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Abstract

We construct a new class of efficient implicit—explicit IMEX) BDFk schemes combined with a scalar auxiliary variable
(SAV) approach for general dissipative systems. We show that these schemes are unconditionally stable, and lead to a uniform
bound of the numerical solution in the norm based on the principal linear operator in the free energy. Based on this uniform
bound, we carry out a rigorous error analysis for the kth-order (k = 1,2, 3,4,5) SAV schemes in a unified form for a class
of general dissipative systems. We also present numerical results confirming our theoretical convergence rates.
©2022 Elsevier B.V. All rights reserved.
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1. Introduction

The original scalar auxiliary variable (SAV) approach proposed in [1,2] is a powerful approach to construct
efficient time discretization schemes for gradient flows. Due to its simplicity, efficiency and generality, it attracted
much attention and has been applied to various problems (see, for instance, [3,4] and the references therein).

Analysis of standard semi-implicit schemes for general gradient flows often requires to assume global Lipschitz
condition on the nonlinear term (see, for instance, [5—7]), although for some semi-linear parabolic equations such as
Allen—Cahn type equations, error estimates for some first- and/or second-order semi-implicit schemes [8,9] and first-
and second-order exponential time differencing schemes [10,11] have been established recently without assuming
the global Lipschitz condition. On the other hand, the convergence of SAV schemes can be established without such
assumption thanks to the unconditional energy stability. For examples, rigorous error analysis of the semi-discretized
first order original SAV schemes for L> and H~! gradient flows with minimum assumptions have been presented
in [12], first- and second-order error estimates have been derived for a related semi-discretized gPAV scheme for
the Cahn—Hilliard equation in [13], and error analysis of fully discretized SAV schemes with finite differences and
finite-elements have also been established in [14] and [15]. On the other hand, error estimates for a Fourier-spectral
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SAV scheme for the phase-field crystal equation [16] (see also [17] for a related work). and a MAC-SAV scheme
for the Navier—Stokes equation [18] are established. Note that for the original SAV approach, unconditional energy
stability can only be established for first- and second-order BDF schemes, although it has been shown in [19]
(see also [20]) that the SAV approach coupled with extrapolated and linearized Runge—Kutta methods can achieve
arbitrarily high order unconditionally energy stable with a modified energy for the Allen—Cahn and Cahn-Hilliard
equations, but require solving coupled linear systems. On the other hand, a recent work [21] shows that a third-order
IMEX scheme for the MBE equation with no slope selection is stable. Note however that the nonlinear term in the
MBE equation with no slope selection satisfies the Lipschitz condition.

Most recently, a new SAV approach for gradient flow is proposed in [22] which offers some essential
improvements over the original SAV approach such as (i) its computational cost is about half of the original SAV
approach, and (ii) its higher-order BDF versions are also unconditionally stable with a modified energy. While ample
numerical results in [22] have shown that the new higher-order SAV schemes are indeed stable and can achieve
higher-order accuracy, the modified energy is represented only by a SAV which does not involve any function norm,
so it is difficult to carry out convergence and error analysis. See however [13] for an attempt on the error analysis
for related first- and second-order gPAV-based schemes for the Cahn—Hilliard equation.

Inspired by [22], we construct in this paper a new class of explicit-implicit BDFk schemes for general dissipative
systems and carry out a rigorous and unified error analysis for 1 < k < 5. In particular, we choose a special control
factor n,’j“ (cf. (2.5d)) for the kth-order scheme which allows us to obtain a unconditional and uniform bound on
the norm based on principal linear term in the energy functional of the dissipative system. This bound is essential
for the error analysis in this paper.

While these IMEX schemes are applicable to a large class of dissipative systems, their error analysis is highly
non-trivial, particularly at higher than second order. Since a unified analysis for general dissipative systems will
involve complicated assumptions and techniques that may obscure the clarity of presentation, we shall consider the
error analysis for two classes of typical dissipative systems: Allen—Cahn type and Cahn—Hilliard type equations.
The key ingredients are the uniform H' bound derived from the general stability result (see (2.13) in Theorem 1)
and a stability result in [23] (see Lemma 1) for the BDFk (1 < k < 5) schemes. With a delicate induction argument,
we are able to establish optimal error estimates in L>°(0, T'; H 2y norm for our implicit—explicit BDFk (1 <k <5)
SAV schemes for both Allen-Cahn type and Cahn-Hilliard type equations.

In summary, the new class of kth-order (1 < k < 5) IMEX SAV schemes enjoy several distinct advantages,
including:

e only requires solving, in most common situations, one linear system with constant coefficients at each time
step, so its computational cost is essentially the same as the usual implicit—explicit (IMEX) schemes;

e applicable to general dissipative systems, and can be combined with any consistent Galerkin type spatial
discretization;

e higher-order BDFk SAV schemes are unconditionally stable and amenable to adaptive time stepping without
restriction on time step size;

e rigorous error estimates can be established for BDFk (1 < k < 5) SAV schemes.

The rest of the paper is organized as follows. In the next section, we describe out new SAV schemes for
general dissipative systems in a unified form, prove its unconditionally stability, and provide some numerical
results to demonstrate the convergence rate. In Section 3, we present the detailed proof for the kth-order schemes
(k = 1,2,3,4,5) in a unified form for Allen—Cahn type equations. In Section 4, we present error analysis for
Cahn—Hilliard type equations. Some concluding remarks are given in the last section.

We use the following notations throughout the paper. Let 2 € R" (n = 1,2,3) be a bounded domain with
sufficiently smooth boundary. We denote by (-, -) and || - || the inner product and the norm in L%(12), and by H*({2)
the usual Sobolev spaces with norm || - | gs. Let V be a Banach space, we shall also use the standard notations
LP(0,T; V) and C([0, T]; V). To simplify the notation, we often omit the spatial dependence in the notation for
the exact solution u#, namely we denote u(x, t) by u(z). We shall use C to denote a constant which can change from
one step to another, but is independent of 4¢.

2. New SAV schemes for dissipative systems

In this section, we describe the new SAV schemes for dissipative systems, show that they are unconditionally
energy stable with a modified energy and derive a uniform bound for the norm based on the principal linear term
in the energy functional.
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Consider the following class of dissipative systems
ou
ar

where u is a scalar or vector function, 4 is a positive differential operator and g(u) is a nonlinear operator possibly
with lower-order derivatives. We assume that the above equation satisfies a dissipative energy law

dEu)
- = —K(u), (2.2)

+ Au+ g(u) =0, (2.1)

where E(u) > —C, for all u is an energy functional, /C(u#) > 0 for all u # 0.
The above class of dissipative systems include in particular gradient flows but also other dissipative systems
which do not have the gradient structure, such as viscous Burgers equation, reaction—diffusion equations etc.

2.1. The new SAV schemes

The key for the SAV approach is to introduce a scalar auxiliary variable (SAV) to rewrite (2.1) as an expanded
system, and to discretize the expanded system instead of the original (2.1). In this paper, we introduce the following
new SAV approach inspired by the SAV schemes introduced in [22]

Setting r(t) = E(u)(t) = E(u)(®) + Cy > 0, we rewrite Eq. (2.1) with the energy law (2.2) as the following
expanded system

ou

» + Au + g(u) =0, (2.3)
dE(u) _ r(t)
ar - Ewo 2.4)

We construct the kth order new SAV schemes based on the implicit—explicit BDF-k formulae in the following
unified form:
Given u", r", we compute i#"*!, r"*1 "1 and u"*! consecutively by

akﬁnJrl _ Ak(un)

5 + A"t + g[Bi(@™)] = 0, (2.5a)
1 pitl _
5(’"“ —r'") =~ E(ﬁn+1)K(u"+'), (2.5b)
n+1 __ ’,J’lJrl 2.5
& = m (2.5¢)
n+l _ _n+l=-n+l . n+l __ n+1yk+1
u'" =n"u with ;™ =1-—(1 = &"7)"", (2.5d)

where oy, the operators Ay and By (k = 1,2, 3,4, 5) are given by:

first-order:
=1, A@")=u", B@")=u"; (2.6)
second-order:
3 n n 1 n—1 -n -n -n—1
oy = 5, Az(u ) =2u" — Eu s Bz(u ) =2u" —u ) (27)
third-order:
11 n n 3 n—1 1 n—2 —n —n -n—1 -n—2
o3 = 5 As(u") =3u" — Eu + §u , Bs")=3u"-3u"" +u""" (2.8)
fourth-order:
25 n n n—1 4 n—2 1 n-3 -n -n -n—1 -n—2  -n—3
oy = Tk As(u")y = 4u" —3u +§u —Zu , Ba(u")y =4u"—6u"""+4u""—u""". (2.9)

3
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fifth-order:
137 10 5
=, A ny — 5 n__ 5 n—1 ~Zon=2 _ =~ n-3 - 11—4’
o5 = oo AsW)=Sut = Sut A g s (2.10)
Bs(i") = 5i" — 10" "' 4+ 10a" 2 — 5a" 3 + "+,

Several remarks are in order:

e Initialization: the second-order scheme can be initialized with a first-order scheme for the first step, the
kth-order scheme can be initialized with a k — 1th-order Runge—Kutta method for the first k — 1 steps.

e We observe from (2.5b) that 7"*! is a first order approximation to E(u(-, t,,1)) which implies that £&"*! is a
first order approximation to 1.

e we observe from (2.5a) and (2.5d) that

au™ — it Ag(u™)
8t
which, along with (2.5d), implies that

OlkunJrl _ Ak(un)
ot

Hence, both «"*! and i#"*! are formally kth order approximations for u(-, t"*).

e The main difference of the above scheme from the scheme in [22] is the choice of n,’j*l, which can be
considered as a special case in [22]. However, as we show below, this choice allows us to obtain a uniform
bound on (Lu”", u"), which in turn plays a crucial role in the error analysis. Another slight difference is here
we use g[B(#")] in (2.5a), which makes the error analysis slightly easier, while g[B;(u")] is used in [22].
Thanks to (2.5d), this does not affect the kth order accuracy nor unconditional energy stability.

e Since the energy stability is achieved through only (2.5b), we can replace (2.5a) by other types of explicit-
implicit multistep schemes.

+ Au" 4 i e[ Bu(@™)] = 0, 2.11)

+ Au" + g[Bu(u™)] = O(8:%).

The above scheme can be efficiently implemented as follows:

i. Obtain #"*! from (2.5a) by solving an equation of the form
(%I—FA)IZYH_I — fn+17

where f"*! includes all known terms from previous time steps, and in most cases, this is a linear equation
with constant coefficients;
ii. With #"*! known, determine r"+! explicitly from (2.5b);
n+1

iii. Compute £"*1, n{*! and u"*! from (2.5d), goto the next step.

n+1

The main computational cost of this scheme is to solve (2.5a) once, while the main computational cost in the
original SAV approach is to solve an equation similar to (2.5a) twice. So the cost of this scheme is about half of
the original SAV approach while enjoying the same unconditional energy stability as we show below.

2.2. A stability result

We have the following results concerning the stability of the above schemes.

Theorem 1. Given 1" > 0, we have r"t' > 0, & "+l > 0, and the scheme (2.5) for any k is unconditionally energy
stable in the sense that

rn+l — = —5[5'1+I/C(L_t"+l) <0. (2.12)

Furthermore, if E(u) = %(ﬁu, u) + E1(u) with L positive and E|(u) bounded from below, there exists My > 0 such
that

(Lu", u™) < M}, Vn. (2.13)
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Proof. Given r"* > 0 and since E[ii"*!] > 0, it follows from (2.5b) that

ri‘l

n+1
r"t = >0
}C(,;ﬂ-%—l) -

1+ Slm
Then we derive from (2.5¢) that £*+' > 0 and obtain (2.12).
Denote M :=r° = E[u(-, 0)], then (2.12) implies r* < M, Vn.
Without loss of generality, we can assume E;(u) > 1 for all u. It then follows from (2.5¢) that
rn+1 - M
E(ft”“) - (ﬁﬁ"+1,ﬁ”+l)+2'
Let i =1 — (1 — &Y+ we have nj ™' = &"+! P,(8"*!) with P, being a polynomial of degree k. Then, we
derive from (2.14) that there exists M; > 0 such that

|g" ) = (2.14)

M,

n+1 n+1 n+1

= P, < s
1 =18 K(E"TOI < N )
which, along with «"*! = ni "1 implies

(£Mn+l, un—H) — (nliz+l)2(£ﬁn+l’ ﬁn—&-l)
< (== A{k
- (EM”H, Aty 42
The proof is complete. [

)z(ﬁﬁn-‘rl’b—tn-‘r]) < M/?-

Remark 1. From the above proof, we observe that it is essential to introduce "t and n,’j“ in order to obtain
(2.13), and that the bound constant M, increases as k increases. So while we can replace k£ + 1 in nZH by any
larger integer without affecting the kth order accuracy, it is best to use the smallest possible integer, which is k + 1
for kth order accuracy.

Note that (2.52) is uniquely solvable if A is a linear positive operator.

Remark 2. Note that the proof of (2.13) does not depend on specific form of (2.5a), so the result is also valid if
we replace (2.5a) in the scheme by other implicit—explicit multistep schemes.

2.3. Numerical examples

Before we start the error analysis, we provide numerical examples to validate the convergence rates and
demonstrate the advantage of our approach with the usual IMEX scheme.

Example 1. Consider the Allen—Cahn equation
ou

5 =@du—(- uhu + f, (2.15)
and the Cahn—Hilliard equation

0

a_b: — —moA@Au — (1 — udu) + f, (2.16)

in {2 = (0, 2) x (0, 2) with periodic boundary condition, and f is chosen such that the exact solution is
ulx,y, t) = exp(sin(rrx) sin(ny)) sin(?). 2.17)

We set @ = 0.012 in (2.15) and o = 0.04, mo = 0.005 in (2.16), and use the Fourier spectral method with 64 x 64
modes for space discretization so that the spatial discretization error is negligible when compared with the time
discretization error. In Figs. 1 (resp. 2), we plot the convergence rate of the H? error at T = 1 for the Allen—-Cahn
(resp. Cahn—Hilliard) equation. We observe the expected convergence rates for all cases.

5
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(a) BDF1 and BDF2 vs errors of u (b) BDF3,4,5 vs errors of u

Fig. 1. Convergence test for the Allen—Cahn equation using the new SAV/BDFk (k = 1,2, 3,4, 5). (a)—~(b) H? errors of u as a function of
At.
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10° 10* 107 102 10° 102 10°
dt dt
(a) BDF1 and BDF2 vs errors of u (b) BDF3,4,5 vs errors of u

Fig. 2. Convergence test for the Cahn—Hilliard equation using the new SAV/BDFk (k = 1,2,3,4,5). (a)~(b) H 2 errors of u as a function
of At.

Example 2. Next, we consider the 1-D Burgers equation

u
. xx x = 0, 2.18
57 Viyy + Ul ( )
in {2 = (—1, 1) with the initial condition and Dirichlet boundary condition given as
u(x,0) = —sin(wrx), u(xl,t)=0. (2.19)

In this test, we use the second order SAV scheme and the corresponding second-order IMEX scheme with v = ﬁ,
N = 320, 8t = 8.5 x 107>, The numerical solutions at T = 1 are plotted in Fig. 3(a) solution obtained by
the usual IMEX scheme and (b) solution obtained by the SAV scheme. We observe that the usual IMEX scheme
produces oscillatory solutions while the SAV scheme produces the correct solution which is indistinguishable with
the reference solution obtained with §t = 10™* in 3(c). We also plot in 3(d) the SAV factor " = 1 — (1 —&")>. We
observe that when the solution exhibits large gradients (for ¢ € (0.5, 1)), the SAV factor n" deviates slightly from
1 so that the SAV scheme still produces correct result while the corresponding IMEX scheme produces incorrect
result.

3. Error analysis for Allen-Cahn type equations

While the stability results in Theorem | are valid for general dissipative systems, it is cumbersome to carry out
error analysis with such generality. So to simplify the presentation, we shall carry out error analysis for two class

6
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X

(c) reference solution

t
(d) SAV factor

Fig. 3. Burgers equation: a comparison of usual IMEX and SAV.

of typical semi-linear equations: Allen—Cahn type equation in this section and Cahn—Hilliard type equation in the
next section.

We first recall the following important result. Based on Dahlquist’s G-stability theory, Nevanlinna and Odeh [23]
proved the following results for BDFk (1 < k < 5) schemes.

Lemma 1. For 1 <k <5, there exist 0 < 1y < 1, a positive definite symmetric matrix G = (g;;) € REK and real
numbers b, . .., 8 such that

k
(akunJrl — Ay, M — tku"> _ Z gij(unJrlﬂfk’ Wik

ij=1
k k

i —k j—k 1+i—k )2

= > g Ty 4 Y s R
ij=1 i=0

where the smallest possible values of t. are

11=7=0, 13=0.0836, w; =0.2878, t5=0.8160,

and oy, Ay are defined in (2.8)—(2.10).
The above result played a key role in proving the stability of high-order BDF schemes for nonlinear parabolic

equations [24], and it plays an important role in our error analysis.
We shall also frequently use the following discrete Gronwall Lemma (see for example, [25], Lemma B.10).

7



F. Huang and J. Shen Computer Methods in Applied Mechanics and Engineering 392 (2022) 114718

Lemma 2 (Discrete Gronwall Lemma). Let y*, h*, gk, f* be four nonnegative sequences satisfying

n n T/t
Y'Y WM< B8ty (g + £ with 8ty gb <M, Y0 <n<T/st.
k=0 k=0 k=0

We assume &t gk < 1 and let 0 = maxo<x<7/5:(1 — Stgk)’l. Then

V' + 8t th < exp(o M)(B + 8t Z 5, ¥n < T/st.
k=1 k=0
Consider the Allen—Cahn type equation:
ou

5—Au+ku—g(u)=0 (x,1) e 2 x(0,T], (3.1

where (2 is an open bounded domain in R (d = 1,2, 3), with the initial condition u(x, 0) = u°(x), and boundary
condition:

d
periodic, or ulyo =0, or a—u|39 =0. (3.2)
n
The above equation is a special case of (2.1) with A = —A + AI, and satisfies the dissipation law (2.2) with

E(u) = %(ﬁu, u) + (G(u), 1) where (Lu, u) = (Vu, Vu) + AMu, u), G(u) = f” g)dv and K(u) = (‘Z—f, %). We
assume, without loss of generality,

/ Gw)dx >C=>0 V. (3.3)
Q

In particular, with g(u) = (1 —u*)u and A = 0, the above equation becomes the celebrated Allen—Cahn equation [26].
We recall the following regularity result for (3.1) (see, for instance, [27]).

Theorem 2. Assume u® € H*(§2) and the following holds

lg'(xX)| < C(|x|” +1), p>0arbitrary ifd=1,2; O0O<p<4 ifd=3. (3.4)
Then for any T > 0, the problem (3.1) has a unique solution in the space

C([0, T1; H*(2)) N L*(0, T; H*(2)).

We also recall a result (see Lemma 2.3 in [12]) which is useful to deal with the nonlinear term in (3.1).
Lemma 3. Assume that ||u|| ;1 < M and (3.4) holds. Then for any u € H3, there exist 0 < o < 1 and a constant
C(M) such that the following inequality holds:

IVe@)I* < CM)(L + [V Aul*).
We denote hereafter
t"=nét,e" =u" —u(, "), " =u" —u(-, "), s" =r" —r@t").

In the following, we carry out a unified error analysis for the first- to fifth-order SAV schemes described as in
(2.5) with the coefficients defined in (2.8)—(2.10).
For (3.1), the kth-order version of (2.5a) and (2.11) read:

akﬁn-&-l _ Ak(un)

5 = A"t — 2"+ g[B(a"), (3.5)
n+l _ n+1A n
5 KD A g B (3.6)

where oy, Ay, By defined in (2.8)—(2.10).
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Theorem 3. Given initial condition i° = u® = u(0), r° = E[u°]. Let "' and u"*' be computed with the kth
order scheme (2.5a)—(2.5d) (1 < k <5) for (3.1) with

nrthl 1— (1 . %_,H_l)?,’ nlrchLl 1— (1 _ én+1)k+1 (k = 2, 3, 4, 5)

We assume (3.4) holds and

97
u’ e H3, FI;GLZ(O,T;Hl)lE]'Sk—i-l.

Then for n +1 < T/t and 5t < min{—— = }, we have

1 2Ck+2 ’ 3(k+1)
18" g2, "2 < €825,

where the constants Co, C are dependent on T, {2, the k x k matrix G = (g;;) in Lemma 1 and the exact solution
u but are independent of §t and 0 < 1, < 1 is the constant in Lemma 1.

Proof. We assume that &' and u’ (i =1,...,k — 1) are computed with a proper initialization procedure such that
! — u(t)|| g2 = OSt*) and ||u' — u(t)| ;2 = OBtY) (i = 1,...,k — 1). To simplify the presentation, we set
W =u =ult;)and r' = E([u'] fori=1,...,k—1.

The main task is to prove

|1 — &9 < Cydt, Vg < T/ét. (3.7

where the constant Cy is dependent on 7, {2 and the exact solution u but is independent of 8¢, and will be defined
in the proof process. Below we shall prove (3.7) by induction.
Under the assumption, (3.7) certainly holds for ¢ = 0. Now suppose we have

|1 =& < Coét, Vg < m, (3.8)
we shall prove below
|1 —&™H] < Coét. (3.9)

We shall first consider k = 2, 3, 4, 5, and point out the necessary modifications for the case k = 1 later.
Step 1: H? bound for «” and i" for all n < m. For the kth-order schemes, it follows from Theorem 1 that

lufllyr < My, Vg < T/ét. (3.10)

Under assumption (3.8), if we choose §¢ small enough such that

8t < min{—— C(];'H , 1}, 3.11)
we have

2 <12 <y, < (3.12)

- > - = =m, .
2 = M=1T Tl =774

and

a1 < 2My, Yg <m, Vot < 1. (3.13)
Consider (3.6) in step g:

9 _ T A, (e !
au? = AT g + il g[Be(@ ). (3.14)

ot
9
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Thanks to Lemma 3 and (3.12), we have
IVE[Br @™ HII> < C(M)(IVAB (@M1 + 1)
< 7l VAB @I H)? + C(My, )

} (N _
< Wl VAB(— = u? DI* + C(My, 71
Mk

k
<407, Y VAU + C(My, )
i=1

k
<% ) IVAWTP 4+ C(My, i),
i=1

where y; can be any positive constant and the constant 40 comes from the coefficients in By. To simplify the notation,
we let y, = 40y;. Taking the inner product of (3.14) with A?u? —1; A>u?~" and using the above inequality, it follows

from Lemma 1 that there exist 0 < 7 < 1, a positive definite symmetric matrix G = (g;;) € R, and 8, ...

such that

k k .
1 . - e o N
37 (20 (A h, At = 37 gy (AutH I A 4 g Au )
i,j=1 ij=1 P
+ Livawe + Ly aup
2 2
i - T _ AT B
< (81Bu@* ], Au? — m At ™) VAP T Aut
q
—1
+ %(Ak(u"“), A2 — g At
o i . )
= C(gk)m]ﬂ”Vg[Bk(uq 1)]”2 + 8k|7)Z|(||VAuq||2 + |V Au 1”2) + EkIIVAu" 1”2

| il

q
1 _
| '||VAk<uq*1>||2 g Lk /41

AT, 1—
+ A+ —"" (IV Auf |2 + |V Aut="|12)

ZHVA o2

EIVA @iH)2,

< C(My, &, vo) + (Cleonf lve + exlnf| +

|1 —nf|

—||VA =2 4 ||A 12 4 -

, Ok

(3.15)

where g, can be any positive constant. After taking the sum on (3.15), we are supposed to choose suitable ¢, &

and y; such that

1 n
5 (I AW = | VAW ) 4 Cr = Z( Clenlnflve + exln | + L=l Z IVAWI?)  (3.16)

q=1 q=1

with C; is a constant only depending on the initial data. Note that 0 < 7, < 1 and we first consider k > 2, we can

choose 8¢, & and y; small enough such that

1—7 1—1 I -7
< s k< Ty Yk < T A~
3k + 1) 12(k + 1) 12(k + 1)C(&r)
with the estimate in (3.12), we have
q q |1 B UZ| tk71
Ce)m vk + exlne | + TR <2C(e)yr + 26 +
1—1 1—1 1—1
< k n k 4 k
6(k+1) 6(k+1) 6(k+1)
1 - Tk
< .
~2k+1)

(3.17)

(3.18)
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Then, taking the sum on (3.15) for g from k to n (< m), we obtain

k
Z gij(Aun+i_k, Aun+j—k)
i,j=1
n—1
< C(My, ©)T 4+ CW®, ..., u"™) + C o kbtF Z Va2
q=0
< C(My, t)T + C@W®, ..., u"™") + Cy k81T M,

where C(My, 7) is a constant only depends on My, 1, C(u", ..., u*"") only depends on u°, ..., u*"! and C,,

only depends on the coefficients in A;. Since G = (g;;) is a positive definite symmetric matrix, we have

k
Aol AumP < ) gi(AumtTR AuttiThy
i,j=1
< C(My, w)T + CW°, ..., u"""y + Cp kSt ' T M.

where Ag > 0 is the minimum eigenvalue of G = (g;;). Together with (3.10), the above implies

lu' || g2 < i\/C(Mk, )T + CW, ..., uk=") + Co kT M} + My = Cy, ¥8t < 1, n < m. (3.19)
Noting that

™l g2 = I "y
then (3.12) implies

la" || g2 <2Cy, V6t <1, n <m. (3.20)

Step 2: estimate for [|¢""!|| 2 for all 0 < n < m. By Theorem 2 and (3.20) we can choose C large enough
such that

lu@llyz < C, YVt < T, lu||y2 < C, Vg < m. (3.21)
Since H? C L™, without loss of generality, we can adjust C such that

187Ul e < €, Ve < T3 |g0@N] 0 < C. Vg <m, i =0,1,2. (3.22)
From (3.5), we can write down the error equation as

are" ! — Ap@") = Ay") — Ap(@") + 8t A"t — stae"t! + Ry + 8t QY (3.23)
where R}/, Qj are given by

R{ = —oqu("") + Ap(u(t") + Stu, (1" )

k il k+1
el gkl (3.24)
— Zai /H (T =) Py (s)ds,

tﬂ =1

with a; being some fixed and bounded constants determined by the truncation errors, and

0} = g[Bi(@")] — glu(t"*"]. (3.25)

For example, in the case k = 3, we have

e+l 1

*u 9%u
R' = —3 "= 37" d e tnfl_ 377 d __/
3 /, (=) ga s +3 /,H ( Vg =3 |

n—

i+l

9*u
("2 — s)3m(s)ds.

11
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Taking the inner product of (3.23) with e"*! — g&", it follows from Lemma 1 that

k k
Z gij(én+1+i7k’ én+1+j7k) _ Z gij(én+i7k9 EVH»j*k)

i,j=1 i,j=1
k
+ 1Y 8@ 4 se Vet P 4 ast e | (3.26)
i=0
= (A" — Ag@@™), &' — ") — sr( A, et + sta @, )
+ Ry, & — @)+ 81(Q) e — ).
In the following, we bound the right hand side of (3.26). Note that
ul =nla?, |nf —1] < C st Vg <n.
Hence
R | Ax(u™) — Ak(u”)llz —nt1 n )2
Ak = A(@), &' — 7" = = Ay 327
S CCék+28t2k+l +8t||él’l+1 ”2 +8t||én||2
It follows from (3.24) that
et k+1
" u 2
n 2 2k+1
IR} < Cét /,,HH( W(S)H ds. (3.28)
And we can bound Q} based on (3.22) and (3.25) as
1041 = [glBu@™)] = gl Bttt )] + gl Bt M) = glu™ )|
< C|By(@")| + C|By(u(t")) — u("*'
< CIBU@")| + CIBy(u(") — u(t" ") (3.29)

M+l

k
_ . _ *u
= C|B(@")| +c‘ § bi/+l__(t”+] e lm(s)ds ,
i=1

tn

where b; are some fixed and bounded constants determined by the truncation error. For example, in the case k = 3,

we have
3 Zn+l fn+1
Bi(u(t") —u(t"™) = ——/ @" S) (S)a’s+ / "' —s)? —ds
2 n 2 t”_]
1 ln+l
S —d
2 /,n—Z ( ) 5
Therefore,
(R, &' — e )|55||Rk|| + 8elle" 2 + selle |2,
—nt 12 —_— % gk 2 (3-30)
< sl | + sel&" > + Car f,mfk )| ds
n 1
s11(QL & — 2")| < Cor(|IBu@)IP + 18 12 + 112"12) + c(sﬂk/ azk (s)” ds. (3.31)
ln+17k

12
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Now, combining (3.26), (3.27), (3.30), (3.31), we arrive at

k k
Snt 14—k sntl+j—k Sntiok sntj—k
Z gij(€"+ +i , Znti+i ) — Z gij(en-H i ey )

i,j=1 i,j=1

_ 1 _ Ao
+ ”Za n+1+i— k||2+§6t||ven+1”2+§8t”€n+1”2

k
< %SIHVén”Z . 8[||_n|| + chk+26t2k+l + C(Stz ||-n+1 l||2
i=0
o "t ak+1
cr [+ |Gl e
+ /,,m —k atk( O + drktl )] ds-

Taking the sum of the above for n from k — 1 to m, noting that G = (g;;) is a positive definite symmetric matrix
with minimum eigenvalue A, we obtain:

k
)\'G||ém+l||2 S Z gij(ém+l+i7k’ém+1+j7k)
i,j=1

m+1 (332)
<cor Y1+ oo [ Tror+ o] + s
q=0

We can obtain similar inequalities for ||Ve™| and || Ae™| by using essentially the same procedure. Indeed, taking
the inner product of (3.23) with —Aé"*+! + 1, Ae”, by using Lemma 1, we obtain

k
Z g[j(Vén+1+i_k, Vén+1+j_k) Z g (Vell-H —k VEVH-j k) + ” 28 V‘VH—]-H k||2
i,j=1 i,j=1 i=0
+ 8]l Ae" 2 + st | Vet (3.33)

= (VA W") — VA@"), V&'t — 1, ve") + st(Ae", . Ae™) + sia(ve' !, g ver)
+ (RE, — A" 4 g Ae™) 4 81(QF, — A" + g Ae).

Taking the sum of the above for n from k — 1 to m, using Lemma 1, (3.28) and (3.29), we can obtain

)\.G||Vém+1|| Z gij (Vem+l+t —k V—m+1+j—k)
i,j=1

3.34
m+1 8k+1 ( )
2k+2)d.§‘

< cs:anqn +C5t2k/ (H a;k( )” + |50 e T ol

On the other hand, taking the inner product of (3.23) with A%e"+! — 1, A%¢", by using Lemma 1, we obtain

Zg (A—n+1+l k’Aén+1+j7k) Zgu(Aen+l —k Aéi'H*j k)+||Z(S A—n+1+l k||2

i,j=1 i,j=1 i=0
+ 8t||VA&" T2 + Adr|| A2 (3.35)

= (AA ") — AA@"), Ae"T' — 1, AS") + 81 (VA" 1, VAEY) + Sta(Ae" !, 1. Ae™)
+ (VR}, =VA" + 4, VAE") + 81(VQL, —V Ae"™ 4 1,V Aeh).

Here, we need to pay attention to the terms with VAe"*! or V. Aé". Firstly, we have

St 25t
|88(V A, v ASY)| < 3||VAé"+1||2 + t"THVAE”HZ.

13
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It follows from (3.24) and (3.25) that

2 2k+1 o i 2
n +
IVRI? < Cot / VSRS,
and
k mtl k
_ _ . L, 0%u
IVOil < C(|Bk<e">|+|VBk(e">|>+CIZbif (" — s (9)ds
= ml—i ot
k tn+1 8ku
+ C( b,-/ - oy 2 (g )
; ,n+17i( $) otk (s)ds
Therefore,
c st(1 —
((VR!, — VA" + VA" < —||VR,’§||2 + ( T )II —vAS T g vAe?
l‘n+l 8 z)at
< cor | Etfas+ (VA2 4 [V 48" ),
tn+lfk 3
and
n —n+1 -n ny 2 (1 B Tkz)gt -n+1 -ny2
BI(VQY, — VAL + VA < Cot|V QLI + —— I = VA + u vV A2
n+l
< C5tlBu@)I, +caﬂk/ ( )H
mtl—k atk
1 —1t7)ét _ _
+ %(IIVAe”+1 I+ 1V Ae"|1%).

We can bound other terms on the right hand side of (3.35) as before to arrive at

Z gij (A—nJrlth k’Aén+1+j7k) Zg (A—11+1 k’AEnJrjfk)

i,j=l1 i,j=1

(1 4+ w28t - .
+ v 2 ||A ik

_ _ _ 1+ 12)8t _ A28t
< Co1(|| Bi(@)lI 71 + ||Ae"“||2 +l14e"1%) + %HVMHZ + = lae”?
2k th 8k+1 2k+2

Ccst H |5 H C+2)ds.

" /ml K 8tk() il Fre )]+ Ca s

Then, taking the sum of the above for n from k — 1 to m, we obtain

k
)\.G”Aém+1”2 < Z gij(Aém+l+i_ka Aém+l+j_k)
i,j=1
m+l 2 gkt+1y,

< Cot Y 8], + Cor™ / (2 8tk( o+ |5 o], + s
g=0

Summing up (3.32), (3.34) and (3.38), we obtain

H 8k+1

2

ork+l o )”

14

(3.36)

(3.37)

(3.38)

(3.39)
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Flnally, we can obtain the following H? estimate for &"*! by applying the discrete Gronwall lemma to (3.39) with
St < T
12 1 2% 0+ u 2%+2
Sm+ - +
18" 13,2 < Cexp((1 — 8:C) ™' T)51 / <H ok 8 >HH1 H pwa <S>H +C s (3.40)
< Cy(1+ C3H)5t* VO <n < m.
where C, is independent of §¢ and CO, can be defined as
2 ak-Hu 2
Cy = Cexp(2T)max</ (H Btk( )HH1 n Hw(s)HHl)ds,z, T). (3.41)
then &t < % can be guaranteed by
1
8t < —. (3.42)

2
In particular, (3.40) implies

8" |2 < 1/ Ca(1 + CFH8t*, YO <n <m. (3.43)

Combining (3.21) and (3.43), under the condition (3.11) we obtain

" 2 < /C2(1 + CFH32 +C < JCO(1+ H+C:=C 0<n<m. (3.44)

Note that H> C L, without loss of generality, we can adjust C independent of Cy and 8¢ so that we have

lg@™*H, Ig'@Hil<C Vo<n<m. (3.45)
Step 3: estimate for |1 — £”*!|. By direct calculation,
Fy = f (|Vu,|2 + Vu - Vu, + Autz + Auug + g’(u)ut2 + g(u)u,t)dx. (3.46)
0
It follows from (2.5b) that the equation for the errors can be written as
n+1
s =" = 81 (1AL O = e @ HI) + 17 (3.47)
where h(u) = S—E = —Au + Au — g(u), and
l”'H
T =r(t") — r(™N + Str, (1" = / (s — "), (s)ds. (3.48)
l"
Taking the sum of (3.47) for n from O to m, and noting that s9 = 0, we have
m +1 m
m+1 +1 2 +1 q
StZO (LGP = s 1@ OI) + ZOT" (3.49)
q q=

We can bound the terms on the right hand side of (3.49) as follows: For 7", noting (3.46) we have

t"+1 [n+1

7] < Cot / Iru(s)lds < Cst / (ltr )12 + e (1) ds. (3.50)
Next,
n+1
Il 1P = = Hl)nh(u"“)n |
n+1\11211 n+1 ~=n+1y2 (3.51)
< It P 1 e Hl)\ﬂ;( nﬂ)\nh[ua P =A@+
= P!+ P
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For P[, it follows from (3.21), E(v) > C > 0, Yv and Theorem 1 that
rn+1
P! < C‘l - —)
I = E(am+1)
r(tn+l) rn+1
e - |+ -
E[u(t"th]  E[u@"t)] Elu(t"th]  E@@"*1)
= C(IEw@™) = EG@H] +15").

rn+l rn+l

For P, it follows from (3.21), (3.22), (3.44),(3.45), E(v) > C > 0 and Theorem 1 that

Py < ClIh@"™H|1* — [lh[u" ]|
< Cllh@"™) = hlu@ HUAAGE I+ 11 2LuE" DI
< CC(llA" | + A" + llg@" ") — glu" M1l
< CC(llae" ||+ [1&"*)).
On the other hand,

|ELu(")] — E@)| < %

A‘ —n n —n
5O+ g ) e — @

T T T
<cc(Ive™ | +1e").
Now, combining (3.43), (3.49)—(3.54), we arrive at
q+1

" < 81 ) IRl NP = — = @I+ Y 1T
g Eat!) pars

m m T
<Cot Y |sTH |+ CCor Y 10 |2 + Ct / late I+ Naar ()l g1)dls
0

q=0 q=0
<C8t Y |s1 4+ CC\/Co(1 + CF st + Cot.
q=0

Applying the discrete Gronwall lemma to the above inequality with 6z <

|s" | < Cexp((1 — C81)7' T)8t(C/ Ca(1 + CFH5t* ! 4 1)
< C381(C\Co(1 + CFHst* " + 1),

where C3 is independent of Cy and §¢, can be defined as
C3 := C max{exp(2T), 2},
then 6t < % can be guaranteed by
1
5t < —.
G
Hence, noting (3.52), (3.54), (3.55) and (3.44), we have
1= &™) < C(IE@" )] = E@" |+ |s" 1)
< CCle" Mg+ 1s"1D)

< C81(Cy o1 + G381 4 C3(Cy/ a1 + )31+ 1))

< Cybt(yJ 1+ CIFF281 1),

(IVu@ O+ IVa T ) IIVa@E ) — va" |

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)
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where the constant Cy is independent of Cy and §¢. Without loss of generality, we assume C4 > max{C,, C3, 1} to
simplify the proof below.
As a result of (3.58), |1 — £™*1| < Cyét if we define Cy such that

Ca(y/ 1+ CFH28t51 1) < Co. (3.59)

For the cases k > 2, the above can be satisfied if we choose Cy = 3C,4 and 8t < HC;’{'H:
0
/ 2k+2 ¢ k—1 k+1 _
Ca(ff 1+ C8t" 7 + 1) < C4l(1 + Cy" )8t + 1] < 3C4 = Co. (3.60)
For the case k = 1, we cannot define C, satisfying (3.59) if nf*' = 1 — (1 — &"+1)2. However, if we choose
n’l’H =1—(1—£""1)3, we can repeat the same process above and arrive at a similar version of (3.59) for the first
order case:
Cy(/ 1+ C85t + 1) < Co. (3.61)
The above can be satisfied if we choose Cy = 3C,4 and 6t < é so that
0
Ca(\/ 14 C§81% + 1) < Cy[1 + Cgdt + 1] < 3C4 = C.
To summarize, under the condition
1
8t < ————, <k<5, (3.62)
1+cCk?

we have |1 — £™t!| < Cydt. Note that with C4 > max{C,, C3, 1}, (3.62) also implies (3.42) and (3.57). The
induction process for (3.7) is complete.

Finally, thanks to (3.43), it remains to show [le”*!||,2 < C8t*.

We derive from (2.5d) and (3.44) that

" = @ g2 < I = 1" e < It = 1IC. (3.63)
On the other hand, we derive from (3.7) that
|n2n+l 1< C15+18tk+1‘ (3.64)

Then it follows from (3.43), (3.63) and (3.64) and combine the condition (3.11), (3.17) and (3.62) on 8¢ that
||em+1 ”22 < 2”Em+1 ”?—12 + 2”um+1 _ ﬁerl ”22
=< 2C2(1 + Cg(k+l))8l2k + 262C§(k+1)8t2(k+1)

1 lftk

holds under the condition &t < mm{m, 3D

}. The proof is complete. [

Remark 3. Note that we set ni’“ = 1— (1 — &"*)3 purely for technical reasons in the proof. It is clear that
n+l1

n =1-1- £"+1)2 leads to first-order accuracy which is confirmed by our numerical tests.

4. Error analysis for Cahn—Hilliard type equations

In this section, we consider the Cahn—Hilliard type equation
ou
ar

where (2 is an open bounded domain in R?(d = 1, 2, 3), with the initial condition u(x, 0) = u°(x) and boundary
conditions

= —A%u+rAu— Ag(u) (x,1) e 2 x(0,T], 4.1)

0Au
on

The above equation is a special case of (2.1) with A = A% — LA and g(u) replaced by —Ag(u). It satisfies the
dissipation law (2.2) with E(u) = %(ﬁu, u) + (G(u), 1) where (Lu,u) = (Vu, Vu) + Au, u), G(u) = f” g()dv
and K(u) = (V3E, V3E),

9
periodic, or, a_u|8 o=, =0. (4.2)
n

17
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In particular, with g(u) = (1 — u?)u and A = 0, the above equation becomes the celebrated Cahn—Hilliard
equation [28].

We first recall the following result (cf. for instance [27]).

Theorem 4. Let u® € H? and (3.4) holds. We assume additionally

1g"(0)] < C(x|” + 1), p'>0arbitrary ifn=12, 0<p <3 ifn=3. 4.3)
Then for any T > 0, there exists a unique solution u for (4.1) such that

ue C(0,T]; H)NL*0, T; HY).

We also recall the following result (see Lemma 2.3 in [12]) which we shall use to deal with the nonlinear term.
Lemma 4. Assume that ||ul|y1 < M, and that (3.4) and (4.3) hold. Then for any u € H*, there exist 0 < o < 1
and a constant C(M) such that the following inequality holds:

1Ag@)l* < CM)Y(1 + | A%u]*).
For (4.1), the kth-order version of (2.5a) and (2.11) read:

0[kb—tnﬂ _ Ak(un)

5 A(Aa" = aa™ + g[Bi@@M)), (4.4)

and

ot — A"y
St B
where oy, Ay, By defined in (2.8)—(2.10).

A(Au" = pa™ gt e[ B@™), (4.5)

Theorem 5. Given initial condition i° = u® = u(0), r° = E[u°]. Ler "' and u"' be computed with the kth
order scheme (2.52)—(2.5d) (1 <k <5) for (4.1) with

77?“ -1—= (1 _ €n+1)3’ r]]’cl+1 -1= (1 _ én+l)k+1 (k — 2, 3’4, 5)

We assume (3.4) and (4.3) hold, and
i k+1

dlu u
. 3 2 . 2 . 2 . 1
MGC([O,T],H),87€L(0,T,H)1§]§k,WGL(O,T,H)
. 1 1—1
Then for n +1 < T /8t and 6t < mm{m, 3(k—+"1)}, we have

1" g2, "2 < €825,

where the constants Co, C are dependent on T, §2, the k x k matrix G = (g;;) in Lemma 1 and the exact solution
u but are independent of 5t.

Since the proof of this theorem shares some similar procedures with the proof of Theorem 3, we shall defer its
proof to the appendix.

5. Concluding remarks

We constructed a new class of implicit—explicit BDFk SAV schemes for general linear systems. This class of
schemes enjoys the following advantages: (i) it only requires solving, in most common situations, one linear system
with constant coefficients at each time step, which is the same as the usual IMEX schemes; (ii) it is not restricted
to gradient flows and is applicable to general dissipative systems; and (iii) it can be high-order with unconditional
stability and suitable for adaptive time stepping without restriction on time step size; and most importantly, (iv)
it leads to a unconditional uniform bound for the numerical solution, for any order k on the norm based on the
principal linear term in the energy functional, which is of critical importance for the convergence and error analysis.
We presented numerical results which validated the stability and convergence rates of our schemes, and showed that

18
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the SAV scheme is at least as accurate as the usual IMEX scheme, and may lead to more accurate solutions in some
critical situations (solutions with large gradients or near singularities).

Using the uniform bound on the norm based on the principal linear operator that we derived for the BDFk SAV
schemes and to a stability result in [23] for the BDFk (k = 1,2, 3,4, 5) schemes, we were able to establish, with
a delicate inductive argument, rigorous error estimates for the BDFk (k = 1,2, 3,4,5) SAV schemes in a unified
form for the typical Allen—Cahn and Cahn—Hilliard type equations. We note that recently the result in Lemma |
was extended to the six-order BDF scheme in [29], and it is expected that the results in Theorems 3 and 5 can be
extended to the six-order case using the result in [29].

As mentioned in Remark 2, we can replace the BDKk scheme in (2.5a) by other IMEX multistep schemes, and
the stability result in Theorem 1 will still hold. However, error analysis for other implicit—explicit multistep SAV
schemes needs to be investigated separately.
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Appendix A. Proof of Theorem 5

For the sake of brevity, we shall only carry out in detail the error analysis for the first-order case. The analysis
for the higher-order cases can be carried out by combining the procedures for the first-order case below and for the
high-order cases in the proof Theorem 3. The detail will be left for the interested readers.

As in the proof of Theorem 3, we will first prove the following by induction:

|1 =& < Codt, Vq <T/ét, (A1)

where the constant C is dependent on 7', {2 and the exact solution u but is independent of §¢, and will be defined
in the proof process.
Under the assumptions, (A.1) certainly holds for ¢ = 0. Now suppose we have

|1 —&7 < Coét, Vg <m, (A.2)
we shall prove below that (A.1) holds for ¢ = m + 1, namely,
11— $I7l+l| < Cyét. (A.3)

We will carry out this proof in three steps.
Step 1: H 2 bound for " and i" for all n < m. It follows from Theorem 1 and under condition

1
8t < min{—=, 1}, A4
< {4C3 } (A4)
we have
3 5t?
ZSI’?‘{ISZ, Il—n(fIST,Vqu, (A.5)
and
_ 4
lufll g1 < My, Yg < T/8t, [uf]m < §M2’ Vg <m. (A.6)
Now, consider (4.5) at step g:
q _ ,49,n—1
4 ;7;” = —A%uf + A Au? — n?Ag[ﬁq_l] (A7)

Multiply (A.7) with A%u9, and by the similar process as step 1 in Theorem 3, we can obtain

_ St o _
| Au?||> — | Au?™"|* + 8¢]| A% ||* — EnAzuq "2 < C(Ma)st + |1 — n?[|Ju?™"|? (A.8)
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Taking the sum from 1 to n (< m) of (A.8), we obtain

n—1
1 Au"|> + Z 1A% < C(MD)T + C®) + 62 u|?
q=0 q=1

< C(M)T + C®) + 8t T Mj.

with C(M;) is a constant only depends on M, and C(u°) only depends on u°. Then together with (A.6) implies

12 < \/CODT + C®) + TMZ + My = Ci. ¥ <m. (A.9)

As lu" || g2 = nflli" || 2, (A.5) implies
_ 4
" | 2 < §C1, Vn < m. (A.10)

Step 2: estimates for ||¢"*!| ;2 and [|¢"t!| ;s for all 0 < n < m. By given assumption on the exact solution u
and (A.10), we can choose C large enough such that

lu@llgs < C, Ve < T, u?lly2 < C, ¥Yg <m, (A.11)
and since H> C L™, without loss of generality, we can adjust C such that
801l < C, ¥t < T5 g0 < C, Vg <m3 i =0,1,2,3, (A.12)
From (4.4), we can write down the equation for error as
et — " =t — D" — st A" 4+ A8t Ae" T + R} + St AR, (A.13)

where R}, R’ are given by

ln+l

R} = u(t") — u(t""y + Stu,(t" 1) = / (s — t"Yuyds, (A.14)
p

and

Ry = —g(@") + glu(")]. (A.15)
Taking inner product with e"*! — Ae"*! 4 A2z"*! on both sides of (A.13), we obtain

%(né"*1 I> = e"1I”) + ||'"+1 &[> + st Ae" 1P + At ve TP

(||V‘"+1 I> = Ive"1?) + %IIV(é”“ eIIP + 81| VAP + Ase]| AeHP
—(||Aé"+' I> = 1 4e"|1?) + %IIA(E”“ eNI® + sr|| A% P 4 At |V AP (A.16)

=@} — D(@". e""") + (R}, &"") — 8t (VRS ve't!)
+ (f = D(Va", V') + (R}, —Ae") + 5t(VR;, VA&t
+ (nf — (A", Ae"H) + (R}, A?e"™) + 8t(AR;, A%e"H).

In the following, we bound the right hand side of (A.16). Noting that |n] — 1] < CS 813, hence

—1 2 St
I} — D(@", e"*")| < w a2 < CcClsr’ + — ||‘"+‘|| (A.17)
St
I} — D(Va", ve"t)| < cClsr’ + ZIIVE"“IIZ, (A.18)
and
St
I} — D(Ai", Ag"H)| < CCost’ + ZnAé"*‘nz. (A.19)
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It follows from (A.14) that
tn+l

IR < 86 f g (s) 2.

l)'l
Therefore,

e+l

- | . 8t _,
(R}, &) < 55 IRl 1% + S e 12 < S e 24 caﬂ/ g (5)11ds,

tﬂ
il

ot
I(RY, =" 1) < A& | + Cor? / s (5)1%ds,

mn

and

M+l

St
(RY, 4% < A% 4 Cor? / itz (5) 1.

Noting that
=< |g/(1,_th)V1,_[n — g/[u(t”)]Vu(tn)l + |g/[u(tn)]vu(tn) _ g/[u(t"+])]Vu(t”+l)|
< 1g'@"I| V" = Vu")| + |g'@") = ¢'lu")||Vu(™)|
+ |8/ = g Lu@ || Vu)] + |8 lu@H]||Vu") = Vu@)]

t"+1

<c(ve'|+ e +/ (lue () + [Vuy()])ds),

m

then for the terms with VR7, it follows from (A.24) that

5t 5t
StI(VR;, V& Dl = ZIVRI® + - 1Ive|®
A+l

< Cst(| Ve > + " |1%,) + €81 / ()3, ds,

tn
and
n -n+1 (St ny2 St -n+1y2
8t|(VRy, VA"™)| < EIIVRzll +3||VA€ [

t”+1

< Cstle"|?, + C8t2/
t

n

8t ~n
lur()117,1ds + EIIVAe .

For the term with AR, since

|ARS| < | — Ag(@") + Aglu(t)]| + | — Aglu(t™)] + Aglut™*H]| = @} + 05,
and note that

Ag(u) = ¢"w)|Vul® + g'(u) Au,
by using (A.11) and (A.12), we have

Q1 < |g"@ (V"> = [Vu(t™))| + || Vu™) (" @") — g"Tu(")))|

+ g’ @")(Au" — Au(e™)| + | Au")(g'@") — g'lu)D|
< C(Ive'| + |e"| + |Ae"),

and
ln+l tn+l

05 < C(/ IVu()||Vu(s)lds +/ | Auy(s)lds).

mn
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Therefore,
8t|(ARS, A%e™)| < 8t|(Q], A%e")| + 8t](Q5, A%

8t ~n n 8t —n
< 8tl|Q7I1* + ZnAze 2+ st Q5117 + ZnAze 2

-n -n -n (St -n A2
< Cor(le" P + 192" + 142" ) + 5 4% 1|2 (A-2D)
1
+ Cor? / luer ()12 s,
l)l
Now, combining (A.16)—(A.26) and (A.27) and dropping some unnecessary terms, we arrive at
e = fle" )P + Ve 12 — Ve ||? + [ A& )7 — [ A" |1* 4 8¢V Ae"H))?
< CCRor + Cor(| Ve |> + &1 I1* + [ Ae" > + | Ve"|I* + 1" 1%)
ln+l (A28)
+ Cor° f ()32 4 lluge ()[1*)ds.
I"
Taking the sum of the above for n from 0 to m, we obtain
m m+1 T
1" 7 + 8t Y VAT < Cot Y 1@, + Cor /0 U@ + N (I” + CitH)ds. (A.29)
q=0 q=0

Finally, we can obtain the following estimate for ¢”*! by applying the discrete Gronwall’s inequality to (A.29) with
1

8t<ﬁ:

n T
1", + 8 ) VAP < Cexp((l — StC)’lT)Stzf U172 + N ()1 + Co817)dss
0

pr (A.30)
< Cy(1 4 C§81H8t%, YO <n <m.
where C; is independent of ¢ and Cy, can be defined as
T
C; := Cexp(2T) max / U132 + lua($)1Pds, 2, T), (A31)
0

and hence 6t < % can be guaranteed by &t < cLz In particular, (A.30) implies

18 g2, (81> IVAST ) < \JCo(1 + CGord)sr, VO <n <m. (A.32)

q=0
Combining (A.11) and (A.32), we obtain that for all VO < n < m and under the condition on §¢ in (A.4), we have

n

| g2, (80 DIV AR < \/Co(1 + C§812)8t + € < /C(1+ 1)+ C = C. (A.33)

g=0
Note that H> C L>, without loss of generality, we can adjust C so that we have
lg@ Ol lg'@*Hil < €, Yo <n <m. (A34)

Step 3: estimate for |1 — £"*!|. It follows from (2.5b) that the equation for the error {s/} can be written as
n+1

E(ﬁthl)

©

5" = St (I VAL ~ IVA@"HI?) + 17, (A.35)
where h(u) = ‘;—f = —Au + Au — g(u) and truncation errors 7| are given in (3.48) with a bound given in (3.50).
Taking the sum of (A.35) for n from 0 to m, since s9 =0, we have
m+l _ +1y1112 —g+1v12 q
s =t Z(HVh[u(tq NI — EGi [VA@?™)| )+ Z T/. (A.36)
q=0 q=0
22
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For ||Vh[u(z"t)]|? — #ﬂl)nvmmﬂ)u{ we have
1 2 i 1y12
n+ mn+
IVAlG DI = g IV \

rn+1

rn+l
Vh tn+1 2 Vh =n+1y12
Fares | Fg VM DI — vh@ |

< IV ALt 1IP[1 -
=K{ +Kj.
For K7, it follows from (A.11), E@@*") > C > 0 and Theorem 1 that
K < C‘l rn+1 ‘
= E(a"+1)
‘ I’(ln+1) rn+l ‘ ‘ rn+] rn+l

ElaG ] Bl ¢ E[u(t™")]  E@"*)
< C(IE[u@"™H] — E@"™H| + |s"*]).

For K7, it follows from (A.11), (A.12), (A.33), (A.34), E@"') > C > 0 and Theorem | that

K5 < C|IVR@"* = VAT ]|
< C|IVR@"*") = VA ™ONAVRGE ) + | VAL ]I

< CCA+VAZ D(IV A 4+ A1 Ve |+ 1V (@) = glu™ )1 )

< cC(Ivae | + | ve"t ) + cCIvAa™ ||V Ae" | + CC VA" ||| Vet |.

It then follows from (A.32), (A.33) and the Cauchy—Schwarz inequality that

n+1 n+1 n+1

8t Y VAR |Ver| < (5 DIV Aa? st Y [Ver|?)* < ¢C\/Ca(l + Ciardst,
q=1 q=1 g=1
and
n+l1 n+1 n+1

81 Y VAR |VA| < (80 Y VA |28 Y IVA&|2)"* < €C\/C2(1 + Cor2)st.

q=1 g=1 q=1
For E[u(z"*"] — E(@"*"), we have estimate (3.54).
Now, we are ready to estimate s”*!'. Combine the estimate obtained above, (A.36) leads to

”2 E()(I/_Lqul) + rq+1

5" < 8t Y VAL IVR@D P+ > 1T

79+!
= E(uath) g
< Cot Y |t +CCot Y (1@ |y + CCot Y [V AT
q=0 q=0 q=0
m—+1 _ m+1
+ CCot Y _|IVAR|||Vel|| + CCst Y ||V Aul |[||V A |
q=1 g=1

sm+1

+ CSI/O (e 130 + e ()l g1)dls

< Cét Z IsTH ] + CC281(,/ Ca1 + CS812) + 1)

q=0
23
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%, we obtain the following estimate for

ls"™] < Cexp((1 — 8:C)"'T)C?8t(\/ Ca(1 + CS812) + 1) A38)
< C38t(\/Co(1 + C§812) + 1), Y0 < n < m,

where C3 is independent of §¢ and Cy, can be defined as

Cz = max{CC_’2 exp(2T), 2}. (A.39)

Finally, applying the discrete Gronwall’s inequality on (A.37) with §t <
s

Thanks to (A.38), we can define Cy and then prove (A.3) by following exactly the same procedure as Step 3 in
Theorem 3 with the condition
1

< -
T1+C

The induction process for (A.1) is completed.
Finally, thanks to (A.32), it remains to show |le"*!||,2 < Cét.
We derive from (A.33) that

"™ — @ g2 < I = @™ 2 < I = 1C. (A.41)
On the other hand, (A.1) implies

|77'1"+1 1)< C85t3. (A.42)
Then it follows from (A.32), (A.41) and (A.42) that

le™ M2, < 2013, + 20u™ ! — a2,

< 2C5(1 4 C§81%)81* + 2C*C§516.

ot (A.40)

To summarize, combine the condition (A.4) and (A.40) on 8¢, we obtain [|e"!||,2 < C8t with §t < Hicy The
0

proof for the case k = 1 is complete.
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