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A New QoS-Guarantee Strategy for NOMA
Assisted Semi-Grant-Free Transmission

Zhiguo Ding

Abstract— Semi-grant-free (SGF) transmission has recently
received significant attention due to its capability to accommodate
massive connectivity and reduce access delay by admitting
grant-free users to channels which would otherwise be solely
occupied by grant-based users. In this paper, a new SGF
transmission scheme that exploits the flexibility in choosing the
decoding order in non-orthogonal multiple access (NOMA) is
proposed. Compared to existing SGF schemes, this new scheme
can ensure that admitting the grant-free users is completely
transparent to the grant-based users, i.e., the grant-based users’
quality-of-service experience is guaranteed to be the same as
for orthogonal multiple access. In addition, compared to exist-
ing SGF schemes, the proposed SGF scheme can significantly
improve the robustness of the grant-free users’ transmissions
and effectively avoid outage probability error floors. To facilitate
the performance evaluation of the proposed SGF transmission
scheme, an exact expression for the outage probability is obtained
and an asymptotic analysis is conducted to show that the
achievable multi-user diversity gain is proportional to the number
of participating grant-free users. Computer simulation results
demonstrate the performance of the proposed SGF transmission
scheme and verify the accuracy of the developed analytical
results.

Index Terms— Non-orthogonal multiple access, semi-grant-free
transmission, machine-type communications, successive interfer-
ence cancellation (SIC) decoding order.

I. INTRODUCTION
HE next generation Internet of Things (NGIoT) is envi-
sioned to be an important use case for beyond 5G mobile
networks [1]. The key challenge for supporting NGIoT is,
given the scarce radio spectrum, how to support a massive
number of devices, each of which might send a small number
of packets only. For this emerging application, conventional
grant-based transmission is not suitable, since the amount of
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signalling needed for handshaking could exceed the amount
of data sent by the devices. This motivates the develop-
ment of grant-free transmission schemes, which grant the
devices access without lengthy handshaking protocols [2].
Most existing grant-free schemes can be categorized into
three groups. The first group applies random access protocols
originally developed for computer networks [3], the second
group relies on the excess spatial degrees of freedom offered
by multiple-input multiple-output (MIMO) techniques [4],
[5], and the third group employs non-orthogonal multiple
access (NOMA) which encourages spectrum sharing among
the devices [6]-[10]. It is noted that there are many works that
use a combination of the three types of grant-free schemes and
hence can potentially offer a significant performance improve-
ment in terms of connectivity and transmission robustness
[11]-[13].

In this paper, we focus on a special case of NOMA
based grant-free transmission, termed semi-grant-free (SGF)
transmission [14]. Unlike the aforementioned pure grant-free
schemes, SGF transmission does not assume that a certain
number of resource blocks, such as time slots or subcarriers,
are reserved for contention among the grant-free users, since
this assumption would put a strict cap on the number of
grant-free users that can be served, particularly if the base
station has a limited number of antennas and cannot use
massive MIMO to improve connectivity. The key idea of SGF
transmission is to opportunistically admit grant-free users to
those resource blocks that would otherwise be solely occu-
pied by grant-based users. An immediate advantage of SGF
over conventional grant-free schemes is that the number of
grant-free users is constrained not by the number of resource
blocks reserved for grant-free transmission, but by the total
number of resource blocks available in the system. Take an
orthogonal frequency-division multiple access (OFDMA) sys-
tem with 128 subcarriers as an example. If only 8 subcarriers
are reserved for grant-free transmission, at most 8 grant-free
users can be served, but the use of SGF transmission can
potentially provide service to 120 additional grant-free users.

In SGF transmission, a crucial task is how to guarantee a
grant-based user’s quality of service (QoS) experience when
admitting grant-free users to the same resource block. In [14],
two SGF transmission schemes, termed SGF Scheme I and
Scheme II, were developed to realize this goal. In particu-
lar, SGF Scheme I requires the base station to decode the
grant-based user’s signal first by treating the grant-free users’
signals as interference, and schedules grant-free users with
weak channel conditions in order to limit the interference they
cause to the grant-based user. Therefore, Scheme I is ideal
for situations where the grant-free users are cell-edge users,
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i.e., their connections to the base station are weaker than that
of the grant-based user. SGF Scheme II schedules grant-free
users with strong channel conditions, and requires the base
station to decode the grant-free users’ signals first. Therefore,
Scheme II is ideal for situations where the grant-free users’
connections to the base station are strong. Two types of
distributed contention control were applied in [14] to reduce
the system overhead and to control the number of admitted
grant-free users [15]-[17].

In this paper, we consider the same grant-free communi-
cation scenario as in [14], i.e., one grant-based user and
M grant-free users communicate in one resource block with
the same base station. A new SGF transmission scheme
is proposed which can be interpreted as an opportunistic
combination of the two existing SGF schemes and offers the
following three advantages:

o Recall that SGF Scheme I decodes the grant-based user’s
signal first by treating the grant-free users’ signals as
interference. Hence, it is inevitable that the grant-based
user’s QoS experience is negatively affected by the
admission of the grant-free users into the channel. The
new SGF scheme can strictly guarantee that admitting
grant-free users is transparent to the grant-based user,
and the grant-based user’s QoS experience is the same
as when it occupies the channel alone.

o Recall that SGF Scheme II directly decodes the grant-free
users’ signals by treating the grant-based user’s signal
as interference, which means that interference always
exists for the grant-free users. Hence, for SGF Scheme II,
the data rates available for the grant-free users can be
small. The new SGF scheme can realize interference-free
transmission for the grant-free users, and hence can offer
significantly improved achievable data rates for grant-free
transmission.

o For both existing SGF schemes, their outage proba-
bilities exhibit error floors, when there is no transmit
power control, e.g., the grant-free and grant-based users
increase their transmit powers without coordination. Take
Scheme I as an example, which decodes the grant-based
user’s signal first and then decodes the grant-free users’
signals via successive interference cancellation (SIC).
An outage probability error floor exists because increas-
ing the grant-free users’ transmit powers might help
the second stage of SIC but increases the outage prob-
ability in the first stage. A similar error floor exists for
Scheme II. The new SGF scheme can effectively avoid
these error floors and significantly improve transmission
robustness, even without careful power control among the
users.

In order to facilitate the performance analysis, an exact
expression for the outage probability achieved by the pro-
posed SGF transmission scheme is developed based on order
statistics. Because the outage probability achieved by the
proposed SGF scheme can be a function of four random
variables, including three dependent order statistics, the devel-
oped exact expression has an involved form and hence cannot
provide much insight into the properties of SGF transmission.
Therefore, two high SNR approximations are developed based
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on an asymptotic analysis of the derived exact expression. The
asymptotic expressions demonstrate that the proposed SGF
transmission scheme avoids an outage probability error floor
and realizes a multi-user diversity gain of M.

The remainder of the paper is organized as follows.
In Section II, the existing SGF schemes are briefly introduced
first, and then, the proposed new SGF scheme is described.
In Section III, the outage performance achieved by the pro-
posed SGF transmission scheme is analyzed, where an asymp-
totic analysis is also conducted to illustrate the multi-user
diversity gain realized by the proposed scheme. Computer
simulations are provided in Section IV, and Section V con-
cludes the paper. We collect the details of all proofs in the
appendix.

II. EXISTING AND NEWLY PROPOSED SGF SCHEMES

Consider an SGF communication scenario, where M grant-
free users compete with each other for admission to a
resource block which would otherwise be solely occupied
by a grant-based user for conventional orthogonal multiple
access (OMA). Denote the grant-based user’s channel gain
by g, and the grant-free users’ channel gains by h,,, 1 <
m < M. We assume that the SGF system operates in
quasi-static Rayleigh fading environments, i.e., all the channel
gains are complex Gaussian distributed with zero mean and
unit variance. Without loss of generality, we also assume that
the grant-free users’ channel gains are ordered as follows:

> <o < | (1)

We note that this ordering assumption is to facilitate the per-
formance analysis, and that this information is not available to
any of the nodes in the system, including the base station. Prior
to transmission, we assume that the base station will broadcast
the grant-based user’s channel state information (CSI) as well
as the grant-based user’s transmit power, denoted by Fy. As a
result, the grant-free users can have access to Py and g.
In addition, each grant-free user has acquired the knowledge
of its own CSI, by exploiting the pilot signals broadcasted by
the base station. It is assumed that the users are perfectly time
synchronized in this paper. This can be realized by asking
the base station to periodically broadcast a reference beacon,
which helps users to align their clocks [18]. We note that the
design of corresponding time synchronization methods is an
important topic for future research but beyond the scope of
this work.

A. Two Existing SGF Schemes

SGF Scheme I in [14] requires the base station to decode
the grant-based user’s signal during the first stage of SIC.
If grant-free user m is admitted to the channel, the grant-based

> : . Pylg|?
user’s achievable data rate is log (1+ Pilhm|?+1 )

grant-free user m’s data rate is log(1 + Ps|h,,|?) if the first
stage of SIC is successful, where Ps denotes the transmit
power of the grant-free users, and the noise power is assumed
to be normalized to one. In order to guarantee the grant-based
user’s QoS requirement, the base station broadcasts a prede-
fined threshold, denoted by 77, and only the grant-free users

and
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whose channel gains fall below the threshold participate in
contention. In this way, a user which has a strong channel and
hence can cause strong interference to the grant-based user
will not be granted access. We note that the base station can
adjust the choice of the threshold to control the number of
grant-free users participating in contention.

The use of distributed contention control ensures that con-
tention between the grant-free users can be carried out in a
distributed manner. In particular, prior to data transmission,
a short time period, termed the contention window, is reserved
for contention. At the beginning of the contention window,
each user holds its transmission and waits for a short period,
termed the backoff time [15]-[17]. For SGF Scheme I, each
grant-free user’s backoff time is proportional to its channel
gain. This means that the backoff time for the weakest user
finishes first and hence this user can seize control of the
channel, i.e., the user with the weakest channel gain will be
granted access.! Therefore, for SGF Scheme I, the admitted
grant-free user’s data rate is given by

log(1 + Ps|ha|?), if [m[* <71 &

Polgl®
I 1+ ——— R
og( +P5|h1|2+1 = Ao

0, otherwise,

R =

)

where Ry denotes the grant-based user’s target data rate.

SGF Scheme II in [14] requires the base station to decode
a grant-free user’s signal during the first stage of SIC. Similar
to Scheme I, the base station broadcasts a threshold, denoted
by 777, and only the grant-free users whose channel gains are
stronger than the threshold participate in contention. By using
distributed contention control, each participating grant-free
user sets its backoff time inversely proportional to its channel
gain, which means that the grant-free user with the strongest
channel condition is granted access, and its achievable data
rate is given by

]Ds|hM|2 .
log (14 M) i )2 >
Og( T Rgp1) Tz

0, otherwise.

Rir = (3)

Remark 1: We note that, when Py, — oo and Py — oo, there

is an error floor for the admitted grant-free user’s outage proba-
2

bility. Take SGF Scheme II as an example. log (1 + %)

becomes a constant, when P, — oo and Fy — oo, which

means that there will be an error floor for the outage

In this paper, we focus on the case, where a single grant-free user is
admitted to the channel. It is possible for SGF transmission to admit more
than one user, by creating multiple contention windows and selecting different
grant-free users in different windows [14], [17]. However, more grant-free
users are admitted at the cost of a higher system complexity and reduced
spectral efficiency. We note that with SGF transmission, significantly more
grant-free users can be admitted than with conventional grant-free protocols,
even if only a single grant-free user is admitted to a grant-based user’s channel.
In particular, with conventional grant-free transmission, the majority of the
resource blocks are reserved for grant-based transmission, and only a small
number of resource blocks are available for grant-free transmission [19].
On the contrary, for SGF transmission, all resource blocks can be used to
admit grant-free users, which yields a multi-fold increase in the number of
admitted grant-free users.
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probability suffered by Scheme II. This error floor can be
reduced, if Ps is much larger than Fy. In other words, the
existing SGF schemes require careful power control to guar-
antee the grant-free user’s target outage performance, which
might not be possible in practice.

B. Proposed SGF Scheme

In the proposed SGF scheme, prior to transmission, the base
station broadcasts a threshold, denoted by 7(|g|?), which needs
to ensure the following inequality:

Polg|? >
1 1+ —————] > Ro. 4
o (14 g ) 2 o @

The proposed SGF scheme chooses 7(|g|?) such that the
above inequality constraint holds with equality?®:

P, 2
rllg?) = max {0 g0~ 11, )

where max(a,b) denotes the maximum of « and b.

Upon receiving this threshold, each grant-free user com-
pares its channel gain with the threshold individually. Unlike
the two existing schemes, the proposed SGF scheme allows
all the grant-free users to participate in contention. Each user’s
backoff time is determined by how its channel gain compares
to 7(|g|?), as explained in the following:

o Group 1 contains the users whose channel gains are above
the threshold, i.e., Ps|h,,|> > 7(|g|?). If a user in Group
1 is granted access, its signal has to be detected during the
first stage of SIC. Otherwise, Ps|h,,|? > 7(|g|?) leads to

log (1 + p{l% ) < Ro, which would mean that the

grant-based user’s signal cannot be decoded correctly.?

Therefore, if a user in Group 1 is granted access, its

achievable data rate is log (1 + %Igfl) , and hence its
backoff time is set to be inversely proportional to this
achievable rate.

o Group 2 contains the users whose channel gains are below
the threshold, i.e., Ps|h,,|? < 7(|g|?). For a user in Group
2, its signal can be decoded in either one of the two
SIC stages, without affecting the grant-based user’s QoS.

In particular, if its signal is decoded in the first stage
2

of SIC, its achievable data rate is log (1 + % .

If its signal is decoded in the second stage of SIC,

a data rate of log(1 + Ps|h,,|?) is always achievable,
which is due to the fact that the grant-based user’s signal
can be successfully decoded in the first stage of SIC,
as explained in Remark 4. Therefore, its backoff time is
set to be inversely proportional to log(1+ Ps|h,,|?), since

2
log(1+ Pylhuml?) = log (1+ £zl ).

2We note that the proposed threshold is completely determined by three
factors, namely the grant-based user’s target data rate (Rp), transmit power
(Po), and channel gain (g). Recall that each user is assumed to know Py and
g. Therefore, instead of broadcasting 7(|g|?), the base station may broadcast
Ry, such that each user can calculate 7(|g|?) locally.

3In this paper, the grant-free users are assumed to use the same fixed transmit
power, Ps. The use of distributed power control can further improve the
performance of SGF transmission without increasing system overhead, but is
beyond the scope of this paper.
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The use of distributed contention control means that a
grant-free user does not need to know which group the other
users are in. However, the user needs to determine which
group it belongs to for the implementation of distributed
contention control [15]-[17]. In particular, once a grant-free
user has determined which group it is in, it can determine
its achievable data rate, and hence its backoff time. For the
proposed SGF protocol, a user from Group 1 sets its backoff
time inversely proportionally to log (1 + %lgfl) , and a user
from Group 2 sets its backoff time inversely proportionally to
log(1 4+ Ps|hy|?). As a result, the user that can sustain the
largest data rate can be admitted to the channel in a distributed
manner.*

Remark 2: The proposed SGF scheme can be viewed as
a hybrid version of the two existing schemes. In particular,
under the condition that admitting a grant-free user needs to be
transparent to the grant-based user, the users in Group 1 can
support SGF Scheme II, whereas the users in Group 2 can
support either of the two schemes. The proposed scheme will
select the grant-free user with the largest achievable data rate
in an opportunistic manner.

Remark 3: We note that, among the M grant-free users,
only two users have the chance of being granted access,
if the grant-free users’ channel gains are ordered as in (1).

One is grant-free user M, if Group 1 is not empty, since

A P, |h;|?
log (1 + %) < log (1 + %) always holds for

any m < j. The other one is the grant-free user which has the
strongest channel gain in Group 2, if Group 2 is not empty,
since log(1 + Ps|hp|?) < log(1 + Pslhj|?) form < j. If a
grant-based protocol is used, i.e., global CSI is available at the
base station, the base station can decide which user is to be
admitted by simply comparing the two users’ data rates. The
use of the proposed distributed contention control can ensure
that the same goal is achieved without acquiring global CSI
at the base station.

Remark 4: We further note that the proposed user selection
mechanism ensures that the grant-based user experiences the
same reception reliability as when the grant-free users are not
admitted. For example, if a grant-free user from Group 1 is
selected, this user’s signal is detected in the first stage of SIC.
Because this user’s data rate is chosen as log (1 + %ﬁ”ﬁ) s
the first stage of SIC is guaranteed to be successful, which
means that the grant-based user’s signal is detected with-
out suffering any interference from the grant-free user. If a
grant-free user from Group 2 is selected, the grant-based
user’s signal is detected in the first stage of SIC. Because the
grant-free user is from Group 2, Ps|h.,|? < 7(|g|?). Recall

4We note that in the proposed SGF scheme, only a single grant-free user is
admitted to a grant-based user’s channel, but multiple grant-free users can be
supported. For example, in a practical system, there are multiple grant-based
users, and the use of the proposed SGF scheme can ensure that the bandwidth
resources occupied by these grant-based users are also used to serve multiple
grant-free users. Because different grant-based users have different channel
gains, transmit powers, and target rates, the corresponding thresholds, 7(|g|?),
are also different. Therefore, it is possible that a grant-free user is rejected
by one grant-based user but admitted to another grant-based user’s channel,
particularly if the number of grant-based users is large.
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that 7(|g|?) satisfies (4), which means that

Polgl®
log (14 =097 ) 5 g 6
Og( T B r1) = ©®

Therefore, the first stage of SIC is still guaranteed to be suc-
cessful, i.e., the grant-based user’s signal can be successfully
decoded in the presence of the grant-free user’s signal.

III. OUTAGE PERFORMANCE ANALYSIS

It is straightforward to show that the use of the proposed
SGF scheme can strictly guarantee that admitting grant-free
users is completely transparent to the grant-based user, and
the grant-based user’s experience is the same as with OMA.
Therefore, in this paper, we mainly focus on the outage
performance of the admitted grant-free user, where we assume
that all the grant-free users have the same target data rate,
denoted by R;.

To characterize the outage event, denote the event that there
are m users in Group 2 by E,,, where E,, can be explicitly
defined as follows:

7(lg/*) 2 7(lg)
Em =< |hml? < =22 b, > ———= >, 7
{2 < U, e > 2B )
for 1 < m < M — 1. Furthermore, the two extreme cases with
no user in Group 1 and Group 2 can be defined as Ej; =
2 2

|har]? < %} and Ey = { |h1]? > %}, respectively.

The overall outage probability experienced by the admitted
grant-free users is given by

M—1
Pout = Z P (E7r1,7max {Rk,b 1<k< m}
m=1
< Rs,maX{RkJ[,m <k< M} < RS)
+P (EM,max {RkJ, 1<k< M} < RS)
+P (Ep, max{Ry 11,1 <k <M} <R;), (8)
Rk,] = log (1 + Ps|hk|2)

P |hy|?
10g (1 + lek_’_l)

Because the grant-free users’ channel gains are ordered as
in (1), the outage probability can be simplified as follows:
M
Pout = Z P (Em7 max {Rm,b RM,II} < Rs)

m=1

where and Ry 11 =

+P (Eo, Ryt < Rs) . (9)

Define ¢) = 270 —1, ¢, = 2% —1, ap = £, and ;= .
We note that if |g|> < ag,

Bylg|?
7(|g*) = max {0, SFo 1 1 =0.
By using (10), the outage probability can be rewritten as
follows:

(10)

M
Pout = Z P (Ema |g|2 > o, max {Rm,la RJ\I,II} < RG)

m=1

Qm
+P (Eo, |g|* > a0, Rar,rr < Ry)

Qo

+P (RM,H < Rs, |g|2 < Oco). (11)

Qnm+1
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The following theorem provides an exact expression for the
outage probability achieved by the proposed SGF scheme.

Theorem 1: Assume that e€seq < 1 and M > 2. The
outage probability achieved by the proposed SGF transmission
scheme can be expressed as follows:

Pout
J:Zj"m Mz:m <M- ) z_: ( > )P i (p, fiz)
+ Z < (i ) — ¢ 60, 1))

Z l( ) 7laseﬂglgﬁl2(a07042)
=
+Z( ) g
M
M
+(a—ee) ey < i )(—
=0

(@0, 1)

1— e—(l—&-i(){sP@)aU

S P (12)
where Ty, % o = % e = lasPy +
(M —m = )5opl, fig = e 't My = S
ps = asPo, fiiz = lagPy + (M — l)a%j, ar = (1 + €)ao,
02 = U oo @) = SR and
6(p, 1) = e P gu(ar, az) + e gy v _(ap, ).

Proof: See Appendix A. (]

Following the steps in the proof for Theorem 1, the outage
probability for the case M = 1 can be obtained straightfor-
wardly as shown in the following corollary.

Corollary 1: Assume that eseg < 1 and M = 1. The
outage probability achieved by the proposed SGF transmission
scheme can be expressed as follows:

= eP_ng (ao, 042) — €7asga5P0 (0407 OQ)

1
1 P —g —«
+ E <Z>(—1) ey i (g, 1) + (1 —e @) e ™
i=0
1 )
M 1 — e~ (HiasPo)ao
E —1)e s 13
+i=0(z’)( e 1+ ias Py (13)

Remark 5: In this paper, we mainly focus on the case eseg <
1 because the error floor of P,,; can be avoided in this case,
i.e., the scenario with egeg < 1 is ideal for the application of
the proposed SGF scheme. €59 < 1 means that Rs needs to
be small for a given Ry, which is a realistic assumption in
practice since SGF is invoked to encourage spectrum sharing
between a grant-based user and a grant-free user with a small
target data rate.

Remark 6: 'We note that for the case eseg > 1, the proposed
SGF scheme still works and offers significant performance
gains compared to the two existing SGF schemes, as shown
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in the simulation section. However, for eseq > 1, the outage
probability achieved by the proposed SGF scheme exhibits
an error floor, similar to the existing schemes. More detailed
discussions will be provided in Section IV.

Remark 7: The outage probability expression shown in
Theorem 1 is complicated, mainly due to the fact that @,
depends on the choice of m. For example, for 1 < m < M —2,
Q. is a function of the four channel gains, h,, hpm—1, has,
and g, whereas Q)1 is a function of only hy;_1, hyy, and
g. The fact that the h,,, h,,—1, and hj; are dependent order
statistics makes the expression even more involved. However,
at high SNR, insightful approximations can be obtained as
shown in the following theorem.

Theorem 2: Assuming that eseq < 1, M > 2 and Ps =
Py — oo, the outage probability P, can be approximated at
high SNR as follows (14), as shown at the bottom of the next
page, where co = (feﬁ

Proof: See Appendix B. 0

Remark 8: Following the same steps as in the proof of
Theorem 2, the outage probability for the case M = 1 can
be approximated as follows:

Pout =~ 21132605 + + P2 (]- +€s) E0( Q2 — 1) (15)

By comparing the terms in Theorem 2, one can find that
there is one term proportlonal o 5 o, and the other ones

are proportional to P! —w=r. Therefore, a further approximation
can be straightforwardly obtained as shown in the following
corollary.

Corollary 2: Assuming that eseg < 1 and Py = Py — oo,
the outage probability P,.; can be further approximated as
follows:

eM 1
~ _S -
Pout = PpM — pM> (16)

where P, = P % denotes exponential equality, i.e., d =

— lim l‘ffp"” [20]. Therefore, a diversity gain of M is
p—00
achievable for the proposed SGF transmission scheme.

Remark 9: Recall that for the two existing SGF schemes,
their outage probabilities suffer from error floors, when Ps
and Py go to infinity. Corollary 2 demonstrates that not only
can the proposed SGF transmission scheme avoid these error
floors, but also can it ensure that the achievable diversity gain
is proportional to the number of participating grant-free users,
i.e., the more grant-free users there are, the better the outage
performance.

Remark 10: The main reason why the proposed SGF scheme
avoids an error floor can be explained as follows. By using
(9), an upper bound on the outage probability achieved by the
proposed SGF scheme can be obtained as follows:

M
Pou = Z P (E,,, max{Ry 1, Rym,11} < Rs)

m=1

+P (Eo, RM’]] < RS)
M

< Z P(Rm,r < Rs)+P (Eo, Ryrr < Ry)

m=1
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M
= " P (log (1 + Py|hn|?) < R.)
m=1
P. |h1\/1|2

P | Ey,l | R 17
+ (O)Og( +P0|g|2+1)< S>7 ( )

where the last step follows from the definitions of R, ;
and R]\,L II-

By using the fact that the users are ordered as in (1), Py
can be further upper bounded as follows:

Pout < MP (log (1 + Ps|hi]?) < Ry)
4P (Eo,log (1 n M) < Rs>. (18)
Polg|* +1

Qu

Recall that the outage pr20bability for SGF Scheme II is
Pl 2 P (log (1+ £
exists since its signal-to-interference-plus-noise ratio (SINR)
becomes a constant when Ps; and Py go to infinity. The
probability Q,, is quite similar to PZ, but Q,, does not exhibit
an error floor, as explained in the following. By using the
definition of Fy, ), can be rewritten as follows:

2
Q.=P (|hl|2 > —T(EJ )7

) < RS), where an error floor

|ha|? < as(Polgl* + 1)) . (19

Since |h1]? < |ha]?, the lower bound on |hy|?, T(lgl ),
needs to be smaller than the upper bound on |hM|2
as(Pylg|* + 1), which introduces an additional constraint
lg|? < g, if e5eq < 1, as shown in (24) - (26). This additional
constraint |g|? < s effectively removes the error floor since

7(lg*) Py|ha[?
P, ,log 1+P0|g|2+1 < Ry,

Qu =P <|h1|2 >
|9|2 < 042)

<P(lgf <as) =1-e" -0, (20)

for Py — oo. On the other hand, it is straightforward to show
that the first term in (18), P (log (1 + Ps|h1]?) < Ry), also
goes to zero at high SNR. Therefore, P,,; does not have an
error floor.

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 69, NO. 11, NOVEMBER 2021

IV. SIMULATION RESULTS

In this section, the performance of the proposed SGF trans-
mission scheme is studied via computer simulations, where the
accuracy of the developed analytical results is also evaluated.
To facilitate performance evaluation, the two existing SGF
schemes proposed in [14] are used as benchmark schemes.
We note that the proposed SGF scheme allows all the users
to participate in contention. Therefore, for a fair comparison,
we choose 77 = oo and 777 = 0 for the two benchmarking
schemes, which allow all grant-free users to participate in
contention and hence yield the best performance for the two
schemes.

In Fig. 1, the outage performance achieved by the proposed
SGF transmission scheme is compared to those of the two
existing schemes for different choices of Ps and Py. In par-
ticular, in Fig. 1(a), we assume P; = ﬁ’ which is equivalent
to the case where the grant-free users have weaker channel
conditions than the grant-based user, if all the users use the
same transmit power. Recall that SGF Scheme I first decodes
the grant-based user’s signal by treating the grant-free user’s
signal as interference. Therefore, the situation with Py = %
is ideal for the application of SGF Scheme I, and Fig. 1(a)
confirms this conclusion since SGF Scheme I outperforms
SGF Scheme II. We note that for SGF Scheme I, the outage

probability for M = 1 can be better than that for M = 5,

since a larger M can reduce P (log (1 + %) < Ro)

but may increase P (log (1 —|—P5|h1|2) < RS). In Fig. 1(b),
we focus on the situation, where P; — oo and Fy is kept
constant. This is equivalent to the case where the grant-free
users have stronger channel conditions than the grant-based
user, if all the users use the same transmit power. Therefore,
this situation is ideal for the application of SGF Scheme II,
and Fig. 1(b) shows that SGF Scheme II indeed outperforms
SGF Scheme 1. For both considered scenarios, the proposed
SGF scheme outperforms the two existing schemes, and can
also effectively avoid error floors in both considered scenarios,
as shown in the two figures.

In Fig. 2, we examine the accuracy of the developed
analytical results for the outage probability. In Fig. 2(a),
the exact expressions for the outage probabilities shown in
Theorem 1 and Corollary 1 are used, and the figure shows

M-2 _ M—m

" Nm m M-m M—-—m—1i —1\¢ +1a2 (1+6 )’LJrl
Pout =~ PM+1 €s : ( i ) (63 + 1) (6 — € ) 0 i1
m=1 =0
flo(1+e5)eM~teq 7 €s
+ P (0 — 1) <(a2 —loe)+ M)
_ M—2 M—m m 1
Nm M-m M—m—i —1\% 41 €s it
Mﬂmzuz% ( ) (€ + oca) A ey
~ M ~it+1
7o A M M—i 1) it 92 —1
s s 1 s
1 Mo M1y )M
MFIMAL y sy T Chl) : (14)

PM+1(M+1) M o

pM

PMFL (M +1)
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Fig. 1. Comparison of the three SGF transmission schemes. Ry = 1 bit per
channel use (BPCU), and Rs = 0.9 BPCU.

that the curves for the analytical results perfectly match
the curves obtained by simulations, which demonstrates the
accuracy of the result provided in Theorem 1. In Fig. 2(b),
the accuracy of the approximations developed in Theorem 2
and Corollary 2 is studied. As can be observed from the figure,
both approximations are accurate at high SNR. We note that
the approximation in Corollary 2 becomes less accurate as M
increases. This is due to the fact that the approximation in
Corollary 2 disregards the terms, Q,,, 0 < m < M — 1,
and Qpr41, and considers Qs only. When M is small,
such an approximation is accurate. But the gap between the
approximation and the actual probability becomes noticeable
when M becomes large. The fact that the curves for the
approximation in Corollary 2 are below the other curves is
also due to the same reason.

In Fig. 3, the impact of different choices for the target data
rate and the transmit power on the outage performance is stud-
ied. The figure shows that reducing the grant-free user’s target
rate can affect the outage probability more significantly than
reducing the grant-based user’s target rate. In addition, the fig-
ure shows that, for a fixed P, increasing Ps can improve the
grant-free user’s outage performance, i.e., a grant-free user can
improve its performance by increasing its own transmit power.
This is not true for SGF Scheme I since i;lcreasing Py deteri-

Polgl

orates the probability P <log (1 + m) < RO).
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Fig. 2. Accuracy of the developed analytical results. Pp = Ps, Rp = 1
bit per channel use (BPCU), and Rs = 0.9 BPCU. The curves for Analysis
are based on Theorem 1 and Corollary 1, the curves for Approximation I
are based on Theorem 2, and the curves for Approximation II are based on
Corollary 2.
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Fig. 3. Performance of the proposed SGF transmission scheme for different
choices for the transmit power and the target rates. For Rate Setting I, Rg =
1 BPCU and Rs = 0.9 BPCU. For Rate Setting II, Rop = 1 BPCU and Rs =
0.5 BPCU. For Rate Setting III, Rp = 0.5 BPCU and Rs = 0.9 BPCU.
M =5.

In Fig. 4, the performance of the proposed SGF transmission
scheme is evaluated under the condition that e;eq > 1.
As discussed in Remarks 3 and 7, the condition ezeq < 1
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Fig. 5. Ergodic data rate comparison of the three considered SGF transmis-
sion schemes. Rgp = 1 BPCU and there is no target data rate for the grant
free user in this case.

is important to avoid error floors. If this condition does not
hold, error floors appear, as shown in Fig. 4. However, we note
that the outage performance achieved by the proposed SGF
transmission scheme is still significantly better than those of
the two existing schemes. For example, for the case with
Ry = 1.5 bits per channel use (BPCU), and R; = 1 BPCU,
the proposed scheme can achieve an outage probability of
1 x 104, whereas the outage probabilities achieved by the
two existing schemes exceed 1 x 1071

In Fig. 5, the Ergodic data rate is used to evaluate the per-
formance of the considered SGF schemes. As can be observed
from the figure, the proposed SGF scheme outperforms both
existing schemes, particularly at high SNR, which is consistent
with the figures showing the outage probability. In addition,
Fig. 5 shows that the slope of the curves for the proposed
SGF scheme is larger than those of the two existing schemes,
which demonstrates that the proposed scheme can effectively
exploit multi-user diversity. An interesting observation is that,
for high transmit powers, the curves for SGF Scheme II
become flat, whereas the curves for the other two schemes
do not. This is due to the fact that the data rate achieved by

2
Scheme 1II is log (1 + %), which becomes a constant
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Fig. 6. Users’ admission probabilities for the proposed SGF scheme. M = 5,
and there is no target data rate for the grant free user in this case.

when both P and P, approach infinity. On the other hand,
once the grant-based user’s target data rate can be realized,
the achievable data rates for SGF Scheme I and the proposed
SGF scheme are of the form log(1 + Ps|h,|?), which means
that their Ergodic data rates are not bounded when P goes
to infinity, as confirmed by the figure. The performance gain
of the proposed scheme over Scheme I is due to the fact that,
when the grant-based user’s signal cannot be decoded correctly
in the first stage of SIC, the data rate of Scheme I becomes
zero, but the proposed scheme can still offer a non-zero data
rate by changing the SIC order.

Fig. 6 shows the grant-free users’ admission probabilities,
i.e., which grant-free user is admitted to the resource block
by the proposed SGF scheme, for different choices of Ry and
the users’ transmit powers. We first note that the admission
probability for grant-free user m is given by

Pm =P (Enm, R > Ruar), 21
for1<m < M —1, and
M—1
Py =Y P(Em, Ru < Rapir) + P (En) + P (Ep).
n=1

Fig. 6 shows that at low SNR, grant-free user M, the user
with the strongest channel gain, is preferred over the other
users, as explained as follows. At low SNR, the threshold
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P, 2
r(lgl?) 2 max {0, Joa

which means that Group 2 is empty, i.e., Fy happens. As a
result, grant-free user M is granted access. In addition, Fig. 6
shows that at high SNR, the users’ admission probabilities
become constant, and increasing Ry increases the admission
probabilities of the grant-free users whose channel gains are
weak, which can be explained as follows. By assuming Ps; =
Py — o0, Py, 1 < m < M — 1, can be approximated as
follows:?

Pm = P (Enm Rm,] > RM,II) — P (Em)

— 1} is very likely to be zero,

7(|g|? (|gI?
T:P(lhm|2< (‘|g5| )7|hm+1|2> (‘|g$| ))
lg? Kl
— P (|hm|2 < SR 1 |hm+1|2 > R0 1) (22)

which is indeed a constant and not a function of Py or Fp.
Since P,,, 1 < m < M — 1, are constant at high SNR
and E%zle = 1, Py must also be constant at high

SNR, as confirmed by the figure. By increasing Ry, 2,'%':

is reduced, and (22) indicates that P,, is increased for small
m, i.e., the weak users’ admission probabilities are increased,
as shown in Fig. 6.

V. CONCLUSION

In this paper, we have proposed a new NOMA assisted
SGF transmission scheme. Compared to the two existing
SGF schemes, this new scheme can ensure that admitting a
grant-free user is completely transparent to the grant-based
user, i.e., the grant-based user communicates with its base
station as if it solely occupied the channel. In addition,
the proposed SGF scheme significantly improves the reliability
of the grant-free users’ transmissions compared to the existing
SGF schemes. To facilitate the performance evaluation of the
proposed SGF scheme, an exact expression for the outage
probability was derived, where an asymptotic analysis was also
carried out to show that the full multi-user diversity gain of
M is achievable. Computer simulation results were provided
to demonstrate the performance of the proposed SGF scheme
and to verify the accuracy of the developed analytical results.

In this paper, Rayleigh fading is assumed for the users’
channel gains. An important direction for future research is
to carry out a stochastic geometry analysis by taking the
users’ path losses into consideration. In addition, we assumed
that the admitted grant-free user uses only one time slot for
transmission. In practice, the grant-free user may perform
retransmission and occupy the channel for a few consecutive
time slots. An interesting direction for future research is to
develop hybrid automatic repeat request (HARQ) schemes
for SGF transmission. We note that, in this paper, all users’
transmit powers have been assumed to be fixed. However,
the authors of [21] showed that both the reception relia-
bility and the energy consumption can be improved if the
grant-free users’ transmit powers can be carefully adjusted.

5Obtaining an exact expression for P, is not a trivial task since P, is
a function of four random variables, |g|?, |hm|?, |hm+1|% and |hps|?. The
fact that |hm|2, |hm-1]? and |has|? are not independent makes it more
difficult to analyze P,,, which is an important direction for future research.
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If both the grant-free users and the grant-based users are
willing to optimize their transmit powers in a coordinated
manner, it is possible to further improve the performance
of SGF transmission, which is an important direction for
future research. We further note that increasing the number
of grant-free uses can increase the achievable diversity gain,
but also makes the practical implementation of distributed
contention control more challenging. In particular, when there
are more users, the differences between the users’ channel
conditions might become smaller. Therefore, an important
direction for future research is to design sophisticated dis-
tributed contention control protocols that offer sufficient res-
olution and distinguish users with similar channel conditions.
Furthermore, another interesting future research direction is
to study the performance of SGF transmission for the case
when a grant-free user other than the most desirable one is
mistakenly selected due to imperfect contention control.

APPENDIX A
PROOF FOR THEOREM 1

The evaluation of probability @),, in (11) depends on the
value of m, as shown in the following subsections.

A. Evaluation of Qp,, 1 <m < M —2

In this case, probability @),,, involves three order statistics,
hms hm+1, and hpy, and can be expressed as follows:

Qm =P (Enm |g|2 > ]63_0710g (1 + R@|hm|2) < Ry,
0

s ) )
1 1+ ———— | < R,
og( Polgl? +1 )

Poeg tgl? — 1
= 25 o {P <|h’m|2 <, |hm+1|2 > %7
lgl > Py s
es(1+ Pylgl?
a2 < S T0IIE) |g|2>}, 23)
S

where £{-} denotes the expectation operation, and & =
: €. Poeg'lgl’—1

min {Fﬁ -

For the case 1 <m < M — 2, hy,4+1 and hy, are different.

As a result, there is a hidden constraint in (23) that the lower

bound on h,,1 should be smaller than the upper bound on
2 —1 2
6"(1+§°‘g‘ ) > Posg Fl)gl L We first note that whether

h]u, i.e., 3
e.(1+Ps)g?) > Poeg lgl*—
P

L holds depends on the value of g as
shown in the following:

es(1+ Polgl*) — (Poeg 'gl> — 1)

B . 5 5 (1—epes)Po
— (s — e HP, +es+1
(es —€o ) Polgl s >0, otherwise,
(24)

where the assumption that egeg < 1 was used. Furthermore,
we note that the following inequality always holds

eo(es + 1) €0
(1 —GQGS)PO PQ’

since (€5 + 1) — (1 — €s€0) = €5 + €569 > 0.

(25)
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Therefore, denoting the probability inside the expectation in
(23) by S, @y can be expressed as follows:
Qm = { m} + g { m}

az>g|?>an lg|?>

&, {Sm},

az>g|?>a0

(26)

where the last step follows by using (24).

For the case 1 < m < M -2, S,, is a function of three order
2, |hma1|%, and |hys|?, whose joint probability
density function (pdf) is given by [22]

fUunPJhm+1P|hNA2(x Y, 2)

= e ( )m 1 _y (e_y o e_Z)M—Tn,—Q e_Z
M—m-—2
- Z (M m‘2> (—1)ie™ (1 - %)™
1=
xe Ye~ M 1Y —iz e %, 27
M!

where x < Y <z and Nm = DM —m—2)1"

For a fixed g and by using the joint pdf shown in (27), S,
can be expressed as follows:

Sm
M—m—2

M—-—m-—2 i ¢ —r _pym—1
=3 ( Z ><_1) [era-e)
as (1+Po|9| )
X/YO \y\z 1
Ozb(lJrPolgl )
></ e~ D2 d2dyda.
y

With some algebraic manipulations, .S,,, can be calculated
as follows:

o (M—m—1-i)y

Sm

M‘z’”:‘Q <M —m— 2) i <m> (—1)i+Peps
= Nm . —

pr i =\p m((i+1)
y pzerlal® — s e—nslgl® - prae—H2191* —ype—nolgl®
M —m M-m-—1-—i ’

where p; = ML po = ((i—f—l)as—i-(M—m—
1 z) )Po, s — eMpgm iy = e—(i+1)(ys+(1\1—m—1—i)%s’
ps = e~ (M=m)as “and pg = (M —m)asPo.

Recall that @),,, can be obtained by finding the expectation

of S, for az > |g]* > ap, ie, @, = {Sm}
a2>\g\2>a0

We note that S, is a function |g|? via £. The complication is
that & can have two possible forms depending on the value of
lg|? as shown in the following:

. -1
a, if €5 < ag 'lg|* —

§= 19 aylgl? — .
w, otherwise

Py
« if [g|? > a3
= j_’llglu 9 . (28)

-, otherwise.
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It is important to note that ap < a3 < a9 always holds
since

€0 < eo(1+€s) < eo(1+es) . (29)
PQ PQ P0(1_€0€S)

Therefore, a key step for evaluating & {Sm} is to

as>|g|?>a0
calculate the following general expectation:
£ {e—pée—u\g\z}
az>|g|?>a0
a2 a1 aglo—1

= e P / e~ (UFmz gy —|—/ e P e (T gy
a1 Qo

=e g (o, az) +ePg,. - (v, ). (30)

By using the result shown in (30), @,,, can be calculated as
follows:

Qm
MEZ (M —m =2\ (1) < (m\, .,
> (" >m<i+1>pzo(p><‘”
" (ugsb(p,m)—usqﬁ(p, pe)  pad(p, p2) — pso(p, ;m))
M—m M-m-1-—i ’

(€19

The form in (31) is quite involved and cannot be directly
used to obtain a high SNR approximation later. In the follow-
ing, we will show that the expression of (), can be simplified.
In particular, @,,, can be first rewritten as follows:

Qm
= T
2 (5)c

" psd(p, 1) — psd(p, pie)
M —m

1P, p2) — s $(p, )
M-m-1-i )
(32)

which is obtained by absorbing ¢ + 1 into the binomial

coefficients (M;ﬁ_l). By letting [ = i+1, ), can be further
rewritten as follows:
Qm
M—m—1
_ —Tim Z M—-m-—1 (—1)l
m(M —m—1) — l
" /'m
<> ()
p=0 4
o (1300 1) =50, p6)  fad(py fiz) = psd(p, pis)
M—m M—m-—1 '
(33)
We note that the term [ = 0 can be added since
M3¢(p;#1) 159(p,ite) M4¢(Pv]lt;) Ms?(pyuﬁ) 0 for [ = 0.
—m m

We further note the fact that py, ps, ps and pg are
not functions of [. Therefore, by using the fact that
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1—o(=1D)(7) =0, some terms in @, can be eliminated.

In particular, @), can be simplified as follows:

M—m—1
- N M—-—m-—1 Y
Qm_m(M—m—l) ZZ(:) ( l >( 2
~ (M p Fa9(p, fi2) — psd(p; rs)
xpz:% p>( 2 M—m—1
) )
1=0 p=0
X (fad(p, fi2) — ps9(p; 1i6))
M—m m
© < > ny- ) )P fisdh(p, fiz),
1=0 p=0
(34)

where step (a) follows by absorbing M — m — [ into the
binomial coefficients, step (b) follows by using the fact that
>io(=1)!(7) = 0. Again, we note that in step (a), the term
Il = M — m can be added without changing the value of the
summation since i4¢(p, fiz) — psd(p, ue) = 0 for I = M —m.
Comparing (31) to (34), we note that the expression for @),
has been simplified.

B. Evaluation of Qnr—;
Recall that Qp;—1 can be expressed as follows:

Qpm-1 = 5 {P(|h1\/1 12 <g,

lg|2>
|2 > O401|9|2 -

|hr P,

L 2 < (1 + Polgl?) )}

(35)

Denote the probability inside of the expectation in (35) by
Sar—1. Again, by applying (24), Qar—1 can be expressed as
follows:

Q]\I—l = {SM—l}-

a2>\g\2>a0
Unlike S,,,, 1 < m < M — 2, Sp;—1 becomes a function
of two order statistics, |has_1|? and |hys|?, whose joint pdf is
given by
r (1 —e”

where z < y. By using this joint pdf, Sas_1 can be calculated
as follows:

iio (1— =)™~

(36)

x)J\I—Q -

Sihat—1 12, b2 (T, ) = Tloe™ e ¥, (37

—1 2
ag Tlglf-1
1 (e—J;ps _ eas<1+PogQ>>

S = M—1

:M—l M—-1 (_1)1 7)o o€
— 1 M-1

1=

X (61%6_“7‘9‘2 — e_(’"e_”slglz) . (38)
By applying (30), Qas—1 can be obtained as follows:
M—1 _
M—-1 i No
1= -1)* 39
= Y (M7 e (39)

=0

x (e oli, pr) — e~ li, ps) ) . (40)
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C. Evaluation of Q
Unlike Q.,, 1 <m < M —1, Qy is a function of hy; and
g. In particular, recall that ()5, can be expressed as follows:

Qu =P (log (1+ Psth|2) < Ry,

log 1+M < Ry, Eum |g|2>a0
P0|g|2+]_ Sy b)

= P (log (1 + P|hwm|?) < R, |hu|* < 7(lg*) P,
l9|* > ao), (41)

where the last step follows from the fact that P|hys|?
Py |har]?

Polgl?+1°
12
ag gt —1
Qu =P <|hM|2 < ag, |hy? < 22— — |P| g > a0>
S

—1 2
« —1
=P (th|2 < -0 U - |]‘g3| R

+P (|hM|2 < as, |g|2 > al) ,

Therefore, we can rewrite (Q,,, as follows:

a < lg|? < a1>
(42)
where we use the fact that oy < % is guaranteed if

|g|? > 1. By applying the fact that h5; and g are independent,
Qs can be calculated as follows:

aq oalfn—l M
Qu = / (1 —e  Ps ) e *dx
[e7s)

+ (1 - 6_("“)M e .

(43)

With some algebraic manipulations, Qs can be finally
expressed as follows:

M
M i i
Z(i)(_l) T

i=0

Qum =

(040,041)

M

+(1—e ) e ™. (44)

D. Evaluation of Qo

Qo is surprisingly more complicated to analyze, compared
to (Qps. Recall that Qg can be expressed as follows:

Py|hp|? )
=Pllog|14+ —/——F~——
o ( g( Polgl* +1
Poeg gl — 1 €0
T |? 0 2 _ o
< Rl > DO e 0
—1 2
o -1
=P (I < a(Rlgl + D P> 2192 g
> 0&0). (45)

Again, by applying the fact that the lower bound on |h/|?
needs to be larger than the upper bound on |k |? as discussed
in (24), the probability (Qy can be expressed as follows:

QOZ & {P (th|2 <as(P0|g|2+1)7|h1|2

ap<|g|2<asz
o)}

Denote the probability inside the expectation in (46) by Sy.
Sy is a function of two order statistics, |h1|? and |hys|?, whose

1
> Qg |9|
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joint pdf is given by

f‘h1|2,|h,]\/1|2($7y)
= fjpe” " (e_” - e_y)

M—2
= 7o Z(—l)"(M . Q)e“M‘l"'”“e—”*”y, (46)

M-2 _
e Y

for 2 < y. For a fixed |g|? and by applying the joint pdf, Sy
can be calculated as follows:

So
M-—-2
(M —2
= n —1 g
w3 (M)
as(Polgl*+1) . s (Polgl®+1) ]
X/—l‘ o e—(]\l—l—z)x/ e—(?,—i—l)ydydx.
agligl2— .

- @7)

With some algebraic manipulations, Sy can be expressed as

follows:
M—2

(M —2
So = 7 -1
0="To ;( ) < i >
e%e—mdﬂz _ e_M("“e_”ll‘g‘z
M(i+1)

M—1—i
(6 Py L*(“Fl)ase—uwlglz _e—MO(se—ull\g‘z)

48
Gr )M —1—4) , (48)
where 19 = aOLP and pu11 = MagPy, and pio = (Z +
g —1
DasPy+ (M —1—i)28—.
By applying the integration result in (30), Qo can be

expressed as follows:

Qo

— 7 f[;(—l)i(M 7

M _
X ePs g, (o, ) —e Mg, (0, 02)
M+ 1)

(e ML=t (it1)a ~Ma,

Gui2 (()40,042)—6 Guix (a07a2))

G+ 1)(M—1—9)

(49)

The expression in (49) is quite involved, and cannot be used
directly to obtain a high SNR approximation. In the following,
we will show that (49) can be simplified. First, the expression
for Q¢ is modified as follows:

Qo
~ M—2
Mo i M-—-1
- -1
v o ()
& —Mas
o [ €7 9mola0,2) — € Mo g, (o, o)

M

M—1—i_ . —
(e s ("H)O‘ng2 (g, 2)—e Masguu (cvo, 042))

(M —1-—14) ’
(50)
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which is obtained by absorbing ¢ + 1 into the binomial
coefficients. The expression for Qg can be further modified
as follows:

Qo

B _% Ail(—l)l <Mg_ 1>

=0

M _
X <6PS gu1o(040;042) —¢ ]wasgll«u (040,042)
M

M1 —(
! (6 Ps s (Oé(), OQ) —¢€
o,

(M —1)

Mil)asgﬂu (Oé(), QQ))

—e

(1)

which is obtained by substituting [ =7 + 1. We note that the
term [ = 0 can be added without changing the value of the
summation, since the terms in the second and third lines in
(51) cancel each other when [ = 0.

By using the fact that }_," ((—1)!(’}) = 0, Qo can be further
simplified as follows:

~ M—1

e ] (M ; 1)el%

=0

Qo =

M—1

X (e " Gins (aOa a2) - e—(]\l—l)as Jpa1 (040, a2)>

(M —1)

- M(J\ZO— 0 é(_l)l (Af)e_l%

l

M1 _ _
x (6 e i1z (Oé(), 0&2) —e€ (M l)(y,;gull (0&0, OQ)) ’
(52)

where the last step is obtained by absorbing (M — I) into
the binomial coefficients. In addition, we also note that
the term [ = M can be added since e 7= gj,, (ao, ) —
e~ M=lasg  (ag,az) =0 when | = M.

Again, by using the fact that ;" ((=1)'(7) = 0, Qo can
be further simplified as follows:

M

7o (MY —ta, At
v U (7)o e

Qo =

(53)
@nr+1 can be evaluated similarly to Qp; since both are

functions of hjys and g, and it can be expressed as follows:

O = P (1og (14 2N g o <o
M+1 g Polgl? + 1 5519 0

= . — e s
=0 v

1+ i0.Py
Therefore, by combining (34), (39), (44), (53) and (54),
the overall outage probability is obtained as shown in the
theorem and the proof is complete.

(54)
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APPENDIX B
PROOF FOR THEOREM 2

As discussed in the proof for Theorem 1, (), depends on
the value of m. Therefore, the high SNR approximations for
different @), will be discussed separately in the following
subsections.

A. High SNR Approximation for Q.,, 1 <m < M — 2

Among all the terms in (11), the expression for @Q,,, 1 <
m < M — 2, is the most complicated one, as is evident from
the proof of Theorem 1. First, recall @,,, can be expressed as
follows:

||
3\

i: (M m) li} (T;) (=1)Pfaod(p, fiz)
Ml'm) a0y (")

p=0

Il

P

3
~ i
o
/—\

% (ﬂ46_pasgﬂ2 (041, 042) + ﬁ46}%gﬂ2+ Pﬁxo (OéO’ 041)) ’
(55)

In order to facilitate a high SNR approximation, @, is
rewritten as follows:

Qm —nm/aazM m( )(—Ul

% (m>( 1)Pfige P e (i) gy

=
i ]\l m m m
S AD> ( )(—an ( )(—1)?
o =\ p
><ﬁ46P_567( +“2+T"0)xd$, (56)

By applying the approximation, e ~ 1 — x for z —
0 and also using the definitions of ji» and ji4, @,, can be
approximated as follows:

o [ L LTS D)o

p=0
—las— Py o P o (ledeo )xdx
oy M— m m m
i / ( ")y (0w
=\
xe s lPl eF e enco iz g, (57)
By using the fact that E?ZO(—l)l(?)al = (1 -a)m,

the approximation of ),,, can be further simplified as follows:

Qm M—
[ )

Xe—l(ys—P—’sef(les_leO zdl‘
M—m
* 1 __z \™M M-m
+ﬁm/ (1—61315 Psao) 3 < >(—1)l
o 1=0 !
Xe—lo(s—lp%gef(les_legl)xdx
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f<as+p%mﬁ51>x>) Mo

a2
= im (1—6—“5)’”/ (1—e
«

1

o1 1 z m
+ﬁm/ (1 - episipsuo)
@

0

x(l—e

A more simplified form of @,,, can be obtained by carrying
out the following high SNR approximations:

Qm
s 1 M—m
R T (1 - e’O‘S)m/ <as + F—f—(es - eal)x> dx

U “ 1 1 M=m
+P5m:;6n/ao (33 — ao)m(as—i-i—l—(es—eal)x) dl‘7
(59)

M—m

,<as+}%+(eﬁgl>x) dz. (58)

With some algebraic manipulations, the high SNR approx-
imation for (),, can be obtained as follows:

Qm
77 M—m M-m
X ), - M—m—i
~ —A;"Heg” Z ( , ) (es+1)7 " (65 — € 1)
P =0 !
~ ; _ M—
10y = (L4e)™! m Zm M
O Z+1 PM+1 0 — 7

M—m—i 1 | emtitl
X (es + coes) R I
(60)

B. High SNR Approximation for Qg

To facilitate the asymptotic analysis, Qg can be rewritten as
follows:
M

_ 7o (M e, et
@ = 3= () ) F anatene

~ M
1l M\ _ia,
“ s 20 ()

v e~ (Iti2)ao _ p—(1+f12)as

xe Fs -
1+ fi12
To carry out high SNR approximations, )y can be first
rewritten as follows:

M(]\ZO— 0 iw:(_l)l (AOGMS

=0

Mo [
Xe Ps (&
ap

~ M
_L M o —z_—Me: ta 1\ M
“ s [, (]

=0
xe ot ten=ea) gy, (61)

DHa = (1—a)™,

Qo =

(I+i2)z g,

By using the fact that ), ,(—
be expressed as follows:

_ o
0 # / ’ (1 - e*l(aﬁﬁ“ﬂ*ﬁalx))M dx
M(M —1) oo

Qo can

Qo =
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7o Mo [ 1 —1 M
~ me}’s . aS+E+€Sx_€O xr dx,
(62)
where the last step is obtained by applying the following
approximation, e~* ~ 1 — z for + — 0. By applying the
binomial expansion, )y can be expressed as follows:

o v LM 1\M
QO”M(M—ne“';(z’)(‘“E)

.oz
X (€5 — 661)%/ z'dx
87

0

- M M—i
_ o M M 1
—M<M-1>e*¥(z-)(%+ps)

¢

1=0
. i1 i+1
1yt Y «
x (es — €5 ") 2i+10 (63)

C. High SNR Approximation for Qn;_;
First, we recall that Q71 can be expressed as follows:

Ql\ifl

) ]:é; (MZ— 1> (_1)1-M773 1

O a1

v (6 e gy (on, a2) + €T eTr g,y i (a0, 1)

_efasefi!hgus (0417 Ozg) — eiasePLs Jus+ P:‘QO (0&07 Oél)) .
(64)

In order to obtain the high SNR approximation, we first
express QQps—1 as follows:

“f (Mz_ 1> (_1)i]\4ﬁi 1

g
X </ ePr e s = (1Hnn)e gy
o1

(&5} . .
1 3 _ i
+/ ePrePre T RET gy
«

Qri—1 (65)

—(yse—iase—(l-‘rus)xdx

@1 i i

By using the fact that ;" ((—=1)'(’}) = 0, Q-1 can be
further expressed as follows:

Qrr—1
= s (e ey [t
a

M—-1

a1 M1
1 A1 _ 1
+/ ePs (1—6Ps Psoox) e~ M) gy
«

0

[
_ _ M-1 _
e s (1 —e as) / e (1+0‘5P0)xda:
ay

ai 21, M-—1 1 P
o e~ Os (1 — ePs  Psag ) 67( +as O)Zdil,' .
a

i 67)
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Directly applying the approximation, e ~ 1 — x for
r — 0, to the above equation results in a very complicated
form. In order to facilitate the high SNR approximation,
we rearrange the four terms in the above equation as follows:

7 o NM—1
Qr-1 = Mil ((1—@ ‘“)

o
X (/ e (reiag)e _ eas(HasP‘))zdx)
a1

@ L1 M1
+ [ (1-eFmE)
«

0
% (ep%,*(lJr#ao)x_e—&s—(l-&-asPo)x) da?) )

By applying the approximation, e~"! — e~ %2 ~ x5 — x; for
21 — 0 and 22 — 0, Qp7—1 can be approximated as follows:

70 e\ M1
Qui— ~ == ((1=e7)
@2 1 1
X (/{yl (E — Psaox + o + aSP0x> dx)
[e51 1 1 M-—1
+/ (1-e )

0

1 1
B S GP .
X (Ps PsOéox + g + g oa:> da:) (68)

The approximation shown in (68) can be further approxi-
mated as follows:

Q1 ~ 7o (1 o)™t @1 v de
M-1 R L\ B s
o 11\ M-l 1
+/ (1 —ebs Psﬂox) X (— + as> dx)
[e75) P5

_770(1+6s)6§”*160(~ o E_s)
TP 1) (Gp —1 55)+M~

Following similar steps as for the approximation of @Q,,,
1<m < M —1, Qp can be approximated as follows:

Q

(69)

1
Qm ~ Wagvmey“ +al, (70)
0
and (Qps+1 can be approximated as follows:
1 M
Qm+1 ~ ayL (71)

Py(M +1)

By combining (60), (63), (69), (70) and (71), the high SNR
approximation for P,,; can be obtained and the proof for
Theorem 2 is complete.
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