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Abstract

We study quantum SU(M ) spins with all-to-all and random Heisenberg exchange interactions of root-

mean-square strength J . The M → ∞ model has a quantum spin liquid ground state with the spinons

obeying the equations of the Sachdev-Ye-Kitaev (SYK) model. Numerical studies of the SU(2) model

with S = 1/2 spins show spin glass order in the ground state, but also display SYK spin liquid behavior

in the intermediate frequency spin spectrum. We employ a 1/M expansion to describe the crossover from

fractionalized fermionic spinons to a confining spin glass state with weak spin glass order qEA. The SYK

spin liquid behavior persists down to a frequency ω∗ ∼ JqEA, and for ω < ω∗, the spin spectral density

is linear in ω, thus quenching the extensive zero temperature entropy of the spin liquid. The linear ω

spectrum is qualitatively similar to that obtained earlier using bosonic spinons for large qEA. We argue

that the extensive SYK spin liquid entropy is transformed as T → 0 to an extensive complexity of the spin

glass state. We comment on holographic connections of the confinement transition to the fragmentation

of black holes with AdS2 horizons.
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I. INTRODUCTION

A common theme in many experimental studies of the hole-doped cuprate compounds below

optimal doping is that while there is nearly static spin or charge order at low temperatures, the

intermediate temperature pseudogap regime can be described in terms of an underlying quantum

spin liquid state. Among recent studies, we note the nuclear magnetic resonance observations

in La2−xSrxCuO4 of Frachet et al. [1] showing spin glass order at low temperature all the way

up to optimal doping; the neutron scattering observations of Ma et al. on Ma et al. [2] on

La1.6−xNd0.4SrxCuO4 showing spin stripe order at low temperature under the entire superconduct-

ing dome; and angle-dependent magnetoresistance observations Fang et al. [3] in the pseudogap

metal showing evidence for the breakdown of the Luttinger Fermi surface, which can be interpreted

in terms of a fractionalized Fermi liquid containing a background quantum spin liquid [4]. In the

undoped antiferromagnet, we recall the observations of Dalla Piazza et al. [5] showing intermediate
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energy spinon continua at wavevector (π, 0) in a system with long-range Néel order at wavevector

(π, π).

In this paper, we will study a random quantum Heisenbeg magnet with all-to-all exchange

interactions Jij

H =
1√
N

N∑

i<j=1

JijSi · Sj . (1.1)

We study an ensemble of models, where the Jij are independent random variables for each pair

(i, j), and their ensemble averages are

Jij = 0 , J2
ij = J2 . (1.2)

This model generalizes the classical Sherrington-Kirkpatrik model with Ising spins σi = ±1 to

quantum SU(2) spins Si, acting on a Hilbert space of states with angular momentum S = 1/2 on

each site.

Although such a random exchange model is far from the microscopic situation in the cuprates, it

can successfully capture many aspects of cuprate phenomenology [6]. Here, we will show that it ex-

hibits a deconfinement-to-confinement crossover, and we will obtain explicit results for the dynamic

spin susceptibility across this crossover. This is one of the rare instances in which fractionalization

and subsequent confinement can be described in a strongly-coupled system with gapless matter.

The generalization of the model (1.1) to SU(M ) spins, and the limits N → ∞ followed by

M →∞, yield a fractionalized quantum spin liquid ground state [7] whose fermionic spinons obey

the same equations as the complex Sachdev-Ye-Kitaev (SYK) model [8–11]. On the other hand,

numerical studies [12–14] of the N →∞ limit of the model (1.1) for SU(2) and spin S = 1/2 show

the presence of spin glass order in the ground state (in contrast to the SYK model itself, which

does not have spin glass order [15]). However, the recent numerical study of the S = 1/2 SU(2)

model argued [14] that the spin spectral density at intermediate frequencies matched that of the

SYK spin liquid. Specifically, they observed

χ′′(ω) ∼ sgn(ω)

J

[
1− c

J
|ω| . . .

]
, ω∗ < |ω| � J , T = 0 . (1.3)

The leading term in (1.3) has its origins in the spinons obeying the SYK equations [7]; it is often

called the ‘marginal’ spectrum, because electrons scattering off such spin fluctuations acquire a

marginal Fermi liquid Green’s function. (The subleading term, with positive co-efficient c, is

related to the co-efficient of the Schwarzian effective action [11].) Neutron scattering observations

[2] on La1.6−xNd0.4SrxCuO4 yield a momentum-integrated inelastic spin spectrum which is doping-

independent, with some similarities to (1.3), along with a doping-dependent static spin stripe

order; these features are similar to the numerical results on the random t-J model [14], with the

spin glass order replacing the spin stripe order.
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A marginal spectrum is also obtained in the density fluctuations in a model with density-density

interactions, and this has been argued [16] to be related to the anomalous continuum observed

in dynamic charge response measurements [17, 18] on optimally doped Bi2.1Sr1.9Ca1.0Cu2.0O8+x

(Bi-2212) using momentum-resolved electron energy-loss spectroscopy (M-EELS).

In the present paper, we will obtain an estimate of the low frequency bound ω∗ of the marginal

spectrum, and also describe the nature of the crossover at ω ∼ ω∗.

This paper addresses the nature of the crossover from the spectrum in (1.3) to frequencies

ω < ω∗. The presence of spin glass order implies a delta function at zero frequency

Tχ′′(ω)

ω
= πqEA δ(ω) (1.4)

where qEA is the spin glass order parameter. We find that the crossover occurs at a frequency

ω∗ = JqEA , for qEA � 1, (1.5)

and for smaller frequency

χ′′(ω) =
ω

ω∗πJ
+ . . . , 0 < |ω| < ω∗ , T = 0 . (1.6)

Given the numerical estimate qEA ∼ 0.02 [14], the quantum spin liquid behavior of (1.3) is visible

over a wide range of frequencies.

We note that a linear spectrum, qualitatively similar to (1.6), was found in an earlier theory

[19, 20] of the spin fluctuations by bosonic spinons. The bosonic spinon theory is valid for large

S, and so leads to a large qEA (see Appendix A); it also requires an additional assumption of

marginal stability of a replica symmetry breaking solution to obtain the gapless spectrum. Our

analysis uses fermionic spinons, does not require any additional marginal stability criteria, and

is applicable for small qEA. It is reassuring that the same qualitative behavior is obtained by

fermionic and bosonic spinons. Thus we have a ‘duality’ between fermionic and bosonic spinons

present not only in the gapless, fractionalized, spin liquid regime [7], but also in the crossover to

the confining spin glass state. We note that boson-fermion dualities have seen much discussion in

the context of disorder-free gapless spin liquids on the square lattice [21, 22].

At non-zero temperature, our results have interesting implications for the temperature depen-

dence of the entropy, as sketched in Fig. 1. The fractionalized SYK spin liquid has an extrapolated

entropy which is extensive at T = 0 [20]. The SU(2) model in (1.1) has a phase transition to

a spin glass state with qEA 6= 0 at a small temperature Tsg, which is estimated in (4.19) in the

SU(M →∞) limit. Below Tsg the entropy decreases so that there is no extensive entropy at T = 0.

This spin glass entropy should be interpreted as the entropy of quantum and thermal fluctuations

within a given sector of phase space. However, the spin glass state also has a large number, eNΣ, of
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FIG. 1: Schematic plot of the temperature dependence of the entropy. There is a phase

transition at Tsg. The α co-efficient is related to the coefficient of the Schwarzian in the theory of

the spin liquid. We argue that the extrapolated T = 0 entropy of the spin liquid (denoted by the

filled circle) turns into the complexity of the spin glass by the fragmentation of phase space into

an exponentially large number of disconnected sectors at temperatures below Tsg.

disconnected sectors measured by the exponential of the complexity Σ [23–28]. We will estimate Σ

for our quantum model here, and find that it remains non-zero as T → 0. So we conclude that as

we increase T past Tsg, the sectors reconnect, and the complexity turns into the quantum entropy

of the SYK spin liquid.

The SYK spin liquid has a holographic description in terms of the AdS2 horizons of charged

black holes [8, 29, 30]. Interestingly, AdS2 horizons have a fragmentation instability [31], and this

has been connected to the physics of spin glasses [28, 32–34]. The spin glass transition in Fig. 1

is therefore an instance of this instability of AdS2: the fact that the spin glass state has vanishing

zero temperature entropy implies that the instability can proceed to completion to a state without

black hole horizons. Indeed, the instability of AdS2 depends upon the ultra-violet completion of

the quantum gravity theory: it is not present for the SYK model [15], but is present for the SU(2)

spin model in (1.1).

We will begin in Section II by formulating the path integral of the random SU(M ) magnet for

large N but general M . This will be a G-Σ-Q theory, involving a path integral over the fermionic

spinon Green’s function and self energy, G,Σ, and the spin auto-correlation Q. We will present the

M →∞ limit of this theory in Section III, which yields the quantum spin liquid state of Ref. [7].

Spin glass order is absent at M =∞, but is present at any finite M because of a logarithm-squared

divergence of the spin glass susceptibility [20]. We will describe such finite M effects in Section IV,

5



and present the structure of the effective action for qEA and the spin autocorrelation function in

powers of 1/M . Section V combines our results to obtain the feedback of the spin glass order on

the dynamic spin spectrum. The low temperature complexity of the quantum spin glass state is

discussed in Section VI.

II. LARGE N ACTION

All our analysis will be carried out in the N →∞ limit of a model with SU(M) symmetry. We

will keep M arbitrary in the present section. We consider the SU(M) spin model

H =
1√
NM

N∑

i<j=1

M∑

α,β=1

JijSαβ (i)Sβα(j) (2.1)

where Sαβ (i) = [Sβα(i)]† are generators of SU(M) on each site i, with α, β = 1 . . .M . Each site

contains states corresponding to the antisymmetric product of kM (integer) fundamentals, and

these are realized by fermionic spinons with

Sαβ (i) = f †β(i)fα(i)− kδαβ ,
∑

α

f †α(i)fα(i) = kM (2.2)

with fermions fα(i) on each site i; the model with bosons on each site realized the symmetric

product of fundamentals, and is briefly discussed in Appendix A. Note that (2.2) implies that the

spinons carry a U(1) gauge charge (see Appendix B), unlike the fermions of the SYK model. We

have made the spin operators traceless, and will restrict ourselves to the particle-hole symmetric

case k = 1/2. The Hamiltonian in (2.1) reduces to the S = 1/2 case of the SU(2) Hamiltonian in

(1.1) for M = 2 and k = 1/2 (apart from an overall factor of 1/
√

2).

We introduce replicas a = 1 . . . n, and average over Jij to obtain the averaged, replicated

partition function

Zn =

∫
Dfαa (i, τ)Dλa(i, τ) exp [−SB − SJ ]

SB =
∑

i

∫
dτ
[
f †aα(i)∂τf

α
a (i) + iλa(i)

(
f †aα(i)fαa (i)− kM

)]

SJ = − J2

4NM

∫
dτdτ ′

[∑

i

Sαaβ(i, τ)Sγbδ(i, τ ′)
][∑

j

Sβaα(j, τ)Sδbγ(j, τ ′)
]

(2.3)

We can now decouple SJ with a Hubbard-Stratonovich field Qαγ
ab,βδ(τ, τ

′) and take the large N

limit. Then the problem reduced to finding saddle points of the single site action

S[Q]

N
=

J2

4M

∫
dτdτ ′|Qαγ

ab,βδ(τ, τ
′)|2 − lnZf [Q] (2.4)
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where Zf [Q] is the single site partition function

Zf [Q] =

∫
Dfαa (τ)Dλa(τ) exp [−SB − Sf ] (2.5)

SB =

∫
dτ
[
f †aα∂τf

α
a + iλa

(
f †aαf

α
a − kM

)]
(2.6)

Sf = − J2

2M

∫
dτdτ ′Qαγ

ab,βδ(τ, τ
′)
[
f †aα(τ)fβa (τ)− kδβα

] [
f †bγ(τ

′)f δb (τ ′)− kδδγ
]

(2.7)

Note that now there is no remaining path integral over Q. We simply have to find the saddle

points of the action S[Q] in (2.4).

Let us assume that the saddle point does not break spin rotation symmetry: this is true in both

the spin glass, and quantum spin liquid phases. So we make the ansatz [7]

Qαγ
ab,βδ(τ, τ

′) = δαδ δ
γ
β Qab(τ − τ ′) (2.8)

where Qab(τ) is a real function. Also, because there is no path integral over Q, we can also assume

from now on that Qab(τ) is independent of τ for a 6= b [35]. Then (2.4) is replaced by

S[Q]

N
=
J2M

4

∫
dτdτ ′[Qab(τ − τ ′)]2 − lnZf [Q] (2.9)

while (2.7) is replaced by

Sf = − J2

2M

∫
dτdτ ′Qab(τ − τ ′)

[
f †aα(τ)fβa (τ)f †bβ(τ ′)fαb (τ ′)− k2M

]
(2.10)

Finally, we express Zf [Q] as a G-Σ theory [30, 36]. We define the spinon Green’s function

Gab(τ, τ
′) = − 1

M

∑

α

fαa (τ)f †bα(τ ′) . (2.11)

Then we can write

Zf [Q] = exp

(
−k

2J2

2

∫
dτdτ ′

∑

a,b

Qab(τ − τ ′)
)∫

DGab(τ, τ
′)DΣab(τ, τ

′)Dλa(τ) exp [−MI [Q]]

(2.12)

where the action I[Q] is

I[Q] = − ln det

[
−δ′(τ − τ ′)δab − iλa(τ)δ(τ − τ ′)δab − Σab(τ, τ

′)

]
− ik

∫
dτλa(τ)

+

∫
dτdτ ′

[
−Σab(τ, τ

′)Gba(τ
′, τ) +

J2

2
Qab(τ − τ ′)Gab(τ, τ

′)Gba(τ
′, τ)

]
. (2.13)

We note that (2.12) and (2.13) constitute an exact formulation of the theory for all M . Our

remaining task is to evaluate the path integral over Gab(τ, τ
′), Σab(τ, τ

′), and λa(τ) in (2.12), and
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then determine the saddle-point solutions for Qab(τ) in (2.9). The saddle point equations for Q

from (2.9), (2.10), and (2.13) are

Qab(τ − τ ′) =
1

M2

〈
f †aα(τ)fβa (τ)f †bβ(τ ′)fαb (τ ′)

〉
Zf [Q]

− k2

M

= −
〈
Gab(τ, τ

′)Gba(τ
′, τ)

〉
Zf [Q]

− k2

M
, (2.14)

but we will find it more convenient to obtain them directly from the functional form of S[Q].

From the resulting Qab(τ), we obtain two different characterizations of the spin glass order

[19, 20, 28, 35, 37, 38]. At T = 0, we can examine the long-time limit of the replica diagonal Q

q = lim
n→0

1

n

∑

a

Qaa(τ →∞) , T = 0 , (2.15)

and q is one measure of the spin-glass order. Alternatively, we can examine the off-diagonal

components, which are necessarily time-independent

qab = Qab(τ) , a 6= b . (2.16)

In the n → 0 limit, it is conventional to describe the ultra-metric structure of qab by the Parisi

function q(x), 0 ≤ x ≤ 1, and the Edwards-Anderson spin glass order parameter is qEA = q(1).

Consistency between the two different characterizations requires that q = qEA, and this is an

important feature of earlier studies of quantum spin glasses [35].

These definitions also allow us to place a bound on spin-glass order. The state with maximum

order has the spins frozen in a state in which the fermions occupy the states with, say, α = 1 . . . kM ,

while the other values of α are empty. Evaluating (2.14) on such a state, we obtain

qEA ≤
k(1− k)

M
. (2.17)

Note that (2.17) vanishes as M → ∞, and qEA is at most O(1/M) in the large M limit; this is

consistent with our results in Sections III and IV. In Appendix A we review the bosonic spinon

case of (2.1), and find there that qEA can be O(M0) in that large M limit. We also note that for

SU(2), the definition of the spin glass order from (2.14) is qEA = 〈Si〉 · 〈Si〉/2, and this is a factor

of 2 smaller than the usual definition; so the bound in (2.17) is qEA ≤ 1/8.

We would now like to evaluate lnZf [Q] for general Qab(τ), with Qab independent of τ for a 6= b.

We first do this at M =∞ in Section III, and then examine 1/M corrections in Section IV.
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III. LARGE M LIMIT

Assuming a general Qab(τ), the large M limit of the path-integral in (2.12) leads to the following

saddle-point equations for the fermion Green’s function and self-energy

Σab(τ) = J2Qab(τ)Gab(τ)

Gab(iω) = [iωδab − Σab(iω)]−1 (3.1)

where λa = 0 at the k = 1/2 saddle-point because of particle-hole symmetry. However, we must

keep in mind that there cannot be any off-diagonal components of the fermion Green’s function at

the saddle-point, because it is not possible for fermions to condense. So we write

Gab(τ, τ
′) = GQ(τ − τ ′)δab , M =∞ , (3.2)

and similarly for Σab. From the large N saddle-point equation for Qab in (2.14), we see that Qab

must also be replica diagonal,

Qab(τ) = Q(τ)δab , M =∞ , (3.3)

and so there is no spin glass order at M = ∞ [7]. The large M saddle point equations (3.1)

therefore reduce to

ΣQ(τ) = J2Q(τ)GQ(τ)

GQ(iω) = [iω − ΣQ(iω)]−1 . (3.4)

These equations hold for general Q(τ), and we have emphasized this by the subscript Q on G and

Σ. Upon including the large N saddle point equation for Q in (2.14), we obtain

Q(τ) = −GQ(τ)GQ(−τ) , M =∞ . (3.5)

The combination of (3.4) and (3.5) yields precisely the large N equations of the fermion of the

complex SYK model [7]. In the following sections, we include corrections from the replica off-

diagonal and two-time fluctuations of Gab(τ, τ
′) and Σab(τ, τ

′), and these will modify (3.5), but we

will continue to use (3.4).

For completeness, we also present the expressions for the path integral in (2.13):

− lnZf [Q]

Mn
=

I[Q]

n
+
k2J2

2Mn

∫
dτdτ ′

∑

a,b

Qab(τ − τ ′)

I[Q]

n
= − ln det

[
−δ′(τ − τ ′)− ΣQ(τ − τ ′)

]
(3.6)

+

∫
dτdτ ′

[
−ΣQ(τ − τ ′)GQ(τ ′ − τ) +

J2

2
Q(τ − τ ′)GQ(τ − τ ′)GQ(τ ′ − τ)

]
.
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IV. 1/M EXPANSION

This section will describe 1/M corrections to lnZf [Q] in (2.9). We will see below that these

corrections are characterized by a divergent spin glass susceptibility, and so spin glass order is

present for any finite M [20].

To evaluate these finite M fluctuations, we extend (3.2) for the fermion Green’s function and

self-energy, and for the constraint Lagrange multiplier by

Gab(τ, τ
′) = GQ(τ − τ ′)δab + δGab(τ, τ

′)

Σab(τ, τ
′) = ΣQ(τ − τ ′)δab + δΣab(τ, τ

′)− iδλa(τ)δ(τ − τ ′)δab
λa(τ) = λa + δλa(τ) , (4.1)

where λa = 0 at the M =∞ saddle point for the particle-hole symmetric case k = 1/2. We can use

the gauge invariance discussed in Appendix B to choose a gauge in which δλa(τ) is τ independent.

Then the time-independent value of δλa can be absorbed into λa, and evaluating the path integral

over δλa(τ) to relative order 1/M2 reduces to computing the shift in the saddle-point value of λa

to order 1/M [39, 40]. This shift in the value of λa has to be included in GQ. Also, while the

expectation values of Gab(τ, τ
′), Σab(τ, τ

′) must depend only upon τ − τ ′ and have to be replica

diagonal, the fluctuations δGab(τ, τ
′), δΣab(τ, τ

′) of both replica diagonal and replica off-diagonal

components must include full dependence on both τ and τ ′.

A. Determinant of quadratic fluctuations

We begin with the first 1/M corrections, which are associated with quadratic fluctuations of

δGab(τ, τ
′), δΣab(τ, τ

′). Expanding the action (2.13) to second order in fluctuations around the

large M saddle point, we find the quadratic action

I(2)[Q] =
1

2

∫
dτ1 · · · dτ4

∑

a,b,c,d

δXT
ab(τ1, τ2) · Aab;cd(τ1, τ2; τ3, τ4) · δXcd(τ3, τ4) ≡ 1

2
δXT ·A · δX

(4.2)

where matrix multiplication involves the following structures:

δX ≡ δXab(τ1, τ2) ≡


δGab(τ1, τ2) ,

δΣab(τ1, τ2)


 ,

A ≡ Aab;cd(τ1, τ2; τ3, τ4) ≡


J

2Qab(τ1, τ2)δ(τ14)δ(τ32) −δ(τ14)δ(τ32)

−δ(τ14)δ(τ32) GQ(τ14)GQ(τ32)


 δadδbc ,

(4.3)

and the dot product is defined as indicated in terms of integration over pairs of time arguments and

summation over pairs of replica indices.
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<latexit sha1_base64="f0uYaPiKLK/dBBas4w00gK+5HGg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4TMDGQLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jUo1oS2iuNKdCBvKmaQtyyynnURTLCJOH6Lx7cx/eKLaMCXv7SShocBDyWJGsHVSu9nPcDTtlyt+1Z8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqadeqwUW11rys1G/yOIpwAqdwDgFcQR3uoAEtIPAIz/AKb57yXrx372PRWvDymWP4A+/zB5o9jyU=</latexit>

TrK =
<latexit sha1_base64="H/A/LLUvrZwe7GKCLp5TD5NkhY8=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCCylJFXQjFN0Ibir0BU0ok+mkHTp5MHMjlpiFv+LGhSJu/Q13/o3TNgttPXDhcM693HuPFwuuwLK+jYXFpeWV1cJacX1jc2vb3NltqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOUNr8d+655JxaOwDqOYuQHph9znlICWuua+A+wB0rrMnBOcOp6PbzN8ibtmySpbE+B5YuekhHLUuuaX04toErAQqCBKdWwrBjclEjgVLCs6iWIxoUPSZx1NQxIw5aaT+zN8pJUe9iOpKwQ8UX9PpCRQahR4ujMgMFCz3lj8z+sk4F+4KQ/jBFhIp4v8RGCI8DgM3OOSURAjTQiVXN+K6YBIQkFHVtQh2LMvz5NmpWyflit3Z6XqVR5HAR2gQ3SMbHSOqugG1VADUfSIntErejOejBfj3fiYti4Y+cwe+gPj8wd7A5UW</latexit> TrK2 =<latexit sha1_base64="Hmzjj0U9TBq5tbSaNVPa+nEmtww=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8CBhNwp6EYJeBC8R8oJsDLOT2WTI7IOZXjEs68Vf8eJBEa/+hTf/xkmyB00saCiquunuciPBFVjWt5FbWFxaXsmvFtbWNza3zO2dhgpjSVmdhiKULZcoJnjA6sBBsFYkGfFdwZru8GrsN++ZVDwMajCKWMcn/YB7nBLQUtfcc4A9QFKTqXOME8f18E16V8YXuGsWrZI1AZ4ndkaKKEO1a345vZDGPguACqJU27Yi6CREAqeCpQUnViwidEj6rK1pQHymOsnkgxQfaqWHvVDqCgBP1N8TCfGVGvmu7vQJDNSsNxb/89oxeOedhAdRDCyg00VeLDCEeBwH7nHJKIiRJoRKrm/FdEAkoaBDK+gQ7NmX50mjXLJPSuXb02LlMosjj/bRATpCNjpDFXSNqqiOKHpEz+gVvRlPxovxbnxMW3NGNrOL/sD4/AGv2JW6</latexit>

GQ
<latexit sha1_base64="OIZOvuWp60LR8QL7amKIPTs/AEw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BD3pM0DwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh7tevVcsuWV3DrJKvIyUIEOtV/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2XvolypX5aqN1kceTiBUzgHD66gCvdQgwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwB8smNkw==</latexit>

GQ
<latexit sha1_base64="OIZOvuWp60LR8QL7amKIPTs/AEw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BD3pM0DwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh7tevVcsuWV3DrJKvIyUIEOtV/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2XvolypX5aqN1kceTiBUzgHD66gCvdQgwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwB8smNkw==</latexit>

TrK3 =<latexit sha1_base64="SM5swQ53/ouXwrO2LR5zVvmc2wE=">AAACA3icbVDLSgNBEJz1GeNr1ZteBoPgQcJuIuhFCHoRvETIC7IxzE5mkyGzD2Z6xbAsePFXvHhQxKs/4c2/cZLsQRMLGoqqbrq73EhwBZb1bSwsLi2vrObW8usbm1vb5s5uQ4WxpKxOQxHKlksUEzxgdeAgWCuSjPiuYE13eDX2m/dMKh4GNRhFrOOTfsA9TgloqWvuO8AeIKnJFDsnOHFcD9+kd2WML3DXLFhFawI8T+yMFFCGatf8cnohjX0WABVEqbZtRdBJiAROBUvzTqxYROiQ9Flb04D4THWSyQ8pPtJKD3uh1BUAnqi/JxLiKzXyXd3pExioWW8s/ue1Y/DOOwkPohhYQKeLvFhgCPE4ENzjklEQI00IlVzfiumASEJBx5bXIdizL8+TRqlol4ul29NC5TKLI4cO0CE6RjY6QxV0jaqojih6RM/oFb0ZT8aL8W58TFsXjGxmD/2B8fkDarCWDw==</latexit>

Kab;cd(⌧1, ⌧2; ⌧3, ⌧4) =
<latexit sha1_base64="xZ+QwspvlkDHgePauK3+nT/Dtsk=">AAACEnicbVDLSgMxFM34rPU16tJNsAgtSJlpCwpFKLoR3FSwD2iHIZNJ29BMZkgyQhn6DW78FTcuFHHryp1/YzqdhbYeCPfknHtJ7vEiRqWyrG9jZXVtfWMzt5Xf3tnd2zcPDtsyjAUmLRyyUHQ9JAmjnLQUVYx0I0FQ4DHS8cbXM7/zQISkIb9Xk4g4ARpyOqAYKS25ZunWTZBXx/602Fcodu2ztFTqaanOb7USvISuWbDKVgq4TOyMFECGpmt+9f0QxwHhCjMkZc+2IuUkSCiKGZnm+7EkEcJjNCQ9TTkKiHSSdKUpPNWKDweh0IcrmKq/JxIUSDkJPN0ZIDWSi95M/M/rxWpw4SSUR7EiHM8fGsQMqhDO8oE+FQQrNtEEYUH1XyEeIYGw0inmdQj24srLpF0p29Vy5a5WaFxlceTAMTgBRWCDc9AAN6AJWgCDR/AMXsGb8WS8GO/Gx7x1xchmjsAfGJ8/SZSb7w==</latexit>

(a, ⌧1)
<latexit sha1_base64="rSvtW9Wvpk67v37r6sTFWLvCJ4s=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNiNgh6DXjxGMA9MltA7mU2GzM4uM7NCCPkLLx4U8erfePNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3NnNb+e2d3b39wsFhQ8epoqxOYxGrVoCaCS5Z3XAjWCtRDKNAsGYwvJ36zSemNI/lgxklzI+wL3nIKRorPZbwvGMw7Xpn3ULRLbszkGXiZaQIGWrdwlenF9M0YtJQgVq3PTcx/hiV4VSwSb6TapYgHWKftS2VGDHtj2cXT8ipVXokjJUtachM/T0xxkjrURTYzgjNQC96U/E/r52a8Nofc5mkhkk6XxSmgpiYTN8nPa4YNWJkCVLF7a2EDlAhNTakvA3BW3x5mTQqZe+iXLm/LFZvsjhycAwnUAIPrqAKd1CDOlCQ8Ayv8OZo58V5dz7mrStONnMEf+B8/gA2f4/2</latexit>

(b, ⌧2)
<latexit sha1_base64="qnQ7syPW4+QkiD4oQqe3tVceSB8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNiNgh6DXjxGMA9MljA7mU2GzM4uM71CCPkLLx4U8erfePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3k795hPXRsTqAUcJ9yPaVyIUjKKVHkvBeQdp2q2cdQtFt+zOQJaJl5EiZKh1C1+dXszSiCtkkhrT9twE/THVKJjkk3wnNTyhbEj7vG2pohE3/nh28YScWqVHwljbUkhm6u+JMY2MGUWB7YwoDsyiNxX/89ophtf+WKgkRa7YfFGYSoIxmb5PekJzhnJkCWVa2FsJG1BNGdqQ8jYEb/HlZdKolL2LcuX+sli9yeLIwTGcQAk8uIIq3EEN6sBAwTO8wptjnBfn3fmYt6442cwR/IHz+QM5kI/4</latexit>

(c, ⌧3)
<latexit sha1_base64="/qKIVSnB3jwPdytBU+vHaODDhiU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BItQQUrSCnosevFYwX5gG8pmu2mXbjZhdyKU0H/hxYMiXv033vw3btsctPXBwOO9GWbm+bHgGh3n28qtrW9sbuW3Czu7e/sHxcOjlo4SRVmTRiJSHZ9oJrhkTeQoWCdWjIS+YG1/fDvz209MaR7JB5zEzAvJUPKAU4JGeizTix6SpF877xdLTsWZw14lbkZKkKHRL371BhFNQiaRCqJ113Vi9FKikFPBpoVeollM6JgMWddQSUKmvXR+8dQ+M8rADiJlSqI9V39PpCTUehL6pjMkONLL3kz8z+smGFx7KZdxgkzSxaIgETZG9ux9e8AVoygmhhCquLnVpiOiCEUTUsGE4C6/vEpa1Ypbq1TvL0v1myyOPJzAKZTBhSuowx00oAkUJDzDK7xZ2nqx3q2PRWvOymaO4Q+szx88oY/6</latexit>

(d, ⌧4)
<latexit sha1_base64="QwncscFnNYMt9d7QDhaMWZbrOeU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BItQQUpSC3osevFYwX5gG8pms2mXbjZhdyKU0n/hxYMiXv033vw3btsctPXBwOO9GWbm+YngGh3n28qtrW9sbuW3Czu7e/sHxcOjlo5TRVmTxiJWHZ9oJrhkTeQoWCdRjES+YG1/dDvz209MaR7LBxwnzIvIQPKQU4JGeiwHFz0kab923i+WnIozh71K3IyUIEOjX/zqBTFNIyaRCqJ113US9CZEIaeCTQu9VLOE0BEZsK6hkkRMe5P5xVP7zCiBHcbKlER7rv6emJBI63Hkm86I4FAvezPxP6+bYnjtTbhMUmSSLhaFqbAxtmfv2wFXjKIYG0Ko4uZWmw6JIhRNSAUTgrv88ippVSvuZaV6XyvVb7I48nACp1AGF66gDnfQgCZQkPAMr/BmaevFerc+Fq05K5s5hj+wPn8AP7KP/A==</latexit>

FIG. 2: Pictorial representation of the ‘ladder’ kernel featuring in the fluctuation determinant.

Having reduced the problem to a Gaussian integral, we are now in a position to evaluate the contri-

bution to the free energy F = −(Mβn)−1 lnZf [Q] originating from quadratic fluctuation determinants.

We denote this contribution as

βnFsg =
k2J2

2

∫
dτdτ ′

∑

a,b

Qab(τ, τ
′) +

1

2
ln det A +O(M−1) . (4.4)

Let us focus on the fluctuation determinant of A, which can be expanded in terms of a ladder kernel:

1

2
ln det A =

1

2
Tr ln(K− 1) = −1

2
Tr K− 1

4
Tr K2 − 1

6
Tr K3 + . . . (4.5)

where the ladder kernel and the identity operator are defined as

K ≡ Kab;cd(τ1, τ2; τ3, τ4) ≡ J2Qab(τ1, τ2)GQ(τ1 − τ3)GQ(τ4 − τ2) δacδbd ,

1 ≡ δ(τ1 − τ3)δ(τ4 − τ2) δacδbd .
(4.6)

In Fig. 2 we introduce a diagrammatic notation for the kernel.1 Fig. 3 further illustrates the above

contributions to the free energy diagrammatically. One can check that the first diagram, Tr K, is cancelled

by the first term in (4.4).2 The traces of higher powers of the ladder kernel yield:

−1

4
Tr K2 = −J

4

4

∫
dτ1 · · · dτ4

∑

a,b

Qab(τ1, τ2)Qab(τ3, τ4)R
(2)
Q (τ13)R

(2)
Q (τ24) ,

−1

6
Tr K3 =

J6

6

∫
dτ1 · · · dτ6

∑

a,b

Qab(τ1, τ2)Qab(τ3, τ4)Qab(τ5, τ6)R
(3)
Q (τ13, τ35)R

(3)
Q (τ24, τ46) ,

(4.8)

and so on, where the time splitting functions are given by the spinon loops

R
(2)
Q (τ) ≡ GQ(τ)GQ(−τ) ,

R
(3)
Q (τ, τ ′) ≡ GQ(τ)GQ(τ ′)GQ(−τ − τ ′) , . . .

(4.9)

1 The diagrams focus on the structure of replica indices. To recover the fermionic description one uses a double

line notation where the wiggly line fattens into two lines carrying SU(M) indices.
2 In the computation of Tr K we use the following point splitting prescription to be consistent with the fermionic

description:

Tr K = lim
ε→0

∫
dτ1dτ2

∑

a,b

Kab;ab(τ1, τ2; τ1 + ε, τ2 − ε) . (4.7)
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Qab
<latexit sha1_base64="f0uYaPiKLK/dBBas4w00gK+5HGg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4TMDGQLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jUo1oS2iuNKdCBvKmaQtyyynnURTLCJOH6Lx7cx/eKLaMCXv7SShocBDyWJGsHVSu9nPcDTtlyt+1Z8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqadeqwUW11rys1G/yOIpwAqdwDgFcQR3uoAEtIPAIz/AKb57yXrx372PRWvDymWP4A+/zB5o9jyU=</latexit>

TrK =
<latexit sha1_base64="H/A/LLUvrZwe7GKCLp5TD5NkhY8=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCCylJFXQjFN0Ibir0BU0ok+mkHTp5MHMjlpiFv+LGhSJu/Q13/o3TNgttPXDhcM693HuPFwuuwLK+jYXFpeWV1cJacX1jc2vb3NltqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOUNr8d+655JxaOwDqOYuQHph9znlICWuua+A+wB0rrMnBOcOp6PbzN8ibtmySpbE+B5YuekhHLUuuaX04toErAQqCBKdWwrBjclEjgVLCs6iWIxoUPSZx1NQxIw5aaT+zN8pJUe9iOpKwQ8UX9PpCRQahR4ujMgMFCz3lj8z+sk4F+4KQ/jBFhIp4v8RGCI8DgM3OOSURAjTQiVXN+K6YBIQkFHVtQh2LMvz5NmpWyflit3Z6XqVR5HAR2gQ3SMbHSOqugG1VADUfSIntErejOejBfj3fiYti4Y+cwe+gPj8wd7A5UW</latexit> TrK2 =<latexit sha1_base64="Hmzjj0U9TBq5tbSaNVPa+nEmtww=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8CBhNwp6EYJeBC8R8oJsDLOT2WTI7IOZXjEs68Vf8eJBEa/+hTf/xkmyB00saCiquunuciPBFVjWt5FbWFxaXsmvFtbWNza3zO2dhgpjSVmdhiKULZcoJnjA6sBBsFYkGfFdwZru8GrsN++ZVDwMajCKWMcn/YB7nBLQUtfcc4A9QFKTqXOME8f18E16V8YXuGsWrZI1AZ4ndkaKKEO1a345vZDGPguACqJU27Yi6CREAqeCpQUnViwidEj6rK1pQHymOsnkgxQfaqWHvVDqCgBP1N8TCfGVGvmu7vQJDNSsNxb/89oxeOedhAdRDCyg00VeLDCEeBwH7nHJKIiRJoRKrm/FdEAkoaBDK+gQ7NmX50mjXLJPSuXb02LlMosjj/bRATpCNjpDFXSNqqiOKHpEz+gVvRlPxovxbnxMW3NGNrOL/sD4/AGv2JW6</latexit>

GQ
<latexit sha1_base64="OIZOvuWp60LR8QL7amKIPTs/AEw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BD3pM0DwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh7tevVcsuWV3DrJKvIyUIEOtV/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2XvolypX5aqN1kceTiBUzgHD66gCvdQgwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwB8smNkw==</latexit>

GQ
<latexit sha1_base64="OIZOvuWp60LR8QL7amKIPTs/AEw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BD3pM0DwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh7tevVcsuWV3DrJKvIyUIEOtV/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2XvolypX5aqN1kceTiBUzgHD66gCvdQgwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwB8smNkw==</latexit>

TrK3 =<latexit sha1_base64="SM5swQ53/ouXwrO2LR5zVvmc2wE=">AAACA3icbVDLSgNBEJz1GeNr1ZteBoPgQcJuIuhFCHoRvETIC7IxzE5mkyGzD2Z6xbAsePFXvHhQxKs/4c2/cZLsQRMLGoqqbrq73EhwBZb1bSwsLi2vrObW8usbm1vb5s5uQ4WxpKxOQxHKlksUEzxgdeAgWCuSjPiuYE13eDX2m/dMKh4GNRhFrOOTfsA9TgloqWvuO8AeIKnJFDsnOHFcD9+kd2WML3DXLFhFawI8T+yMFFCGatf8cnohjX0WABVEqbZtRdBJiAROBUvzTqxYROiQ9Flb04D4THWSyQ8pPtJKD3uh1BUAnqi/JxLiKzXyXd3pExioWW8s/ue1Y/DOOwkPohhYQKeLvFhgCPE4ENzjklEQI00IlVzfiumASEJBx5bXIdizL8+TRqlol4ul29NC5TKLI4cO0CE6RjY6QxV0jaqojih6RM/oFb0ZT8aL8W58TFsXjGxmD/2B8fkDarCWDw==</latexit>

Kab;cd(⌧1, ⌧2; ⌧3, ⌧4) =
<latexit sha1_base64="xZ+QwspvlkDHgePauK3+nT/Dtsk=">AAACEnicbVDLSgMxFM34rPU16tJNsAgtSJlpCwpFKLoR3FSwD2iHIZNJ29BMZkgyQhn6DW78FTcuFHHryp1/YzqdhbYeCPfknHtJ7vEiRqWyrG9jZXVtfWMzt5Xf3tnd2zcPDtsyjAUmLRyyUHQ9JAmjnLQUVYx0I0FQ4DHS8cbXM7/zQISkIb9Xk4g4ARpyOqAYKS25ZunWTZBXx/602Fcodu2ztFTqaanOb7USvISuWbDKVgq4TOyMFECGpmt+9f0QxwHhCjMkZc+2IuUkSCiKGZnm+7EkEcJjNCQ9TTkKiHSSdKUpPNWKDweh0IcrmKq/JxIUSDkJPN0ZIDWSi95M/M/rxWpw4SSUR7EiHM8fGsQMqhDO8oE+FQQrNtEEYUH1XyEeIYGw0inmdQj24srLpF0p29Vy5a5WaFxlceTAMTgBRWCDc9AAN6AJWgCDR/AMXsGb8WS8GO/Gx7x1xchmjsAfGJ8/SZSb7w==</latexit>

(a, ⌧1)
<latexit sha1_base64="rSvtW9Wvpk67v37r6sTFWLvCJ4s=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNiNgh6DXjxGMA9MltA7mU2GzM4uM7NCCPkLLx4U8erfePNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3NnNb+e2d3b39wsFhQ8epoqxOYxGrVoCaCS5Z3XAjWCtRDKNAsGYwvJ36zSemNI/lgxklzI+wL3nIKRorPZbwvGMw7Xpn3ULRLbszkGXiZaQIGWrdwlenF9M0YtJQgVq3PTcx/hiV4VSwSb6TapYgHWKftS2VGDHtj2cXT8ipVXokjJUtachM/T0xxkjrURTYzgjNQC96U/E/r52a8Nofc5mkhkk6XxSmgpiYTN8nPa4YNWJkCVLF7a2EDlAhNTakvA3BW3x5mTQqZe+iXLm/LFZvsjhycAwnUAIPrqAKd1CDOlCQ8Ayv8OZo58V5dz7mrStONnMEf+B8/gA2f4/2</latexit>

(b, ⌧2)
<latexit sha1_base64="qnQ7syPW4+QkiD4oQqe3tVceSB8=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBAiSNiNgh6DXjxGMA9MljA7mU2GzM4uM71CCPkLLx4U8erfePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3k795hPXRsTqAUcJ9yPaVyIUjKKVHkvBeQdp2q2cdQtFt+zOQJaJl5EiZKh1C1+dXszSiCtkkhrT9twE/THVKJjkk3wnNTyhbEj7vG2pohE3/nh28YScWqVHwljbUkhm6u+JMY2MGUWB7YwoDsyiNxX/89ophtf+WKgkRa7YfFGYSoIxmb5PekJzhnJkCWVa2FsJG1BNGdqQ8jYEb/HlZdKolL2LcuX+sli9yeLIwTGcQAk8uIIq3EEN6sBAwTO8wptjnBfn3fmYt6442cwR/IHz+QM5kI/4</latexit>

(c, ⌧3)
<latexit sha1_base64="/qKIVSnB3jwPdytBU+vHaODDhiU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BItQQUrSCnosevFYwX5gG8pmu2mXbjZhdyKU0H/hxYMiXv033vw3btsctPXBwOO9GWbm+bHgGh3n28qtrW9sbuW3Czu7e/sHxcOjlo4SRVmTRiJSHZ9oJrhkTeQoWCdWjIS+YG1/fDvz209MaR7JB5zEzAvJUPKAU4JGeizTix6SpF877xdLTsWZw14lbkZKkKHRL371BhFNQiaRCqJ113Vi9FKikFPBpoVeollM6JgMWddQSUKmvXR+8dQ+M8rADiJlSqI9V39PpCTUehL6pjMkONLL3kz8z+smGFx7KZdxgkzSxaIgETZG9ux9e8AVoygmhhCquLnVpiOiCEUTUsGE4C6/vEpa1Ypbq1TvL0v1myyOPJzAKZTBhSuowx00oAkUJDzDK7xZ2nqx3q2PRWvOymaO4Q+szx88oY/6</latexit>

(d, ⌧4)
<latexit sha1_base64="QwncscFnNYMt9d7QDhaMWZbrOeU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BItQQUpSC3osevFYwX5gG8pms2mXbjZhdyKU0n/hxYMiXv033vw3btsctPXBwOO9GWbm+YngGh3n28qtrW9sbuW3Czu7e/sHxcOjlo5TRVmTxiJWHZ9oJrhkTeQoWCdRjES+YG1/dDvz209MaR7LBxwnzIvIQPKQU4JGeiwHFz0kab923i+WnIozh71K3IyUIEOjX/zqBTFNIyaRCqJ113US9CZEIaeCTQu9VLOE0BEZsK6hkkRMe5P5xVP7zCiBHcbKlER7rv6emJBI63Hkm86I4FAvezPxP6+bYnjtTbhMUmSSLhaFqbAxtmfv2wFXjKIYG0Ko4uZWmw6JIhRNSAUTgrv88ippVSvuZaV6XyvVb7I48nACp1AGF66gDnfQgCZQkPAMr/BmaevFerc+Fq05K5s5hj+wPn8AP7KP/A==</latexit>

FIG. 3: Some diagrams contributing to − lnZf [Q] at the first subleading order, i.e., O(M0).

Consider now the ansatz for Qab, which we described in (2.15) and (2.16). Without loss of generality,

we parameterize this ansatz as follows:

Qab(τ, τ
′) =

[
Q(τ − τ ′) + q

]
δab + qab , qaa = 0 . (4.10)

We then find a simple expression for the contribution of Zf [Q] to the free energy per spin. In particular,

the subleading terms described above yield a contribution to the free energy, which we denote as

Fsg ≡ −
lnZf [Q]

βn
= −c0 − c1q − c2q

2 − d2β


q2 +

1

n

∑

a6=b
q2
ab


− c3q

3 − c4q
4 − d4 β


q4 +

1

n

∑

a6=b
q4
ab


+ . . .

(4.11)

where we organize the expression as an expansion in powers of q and qab. The coefficients are given by

d2 =
J4

4
R

(2)
Q (iω = 0)2 , d4 =

J8

8
R

(4)
Q (iω1 = 0, iω2 = 0, iω3 = 0)2 , . . . (4.12)

and

c0 =
J4

4β

∑

ω

R
(2)
Q (iω)2Q(iω)2 +

J6

6β2

∑

ω,ω′

R
(3)
Q (iω, iω′)2Q(iω)Q(iω − iω′)Q(iω′)

+
J8

8β3

∑

ω,ω′,ω′′

R
(4)
Q (iω, iω′, iω′′)2Q(iω)Q(iω − iω′)Q(iω′ − iω′′)Q(iω′′) + . . .

c1 =
J4

2
R

(2)
Q (0)2Q(0) +

J6

2β

∑

ω

R
(3)
Q (iω, 0)2Q(iω)2 +

J8

2β2

∑

ω,ω′

R
(4)
Q (iω, iω′, 0)2Q(iω)Q(iω − iω′)Q(iω′) + . . .

c2 =
J8

4β

∑

ω

[
2R

(4)
Q (iω, 0, 0)2 +R

(4)
Q (iω, iω, 0)2

]
Q(iω)2 + . . . ,

c3 =
J8

2
R

(4)
Q (0, 0, 0)2Q(0) + . . .

(4.13)

where all Q and R
(n)
Q in the above equations are frequency space expressions. We also used their symmetry

properties,

R
(n)
Q (−iω1, . . . ,−iωn−1) = (−1)nR

(n)
Q (iω1, . . . , iωn−1) , (4.14)

to simplify some expressions and to conclude that coefficients such as d3 = d5 = . . . = 0 (for the particle-

hole symmetric case k = 1/2). Note that we have reinstated explicit β-dependence in the above formulas
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in order to make manifest that only the terms multiplying dk are linearly proportional to β in the low

temperature limit, β →∞. In general, we find that the coefficients of these linearly divergent terms are

always negative and given by

d2k =
J4k

4k

(
1

β

∑

ω

GQ(iω)2k

)2

(k = 1, 2, . . .). (4.15)

When evaluated on the spin liquid Green’s function GQ(iω) ∼ 1/
√
ω, we find a further divergence in the

values of d2k in (4.15): d2k ∼ β2k−2. However, this divergence is cutoff when we compute d2k using the

self-consistent results for GQ(iω) to be computed in Section V: the cutoff frequency scale is ω? in (1.5),

and hence d2k ∼ q2−2k
EA . The net contribution of all the d2k terms in (4.11) to the free energy is therefore

of order βq2
EA. For k = 1, there is an additional logarithm of β (or ω∗), as noted below in (4.18).

Higher orders in the 1/M expansion can be computed in a similar fashion. In short, these are charac-

terized by more complicated diagrams build from the kernel K. We elaborate on this in Appendix C.

B. Free energy

In order for the theory to be consistent we will need to ensure that physical quantities such as the free

energy are finite as β →∞. As we discuss next, this follows indeed from the equations of motion for the

spin glass parameters q and qab.

The free energy including the corrections to first subleading in the 1/M expansion reads as follows:

βnF ≡ S[Q]

NM
=
βnJ2

4


 1

β

∑

ω

Q(iω)2 + 2q Q(iω = 0) + β


q2 +

1

n

∑

a6=b
q2
ab




+ I[Q] +

βn

M
Fsg +O(M−2) ,

(4.16)

where the leading terms were given in (2.9) and (3.6), while the Fsg term was computed in (4.11). Of

particular importance is the term quadratic in the spin glass order parameter

S[Q]

NM
=
β2nJ2

4


q2 +

1

n

∑

a6=b
q2
ab



[
1− J2

M
χ2

loc

]
+ . . . , (4.17)

where χloc = −R(2)
Q (iω = 0) is the local spin susceptibility. The term in square brackets in (4.17) is

precisely that appearing in the denominator of the spin glass susceptibility [20]. In the SYK spin liquid

state [7] (this is evident from the Hilbert transform of (1.3)),

χloc =

∫ β

0
Q(τ)dτ =

1

J
√
π

ln(βJ) , (4.18)

and so the term in square brackets becomes negative at low enough temperatures provided M is finite.

Once this term is negative, spin glass order will appear, and we obtain an estimate

Tc ∼ J exp
(
−
√
Mπ

)
(4.19)
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for the critical temperature [20]. For temperatures below Tc, χloc is finite at T = 0 in the presence of spin

glass order, as we will see in Section V.

The simplest ansatz for evaluating the free energy assumes a replica symmetric off-diagonal spin glass

order of the form qa6=b = qEA. In this case, we employ the following simplification as n→ 0:

1

n

∑

a6=b
q`ab = (n− 1)q`EA −→ −q`EA . (4.20)

Extremization of F with respect to qEA then yields the following equation of motion:

J2

2
qEA =

1

M

[
2d2 qEA + 4d4 q

3
EA + . . .

]
+O(M−2) . (4.21)

Similarly, extremization with respect to q gives:

J2

2

[
q +

1

β
Q(0)

]
=

1

M

[
2d2 q + 4d4 q

3 + . . .+
1

β

(
c1 + 2c2 q + 3c3 q

2 + 4c4 q
3 + . . .

)]
+O(M−2) . (4.22)

Evidently, these equations imply

q = qEA +O(β−1) . (4.23)

Evaluated on this solution, the free energy is indeed finite as β →∞ since all dangerous terms are of the

following form as n→ 0:

F = β




J2

4
(q2 − q2

EA)− 1

M

∑

k≥1

d2k

(
q2k − q2k

EA

)
+O(M−2)



+O(β0) = O(β0) , (4.24)

where in the last step we used the relation (4.23). In Appendix C we compute some examples of contri-

butions at higher orders in the 1/M expansion, and show that these also have a finite limit as β →∞.

A notable feature of this analysis is that the free energy is finite in the β →∞ limit, even though there

are many individual terms that diverge in this limit. There is a delicate cancellation of the divergent terms

between the replica diagonal and off-diagonal contributions in the n→ 0 limit [35]. This cancellation was

overlooked in an early work on the random quantum magnet [41]: they only included the replica diagonal

terms, which in fact diverge as β →∞, and so their energy estimates are not meaningful. Such divergent

contributions to the free energy are also present in various EDMFT theories of strongly correlated phases

[42–47], and we believe that the energy estimates in such theories are not reliable in the phase with

long-range order at very low temperatures.

V. SPECTRUM OF THE SPIN GLASS STATE

We have seen in Section IV that the order parameter characterizing the spin glass ground state, qab,

is determined entirely by corrections to the leading large M saddle point. Moreover, as β →∞, the long

time limit of the spin autocorrelation function, q, equals the Edwards-Anderson order parameter qEA
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(which is in turn determined from qab). In this section, we will address the feedback of the onset of spin

glass order on the spinon Green’s function and the dynamic spin susceptibility.

In Section III, we determined the large M equations, (3.4), obeyed by the fermion Green’s function

for a general spin autocorrelation function Q(τ). In the spin glass phase, we mapped Q(τ)→ Q(τ) + q in

(4.10) to allow for a non-zero long time limit. The computations of Section IV, will lead to corrections

to Q(τ) at order 1/M , along with allowing for a non-zero q. In our analysis here, we will ignore the 1/M

corrections to Q(τ), as they have a structure similar to that obtained in the M = ∞ theory. However,

we will keep the non-zero value of q = qEA because it has a singular effect on the low frequency fermion

spectrum, as we will now show.

The upshot of this discussion is that we can determine the fermion Green’s function by solving (3.4),

while (3.5) is modified to

Q(τ) = −GQ(τ)GQ(−τ) + qEA . (5.1)

Remarkably, the equations (3.4) and (5.1) have been solved previously [48, 49], in different contexts.

Ref. [48] considered a random t-J model in a particular large M limit, with r.m.s. exchange J , and

r.m.s. hopping t. Ref. [49] considered a SYK model with a random 4-fermion interaction term with r.m.s.

strength J , and a random 2-fermion hopping term t. The equations of the latter model map onto (3.4)

and (5.1) with t = J
√
qEA. Their main result was that there was a crossover from SYK non-Fermi liquid

behavior to Fermi liquid behavior at a coherence energy scale ∼ t2/J [48, 49] which equals JqEA. From

this, we can obtain the structure of the low frequency spectrum in the spin glass phase when qEA � 1.

For the spinon spectral density, we have

ρ(ω) = − 1

π
ImGQ(ω) =

1

π
√
Jω∗

Φρ(ω/ω∗) , (5.2)

with ω∗ given by (1.5). The scaling function Φρ obeys Φρ(0) = 1, and Φρ(ω � 1) ∼ 1/
√
ω. We present

result for ρ(ω) in Fig. 4, comparing with the scaling in (5.2).

Similarly, for the spin spectral density we have

χ′′(ω) = −ImQ(ω) =
1

J
Φχ(ω/ω∗) . (5.3)

Note that the full dynamic spin susceptibility has the delta function in (1.4), which is not included in

(5.3). The scaling function Φχ(ω) has the form given by (1.6) at ω � 1, and by (1.3) for ω � 1, and this

is illustrated in Fig. 5.

The real part of the local spin response function i.e. the local static susceptibility has a logarithmic

contribution which violates scaling: the qEA = 0 result in (4.18) is replaced by

χloc =
1

J
√
π

ln(J/ω∗) , T = 0 . (5.4)

This is illustrated in Fig. 6.
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FIG. 4: Numerical results for the spinon spectral density obtained by the solution of (3.4) and

(5.1). The results scale as in (5.2) for small qEA. The solutions were obtained with n frequency

points.

VI. COMPLEXITY

In the quantum spin liquid phase, the model features an exponential density of states and an extensive

(in N) thermodynamic entropy. As the system enters the spin glass phase and thermal fluctuations

are further reduced, the thermodynamic entropy approaches zero. Instead, an extensive configurational

entropy counts an exponential number of possible meta-stable glass states. This configurational entropy is

often referred to as the complexity Σ, which can be expressed as a functional of the free energy F and the

break-point parameter m of the replica symmetry breaking ansatz [23–25].3 The number of meta-stable

states in a given free energy band of width 1/(mβ) is then given by

Ω(F ,m) = eNΣ(F ,m) . (6.1)

In practice we compute the complexity as the Legendre transform of the free energy with respect to m.

As a function of (β,m), this can be computed as:

Σ(β,m) = βm2 ∂mF(β,m) . (6.2)

We will now show how to evaluate this expression in our model.

3 See also [26] for a review, [27] for a textbook discussion, and [28] for a recent application.
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FIG. 5: Numerical results for the spin spectral density obtained by the solution of (3.4) and

(5.1). The results scale as in (5.3) for small qEA.
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FIG. 6: The real part of the local susceptibility χ′ = χloc.

Consider the following simple Landau free energy, which exhibits the basic structure of our model:

Fsg[q, qab] = −d2β

(
q2 +

Trq2

n

)
− e3

3
β2

(
q3 + 3q

Trq2

n
+

Trq3

n

)
− d4β


q4 +

1

n

∑

a,b

q4
ab


+ . . . (6.3)

The coefficients d2, e3, d4 are dimensionful but finite as β →∞. We computed d2 and d4 in Section IV;

the coefficient e3 is generated at O(M−1), see Appendix C. We dropped terms that do not contribute to
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the zero-temperature complexity, as well as terms at higher orders in q and qab.

To evaluate the free energy, we now go beyond the replica symmetric ansatz and consider full replica

symmetry breaking (FRSB). This is implemented by starting from the Parisi ansatz for k-step replica

symmetry breaking [50] and then considering the limit k → ∞: we first make an ansatz for qab with

constant blocks along the diagonal and then successively refine the structure by breaking up blocks into

smaller blocks:

qab =




Am1

Am1 q0

. . .

q0 Am1

Am1




, Am1 =




Am2

Am2 q1

. . .

q1 Am2

Am2




(6.4)

and so on, where Ami is an mi × mi matrix with blocks Ami+1 along the diagonal and all off-diagonal

entries filled with qi such that n =
∑

imi. In the analytic continuation n → 0 we replace the matrix

qab by a monotonously increasing function q(x), which extrapolates the structure above. The variable

x ∈ [0, 1] parametrizes continuous breaking of replica symmetry. The analog of the Edwards-Anderson

parameter is qEA = q(x = 1).

With this ansatz, the free energy (6.3) then becomes a functional of q(x):

Fsg[q, q(x)] =

∫ 1

0
dx

{
d2β

(
q(x)2 − q2

)
+ d4β

(
q(x)4 − q4

)

− e3

3
β2

(
q3 − 3q q(x)2 + xq(x)3 + 3q(x)

∫ x

0
dy q(y)2

)
+ . . .

} (6.5)

Extremizing the action with respect to q(x) leads to the following continuous solution [51]:

q(x) =





x

m
qEA , x ∈ [0,m]

qEA , x ∈ [m, 1]
(6.6)

where m ≡ 12d4
e3β

qEA plays the role of the break point parameter of an equilibrium solution. The extrem-

ization procedure also relates the value of the diagonal contribution q to qEA:

q = qEA −
d2 + 6d4q

2
EA

e3β
. (6.7)

Note that we do not separately extremize with respect to q because even perturbatively the ansatz (6.3)

only captures part of the full q-dependence of our system.

Evaluated on the saddle point solution for q(x), the free energy takes the following value:

Fsg(m,βe) = −d
4
2d4m

3

e4
3β

3
e

− d3
2m(4− 2m+m2)

6e2
3βe

+
d2

2(2−m)(4− 2m+m2)βe
96d4

+
d2e

2
3(2−m)3β3

e

6(24d4)2
+
e4

3[48− 5m(4−m)2]β5
e

15(48d4)3
+ . . . ,

(6.8)
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where βe ≡ mβ is an effective temperature, conjugate to the free energy. Expanding in large β, we obtain:

Fsg(m,β) =
d2

2

e3
qEA +

4d2d4

e3
q3
EA +

36d2
4

5e3
q5
EA +O(β−1) + . . . (6.9)

Note again that the free energy is finite as β →∞. This was not guaranteed to happen. It is a consequence

of the specific way in which q appeared in (6.3) and of the extremization condition (6.7).

In order to compute the low temperature complexity we take an m-derivative (at fixed β) and then

expand in large β. According to (6.2), we find:

Σ(m,β) ≡ βm2∂mFsg(m,β) ≡ β2
e∂βeFsg(m,βe)

=
12d4

e2
3

q2
EA

(
d2 + 6d4q

2
EA + . . .

)2
+O(β−1) .

(6.10)

The fact that the complexity Σ is finite as β → ∞ means that the spin glass at zero temperature is

characterized by an extensive number eNΣ of meta-stable states.

VII. DISCUSSION

The initial analysis [7] of the SU(M) random quantum magnet (2.1) found a gapless quantum spin

liquid ground state in the large M limits realized by fermionic and bosonic spinons, and both limits

yielded a ‘marginal’ dynamic spin susceptibility with χ′′(ω) ∼ sgn(ω) at small ω. This fractionalized spin

liquid is unstable to spin glass order at low enough temperatures for any finite M [20], and (4.19) contains

an estimate of the critical temperature for fermionic spinons. A theory of a spin glass ground state was

presented in Refs. [19, 20] using bosonic spinons, in which case the spin glass order can be large, with

qEA = O(M0) (see (A2)). However, numerical studies of the SU(2) case show that the spin glass order is

small [13, 14], and the intermediate frequency spin spectrum was a better match with the large M theory

with fermionic spinons [11, 14]. Here we have presented an analysis which is closest to the numerical

observations: a theory for the onset of weak spin glass order using fermionic spinons, where qEA is at

most O(M−1) (see (2.17)). We identified a frequency scale ω∗ = JqEA, and showed that χ′′(ω) ∼ ω in the

fermionic spinon theory, as had also been found for small ω in the bosonic spinon theory. For the case

of small qEA, there is a universal crossover from the physics of a quantum spin liquid with fractionalized

spinons for ω > ω∗, to the physics of a confining spin glass for ω < ω∗, and we obtained results for the

crossover functions.

In Section V, we mapped the crossover from the spectrum of the SYK spin liquid to the spin glass to

the crossover from non-Fermi liquid to Fermi liquid behavior in the model of Ref. [49]. We now comment

on why this can be interpreted as a crossover from fractionalization to confinement in our context of

the random quantum magnet. Unlike the case for the model of Ref. [49], the fermions in our quantum

magnet, and in the t-J models of Refs. [48, 52], carry a U(1) gauge charge: (2.2) is invariant under the
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gauge transformation fα(i) → fα(i)eiφi(τ) (see Appendix B). Consequently the SYK spin liquid can be

regarded as a gapless quantum spin liquid with fractionalized fermionic spinons. The crossover to the

spin glass phase is induced by the qEA term in (5.1), which turns out to be identical to the influence

of the t term in the t-J models of Refs. [48, 52]. The latter t term is known to break the U(1) gauge

symmetry, and therefore, by Higgs-confinement continuity, we can regard the low frequency regime of our

quantum magnet as a confining regime of the U(1) gauge symmetry. It is also interesting to compare

with the analysis of the quantum magnet using bosonic spinons in Refs. [19, 20]: that model also exhibits

a fractionalized spin liquid regime, and spin glass order appears by the condensation of bosonic spinons,

which explicitly higgses the U(1) gauge symmetry (see Appendix A). Moreover the dynamic spectrum

χ′′(ω) ∼ ω appears not only for bosonic and fermionic spinons in the spin glass regime, but also for the

Ising and rotor spin glasses [28, 35, 38] where there is no fractionalization at any frequency scale. So, as

we noted in Section I, the random quantum magnet analyzed here yields a realization of fermion-boson

duality, and a solvable theory of deconfinement-confinement crossover in a gapless system with finite

density matter. We are not aware of other solvable examples of such phenomena.

In Section VI, we employed the insights gained from the structure of the spin glass state to make

some general remarks on the complexity of infinite-range quantum spin glasses in the low temperature

limit. Our main result was that the complexity is generically non-zero and extensive in the limit of

vanishing temperature. For the random quantum magnets considered here, the SU(M → ∞) models

have a quantum spin liquid ground state with a non-zero extensive entropy in the limit of vanishing

temperature [20] (here ‘extensive’ refers to proportionality to N , the number of sites, and not to M).

For finite M , we have shown that this entropy is quenched at an energy scale ω∗. Below ω∗, we obtain

a spin glass state which in the limit of vanishing temperature has no extensive entropy but an extensive

complexity. It appears that the chaotic quantum dynamics in the exponentially large phase space explored

by the quantum spin liquid gets turned off at low temperatures, and the phase space fragments into an

exponentially large number of subspaces. It would be interesting to explore this idea in the context of

the holographic nAdS2/nCFT1 paradigm, which gives a gravitational interpretation of the low-energy

Schwarzian sector describing the quantum spin liquid phase at strong coupling [8, 53]: motivated by the

existence of landscapes of multi-centered black hole solutions in four dimensional supergravity [54, 55],

it was previously suggested [28, 32–34] that the spin glass crossover could be realized gravitationally in

terms of the fragmentation instability of AdS2 spacetimes [31]. The latter gives rise to a landscape of

asymptotically AdS2 geometries characterized by the number, location, and charge of fragmented throats.

It might then be possible to interpret the complexity of the spin glass state as a measure of the volume

of the moduli space of gravitational solutions.
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Appendix A: Bosonic spinons

The Appendix briefly reviews the bosonic spinon theory of the spin glass state [19, 20] of (2.1).

Each site now contains states corresponding to the symmetric product of κM (integer) fundamentals,

and (2.2) is replaced by

Sαβ (i) = b†β(i)bα(i)− κδαβ ,
∑

α

b†α(i)bα(i) = κM (A1)

with bosons bα(i) on each site i. The bosonic and fermionic spinon models co-incide only for the SU(2)

case of physical interest, with M = 2, κ = k = 1/2.

Now the perfectly ordered spin-glass has κM bosons in the α = 1 state (say), and this replaces the

bound in (2.17) by

qEA ≤
κ2(M − 1)

M
. (A2)

Note that (2.17) and (A2) agree for the SU(2) case. However, unlike (2.17), the bound in (A2) does not

vanish in the M → ∞ limit, and so spin glass order can be order unity in M = ∞ theory. This order is

realized by a Higgs condensate of the bosonic spinons [19, 20]

〈bα〉 =
√
M (qEA)1/4 δα,1 . (A3)

This condensate breaks the U(1) gauge symmetry associated with the bosonic analog of (A1). In the

replica theory, condensate requires replica off-diagonal components in the boson Green’s function Gab at

zero frequency [19, 20]

Gab(iωn) = δabG(iωn) + βδωn,0 gab . (A4)

The replica off-diagonal components of gab break replica symmetry, and this symmetry breaking has to

satisfy a marginal stability criterion to obtain a gapless boson spectrum.
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Appendix B: U(1) gauge invariance

Consider the following gauge transformation:

fαa (τ) −→ eiφ(τ)fαa (τ) , f †aα(τ) −→ e−iφ(τ)f †aα(τ) , λa(τ) −→ λa(τ)− ∂τφ . (B1)

This is an invariance of the fermionic formulation of the theory, e.g., (2.4). In the G-Σ formulation (2.13),

one can see that the action is invariant under the following transformations:

Gab(τ, τ
′) −→ ei[φ(τ)−φ(τ ′)]Gab(τ, τ

′)

Σab(τ, τ
′) −→ ei[φ(τ)−φ(τ ′)] Σab(τ, τ

′)

λa(τ) −→ λa(τ)− ∂τφ .

(B2)

We can use this gauge symmetry to make λa time-independent, but cannot remove it entirely because of

the periodicity condition on the fields.

Appendix C: Higher orders in 1/M

In this appendix we compute higher orders in the 1/M expansion of the free energy.

We first clarify some notation: we use a matrix dot product both for fields with two and with four

indices. Every ‘matrix’ multiplication always involves half of the available indices. Relevant quantities

occurring below are:

δΣ ≡ δΣab(τ1, τ2) , GQ ≡ GQ(τ12)δab , K ≡ Kab;cd(τ1, τ2; τ3, τ4) . (C1)

These multiply as follows:

δΣ ·GQ =

∫
dτ3

∑

c

δΣac(τ1, τ3)(GQ(τ32)δcb) ,

K ·K =

∫
dτ5dτ6

∑

ef

Kab;ef (τ1, τ2; τ5, τ6)Kef ;cd(τ5, τ6; τ3, τ4) .
(C2)

Let us now explain the 1/M expansion of the free energy. We need to consider higher powers of δΣab

in the expansion of I[Q]. From (2.13), we find that such terms originate from expanding the logarithm:

− ln det
{
−δ′(τ − τ ′)δab − (Σab(τ, τ

′) + δΣab(τ, τ
′))
}

= . . .+
1

3
Tr (δΣ ·GQ)3 +

1

4
Tr (δΣ ·GQ)4 +O(δΣ5) .

(C3)

where we omitted constant, linear and quadratic terms, which are already taken care of. In the functional

integral over (δGab, δΣab) we include these higher order terms by introducing a bilocal source Jab for δΣab
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in the integral (4.2):

Zf [Q] ∝ exp


−

∑

k≥3

M

k
Tr

(
δ

δJ

)k



J=0

∫
D[δX] e−

M
2
δXT·A·δX+Tr[J·δΣ·GQ]

∝ [det(K− 1)]−
1
2 exp


−

∑

k≥3

M

k
Tr

(
δ

δJ

)k



J=0

exp

[
1

M
WQ[J]

]
,

(C4)

where we discarded the leading contribution obtained by evaluating Zf on the large M saddle point, and

we defined

WQ[J] ≡ −J
2

2

∫
dτ1 · · · dτ6

∑

a,b,c,d

Jab(τ1, τ2)Jcd(τ3, τ4)Qcd(τ6, τ4)GQ(τ15)GQ(τ36) (1−K)−1
ab;cd(τ2, τ5; τ6, τ4)

(C5)

In order to compute the subleading contributions to the free energy, we need to evaluate the new

contributions to − lnZf [Q], which are generated by derivatives with respect to J. Note that the logarithm

does not simply remove the exponential in (C4) due to the structure of contractions. For instance, the

terms involving four and six J-derivatives take the following form:

− lnZf [Q] = . . .+





1

8M
Tr

(
δ

δJ

)4

W 2
Q +


 1

36M2
Tr

(
δ

δJ

)6

− 1

108M

[
Tr

(
δ

δJ

)3
]2

W 3

Q + . . .





(C6)

It is most useful to think about these expressions diagrammatically: the J-derivatives produce different

Wick contractions among the powers of K. For instance, at O(M−1) we obtain the following contribution

to the free energy from the first term in (C6):

∝ J4

M

∫
dτ1dτ2dτ3dτ4

∑

a

Qaa(τ13)Qaa(τ24)R
(4)
Q (τ14, τ43, τ32) (C7)

Similarly, the last term shown in (C6) gives further contributions at O(M−1), such as:

Kab;cd(⌧, ⌧
0; ⌧ 00, ⌧ 000) =

<latexit sha1_base64="JV6Db/CE+WYIpX0osgOGMBiR6TQ=">AAACEHicbVDLSgMxFM3UV62vUZdugkWmgpSZKigUoehGcFPBPqAdhkwm04ZmHiQZoQz9BDf+ihsXirh16c6/MTPtQlsP5HJyzr0k97gxo0Ka5rdWWFpeWV0rrpc2Nre2d/TdvbaIEo5JC0cs4l0XCcJoSFqSSka6MScocBnpuKPrzO88EC5oFN7LcUzsAA1C6lOMpJIc3bh1UuTWsTep9CVKTrJi1PNqTC+GcQwvoaOXzaqZAy4Sa0bKYIamo3/1vQgnAQklZkiInmXG0k4RlxQzMin1E0FihEdoQHqKhiggwk7zhSbwSCke9COuTihhrv6eSFEgxDhwVWeA5FDMe5n4n9dLpH9hpzSME0lCPH3ITxiUEczSgR7lBEs2VgRhTtVfIR4ijrBUGZZUCNb8youkXatap9Xa3Vm5cTWLowgOwCGoAAucgwa4AU3QAhg8gmfwCt60J+1Fe9c+pq0FbTazD/5A+/wBz02afw==</latexit>

Qab
<latexit sha1_base64="f0uYaPiKLK/dBBas4w00gK+5HGg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4TMDGQLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jUo1oS2iuNKdCBvKmaQtyyynnURTLCJOH6Lx7cx/eKLaMCXv7SShocBDyWJGsHVSu9nPcDTtlyt+1Z8DrZIgJxXI0eiXv3oDRVJBpSUcG9MN/MSGGdaWEU6npV5qaILJGA9p11GJBTVhNr92is6cMkCx0q6kRXP190SGhTETEblOge3ILHsz8T+vm9r4OsyYTFJLJVksilOOrEKz19GAaUosnziCiWbuVkRGWGNiXUAlF0Kw/PIqadeqwUW11rys1G/yOIpwAqdwDgFcQR3uoAEtIPAIz/AKb57yXrx372PRWvDymWP4A+/zB5o9jyU=</latexit>

TrK =<latexit sha1_base64="H/A/LLUvrZwe7GKCLp5TD5NkhY8=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCCylJFXQjFN0Ibir0BU0ok+mkHTp5MHMjlpiFv+LGhSJu/Q13/o3TNgttPXDhcM693HuPFwuuwLK+jYXFpeWV1cJacX1jc2vb3NltqiiRlDVoJCLZ9ohigoesARwEa8eSkcATrOUNr8d+655JxaOwDqOYuQHph9znlICWuua+A+wB0rrMnBOcOp6PbzN8ibtmySpbE+B5YuekhHLUuuaX04toErAQqCBKdWwrBjclEjgVLCs6iWIxoUPSZx1NQxIw5aaT+zN8pJUe9iOpKwQ8UX9PpCRQahR4ujMgMFCz3lj8z+sk4F+4KQ/jBFhIp4v8RGCI8DgM3OOSURAjTQiVXN+K6YBIQkFHVtQh2LMvz5NmpWyflit3Z6XqVR5HAR2gQ3SMbHSOqugG1VADUfSIntErejOejBfj3fiYti4Y+cwe+gPj8wd7A5UW</latexit> TrK2 =<latexit sha1_base64="Hmzjj0U9TBq5tbSaNVPa+nEmtww=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8CBhNwp6EYJeBC8R8oJsDLOT2WTI7IOZXjEs68Vf8eJBEa/+hTf/xkmyB00saCiquunuciPBFVjWt5FbWFxaXsmvFtbWNza3zO2dhgpjSVmdhiKULZcoJnjA6sBBsFYkGfFdwZru8GrsN++ZVDwMajCKWMcn/YB7nBLQUtfcc4A9QFKTqXOME8f18E16V8YXuGsWrZI1AZ4ndkaKKEO1a345vZDGPguACqJU27Yi6CREAqeCpQUnViwidEj6rK1pQHymOsnkgxQfaqWHvVDqCgBP1N8TCfGVGvmu7vQJDNSsNxb/89oxeOedhAdRDCyg00VeLDCEeBwH7nHJKIiRJoRKrm/FdEAkoaBDK+gQ7NmX50mjXLJPSuXb02LlMosjj/bRATpCNjpDFXSNqqiOKHpEz+gVvRlPxovxbnxMW3NGNrOL/sD4/AGv2JW6</latexit>

GQ
<latexit sha1_base64="OIZOvuWp60LR8QL7amKIPTs/AEw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BD3pM0DwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh7tevVcsuWV3DrJKvIyUIEOtV/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2XvolypX5aqN1kceTiBUzgHD66gCvdQgwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwB8smNkw==</latexit>

GQ
<latexit sha1_base64="OIZOvuWp60LR8QL7amKIPTs/AEw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BD3pM0DwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh7tevVcsuWV3DrJKvIyUIEOtV/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjtT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2XvolypX5aqN1kceTiBUzgHD66gCvdQgwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwB8smNkw==</latexit>

(a, ⌧)
<latexit sha1_base64="nt6IWS7+SBlvjfBnRdBeVdJqsGc=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAiSNiNgh6DXjxGMA9IljA7mSRDZmfXmV4hLPkJLx4U8ervePNvnCR70MSChqKqm+6uIJbCoOt+Oyura+sbm7mt/PbO7t5+4eCwYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMY3U795hPXRkTqAccx90M6UKIvGEUrtUr0vIM0OesWim7ZnYEsEy8jRchQ6xa+Or2IJSFXyCQ1pu25Mfop1SiY5JN8JzE8pmxEB7xtqaIhN346u3dCTq3SI/1I21JIZurviZSGxozDwHaGFIdm0ZuK/3ntBPvXfipUnCBXbL6on0iCEZk+T3pCc4ZybAllWthbCRtSTRnaiPI2BG/x5WXSqJS9i3Ll/rJYvcniyMExnEAJPLiCKtxBDerAQMIzvMKb8+i8OO/Ox7x1xclmjuAPnM8fDKWPUg==</latexit>

(b, ⌧ 0)
<latexit sha1_base64="6Tu3u0IwpeKi0s1c/o7HOjG9vI8=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BItYQcpuFfRY9OKxgv2QdinZNNuGJtklmRXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBbHgBlz328mtrK6tb+Q3C1vbO7t7xf2DpokSTVmDRiLS7YAYJrhiDeAgWDvWjMhAsFYwup36rSemDY/UA4xj5ksyUDzklICVHsvBeRdIcnrWK5bcijsDXiZeRkooQ71X/Or2I5pIpoAKYkzHc2PwU6KBU8EmhW5iWEzoiAxYx1JFJDN+Ojt4gk+s0sdhpG0pwDP190RKpDFjGdhOSWBoFr2p+J/XSSC89lOu4gSYovNFYSIwRHj6Pe5zzSiIsSWEam5vxXRINKFgMyrYELzFl5dJs1rxLirV+8tS7SaLI4+O0DEqIw9doRq6Q3XUQBRJ9Ixe0ZujnRfn3fmYt+acbOYQ/YHz+QNwwI+E</latexit>

(c, ⌧ 00)
<latexit sha1_base64="OD1mrce5R+F7zuSdZLgSxAPC4RE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIu0gpSkCnosevFYwX5gG8pmu2mXbjZhdyKU0H/hxYMiXv033vw3btsctPpg4PHeDDPz/FhwjY7zZeVWVtfWN/Kbha3tnd294v5BS0eJoqxJIxGpjk80E1yyJnIUrBMrRkJfsLY/vpn57UemNI/kPU5i5oVkKHnAKUEjPVToWQ9JUi6f9oslp+rMYf8lbkZKkKHRL372BhFNQiaRCqJ113Vi9FKikFPBpoVeollM6JgMWddQSUKmvXR+8dQ+McrADiJlSqI9V39OpCTUehL6pjMkONLL3kz8z+smGFx5KZdxgkzSxaIgETZG9ux9e8AVoygmhhCquLnVpiOiCEUTUsGE4C6//Je0alX3vFq7uyjVr7M48nAEx1ABFy6hDrfQgCZQkPAEL/BqaevZerPeF605K5s5hF+wPr4B1QaPtg==</latexit>

(d, ⌧ 000)
<latexit sha1_base64="r1oNHM0NaR5P+aAxvgNoLqIsGe8=">AAAB8nicbVBNS8NAEN3Ur1q/qh69BIu0gpSkCnosevFYwX5AGspms2mXbnbD7kQooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxLONDjOt1VYW9/Y3Cpul3Z29/YPyodHHS1TRWibSC5VL8CaciZoGxhw2ksUxXHAaTcY38387hNVmknxCJOE+jEeChYxgsFIXi286ANOq9Xq+aBccerOHPYqcXNSQTlag/JXP5QkjakAwrHWnusk4GdYASOcTkv9VNMEkzEeUs9QgWOq/Wx+8tQ+M0poR1KZEmDP1d8TGY61nsSB6YwxjPSyNxP/87wUohs/YyJJgQqyWBSl3AZpz/63Q6YoAT4xBBPFzK02GWGFCZiUSiYEd/nlVdJp1N3LeuPhqtK8zeMoohN0imrIRdeoie5RC7URQRI9o1f0ZoH1Yr1bH4vWgpXPHKM/sD5/ADmGj+g=</latexit>

TrK3 =<latexit sha1_base64="SM5swQ53/ouXwrO2LR5zVvmc2wE=">AAACA3icbVDLSgNBEJz1GeNr1ZteBoPgQcJuIuhFCHoRvETIC7IxzE5mkyGzD2Z6xbAsePFXvHhQxKs/4c2/cZLsQRMLGoqqbrq73EhwBZb1bSwsLi2vrObW8usbm1vb5s5uQ4WxpKxOQxHKlksUEzxgdeAgWCuSjPiuYE13eDX2m/dMKh4GNRhFrOOTfsA9TgloqWvuO8AeIKnJFDsnOHFcD9+kd2WML3DXLFhFawI8T+yMFFCGatf8cnohjX0WABVEqbZtRdBJiAROBUvzTqxYROiQ9Flb04D4THWSyQ8pPtJKD3uh1BUAnqi/JxLiKzXyXd3pExioWW8s/ue1Y/DOOwkPohhYQKeLvFhgCPE4ENzjklEQI00IlVzfiumASEJBx5bXIdizL8+TRqlol4ul29NC5TKLI4cO0CE6RjY6QxV0jaqojih6RM/oFb0ZT8aL8W58TFsXjGxmD/2B8fkDarCWDw==</latexit>

∝ J6

M

∫
dτ1 · · · dτ6

∑

a,b,c

Qab(τ12)Qbc(τ34)Qca(τ56)R
(2)
Q (τ23)R

(2)
Q (τ45)R

(2)
Q (τ61) (C8)

At O(M−2) we get cubic terms such as the following from the second term shown in (C6):

∝ J6

M2

∫
dτ1 · · · dτ6

∑

a,b

Qab(τ14)Qab(τ25)Qab(τ36)R
(3)
Q (τ15, τ53)R

(3)
Q (τ42, τ26)

∝ J6

M2

∫
dτ1 · · · dτ6

∑

a,b

Qab(τ13)Qaa(τ25)Qab(τ46)R
(2)
Q (τ14)R

(4)
Q (τ32, τ26, τ65)

(C9)
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We can now see how further potentially divergent terms are generated in the free energy functional at

higher orders in 1/M . For example, the diagram (C8) and the last diagram shown in (C9) lead to new

contributions to the free energy, which are cubic in the spin glass parameters:

Fsg ⊃ −
e3

3
β2

(
q3 + 3q

Trq2

n
+

Trq3

n

)
− e′3 β q

(
q2 +

Trq2

n

)
+ . . . (C10)

where e3 = O(M−1) and e′3 = O(M−2). All possible terms in the Landau functional theory (e.g., Ref.

[35]) are generated systematically this way. The other diagrams shown above give 1/M corrections to the

coefficients ci and di that we already included in (4.11).

Note that the free energy contribution proportional to e3 is naively quadratically divergent as β →∞.

However, upon using the replica symmetric ansatz for qab and the extremization condition (4.23), this

divergence is again cured and we obtain a finite limit. This follows from the identity

q3 + 3q
Trq2

n
+

Trq3

n
−→ q3 − 3q q2

EA + 2q3
EA (C11)

for the replica symmetric ansatz as n→ 0.
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