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Abstract

In this paper we study the convergence in distribution and the local limit theorem for the partial sums
of linear random fields with i.i.d. innovations that have infinite second moment and belong to the domain
of attraction of a stable law with index 0 < o < 2 under the condition that the innovations are centered if
1 < a <2 and are symmetric if &« = 1. We establish these two types of limit theorems as long as the linear
random fields are well-defined, the coefficients are either absolutely summable or not absolutely summable.
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1 Introduction

For a sequence of random variables {&;};cza indexed by vectors in Z%, many statistical procedures produce

estimators of the type

i€zd



where {by; };eze are real numbers. To give an example, let us consider the nonlinear regression model

Y(z) = g(z) +n(z),

where g(z) is an unknown function and 7(z) is the random noise. If we fix the design points {x;}, ., where

I'? is a sequence of finite regions of Z%, we get
Y =Y (2;) = g(x:) +n(z:) = g(@i) + ni-

A nonparametric kernel estimator of g(x) is defined as

gn(@) = wni(2)Y; (2)
eld
with
nil) = S K (@ — ) /)’

where K is a kernel function and h,, is a sequence of bandwidths which goes to zero as n — oo. Define
gn(x) = Zier;{ wn,i(z)g(z;); then it is clear that, §,(x) — gn(x) is of the type (1). Moreover, if the noise
{ni}icze is given by a linear random field n; = 3 jeza @j&i—j, under the conditions that the innovations
are independent and identically distributed (i.i.d.) random variables with a bounded second moment, the
estimator (2) has been well-studied in the literature, see, e.g., Tran (1990), Hallin, Lu and Tran (2004), El
Machkoui (2007), El Machkouri and Stoica (2010), and Beknazaryan, Sang and Xiao (2019).

As we shall see later, another important example of statistics of type (1) appears in the study of the

partial sums
Sn=>_ Xi

ield

of the versatile linear random field {X;};cza, expressed as a linear combination

Xj= Y aibj (3)

iezd
with real coefficients {a;};cz¢, where T'? is a sequence of finite regions of Z<.

Under the condition E£2 < oo, the linear random fields in the form of (3) have been intensively studied
in the literature. Among the last decade contributions, we would like to mention first that Mallik and
Woodroofe (2011) studied the CLT for the partial sums of linear random fields over rectangular regions.
Lahiri and Robinson (2016) established a CLT for the sums over dilated regions. Sang and Xiao (2018)
extended the exact moderate and large deviation limit theorems studied in Peligrad et al. (2014) from
linear processes to linear random fields. Beknazaryan, Sang and Xiao (2019) established the Cramér type
moderate deviation for the partial sums of linear random fields. Recently, Fortune, Peligrad and Sang
(2021) proved a local limit theorem under some regularity conditions for the innovations and the sampling
regions. The authors of the above research considered both short range and long range dependence cases for
linear random fields with E &2 < co. Koul, Mimoto and Surgailis (2016) studied the goodness-of-fit test for
marginal distribution of linear random fields with long range dependance. For additional work in studying
the limit theorems of linear random fields under the condition that the innovation has finite second moment,
see, for example, the review in Lahiri and Robinson (2016) and Sang and Xiao (2019) and the references
therein.

On the other hand, a rather small number of papers treat the asymptotics of linear random fields when
the innovations do not have finite second moment, in particular, when the innovations belong to the domain
of attraction of a stable law with index 0 < az < 2. In the one-dimensional case, regarding the model (1),
Shukri (1976) studied the stable limit theorem under some specified conditions on the weights {b,; }icz.
Astrauskas (1983) studied the limit theorem and the functional limit theorem for linear processes in (3)
in the case where the coefficients have some specific form. Davis and Resnick (1985) established a limit
theorem for the partial sums of linear processes with 0 < a < 2 when the coefficients are at least absolutely
summable. Balan, Jakubowski and Louhichi (2016) studied the functional limit theorem for linear processes



when the coefficients are absolutely summable. McElroy and Politis (2003) studied the limit theorem for
the partial sums of linear random fields over one rectangle under the condition 1 < a < 2, the coefficients
are summable and the width of each side of the rectangle goes to infinity.

Our paper will deal with two types of results: convergence in distribution and local limit theorems for
the models (1) and (3) with innovation in the domain of attraction of a stable law with index 0 < v < 2. A
local limit theorem is a more delicate limit result than the corresponding convergence in distribution result.
More specifically, based on a convergence in distribution theorem in Shukri (1976), for the model (1) we
obtain a general local limit theorem that is applicable to the situation when the innovation’s characteristic
function might not be integrable.

The model (3) is very difficult to study and, as far as we know, concerning the local limit theorem, there
is no completed work in the literature even for linear processes (i.e. d =1 in our setting). As a matter of
fact, as mentioned above, the convergence in distribution has not been studied in its full generality and only
partial results have been developed for the convergence in distribution. For the model (3) we provide both
convergence in distribution and local limit theorem for random fields. In the case that the coefficients are
not absolutely summable, the domain of summation is a union of rectangles and our condition involves the
rate of convergence to infinite of the number of rectangles. Otherwise we only require that the normalizer
goes to infinity.

We refer to Petrov (1975), Dolgopyat (2016) and the references therein for a review on local limit
theorem of partial sums of independent random variables. It is remarkable that, in a recent paper, Fortune,
Peligrad and Sang (2021) studied the local limit theorem for linear random fields in the form of (3) under
the conditions that the innovations have mean zero and finite second moment.

The paper is organized as follows. We first introduce some preliminaries and notations in Section 2.
To prepare for the local limit theorems we present convergence in distribution results for random fields
in Section 3. Next, Section 4 contains our local limit theorems. We discuss some examples in Section 5.
Section 6 is dedicated to the proofs.

2 Notations and preliminaries

Throughout the paper we shall use the following notations. We use ¢ to denote /—1, the imaginary unit.
By ¢x(v), we denote the characteristic function of the random variable X, i.e.,

vx(v) =E (exp(twX)).

The notation = is used for convergence in distribution and also for convergence in probability to a constant.
For sequences of positive constants a,, and b,, the notation a,, < b, means that a,/b, is bounded; by
ap < b, we mean that the ratios a, /b, are bounded from below and above by positive and finite constants.
f(r) ~ g(r) means that lim f(r)/g(r) = 1 as r = oo or r — 0 depending on the context. We denote the
cardinality of a set " by |T'|. ¢4, C and C;,1 < i < 4 denote positive constants, which are independent of z,
t or n and may change values from line to line. The constant ¢, may depend on «.

Let {&;}icza be i.i.d. random variables in the domain of attraction of a stable law with index 0 < ar < 2
and E &2 = oo. They satisfy the following condition

i P> 2)

T—00 ;L'*O‘Ll(gj) =1 (4)

where L;(x) is a slowly varying function at infinity. When 0 < o < 2,

P(fo > {E) + and m —c as r — oQ. (5)

= e
P[] > ) P(|Sol > )
Here 0 <ct <landct +c¢ =1.
By (8.5) of Feller (1971), page 313, for 0 < a < 2,

lim 22P(|&] > ) :2—a
PLE@I(G <a) | a




Combining the two relations (4) and (6) we obtain

2—04L 92—
lim a: 1(2) = a

a=oo B (E51(|€0] < @) a

Let
b=inf{z>1:E(I(|&%| <)) >1}.

For 0 < a < 2, we define

L) = 20 m @] <) forw 2,

and L(z) = 2?%1;%% (€21(|¢o] < b)) for 0 < < b.

Also for o = 2, we define

L(z) =E(&1(1&| < x)) for z > b,

E (£2 (8)
(& I(J&ol <b)) for 0 <z <b.

Q
=}
o,
h
—~
8
~
Il

Remark 2.1 By this definition, for all 0 < a < 2, the function L(x) is slowly varying at infinity, the func-
tion x2~“L(x) is non-decreasing, continuous from the right and has left-hand limits, and lim,_, o 2?~*L(x) =
oo. In addition, lim, o L1(z)/L(x) = 1, L(x) > (max{b,2})*"%(2 — a)/a for 0 < a < 2 and in the case
a=2, L(z) > 1, limy—,c L1(2)/L(z) = 0 and L(z) = (1+ o(1)) [y t"*L1(t)dt as x — co. See page 313 of
Feller (1971) and page 83 of Ibragimov and Linnik (1971).

For the main results of this paper, we assume the following condition:

Condition A : E§y =0 if 1 < a <2 and the innovation &, has symmetric distribution if a = 1.
We apply the following convention throughout the paper.

Convention: For z =0, p > 0, |z|PL(1/|z|) = 0, because L(y) is slowly varying at infinity.

Under Condition A, the characteristic function ¢¢(t) of the innovations has the form

pe(t) = exp { = calt|*L(1/|t]) (L — tBT(e, 1)) } 9)
for ¢ in the neighborhood of zero, where ¢, > 0,

sgnt tan (ra/2), if a#1,
T(O"t):{ ’ (S ? ifozil

and B = c¢T — ¢ if 0 < a < 2. Notice that 7(c,t) = 0 if @ = 2. See, for example, Ibragimov and Linnik
(1971, Theorem 2.6.5) for the case a # 1, Aaronson and Denker (1998, Theorem 2) for o = 1.

We shall introduce some conditions on the innovations for the local limit theorem. Recall that a random
variable X does not have a lattice distribution if and only if |¢x (¢)| < 1 for all £ # 0. On the other hand,
the Cramér condition means that limsup,_, [¢x (¢)| < 1. It should be mentioned that X has a non-lattice
distribution whenever it satisfies the Cramér condition. The Cramér condition was also called strongly
non-lattice in Stone (1965).

For comparison purpose, let us recall some known results for linear processes. For i.i.d. random variables
{&}22,, which satisfy conditions (4), (5) and Condition A, let o, be a sequence of positive numbers such
that

nlP(|&1]| > opz) > 27 as n— oo forall z>0and 0 < a < 2.

The normalizing constant o, can also be defined as inf{x : P(|¢;| > x) < n~!}. In general, up to a constant
factor ((2 — a)/a if 0 < a < 2, see Feller, 1971), 02 can be chosen to satisfy

%Ef%[ﬂfﬂ <op,)—1, a3n—00,0< <2
o

n



Then, by Feller (1971, p. 580), we have the following limit theorem

o'y &= S (10)
=1

as n — 0o, where S is an a-stable random variable with characteristic function

E (exp(:tS)) = exp { — calt|*(1 — tB7(a,t)) } (11)

with the same ¢,, § and 7(a,t) as in (9). In the sequel, we will denote the distribution function of S by

G(-).
Under the conditions (4) and (5), for one-sided linear processes X; = >272, a;&j—i, S, = >_;_, X, Davis
and Resnick (1985) assumed that the real coefficients satisfy

> 5
g _0|ai\ < oo for some 0 <a, § <1,
1=

and proved that
a;l <Sn - nC, Zai> = (Z ai> S
i=0 i=0

asn — oo, where C,, =0if0<a<1and C, = ]E[§1](|§1| < an)] if 1 < @ < 2, and where S is a stable
random variable with index a. If Y ;2 a; = 0, then o;1S,, = 0. We remark that if, in addition, Condition
A holds, then S is the random variable S in (10).

3 Convergence in distribution for random fields

We mention that we can easily extend the results in Shukri (1976) to triangular arrays of random fields.

Let {cn; }ieze be real numbers. We shall introduce two conditions:

Condition (41): > |eni|*L(1/|cni|) = 1 as n — oo, where L(-) is defined in (7) or (8)
ez
and

Condition (A43): p, = sup; |cpi| = 0 as n — oo.

We consider a sequence {S,} of random variables with the form S, = . ;4 cni&. This model is a
specialized case of model (1) if we impose additional conditions on the coefficients {¢,;} such as Condition
(A1) or (Az). With a similar proof as in Theorem 1, Corollary 1 and Corollary 2 in Shukri (1976), we
formulate the following general result and mention one corollary.

Theorem 3.1 For 0 < o < 2, assume that innovations {§; }ieza are i.i.d. random variables in the domain
of attraction of an a-stable law. The innovations satisfy Condition A and have characteristic function (9).
The coefficients {cn:} satisfy Condition (As) and

lim Y en *L(1/|eni]) = ¢ (12)

n—r oo

1€Z%,cpn;i >0
ieZd,cm-<O

for some 0 < ¢ < 1. Then the sequence Sy, = ), ya Cni&i converges weakly to an a-stable random variable
with the form c*/*S" — (1 — ¢)'/*S", where S" and S” are independent o-stable random variables that have
distribution function G(-) and characteristic function (11).



Notice that the probability distribution function of the limiting random variable in Theorem 3.1 can be
represented as G(c™ Y/ - ) x (1 — G(—(1 —¢)~Y/*")) for 0 < ¢ < 1; it is G(z) for ¢ = 1 and 1 — G(—=z) for
¢ = 0. The following is a direct consequence of Theorem 3.1.

Corollary 3.1 For 0 < a < 2, assume that innovations {&; }ieza are i.i.d. random variables in the domain
of attraction of an «-stable law. The innovations satisfy Condition A and have characteristic function
(9). The coefficients {cn;} satisfy Conditions (A1) and (As). If either the innovations have symmetric
distribution or cp; > 0 for all n and i, then S, converges weakly to a random variable that has distribution
function G(-) and characteristic function (11).

Next, for the sake of applications we shall first study the normalized form of these results and provide
more flexible sufficient conditions on the real coefficients. These results will be especially useful for analyzing
the partial sums of linear random fields { X} ez« defined by (3), namely

Xj = Z azfj,i.

i€Z4

By the three-series theorem, the linear random field in (3) converges almost surely if and only if

> lai|“L(1/]as]) < o (14)

i€Zd

For the one-dimensional case d = 1, this statement can be found in Astrauskas (1983) and in Proposition
5.4 in Balan, Jakubowski and Louhichi (2016) for the case 0 < a < 2 and in the proof of Theorem 2.1 in
Peligrad and Sang (2012) for the case a = 2. The proof for the general d-dimensional linear random fields
is similar. With the same argument, the linear random field of the form (1) converges almost surely if and
only if for any n

> 1bnil “L(1/bi]) < 0. (15)

i€Z

For all the results in this paper, we assume condition (14) for linear random field in (3) and condition (15)
for linear random field in (1).

Let us normalize the linear random fields in (1). Recall the definition of L(z) in (7) and (8). For
0 < a < 2 define

Bp=infqa>1:Y (|bpl/z)*Llx/|bnil) <1 5. (16)
YA

By the definition of L(x), it can be shown that B, is a sequence of positive numbers such that

D (Ibuil /Ba)*L(Bu/|buil) = 1. (17)

€24

See the proof in Lemma 6.1. In the case o = 2, and E£3 = oo, Peligrad and Sang (2013) used the same
definition for the normalizer B,, for studying a triangular array of martingale differences.

For each 0 < a < 2, with ¢,; = by;/By, Condition (A1) always holds because of (17). Under the
assumption B,, — oo and {b,;} are bounded uniformly on n and i, Condition (A3) holds for ¢,; = by;/By,
and therefore Theorem 3.1 and Corollary 3.1 hold for linear random fields (1).

If lim sup,, sup;cza |bni| = 00, in Lemma 6.2, we shall provide sufficient conditions for Condition (As),
which are easier to verify. We first introduce the following notations, as in Fortune, Peligrad and Sang
(2021); see also Mallik and Woodroofe (2011). For a countable collection of real numbers {b;,i € Z%}, where
© = (i1, ...,9q), we denote an increment in the direction k by

Apbiy,.igsosia = Yin,in,esia = Bin,in—1,...



and their composition is denoted by A :
Ab; = Ay oAy o...0Agh;. (18)
For a collection of sequences {b,;,i € Z4}, define Ab,,; by (18) with b; replaced by b,; and denote
A, = sup |Aby;|.
iezd

Define

Pn = SUP |bnz|/Bn
i€z

By the first inequality in Lemma 6.2, p, — 0 as n — oo if A,, = o(B,,). Together with the above results
and analysis, we have the following limit theorem for the linear model (1).

Theorem 3.2 For the linear model (1) with i.i.d. innovations {& }icza in the domain of attraction of an
a-stable law (0 < a < 2), assume that the innovations satisfy Condition A and have characteristic function
(9), the B, defined in (16) satisfies B,, — 0o as n — co. In the case that imsup,,_, . sup;cza |bni| = 00,
we additionally require that A, = o(By).

1. If conditions (12) and (13) hold for c,; = bypi/ By, then S, /B, converges weakly to an a-stable random
variable with the form c'/*S"—(1—c)*/*S8", where S" and S" are independent a-stable random variables
that have distribution function G(-) and characteristic function (11).

2. If either the innovations have symmetric distribution or the coefficients by,; > 0 for all n and i, then

Sn/ B converges weakly to an «-stable random variable with distribution function G(-).

Now we study the linear random fields (3). Let T'¢ be a sequence of finite subsets of Z¢, and define the
sum
Sn= Y Xj, (19)
jerg
where X is a linear random field given in (3). With the notation
bpi = Z Aj—i, (20)
Jjerd

the sum S, can be expressed as an infinite linear combination of the innovations as in form (1). We still
have the definition of B, as in (16).

Similarly, by the analysis for linear model (1) with ¢,; = by;/ By, Condition (A;) always holds because
of (17). In the case that 0 < a < 1, the existence of (3) implies that ), ;. |a;| is finite and then {b,;}
are bounded uniformly on n and i. Then Condition (As) holds for ¢,; = by;/B,, if we assume B,, — oc.
Therefore with the condition B,, — oo, Theorem 3.1 and Corollary 3.1 hold for the partial sums of linear
random fields (3) in (19) if 0 <a<lorl<a <2and ), y4la;| < oco. We remark that, in order to have
the convergence theorems in these two cases, except assuming [I'?| — co as n — oo (which is due to the
requirement B,, — 00), we do not impose any other restriction on the shape of the regions F;il.

If1 <a<2and ),z la;| = oo, we require the index sets to be of the form
In
= J Tk, (21)
k=1
where {T'¢(k)}/", is a pairwise disjoint family of discrete rectangles in Z¢ and I'% (k) has the form

d
[Tl (), e (k) 0 2
=1

with n,(k) <7g(k), where 1 <£<d, 1 <k < J,.



By the second inequality in Lemma 6.2, notice that J,, = o(B%) implies p, — 0 as n — oo. Hence if
I <a<2and ), yala;| = oo, under the condition .J,, = o(B{), the generalization of Theorem 1, Corollary
1 and Corollary 2 in Shukri (1976), i.e., Theorem 3.1 and Corollary 3.1 hold.

In summary, we have the following limit theorem for the partial sums of linear random fields (3).

Theorem 3.3 For the linear random field (3) with i.i.d. innovations {&; }ieza in the domain of attraction of
an a-stable law (0 < a < 2), let S, be the partial sum defined in (19) and By, be defined as in (16). Assume
that the innovations satisfy Condition A and have characteristic function (9), and B,, — 00 as n — oco. In
the case that 1 < o < 2 and Y, cpa la;| = oo, we additionally require that the sets TS are constructed as a
disjoint union of J, discrete rectangles as in (21), where J, = o(B2), 1/p+ 1/q = 1, for some p > « if
1<a<2, andp=2if a =2. Otherwise no such restriction is required.

1. If conditions (12) and (13) hold for cn; = byni/By, where {b,;} are defined by (20), then S,/B,
converges weakly to an a-stable random variable with the form ¢'/*S" — (1 — ¢)Y/*S", where S' and
S" are independent a-stable random variables that have distribution function G(-) and characteristic
function (11).

2. If either the innovations have symmetric distribution or the coefficients a; > 0, for all i € Z¢, then
Sn/ By converges weakly to an a-stable random variable with distribution function G(-).

Remark 3.1 In Theorem 3.3, for 1 < a < 2, we can take p > « but arbitrarily close to oo. Then q¢ > 2 can
be arbitrarily close to af/(a — 1). If a = 1, the value of q can be taken arbitrarily large.

Let us compare our results with some available results in the literature.

In Theorem 2.1 of McElroy and Politis (2003), the authors only obtained the convergence theorem for
the partial sums of linear random field over one rectangle under the conditions: 1 < « < 2, the coefficients
{a;} are summable and min; n; — oo, where n; is the size of the rectangle in the i-th dimension. In the
present paper, we do not have such a restriction on the regions of the sums provided 0 < a < 1l,or1 < a <2
and ), 54 |a;] < co. The only condition for the weak convergence is B, — oo as n — oo. If 1 < a <2 and
> icza lai| = 0o, we obtain the limit theorems for the sums over a finite number J,, of non-empty pairwise
mutually exclusive rectangles, as long as J, = o(BZ) for some ¢ > 2 that is related to a. For our limit
results, we do not require the coefficients to be summable if the existence of the linear random field itself
does not implies it, as in the case 0 < o < 1.

The result in Theorem 3.3 is new even in one-dimensional case. Davis and Resnick (1985) studied
the limit theorem for the partial sums S, = 2?21 X of one-sided linear process under the condition the
coeflicients are summable. In Theorem 3.3, we do not require the coefficients to be summable. The sum is
not necessarily of the form S,, = Z?Zl X;. If 1 < a <2 and the coefficients are not summable, we require
that J, = o(B%). Otherwise, we only require that B,, — oo as n — oo.

4 Local limit theorems

4.1 General local limit theorem

First we prove a general local limit theorem based on characteristic functions. Let {S,,} be a sequence of
random variables and {B,,} be a sequence of positive numbers.

Theorem 4.1 Assume that

Sn . . ,
5= L, L has an integrable characteristic function and By, — oc. (22)
n

In addition, suppose that for each D > 0

lim lim sup/
T—oo n—o00 JT<|t|<DB,

E exp (mé") ' dt = 0. (23)

n



Then for any continuous function m on R with compact support,

lim sup |BuEm(S, +u) — fz <—B“n> / m(t)A(dt)’ o, (24)

n—oo uER

where X\ is the Lebesgue measure and fr is the density of L.

Remark 4.1 Since L has an integrable characteristic function, by Billingsley (1995) page 371 we know that
the limiting distribution has a density.

Remark 4.2 By decomposing the integral in (23) into two parts, on {T < |u| < 6B,} and {dB, < |u| <
DB, }, and changing the variable in the second integral, we easily arque that in order to prove this theorem,
it is enough to show that for each D fized there is 0 < 6 < D such that

Sn B
Eexp (LtBn> ' dt =0

(D2) lim Bn/ |E exp(etSy,)|dt = 0.
6<|t|<D

(D1) lim lim Sup/
T—o00 n—00 T<|t|<Bnd

and

n—oo

By taking u = 0in (24), as in the proof of the classical Portmanteau weak convergence theorem (Theorem
25.8 in Billingsley, 1995), we obtain:

Corollary 4.1 Under the conditions of Theorem 4.1 we also have for all a < b,

lim B,P(a < S, <b)= f-(0)(b—a).

n—oo

4.2 Local limit theorem for linear random fields

We first consider the normalized form of the general linear random field (1). This field has the form
Sn =Y icza bni&i where {by;} is a general sequence of constants and does not necessarily has the form (20).
We define B,, as in (16).

Recall that p, = sup;cga |bni|/Bn. We have the following local limit theorem for model (1).

Theorem 4.2 Assume that the linear random field (1) has i.i.d. innovations {&;}icza in the domain of
attraction of a stable law with index 0 < o < 2, B, — oo and p, — 0 as n — co. The innovations satisfy
Condition A and have a non-lattice distribution. If limsup,, _, ., Sup;cza |bni| = 00, we further assume that
the innovations satisfy the Cramér condition. Otherwise these additional assumptions are not required.
Then, under the conditions for each of the two cases in Theorem 3.2, for any continuous function m on R
with compact support, (24) holds with L being the limiting a-stable random wvariable in Theorem 3.2.

Notice that if lim sup sup |b,;| < o0, p, — 0 automatically since B,, — co. In the case that lim sup sup |by;|
n—oo iezd n—oo ezl

= 00, by Lemma 6.2, we can replace the condition p, — 0 by A, = o(By,).

As an application of Theorem 4.2, we derive the following local limit theorems for the linear random
fields in (3) with the short range dependence and long range dependence, respectively.

Theorem 4.3 For the linear random field (3) with i.i.d. innovations {&; }ieza in the domain of attraction of
an a-stable law (0 < a < 2), let S, be the partial sum defined in (19) and By, be defined as in (16). Assume
that the innovations satisfy Condition A and have a non-lattice distribution, ), ;4 |a;| < oo and B, — oo
asn — 00. Then, under the conditions for each of the two cases in Theorem 3.3, for any continuous function
m on R with compact support, (24) holds with L being the limiting a-stable random variable in Theorem
3.3.



The next theorem deals with the case when the sum of the coefficients are divergent. In the case where
0 < a < 1, the existence of the linear random fields implies ), ;4 |a;| < 0o, a case which we have already
treated it in the above theorem. Recall that £ has a non-lattice distribution whenever it satisfies the Cramér
condition.

Theorem 4.4 For the linear random field (3) with i.i.d. innovations {&}ieza in the domain of attraction
of an a-stable law (1 < o < 2), let S,, be the partial sum defined in (19) and B, be defined as in (16).
Assume that the innovations satisfy Condition A and the Cramér condition, ) ; ;. |a;] = oo and B,, — o0
asn — 0o. The sum S, is over J, non-empty pairwise mutually exclusive rectangles in Z¢ with J,, = o(BY),
1/p+1/g=1, for somep > aif l <a <2, and p=2 of « =2. Then, under the conditions for each of
the two cases in Theorem 3.3, for any function m on R, which is continuous and has compact support, (24)
holds with L being the limiting a-stable random variable in Theorem 3.3.

Remark 4.3 The two theorems give us local limit theorems for linear random fields with innovations in the
domain of attraction of a stable law under some reqularity conditions for the innovations and the coefficients
as long as the linear random fields are well defined. In particular, if 1 < a < 2 and the coefficients are not
absolutely summable, the local limit theorem holds for the sums over a sequence of regions T'e which is a
disjoint union of discrete rectangles. In application it allows us to have disjoint discrete rectangles as spatial
sampling regions, and the number of these disjoint rectangles may increase as the sample size increases. In
particular we may have (szl[ﬂk,ﬁk]) N Z% where n;, = my, for some k’s. So we may have a single point
region if the equality holds for all k’s. The local limit theorem is new also for d = 1. Furthermore, we

have the freedom to take the sum over J, blocks of random wvariables as long as it satisfies the condition
Jn = o(BY) for g > 2.

In fact, with the method of proof as in Theorem 4.2 and Theorem 4.3, we can improve the local limit
theorem Theorem 2.2 in Fortune, Peligrad and Sang (2021) for linear random fields when the innovations
have finite variance. Condition (9) there can be improved to .J,, = o(B2). For completeness, we state the
local limit theorem in this case below.

Theorem 4.5 For the linear random field defined in (3), assume that the innovations & are i.4.d. ran-
dom variables with mean zero (E€; = 0), finite variance (E&7 = of), and non-lattice distribution and the

collection {a; : i € Z} of real coefficients satisfies

E a2 < 0.
iezd "

Let S, be defined as in (19) or its equivalent form (1) and assume that By, = Var(S,) = O’? S iepa b2 — 00
In the case ), ya las| = 0o, the field has long range dependence, we additionally assume that the innovations
satisfy the Cramér condition and that the sets T9 are constructed as a disjoint union of J,, discrete rectangles
with J, = o(B2). Under these conditions, for any function m on R which is continuous and has compact
support,

lim sup
n— oo uweER

:07

V21 B, Em(S, +u) — [exp(—u®/2B2)] /m(m))\(d:ﬁ)

where X\ is the Lebesgue measure.

5 Examples
In this section, we provide some examples to illustrate applications of the main results of this paper.

Example 5.1 (Doubly geometric spatial autoregressive models) Suppose that d = 2 and {&;, 4,, (i1,42) € Z*}
are i.i.d. random variables in the domain of attraction of a stable law with index 0 < o < 2. For any
1= (il,ig) S Z2, let

Xi=Xi 0 = 0X5 14, +0Xi1in—1 — 0pX4, —1,00—1 + &y ias (25)
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where || < 1 and |p| < 1. By using the back-shift operators B; and Bs respectively in the horizontal and
vertical directions defined by
Blgil,iz = §i171,i2; B2§i1,’i2 = gil,i2717

we have

Xiy i, = (L= 6B1) ' (1 — pB2) "¢, 4,

[SSIENe'S)

_ § § Jipd2e.

- ¢ p] 511—]1712—12'
J1=072=0

Thus, {X;,i € Z?} is a linear random field with coefficients a;, ;, = 671p2 (j1, j2 > 0) which are summable.
When the innovations have finite second moments, this model was introduced by Martin (1979) as an
analogue in the spatial setting to the classical AR(1) time series. For more information on this and more
general stationary spatial MA and ARMA models with second moments and their statistical inference one
can refer to Tjostheim (1978, 1983), Guyon (1995), Gaetan and Guyon (2010), Beran et al. (2013).

Extension of the spatial model (25) to the setting of heavy-tailed innovations can be justified by the
convergence criterion as in (14).

For any integer n > 1, let I'2 = [0,n]? N Z2. Then for every i = (iy,i2) € Z2,

bni = § : Ajy —iy,jo—iz

(J1,J2)€T?,

X iimiive e 02T, i Sny iy <o,
0, otherwise.

if iy <m, iz <n,

-0 1—p )

pli1V0)—iy (1—6m+1) pli2v0) =iz (1—pn+1)
0, otherwise.

In the above, i1 VO = max{i;,0}. Obviously, the coefficients {b,;} are uniformly bounded in n and ¢ = (41, i2).
To determine the size of B, we assume L(-) = 1 for simplicity. Then

1/a

1€Z?

n

n 1/«
(1_9)1(1—p>< > X [0“”0“1(10"“>]a[p<i2v0“2<1P”“”“) |

2'1:7001-2 —
We break the summation ) " ____ into ;1:700 + >4 _o- Notice that
=< (i1V0)—i 41 o 41
gli —ii(] _ gn @ _ 1— 6" e
) Z [ ( )] 1 _ ga( )
11=—00

and the second sum is
n

S A=0mTHY = (n+ 1)1 -0

i1=0
Hence, we derive B, ~ (1 —60)"'(1 — p)"'n*® as n — oc.
Example 5.2 (Spatial fractional ARIMA models) For d = 2 and constants 81, 82 € (0,1), as a special case
of the following spatial fractional ARIMA model:
®(B1,B2)X; = U(By,By)(1 — By) 7 (1 — By)2¢;, i = (iy,149) € Z2, (26)
where ® and ¥ are polynomials of two variables, we take ® =1 and ¥ = 1. Then

— L +51))< — T'(j +52)>&M2

= TGB! = T(62)5!

= E @jy 32 &iv—j1,in—ja>

o 2
(J1,J2)€Z3

X=X, = <

11



where T'(+) is the Gamma function, ZE_ is the set of pairs of non-negative integers and the coefficients

0o = LG+ B)T( + B2)
o L(B)T(B2)sld2!

It follows from Stirling’s formula that a;, ;, satisfy

(j1,J2) € Z3.

B1—1 -B2—1 . .
aj, gy ~ Ci iR as i, jo — oo

The linear random field {X;,i € Z?} in (26) is an extension of of the fractional ARIMA time series with
ii.d. stable innovations considered by Kokoszka and Taqqu (1995) and Kokoszka (1996). A similar time
series with finite second moment was considered by Dedecker, Merlevéde and Peligrad (2011), among others.
One of the important properties of fractional ARIMA time series is long-range dependence; see, e.g., Beran,
et al. (2013) for more information. However, studies of fractional ARIMA random fields have not been well
developed.

In order for (27) to be well defined, we assume 51, 32 € (0, 1) satisfy
(1-PBr)a>1, for k=12,
which also requires « € (1,2].

For any integer n > 1, we consider the index set I'2 = [0,n]? N Z2. Then, under the conditions stated
above, for every i € Z2,

bni = E : Ajy —iy,jo—ia
(41,32)€T3

. . _1 . . _1 . . .
- { C Y iv0<is <nigvo<ip<n (1 — i) (ja —i2)P2 7Y, if iy <nyip <m,

, otherwise

N { 35 [ —i)? — (=) 7] [(n —i2)® — (=ia) ], if i1 <nyiz <,

, otherwise

as n — oo. In the above, (—i1)y = 01if i3 > 0 and (—i1)4 = |i1] if i3 < 0.
Furthermore, under the additional assumption L(-) = 1, we can verify that

1/«
B, = ( Z |bni|a>

iE€Z2

1/«

11<niz<n

N C
B152

2
~ nPitheta ,

as n — 0o, where the constant Cj is given by

1/«
C 1 N 1 X
= 6152</_ (=)™ = (=) dw-/ [(1— )% — (—2)%] d:c) ,

o —00

where ;1 = max{z, 0} for all z € R.

The models in the first two examples satisfy the conditions for the main results in Section 3 and 4 and
then we have the convergence in distribution and local limit theorem. It is also clear that the two models
can be readily extended to the case of d > 2.

Example 5.3 (Linear random fields with isotropic coefficients) For any i € Z%, let a; = ||i|| ~” where 8 > 0
is a constant and || - || denotes the Euclidean norm. Obviously, we have that

12



(1) ﬁ S d <= Ziezd |CL1| = 00,

(i) af >d ==} czalai|*L(1/ai]) < o0,

and by; = 3 icra @j—i = > jera 17—l 77

In order to determine B,,, we assume L(-) = 1 (for simplicity) and
T ={k=(k1,....ka) €Z: |ky| < e, 1 =1,2,...,d},

where ¢, > 0 (I =1,...,d) are constants. Denote by I = Hle[fq, ¢;] the corresponding rectangle. Then
we have

By = (Z |bm|a)1/a = (Z >0 —z’||ﬁja)1/a

iezd i€2e  jerg
o 1/«
-n~4.nd (28)

=nt7. <Z > li/m—i/n)=" 0

i€Z4 ' j/nel
« 1/a
dy) .

_ a _
R4 I

By splitting the integral in y over J = Hld:l[—ch, 2¢;] and R4\ J, we can verify that

/ \ AR
Rd I

Therefore, when 8 < d < a3, we have B, ~ Cin(+® 4=8 which shows that the effect of “long memory”
index 8 on the normalizing constants B,,. It follows from the first two lines in (28) that sup |by;| ~ Cond=5.
i

dy < oo <= f<d and af >d.

Example 5.4 (Linear random fields with anisotropic coefficients) For any i € Z%, let a; = (Zle |il|Bl)_7,
where (1,...,Bq and «y are positive constants. An important feature of this model is that, if ||¢|] — oo along
the Ith direction of Z?, then the rate of a; — 0 is |i;| 7. This class of linear random fields is an extension
of the model in Damarackas and Paulauskas (2017), where linear random fields with symmetric a-stable
innovations were considered.

It is elementary to verify the following statements:

d - d
Sz [ (Ylat) dndrmo <3 g
(Leo)® \y2y

i€Z4 =1

and
d

> () (S ) <

i€Zd N l=1 =1

d
oy > Zﬂfl ==
=1

In the following, we consider a family of index sets 'Y which are formed by rectangular lattice points
that matches the anisotropy in {a;,i € Z%} and determine the rates of B,, — oo. For simplicity we assume
again that L(-) = 1.

For any integer n > 1, let T'Y C Z? be the set of rectangular lattice points defined by
rd = {k‘ € Z%: |ky| < nt/P for = 1,...,d}.

Notice that |I'¢| < sz=1 n'/B = n?, where Q = Zle B;'. Moreover, the volume of a rectangle of side
lengths n= /8 (1=1,...,d) is n=@

13



Now we determine the rate of B,, — co. Since

d ¥
bui= Y aj-i= Y <Z|jl—iz|ﬁ”) )
=1

JETE JETE
we have
a e 1/«
B, = (E]ﬁ—mﬂ)
1EZd =1
1
d Bi\ = o ol® /e
_ .Y .onTw .
- d (ZZ nl/ﬁl nl/BL > " " "
i€EZ =1 (29)
1/«
o o d Bi\ — Qa o
=npl@rta . .n- on”
- SIS (|- ) e
€2 jerd =1
d — o l/a
~ Qe / /<Z|xl_ylﬁz> dz| dy
RN

as n — oo, in the last line, I = [~1,1]%. For the last integral in (29), it can be verified that

d —y «
/ (Zm _yl|61> dx
R4 I =1

Hence, under the condition ary > 27:1 5[1 > v, we have B, ~ an(Ha_l)Q*V which also shows that the
effect of “long memory” on the normalizing constants B,. From the first two lines in (29), we can derive
that sup |b,;| ~ Cyn9~7.

i

dy < 0 <= av>Zﬁf1>'y.
1=1

6 Proofs

Proof of Theorem 3.1.

The proof is same as the proof of Theorem 1 in Shukri (1976). For readers convenience and completeness,
we provide the proof below. We can select § with || < 7a/2 (0 < a<1),0 =0 (a=1)and |f] < (2—7)a/2
(1 < a < 2) and adjust the constant ¢, > 0, then rewrite the characteristic function in (9) as

pe(t) = exp { — calt|*L(1/]t]) exp((sgnt):d) }
for ¢ in the neighborhood of zero. This is because |§| < 1 and
exp((sgnt)d) = cos O(1 + ¢ tan Osgnt).

Then the characteristic function of S,, can be written as

t) = T welten)

€24

=exp{ —Colt]” Z |cni|* L(1/|tcni]) exp((sgnt)(sgney; )eh)
i€zd

L(1/[tenil)

=exp{ —Co|t|” Z |cm|aL(1/|0m|)m exp((sgnt)(sgney,; )

ieZd

14



By (12), (13), Condition (As) and the definition of slowly varying function at infinity, for any 0 < ¢ <
1, we can find N € N, such that for all n > N, c(1 —¢) < 3774, ~olcni|“L(1/[cni]) < c(1 +¢),
(1 =01 —¢) < Xicgae, <olenil*L(1/|eni]) < (1 —¢)(1 +¢€), and for all n > N and all i, we have
1—e < L(1/|ten:|)/L(1/|enil) < 1+ €. Since 0 < € < 1 is arbitrary, we have

lim @g, (t) = exp {—cqc|t|” exp((sgnt)ih)} exp {—ca (1 — ¢)[t|* exp(—(sgnt)h)} ,
n—00
and then
Sn = cl/aS/ _ (1 _C)l/()csl/7

where S’ and S” are independent a-stable random variables that have the same distribution as S in (10)
and the characteristic function as in (11). m

Lemma 6.1 The quantity B,, defined in (16) satisfies (17).

Proof. By the definition of B,,, for 0 <e < 1

D (1bnil /(Ba = €))*L((Ba = &)/ bual) > 1,

€2

and because 12~ *L(x) is increasing

> (1buil/ (Ba = €))*L((Bn — &)/ buil)

i€Z4

= > (bl /(Bn = ))? [((Bn = ) /1bi)* " L((By — €)/bwil)]
i€Z4

< Y (bl /(B = €))*(Bu/[bnil)*~“L(By/|buil)
i€Z4

= (Bu—=2)"" Y ([bui))*(Bu/[bnil)* * L(Bn/ [bns])-

i€Z4

By letting € — 0 we obtain

Z (|bni‘/Bn)aL(Bn/|bm'|) > 1.
iezd
On the other hand, by the definition of B,, there is a sequence x,, = x,,(n), which is decreasing to B,, such
that
Z (|bm|/xm)°‘L(xm/|bm|) <1
A
By the Fatou’s lemma and the right continuity of L, by passing with m — oo
S (bil/Ba)* L(Bu/lbuil) < Tim_inf 3™ (Ibuil/21n) L/ o) < 1.
i€z? iezd
This proves (17). m

In the stable case, we have the following lemma paralleling to Proposition 2 of Mallik and Woodroofe
(2011). Tt is required in the proof of Theorem 3.2 and Theorem 3.3.
Lemma 6.2 For any p > max{l,a} if 0 < a < 2, and p = 2 if a« = 2 and EE2 = oo, take q with
1/p+1/q = 1. For the linear random field in the form of (1), we have
pn < 291(A/Bn)Y P L AL /B, (30)
For the linear random field in the form of (3), if the sum is over T'e, which has the form (21), then

A, < 241/ (31)

and hence
pn < 2U(T3/9 B, 92 e B, (32)
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Proof. For the ease on notation, we only prove the results for the case d = 2. In this case, by (18),
Abij = bij—bij1 —bi-1j+bi1;-1.

Suppose that sup;czz [bni| = sup,. sz |brs| occurs at |by, s,|. Following the line in Mallik and Woodroofe
(2011), we have

ro+r so+s

bT0+T750+S - bT0780+S - bToJrT,So + bTO;SO = E E Abu,v (33)
u=rg+1v=s9+1

for r,s > 1. For m > 1, let
Qm=3.2. 2. D 1Abul. (34)
r=1s=1u=rp+1v=sp+1

Putting (33) and (34) together, we have

T0750 Z (‘bro-&-r,So-i-S‘ + |bro780+8| + |bro+T750|) + Q- (35)

r=1s=1

First we consider the case @« = 2. By Remark 2.1 and Cauchy-Schwarz inequality, we have

Z Z |bro+r,s0+s| < m <Z Z |bro+r,80+8|2>

r=1s=1 r=1s=1
1/2
< mB, <ZZ |b,.s|/Bn)?L(B /brs|)> = mB,.
r€Z SEL
In the case 0 < a < 2, for 0 < € < A to be decided later, we write
Z Z |bro+r,30+5| = Z Z |b7"0+7"750+5|I(Bn/|b7"0+7"750+5‘ > A)
r=1s=1 r=1s=1
+ Z Z |bro-+r,50+5 1 (Br/|bro-tr,50+s] < €)
r=1s=1

Z |bro-+r,50+51L(€ < Br/|bro4r,s0+s| < A)

I+II+III

By Holder’s inequality, applied with p > max{1, a} we have for ¢ satisfying 1/p+1/q¢ =1

m m 1/P
1 < m2/q (Z Z |b7‘o+r,80+s|pI(Bn/‘bro+r,80+s| > A))

r=1s=1

1/p
<m?"B, <Z S (brel/ Ba) (B 1] > A>> :

r€Z s€EL

By the properties of slowly varying functions, there is A > 0 such that uniformly in r, s and n
(Bn/[br,s|)* " PI(Bn/|br,s| > A) < L(Bn/|by.s|)-

By (17),

1/p
I <m®B, (Z Zubm/BnWL(Bn/wnsn) = m?/B,,.

r€Z s€EZL
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To treat I, note that by the definition of L(x) in (7), L(x) is a constant for < b. Therefore there

exists a sufficiently small € > 0, for all x < € we have

z %L(z) > 1

Then, if B,,/|b,s| < €, we have (|b, 5|/ B,)*L(By/|brs|) > 1. Recall that B, satisfies (17). Clearly for this

selection of €, we have

IT = ZZ |bro-+r,50+5 L (Bn/|bro+r,s0+s| <€) =0

r=1s=1
To treat I11, by the definition of L(z) in (7), we choose A > b and have
L(z) > A*?(2—a)/a:=Ms >0

fore<z<A. So
L(By/|brs|) > M4 for e < B, /|br s| < A.

We apply again Hdélder’s inequality,

1/p
111 <m?*B, (Z Z('br,sVBn)pI(e < B /|brs| < A))

r€Z s€L

1/p
ém”an< SN (bl /B LB by o) (eSBn/br,ASA))

TGZ SEZL

DN

reZ s€Z

1/p
<m?1B, < ) L(B n/|brs|)> < m?1B,,.

By the above estimates of I, IT and I1] we obtain

>

| ro+r,So+S| < mQ/QBw

Ms

r=1s=1
Similarly,

m m
Z Z |b7’0,80+5| < m1+1/an,
r=1s=1

and
m m
Z Z |bT0+r,so‘ < m1+1/an-
r=1s=1

So

M2 |byy 50| < M TVIB, + Q.

By (35) and the above considerations we have

_ |b7’0730| g Qm
Pn = B, K ma + mQBn.

Notice that in (34),

ro+m sotm

Qm Z Z (ro+m~+1—7)(sog +m+1—5)|Ab,. | <m? sup|Abrs|

r=ro+1s=sg+1

Then, recalling our notation A,, = sup,. ; |Ab, 5|, we obtain

1+m2An I +m2An
B"L BYL

1
Pn K ma
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Denoting now by [z] the smallest integer that exceeds z and letting m = [(B,/A,)P/*+V] and M =
(B /AP 2P+ | we have

pn < (An/B)Y ) L 2(M? + 1)A,, /B, = 3(A, /B, @) L 2A /B,

In the d dimensional case,

miA,,
B,

pn<<m_%+

Let m = [(B,/A,)P/ ()] and M = (B,,/A,,)P/ (4D we have

Pn < (An/Bn)l/(dp—H) + 2d—1(Md + 1)An/Bn
_ (2d—1 + 1)(An/Bn)1/(dp+l) + Qd_lAn/Bn
< 2(An/Ba) @) 4 A, B ).

This proves (30).

Now we prove (31) for linear random field defined in (3). By the linearity of A and the definition of I'2,
we have

JIn
Abr,s = A|: Z au—r,v—s:| = A[Z Z a’U—Tﬂ)—S:l

k=1 (u,v)er?2 (k)

For each k € {1,2,..., J,}, we have

A L Z a'u—r7v—s:|

u,v)€er? (k)

= O, (k)—r,ny(k)—s — Q@1 (k) +1)—r.n, (k) —s T Q@ (k)+1)—r,(a (k) +1)—s ~ Gn, (k)—r, (72 (k)+1)—s-
See Fortune, Peligrad and Sang (2021) for the detailed calculation of the above formula. Hence, by Hélder’s
inequality,
JIn

Z(agl(k)fr,ﬂz(k:)fs - a’(ﬁ1(k})+l)f’l‘,ﬂ2(k)78 + a(ﬁl(k:)+1)7r,(ﬁ2(k)+l)fs - aﬂl(k)fr,(ﬁz(k:%kl)fs)
k=1

< 4JYa|, for all 7, s,

|Ab, 5| =

where |||, = (3;cz4 |a;|P)1/P. Therefore A, < 4J3/9. This proves (31) for d = 2.
Similarly, in the d dimensional case, we have
A, < 241/

hence (31) holds. Finally, it is clear that (32) follows from (30) and (31). This completes the proof. m

Now we prove the main theorems in Section 4.
Proof of Theorem 4.1.

The proof is based on the study of the characteristic function of the sum S,,. According to Lemma 4.5
and arguments in Section VI.4 in Hennion and Hervé (2001) (see also Theorem 10.7 in Breiman (1992) and
Section 10.4 there), it suffices to prove (24) for all continuous complex valued functions g defined on R,
lg] € L*(R) such that the transformation
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() = [ e glois
R
has compact support contained in some finite interval [—M, M].

The inversion formula gives:
1
o) = 5= [ et ds

Therefore, employing a change of variables and taking the expected value

1 . t t Lt
Bl + 0l = 5 [ 0( ) e () e () @

where we used the notation

ox(v) =E (exp(twX)).

By the Fourier inversion formula we also have

fe(—u) = %/Lpg(t) exp(utu) dt
and then
Ic (—gﬂ) = ;ﬂ /«,oﬁ(t) exp (gj) dt.
Therefore
o [B E [g(S, +u)] — fﬁ( n)/ﬂ{g@m}
:/§<Btn> PS5, < ) exp <Bn> dt— @g(t)exp (g:) dt/Rg(x)da:.
So

Eg(S +w)] — fe (;) [ stayiz
</ ]g (Bt) os, (;) ~pelt) [ gla)ds

By adding and subtracting g( )90,;( ), using the triangle inequality and taking into account that ¢ vanishes
outside [—M, M| we bound the last term by

/t|§MBn g (BZ) ©s, (;) -3g (;) @ﬁ(t)‘ dt
+ i () et = eeto [ ataras

In < [9]]0e / stfn(t)—w(t)\dH/ P sa (t) — pr(t)|dt
< Bn T<|t|<MB, Bn»

s||g|oo(/ o5 (0= pe0ldi+ [ ogn 0ldt+ [ |mt>|dt>.
|t|<T n T<|t|I<MB,, n T<|t|

Because S,,/B,, = L, and ¢ (t) is integrable, I,, converges to 0 provided condition (23) is satisfied. The

second term .
g (Bn> - /Rg(x)dx

converges to 0 because g is continuous and bounded, g and ¢, are integrable and B,, — co. We obtain

dt.

dt = I, + IT,.

1, < e (t)]dt
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— 0, asn — o0

sup | BLE [g(5, + )] - fe (—g) | starda

provided
lim limsup/ |p s, (B)|dt — 0.
T—o0 n JT<|t|<MB, Bn

[

Proof of Theorem 4.2.

Recall that ¢g, (-) is the characteristic function of S, and ¢, is the characteristic function of £. We
have g, (t/Bn) = [1;cz4 e (tbni/Bn). Let v, = sup; |by;l.

By Theorem 3.2, we have the weak convergence result (22) in Theorem 4.1. Notice that if {b,;}
are uniformly bounded in n and i, then obviously p, = 7,/Bn, — 0 as n — oo. In the case where
lim sup,, sup;eza |bni| = 0o, we impose that p, — 0.

Now we verify condition (23) in Theorem 4.1. A part of the argument is similar to the proof of Theorem
2 in Shukri (1976). In (1), we renumber {b,;} into a sequence {b}, ,,}7<, such that v, = [b} ,| > [b5 [ > ---
Since (17), we can select a number &, € N such that

l
1nf{ > (Bl /Bn)* L(Bn /|b} n|)>1/2}.

k=1
Then
1 1
5 < 2 (bhnl/Ba) LB/ IV ) < 5 + (10/ Ba)/2.
k=1

Since 7, /B, — 0 as n — oo, by the properties of slowly varying functions, there exists a constant C > 0,
such that for sufficiently large n,

kn
D (1bknl/Ba)*L(Bu/ I ) < C v/ Bu)* L(Bu/ vk
k=1
Hence, for n large enough
1
kp > . 36
200 /B LB ) o
By (9), for 0 < a < 2, there exists € > 0 such that for all |z| < €, we have
|pe ()] = exp{—calz|*L(1/|z[)}.
Since [tb), ,,/Bn| < € for [t| < €B,./|b}, |, k > ky, we obtain from the above equality
5. (t/Bu)l < [T lee(tbl./Bu)l (37)
k=kn+1
= exp {—Calﬂo‘ > |b%,n/3n|aL(Bn/tb§c,n|)} -
k=ky,+1

Now, by Lemma 5.1 in Davydov (1974), without restricting the generality we shall assume that L also
satisfies the following condition

sup L(z)

<u 2 forall 0 <u<1. 38
>0 L(ux) — - (38)

a/2
B
L <|b’ 7L|T> for [t| > T.
k,n

Therefore, by applying (38) with u = |T'/t| we obtain

B, T B, T
Ll )=1L > =
(Itbkm> (Itl |07 IT> ‘
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By combining inequality (37) with the last inequality we obtain for 7' < |t| < eB,/|b}, |, and for n and
T sufficiently large

|5, (t/Bn)| < exp {—Calta > bk,n/Bn“L(Bn/ltbk,nl)}

k=k,+1

Sexp{caTo‘/zllﬁla/2 > Ib%,n/BnlaL(Bn/lbk,nTl)}
k=kn,+1

Sexp{—calt“/2 > Ibk,n/BnlaL(Bn/lbk,n)}
k=kn+1

In the last step we used the properties of slowly varying functions. Notice that B, /|bj, | — oo uniformly
for all k£ as n — oc.

By (17) and the selection of k,, we have

oS ) ) 1 Y a/2
D b/ Bal " L(Ba/ Wi ]) = 5 = (Bn>
k=kn+1

and, as a consequence
5. (t/B)| < exp { —calt|*/?}.
Then we have found ¢ > 0such that

lim lps, (t/Bn)|dt
N0 JT<|t|<eBy /bl |

kn o

< / eXp{_Cama/Q}dt;
[t|>T

which goes to 0 as T — oo. If €B,,/|b}, | > DBy, then condition (23) holds and the proof is complete.
Otherwise, it remains to analyze the term

Gy = / (o, (t/Ba)dt.
eBo/Ib), I<ItI<DB,

/
kn,n

We shall consider two cases. In the case (i) that |b,;| is uniformly bounded by a constant by > 0 for all i € Z¢
and n € N, notice that € < e[b [/|b},, .| <t ,|/Bn < Db for €B,,/|by, | < [t| < DB, and 1 <k < k.
Since the innovations have a non-lattice distribution and ¢ is continuous, there exists 0 < r < 1 such that
e (tb), .,/ Bn)| < 7 for all €B,/|b), .| <[t| < DB, and 1 <k < ky. Therefore

kn

G < / TT et/ Ba)| dt (39)

Bo/Ib, W |<II<DB. jo3
< 2DB,r*".
By (36),
K, > 1 L B
"= 20(a/Bn)*=0 T 200570

for some 0 < § < o and n is sufficiently large. Then we have lim,,_,o B,r* =0 and G,, — 0 as n — oc.

In the case (ii) where limsup,, sup;cza |bni| = 0o we shall use the Cramér condition. By Lemma 5.2 in
Fortune, Peligrad and Sang (2021) we know that under Cramér condition, for every € > 0 there exists r > 0
such that

lpe(t)| < r for all [t| > e.

Since €[by, ,|/|b),, | = € for [t| > €Bn/[by | and 1 <k < ky, |@e(thy ,,/Bn)| < rfor all [t| > eB, /b, |
and 1 < k < k,. Therefore (39) still holds and we also have

lim G, = 0.

n—oo
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This completes the proof. m
Proof of Theorem 4.3 and Theorem 4.4.

In the case that ), ;4 |a;| < oo, {b,;} are uniformly bounded on ¢ and n. Hence Theorem 4.3 holds by
the first part of Theorem 4.2. The proof of Theorem 4.4 with 1 < a < 2 and Ziezd |a;] = oo is similar to
the proof of the second case in Theorem 4.2. Notice that condition J, = o(B%) for ¢ > 2 implies the weak
convergence in Theorem 3.3. m
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