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Abstract

Actor-critic (AC) algorithms have been widely used in decentralized multi-agent systems to learn the optimal joint
control policy. However, existing decentralized AC algorithms either need to share agents’ sensitive information or
lack communication-efficiency. In this work, we develop decentralized AC and natural AC (NAC) algorithms that
avoid sharing agents’ local information and are sample and communication-efficient. In both algorithms, agents
share only noisy rewards and use mini-batch local policy gradient updates to improve sample and communication
efficiency. Particularly for decentralized NAC, we develop a decentralized Markovian SGD algorithm with an
adaptive mini-batch size to efficiently compute the natural policy gradient. Under Markovian sampling and
linear function approximation, we prove that the proposed decentralized AC and NAC algorithms achieve the
state-of-the-art sample complexities O(e~2Ine~!) and O(e~?Ine~1), respectively, and achieve an improved
communication complexity O(e~!Ine~!). Numerical experiments demonstrate that the proposed algorithms
achieve lower sample and communication complexities than the existing decentralized AC algorithms.

1. Introduction

Multi-agent reinforcement learning (MARL) has achieved great success in various application domains, including control
[1, 2, 3], robotics [4], wireless sensor networks [5, 6], intelligent systems [7], etc. In MARL, a set of fully decentralized
agents interact with a dynamic environment following their own policies and collect local rewards, and their goal is to
collaboratively learn the optimal joint policy that achieves the maximum expected accumulated reward.

Classical policy optimization algorithms have been well developed and studied, e.g., policy gradient (PG) [8], actor-critic
(AC) [9] and natural actor-critic (NAC) [10, 11]. In particular, AC-type algorithms are more computationally tractable
and efficient as they take advantages of both policy gradient and value-based updates. However, in the multi-agent setting,
decentralized AC is more challenging to design compared with the centralized AC, as the algorithm updates involve sensitive
agent information, e.g., local actions, rewards and policies, which must be kept locally in the decentralized learning process.
In the existing designs of decentralized AC, the agents need to share either their local actions [12, 13, 14, 15, 16, 17, 18,
19, 20] or local rewards [21, 22, 23] with their neighbors, and hence are not desired. This issue is addressed by Algorithm
2 of [12] at the cost of learning a parameterized model to estimate the averaged reward, yet this approach requires extra
learning effort and the reward estimation can be inaccurate. Moreover, existing decentralized AC algorithms are not sample
and communication-efficient, and do not have finite-time convergence guarantee, especially under the practical Markovian
sampling setting. Therefore, we aim to address the following important question.

e Ql: Can we develop a decentralized AC algorithm that is convergent, sample and communication-efficient, and avoids
sharing agents’ local actions and policies?

On the other hand, as an important variant of the decentralized AC, decentralized NAC algorithm has not been formally
developed and rigorously analyzed in the existing literature. In particular, a major challenge is that we need to develop a



fully decentralized and computationally tractable scheme to compute the inverse of the high dimensional Fisher information
matrix, and this scheme must be both sample and communication efficient. Hence, we want to ask:

* 02: Can we develop a computationally tractable and communication-efficient decentralized NAC algorithm that has a
low sample and communication complexity?

In this study, we answer these questions by developing fully decentralized AC and NAC algorithms that are sample and
communication-efficient, and do not reveal agents’ local actions and policies. Our contributions are summarized as follows.

Table 1: List of complexities of the existing AC and NAC algorithms for achieving E[||V.J(w)|?] < €
and E[J(w*) — J(w))] < e, respectively.

. Share local Sampling Sample Communication
Algorithm Papers . . - .
action/policy scheme complexity complexity
[24] - iid. O(e™?) -
Centralized AC [25] - 1id. O(E:“)) -
[26] - Markovian  O(e *®In® e 1) —
[27] - Markovian O(e™2?) -
[28] - Markovian ~ O(e “Ilne ') -
[12, 13, 21]
. [16, 17, 19] X Markovian - -
Decentralized AC - —1555577 7 Markovian - -
This work v Markovian ~ O(e “Ine ') O(e "Ine 1)
. [26] - Markovian ~ O(e *In? 1) -
Centralized NAC [28] - Markovian ~ O(e °Ilne ') -
Decentralized NAC ~ This work v Markovian ~ O(e *Ine ) O(e tne™t)

1.1. Our Contributions

We develop fully decentralized AC and NAC algorithms and analyze their finite-time sample and communication complexities
under Markovian sampling. Our results and comparisons to existing works are summarized in Table 1. In particular, our
decentralized AC and NAC algorithms adopt the following novel designs to accurately estimate the policy gradient in an
efficient way.

* Noisy Local Rewards: In a decentralized setting, local policy gradients (estimated by the agents) involve the average of all
agents’ local rewards. To help agents estimate this averaged reward without revealing the raw local rewards, we let them
share Gaussian-corrupted local rewards with their neighbor, and the variance of the Gaussian noise can be adjusted by
each agent.

Mini-batch Updates: We apply mini-batch Markovian sampling to both the decentralized actor and critic updates. This
approach i) helps the agents obtain accurate estimations of the corrupted averaged reward; ii) significantly reduces the
variance of policy gradient caused by Markovian sampling; and iii) significantly reduces the communication frequency
and complexity.

For our decentralized NAC algorithm, we additionally adopt the following design to compute the inverse of the Fisher
information matrix in an efficient and decentralized way.

* Decentralized Natural Policy Gradient: By reformulating the natural policy gradient as the solution of a quadratic program,
we develop a decentralized Markovian SGD that allows the agents to estimate the corresponding local natural gradients by
communicating only scalar variables with their neighbors. In particular, we use an increasing batch size to optimize the
sample complexity of the decentralized Markovian SGD.

Theoretically, we provide finite-time convergence analysis of both algorithms under Markovian sampling. Specifically, we
prove that our decentralized AC and NAC algorithms achieve the sample complexities O(e " 2Ine~1) and O(e 3 Ine~ 1),
respectively, both of which match the state-of-the-art complexities of their centralized versions [28]. Moreover, both
algorithms achieve a significantly reduced communication complexity O(¢~ ! Ine~1). In particular, our analysis involves
new technical developments. First, we need to characterize the bias and variance of (natural) policy gradient and stochastic
gradient caused by the noisy rewards and the inexact local averaging steps, and control them with proper choices of batch



sizes and number of local averaging steps. Second, when using decentralized Markovian SGD to compute the inverse Fisher
information matrix, we need to use an exponentially increasing batch size to achieve an optimized sample complexity bound.
Such a Markovian SGD with adaptive batch size has not been studied before and can be of independent interest.

1.2. Related Work

Convergence analysis of AC and NAC. In the centralized setting, the AC algorithm was firstly proposed by [9] and later
developed into the natural actor-critic (NAC) algorithm [10, 11]. Then, [30, 31] and [32, 33, 11] establish the asymptotic
convergence rate of centralized AC and NAC, respectively. Furthermore, [34, 25, 24, 26, 27] and [34] establish the finite-time
convergence rate of centralized AC and NAC, respectively. Moreover, [28] improve the finite-time sample complexities of
the above works to the state-of-the-art result for both centralized AC and NAC by leveraging mini batch sampling, and our
sample complexities match these state-of-the-art results.

In the decentralized setting, a few works have established the almost sure convergence result of AC [21, 17, 29, 22], but they
do not characterize the finite-time convergence rate and the sample complexity.To the best of our knowledge, there is no
formally developed decentralized NAC algorithm.

Decentralized TD-type algorithms. The finite-time convergence of decentralized TD(0) has been obtained using i.i.d
samples [35, 36, 37, 38] and Markovian samples [39, 37], respectively, without revealing the agents’ local actions, policies
and rewards. Decentralized off-policy TD-type algorithms have been studied in [40, 41, 42, 43].

Decentralized AC in other MARL settings. Some works apply decentralized AC to other MARL settings. For example,
[44, 15, 45, 20, 46] studied adversarial game. [47] studied a mixed cooperative-competitive environment where each agent
maximizes its own Q function [47]. [20] proposed Delay-Aware Markov Game which considers delay in Markov game.
[48, 49] studied linear control system and linear quadratic regulators instead of an MDP. [50] studied sequential prisoner’s
dilemmas.

Policy gradient algorithms. Policy gradient (PG) and natural policy gradient (NPG) are popular policy optimization
algorithms. [51] characterizes the iteration complexity of centralized PG and NPG algorithms by assuming access to exact
policy gradient. They also established a sample complexity result O(¢~%) in the i.i.d. setting for NPG, which is worse than
the state-of-the-art result O(e =3 In e~1) of both centralized NAC [28] and our decentralized NAC with Markovian samples.
[52] proposes decentralized PG in a simple cooperative MARL setting, where all the agents share one action and the same
policy, and they establish a iteration complexity in the order of O(e*). [53, 54] apply decentralized PG to Markov games.
[55] applies decentralized NPG to a different cooperative MARL setting where each agent observes its own state, takes its
own action and has access to these information of its neighbors.

2. Review of Multi-Agent RL

In this section, we first introduce some standard settings of RL. Consider an agent that starts from an initial state so ~ &
and collects a trajectory of Markovian samples {s;, a;, R; }+ C S x A x R by interacting with an underlying environment
(with transition kernel P) following a parameterized policy m,, with induced stationary state distribution fx,,. The agent
aims to learn an optimal policy that maximizes the expected accumulated reward J(w) = (1 — y)E[ Y72 7' R;], where
v € (0,1) is a discount factor. The marginal state distribution is denoted as P, (s;) and the visitation measure is defined
as vy,(8) == (1 — ) > oy V'Pu(se = ), both of which depend on the policy parameter w € (2 and the transition kernel
P. We also define the mixed transition kernel P¢(-|s, a) := vP(:|s,a) + (1 — v)&(-), whose stationary state distribution is
known to be v,,,.

In the multi-agent RL (MARL) setting, M agents are connected via a fully decentralized network and interact with a

shared environment. The network topology is specified by a doubly stochastic communication matrix W € RM*M

At any time ¢, all the agents share a common state s;. Then, every agent m takes an action a,E’”) following its own

current policy ﬂgm)(-\st) parameterized by wgm). After all the actions a; := {a§m)},§§:1 are taken, the global state s;
transfers to a new state s,; and every agent m receives a local reward RE’”). In this MARL setting, each agent m
can only access the global state {s};. its own actions {a\™}; and rewards {R{"™}, and policy '™ . Next, define the
joint policy 7t (a¢|st) := Hﬁle 7T1(5m) (a,E’”) |s¢) parameterized by w; = [wﬁ”; e ;w,@”], and define the average reward

Ry = ﬁ Zi\,{zl Rgm) . The goal of the agents is to collaboratively learn the optimal joint policy that maximizes the



expected accumulated average reward J(w) := (1 —v)E [ Yoreo 'ytﬁt‘so ~ 5] . Throughout, we consider the setting that

the agents interact with the environment and observe a trajectory of MDP transition samples, which are used to learn the
optimal joint policy.

3. Sample and Communication-Efficient Decentralized AC

In this section, we propose a decentralized actor-critic (AC) algorithm that is sample and communication-efficient and avoids
revealing agents’ actions, policies and raw rewards.

We first consider a direct extension of the centralized AC to the decentralized case. As each agent m has its own policy
7(™) it aims to update the policy parameter w(™) using the local policy gradient ¥ (m)J(w). Under linear approximation
of the value function Vp(s) ~ ¢(s) "0 where ¢(s) is the feature vector, the local policy gradient has the following stochastic
approximation.

Vo (@) | Betrd(si1) 6 = o(s) 0 | (@), M
where a{™ ~ 7™ (|s1), 5141 ~ Pe(-|st,ar), spiq ~ P(-|s1, ar). )

Here, 9§m) is agent m’s critic parameter and wt(m)(agm) |st) = Vo In Wt(m)(agm) |s¢) is the local score function. It is

clear that both 6™ and ¥{"™ (a{™ |s,) can be obtained/computed by agent m using the local information. However, the
average reward R, requires agent m aggregating the local rewards from all the other agents, which raises concerns. In the
existing literature on decentralized AC, this issue is avoided by either 1) sharing the agents’ actions with each other instead
[12, 13, 14, 15, 16, 17, 18, 19, 20], yet the action information is also highly sensitive; or 2) learning a parameterized model
to estimate the average reward [12], which requires extra learning effort and does not provide an accurate estimation. Hence,
we are motivated to develop a simpler approach that provides accurate estimation of the average reward while avoids sharing
raw local rewards.

1. Efficient Policy Gradient Estimation. We propose a decentralized policy gradient estimation scheme that improves
the sample and communication efficiency and avoids revealing the agents’ local actions, policies and raw rewards. First,
in order for each agent to estimate the average reward R, in eq. (1), we let each agent m generate a noisy local reward
R™ = RI™ (1 + ¢{™) and share with other agents, where €™ ~ A(0,2,) The noise variance is determined by the
agent based on its desired level. Specifically, every agent m first initializes its local estimation of the averaged reward
Rim) using its own noisy reward, i.e., R%L) = ﬁzg’”). Then, each agent m performs decentralized local averaging with its
neighbors N, for T” iterations, i.e.,

B = en W By €=0,1,.., T — 1. 3)

After that, agent m obtains the final estimate Eim) s EEW%), It can be shown that ﬁim) converges to the averaged noisy

reward ﬁ 2%21 }?,E’"’ exponentially fast. Ideally, by averaging these noisy local rewards over the M agents, the variance
of the noise in the final estimation will be scaled by a factor of 1\17 Therefore, to obtain an accurate estimation, the network
needs to have a sufficiently large number of agents, which does not always hold in practice. To address this issue, we let
each agent m collect a mini-batch of NV Markovian samples in each iteration ¢ to estimate the local policy gradient, which
then takes the following form.

(t+1)N—1

VY wtmr I (wr) =N Z [RW +76(sh,) O™ — ¢(Si)T9£m)]¢tm) (a{™]s:), “4)
—

where EE’") is an estimation of R; obtained by agent m following the process described in eq. (3). Intuitively, each Rﬁm)
is corrupted by a zero-mean noise with variance O(%) due to averaging over the agents. Then, the mini-batch samples
further help scale the noise variance by a factor of % Consequently, with a sufficiently large batch size N, we can obtain
an accurate estimation of the averaged reward and hence the policy gradient. To summarize, our decentralized policy
gradient estimation scheme has the following advantages.

* Avoid sharing raw rewards: The agents share only noisy rewards Rim) with their neighbors, and the noise variance
can be adjusted based on the desired level such that Rgm) is unknown to the other agents. This is in contrast to other



decentralized AC algorithms where the agents need to either share local actions, rewards or collaboratively learn an
additional parameterized reward model.

o Sample-efficient: The mini-batch updates help greatly suppress the noise variance of the local policy gradient in (4) and
improve its estimation accuracy. On the other hand, mini-batch policy gradient also helps reduce the optimization variance
caused by Markovian sampling and leads to a good finite-time sample complexity as we prove later. We note that there is
no trade-off between noise variance and sample efficiency here, because for highly noisy local rewards we can choose a
large batch size to suppress the overall estimation error to the desired level.

» Communication-efficient: The mini-batch updates also significantly reduce the communication frequency as well as the
complexity as we prove later. In comparison, the existing decentralized AC requires to perform one communication round
per Markovian sample.

Remark. The mini-batch policy gradient in eq. (4) can be computed in an accumulative way by the agent when observing the
mini-batch of transition samples on the fly. There is no need to store these samples and perform a large batch computation.

2. Fully Decentralized Critic Update. The critic parameters of the agents are updated following the standard decentralized
TD-type algorithm. Specifically, consider the ¢-th local critic update of each agent m. It first collects a mini-batch of N,

Markovian samples. Then, starting from a fixed initialization 9,5?3) = 0_1, agent m performs T iterations of decentralized

TD updates as follows, where {s; }en follows the transition kernel P and a{™ ~ 7™ (:|s,): for ¢/ = 0,1,..., T, — 1,

(t+1)N.—1
m m/ /8 m m m
07 =D W 057+ 1= 30 [ B +90(5i00) 07 — 6(5) 7017 |6 (s.). 5)
m’' ENm, ¢ i=tN,

Then, the updated critic parameter is set to be 9§m) = 9?;3 To further reduce the consensus error, we perform additional
T steps of local model averaging, as also adopted in [43]. The pseudo code of the entire decentralized AC algorithm is

summarized in Algorithms 1 and 2 below.

Algorithm 2 Decentralized TD (critic update)

Algorithm 1 Decentralized Actor-Critic
Initialize: Actor-critic parameters wg, 0_1.

for actor iterationst = 0,1,...,T — 1do

» Critic update on 6;: by Algorithm 2.

» Collect N Markovian samples by eq. (2).
for agents m = 1, ..., M in parallel do

Initialize: Critic parameter 6; o = 0_;.

for critic iterationst’ = 0,1,...,T. — 1 do

» Collect N. Markovian samples following policy 7
and transition kernel P.

for agents m = 1, ..., M in parallel do

» Send local critic parameters.

» Send noisy local rewards and perform 7" local
average steps following eq. (3). end
» Compute the estimated local policy gradient

» Decentralized TD update in eq. (5).

S . end
Vyom J(we) following eq. (4). for iterations t' =T, ..., T. + T, — 1 do
» Actor update on w;:
w&nl) = wt(m) + aV  om) J (we).
end

for agents m = 1, ..., M in parallel do
(m) _ (m”)
> 9t,t’+1 = Zm’eNm Wmmﬂ ‘gt,t’ :
end

end

S end
Output: wz with T T (1,2, ..., T).

Output: 0; = 0, 1,11/

4. Finite-Time Analysis of Decentralized AC

In this section, we analyze the finite-time convergence of Algorithm 1 and characterize the sample and communication
complexities. All the notations and universal constants are summarized in Appendices A & F respectively. We first introduce
the following standard assumptions that have been widely adopted in the existing literature.

Assumption 1. Regarding the transition kernels P, P, denote p,,, v, respectively as their stationary state distributions
under policy 7, and denote IP, P¢ respectively as their marginal state distributions. Then, there exist constants x > 0 and
p € (0,1) such that for all t > 0,

sug drv (P(st | s0 = 5) ,uw) < npt,sug dry (IEDE (st | so=s), yw) < kpt (6)
sE s€



where dpy (P, Q) denotes the total-variation distance between probability measures P and Q.

Assumption 2. There exist constants Cy, Ly, Ly > 0 such that for all w,w € Q, s € Sand a € A,
[V (als) = pu(als)ll < Lyllw — w]l and drv(7 (), 7 (]5)) < La[® — wl.

Assumption 3. There exists Rumax > 0 such that for any agent m and any Markovian sample (s,a,s’), we have 0 <
R™)(s,a,5") < Rumax-

Assumption 4. The feature vectors satisfy ||¢p(s)|| < 1 for all s € S. There exists a constant Ay > 0 such that
Amin (ESN“w [gzﬁ(s)qS(s)T]) > Ay for all w.
Assumption 5. The communication matrix W €
largest singular value satisfies oy € [0,1).

Yu(als)] < Cy,

RMXM ofthe decentralized network is doubly stochastic, and its second

Assumption 1 has been widely considered in the existing literature [56, 24, 57, 58, 59, 28, 43] and it holds for any time-
homogeneous Markov chains with finite-state space and any uniformly ergodic Markov chains. Assumption 2 introduces
boundedness and Lipschitzness to the policy and its associated score function [60, 28], and holds for many parameterized
policies such as Gaussian policy [25] and Boltzman policy [61]. Assumption 4 can always hold by normalizing the feature
vector ¢(s) Assumption 5 is widely used in decentralized optimization [62, 63] and multi-agent reinforcement learning
[39, 37, 43], which ensures that all the decentralized agents can reach a global consensus.

With the above assumptions, we obtain the following finite-time convergence result of the decentralized AC algorithm.
Throughout, we follow [28, 27] and define the critic approximation error as ¢hte := sup,, Egv,, (Vi (s) — ¢(s) T 6};)?
where 6 is the optimal critic parameter (see its definition right before Lemma D.3 in Appendix D). We also define sample
complexity as the total number of Markovian samples required for achieving E[||V.J(w)||?] < e. All the universal constants

are listed in Appendix F.

Theorem 1. Let Assumptions 1-5 hold and adopt the hyperparameters of the decentralized TD in Algorithm 2 following
Lemma D.4. Choose o < i, T > % Then, the output of the decentralized AC in Algorithm 1 has the following
convergence rate. v

4Rmax
[0

’ 27’ )\B T, 4C7 4c critic
+4(C40"2/3j +C5ﬁ2gwc)+ 466(17§ﬁ) +W+Fj+64ci<ap[§mx'

E[|vip)|] <

Moreover, to achieve E[HVJ(wI:)H2] < eforanye> 128031 e we can choose T, N, N, = O(e™ ") and T, T,, T =
O(lne~t). Consequently, the overall sample complexity is T(T.N. + N) = O(e 2Ine™1), and the communication
complexities for synchronizing linear model parameters and rewards are T(T. + T.) = O(e 'lne™!) and TT' =

O(etIne™t), respectively.

To the best of our knowledge, Theorem 1 provides the first finite-time analysis of decentralized AC under Markovian
sampling. To elaborate, under any pre-specified variance o2, of the reward noise, our result shows that the gradient norm
asymptotically converges to the order O(N ! + N1 + cgg,girgx), which can be made arbitrarily close to the linear model
approximation error gg;gigx by choosing sufficiently large batch sizes N, N.. In particular, exact gradient convergence
can be achieved when there is no model approximation error. The overall sample complexity of our decentralized AC is
O(e2In e 1), matching the state-of-the-art complexity result for centralized AC [28]. Moreover, with proper choices of

the batch sizes N, N. = O(e~!), the overall communication complexity is significantly reduced to O(e~*Ine1).

The proof of Theorem 1 relies on developing several new algorithmic and technical developments to reduce the communica-
tion complexity of both the decentralized actor and critic updates while establishing tight convergence error bounds for both
components. We further elaborate on these novel technical developments below.

* To achieve an overall reduced communication complexity, we adopt mini-batch updates in both the actor and critic steps
to reduce the communication frequency, as opposed to the single sample-based update adopted in the existing work
on decentralized TD learning [39]. Specifically, in the analysis of the decentralized TD described in Algorithm 2 (see
Lemma D.4), the mini-batch updates with batch size O(e~!) substantially improve the communication complexity from
O(e1Ine 1) to O(lne~1) and help achieve the state-of-the-art sample complexity. Eventually, this together with the
mini-batch updates in the decentralized actor steps help achieve the desired overall low communication complexity.

* To achieve the state-of-the-art overall sample complexity, we require a fast convergence of the decentralized TD learning.
Although the standard 7. decentralized mini-batch TD updates can yield a small convergence error for the global critic



model (i.e., the average of all local critic models), it still suffers from a relatively large consensus error. To resolve this
issue, we introduce an additional 7. global consensus steps in Algorithm 2 to reduce the consensus error. It is proved that
a small number O(In 1) of such steps suffices to yield a desired TD error.

* We inject random noises into the local raw rewards Rgm) to protect the information. These noises introduce additional
Markovian bias and variance to the local policy gradients in (4). Fortunately, as proved in Lemma D.6, by applying
mini-batch policy gradient updates, we are able to control the bias and variance induced by the noisy rewards to an
acceptable level that does not affect the overall sample and communication complexities.

5. Decentralized Natural AC

Natural actor-critic (NAC) is a popular variant of the AC algorithm. It utilizes a Fisher information matrix to perform a
natural policy gradient update, which helps attain the globally optimal solution in terms of the function value convergence.
In this section, we develop a fully decentralized version of the NAC algorithm that is sample and communication-efficient.

Algorithm 3 Decentralized Natural Actor-Critic
Initialize: Actor-critic parameters wy, #_1, natural policy gradient h_;.
for actor iterationst = 0,1,...,T — 1 do
» Critic update on 6;: by Algorithm 2.
for agents m = 1, ..., M in parallel do
for iterations k =0,1,..., K — 1 do
» Collect N, Markovian samples following eq. (2).
» Send Rgm) and zf?) and perform 7" and T}, local average steps, respectively.

» Estimate local gradient @w(w fuw, (he) following egs. (8) and (4).
» Perform SGD update in eq. (9).
end

» Actor update on w;: w™) = W™ + ah{™.

end
end

Output: w- with AR 1,2,...,T}hH
T

A major challenge of developing fully decentralized NAC algorithm is computing the inverse Fisher information
matrix-vector product involved in the natural policy gradient update. To explain, first recall the exact natural pol-
icy gradient update of the centralized NAC algorithm, ie., wi11 = w; + aF(w;) 'VJ(w;), where F(w;) =
Esymv, amm(-]st) [¢4(ar|s¢)1i(ar|sy) "] is the Fisher information matrix. However, in the multi-agent case, it is challeng-
ing to perform the natural policy gradient update in a decentralized manner. This is because the Fisher information matrix
F(w;) is based on the concatenated multi-agent score vector ¥ (at|st) = | t(l) (agl) [$); .. )EM) (agM) |s¢)] and the inverse
matrix-vector product F'(w;) ~'V.J(w;) is not separable with regard to each agent’s policy parameter dimensions. Next, we
develop a fully decentralized scheme to implement the natural policy gradient update in the multi-agent setting.

First, the natural policy gradient h(w;) := F(w;) ™'V .J(w;) is the solution of a quadratic program, i.e.,
1
h(w) =arg min fwt(h):zihTF(wt)h—VJ(wt)Th. @)
h

Therefore, we can apply K steps of SGD with Markovian sampling to solve this problem and obtain an estimated
natural policy gradient update. Specifically, starting from the initialization h;o = h;—; (obtained in the previous
iteration), in the k-th SGD step, we sample a mini-batch B, j I of N, Markovian samples to estimate V f,, (h) as
N%c ZieBM wt(ai|si)wt(ai|si)—rht,k — VJ(w; By ), where VJ (wy; By i) is estimated in the same decentralized way as
eq. (4) using the mini-batch of samples B; . In particular, each agent m needs to compute the corresponding local gradient

N%q DieB. t(m)(agm)\si) [ (ailsi) "her] — Vo om J (wy; By i), in which z/)t(m) (agm)|si) and ¥, (m) J (wi; Byx) can be
computed/estimated by the agent m. Then, it suffices to obtain an estimate of the scalar ;(a; \si)ThL &, Which can be

M (m)

me1 Ut (agm) |si)Th§jZ). This summation can be easily estimated by the decentralized agents through

rewritten as »

! Specifically, the mini-batch B; ;. contains sample indices {tN + ZZ,;lO Ngry.o. ., tN + ZZ,:O Nyr — 1}.



local averaging. Specifically, each agent m locally computes z; 0) w(m)( (m) [s; )Th( ™) and performs T, steps of local

averaging, i.e., zZ( éll = ren,, Wmm zie ), {=0,1,...,T, — 1. After that, the quantity Mz( ) can be proven to

converge to the desired summation Zm 1 ,fm) (agm) |s; )Th( ' exponentially fast. Finally, the local gradlent for agent m

is approximated as

w(m) fwt ht k Z w(m) (m)\si)zi(j;z — %w(m)J(wt; Bt,k)- ()

lEB{ k

Then, the agent m performs the following SGD updates to obtain A\™ : h(m)

W = =0V o fu, (her), k=0, ... K — 1. 9)

We emphasize that the above mini-batch SGD updates use Markovian samples. In particular, as shown in Section 6, we
need to develop an adaptive batch size scheduling scheme for this SGD in order to reduce its sample complexity. We
summarize the decentralized NAC in Algorithm 3.

6. Finite-time Analysis of Decentralized NAC

To analyze the decentralized NAC, we introduce the following additional standard assumptions.
Assumption 6. There exists a constant A\p > 0 such that Apin (F(w)) > Ap > 0,Vw € Q.
Assumption 7. There exists C,. > 0 such that for w* = argmax,,cq J(w) and any w € Q,

Esnvy ammo(-ls) KW)Q} < C2

Assumption 6 ensures that the Fisher information matrix F'(w) is uniformly positive definite, and is also considered in
[60, 64, 65]. Assumption 7 regularizes the discrepancy between the stationary state-action distributions v, (s)m,« (a|s) and
v, (8)mw(als) [34, 66].

We obtain the following finite-time convergence result of the decentralized NAC. Throughout, we follow [34, 28, 65] and

o . 2 .
define the actor approximation error Cioi, = sup,, mingEs v, a~r,, [(Yw(als)Th — Ay (s,a))”]. All universal constants

are listed in Appendix F.

Theorem 2. Let Assumptions 1-7 hold and adopt the hyperparameters of the decentralized TD in Algorithm 2 following
Lemma D.4. Choose hyperparameters o < min (1, 4L)“]C2 , T) B<1, T > le,l, n < 2(17,3,’ T, > %,

ne 2304C% (k+1—p) _
K > ln(l_:])\iﬂ)_l, N > VRGeS p)(ld’nip/2)p(K 7 and Ny, o< (1 — nAp/2)7%/2. Then, the output of Algorithm 3
satisfies
% 017 ’I’])\F (K 1)/4 T T T )\B Tc/2
J((.A.) )—EI:J(WT):I ST (1—7) +0190'M; +CQOO'W +62150v§+622(1—?6)

C23

critic critic * actor
\/7 + Ci/J ClGCappmx + 624Capprox +C \/ Sapprox*

Moreover, to achieve J(w*) — E[J(wf)] < eforany € > 2Cy [ c16CS1HE 4+ 2c04CSI1C 4+ 20* / et We can choose

approx approx
T=0("1), NN, =02, T, T., T, T., K = O(Ine~1). Consequently, the overall sample complexity is T(T.N, +
N) = O(e 3 Ine™ 1), and the communication complexities for synchronizing linear model parameters and rewards are
T(T.+T)=0( " ne ) and TT' = O(e * Ine 1), respectively.

Theorem 2 provides the first finite-time analysis of fully decentralized natural AC algorithm. Our result proves that the
function value optimality gap converges to the order (9( A z/ galgg;gx + +/ §I§I‘§;{)X), which can be made arbitrarily

close to the actor and critic approximation error by choosing a sufficiently large batch size N,. In particular, exact global
optimum can be achieved when there is no model approximation error. We note that the overall sample complexity of our
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Figure 1: Comparison of accumulated discounted reward J(w;) among decentralized AC and NAC-type algorithms in a
simulated ring network with 6 agents.

decentralized NAC is O(e 3 In e~!), matching the state-of-the-art complexity result for centralized NAC [28]. Moreover,
with the mini-batch updates, the overall communication complexity is significantly reduced to O(e = Ine~1).

Similar to that of Theorem 1, our analysis of Theorem 2 also leverages the mini-batch decentralized TD updates to reduce
the communication complexity and deal with the bias and variance of the local policy gradient introduced by noisy rewards.
In addition, decentralized NAC uses mini-batch SGD with Markovian sampling to solve the quadratic problem in eq. (7).
Here, we use a special geometrically increasing batch size scheduling scheme, i.e., Nj, o (1 — 7Ar/2)~%/2, to achieve the
best possible convergence rate under the total sample budget that Zszl N}, = N and obtain the desired overall sample
complexity result. Such an analysis of SGD with Markovian sampling under adaptive batch size scheduling has not been
studied in the literature and can be of independent interests.

7. Experiments

We test our decentralized algorithms in three experiments: a decentralized ring network, a fully connected network, and
a two-agent cliff navigation environment. Due to space limitation, we present only the ring network experiment results.
Please refer to Appendix E for the other results, all of which demonstrate the effectiveness of our algorithms.

We simulate a fully decentralized ring network with 6 agents. We implement four decentralized AC-type algorithms and
compare their performance, namely, our Algorithms 1 and 3, the existing decentralized AC algorithm (Algorithm 2 of [12])
that uses a linear model to parameterize the agents’ averaged reward (we name it DAC-RP1 for decentralized AC with
reward parameterization), and a modified version of DAC-RP1 that uses minibatch updates with batch size N = 100, which
we refer to as DAC-RP100. For our Algorithm 1, we choose T' = 500, T, = 50, T/, = 10, N, = 10, 7" =T, = 5, = 0.5,
{o:m}8._; = 0.1, and consider batch size choices N = 100, 500, 2000. Algorithm 3 uses the same hyperparameters as
those of Algorithm 1 except that T = 2000 in Algorithm 3. For DAC-RP1, we set learning rates By = 2(t + 1)7%9,
By = 5(t + 1)7°® and batch size N = 1 as mentioned in [12]. The modified DAC-RP100 adopts the same learning rates as
Algorithm 1 with N = 100.

Figure 1 plots the accumulated reward J(w;) v.s. communication and sample complexity. Each curve includes 10 repeated
experiments, and its upper and lower envelopes denote the 95% and 5% percentiles of the 10 repetitions, respectively.
For our decentralized AC algorithm (top two figures), its communication and sample complexities for achieving a high
accumulated reward are significantly reduced under a larger batch size N. This matches our theoretical understanding in
Theorem 1 that a large /N helps reduce the communication frequency and policy gradient variance. In comparison, DAC-RP1



(with N = 1) has little improvement on the accumulated reward. Moreover, although the modified DAC-RP100 (with
N = 100) outperforms DAC-RP1, its performance is much worse than our Algorithm 1 with N = 100. This performance
gap is due to two reasons: (i) Both DAC-RP algorithms suffer from an inaccurate parameterized estimation of the averaged
reward, and their mean relative reward errors are over 100%. In contrast, our noisy averaged reward estimation achieves a
mean relative error in the range of 10~° ~ 10~%;(ii) Both DAC-RP algorithms apply only a single TD update per-round, and
hence suffers from a large mean relative TD error (about 2% and 1% for DAC-RP1 and DAC-RP100, respectively)whereas
our algorithms perform multiple TD learning updates per-round and achieve a smaller mean relative TD error (about 0.3%).
For our decentralized NAC algorithm (bottom two figures), one can make similar observations and conclusions.

8. Conclusion

We developed fully-decentralized AC and NAC algorithms that are efficient and do not reveal agents’ local actions and
policies. The agents share noisy reward information and adopt mini-batch updates to improve sample and communication
efficiency. Under Markovian sampling and linear function approximation, we proved that our decentralized AC and
NAC algorithms achieve the state-of-the-art sample complexities O(e =2 Ine~1) and O(¢~3 In e~ 1), respectively, and they
both achieve a small communication complexity O(¢~!Ine~!). Numerical experiments demonstrate that our algorithms
achieve better sample and communication complexity than the existing decentralized AC algorithm that adopts reward
parameterization.
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A. Notations

Norms: For any vector z, we denote ||z|| as its {2 norm. For any matrix X, we denote | X||, || X || ¢ as its spectral norm and
Frobenius norm, respectively.

Difference matrix: A .= — ﬁll—r, where 1 denotes a column vector that consists of 1s.

Moments of random vectors: For a random vector X, we define its variance and covariance matrix as Var(X) :=
E[|X — EX||? and Cov(X) := E([X — EX][X — EX] "), respectively. It is well known that E|| X||* = Var(X) + |[EX||?
and that Var(X) = tr[Cov(X)].

Score function: At any time ¢, The joint score function 1 (a:|s:) := V,, Inmt(a¢|st) can be decomposed into individual
score functions ¥0{™ (a{™|s;) := Ve In 7™ (0™ |51) as e (as]s) = [0 (@V]se), . .., 0 (@™ s)].

Reward functions: At any time ¢, we denote RE’”) = R (s4,a4,8141) and Ry := R(sy, ay, s.11), where R(s,a,s') =
1 M p(m) /
M Emzl (S7a75 )
Policy gradient: The policy gradient theorem [67] shows that
VJ(w)=E,, [Aw(s7 @), (8, a)]. (10)

where A, (s,a) == Qu(s,a) — V,,(s) denotes the advantage function. In the decentralized case, we have the approximations
Vio(se) = @(s1) 10, Qu (e, ar) = Ry+y¢(s,, 1) 0 where s, ~ P(:|s;, a;). Therefore, we can stochastically approximate
the partial policy gradient as eq. (1), i.e., form =1, ..., M,

Vastm (@) B+ 79(st40) 0™ = o(s0) TO™ [ ™ (@™ ).
We also define the following mini-batch stochastic (partial) policy gradient.
ﬁw(”l)‘](wt) — % ZE:;JI\;N—I [ﬁz + 7¢(5§+1)T0t(m) _ (b(si)‘rggm) ¢Errz)(al(rrz)|si).

ﬁJ(wt) = [6“,(1)J(wt); ceey 6w(]w)<]((.Ut)} .

Filtrations: We define the following filtrations for Algorithms 1 & 3.



Fio= U({H,E/m)}me/vt,ogtfgt U {54, @i, 85415 {6 }meM ty {StN})

Fi = O'[ft U U({Su ai, 5;+1}§t:t11\;fl_1)]

For =o[FeUo({si,a;, 841,511, {egm)}meM}iguﬁ,;lUBt,k,ﬂ'

B. Proof of Theorem 1

Theorem 1. Let Assumptions 1-5 hold and adopt the hyperparameters of the decentralized TD in Algorithm 2 following

Lemma D.4. Choose o < ﬁ, T' > M Then, the output of the decentralized AC in Algorithm 1 has the following
21n

convergence rate.

max 2 Te 467 408 critic
E[[|v7(wz H U (a0t oo )+ 406(1——5) Tt PO,

Moreover, to achieve E[HVJ(wf)HQ] < eforanye > 12805, g;,gigx, we can choose T, N, N. = O(e™ ') and T., T, T' =
O(lne~Y). Consequently, the overall sample complexity is T(T.N. + N) = O(e 2Ine™ 1), and the communication
complexities for synchronizing linear model parameters and rewards are T(T. + T.) = O(e *Ine™!) and TT' =

O(e tIne™t), respectively.

Proof. Concatenating all the agents’ actor updates in Algorithm 1, we obtain the joint actor update w; 1 = w; + aVJ (we).
Then, the item 7 of Lemma D.5 implies that

L
J(wH_l) 2 J(wt) + VJ(wt)T(th — wt) — 7"”%_,4 — thZ

= J(we) + aVJ(w) VI (wr) -

(g J(we) + a||[ VI (w)||* + aVJ(w) " (%J(wt) — VJ(wt))

— Ly ||V (wi) = VI (i) = Loa? || VI ()|
(i) o o N )
> J(w,) + (5 - LM) IV T (w2 — (5 n LJOP) 9.7 (@) — VI ()]
(idi

> J(w) + SIVI @I = af| VI (wr) = V()]

where (i) and (ii) use the inequalities [|z[|* < 2|z — y|*> + 2||y||* and 2Ty > —3||[|* — §[|y||* for any z,y € R,

respectively, and (iii) uses the condition that o < i. Then, summing up the inequality above over ¢t = 0,1,...,7 —1
yields that '
a T— T—1
J(wr) = J(wo) + 5 Z IVI@)]? = o> [V (wi) — VI (w)||.
t=0 t=0
Rearranging the equation above and taking expectation on both sides yields that
2 1
E|[VI@p| = 2 3 BIVI (@)
t=0
T-1
4 4 ~ 2
< —E[J(wr) - Z {HVJ(M) = VJ(w)|| }
T T pord
() 4Rmax
< = T max Ayl + 4C5ﬁ20W° + 4cg (1 - 75)
o
4c 4c -
oy BTG (11

N N,



where (i) uses the item 4 of Lemma D.5 and eq. (39) of Lemma D.6 (The condition of Lemma D.6 that 77 >

holds). This proves the error bound of Theorem 1.

critic
approx:?

Finally, for any € > 12802

(11) smaller than € and also satisfy the conditions of this Theorem and those in Lemma D.4 that 8 < min (

N, > (E + Zﬂ) 19203[1+(n—1)p].

(1-p)Ap
. 1
a =min (1’E) =0(1)
J
. )\B 1—0
— 2B 2 279 _on
g mm(scg’AB’ 20, ) = OW

T:[48Rmaxw :(’)(e’l)

e

max [ In(48¢se "), In M]—‘

=0(In(e ™))

In(48cge~1) B _
2In[(1 — ABﬁ/4)—1]W = O(In(e™))
N= 48:7] — oY)
48¢cy , 2 192C%[1 + (k — 1)p]
N, = max[ 57 g Qﬂ) (=5

In M
2In(c—1)

it can be easily verified that the following hyperparameter choices make the error bound in

AB 4 1—0)
802 » A’ 2Cp

=0O(In(e™))

|| =0t (12)

In(3D,C3)

Ino !
w

T] < 26{3’ Tz 2

—1)

In M
21n

> and Ny, < (1 — n\p/2)~%/2. Then, the output of Algorithm 3

C. Proof of Theorem 2
Theorem 2. Let Assumptions 1-7 hold and adopt the hyperparameters of the decentralized TD in Algorithm 2 following
Lemma D.4. Choose hyperparameters o < min (1, 4L)jfc2 , 2CL”’ ) <1, T >
In3 2304C (r+1-p)
K=z In(1-nAp/2)~1 A= nA‘?;(lfp)(lin)\F/Z)(K*l)/
satisfies

Co3
+ — —I—Cw

JN.

") —E[J(wp
B, N,N. = O(e2

Moreover, to achieve J(w
T=0(e
N) =
T(T. +1T7)

. A\ (K=1)/4
J@) ~E[Jwp)] <ot +es(1-5F)

critic critic * actor
CIGC approx + C24 approx +C \/ Sapprox-

), respectively.

T, T’ T,
+ 190y + ca00yy + ca1Boys +caa 1 —

)"

)] < eforany e > 20y, [er6Coitic + 2e04 (e 4+ 20 /Cactor . we can choose
), Te, T0, T', T, K = O(Ine~1). Consequently, the overall sample complexity is T (T, N, +
O(e=3Ine 1), and the communication complexities for synchronizing linear model parameters and rewards are

=0('ne ) and TT' = O(e ' Ine !

Proof. Concatenating all the agents’ actor updates in Algorithm 3, we obtain the joint actor update w;+; = w; + ahy. Then,

the item 7 of Lemma D.5 implies that

J(we1) > J(we) + VI (wr) T (w1 — wp) —
= J(ws) +aVJ(w) hy —

@ T
> J(w) +aVJ(w) F

L.] 2
7Hwt+1 —th

LJOé

el

(wt)_IVJ(wt) + avJ(Wt)T[ht —

h(wr)]



— Lya?||hy — h(wy)||” = Lyo?||F(we) " VI ()|
(@) « o Ljao? 9 aCi 9 2
> J(we) + (5 — 573 — VJ(w —¥ 4 Lya?)||he — hlw

(w) + ( S IVl = (5 + Loa?) [ = b

(#44) o
> J(we) + o VI (@) |2 = aC3|he — h(w)|”
aC?

where (i) uses the notation that h(w;) 2 F(w)~1VJ(w;) and the inequality that |22 < 2|jz — y||2 + 2||y||? for any

2
z,y € RY, (ii) uses the item 3 of Lemma D.7 and the inequality that z Ty > — 51 |z||? — %Hy”2 for any z,y € R%, and

202

(iii) uses the condition that & < min ( 1 LAZCZ , ZC; ) Taking expectation on both sides of the above inequality, summing
overt =0,1,...,T — 1 and rearranging, we obtain that
1T21E||w<w )2 < A‘Tﬂwm J(wo)] i’ i E||he — hwy)|’
— =0
2 4012# +4Cy, {cm (1 %)( e +c1102% + c1p02T
st tan(1-225)" ¢ 2 4 candipin]. (13)

where (1) uses the item 4 of Lemma D.5 and the item 8 of Lemma D.7.

By Assumption 2, In7,(s,a) is an L,-smooth function of w. Denote w*:=arg min, ., J(w) and denote E,- as the
unconditional expectation over s ~ v,,~, a ~ T, (+|s). We obtain that

B+ [Inmy41(als) — Inmy(als)]
T L
> o [(Va lnme(als)  (wern —wn)] = 2Bl — il

2

2
= aE,,~ [1/1t(a|s)Tht] — LwTaE[HhtHz]

2 B [ials) T (he — ()] + 0B [Uelals) Thier) — A (5.0)] + 0Ber [As, (5.0)]
— LyE[||h = hlwr)[|"] = Lpa®E[[|F(wr) ™ VT ()]

(¢

Y Oy JE[|h — hw)|[F] - aC. /s

approx

+ aB[J(w*) = J(wi)] = Lya®E[||he — h(ws)||)] = Lya®AR2E[[| VI (w0 |[*],

where (i) uses the inequality that [|z||? < 2|z — y||? + 2||y||* for any x,y € R? and the notation that h(w;)

N
F(w;)~tVJ(w;), (ii) uses Cauchy-Schwarz inequality, the items 3 & 6 of Lemma D.7, the inequality that E|| X | <
\/E [l X||?] for any random vector X and the equality that E,« [A, (s, a)] = E[J(w*) — J(w;)] (See its proof in Lemma
3.2 of [51].). Averaging the inequality above overt = 0,1,...,7 — 1 and rearranging it yields that

< LB, [nmr(als) — Inmo(als)] + Cu/Cacer @Tf\/@[\m — h(w)||’]
= Ta w T 0 * approx T t t

Lwosz1 Ld,a
2 S nalF] + £ SB[l
t=0

—~
INE
=

%EN [KL (7o ([s)lImo(-[s)) = KL (e (fs)l[mr (1)) ] + O /e



Ap\ (K—1)/2 / /
n F) + 11027 4 ¢19027T —0—013&20”6

+Oylen(1 =157
)‘B T C15 critic 1/2
)" ]
by (K-1)/2
S

A ¢ C15 critic

+Cl4<17 Tﬁ) + — N + 16<dppr0x:|
LwO& 4CiRmax
A { To

+ c14 (1 —

2T, 27’ 2 _2T!
+c110%7% + 120" 138707 e

403 g (1 - )

2 2T
o2l
2 g

U
+ 0110'2TZ + 6120'2T + C13

c
o= 20) " ]

(u) 1

< G B [KL(Ter ([s)lmo([)) ] + O /Gt

AR (K-1)/4 . » »
+Cy [\/ <1*T) +/c1107 +\/c1o0” + Jeizfoe

A Te/2 c ”
+ve(1=228) 7[5 e
4 N,

aCy AR (K-1)/4
(1557 e (1= 557)
A T./2 4L, C? Rinax
TEE) T g |+
4 VN, PP TaXZ,
(17,1) c17 ( T])\F)(K 1)/4

/ !
+ 110" 4+ c1a0” + er3B0’e

+ C14 <1 —
AB

T T/ T/ T/2
T7+ 18 1*7 +c190°% + 00" 4 co1f0 C+622(1*T5)

critic critic actor
chCapprox + 624Cdppr0x \/ approx> (14)

\ﬁ

where (i) uses the definition of KL divergence that KL (- (+[s)||Tw(¢|$)) = Eqmr. (fs) [ In 7w (a]s) — In7y(als)|s]
and eqs. (13) & (54), (ii) uses the condition that « < 1 and the inequality that \/Z?:1 T, < Z:;l Vz; for any

2
n € N* and zy,...,2, > 0, (iii) uses the notations that c17:=E,,. [KL(mu~(-|s)[|mo(-]s))] + %, C1g 1=
F

4C3 4C; 4C;
Cqb\/clo +610L¢ (1—|— Tﬁj})’ Clg = C,JM/CH +011L¢ (1+ Tg}), Co0 1= C,JM/Clg +012L¢ (1+ Tzw), Co1 = C,J)\/le +

4cy, 4cy, 4cy, 4C’d
ClgLI/, (1 + W)’ Cog = wa/CM + C14Lw<1 + ?>, Co3 = wa/615 + 615Lw (1 + pea ) Coy 1= 016L¢ (1 + )
This proves the error bound of Theorem 2.

Finally, for any ¢ > 20y /ci6(Siic. + 2024(5;3;3,( + 20" /Cispox it can be verified that the following hyperparameter

choices make the error bound in (14) smaller than e and satisfy all the conditions of this Theorem and those in Lemma D.4

4 19202 [14(k—1)p]
that6<mm(sc2wg’zcg) Ne> (3% +28)= = p);B £

o = min (1, 4LA2FC£ , QCL’Z‘%]) - 0(1)

f =min 1, 8A0B2 ’ )i; 12(_,*]:) o)

: —Qéi - o)

rfter] o

K = max {111[(1 ffim—ly n 4[1(1111(1 ;176)\1;6/2;)—1] +1]] = 0[]



r = [ 2] =Tt

1 = oty ey ] = 0l

e )

e v IR

=l capea ] =0

N, :[max KE + Zﬂ) 1920%1[1_J;§§; el 196c§3e*2ﬂ = O(e?) (15)
O

D. Supporting Lemmas

First, we extend the Lemma F.3 of [43] to the Lemma D.1 below. The item 1 of Lemma D.1 generalizes the case n = 1 to
any n € N7, the items 2 & 3 remain unchanged, and the item 4 is added for convenience of our convergence analysis.

Lemma D.1. The doubly stochastic matrix W and the difference matrix A = I — %11T have the following properties:
1 AW =W"A =W" — 4117 foranyn € NT.
2. The spectral norm of W satisfies |W|| = 1.

3. Foranyx € RM andn € N*, |W"Az| < o, ||Az|| (ow is the second largest singular value of W ). Hence, for any
H e RMXM |\W"AH||p < ol | AH| p.

4w T < o

wn — 111THF<0” VM foranyn € NT.

Proof. The proof of items 2 & 3 can be found in [43]. We prove the item 1 and item 4.

We prove item 1 by induction. The case n = 1 of the item 1 can be proved by the following two equalities, as shown in [43].

1

— o T i T - T

AW_(I M11 )W w— M11W w11

WA = W(I— i11T> =W — LWHT B - illT
M M

Suppose the case of n = k holds for a certain k € N7, then the following two equalities proves the case of n = k + 1 and
thus proves the item 1.

1

AW = (AWRYW = (W’c - MllT)W — ke

—11"
M
1 1

WA = W(WFA) = W(Wk 7 711T) gkt LT
(WA) M M

The item 4 can be proved by the following two inequalities.

Wn _ 11T’
=5

= Al = s e < s o lais] Py a6
z||<1

i (#41)
HW"*M“TH D wnal|, < ollale



(@oﬁ/\/M(l]\14)2+M(M1)(1\1/[)2§U%\/M7 a7

Where (i) uses the item 1, (ii) and (iii) use the item 3 (H = I in (iii)), and (iv) uses the fact that A has M diagnoal entries
1 — 4 and M (M — 1) off-diagnoal entries — ., which implies that || A = 1. O

Next, we extend the Lemma F.2. of [43] to the Lemma D.2 below.

Lemma D.2. Suppose the Markovian samples {s;, a;}i>o are generated following the policy m,, and transition kernel P’
(can be P or P¢), and s, ~ P(-|s;, a;). Then, for any deterministic mapping X : S x Ax 8§ x § — RP*? (p,q € Nt
are arbitrary.) such that || X (s,a,s',3)||r < Cy and for any s,s',5 € S,a € A, we have

n+n — 2
9CZ(k+1—p)
= X iy Wiy Si+41, _XH ni|< z ,\V/, ! N+ 18
{H Z (84,4, Sit1,5541) S| < W0 =) n,n’ € (18)
where X = E[X(si,ai,siH, s;-Jrl)‘si] with s; ~ i, (or v,,) when P' =P (or Pg).
Proof. Denote Y(s,a,s’) := Ezipi(|sa) [X(s,a,s’7§')|s7a, s’] which satisfies |Y(s,a,s’)|] < C, and

Eg, v, [Y(si7 a;, 5i+l)] = X. Hence, Lemma F.2 of [43] can be applied to Y (s, a, s’) and obtain the following inequality

n+n’—1
8C%(k+1—p)
[H— S Y(siaisiv) XH sw| g2 2P (19)
= n(1-p)
Therefore, we obtain that
n+n —
|:H* Z X 517a1751+17 z+1) XH ‘{Slaalvsz—O—l ?:tﬁ 71i|
7L+n 2
-1
= HE[ Z X Szya’lasl+17 z+1 X‘{Szaaza51+1 ;H_nn }HF
1 n4n’—1
+Var|: Z X slaalysl—‘rla 1+1)‘{5ua1751+1}1+»:/ 711|
2
= ‘E Z Y(si,ai,si_,_l)—XHF
=N
n+n —1
-1
+ ﬁ Z VaI[X(Sz; Ajy Si4+1,S ¢+1 ’{52; ag, 52+1 +n ]
i=n’
(“) n+n'—
‘f Z Y( sz,al,sl_,_l)—XH (20)
where (i) uses the conditional independency among {s/, +1}Z(-:;11\2N71 on {s;, a, sz—“}?:ﬁ,_l and (ii) uses the fact that

| X (s, ai, 841, 8541) || F < Ch.

Finally, eq. (18) can be proved via the following inequality.

n+n

wa S Kt - X[ o]

n+n’—1 2

2 C
{Hf E Y (si,aiySiy1) — XH sn/} + £
n

i=n'




(1) 2 _ 2 _
2 8C;(k+1-p) C—g 9C;(k+1—p)
n

= Tai-p n(i—p)

where (i) takes the conditional expectation of eq. (20) on s/, and (ii) uses eq. (19).

O

Next, we prove the following Lemmas D.3 & D.4 on the decentralized TD in Algorithm 2. We first define the following

useful notations.
A = Amin (Es~p, [0(5)¢(s)T]) > 0, see Assumption 4.
B(s, s') = (s) [vo(s) — 6(s)] -

=1
i=tN, (Si,31'+1)-

B, = ESNM,a~m<-|s),s'~1><-|s,a) [B(s,s)]-
b(™) (s,a,8") := R(™ (s,a,s")p(s).
b(s,a,8') = g7 Yoy B (5,0, 8").

W = e SR s, i),
b= o5 Z’rn 1 b(M)'

b 1= Boropieyamma (1),s'~ P [s0) [B(5 @, 87)].

07 := B_'b,, which is the optimal critic parameter under policy 7,,.

Lemma D.3. The following bounds hold for Algorithm 2.

1 |B(s, )|, | Billp, | Bullr < Cp i= 1+,
0™ (5, @, 81, 11b(s, @y )|, 1™ (1, [1Bell, bl < Cp := Rinaxe

2. 0T B0 < —2E|0||? uniformly for all w, where A := 2(1 — y)Ay > 0.

3. 05] < Ro = QCb uniformly for all w.

Proof. We first prove the item 1. Notice that for any vectors 2,y € RY,

d d d
leyTlle = (| DD ()2 = | Y a7 Zyj lllyll-
i=1

i=1 j=1

Hence, we obtain that

1B(s, 5)l = [|6(s) (36 (5) = 6(5)) || = lo(s)l7e(s") = 6(s)]| < 1+ = C,

1b(s, a, s")| = R(s,a, ") [(s)]| < Rmax = Cb.

The other terms listed in the item 1 can be proved by applying the Jensen’s inequality to the convex function || -

21

(22)

Next, we prove the item 2, where we use the underlying distribution that s ~ (i, a ~ m,(-|s), 8" ~ P(:|s,a). We obtain

that
07 B0 = E..(676(s)[16(s) — 6(s)] 6)
B [(076()) (67 0(5)] B [(07 6(5))°
< 2(B[(0769)"] +EL[(070()"] ) — B [(07 0(9)]



© (y-1E, [(9%(8))2]
= —(1 -0 E,[6(s)6(s) 10
<2, =

where (i) uses the fact that s, s’ ~ p,, which is the stationary state distribution with the transition kernel P and the policy
T, and (ii) uses Assumption 4 and we denote Ap := 2(1 — )4 > 0.

Finally, the item 3 can be proved via the following inequality.

16117 < —g(%)TBw@ < g 10alliBuOL ] = SN0ulllbe Il < 516G (24)

where (i) uses the item 2. O

2
Lemma D.4. Under Assumptions 1-5 and choosing 5 < min (8)‘6{3% , ﬁ, 12_5;"), N, > (% + 26) W’

Algorithm 2 has the following convergence rate.
al (m) 2 27" g A \Te o
Z ]E[||‘9TC+T£, =05, |we] < opcBPer +2M {63 (1 - §/3) + 7} (25)
m=1

Moreover, to achieve E%zlE[H@(TZiT{ - Hth2|wt] < € we can choose T, T, = O[In(e!)] and N. = O(e™').
Consequently, the sample complexity is T.N. = (9[6_1 ln(e_l)} and the communication complexity is T, + T, =

OlIn(e™)].

Proof. In Algorithm 2, by averaging the TD update rule (26) over the agents m € M, we obtain that the averaged critic
parameter 0, ¢/ := 1 M ?iT/) follows the following update rule

I 1 2 = m’ m m
Orir = M Z [ Z W"hm/gi,t' ) + ﬁ(Bt’ng,t’) + bg’ )ﬂ

m=1 m’=1
1 M , 1 M
= Z Ht(fz )+ BM Zl (Bt/egz) + bE/m))
m’/=1 m=
e aut’ + ﬂ(Bt’gt,t’ + bt’) (26)

which can be viewed as a centralized TD update using the Markovian samples {s;, a; }; from the transition kernel P and the
joint policy ;. Therefore, Theorem 4 in [28] can be directly applied to analyze this centralized TD update and obtain the
following convergence rate of 0; -, since all the conditions of that theorem are met *.

_ A Te
B[z, - 65, *for) < (1= 228) " Ellfeo 65, for]

) 192(CER3 + CR)[1 + (k — 1)p]
(1= p)AsNe

+(%+25

(2) AB e 2 2 C1
L2(1-225) " (ol 4 RY) +

(i) T
< s <1 - ABﬁ) + f\,i @7

1920(CE Ry+C2 ) [1+(k—1)p]
(1-p)X% ’

where (i) uses the condition that 8 < 4/Ap, the item 3 of Lemma D.3 and the constant that ¢; :=
(ii) uses the constant that ¢z := 2(||6_1 ||2 + R}).

2We corrected the typo 1 — %ﬂ, which should be 1 — ATB 5.



Next, we consider the consensus error [|AO, || = SM_, HGET,) — By.0/||” where we define ©, s := [Qg)lt),, e Gt(%)]-r.
Note that the critic-step (26) can be rewritten into the following matrix form
Oirs1 = WOy + (00 By + b8 oMYt = 0,1,...,T. — 1, (28)

which further implies that for any ' = 0,1,..., T, — 1,

i)

(
14801 < [[WASLe o+ BlABY; b0

»+ 8|26, B,

(44)
< (ow + BCB)HA@t,t’

M
NN R
m=1

(“Sl) 1 +20'W

A6y

| + BMCy,

where (i) uses the item 1 of Lemma D.1, (ii) uses the item 3 of Lemma D.1 and the item 1 of Lemma D.3, (iii) uses the
condition that 5 < 122*? and the item 1 of Lemma D.3. Telescoping the inequality above yields that

1+ow\Te 28MCy (i) 26MCy
A© <( ) ae Y , 29
H t,Te F — 2 t10||F+ 1*0'W 1*UW ( )
where (i) uses the equality that A©g = O due to the initial condition that ©, g = [0_1;...;0_1]T.
On the other hand, the final T, local average steps in Algorithm 2 can be rewritten into the following matrix form
@t,t’+1 = W@tyt/;t =T, T.+1,...,T. + TC/ — 1.
Hence, the average critic parameter gt,t/ does not change in these local average steps, i.e.,
7 1 L o7 T\NT 1 T i
Ovroam; = 37O ml = Mgt,TC(W ) 1= a7 Orr =0z, (30)
Therefore, we obtain that
M , M )
SN0 ey =B = D0 N0 s~ B |* = 1188z s 7 = | AW, 1, [
m=1 m=1
(3) , (22) ’
= [WEAG . |F < opcllAe 7 |IE
(iid) ' 19BMCHIN2 (i /
< ot (BN W 2t ey (3D
1-— ow
where (i) and (ii) use the items 1 and 3 of Lemma D.1 respectively, (iii) uses eq. (29), (iv) denotes that ¢y := 2( fﬁ/ff‘;’; )2.

Combining eqs. (27) & (31) yields that

M M
S 657 vry = 05 we] <2 3 B[617 sy — ez |*leoe] + 2ME[[[8r,z, — 62, || for]
m=1 m=1
< 0‘2525252 + QM[C?,(l - %B)TC + ]Cv—l}

In the inequality above, replacing 975"%2 L from Algorithm 2 by its corresponding variable Gt(m) from Algorithm | proves
eq. (25). Finally, it can be easily verified that the following hyperparameter choices make the error bound in (25) smaller
than e and also satisfy the conditions of Lemma D.4.

)\B 4 1—0‘W
8C% \g’ 2Cp

/8 = min ( ) =0(1)



B 2 192C%[1 + (k — 1)p]
N, = max [(g +23) =

1]—‘ = O[ln(e‘l)]

76Mc1671} =0()

o [ (eMese)
© (- rpB/4)”
BT _ o)

In(oyt)

T =2

C

O

Lemma D.5. Forany w,& € Q, s € S and a(™ € A,, (A,, denotes the action space for the agent m), the following
properties hold.

1 [[95™ (a™)]s) || < Cy, where 5™ (@™ |s) := Vyom In7l™ (a™]5).
2. 195" (@™]s) = 9™ (@3] < Ly [ = wO™].
3. dry[ne), (1), w5, (19)] < Lol — .
4. 0 < Viu(s), Qus, a) < (1 —7)Rmax, 0 < J(w) < Rmax.
5. dry[ve(ls), vs(-]s)] < Lyllw’ — w|| where Ly, := Ly [1 +log, (k) + (1 — p)~1].
6. d1v[Qz(s,a), Qu(5,0)] < Lo | — w|| where Lq := ke,
7. J(w) is Lj-smooth where Ly := Rmax(4L, + Ly)/(1 — 7).
8. V()] < Dy 1= Oyl
9. F(w) is Lp-Lipschitz where Ly := 2Cy(L;Cy + L,Cy + Ly).
10. h(w) is Lp-Lipschitz where Ly, := ZAEI(DJ)\IZILF +Ly).
Proof. For any w(™ &™) € Q,,, s € S and a(™ € A,,, arbitrarily select wm) =5 e Q. a™) e A, for every

m’ € {1,...,M}/{m}. Denote w = [w®;...;w™] & =[@W;...;5™)], a = [aM),...,a™)]. Notice that the joint
score vector has the following decomposition

bo(als) = 0 (aM]s);. . 950 (aMD)s))]. (32)

Hence, the items 1 & 2 can be proved via the following two inequalities, respectively.

M ..
m m m/’ m’ (4) (i)
[ @™s) < | S 118" (@m)]s) 12 2 [ (als)]| < Cy.
'=1

198 (™ |s) — i (@™)]s)|| = [z (als) — v (als)]

© ~ ~(m m
< Lylld - wll = Ly[a™ — w™)|

where (i) uses Assumption 2.

Next, we prove the item 3. Notice that

dTv[Wa('|5)a7Tw('|3)]

(@)
= sup |m5(Als) — 7 (Als)]
ACA



M
H Wa(m’) m| H ﬂ—w(m") (Am/|8)‘
A1C.A1 ..... A]uC.A]vj m/=1 m/=1
(#id) o
it
= sup 1T wim) (Ams |8)‘ ’%w (Amls)
A1CAL S AMCAM ] m'#<m
(iv)
=" sup

T (Am|s)‘
\ T (Amls) — 7 (A m\s)' = dry [l

Ay CAm

where (i) denotes that 7,,(A|s) =
wm) = gm) ¢ Qv Vm’ € {1

( |s), 7 w(m>( |s )]a

i) 4 Tw(als)da, (ii) uses the relation that x,,,c pqAp C A, (iii) uses our construction that
yoory M} /{m}, and (iv) uses A,,, = A, to achieve the supremum. Therefore, the item 2
can be proved via the following inequality
dTV[ w(m>( ls), i@z)

where (i) uses Assumption 2

(18)] = drv[rs(-]s), 7 (]s)] Tr 18 - wll = La |3 — ]

The item 4 can be proved by the following three inequalities that use Assumption 3

0 =E, [iwtﬁt’so = s} Zthmax = Ta;,
t=0
0 < Qul5:) = Burmpioay [ 08)  AVls)] < R 972 = 2%,
t=0

The proof of the items 5 — 7 can be found in the proof of Lemma 3, Lemma 4 and Proposition 1 of [28], respectively
Next, the item 8 is proved by the following inequality

[VI@)|| = [Eanre anro1s) [Qu(s: a)tu(als)] |
(i)
< ESNVW,GNTFW( |s) “Qw s a)HWJW a| ||]

where (i) applies Jensen’s inequality, (ii) uses Assumption 2 and the item 4

< Cw I Brndx
Next, the item 9 is proved by the following inequality

l—n
|F@) = Fw)

= |Eanr, amms(1s) [Va(als)Pm(als) '] —
©

]E’SNV-NW,G/NTFW(-ls) [¢w (a|8)ww (als)T] ”
HIESNV,r~ ar~tg(¢|s) [ww(a| )ww(a| ) ] - Eswu,rw ar~Ty, (¢|s) ['(z)w(a"s)l/)w al

I
+Eswuww,a~7rw(-\s)[H 7% (l| ) - ¢w(a|5)]¢&(a|5 T|H
+Es~1/,rw,a~7rw(-\s)[wa a|s [’l/)g,(a‘s)
(i

~ tulals)]"|]

S| balsimaals) - vao)mfals) [ (als)ba(als) ] dsdal| + 20y Lol — ]
SxA

< Ci/SXA|Vw(s)ﬂw(a|s)

2
SCw/SxA .

vz (8)|mz(als) — m,(als)|dsda

Vi (8)me(als)|dsda + 2Cy Ly||lw — v



—I—C’i/ T (al$) Vg (s) — v (s)|dsda + 2Cy Ly |0 — w|

SxA

(4i) - - B B

2 91,035 — o + 2LuCEj5 | + 20y L[5 — ] = L5 o]

where (i) applies triangle inequality and then Jensen’s inequality to the norm || - ||, (ii) uses Assumption 2, (iii) uses the equality
that [ v, (s)ds = [, m.(als)da = 1 as well as the inequlities that [ , |75 (als) — m,(als)|da = 2dry [m5(+|s), T, (+|s)] <

2L ||@ — w|| (based on Assumption 2) and that [ vz (s) — v (s)|ds = 2dry [ (+|s), vz (-]s)] < 2L, [|w’ — w]| (based on
the item 5).

Finally, the item 10 is proved by the following inequality
17(@) = h(@)]
= ||F@)'VJ@) - F(w)"'VJ(W)|
<2[F@)7 = Fw) ' IVI@)| + 2 Fw) T [VI@) = V()]
(@) SN 1y~
< 2D, ||F(w) ' F(w) = F@)]F@) || + 2Ly || F(w) | ||& - ]|
(i4) o e e _
< 2D;Ag LFHw —wH + 2L, Hw —wH = LhHw — wH,
where (i) uses the items 7 & 8, and (ii) uses the inequality that || F(w) || = Apax(F(w) ™) = Apin[F(w)] 7! < AR! for

all w (since F(w) and F'(w) ™" are positive definite) and the item 9. O

Next, we bound the approximation error of the following stochastic (partial) policy gradients.

(t+1)N—1

= 1 m m m m

Vo @) i=x 0 [B™ +96(s) 70" = o) TO ™ (™ s, (33)
i=tN
VI (wy) ::[ﬁme(wty 3 Vaond(wr)], (34)
o @i Bus) = S R 4+ 76(5,00) 0™ — 6(s0) 0 ™ (™)s0), (35)
k'LEng

Vi (wi; Bew) = [V J (@)« Vgan I (wr)]. (36)

Lemma D.6. Let Assumptions 1-5 hold and adopt the hyperparameters of the decentralized TD in Algorithm 2 following

Lemma D.4. Choose T' > 3 lhz 1\{1 Then, the following properties hold.

1. The estimated average reward RE’") has the following bias and variance bound.

Z E[R™ - Ri|Ri)* <Mo?l R, 37)
m=1
M
3 var[R™|Ri] <4R2,.7 (38)
where R; == [Rgl); o REM)] denotes the joint reward.

2. The stochastic policy gradients have the following error bound.

]E[Hﬁj(wt) - VJ(%)H ] <C4OW + CsﬁQUW + ¢ (1 - *5)

+ N + F + 1603 ot 39)

E[|[97(wr: Be) = VI @)|[*| Fes] <eao? + 163 Z 6™ — 07|



c e
+ 3.+ 16CE i (40)

where Fy i, = o[Fy U ({85, ai, 8041, 811 16 et Fieus 1

5]

k'=0

Proof. We will first prove the item 1.

When R; : [R(l) REN )] is given and fixed, the randomness of Egm) = Rl(m) (1+ egm)) and Y ,(m)J (w;) defined in

eq. (4) only comes from the noises {e( )}M . Since {egm)}%zl are independent noises with zero mean and variances
02,...,0%, R = [R(l) R(M)] has the following moments
E[R;|R;] = R;,

cov [§Z|RJ = diag[(REl))zof, ey (REM>)2012\A =3,
Hence, ﬁl = [E(l), ... ,E(m)] =wT R (the second “=" comes from eq. (3) and the notations that R(m) R(m) nd

that Rgm) = (m)) has the moment that E[R |R;] = WT'R; and Cov [Ri\Ri] = WT'S,(WT)T. Therefore, eq. (37)
can be proved as follows

M
S B[R - Ri|R]" = |[E[R: - Fi1|R]

m=1

‘_|lwrr, -
=R

/ 1 2 (4)
< W - T IR £ Mo R,
M
where 1 is a M-dim vector of 1’s, (i) uses the inequality that | R;||* = ng:l(Rl(-m))2 < MR?

< ax (based on Assumption 3)
and the item 4 of Lemma D.1. Then, eq. (38) can be proved as follows

M
S var[R™|R:] = Var[Ri|R;] = «[(W) s, W]
m=1

_ tr[(WT’ — %uT)zi (WT' — %nT)T} +tr[(WT/)Ei(%11T)}

e el )

’ ]_ 2 2 ’ 1
2 52 T T T T T T
< MR3,.\0 HW - 11 H +Mtr[w ;11 ]—l—Wtr[l(l »1)17]

(i4) B 2 , 1
< MR, oPoff + TS W4 o (1T S)u(1 "]
(zi7)

3
< R’ & MlTEil

max

—R2 4 i/[: R(m)

(iv)
< 4R%? 5?2

where (i) uses the equality that tr(Y T ) = tr(Y") and the inequality (41) below in which X = W7 — 117 and the m-th
entry of v,,, € RM is 1 while its other entries are 0, (ii) uses the item 4 of Lemma D.1 and the equality that tr(zy ") = y "=
for any -, y € RM, (iii) uses the condition that 7" > [In M]/[2In(c, 1)] and the item 1 of Lemma D.1, (iv) uses Assumption
3.

M M
(XX ) =tr(XTXD) = Y vl X XS0 < Y [om[[[| X2 Zivm |

m=1 m=1



Next, we will prove eq. (39) in the item 2, where the error term can be decomposed as follows

|V (we)

M
=Y (RI)202|IX|? < MR2,, 57X,

m=1

where we use the following notations that

(0.5 9™

IRERER )

(t+1)N—1

gt =

)

— VI <4|[VI@) - gl +4lg — o]

) (1)

+4|gr —gr|” +4 |7y — VI,

(I11) (Iv)

m 1 m m m m
o= D[Rt adsin) 6 — o(s) 0 e (0f]si),

1=tN
(t+1)N -1

9=y > [Ri+70(si0) 705, — o(si) 705, ] en(ailsi),

i=tN

gr = ESNVW,a~7rt(-|s),s’~73(-|s,a) m(& a, 8/) + 7¢(S/)T9:1t - (b(s)Tg:;J ¢t(a|5) |Wt] .

Conditioned on the following filtration

(t+1)N71)]

=0 []—"t U U({Siy Qs 5;+1}i—tN+1

=0 ({05 Ymemozr <t U {si,a, sha 1" T U {senn} U {{el™ bmeam b 251,

the error term (I) can be bounded as follows.

E[[[V7(w) - gur|*| 7]

M

~

E[

m=

19 () = gl | 7]

1

M

1

(t+1)N—1

1 —(m)  — m m 2
CEly X @R @] 1]
(t+1)N—-1
1 —(m _ m m 2
v X B Ry @™ s)|F|
1=tN
1 (t+1)N—1 ()
v X B R |
1=tN
1 (t+1)N—1 ) — )
& X @ -R)E]E )
i=tN
(t+1)N—-1
+ 3 XY v E™ = R)ol™ (@™ s5)| F)
1=tN
(t+1)N 1 -
m m m 2
S BE™ - RIF)] e @ 50|
1=tN

M (t+1)N-1

Z S @) [Pvar B - Rl 7]

i=tN

(41)

(42)

43)

(44)

(45)

(46)



2 M (t+1)N-1 (m) 2 (t+1)N—-1 M (m)
< ;z S OEEY-RIFP o S S (R A
m=1 i=tN i=tN m=1

(vi) C 3 B
< C’(ZJ(M a7 R2 ax) + ¢ (4Rr2nax 2)

’ 4
= Cw max (MUIQ/[; + NEQ)v (47)

where (i) uses the definitions of v wim J(wy) and gt(m) defined in eqs. (33) & (44) respectively, (ii) uses the relation

that E||X||2 = Var(X) + |[EX |2 for any random vector X, (iii) uses the facts that »\"" (a\"™|s;), R; € F are fixed
while {Egm)}l(-:;]l\;]v_l are random and independent given F7, (iv) uses the equality that Var(zY') = 27:1 var(zy;) =
Z? yivar(z) = |y||?>var(z) for any random scalar z and fixed vector Y = [yi,...,yq] € R? (Here we denote
y= (m)( Em) |s;) € F), (v) applies Jensen’s inequality to the convex function (-)? and uses the item 1 of Lemma D.5 as
well as the fact that R; € F is fixed, (vi) uses egs. (37) & (38) and the fact that the conditional distribution of RE’”) on

R; € F] is the same as that on JF since the noise egm) is independent from any other variables.

Then we bound the error term (II) of eq. (42) as follows.

u+1ﬂv 1

2
o —i]* = Z | S (o(stin) — o) O™ - 8))™ (@™
m i=tN
() 1 (t+1)N71 M

<y 2 2 Ihetsi) = oGl 16 - o Pl @™ ol

i=tN m=1

(i) C2(1 +~)? (t+DN-1 M

< A;QA?VAAA, jg: j{: He(m>-9*

=tN m=1

= 4C? Z o™ — 0z, | 48)

where (i) applies Jensen’s inequality to the convex function || - ||, (ii) uses Assumption 4 and the item 1 of Lemma D.5.

To bound the error term (III) of eq. (42), denote that
X(s,a,8',3) = [R(s,a,3) +76(3) " 65, — 6(s) "6, Jwn(als), (49)

which satisfies | X (s, a, s, 5)|| < [|R(s,a,3)|+]|vé( N)—i—(]ﬁ W65, 1114+ (als)|] < Cy(Rmax +2Rp) (the second < uses
the item 3 of Lemma D.3) and X = Eg,,, [X(s“ iy Sit1, Sipq |}'t} = g; where sy, w; € Fy := 0({9(?)}m€M30§t/§tU
{86, ai, 8] 41, " Y merm YN U {sin}) are fixed. Hence, Lemma D.2 yields that

, 1 (t+1)N—-1 2
Ellsi - w17 <E[| 5 > Xlswan s, i) - X 7]

< 90,3)(Rmax + QRG)Q(K/ +1-— p) .
- N -p)

(50)

Next, we bound the error term (IV) of eq. (42). Notice that
5 = V()
— B, [(R(5,0,5) + 10(5) = 0()] 0%, — [R(5,0,5) + 7V (5) = Vi ()] ) u(als) o]
=B, [(7[6() 02, = Vi (B)] = [6(5) 0%, = Vi (5)] ) ulals) e . 51)



Hence,

15 = TN = [Eu[ (1661702, — Vi D] = (605702, = Ve ()] ntale] |

B || (Vo 02, — Ve B1] — [605) 702, — V)]l o]

< 203w, [ 0702, V) + 00700, ~ i) ]
= 2024 / H¢(§)Te;;t —v, (§)H21/t(s)7rt(a|8)’P(§|s, a)dsdads
SXAXS

2038, [[[o()705, — Vi () [e]
(ig) 203,7/SXAXS H¢>(§)T93t — Vi, (E)HQVt(s)m(a|s)P§('§|s,a)dsdad§

o570z, — Vi (5)] ]

78, 10l

+2C3E,, [

(i)
2 203 (v + 1), |

(v) -
S 403) critic (52)

approx -’

where (i) applies Jensen’s inequality to the convex function || - ||2, (ii) uses the inequality that ||z + || < 2||z||? + 2||y||?
for any x,y € R, (iii) uses the inequality that P(s'|s,a) < v~ ' P¢(s'|s,a); Vs, s’ € S,a € A, (iv) uses the equality that
S5y a vi(s)mi(als)Pe(8]s, a)dsda = v(5), and (v) uses the notation that C;;girf)x = sup,, Esuu, [|Vio(s) — ¢(S)T9:|2}.
Substituting eqs. (47),(48),(50)&(52) into eq. (42) yields that

E[||VJ(w:) — V(@) F]

M
< AC3RE, . (Mol + %52) +1603 3 [0 oz, |
m=1

36C2 (Rumax + 2Re)? (15 +1 — p)
N -p)

+1 603} Ccritic

approx

M
= caof + T+ 1602 D7 (|6 — 02, || + 1607 g (53)
m=1

where Q,Em),wt € F; are fixed, and we take the conditional expectation of eq. (47) on F; C F; and denote that ¢4 :=
C? (Rmax+2R
AMC2R2, ., ¢r = 16C2R2,, 5% 4 200 mat2o)

max> 1—p

eq. (53) yields that

2 —
(rt1-p ). Substituting eq. (25) into the unconditional expectation of

E[||[VJ(ws) = VI (wr)|)’]
, , Ap AT "
< cgodl + CN? + 1603, (agcﬂQCz +2M {03 (1 - %5) + ]C\Tj) + 1607,21; approx

, , Ap A\Te o e g
= ol +esBloy +eo(1-28) "+ T 1+ 16C3 e
8 N N

where we denote that ¢ := 16¢2C7, 6 := 32M c3C7, cg := 32M e, CF. This proves eq. (39).

Equation (40) can be proved in the same way as that of proving eq. (53). There are two differences. First, vJ (wi; Brk)

uses the minibatch B, j of size N;, while V.J(w;) uses batchsize N. Second, eq. (40) is conditioned on the filtration

Fipi=0 []-'t U a({si, iy Sig1s Syt {egm)}meM } U1 )] which includes not only the filtration F; use by eq. (53)
e Ptk

but also the minibatches U’;TZIOBt,k/ used by the previous (k — 1) SGD steps. O



T/ In M Tz 2 ln(3DJCi), K > In3 N 2

Lemma D.7. Implementing Algorithm 3 with n < Z Syl In(o)) Z WA=mre /2 1]

202 >

e (12_33451_&7(]’2;;)2(_1) 7 and Ny o< (1 —nAp/2)” k/2 the involved quantities have the following properties, where E.,
F

denotes the expectation under the underlying distributions that s ~ v, a ~ 7,(-|s).

L Ap < Amax[F(W)] = |F(w)]| < CF, V.
2. 3 <1=nC <[ —nFW)[| <1—nAp son < 53
3. C’J < Fw) ™Y < )\;1. For any w,x € R%, T F(w)"ta > CJ2||30||2.

4 @)l < V@] < %

5. h(w) = argminE, [(1/)w(a|s)Th — A, (s, a))z], 50
h
Ee, [(@Dw(a|s)Th(w) — Au(s Cb)) ] e Where s ~ v, a ~ T, (+|s).

6. E - [ww(a\s)—rh( ) — Au(s, a] > —Ciy /ot Y.

7 N — N(1—nAp/2)E-1=R/2(1_ [1—nAp/2) 576Ci(n+17p)
TR I—(1—nArp/2)K/? = T Xa-p

8. hi approximates the natural gradient h(w;) with the following error bound.

K-1)/2 /
nAr\( 2T, 27’ 2 2T,
+c11oy” + creoyy +ci3fBloy,

B[t — b)) < eno (1= 15

AB c15 .
+ C14 (1 — §ﬂ) + F + C16 Zp;lrf)x (54)

Proof. The item 1 is proved by the following inequality.

A DrninlF@)] < A F(@)] D [|F )]

= B [plals)(als) )| < o [[[wtals)lltals ) < 3,

where (i) uses Assumption 6, (ii) uses the fact that F'(w) is positive definite implied by Assumption 6, (iii) applies Jensen’s
inequality to the convex function || - || and (iv) uses Assumption 2.

Next we will prove the item 2. On one hand,

Q] 1
. _ —1_ >1_ 2 5 -
Amin [I nF(w)] 1 — 9Amax [F(w)] >1-nCy > 5 (55)
where (i) uses the item 1, (ii) uses the condition that n < 5 é
Amin[I = 1F(@)] € Amax [T = nF(@)] € 1T = nF@)]l = T = phuin[F@)] <1 -1, (56)

where (i) uses the fact that [ — nF'(w) is positive definite based on eq. (55). Hence, egs. (55) & (56) prove the item 2.

The item 3 can be proved by the fact that F'(w)~! is positive definite with minimum eigenvalue Apax[F(w)] =% > Cy % and
maximum eigenvalue Ay, [F(w)] ™ < Az! implied by the item 1.

The item 4 can be proved by the following inequality.

()] = ||F(w) ' V()] < |Fw |[[VI(W)] e VI || s 7 Dy,

where (i) uses the item 3 and (ii) uses the item 8 of Lemma D.5.



Next we will prove item 5.

Consider the following function of z € R%.

1IEIW [(z/)w(a|s)T:U — Au,(s, a))z]

= 2o Eu[buals)ulals) o — By [Au(s,albulals)] T+ JEu[Au(s,0)?]
= %xTF(w)x - VJ(W)TZ' + %Ew [AOJ(S7 a)Q}

fu(z)

Since V2f(w) = F(w) is positive definite, f is strongly convex quardratic and thus it has unique minimizer h(w) =
F(w)~1VJ(w) obtained by solving h from the equation V £,,(h) = F(w)h — VJ(w) = 0. Hence,
2
E, [||1pw(a|s)Th(w) — Aw(s7a)|| ]
— m}jn E, [(ww(a|s)—rh — A, (s, a))Q]

< sup m}}nEw [(Yw(als)Th — Ay(s, a))Q} := Capprox 57

which proves the item 5.

The item 6 can be proved by the following inequality.

[Au(s,a) = Pulals) Th(w)]
Vi (8) T a|s)[ (s,a)—ww(a\s)Th(w)]dsda

\\

M s,a) — als T w saa
S)ma(als) Vo (s) 7 (als) [4o(2,) =t (als) hle)] dsd
[Au(s,0) = ulals) Thw)]]

_ {Vw* (8)mw-(als)
“L vo(s)m,(als)

s\/Ew[(”“*( ) VB [(Aa(ov) — uels) Th))?] < e 9)

U, (8)m,(als)

where (i) uses Assumption 7 and the item 5. Multiplying —1 to the above inequality proves the item 6.

Next, the item 7 can be proved as follows.

i 1 —nAp/2) /2
N, Oy K(il nAr/2) -

ool = nAr/2)7F/

N —nAp/2)EIRRA - /1T —nAp/2)

a 1—(1—nAp/2)K/2

@ 2304C4 (k + 1 - p) (1 — nAp/2)E-D/2 (520 /2)
A3 (1= p)(1 = nAp/2)E-D/2 1++/1—n\p/2

576C4 (k + 1 — p)
T N0=p)

where (i) uses the conditions that N}, o< (1 — nAg/2)~*/2 and ZkK:_Ol N}, = N and (ii) uses the condition that N >
2304C, (k+1—p)
AR (1=p)(1—nAp/2)K-1/2

Finally, we will prove the item 8. Until the end of this proof, we use the underlying distribution that a; ~ m¢(+|$;),8i4+1 ~
Pe(:]8s,a;) for tN < i < (t + 1)N — 1 in the ¢-th iteration of the multi-agent NAC algorithm (Algorithm 1).



The local averaging steps of z; ¢ := [z 1) zgy)]-'—

ERERE yield the following consensus error bound.
M g
(m)  — \2 T 2 (1) T 2 D op 2
(27, —Zr.)" = = [[AW =z 0] = W2 Aziol|” < o7 [ Az
m=1
(2i3)
< o2 Z( (m) = o2 Z wﬁ"‘)(a(m)ls )Th(m)]
(iv) o, "2
§ Chow Z thnlz |” < Cloyy
m=1
where Z, = &ZM

me1 Z T , (1) and (ii) use the items 1 and 3 of Lemma D.1 respectively, (iii) uses the equality that
Al = 1, and (iv) uses the item 1 of Lemma D.5.

Then, we define the following stochastic gradients of function f,,,.

Vestom fun (he ) =~ Z W™ (@™ [s)te(ailsi) Thew — Vom J(we Br)
'LEBt k
V foor (he k) iiﬁ '628: Ve(ailsi)e(ailsi) The — 6J(O-)t§l3’t,k)
2 t,k

:I:~w(1)fwt(ht k) -3 Vi fur (hew)],

w(m)fwr(h‘t k) = Z w“”) (m)|3i)3£?z _ﬁw(m)J(wﬁBt,k)a

1€B8¢

N N = T
V fui (he i) =V fur (hei); - - Vian fu, (her)]
where @w(mg J(wy; By y) and vJ (wy; By i) are defined in egs. (35) & (36) respectively. Hence,

19 fur (o) = ¥ f (o)

M
=" Ve for () — Vet for (i) ||

m=1

M
2
=3 [ X ) valarls) Thea] ol
m=1 1€B
© 1 (m) 2
< W 2 S M (L5 = 20 ) s
1€By kM= 1
(“) M202
LN Z () _zr,)? < M2Clo2l: (59)
i1€Bt ) m=1

where (i) uses the equality that ¢, (a;|s;) " he x = Y omem 2 l(T) = MZr_, (ii) uses the item 1 of Lemma D.5.

Since, wy, hy i, € Fr i while {s;, a;}iep, , are random. Hence,

E[|[9 fu (hr) = fu (e )| Fi ]

1 ~ 2
= E[Hm 2 Dabearads) T s =970 Bu) = Pl + 9

7]

Q2|5 3 [adsvntadsn] - Feo Il Fio]

P€EB K



+ 2IE[WJ (wi; Buw) — VI (@) ||*| Fi]

(1 2
o [|| o 2 [onalsountails) ) = P 7] Iheal?
16 tk
+ 2E[|| VI (we; Bek) — VI (@) | Fer]
(i) 18CH (kK + 1 — , -
< W|ht,k|2 + 2c408E + ?V + 3201/, Z He“’” — 9;”2 + 3203) critic (60)

approx?
m=1

where (i) uses the inequalities that ||z + y||? < 2||z||?> + 2||y||* for any =,y € RY, (ii) uses the fact that hy j, € F , and
(iii) uses eq. (40) and applies Lemma D.2 to the quantity that X (s, a, s’,3) = ¥ (a|s)i;(a|s) " in which w, € Fy . is fixed
and | X (s,a,s,3)||r < Ci.

Combining egs. (59) & (60) yields that

E[|[V fur (hex) = V fuo, (he) ||| Fei]
SQE[H%fUJt (ht,k) - ﬁfwt (h’t,k)H2‘]:t7k} + Q]E[H%fwt(htk) — vat (ht,k)”2‘ft7k}

36(k+1—p)
< 2 _or, OOk T 1—p) 2 2T
<Cj 2263 + Nk(l—p) |1 sll? + deao?]
4 (m) * riti
+N +64C¢ZH" — 02, || + 64C3 Conte 61)

m=1

Therefore,

E[||he 1 — hlws)]||Fer]
= E||her =0V fu, (he x) = h(wr)||*| Fie]

@ ARE ek — 1 fa () — )| Fo]
+ 1+ 0AR) M E[0]¥ fur (k) = V oo, ()] || 7]
D (1492 [hek — nF (o) [ — hiwr)] — hw)|*
AT VE]V Lo () = 9 fo ) o]
= (L AR)|[[ = 0 ()] [ — lwn)] ||
+ 701+ e ) E[|19 fa (o) = V o, ()] Fi]

(#42)

< (14 9Ap) (1 = nAp)?||hes — hlw)|”

36(k+1—p)

4 2 2T, 2 2T

+ T(Cw {2M o+ m} [Pt ]| + deaoiyy
4 (m) * (12 2 ~critic

+ N N + 6401/’ Z H9 - awt || + 6401/)Cap];rox)

m=1

< (1= nAp)||hes — h(wr)|”

2n 36(k+1—p)
+ 32 (208 20203 + m}(ﬂhm — h(w)|® + | Aws)?)

+degoBF + & +64C3 Z 0™ — 0z, |7 + 6403 i )

approx
v _ 2
(S) (1—77)\—F>||htk— h(w; H +—<20¢{M2 2Tz+M}&

Ni(1-p)



+ sl + = + 64C2 Z o™ = 0z, | + 64c conme )

approx
(v)
(- “J)Hhtk — )|+ 2 (ool + 2
M
+ 040‘2;/ + 16C’3, Z H@t(m) -0 H + 16011;(;;;3)()
m=1

where (i) uses the inequality that ||z + y||?> < (1 +nAr)||z]|® + [1 + (nAr) 71]|ly||? for any z,y € RY, (ii) uses the notation
that V f,,, (h) = F(w)h — VJ(w) = F(w)[h — h(w;)] and the fact that wy, hy , € Fy , (iii) uses eq. (61) and the item 2
In(3D,C3)

of this Lemma, (iv) uses the conditions that 7°, > T
In(oy, )

and the item 7 of this Lemma, and (v) uses the notation that
__ 18Cy, D3 (k+1-p)
Co'= —zap T«

Then, taking unconditional expectation of the above inequality and iterating it over k = 0,1, ..., K — 1 yield that

E[l[e = h(wo)*) = E[||hex — h Wt)HQ]

A\ K 8 A\ K—1—k
(122 el i)+ 2 ()
(cinradl: + E + ol + 1603 Z E[[lo™ - 62, ])%] + 16C3 conme, )
m=1
(i) A
< (1= %55) " Bllhi ~ hen)]
M
+ 37 (COPORT + el 1603 - B0 - 02, + 163, )
m=1
8nco[l — (1 — nAp/2)K/?] I(il (1 - &)umfk)/z
N)\F(l—\/l—nAF/Q) k=0 2
(id) A N
< (1- "J) E[||he1 — hiwn)||*] + (C¢M20Wz + a0l 1602 )
25602 / oy ) 8nc
¥ (2T 52 _ B ‘1 "1C9
+ 52 (aw 3 02+2M{03(1 . ﬂ) + ND WY sy
(241) A 16 "
< (1 - ”—F) E[||h_1 — h(wy)||"] + E(C;;M2 02T 4 ey 1602 )
25602 , oy Mg AT e 128¢
Y[ 2T, p2 B 1 9
+ 52 (o 82z + 20 [es (1 - 22 ) +ND+N17A3 (62)

(iv) AF 2 2
< 3(1—L) E[||he-1 = hlwr—)|* + [hi-)|* + || = hwo)||’]

57 (CLG 1 eaoff 4+ 1603,

2560 ' c 128¢

) 2T 2 C1 9
ey (1-308) 4 -

+ ¥2 ( °B%co + cs Ié] +Nc)+NT])\3

?%vﬂﬁ>[mm—w%mm D3 (- 1)

AQ (cwM%—Wz + ol + 1603 e )

approx



IR s [l 30)" s )

. . . . . . _ K—1—k
where (i) uses the notation that iy o = hy, the item 7 of this Lemma and the inequality that ZkK:Ol (1 — MTF) < 77/\%’

1 _ (/1-n2p/2)* 16 .o .
e VYL < CEVSE implied by the item 2 of
this Lemma, (iv) uses the inequality that ||z + y + z||2 < 3||z||? + 3||y||? + 3||2||?, Yz, y, 2 € R%, and (v) uses the items 4
of this Lemma. Taking unconditional expectation of the above inequality and iterating it over ¢ yield that

(ii) uses Lemma D.4, (iii) uses the inequality that

E[|[he — h(w)||]

2 ) ] Bl - neol + SE (-7

32
+ = (C$M202Tz + ol + 160¢C§$§x)
F

T (it 1 oM (1 - 22) 1)) 4 200
@ [3(1_17ATF> ['[( =25 “B[Jhs ~ b))
A2 0 (4012027 1 403l T 1603 ¢gte )
- B (e[ (1 220) "+ 2] + 125
. 12;2;?, (1- nATF) +F(C¢MQU§VT + ol 1603 ¢ )
. 51;;75 (o 52es +2M [ea (1 - *5) + J%D * 12v5176§

a(a-2)" (" )

12D? (1 B 77)\F>K

48 ’
32 (COMPoy™ + caoy +16CECGR)
F

A2 2
T68C2 / oy N
Y 2T, 12 B 1
xp (o e 2mfes(1-528) "+ )
384co NAL(1 — p)(1 — nAp/2)K-1/2
A 2304C (ki + 1 — p)
(iv) A (K-1)/2 , ’
= <o (1 ; UTF) +enon + col + eiBlog”
A Te ¢
teu(L-F8) + s

where (i) uses the inequality that 3(1 — nAr/2)¥ < 1 implied by the condition that K > MW (ii) uses eq. (62)
2304C, (k+1—p)
N5 (A= p)(L—nhp/2) (K172
2||/h-1 H2 +2||A(wo) H2 < 2Hh 1 H2 +2D2 A2 (* uses the item 4 of this Lemma) and that 3(1—n\r/2)% < 1, (iv) denotes
co 48C4 M? 768¢2C2 1536 Mc3C2 1536 Mc1C2
that ¢10 := 2||h—1|*+ 14DJ + gf, Ci1 = s Gl i 4524, 13 )\% “,e1 = A%S L e = Tld,
768C

Clg := Tw This proves the item 8 of this Lemma. O

as well as the inequalities that ||h_; — h(wo)H2 <

with ¢ = 0, (iii) uses the condition that N > .




E. Experiment Setup and Additional Results
E.1. Experiment Setup

We simulate a fully decentralized ring network with 6 fully decentralized agents, using communication matrix with diagonal
entries 0.4 and off-diagnonal entries 0.3. The shared state space contains 5 states and each agent can take 2 actions. We
adopt the softmax policy 7, (a|s) o e“=:o. The entries of the transition kernel and the reward functions are independently
generated from the standard Gaussian distribution (with proper normalization of the absolute value for the transition kernel).
We use the rows of a 5-dimensional identity matrix as state features. We set the discount factor v = 0.95.

We implement and compare four decentralized AC-type algorithms in this multi-agent MDP: our decentralized AC in
Algorithm 1, our decentralized NAC in Algorithm 3, an existing decentralized AC algorithm (Algorithm 2 of [12]) that
uses a linear model to parameterize the agents’ averaged reward R(s,a, s') = >, X fi(s, a, ') (we name it DAC-RP1 for
decentralized AC with reward parameterization) *, and our proposed modified version of DAC-RP1 to incorporate minibatch,
which we refer to as DAC-RP100 with batch size N = 100. For our Algorithm 1, we choose T = 500, 7. = 50, T\, = 10,
N.=10,T" =T, =5, 3= 0.5, {0, }5,_; = 0.1, and consider batch size choices N = 100, 500, 2000. Algorithm 3
uses the same hyperparameters as those of Algorithm 1 except that 7" = 2000 in Algorithm 3. We select o = 10, 50, 200
for Algorithm 1 with N = 100, 500, 2000 respectively, and 7, = 5, « = 0.1,0.5,2, n = 0.04,0.2,0.8, K = 50, 100, 200,
N; = 2,5,10 for Algorithm 3 with N = 100, 500, 2000, respectively. For DAC-RP1 that was originally designed for
discount factor v = 1, we slightly adjust it to fit our setting where 0 < v < 1*. For this adjusted DAC-RP1, we select
diminishing stepsizes 3y = 2(t+1)7%9, 3, = 5(t+1) =¥ as recommended in [12] and use the rows of a 1600-dimensional
identity matrix as the reward features { f;(s,a,s’) : 5,5’ € S,a € A} (i =1,2,...,1600) to fully express R(s,a,s’) over
all the 5 x 2% x 5 = 1600 triplets (s, a, s’). DAC-RP100 has batchsizes 100 and 10 for actor and critic updates respectively,
and selects constant stepsizes 3, = 0.5, 8y = 10. This setting is similar to Algorithm 1 with N = 100 to inspect the reason
of performance difference between Algorithm | and DAC-RP1. All the algorithms are repeated 10 times using initial state O
and the same initial actor parameter wy generated from standard Gaussian distribution.

3The original algorithm in [12] uses the parameterization R(s,a) = > ; Aifi(s,a), and we extend to our setting where the rewards
also depend on the next state s’.

#[12] defined the Q-function Qg (s,a) = E [7t+1 —-J (6‘)] for policy parameter @ and used the temporal differences 8; = 7, — u' +
Vit1 (v{) — Vt(vf) and 6 = Et(Ai) — i VtH(vf) — Vt(vZ) for critic update and actor update respectively. To fit 0 < v < 1, we use
8t =riy1 +YVag1(v)) — Vi(v) and 8 = Ry (M) + Vit (v) — Vi (vi) where uj = J(6;) is removed since Qo (s, a) = E(F¢11). In
addition, we used two different chains generated from transition kernels P, P respectively for critic update and actor update as in our
Algorithm 1.
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Figure 2: Comparison of | V.J(w;)||?> among decentralized AC-type algorithms in a ring network.



E.2. Gradient Norm Convergence Results in Ring Network

Figure 2 plots || VJ(w;)||? v.s. communication complexity (t(T;. + T, +T") = 65t, t(T. + T, + T’ + T,) = 70t and 2t
for Algorithms 1 & 3, and both DAC-RP algorithms, respectively)’ and sample complexity (t(7.N. + N), 2t and 110¢ for
both of our AC-type algorithms, DAC-RP1 and DAC-RP100, respectively).® For each curve, its upper and lower envelopes
denote the 95% and 5% percentiles of the 10 repetitions, respectively.

Similar to the result of accumulative reward J(w;) shown in Figure 1, it can be seen from Figure 2 that the communication
and sample efficiency of both our decentralized AC and NAC algorithms improve with larger batchsize due to reduced
gradient variance, which matches our understanding in Theorems 1 & 2. Our decentralized AC and NAC algorithms
significantly outperform DAC-RP1 which has batchsize 1. Using mini-batch, DAC-RP100 outperforms a lot than DAC-RP1,
and converges to critical points earlier than Algorithm 1. However, it can be seen from Figure 1 that such early convergence
turns out to have much lower J(w;) than Algorithm 1 with NV = 100 and N, = 10. Such a performance gap is caused by
two reasons: (i) Both DAC-RP1 and DAC-RP100 suffer from an inaccurate parameterized estimation of the averaged reward,
and the mean relative estimation errors of both DAC-RP1 and DAC-RP100 are over 100% . In contrast, our noisy averaged
reward estimation achieves a mean relative error in the range of 1075 ~ 107%. ® ; (ii) Both DAC-RP1 and DAC-RP100
apply only a single TD update per-round, and hence suffers from a larger mean TD learning error (about 2% and 1% for
DAC-RP1 and DAC-RP100, respectively), whereas our algorithms perform multiple TD learning updates per-round and
achieve a smaller mean relative error (about 0.3% and 0.07% for our decentralized AC and NAC respectively) °. All these
relative errors are averaged over iterations.

E.3. Additional Experiments in Fully Connected Network

To investigate the effect of network topology on the performance of our algorithms, we also conduct the above experiments
on a fully connected network with 6 fully decentralized agents, using communication matrix with diagonal entries 0.4 and
all the other entries 0.12. The MDP environment and all the hyperparameters are the same as the above experiments for ring
network. Figures 3 & 4 plot the learning curves of the optimality gap J* — J(w;) and ||V.J (w;)]|? respectively for fully
connected network. To make comparison, we plot J* — J(w;) and ||V.J(w;)|| in Figures 5 & 2 respectively for the above
experiments with ring network. It can be seen by comparing these figures that network topology does not much affect the
performance of these algorithms, so the conclusions for ring network that we summarized right before this subsection also
holds for fully connected network.

SEach update of our decentralized AC uses T. + T and T’ communication rounds for synchronizing critic model and rewards,
respectively. Each update of our decentralized NAC uses T.. + Ty, T”, T. communication rounds for synchronizing critic model, rewards
and scalar z, respectively. Each update of both DAC-RP1 and DAC-RP100 uses 1 communication round for synchronizing v and A
respectively.

®DAC-RPI uses 1 sample for actor and critic updates respectively. DAC-RP100 uses 100 and 10 samples for actor and critic updates
respectively.

"The relative reward estimation error at the ¢-th iteration of both DAC-RP1 and DAC-RP100 is defined as A/B where A =

M 55) m )
41”\51\2\%” >m=1 s,5'€S ZaeA[R(Sv a,s’) =3, )‘z(' )fi(sz a, 5/)]2 and B = ‘5‘21\A| Zs,s'es ZaEA R(s,a, 5,)2~

8 At the ¢-th iteration of Algorithms 1 & 3, we focus on ?,W =4 ZEZ}\;N_I EE’”) as the estimation of the batch-averaged reward
Ty = % ng’:tll\,w_l R; since its estimation error affects the accuracy of the policy gradient (4). The relative estimation error is defined
s ez S (7 = 7).

The TD error at the ¢-th iteration is defined as W M ||0§m) — 05,112
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Figure 3: Comparison of optimality gap J(w*) — J(w;) among decentralized AC-type algorithms in fully connected network.
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Figure 4: Comparison of ||V.J(w;)||?> among decentralized AC-type algorithms in fully connected network.
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Figure 5: Comparison of optimality gap J(w*) — J(w;) among decentralized AC-type algorithms in ring network.

E.4. Two-agent Cliff Navigation

In this subsection, we test our algorithms in solving a
two-agent Cliff Navigation problem [68] in a grid-world
environment. This problem is adapted from its single-
agent version (see Example 6.6 of [69]). As illustrated in
Figure 6, two agents start from the starting point “S” on
a 3 x 4 grid and aim to reach the destination “D”. Here,
global state is defined as the joint location of the two
agents, and there are in total (3 x 4)2 = 144 global states.
In most states, an agent can choose to move up, down, left
or right by one step and receives —1 reward. However,
once an agent falls into the cliff “X”, it will return to the
starting point “S” and receives —100 reward. When an

Figure 6: Two-agent cliff navigation. (“S”, “X”, “D” denote
starting point, cliff and destination respectively. The optimal
path is shown in red.)



agent reaches “D”, it will always stay at “D”, and receives

0 reward if the other agent also reaches/stays at “D”, or receives —0.5 reward otherwise. If an agent is not at “X” or “D” and
selects a direction that points outside the grid, then it stays in the previous location and receives —1 reward. The optimal
path for both agents is the red path shown in Figure 6, which has the minimum accumulative reward J* = —0.1855 under
the discount factor v = 0.95.

For our Algorithm 1, we choose T = 500, T, = 50, T/ = 10, N. = 10, 7" =T, = 5, 8 = 0.5, {on}%,_, = 0.1, and
consider batch size choices N = 100, 500, 2000. Our Algorithm 3 uses the same hyperparameters as those of Algorithm 1
except that we choose 7" = 2000. We select o = 1, 5, 20 for Algorithm 1 with N = 100, 500, 2000 respectively, and T, = 5,
a = 0.002,0.01,0.04, n = 0.002, 0.01, 0.04, K = 50,100, 200, N}, = 2,5, 10 for Algorithm 3 with N = 100, 500, 2000,
respectively. For DAC-RP1, we select T' = 10000, 3, = 10(t + 1)7%¢ and 85 = 5(¢ + 1)~°5. For DAC-RP100, we use
T = 2000 and batchsizes 100 and 10 for actor and critic updates respectively, and selects constant stepsizes 3, = 0.5,
Bp = 1. This setting is similar to Algorithm 1 with N = 100 to inspect performance difference between Algorithm | and
DAC-RPI.
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Figure 7: Comparison of optimality gap J(w*) — J(w:) among decentralized AC-type algorithms on cliff navigation.
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Figure 8: Comparison of optimality gap J(w*) — J(w:) among decentralized AC-type algorithms on cliff navigation.

We plot J* — J(w¢) and ||V J (w;)]| in Figures 7 & 8 respectively. It can be seen from these figures that both our Algorithm 1
& Algorithm 3 significantly reduce the function value gap J* — J(w;), and their convergence is faster with a larger batchsize.
In contrast, the function value gaps of DAC-RP1 and DAC-RP100 do not decrease sufficiently and converge to a high
value. In particular, since DAC-RP100 achieves a larger function value gap than our Algorithm 1 with N = 100 while their
hyperparameter choices are similar, we attribute this performance gap to the inaccurate average reward estimation and TD
error, as we analyzed in Appendix E.2.

F. List of Constants
The following global constants are frequently used.
M The number of agents.

~: Discount rate.



Rumax: The reward bound such that 0 < R(™)(s,a,s') < Rpax for any s,s’ € S and a € A (Assumption 3). Hence,
0<R"™(s,a,8), R By < Runax.
ow € [0, 1): The second largest singular value of W.

*

w* := max,, J(w) denotes the optimal policy parameter.

The following constants are defined in Lemma D.3.
Cp:=1+1.

Cp := Rmax-

A = Amin (Es~p, [0(5)@(s) T]) > 0 satisfies Assumption 4.
A = 2(1 —)As > 0. (Assumption 4 implies that Ay > 0.)

. 2C
Ry = Ny

The policy-related norm bounds and Lipschitz parameters are defined as follows.

Cy, Ly, Ly > 0 defined in Assumption 2: Forall s € S, a € A and w, @, ||9),(als)|| < Cy,

Ly||@ — w|| and dry (75 (-[s), 70 (+]5)) < Lal|e — w].
Lu = Lﬂ'[l + logp(l{_l) + (1 - p)_l]'

.— 2RmaxLy
LQ = ﬁ.

LJ = Rmax(4Ll/ + Lw)/(l - ’Y)

Cy Rmax
DJ = wlf'y

Lp :=2Cy(L;Cy + L,Cy + Ly).

Ya(als) — Yulals) <

Ly = 2)\;1(DJ)\;1LF + Lj) where Ap := inf,cq Amin[F(w)] > 0 (Amin denotes the minimum eigenvalue) which
satisfies Assumption 6.

The following constants are defined to simplify the notations in the proof.
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