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Using the isospin-dependent relativistic Vlasov-Uehling-Uhlenbeck (RVUU) model, we study charged pion 
(π±) production in Au+Au collisions at √sNN = 2.4 GeV. By fitting the density dependence of the �
resonance production cross section in nuclear medium to reproduce the experimental π± multiplicities 
measured by the HADES Collaboration, we obtain a good description of the rapidity distributions and 
transverse momentum spectra of π± in collisions at various centralities. Some shortcomings in the 
description of π± production may indicate the need for including the strong potential on π± in RVUU, 
which is at present absent. We also calculate the proton rapidity distribution in the most central collisions 
and compare with the coalescence invariant proton rapidity distribution extracted from preliminary 
HADES data.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

The study of pion production in heavy-ion collisions has a 
long and storied history as it is the lightest hadron produced in 
these reactions. From studies based on the Boltzmann-Uehling-
Uhlenbeck (BUU) transport model [1], it was found that the in-
clusion of an equation of state (EOS) through the mean-field po-
tentials acting on nucleons was essential to describe the pion yield 
produced in heavy-ion collisions [2]. Unfortunately, the difference 
between the pion yields from the use of a soft and a stiff EOS 
is not large, making it difficult to extract from experimental pion 
data the information on the stiffness of the nuclear EOS. Also, very 
different results on the pion yield as well as the pion rapidity dis-
tribution and transverse momentum spectrum are predicted from 
various transport models based on the BUU or the quantum molec-
ular dynamics (QMD) approach [3].

More recently, the study of the π−/π+ yield ratio in heavy 
ion collisions at energies near the pion production threshold has 
drawn great attentions [4–15] as it was suggested in Ref. [16]
that the stiffness of the nuclear symmetry energy Esym(ρ) at high 
densities could have appreciable effect on this ratio. In this case, 
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studying pion production in heavy ion collisions can greatly im-
pact the progress of nuclear physics as the nuclear symmetry 
energy is at the heart of a complete understanding of nuclear 
physics on various scales – governing the detail and structure of 
static nuclei [17–19], transfer and equilibration in low-energy nu-
clear reactions [20–23], and the structure and dynamics of neutron 
stars [24–27]. Despite this outsized impact on a wide range of 
physical phenomena, the high-density behavior of Esym(ρ) has not 
been as well constrained as other properties of nuclear matter (see 
[21] for a comprehensive review).

In heavy-ion collisions at beam energy E/A below 1.3 GeV, 
pions are dominantly produced from the decay of � resonances 
formed from NN inelastic scattering in the high density regions 
during the collision. As the nn → p�− and pp → n�++ chan-
nels dominate the final charged pion multiplicities, the ratio of 
charged pions can provide insight into the isospin asymmetry of 
the dense matter in which they are formed. In practice, however, 
studies using various transport models were able to describe the 
pion data measured by the FOPI Collaboration [28] with nuclear 
symmetry energy at high densities ranging from super soft [4,6]
to stiff ones [5,9]. This has led to the transport model evaluation 
project (TMEP) to understand the origin for the different predic-
tions from a large number of transport models [29–31]. Some of 
these transport models have also recently been used to predict the 
charged pion multiplicities for reactions between neutron-rich Sn 
isotopes at a beam energy of 270 AMeV, though none of them can 
describe the available data from the SπRIT Collaboration [32]. Al-
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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though a subsequent study of the SπRIT pion data based on the 
dcQMD model [33] has put a constraint on the density slope of 
the nuclear symmetry energy at normal saturation density [34], 
the large uncertainty in the extracted value indicates the need for 
a better understanding and modeling of pion production in nuclear 
collisions.

Recently, charged pions produced from Au+Au collisions at a 
beam energy of 1.23 AGeV or center of mass energy 

√
sNN =

2.4 GeV have been measured by the HADES Collaboration [35]. Al-
though the collision energy in this reaction is too high for the nu-
clear symmetry energy to affect the charged pion ratio, it adds to 
the available experimental data to benchmark model calculations 
and improve theoretical descriptions of pion production in heavy-
ion collisions. Indeed, predicted pion yields from the five transport 
models used in studying the HADES pion data not only fail to de-
scribe the data but also disagree among themselves [36–40]. How-
ever, the yield of neutral pions from the GiBUU model in these five 
transport models has been found to give the correct contribution 
to the low mass dilepton spectrum measured by the HADES Col-
laboration [41] from their Dalitz decays [42]. Despite this tension 
between the pion and dilepton data from the HADES Collabora-
tion, to find the possible reasons for the failure of these transport 
models to describe the HADES pion data is still of great interest. 
The current work builds upon recent extensions to the relativistic 
Vlasov-Uehling-Uhlenbeck (RVUU) model [10,43] in an attempt to 
better describe π± production in this reaction.

The structure of the paper is as follows: Sec. 2 exhibits an 
overview of the RVUU model and how it is used to determine pion 
production, along with the modifications to the in-medium density 
dependence of the N + N inelastic cross section introduced in the 
current work. Sec. 3 then presents the results from RVUU simula-
tions in comparison with experimental data from Ref. [35]. Finally, 
Sec. 4 summarizes the results and discusses future directions.

2. Relativistic Vlasov-Uehling-Uhlenbeck model

In the present study, we use the relativistic Vlasov-Uehling-
Uhlenbeck (RVUU) model to further probe in-medium effects in 
heavy-ion collisions. The RVUU model describes the time evolu-
tion of the nucleonic phase-space distribution function, f (r,p, t), 
by using the following transport equation,

∂t f + v · ∇r f − ∇r H · ∇p f = Ic. (1)

In the above, H is the mean-field Hamiltonian of a nucleon, which 
was originally based on relativistic energy functionals including 
only isoscalar scalar σ and vector ω meson fields [44,45], and 
has been later extended to also include the isovector scalar δ and 
vector ρ fields [43]. The resulting mean-field Hamiltonian [43] in 
Eq. (1) is then given by

H =
√
m∗2

N + p∗2 + gωω0 ± gρρ0
3 , (2)

for protons (+) and neutrons (−) of in-medium mass m∗
N =mN −

(gσ σ ± gδδ3) and kinetic momentum p∗ = p + gωω ± gρρ3 in the 
center-of mass frame of the colliding nuclei. The meson fields σ , 
δ3, ωμ and ρμ

3 in the above equations are related to the proton 
and neutron scalar densities and their currents. Assuming the same 
interactions of the � resonance, whose isospin is T = 3/2, with 
the σ and ω fields as those for nucleons and relating its interac-
tions with the δ and ρ fields to those of nucleons via its isospin 
structure, the RVUU model has also been used to describe the evo-
lution of the � resonances in heavy ion collisions. For the values of 
the coupling constants gσ , gω , gδ and gρ as well as the nonlinear 
coupling constants of the scalar fields, we take the NLρ parame-
ter set given in Ref. [46], which can well reproduce our empirical 
knowledge on asymmetric nuclear matter.
2

The collision integral, Ic , in Eq. (1) describes the effect of 
nucleon-nucleon elastic and inelastic scatterings on the momenta 
of scattering nucleons and their probabilities to change to the �
resonance. Governing the collision integral is thus the baryon-
baryon elastic and inelastic cross sections. For pp and np elastic 
scatterings, RVUU uses the following parameterizations as in the 
Giessen Boltzmann–Uehling–Uhlenbeck model [39],

σ
pp
el =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

5.12mN/
(
s − 4m2

N

) + 1.67

for plab < 0.435

23.5+ 1000 (plab − 0.7)4

for 0.435 < plab < 0.8

1250/ (plab + 50) − 4 (plab − 1.3)2

for 0.8 < plab < 2

77/ (plab + 1.5)

for 2 < plab < 6

(3)

and

σ
np
el =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

17.05mN/
(
s − 4m2

N

) − 6.83 for plab < 0.525

33+ 196 |plab − 0.95|2.5 for 0.525 < plab < 0.8

31/
√

plab for 0.8 < plab < 2

77/ (plab + 1.5) for 2 < plab < 6,

(4)

where plab in units of GeV/c is the beam momentum in the lab-
oratory frame, mN = 0.939 GeV is the bare nucleon mass, and 

the invariant energy 
√
s =

√
2m2

N + 2mN

√
m2

N + p2
lab. The nn elastic 

scattering cross section is taken to be the same as that for pp scat-
tering, and the N� elastic scattering cross sections are taken to be 
the average of those for pp and np scatterings. Taking into account 
the modifications of nucleon and � resonance masses in medium, 
the total elastic cross sections are calculated using the “free” in-
variant energy 

√
sfree = √

m∗
1 + p∗

1+√
m∗

2 + p∗
2−(m∗

1−m1) −(m∗
2−

m2) as in Ref. [39], where m1 (m∗
1) and m2 (m∗

2) are the (effective) 
masses of the two scattering particles, and p∗

1 and p∗
2 are their re-

spective kinetic momenta in their center of mass frame. We further 
take the differential cross sections in this frame to be isotropic.

For � resonance production in nucleon-nucleon scattering, the 
RVUU uses the total and differential cross sections calculated in 
the one-boson exchange model and parametrized as a function of 
d(GeV) = √

s− √
sth for the reactions p + p → n + �++ and n +

n → p + �− [47], i.e.,

σNN→N�(mb)

=
⎧⎨
⎩

1341d2.819, 0� d� 0.186,
18.51− 235.2(d − 0.356)2, 0.186 < d� 0.436,
1581(d + 2.014)−4.957, 0.436 < d� 2.486,

and

dσNN→N�

d cos θ
∝

{
exp(bcosθ), forward,

exp(−bcosθ), backward,
(5)

with

b =

⎧⎪⎪⎨
⎪⎪⎩

19.71d1.551,
0� d� 0.416,

33.41arctan[0.5404(d− 0.132)0.9784],
0.416 < d� 2.486.

A factor of 1/3 is, however, multiplied to above σNN→N� for the 
reactions p + p → p + �+ , n + n → n + �0, p + n → p + �0, and 
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Fig. 1. Top window: number of pions (dot-dashed lines) and Deltas (dashed lines) 
produced during RVUU simulations for the most central (0% −10%) Au+Au collisions 
at √sNN = 2.4 GeV over time. The solid line corresponds to the sum of Deltas and 
pions. Bottom window: maximal density in the central cells of the system at time t .

p + n → n + �+ to take into account the isospin dependence of 
the NN → N� reaction.

The threshold effects on � production cross sections are taken 
into account as in Ref. [43]. For the mass of the produced � reso-
nance, it is determined according to

P
(
m∗) = A(m∗)p∗

∫ m∗
max

m∗
min

dm∗′A (m∗′) p∗ (m∗′)
, (6)

where m∗ is the effective mass of �, and m∗
min and m∗

max are the 
minimum and maximum effective masses of � that are allowed to 
form. The A(m∗) is the in-medium spectral function given by

A(m∗) = 1

N
4m∗2

0 
(
m∗2 −m∗2

0

)2 +m∗2
0 
2

, (7)

with N being the normalization factor and m∗
0 being the � pole 

mass of 1.232 GeV shifted by the scalar-isoscalar potential. The 
total decay width of a � resonance of effective mass m∗ and in 
isospin state mT in its rest frame is taken to be


 =
∑
mt

0.47Cq3

m2
π + 0.6q2

, (8)

where mt is the isospin state of the emitted pion, and

C =
∣∣∣∣
〈
3

2
,mT | 1,mt,

1

2
,mT −mt

〉∣∣∣∣
2

is the square of the Clebsch-Gordan coefficient from the isospin 
coupling. The magnitude of the momentum of the pion or nucleon 
in the � rest frame is denoted by q, and it is given by

q =

√[
m∗2 − (

m∗
N +mπ

)2][
m∗2 − (

m∗
N −mπ

)2]

2m∗ . (9)

Note that in the calculation of the � decay width and spectral 
function, we only include the effect of the scalar potential and ne-
glect the vector potential for simplicity. For the reciprocal channel, 
N + � → N + N , its cross section is obtained by employing the 
detailed balance relation discussed in detail in Ref. [10].

The final mechanism to consider is the decay of � resonances 
into Nπ pairs and its inverse, N + π → �. The pions produced 
by � decay are propagated in time as free particles unless they 
3

scatter with nucleons to again form � resonances. The N-π in-
elastic scattering cross section is related to the decay width of 
the formed � resonance via the detailed balance relation [10]. 
This naturally leads to a balance of � resonances and pions dur-
ing the course of the reaction, with the sum of the two species 
being essentially constant after the period of highest density has 
passed. Fig. 1 shows this balance as a function of time, represent-
ing the sum of π−, π0, and π+ particles as π and the sum of 
�−, �0, �+, and �++ resonances as �.

With this description alone a reasonable result is obtained for 
both the dynamics and total particle production in nuclear re-
actions. However, as shown in previous studies with the RVUU 
model [10,43], a reduction factor to the σNN→N� cross sections, 
which approximates the medium effects on � resonance produc-
tion [48–50], is needed to describe pion production in intermedi-
ate energy heavy-ion collisions. The suppression of NN inelastic 
scattering cross sections in nuclear medium is partly due to the 
modified phase-space in the final state and incident flux in the ini-
tial state because of decreasing nucleon and � resonance masses 
(i.e., effective mass) in the nuclear medium [51]. In the relativistic 
mean-field model as used in RVUU, the inclusion of isovector-
scalar δ meson leads to m∗

p > m∗
n and m∗

�++ > m∗
�+ > m∗

�0 > m∗
�−

in neutron-rich matter. Also, recent theoretical studies (see e.g., 
Refs. [52,53]) indicate that the exchange of the δ meson in the 
NN → N� scattering can also cause a splitting of the suppression 
factors for the � production cross sections in different channels. 
To take into account these isospin-dependent suppression factors 
for the in-medium � production cross sections, we consider in 
the current work a modified scheme wherein the �+ and �++
channels are allowed to have a slightly different density depen-
dence than that of the �0 and �− channels. The modification of 
the σNN→N� cross sections then takes the following form,

σ ∗
NN→N�(ρ) = σNN→N� e−α±(ρ/ρ0)

3/2
, (10)

where α+ corresponds to the constant factor to be used for �+
and �++ production and α− is to be used for the �0 and �−
channels. For the in-medium � absorption cross sections σ ∗

N�→NN , 
they can be determined from the � production cross sections 
σ ∗
NN→N� by the detailed balance relations, and they are thus mod-

ified accordingly. We then determine α± by a fit to experimental 
charged pion multiplicities. This decoupling of the two classes of 
delta production has the advantage of also allowing for more flex-
ibility in the subsequent decays to π− and π+ , leading to a more 
robust fit to the experimental data without any major modification 
to the existing dynamics.

Upon performing the fitting procedure to the charged pion mul-
tiplicities reported in Ref. [35] for Au+Au collisions at Ebeam =
1.23 A GeV or 

√
sNN = 2.4 GeV, values of α+ = 0.39 and α− =

0.70 were found. The smaller α+ value found in the fit serves to 
reduce less the π+ production when compared to π− .

3. Results

With the modified in-medium cross sections, σ ∗
NN→N� , we now 

examine the predictions from the altered RVUU model.

3.1. Protons

Figure 2 shows via the solid line the rapidity distribution of 
protons from RVUU calculations in the center-of-mass frame of 
the most central (0-10% centrality) Au+Au collisions at 

√
sNN = 2.4

GeV. Since light nuclei production is not considered in the RVUU 
model, to compare the proton rapidity distribution from this model 
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Fig. 2. Proton rapidity distributions from RVUU calculations (solid line) in the 
center-of-mass frame of the most central (0% −10%) Au+Au collisions at √sNN = 2.4
GeV. Solid squares, up-triangles, down-triangles, and left-triangles are the HADES 
preliminary data [54] on proton, deuteron, triton and 3He, respectively, and solid 
circles are the corresponding coalescence invariant proton rapidity distribution. 
Open symbols are the reflection of the data with respect to ycm = 0. The dashed 
line is the RVUU results multiplied by the ratio of dN

dycm
|ycm=0 from the RVUU cal-

culation and the measured coalescence invariant proton distribution. See texts for 
details.

Table 1
Predicted multiplicities for the 0% − 40% centrality bin from the RVUU model using 
σNN→N� (α+ = α− = 0) and σ ∗

NN→N� with α+ = α− = 0.6 and with α+ = 0.39
and α− = 0.7 (see Eq. (10)). Experimental results are from Ref. [35].

M(π−) M(π+)

HADES 11.1± 0.6± 0.6 6.0± 0.3± 0.3
α+ = α− = 0 17.2 8.7
α+ = α− = 0.6 11.8 5.4
α+ = 0.39, α− = 0.7 11.3 6.2

with the HADES data requires the inclusion of protons in the mea-
sured nuclei. This so-called coalescence invariant proton rapidity 
distribution is given by the sum of measured rapidity distributions 
of all charged baryonic particles weighted with their respective 
charges. From the preliminary HADES data on proton, deuteron, tri-
ton and 3He [54], which are shown as solid squares, up-triangles, 
down-triangles, and left-triangles, respectively, the resulting coa-
lescence invariant proton rapidity distribution is shown by solid 
circles in Fig. 2. Since the rapidity distributions of protons and 
these light nuclei in the center-of-mass frame of Au+Au collisions 
should be symmetric with respect to the center-of-mass rapidity 
ycm , we thus also show by open symbols their reflected rapidity 
distributions. It is seen that the RVUU proton number is larger than 
the measured coalescence invariant proton number. In particular, 
the dN/dycm at ycm = 0 from RVUU calculations and the coales-
cence invariant proton spectra from HADES data are about 126 
and 102, respectively. Since the present HADES data on (bound) 
proton rapidity distributions are still preliminary, we leave the 
understanding of the about 20% difference in the predicted and 
measured total proton numbers for future study. To facilitate the 
comparison, we also show in Fig. 2 by the dashed line the RVUU 
results multiplied by a factor of 0.81 ≈ 102/126. The scaled RVUU 
results are seen to agree well with the measured coalescence in-
variant proton rapidity distribution.

3.2. Pions

Table 1 shows the comparison between the pion multiplicities 
from the RVUU over the full 0% − 40% centrality window to those 
reported by the HADES Collaboration in Ref. [35]. The RVUU results 
are presented for three cases, i.e., α+ = α− = 0, α+ = α− = 0.6, 
and α+ = 0.39 and α− = 0.7. Without the in-medium reduction 
factor, i.e., α+ = α− = 0, the RVUU overpredicts the charged pion 
4

Fig. 3. Charged pion multiplicities from RVUU (lines) and experimental data (tri-
angles) from Ref. [35]. Results are shown as a function of the mean number of 
participants, defined in Ref. [55]. Solid lines and filled symbols (dashed lines and 
empty symbols) correspond to π− (π+).

multiplicities by about a factor of 1.5, which is similar to the re-
sults from the other five transport models reported in Ref. [35]. 
Using the isospin-independent in-medium reduction factors with 
α+ = α− = 0.6, the RVUU model overpredicts (underpredicts) the 
π− (π+) yield, although it can reproduce the total charged pion 
number. Further taking into account the isospin-dependence of the 
in-medium reduction factors by using α+ = 0.39 and α− = 0.7, 
the total number of both species of charged pions produced in 
the RVUU model compares well with the experimental values over 
the full range, indicating reasonable bulk pion production given 
the smaller suppression in the �+ and �++ channels than �−
and �0 channels. Therefore, in the following comparison with the 
HADES data, we will present only the RVUU results with isospin-
dependent in-medium reduction factors of α+ = 0.39 and α− =
0.7.

To examine the scaling with the mean number of participants, 
〈Apart〉, we plot in Fig. 3 the π± multiplicities within four cen-
trality bins of 0% − 10%, 10% − 20%, 20% − 30% and 30% − 40%, 
corresponding to the impact parameter (b) ranges of (0.0-4.7) fm, 
(4.7-6.6) fm, (6.6-8.1) fm, and (8.1-9.3) fm, respectively. In practice, 
the centrality determination and subsequent mapping of impact 
parameter ranges to 〈Apart〉 is performed in accordance with the 
values presented in Ref. [55]. The modification to pion production 
applies evenly across the range of centralities, with the behav-
ior being roughly linear within the available range. In comparison 
to the experimental data, the model predictions follow closely for 
all the centrality bins, except for the slight overpredictions at the 
most central collisions.

The left window of Fig. 4 shows rapidity distributions for nega-
tively charged pions predicted by the RVUU model and the exper-
imental data over the four centrality bins reported in Refs. [35,55]. 
In this case, the model reproduces the experimental data well 
across all centralities despite being fitted to the total π− multiplic-
ity from all these classes of collisions. The results for π+ , however, 
exhibit significantly more variance as shown in the right window 
of Fig. 4. Here it is seen that pions are considerably overproduced 
at mid-rapidity in the most central class. This behavior reflects 
the small variance in π+ multiplicity presented in Fig. 3 and is 
unlikely to be resolved by modifications to the in-medium cross 
sections alone. Indeed, the fitting procedure described in Sec. 2
could be performed anew for the peripheral or central collisions 
separately, though this would do nothing but shift the trend the 
other direction. Regardless, despite the enhancement in total π+
multiplicities or the most central (0 −10%) class, RVUU reproduces 
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Fig. 4. Rapidity distributions of π− (left window) and π+ (right window) from RVUU (lines) and experimental data (triangles) from Ref. [35]. Results are shown across 4 
centrality bins: 0% − 10% (blue, solid line), 10% − 20% (green, dashed line), 20% − 30% (orange, dot-dashed line), 30% − 40% (red, dotted line).
Fig. 5. Charged pion transverse momentum spectrum from RVUU (lines) and ex-
perimental data (triangles) from Ref. [35]. Negative pions are represented by filled 
blue symbols and solid blue line, while positive pions are scaled down by 10−1 and 
are drawn with hollow green symbols and green dashed line. Results are shown for 
mid-rapidity events for the most central (0% − 10%) class of collisions.

the approximate shape of the distribution as in the π− case, indi-
cating a reasonable description of π+ dynamics.

Turning now to the transverse momentum pt spectrum of π± , 
Fig. 5 presents the model predictions along with the experimen-
tal data. It is seen that, at high pt region, the RVUU overpredicts 
both π− and π+ , and the slopes from RVUU calculations are more 
gradual than observed in the data. At low pt region, the π− is un-
derpredicted by RVUU. This deviation could be due to the absence 
of the pion mean-field potential, which enhances the production of 
pions at low pt [34] and further affects the fit of the in-medium 
� production cross section.

4. Conclusions

In the present study, we have used the isospin-dependent RVUU 
model to study the production of charged pions from Au+Au colli-
sions at 

√
sNN = 2.4 GeV. With the medium dependence of the �

resonance production cross section from the nucleon-nucleon in-
elastic scattering determined by fitting the total multiplicities of 
π− and π+ measured in the HADES experiment, we have ob-
tained a good description of the rapidity distributions of both π−
and π+ for various centrality bins. For the transverse momen-
tum spectra, the RVUU underpredicts π− at low pt , while over-
5

predicts π+ and π− at high pt region. We have attributed this 
discrepancy to the absence of the pion mean-field potential in the 
RVUU model. The reasonable success of the RVUU model in de-
scribing the HADES pion data is in contrast to the results from 
other transport models [36–40] used by the HADES Collaboration 
to compare with its data, which all overestimate the π− and π+
multiplicities for all centralities by factors ranging from 1.2 to 2.1. 
The source of this difference between our results and those from 
other transport models are mainly due to our introduction of a 
density-dependent reduction factor to the nucleon-nucleon inelas-
tic cross section, which is absence in other models. However, the 
introduced in-medium reduction factors for �+ and �0 production 
lead to a considerably larger splitting of their cross sections com-
pared with theoretical calculations in Refs. [52,53]. To pin down 
the in-medium NN inelastic cross sections requires further theo-
retical studies.
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