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ABSTRACT: A quantum simulation of vibrational strong coupling (VSC) in the collective regime via
thermostated ring-polymer molecular dynamics (TRPMD) is reported. For a collection of liquid-phase water
molecules resonantly coupled to a single lossless cavity mode, the simulation shows that as compared with a
fully classical calculation, the inclusion of nuclear and photonic quantum effects does not lead to a change in
the Rabi splitting but does broaden polaritonic line widths roughly by a factor of 2. Moreover, under thermal
equilibrium, both quantum and classical simulations predict that the static dielectric constant of liquid water
is largely unchanged inside vs outside the cavity. This result disagrees with a recent experiment
demonstrating that the static dielectric constant of liquid water can be resonantly enhanced under VSC,
suggesting either limitations of our approach or perhaps other experimental factors that have not yet been explored.

I n the presence of strong light−matter interactions,
molecular properties can be modified by forming hybrid

light−matter states, known as polaritons.1−8 Recently, a great
deal of interest has been focused on the vibrational strong
coupling (VSC) regime,9,10 in which the bright collective mode
of molecular vibrations forms a pair of upper and lower
polaritons (UP and LP) with an optical cavity mode in a
Fabry−Peŕot microcavity. Experiments have shown that
forming VSC can resonantly modify ground-state chemical
reaction rates,11−17 crystallization processes,18 and supra-
molecular assembly,19 although some of these experimental
studies have not yet been reproduced.20,21

The experiments above represent intriguing breakthroughs
in the field of chemistry. A theoretical understanding of
VSC,22−29 however, is still lacking. Although simple model
systems with analytical solutions often provide useful insights
about experiments, in some cases numerical simulations of
realistic molecules inside the cavity26,29−31 are necessary to
explain experimental observations under VSC. Along this
direction, we have developed a classical cavity molecular
dynamics (CavMD) scheme.31 This approach self-consistently
propagates the coupled classical dynamics between a few cavity
modes and a large ensemble of condensed-phase molecules
moving on an electronic ground-state surface. Equipped with
this approach, we have carefully scrutinized some fundamental
VSC processes and gained understanding about existing31−34

and potentially interesting35 experiments. However, one
outstanding question remains: to what extent can we trust
classical simulations? Because the molecular vibrational
frequencies and cavity frequencies involved in VSC are usually
much larger than room temperature (300 K ∼ 209 cm−1),
quantum effects cannot be simply ignored.
Here, to investigate the potential impact of nuclear and

photonic quantum effects, we report the first quantum CavMD
simulation of liquid water under VSC by path-integral

techniques.36−39 While path-integral techniques have been
used to study strong light−matter interactions,24,40,41 a realistic
simulation in the collective regime has not yet been reported.
Because of the importance of liquid water, understanding how
nuclear and photonic quantum effects alter the VSC
dynamics17,20,42−44 is fundamentally intriguing. Apart from
this fundamental motivation, performing a quantum simulation
is also needed for a better understanding of the gap between
recent VSC experiments and theory. For example, a recent
VSC experiment in liquid water44 shows that under thermal
equilibrium proton conductivity and the static dielectric
constant of liquid water can be resonantly enhanced under
VSC. At the same time, however, our previous analytical
studies24 and classical CavMD simulations31 have demon-
strated that all equilibrium properties of liquid water should be
practically the same in and out of the cavity. Given that the
static dielectric constant is also an equilibrium property,45

there is clearly an inconsistency between our previous classical
simulations and experiments. Hence, a quantum simulation
becomes necessary to better understand this conflict. More-
over, because a hypothetical resonant effect for the dielectric
constant would be similar to resonant effects in VSC catalytic
experiments,11−17 understanding whether or how VSC induces
a resonant enhancement of the static dielectric constant may
be very important for interpreting VSC catalytic experiments.
Before demonstrating the results, we briefly outline the

fundamentals of path-integral techniques and CavMD. Path-
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integral molecular dynamics (PIMD) can accurately calculate
quantum equilibrium properties of distinguishable particles at
finite temperatures,46 for which nuclei of molecules moving in
an electronic ground state are a good approximation. Ring-
polymer molecular dynamics (RPMD)37−39 extends PIMD
and can also approximate quantum dynamical properties of
molecules reasonably well, especially for condensed-phase
systems at finite temperatures, where dephasing processes can
easily destroy quantum entanglement and make the molecular
system more “classical”. In PIMD and RPMD, quantum
dynamics of molecules are propagated in an extended classical
phase space, in which P classical beads interact with each other
through a harmonic interbead interaction. Because of this
interbead interaction, nuclear quantum effects, including zero-
point energy,47 delocalization, and quantum tunneling, can be
efficiently described. However, because of spurious resonances
among the normal modes of the beads, RPMD can sometimes
fail to accurately describe the molecular spectrum in the high-
frequency domain.48 One simple means to solve this issue is to
perform thermostated RPMD (TRPMD),49,50 in which higher
frequency internal modes of the ring polymer are attached to
an additional thermostat. For our simulations, because the
Rabi splitting in the high-frequency domain is critical for VSC,
we will perform TRPMD instead of the standard RPMD. A
more detailed description of RPMD is also given in section I of
the Supporting Information.
After introducing TRPMD, let us briefly review the

fundamentals of CavMD. Within the framework of CavMD,
the quantum electrodynamical (QED) Hamiltonian on the
electronic ground state is24,31,51

̂ = ̂ + ̂H H HQED
G

M
G

F
G

(1a)

where ĤM
G denotes the standard (kinetic + potential) molecular

Hamiltonian, and the field-related Hamiltonian ĤF
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Here, ∼ ̂
λpk , ,

∼ ̂
λqk , , ωk,λ, and mk,λ denote the momentum operator,

position operator, frequency, and auxiliary mass for each cavity
photon mode with wave vector k (k = |k|) and polarization
direction defined by a unit vector ξλ (with ξλ·k = 0). d̂g,λ
denotes the ground-state molecular dipole operator of the
whole molecular subsystem projected along the polarization
direction ξλ. In many cases, ̂ = ∑ ̂

λ λ=d dg n
N

ng, 1 , can be expressed
as a summation of the dipole operators of each individual
molecule, where N denotes the total molecular number. Ω
denotes the cavity volume, and ϵ0 denotes the vacuum
permittivity. Although eq 1b has a summation over many
cavity modes, in practice, during simulations, we will take into
account only one cavity mode (with two polarization
directions) that is at resonance with the molecular vibrational
mode.
Clearly, in the QED Hamiltonian defined by eq 1, the cavity

photons can be regarded as additional “nuclear” degrees of
freedom of the molecular system, and the interaction potential
between cavity photons and molecules (the last term in eq 1b)
depends on the position operators only. In other words, eq 1
resembles a standard (kinetic + potential) molecular
Hamiltonian, so we can directly apply TRPMD to calculate

quantum equilibrium and dynamical properties of both the
molecules and the cavity photons in the same manner as
TRPMD for the molecules outside the cavity. In our
implementation, the nuclei and cavity photons are each
represented by 32 beads (P = 32). To distinguish between
these simulations and TRPMD simulations outside the cavity,
we will often refer to our generalized TRPMD simulations
under VSC as quantum CavMD simulations. Note that when
the number of beads becomes unity (P = 1), the quantum
CavMD approach is reduced to classical CavMD.
For our simulation of liquid water under VSC, the molecular

system is described with the empirical force field q-TIP4P/F.52

This force field is commonly used in the path-integral
community and can roughly generate experimentally com-
parable nonreactive properties of liquid water, including IR
spectroscopy, the diffusion constant, and the static dielectric
constant.52,53 The liquid water system is represented by 216
H2O molecules in a cubic simulation cell under periodic
boundary conditions at 300 K. Inside the cavity, this molecular
system is coupled to a lossless cavity mode (with two possible
polarization directions x and y), and the effective coupling
strength between each molecule and the cavity mode is set as ε  
= 4 × 10−4 au. See section II of the Supporting Information for
a more detailed explanation of the definition of ε  and why our
simulation can be interpreted as corresponding to Fabry−
Peŕot experiments. Other simulation details are explained in
section III of the Supporting Information. As far as the
technical details are concerned, CavMD is implemented by
modifying the I-PI package,54 the nuclear forces are evaluated
by LAMMPS,55 and the raw simulation data are available at
Github.56

We first report the linear IR spectrum of liquid water by
Fourier transforming the dipole autocorrelation function from
equilibrium CavMD simulations.31,52 Outside the cavity, as
shown in Figure 1a, the classical IR spectrum (black line)

Figure 1. IR absorption spectra of liquid water from (a) classical and
(b) quantum simulations. In each panel, a pair of polaritons (red line)
form when the O−H stretch band (black line) is nearly resonantly
coupled to the cavity mode with ωc = 3550 cm−1 (classical) or 3450
cm−1 (quantum), as indicated by the vertical dashed blue line, with ε  
= 4 × 10−4 au. Upon comparison of the quantum results to the
classical results, the Rabi splitting remains unchanged, but the
polariton line widths are significantly broadened by roughly a factor of
2; see Table 1 for the exact values.
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shows a broad band peaking near ω0 = 3550 cm−1, which
corresponds to the O−H stretch modes of liquid water. The
full width at half-maximum (FWHM) of this O−H stretch
band is γOH = 215 cm−1. Such a large line width arises from
inhomogeneous broadening due mainly to the static disorder
of liquid water. However, the classical O−H line width is still
considerably smaller than the experimental value of nearly 400
cm−1.57 Inside the cavity, when the O−H stretch band is
resonantly coupled to a lossless cavity mode with frequency ωc
= 3550 cm−1 (the vertical dashed blue line) and an effective
coupling strength ε  = 4 × 10−4 au, a pair of asymmetric UP and
LP forms with a Rabi splitting of ΩR = 715 cm−1. Although the
usual definition of ultrastrong coupling is ΩR/2ω0 > 0.1,5 our
value of Rabi splitting sits at the boundary between strong and
ultrastrong coupling, so we will refer to our case as strong
coupling only. The line widths of the UP and LP are γUP = 24
cm−1 and γLP = 60 cm−1, respectively. Clearly, the summed line
width of the LP plus the UP (84 cm−1) is much smaller than
the line width of the O−H stretch band outside the cavity.
This difference arises because inhomogeneous broadening of
the molecular peak does not contribute to the polariton line
widtha phenomenon that was theoretically predicted
decades ago58 and has also been experimentally confirmed
under VSC.9

Beyond the classical result, Figure 1b plots the quantum IR
spectrum of liquid water outside (black line) or inside (red
line) the cavity by Fourier transforming the Kubo-transformed
quantum dipole autocorrelation function.38,52 Outside the
cavity, the O−H stretch band peaks near 3450 cm−1 and has a
line width of γOH = 283 cm−1. Compared to the classical result,
this quantum peak is red-shifted by about 100 cm−1 and is also
broadened, improving agreement with the experimental
values57 compared to the classical simulations. The red-shifting
and broadening can be related to the inclusion of zero-point
energy effects in TRPMD. Inside the cavity, when the cavity
mode with frequency ωc = 3450 cm−1 is resonantly coupled to
the O−H stretch band with ε  = 4 × 10−4 au, the Rabi splitting
between the UP and LP (red line) is ΩR = 720 cm−1, in
agreement with the classical result. The polariton line widths,
however, become γUP = 65 cm−1 and γLP = 129 cm−1. These
values are significantly broadened compared with the classical
results by roughly a factor of 2, whereas the line width of the
quantum O−H band exceeds the classical result by only 30%.
Table 1 further summarizes the quantum and classical values

of the Rabi splitting and polariton line widths. Clearly, the
unchanged Rabi splitting shows that this quantity can be fully
captured by classical mechanics. As far as the line shape is
concerned, the polariton line shape seems to be more sensitive

to the quantum treatment than the molecular line shape
outside the cavity. Although one must always be aware of the
limitations of TRPMD when simulating spectral line
shapes,49,59,60 namely that it may cause a broadening and
loss of fine spectral features, the difference in the quantum and
classical line widths for polaritons may also reflect a quantum
effect (e.g., perhaps a faster quantum polariton relaxation rate
than a classical one). Because polaritons are mostly harmonic
under collective VSC,61,a TRPMD, a method that is expected
to perform well in the harmonic limit, should describe
polaritons more accurately than the anharmonic O−H stretch
band. Future work is needed to investigate the origin of the
polariton broadening.
Next, we examine the static dielectric constant of liquid

water under VSC. In general, by performing molecular
dynamics simulations, the static dielectric constant (ϵr) of a
molecular system can be obtained by using the following
standard formula:45

πβϵ = + ⟨ ⟩ − ⟨ ⟩
V

d d1
4
3

( )r
2 2

(2)

where V denotes the simulation cell volume and d = (dg,x, dg,y,
dg,z) denotes the dipole moment vector of the molecular
system in three dimensions. As a static equilibrium property, ϵr
can be exactly evaluated by both PIMD and RPMD. However,
to be consistent with the above IR results, we will perform
TPRMD to obtain ϵr.
Figure 2a plots the calculated ϵr in the time domain for up to

t = 20 ns both outside the cavity (black line) and under VSC

(red line) for the classical simulations. Because the hydrogen-
bonding network for liquid water restricts the relaxation of d,
in order for ϵr to converge, the simulation needs to run for
more than 10 ns.45,50,52 Figure 2b plots the analogous
calculated ϵr inside and outside the cavity for the quantum
simulations.
In Table 1 we report the values of ϵr by taking an average

between t = 10 and 20 ns. Similar to our previous
observation,24,31 with a classical CavMD simulation, ϵr, a static
equilibrium property, remains unchanged inside (ϵr = 54.5) vs
outside (ϵr = 54.4) the cavity. For the quantum calculations,

Table 1. Simulated Quantities under VSCa

VSC quantity classical quantum

ωc (≈ω0) (cm
−1) 3550 3400

ΩR (cm−1) 715 720
γUP (cm

−1) 24 65
γLP (cm

−1) 60 129
ϵr 54.5 (54.4) 56.6 (59.0)

aThese data were obtained from Figures 1 and 2, including the Rabi
splitting (ΩR), the LP or UP line width (γLP or γUP), and the static
dielectric constant (ϵr) of liquid water. The ϵr values in parentheses
are the corresponding outside-cavity results. For reference, the
simulated O−H band line width is (classical) 215 cm−1 or (quantum)
283 cm−1.

Figure 2. Static dielectric constant (ϵr) of liquid water as a function of
time from (a) classical and (b) quantum simulations. The simulation
parameters inside (red line) or outside (black line) the cavity are the
same as Figure 1, except for a longer simulation time. Note that both
quantum and classical simulations predict unchanged ϵr inside vs
outside the cavity.
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the result outside the cavity (ϵr = 59.0) agrees with a previous
report.52 Note that the values of ϵr inside (ϵr = 56.6) and
outside (ϵr = 59.0) the cavity differ slightly, but this small
difference is of the same order of magnitude as the fluctuations
of ϵr for different simulations according to the literature.52

Hence, we tentatively conclude that our quantum simulation
does not predict a change in ϵr inside vs outside the cavity.
Although the long-time static dielectric constant is similar
inside and outside the cavity, the time-dependent dynamics,
which reflects the change of molecular total dipole moment in
the frequency domain, is quite different. This difference is
consistent with the significant change in the IR spectrum inside
vs outside the cavity, which also reflects the frequency-domain
information about the total dipole moment.
Our observation that the simulated static dielectric constant

does not change in a cavity is not consistent with a recent
experiment44 claiming that ϵr can be resonantly enhanced by
nearly 50% under VSC and without external laser pumping.
Such a discrepancy could arise for two different reasons. First,
it may indicate that our simulation does not account for crucial
experimental details needed for observing the reported
phenomenon. For example, there could be hidden dynamical
factors or nonequilibrium fluctuations in the actual experiment
that cannot be modeled with our simple setup. This possibility
is related to recent experimental efforts20,21 that failed to
reproduce some VSC catalytic experiments. In other words,
within the framework of a single cavity mode plus a large
collection of realistic molecules under thermal equilibrium, it
might simply be impossible to obtain a resonant VSC effect.
The second reason for the discrepancy could be that our
current theoretical treatment may be incomplete even within
the constraints of the model above. For example, we have
included only 216 H2O molecules coupled to a single cavity
mode, whereas in VSC experiments the Fabry−Peŕot cavities
contain roughly ∼1010 molecules per mode volume and also a
much more complicated cavity mode structure (i.e., the
polaritonic dispersion relation)8 than a single cavity mode. It
might also be possible that a more pronounced cavity effect
could emerge numerically if more accurate ab initio potentials
were employed and/or the full cavity mode structure were
simulated. In studies of ionic conductivity, the cavity could
modify proton transfer, which in turn could influence the
dielectric constant. Future work is needed to investigate these
possibilities. Lastly, we note that the theory−experiment
discrepancy is unlikely to stem from factors such as the
electrolyte effect or cavity loss. In our simulations, a pure liquid
water system is studied, whereas in experiments44 a small
amount of electrolyte is added to liquid water. Because the
presence of the electrolyte does not significantly change the
static dielectric constant of liquid water outside the cavity,
however, it is unlikely that the experimentally observed cavity
effect on the dielectric constant under VSC arises from the
electrolyte effect. As far as cavity loss is concerned, unlike
experiments44 with a lossy cavity, our simulations do not
include cavity loss. Although cavity loss can be important for
IR spectra, including cavity loss is unlikely to modify
equilibrium properties such as the static dielectric constant.
In summary, we have reported a quantum CavMD

simulation of liquid water under VSC by TRPMD. Compared
with the classical results, a quantum simulation predicts no
change in the Rabi splitting but predicts broadening of the
polariton line widths by roughly a factor of 2. This polaritonic
broadening is more significant than the broadening of the O−

H stretch band outside the cavity, and further study is needed
to investigate its origin. Moreover, by combining path-integral
techniques and CavMD, we have demonstrated a numerical
approach for distinguishing between quantum and classical
VSC effects. Although the current work does not show
significant quantum effects, more intriguing VSC quantum
effects might emerge when the following scenarios are studied:
low-temperature dynamics, higher-order correlation functions,
or nonlinear effects. These exciting directions may be
investigated in the future.
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■ ADDITIONAL NOTE
aOne can understand the harmonic nature of polaritons by the
following rationalization. When a polaritona hybrid light−
matter stateis in the second excited state, in the basis of
individual molecules, the two polariton quanta can be
represented by either (i) the second excited state of each
individual anharmonic molecule or (ii) two different singly
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excited molecules. When the number of molecules is large, the
latter scenario dominates the representation. Hence, the
anharmonic nature of each individual molecular vibrational
spectrum will not cause anharmonicity to the polaritonic
spectrum in the collective regime.
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