curve (T!=!0.4!mm–1 and µ!=!–72.6!mm–1) depicts the RJ distribution theoretically expected from the excitation conditions. The discrepancy from the 
measured distribution for higher-order modes is attributed to the deviation from an ideal parabolic-index profile (Supplementary Section 6). Here the 
beam self-cleaning effect in the near field is also apparent (inset). In all the cases, the distributions are plotted in a normalized fashion (

∑
g

k

|c
k

|2 = 1), 
where gk!=!k represents the mode-group degeneracy, whereas the twofold polarization degeneracy has been implicitly accounted for here. These 
experiments were conducted in 0.5!m GRIN fibre with a 50!µm diameter core.
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launched into a 1.5 m fibre, L ≈ 30LNL. With these parameters, the 
spectrum begins to show some asymmetry from stimulated Raman 
scattering (Supplementary Fig. 10). As shown in the experiments 
described in Fig. 2, the occupation of the fundamental (LP01) mode 
reaches and retains its equilibrium value after propagating a few non-
linear lengths (Fig. 4a). The normalized mean-square error (NMSE) 
between the measured and expected RJ distributions decreases in 
the first few nonlinear lengths and remains approximately constant 
beyond that point (Fig. 4b). Another signature of RJ thermaliza-
tion in the microcanonical ensemble is the equipartition of power 
among the modes within the same mode group: |ci|2 = –T/(βi + µ); 
therefore, modes with the same propagation constant βi should be 
equally populated at thermal equilibrium. Plots of the occupancies 
of modes in each group are displayed in Supplementary Figs. 15 and 
16. We quantify the variation in mode occupancies by calculating 
the mean coefficient of variation (CV) for the first six mode groups, 

namely, 
CV

mean

= 1

6

6∑

k=1

σ

k

|c
k

|2
, where |c

k

|2  is the mean occupancy of 

mode group k and σk is the standard deviation in the modal 
occupancy. In our experiment, the mean CV decreases from 0.32 
to 0.15 once thermalization takes place (Fig. 4c). Thus, the powers 
within the degenerate modes of the same group tend to equalize, in 
accordance with theory.

Numerical simulations based on coupled nonlinear Schrödinger 
equations19 were performed to gain further insights into the ther-
malization process. Details of these simulations are given in 
Methods. The measured low-power modal distribution of Fig. 2 was 
taken as the input field. After an initial exchange of energy between 
the modes, the occupancy of the fundamental (LP01) mode increases 
and becomes dominant after about 15 cm of propagation (Fig. 5a). 
Beyond 20 cm, little energy is exchanged between the modes. The 
numerical results agree with the measured modal distributions as 
the power is varied. In particular, the distribution corresponding to 
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Fig. 4 | Irreversibility of optical thermalization. The figures provide 
information about various signatures of optical thermalization in a 
nonlinear multimode GRIN fibre, before and after the system attains an RJ 
distribution. In our experiments, the fibre length L is fixed, and the unfolding 
of thermalization is monitored as a function of L/LNL, where nonlinear 
length LNL decreases with increasing input power. The red and black 
symbols represent measurements obtained in a 0.5-m- and 1.5-m-long 
fibre, respectively. The error bars represent uncertainties (Supplementary 
Section 5). a, Power residing in the fundamental (LP01) mode. The dashed 
blue line denotes the power occupancy of the fundamental mode, as 
expected from theory, once the RJ distribution is established. Although 
in the short (0.5!m) fibre, thermal equilibrium is obtained at the highest 
power level (~52!kW), in the longer (1.5!m) segment, the onset of RJ 
thermalization is established at ~17!kW and remains at this level thereafter. 
b, NMSE, a measure of the deviation from the theoretical anticipated 
RJ distribution, as a function of L/LNL. As in a, the NMSE is irreversibly 
minimized at the same power levels for the corresponding fibre lengths.  
c, Mean coefficient of variation (CVmean) within the first six mode groups. 
On thermalization, CVmean is reduced from 0.32 to 0.15 in the 1.5!m fibre; the 
standard deviation of the modal occupancies among the modes within the 
same group is suppressed. This signifies equipartition of power within the 
degenerate modes belonging to the same group, as expected from the RJ 
distribution. These experiments were conducted in the GRIN fibre with a 
50!µm diameter core.
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52 kW agrees well with both experimental observations and theo-
retically predicted RJ equilibrium state (Fig. 5b). Simulations that 
demonstrate the evolution to RJ distribution for a range of input 
powers and fibre lengths are shown in Supplementary Fig. 17.

As previously indicated, in the microcanonical ensemble, the 
invariance of the system’s Hamiltonian H during propagation is of 
paramount importance in establishing the thermodynamic condi-
tions required to observe the RJ distribution21,26. Under quasi-linear 
conditions, that is, when the intensity is relatively low as in our 
experiments, one can directly show that the Hamiltonian invari-
ant (H) of the system is dominated by its linear kinetic compo-
nent (Supplementary Section 20). We verified that the used fibre 
has negligible losses due to leaky radiation modes and random 
position-dependent mode-coupling effects. For a given fibre length, 
as the input peak power is increased, the output spectrum broadens 
due to self-phase modulation, but remains symmetric and relatively 
narrowband (the bandwidth is ~3% of the carrier frequency). We 
measure the Hamiltonian in two different ways: by the direct evalu-
ation of H =

∑
β

i

|c
i

|2 from the mode-resolved measurements of the 
output beam and by measuring the ratio of the second moments of 
the near- and far-field beam profiles, which is proportional to the 
Hamiltonian in the case of a GRIN fibre (Supplementary Section 
13). Both measurements were found to remain constant over the 
range of input powers employed in the experiments (Supplementary 
Fig. 19). Conservation of the Hamiltonian implies that although the 
power is reshuffled during thermalization through multi-wave mix-
ing, the total photon momentum per watt is preserved. This is con-
sistent with the redistribution of power in both directions in the 
mode space, from intermediate to both lower- and higher-order 
modes15. Although the output-beam near-field profile (Fig. 2) seems 
to improve at 52 kW compared with that at 1 kW, the beam quality 
(M2 factor35) remains unchanged. This is expected given that M2 is 
proportional to the Hamiltonian, which is a constant of motion.

Of course, broad questions remain regarding the observability 
and universality of thermalization. Fundamentally, the process is 
universal. However, the equilibrium distribution may not be reached 
in every experimental setting before dissipation or other competing 
processes (such as stimulated Raman scattering) occur. The equidis-
tant eigenvalues in the GRIN fibre facilitate phase matching of the 
four-wave mixing processes that exchange power among the modes 

(Supplementary Section 1) and underlie thermalization, and the 
presence of even weak disorder is known to accelerate the process14. 
Processes that weaken nonlinear interactions among the modes 
naturally hinder thermalization. It is more difficult to phase match 
four-wave mixing in a step-index fibre than a GRIN fibre. Thus, 
higher power is required to observe thermalization in step-index 
fibres (Supplementary Section 21), and stimulated Raman scatter-
ing becomes harder to avoid. Multimode hollow-core fibres filled 
with atomic gases could be useful in thermalization experiments 
since the Raman process is no longer a limitation. Fibres are only a 
small subset of multimode optical systems; optical thermodynam-
ics also apply to cavities, multipass cells and integrated optical plat-
forms that support multiple modes.

The direct observation of irreversible thermalization to an RJ 
distribution in a GRIN fibre is an important step in harnessing ther-
modynamic concepts in multimode optical dynamics. More impor-
tantly, it provides a verification of optical thermodynamic theories 
that are based on entropic principles. Although the observation 
of RJ thermalization was carried out in a fibre setting, we expect 
that these processes will be observed in a variety of environments 
involving other degrees of freedom such as frequency, optical angu-
lar momentum and spin. Finally, it will be interesting to explore 
some of the other ramifications of optical thermodynamics. These 
include the observation of equilibria at negative temperatures, isen-
tropic processes, Joule expansions and optical cooling. In addition 
to unveiling new physics associated with nonlinear complex sys-
tems, the thermodynamic approaches could ultimately inspire the 
design of a new generation of high-performance light sources.
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Methods
Mode-resolved measurements of the electric !eld. Several techniques 
for measuring the spatial mode distribution of short light pulses have been 
reported36–39. However, the measurement of spatiotemporally complex !elds is still 
fairly challenging, especially for !elds with a large spacetime–bandwidth product. 
For the characterization of complex pulsed states, a technique with a readily 
adjustable spacetime–bandwidth product is desirable. Following an approach 
developed for the characterization of intense ultrashort pulses at a focus40, we 
employ delay-scanned o"-axis digital holography. $e pulsed !eld to be measured 
is split. One of the copies is spatially !ltered to create a Gaussian beam that is 
used as a spatiotemporal reference beam, and the other (object) is imaged into the 
camera (Fig. 1b). Fringes caused by the interference of the reference and object 
!elds contain information about the phase of the latter. $e electric !eld E(x, y, τ) 
is Fourier transformed to obtain Ẽ (x, y, ω) for the mode decomposition41–43. $e 
spatially !ltered reference beam contains all the wavelengths in the original !eld. 
At each frequency ωi, the complex !eld Ẽ (x, y, ω

i

) is projected onto the eigenmode 
basis of the !bre to get the occupancy of the modes. $e relative uncertainty in 
the mode occupancies is estimated to be 10% (Supplementary Section 5). As 
an example, the frequency-integrated modal decomposition of pulses from one 
particular state of the mode-locked laser is shown in Supplementary Fig. 5. $e 
beam pro!le reconstructed from the three-dimensional-!eld modal decomposition 
is compared with the measured beam pro!le to assess the mode decomposition.

In general, results for individual polarizations differ. The modal power 
fractions |ci|2 (Fig. 2) include both polarizations. The modal power fraction |cix|2 
and power Px are measured for one polarization. The process is repeated for the 
other polarization to yield |ciy|2 and power Py. The two polarizations are orthogonal; 
therefore, |ci|2 = (Px|cix|2 + Py|ciy|2)/(Px + Py).

Speckle-pattern generation. To generate the speckle patterns used as the inputs 
in Fig. 3, we incorporated a reflective phase-only spatial light modulator (SLM; 
Meadowlark LCoS-1920-1152) in the experimental setup (Fig. 1). The SLM is 
used in a Fourier-transform configuration, where the Fourier transform of the 
phase modulation pattern displayed on the liquid crystal screen illuminates the 
optical fibre. The SLM screen (1,920 pixels × 1,152 pixels or 17.6 mm × 10.7 mm) 
is divided into groups of 128 pixels × 128 pixels (macro-pixels), resulting in 
a 15 × 9 macro-pixel phase array, where each macro-pixel is approximately 
1.18 mm × 1.18 mm, and the phase modulation of each macro-pixel can be 
arbitrarily chosen between 0 ≤ θ < 2π. By using macro-pixels to create a uniformly 
distributed random phase array on the SLM, a fully developed speckle pattern 
illuminates the input facet of the fibre. The SLM is illuminated by the de-chirped 
pulses from the laser. The laser-illuminated region on the SLM is circular, with a 
diameter of approximately 9 macro-pixels. A relay lens in a 2f configuration (f is 
the focal length) images the zeroth-order reflection of the SLM phase modulation 
pattern onto the pupil plane of ×10 objective (LMH-10X-1064), resulting in a 
circular speckle pattern with an approximate diameter of 20 μm (approximately 
nine speckle grains wide). This input illumination pattern is centred relative to the 
fibre core (Supplementary Section 10).

Numerical simulations. A system of coupled nonlinear Schrödinger equations 
for the temporal envelopes of the spatial modes is solved. The equations 
include chromatic and modal dispersions, Kerr and Raman nonlinearities, and 
self-steepening. The coupled equations are solved with a massively parallel 
algorithm on a machine with graphical processing unit functionality44. This 
combination reduces the execution time for the relevant simulations of multimode 
pulse propagation by about two orders of magnitude compared with a standard 
split-step propagation code run on a central processing unit.

The first 55 transverse spatial modes (first ten mode groups) of the fibre were 
included in the calculations, which corresponds to propagation constants larger than 
β = 20 mm−1. Neglecting higher-order modes was necessary to keep the computation 
times reasonable; even with the parallel code, the execution times exceed several 
hours for multiple modes with all the relevant short-pulse effects included. We 
expect the neglect of higher-order modes to be a reasonable approximation given 
the low observed occupancy of those modes, as well as their uncertainties, in the 
experiments. In the numerical simulations, 200 fs pulses were launched into 50 cm 
of the fibre with the experimental parameters. Simulations performed with a variety 
of different input distributions but the same values of chemical potential and 
temperature were found to evolve to the same equilibrium state.
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