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SMOOTHNESS OF COLLAPSED REGIONS
IN A CAPILLARITY MODEL FOR SOAP FILMS

DARREN KING, FRANCESCO MAGGI, AND SALVATORE STUVARD

ABSTRACT. We study generalized minimizers in the soap film capillarity model intro-
duced in [MSS19, KMS19]. Collapsed regions of generalized minimizers are shown to be
smooth outside of dimensionally small singular sets, which are thus empty in physical
dimensions. Since generalized minimizers converge to Plateau’s type surfaces in the van-
ishing volume limit, the fact that collapsed regions cannot exhibit Y-points and T-points
(which are possibly present in the limit Plateau’s surfaces) gives the first strong indica-
tion that singularities of the limit Plateau’s surfaces should always be “wetted” by the
bulky regions of the approximating generalized minimizers.
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1. INTRODUCTION

1.1. Overview. We continue the investigation of a model for soap films based on capil-
larity theory which was recently introduced by A. Scardicchio and the authors in [MSS19,
KMS19]. Soap films are usually modeled as minimal surfaces with a prescribed boundary:
this idealization of soap films gives a model without length scales, which cannot capture
those behaviors of soap films determined by their three-dimensional features, e.g. by their
thickness. Regarding enclosed volume, rather than thickness, as a more basic geometric
property of soap films, in [MSS19, KMS19] we have started the study of soap films through
capillarity theory, by proposing a soap film capillarity model (see (1.4) below). In this
model, one looks for surface tension energy minimizers enclosing a fixed small volume,
and satisfying a spanning condition with respect to a given wire frame. In [KMS19] we
have proved the existence of minimizers, and have shown their convergence to minimal
surfaces satisfying the same spanning condition as the volume constraint converges to zero
(minimal surfaces limit). Although minimizers in the soap film capillarity model are
described by regions of positive volume, these regions may fail to have uniformly positive
thickness: indeed, in order to satisfy the spanning condition, minimizers may locally col-
lapse onto surfaces. Understanding these collapsed surfaces, as well as their behavior in the
minimal surfaces limit, is an important step in the study of the soap film capillarity model.
In this paper we obtain a decisive progress on this problem, by showing the smoothness
of collapsed surfaces, up to possible singular sets of codimension at least 7. In particular,
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FIGURE 1.1. When n = 1, Almgren minimal sets are locally isometric either to
lines or to Y! C R?, the cone with vertex at the origin spanned by (1,0), ¢?27/3
and ¢’*™/3. When n = 2, Almgren minimal sets are locally diffeomorphic either
to planes (and locally at these points they are smooth minimal surfaces), or to
Y'! xR, or to T?, the cone with vertex at the origin spanned by the edges of a
reference regular tetrahedron (for the purposes of this paper, there is no need to
specify this reference choice).

we show that, in physical dimensions, collapsed regions are smooth, thus providing strong
evidence that, in the minimal surfaces limit, any singularities of solutions of the Plateau’s
problem should be “wetted” by the bulky parts of capillarity minimizers.

1.2. The soap film capillarity model. We start by recalling the formulation of our
model for soap films hanging from a wire frame, together with the main results obtained
in [KMS19, KMS20]. The wire frame is a compact set W C R"*! n > 1, and the region
of space accessible to soap films is the open set

Q=R \W.

A spanning class in ) is a non-empty family C of smooth embeddings v: S' — Q which
is homotopically closed ! in ©Q; correspondingly, a relatively closed subset S of  is C-
spanning W if SN~y # 0 for every v € C. Given choices of W and C, we obtain a
formulation of Plateau’s problem (area minimization with a spanning condition) fol-
lowing Harrison and Pugh [HP16, HP17] (see also [DLGM17]), by setting

C=¢(W,C) =inf {H"(S): SeS8}, (1.1)
where H™ denotes the n-dimensional Hausdorff measure on R"*!, and where
S={SCQ: Sis relatively closed and C-spanning W} . (1.2)

Minimizers S of ¢ exist as soon as £ < co. They are, in the jargon of Geometric Measure
Theory, Almgren minimal sets in (2, in the sense that they minimize area with respect
to local Lipschitz deformations

H*(S N Br(x)) <H"(f(S) N Bp(x)), (1.3)

whenever f is a Lipschitz map with {f # id} cC B,(x) cC Q and f(B,(x)) C B,(x)
(here B, (z) is the open ball of center x and radius r in R"*!). This minimality property
is crucial in establishing that, in the physical dimensions n = 1,2, minimizers of ¢ satisfy
the celebrated Plateau’s laws, and are thus realistic models for actual soap films; see
[Alm76, Tay76], section 7.2, and Figure 1.1.

1f 49,1 are smooth embeddings S' — Q with 70 € C and f: [0,1] x S' = Q is a continuous mapping
such that f(0,-) = v and f(1,-) = 1 then also 1 € C.



FIGURE 1.2. The soap film capillarity problem in the case when W consists
of three small disks centered at the vertexes of an equilateral triangle, and C is
generated by three loops, one around each disk in W: (a) the unique minimizer S of
¢ consists of three segments meeting at 120-degrees at a Y-point; (b) a minimizing
sequence {E;}; for ¥(e) will partly collapse along the segments forming S; (c) the
resulting generalized minimizer (K, E), where K \ OF consists of three segments
(whose area is weighted by F with multiplicity 2, and which are depicted by bold
lines), and where E is a negatively curved curvilinear triangle enclosing a volume
e, and “wetting” the Y-point of S.

In capillarity theory (neglecting gravity and working for simplicity with a null adhesion
coefficient) regions E occupied by a liquid at equilibrium inside a container {2 can be
described by minimizing the area H™(2 N OF) of the boundary of E lying inside the
container while keeping the volume |E| of the region fixed. When the fixed amount of
volume £ = |E| is small, minimizers in the capillarity problem take the form of small
almost-spherical droplets sitting near the points of highest mean curvature of 0f2, see
[BRO5, Fall0, MM16]. To observe minimizers with a “soap film geometry”, we impose
the C-spanning condition on 2 N JF, and come to formulate the soap film capillarity
problem v (c) = ¢(e, W, C), by setting

P(e) =inf {H"(QNIE): E €&, |E| =¢, and QN IE is C-spanning W} | (1.4)

where
E={FE CQ: Eisan open set and OF is H"-rectifiable} . (1.5)

Of course, a minimizing sequence {F;}; for 1(¢) may find energetically convenient to
locally “collapse” onto lower dimensional regions, see Figure 1.2. Hence, we do not expect
to find minimizers of ¥ (¢) in &, but rather to describe limits of minimizing sequences in
the class

K = {(K,E) . E C Qis open with QN cl (9°E) = QN IE C K,
(1.6)
K e S and K is ’H”—rectiﬁable} ,

(where 0*E is the reduced boundary of E, and cl stands for topological closure in R**1),
and to compute the limit of their energies with the relaxed energy functional F defined
on IC as

F(K,E) =H"(QNO*E)+2H" (K \0*E)  for (K,E) € K. (1.7)

Notice the factor 2 appearing as a weight for the area of K \ 0*E, due to the fact that
K\ 0*F originates as the limit of collapsing boundaries of QN OE;. We can now recall the
two main results proved in [KMS19, KMS20], which state the existence of (generalized)
minimizers of ¢ () and prove the convergence of 1)(¢) to the Plateau’s problem ¢ when
e—0F.



Theorem 1.1 (Existence of generalized minimizers [KMS19, Theorem 1.4] and [KMS20,
Theorem 5.1]). Assume that ¢ = ((W,C) < oo, Q has smooth boundary, and that

79 > 0 such that R"*1\ I (W) is connected for all T < 9, (1.8)
where I.(W) is the closed T-neighborhood of W.

Ife > 0 and {E;}; is a minimizing sequence for (), then there exists (K, E) € IC with
|E| = e such that, up to possibly extracting subsequences, and up to possibly modifying
each E; outside a large ball containing W (with both operations resulting in defining a new
minimizing sequence for (), still denoted by {E;};), we have that,

E; — E in L(Q),
H"(QNOE;) > 0H" K as Radon measures in
as j — oo, where 0 : K — R is upper semicontinuous and satisfies
0=2H"-ae onK\OE, 0=1o0onQNO*E. (1.10)
Moreover, 1(e) = F(K, E) and, for a suitable constant C, ¢(g) < 244 C ™/ (1)

(1.9)

Remark 1.2. Based on Theorem 1.1, we say that (K, E) € K is a generalized mini-
mizer of ¢(e) if |E| = ¢, F(K,E) = ¢(e) and there exists a minimizing sequence {E;};
of 1(e) such that (1.9) and (1.10) hold.

Theorem 1.3 (Minimal surfaces limit, [KMS19, Theorem 1.9] and [KMS20, Theorem
5.1]). Assume that £ = £L(W,C) < oo, Q has smooth boundary, and that (1.8) holds. Then
Y is lower semicontinuous on (0,00) and () = 24 as € — 0F. Moreover, if {(Kp, Ep)}n
are generalized minimizers of 1 (gy) corresponding to e, — 07 as h — oo, then there erists
a minimizer S of £ such that, up to extracting a subsequence in h, and as h — oo,

QH (K \ 0*Ep) + H'L(QNO*E)) = 2H .S, as Radon measures in €.

Theorem 1.1 and Theorem 1.3 open of course several questions on the properties of
generalized minimizers at fixed e, and on their behavior in the minimal surfaces limit ¢ —
0T. The two themes are very much intertwined, and in this paper we focus on the former,
having in mind future developments on the latter. Before presenting our new results, we
recall from [KMS19] one of the most basic properties of generalized minimizers of ¥ (e),
namely, that they actually minimize the relaxed energy F among their (volume-preserving)
diffeomorphic deformations. In particular, they satisfy a certain Euler-Lagrange equation
which, by Allard’s regularity theorem [All72], implies a basic degree of regularity of K.

Theorem 1.4 ([KMS19, Theorem 1.6] and [KMS20, Theorem 5.1]). Assume that { =
L(W,C) < o0, Q has smooth boundary, and that (1.8) holds. If (K, E) is a generalized
minimizer of Y¥(g) and f: Q — Q is a diffeomorphism with |f(E)| = |E|, then

F(K,E) < F(f(K), f(E)). (1.11)
In particular:

(i) there exists X € R such that, for every X € CHR" LR 1) with X - vg =0 on 0Q,
A X-yEd”H":/ divKXd’H”+2/ divE X dH" (1.12)
O E O E K\0*E
where div X denotes the tangential divergence operator along K ;
(i) there exists ¥ C K, closed and with empty interior in K, such that K \ X is a smooth
hypersurface, K \ (X UOFE) is a smooth embedded minimal hypersurface, H" (X \ OF) = 0,

QN(OE\O*E) C X has empty interior in K, and QNO*E is a smooth embedded hypersurface
with constant scalar mean curvature X (defined with respect to the outer unit normal vy

of E).



1.3. The exterior collapsed region of a generalized minimizer. In [KMS20] we
have started the study of the exterior collapsed region

K\ cl(F)

of a generalized minimizer (K, E) of ¢(¢). Indeed, the main result of [KMS20] is that
if K\ cl(F) # (), then the Lagrange multiplier A appearing in (1.12) is non-positive, a
fact that, in turn, implies the validity of the convex hull inclusion K C conv(W); see
[KMS20, Theorem 2.8, Theorem 2.9]. In this paper, we continue the study of K \ cl(FE)
by looking at its regularity. The basic fact that the multiplicity-one n-varifold defined by
K is stationary in Q \ cl (£), see (1.12), implies the existence of a relatively closed subset
Y of K\ cl(F) such that

K\ (cI(F)UZX) is a smooth minimal hypersurface (1.13)

and H"(X) = 0. The main result of this paper greatly improves this picture, by showing
that 3 is much smaller than H™-negligible.

Theorem 1.5 (Sharp regularity for the exterior collapsed region). Assume that { =
L(W,C) < o0, Q has smooth boundary, and that (1.8) holds. If (K,E) is a generalized
minimizer of Y (g), then there exists a closed subset ¥ of K\cl(E) such that K\ (XUcl (E))
s a smooth minimal hypersurface,

N=0 ifl<n<6,

Y s locally finite in Q\ cl(E) if n =7, and ¥ is countably (n — 7)-rectifiable (and thus
has Hausdorff dimension < n —7) if n > 8. In particular, in the physically relevant cases
n =1 and n = 2, the exterior collapsed region K \ cl(FE) is a smooth stable minimal
hypersurface in Q\ cl (E).

Remark 1.6 (Uniform local finiteness of the singular set). In fact, when n > 7 and ¥ is
possibly non-empty, we will show that ¥ has locally finite (n — 7)-dimensional Minkowski
content (and thus locally finite H"~"-measure) in Q2 \ cl (E); see section 8.

Remark 1.7 (Consequences for the minimal surfaces limit). A striking consequence of
Theorem 1.5 is that the exterior collapsed region K \ cl (F) is dramatically more reqular
than the generic minimizer of Plateau’s problem ¢. For instance, in the physical dimension
n = 2, one can apply the work of Taylor [Tay76], as detailed for example in section 7.2,
to conclude that a minimizer S of ¢ (which is known to be an Almgren minimal set in (2
as defined in (1.3)) is locally diffeomorphic either to a plane (in which case, S is locally a
smooth minimal surface), or to the cone Y! x R (Y-points), or to the cone T? (T-points);
and, indeed these singularities are easily observable in soap films. At the same time,
by Theorem 1.5, when n = 2 the singular set of the exterior collapsed region is empty.
Similarly, in arbitrary dimensions, the singular set of an n-dimensional minimizer S of £
could have codimension one in S, while, by Theorem 1.5, the singular set of K \ cl(E)
has at least codimension seven in K \ cl(F). This huge regularity mismatch between
the exterior collapsed region and the typical minimizer in Plateau’s problem has a second
point of interest, as it provides strong evidence towards the conjecture that, in the minimal
surfaces limit “(Kp,, Ep,) — 5”7 described in Theorem 1.3, low codimension singularities of
minimizers S of ¢ may be contained (or even coincide, as it seems to be the case when
n = 1) with the set of accumulation points of the bulky regions Ej. This implication is of
course not immediate, and will require further investigation.

1.4. Outline of the proof of Theorem 1.5. The proof of Theorem 1.5 is based on a mix
of regularity theorems from Geometric Measure Theory, combined with two steps which
critically hinge upon the specific structure of the variational problem 1 (g). A breakdown
of the argument is as follows:



FIGURE 1.3. Wetting competitors: (a) a local picture of a generalized minimizer
(K,E) when n = 1, with a point p of type Y; (b) the wetting competitor is
obtained by first modifying K at a scale ¢ near p, so to save an O(d) of length
at the expense of an increase of O(62) in area; the added area can be restored by
pushing inwards E at some point in 0* F/, with a linear tradeoff between subtracted
area and added length: in other words, to subtract an area of O(§2), we are
increasing length by an O(62) (whose size is proportional to the absolute value of
the Lagrange multiplier A of (K, E)). If § is small enough in terms of A, the O(J)
savings in length will eventually beat the O(§2) length increase used to restore
the total area. In higher dimensions (where length and area become H™-measure
and volume/Lebesgue measure respectively), wetting competitors are obtained
by repeating this construction in the cylindrical geometry defined by the spine
{0} x R*! of Y! x R"~! near the Y-point p.

Step one (K \ cl(F) is Almgren minimal in Q\ cl(F)): In (1.11) we have proved
that (K, E') minimizes F against diffeomorphic images which preserve the volume of E, an
information which implies H™(X) = 0 for the set 3 in (1.13). In this first step we greatly
improve this information in the region away from FE, by allowing for arbitrary Lipschitz
deformations. Precisely, we show that K \ ¢l (E) is an Almgren minimal set in 2\ cl (E),
ie.

HM(K N B, (z)) < H'(f(K) N By (z)) (1.14)

for every Lipschitz map f: R"™* — R"*! such that {f # id} C B,(z) and f(B.(z)) C
B, (z), with B, (x) CC Q\ cl(E). Proving (1.14) is delicate, as discussed below.

Step two (K\cl (E) has no Y-points in Q\cl (£)): We construct “wetting” competitors,
that cannot be realized as Lipschitz images of K, to rule out the existence of Y-points in
¥, that is points where K is locally diffeomorphic to the cone Y! x R*~!; see Figure 1.3.

Step three: We combine the Almgren minimality of K \ cl(F) in Q \ ¢l (F) and the
absence of Y-points in K \ cl(E) with some regularity theorems by Taylor [Tay76] and
Simon [Sim93], to conclude that the singular set ¥ of K \ cl (F) is H" !-negligible. At the
same time, (1.11) implies that the multiplicity-one varifold associated to K \ cl (E) is not
only stationary, but also stable in Q\cl (F). Therefore, we can exploit Wickramasekera’s far
reaching extension [Wicl4] of a classical theorem of Schoen and Simon [SS81] to conclude
that ¥ is empty if 1 < n < 6, is locally finite if n = 7, and is H"~"T"-negligible for
every n > 0 if n > 8. This last information, combined with the Naber-Valtorta theorem
[NV15, Theorem 1.5] implies that when n > 8, ¥ is countably (n — 7)-rectifiable, thus
completing the proof of the theorem. We notice here that when n = 1,2, one can implement
this strategy by relying solely on Taylor’s theorem [Tay76], thus avoiding the use of the
Schoen-Simon-Wickramasekera theory, see Remark 7.8. Also, one can somehow rely on
[SS81] only (rather than on the full strength of [Wicl4]), see Remark 7.9. Finally, we



FIGURE 1.4. Proving that the exterior collapsed region is an Almgren minimal set.

notice that when n > 8, by further refining the above arguments, we can also show that
¥ is locally H"~"-finite: this is discussed in section 8.

We close this introduction by further discussing the construction of the competitors
needed in carrying over step one of the above scheme. Indeed, this is a delicate point of
the argument where we have made some non-obvious technical choices.

Discussion of step one: We illustrate the various aspects of the proof of (1.14) by means
of Figure 1.4. In panel (a) we have a schematic representation of a generalized minimizer
(K, FE) whose exterior collapsed region K \ cl (E) consists of various segments, intersecting
along a singular set ¥ which is depicted by two black disks. We center B, (x) at one of the
points in X, pick 7 so that B,(z) is disjoint from cl (£) UW, and in panel (b) we depict the
effect on K N B,(x) of a typical area-decreasing Lipschitz deformation supported in B, (z)
(notice that such a map is not injective, so (1.11) is of no help here). As it turns out, one
has (f(K), E) € K: the only non-trivial point is showing that f(K) is C-spanning W, but
this follows quite directly by arguing as in [DLGM17, Proof of Theorem 4, Step 3]. Now,
in order to deduce (1.14) from ¥ (e) = F(K, E) we need to find a sequence {F}}; in the
competition class of ¥(¢) such that H"(QNOF;) — F(f(K),E) as j — oco. The obvious
choice, at least in the situation depicted in Figure 1.4, would be taking 2

Fy = Uy, (f(K)UE),

for some n; — 0%, where U,(S) denotes the open 7-tubular neighborhood of the set S, see
panel (c); for such a set F};, we want to show that (i) H" (B, (z)N0F;) — 2H" (B, (x)Nf(K))

2In the general situation, with K N E possibly not empty, one should modify the formula for F; by
removing I, (K N E). This fact is taken into account in the actual proof when we consider the set A; in
Lemma 5.2 below.



as j — oo; and (ii) that QN JFj is C-spanning W. Concerning problem (i), taking into
account that
Uy,(f(K)UE
an(QmaFn)% ‘ U(f(n) )| asn—>0+,

one wants first to show that f(K) is Minkowski regular, in the sense that

AL
n—07+ 2n

= H"(f(K)),

and then to discuss the relation between |U,(f(K))| and |Uy,(f(K) U E)|, which needs
to keep track of those “volume cancellations” due to the parts of U,(f(K)) which are
contained in F. Discussing such cancellations is indeed possible through a careful adapta-
tion of some recent works by Ambrosio, Colesanti and Villa [ACV08, Vil09]. Addressing
the Minkowski regularity of f(K) requires instead the merging of two basic criteria for
Minkowski regularity: “Lipschitz images of compact subsets in R™ are Minkowski regular”
(Kneser’s Theorem [Kneb5], see also [Fed69, 3.2.28-29] and [AFP00, Theorem 2.106]) and
“compact H"-rectifiable sets with uniform density estimates are Minkowski regular” (due
to Ambrosio, Fusco and Pallara [AFP00, Theorem 2.104]). In section 3, see in particular
Theorem 3.4 below, we indeed merge these criteria by showing that “Lipschitz images of
compact H™-rectifiable sets with uniform density estimates are Minkowski regular”. (To
apply this theorem to f(K) we need of course to obtain uniform density estimates for
K, which are discussed in section 4, Theorem 4.1). We can thus come to a satisfactory
solution of problem (i). However, we have not been able to solve problem (ii): in other
words, it remains highly non-obvious if a set like Q2 N OF} is always C-spanning W, given
the possibly subtle interactions between the geometries of E and f(K) and the operation
of taking open neighborhoods. To overcome the spanning problem, we explore the pos-
sibility of defining F; as a one-sided neighborhood of f(K) (which automatically contains
the C-spanning set f(K) in its boundary), rather than as an open neighborhood of f(K)
(which contains the C-spanning set f(K) in its interior). As shown in [KMS20, Lemma
3.2], we can define C-spanning one-sided neighborhoods of a pair (K, E) € K whenever
K is smoothly orientable outside of a meager closed subset of K. Thanks to Theorem
1.4-(ii) a generalized minimizer (K, E) has enough regularity to define the required one-
sided neighborhoods of K, but this regularity may be lost after applying the Lipschitz
map f to K: it thus seems that neither approach is going to work. The solution comes
by mizing the two methods, as depicted in panel (d): inside B,(x), we define F; by taking
an n;-neighborhood of f(K') — which is fine, in terms of proving the C-spanning condition,
given the simple geometry of the ball and the care we will put in making sure that QN OF}
contains the spherical subsets 0B, (x) N U,,(f(K)); inside 2\ cl(B,(x)) we will define
F; by the one-sided neighborhood construction — notice that we have enough regularity
in this region because f(K) and K coincide on Q \ cl(B,(x)), We will actually need a
variant of the one-sided neighborhood lemma [KMS20, Lemma 3.2], to guarantee that
0B, (z) N Uy, (f(K)) is contained in 2N JF}, see Lemma 5.2.

Organization of the paper: Section 2 contains a summary of the notation used in the
paper. In section 3 we obtain the criterion for Minkowski regularity merging Kneser’s
theorem with [AFP00, Theorem 2.104], see Theorem 3.4. In section 4 we discuss the lower
density bounds up to the boundary wire frame needed to apply Theorem 3.4 to K, while
in section 5 we put together all these results to show the Almgren minimality of K \ cl (E)
in @\ cl(F). In section 6 we construct the wetting competitors needed to exclude the
presence of Y-points of K \ cl(E) in Q \ cl(F), and finally, in section 7, we illustrate
the application of various regularity theorems [Tay76, Sim93, SS81, Wicl4, NV15] needed
to deduce Theorem 1.5 from our variational analysis. Finally, in section 8, we exploit



more specifically the Naber-Valtorta results on the quantitative stratification of stationary
varifolds and prove the local H" "-estimates for ¥ mentioned in Remark 1.6.
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2. NOTATION AND TERMINOLOGY
We summarize some basic definitions, mostly following [Sim83, Mag12].

Radon measures and rectifiability: We work in the Euclidean space R"*! with n > 1.
For A C R™1, ¢l (A) denotes the topological closure of A in R"!, while U, (A) and I,,(A)
are the open and closed n-tubular neighborhoods of A, respectively. The open ball centered
at z € R"™! with radius r > 0 is denoted B,(z); given 1 < k < n and a k-dimensional
linear subspace L C R"*! Bl(x) denotes instead the open disc B,(x) N (x + L), and
BE(zx) is the corresponding shorthand notation when the subspace L is clear from the
context. We use the shorthand notation B, = B,(0) and BF = B¥(0). If A ¢ R"*! is
(Borel) measurable, then |A| = £"T1(A) and H*(A) denote its Lebesgue and s-dimensional
Hausdorff measures, respectively, and we set wy = ’Hk(B{“) If 4 is a Radon measure in
Rt A c R* ! is Borel, and f: R*™! — R? is continuous and proper, then pA and
fepe denote the restriction of p to A and the push-forward of u through f, respectively
defined by (uLA)(E) = p(AN E) for every Borel E C R™ and (fyu)(F) = p(f~1(F))
for every Borel ' C R?. The Hausdorff dimension of A is denoted dimg(A): it is the
infimum of all real numbers ¢t > 0 such that H*(A) = 0 for all s > ¢. Given an integer
1 < k <n+1, a Borel measurable set M C R**! is countably k-rectifiable if it can be
covered by countably many Lipschitz images of R* up to a set of zero H* measure; M is
(locally) H*-rectifiable if it is countably k-rectifiable and, in addition, its H* measure
is (locally) finite. If M is locally H*-rectifiable, then for H¥-a.e. = € M there exists
a unique k-dimensional linear subspace of R"*!, denoted T, M, with the property that
HE(M —z)/r) = HFLT, M in the sense of Radon measures in R**! as r — 0%: T, M is
called the approximate tangent space to M at z. If f: R"*!1 — R is locally Lipschitz
and M is locally H*-rectifiable then the tangential gradient VM f and the tangential
jacobian JM f are well defined at #H*-a.e. point in M.

Sets of finite perimeter: A Borel set £ C R"*! is: of locally finite perimeter if there
exists an R""!-valued Radon measure pp such that (ug, X) = [, div (X) dz for all vector
fields X € CL(R"1;R"*1); of finite perimeter if, in addition, P(E) = |ug|(R™"1) is
finite. For any Borel set F C R™*!, the relative perimeter of E in F is then defined by
P(E;F) = |pg|(F). The reduced boundary of a set E of locally finite perimeter is the
set O*E of all points z € R™*! such that the vectors |ug|(B.(x))~! pe(B,(z)) converge,
as r — 07, to a vector vg(z) € S": vg(x) is called the outer unit normal to 0*F at .
By De Giorgi’s structure theorem, 0*F is locally H"-rectifiable, with ugp = vg H"LO*FE
and |pug| =H" O"E.

Integral varifolds: An integral n-varifold V on an open set U C R"*! is a continuous
linear functional on CO(U x G"*1) (where G is the set of unoriented n-dimensional
planes in R"*1) corresponding to a locally H"-rectifiable set M in U, and a non-negative,
integer valued function 6 € L{ (H"LM), so that

loc
V(p) = var (M, 0)(p) = /M o(x, T, M)0(x) dH"™ (z) for all p € CO(U x G™t1).

The function 0, which is uniquely defined only H™-a.e. on M is called the multiplicity
of V', while the Radon measure ||V = 6 H"_M is the weight of V and spt V = spt||V||
is the support of V. If ®: U — U’ is a diffeomorphism, the push-forward of V =
var (M,0) through @ is the integral n-varifold ®;V = var (®(M),0 o ®~') on U'. If



X € CHU;R™ 1), then divT X = o(z,T) defines a function ¢ € CO(U x GPF1): corre-
spondingly, one says that H € L%OC(U; R"™*1) is the generalized mean curvature vector
of V if

/ HdivMXd”H”:/ X-HOdH" VX e CHU;R"™). (2.1)
M M

When H = 0 we say that V is stationary in U: for example, if M is a minimal hyper-
surface in U, then V = var (M, 1) is stationary in U. Area monotonicity carries over from
minimal surfaces to stationary varifolds, in the sense that the density ratios
V(B (x . .
M are increasing in r € (0, dist(z, OU)) )
wp "
with limit value as r — 07 denoted by Oy (z) and called the density of V at .

3. MINKOWSKI CONTENT OF RECTIFIABLE SETS

The goal of this section is merging two well-known criteria for Minkowski regularity,
Kneser’s Theorem [Kne55] and [AFP00, Theorem 2.104], into Theorem 3.4 below. As
explained in the introduction, this result will then play a crucial role in proving the Alm-
gren minimality of exterior collapsed regions. It is convenient to introduce the following
notation: given a compact set Z C R? and an integer k € {0,...,d}, we define the upper
and lower k-dimensional Minkowski contents of Z as

Uy(2)]

k .
UMT(Z) = limsup pi

77_)0+ wd—k T]

A
n—=0%t Wq—g N°

When UMFK(Z) = LM¥(Z) we denote by MF¥(Z) their common value, and call it the
k-dimensional Minkowski content of Z. If the k-dimensional Minkowski content of Z
exists, we say further that Z is Minkowski k-regular provided

MF(2Z) = HE(Z). (3.1)

It is easily seen that any k-dimensional C%-surface with boundary in R? is Minkowski
k-regular, but, as said, more general criteria are available.

Theorem 3.1 (Kneser’s Theorem). If Z C R¥ is compact and f : R¥ — R? is a Lipschitz
map, then f(Z) is Minkowski k-regular.

Theorem 3.2 ([AFP00, Theorem 2.106]). If Z is a compact, countably k-rectifiable set
in RY, and if there exists a Radon measure v on R with v << H* and

V(B (x)) > er”, Ve e Z,Vr <rg,
for positive constants ¢ and ro, then Z is Minkowski k-regular.

Remark 3.3. For the reader’s convenience we observe that Theorem 3.2 has the same
statement as [AFP00, Theorem 2.104], although it should be noted that the existence of
v implies that H*(Z) < oo, and thus that Z is H"-rectifiable. For this reason we shall
directly work with H"-rectifiable sets.

We now prove a result that mixes elements of both Theorem 3.1 and Theorem 3.2, but
that apparently does not follow immediately from them.

Theorem 3.4. If Z is a compact and H*-rectifiable set in RY such that
H*(Z N B, (z)) > er” Ve € Z,Vr <, (3.2)
and if f: R — R? is a Lipschitz map, then f(Z) is Minkowski k-regular.

10



We present a proof of Theorem 3.4 which follows the argument used in [AFP00] to prove
Theorem 3.1. We premise two propositions to the main argument.

Proposition 3.5. If Z is a compact and H*-rectifiable set in R? such that
HM(Z N B(z)) > er® Ve e Z,Vr <rg,

and if f: R — R? is a Lipschitz map with J%f > 0 a.e. on Z, then f(Z') is Minkowski
k-reqular for any compact subset Z' C Z.

Proof. Let
v=fi(H"".2).
If y=f(z) € f(Z) and r < Lip(f)ro, then
V(B (y)) = H*Z 0 F B (y))) > HE(Z 0 B, i p) (7)) > ok
(Bulw) = HH(Z 0 F7 (B ) = HAZ 0 By o) 2 (o
Moreover v << H¥, since if E C R? with H*(E) = 0, then by JZf > 0 on Z we get
JZf dH°
v(E)=HZnfYE :/ —d?-lk:/ d?-lky/ —— =0.

= R 1 P

We can thus apply Theorem 3.2 to f(Z') for every Z' C Z compact. O

Proposition 3.6. If Z is a compact and H"-rectifiable set in RY such that
H¥(Z N By(z)) > er® Ve € Z,Vr <o,
and if f: R? — R? is a Lipschitz map, then
MH(f(2') =0
whenever Z' C Z is compact with J% f =0 HF-a.e. on Z'.
Proof. Let us define f. : R* — R% x R? by setting
fe(x) = (f(2),ex) .

If x € Z is such that f is tangentially differentiable at x along Z, then f. is tangentially
differentiable at x along Z, and thus

J? fo(x) > 0,
with JZ f.(z) — JZ f(x) as e — 0% and JZ f. < (Lip(f))* + 1 for € < g¢. By Proposition
3.5 and the area formula, since f. is injective we get

MF(f.(21)) = HA(f(2')) = / T2 50 ase -0,
,

where in computing the limit we have used JZ f = 0 H*-a.e. on Z’. Thus,
lim MF(f.(Z") =0.
e—0t
At the same time if > 0, then
{(y, 2)eRY xRy € By(f(x)),2 € Bylex),a € Z’} C Uz (fo(2")
so that Fubini’s theorem gives
U (f(Z) | wan® < Uz (f-(Z"))] -

Dividing by 7% we get
Uy (f:(2"))]

UMPF(f(Z')) < C(d, k) limsup 20—

< C(d, k) MR (f.(Z"),
n—0t n

and letting e — 07 we conclude the proof. O

11



Proof of Theorem 8.4. For brevity, set S = f(Z). The rectifiability of S gives LM *(S) >
H*(S), see e.g. [AFP00, Proposition 2.101], so that we only need to prove UM *(S) <
HF(S). We set F = {J?f > 0} (that is f is tangentially differentiable along Z with
positive tangential Jacobian on F') and pick Zy C {J?f = 0} C Z\ F compact with the
property that

HF(Z\(FU Zy)) <o, (3.3)
for some o > 0. In this way, by Proposition 3.6, we have
MF(Sp) =0 where Sy = f(Zp) . (3.4)

Since S is compact and HF-rectifiable we can find a countable disjoint family {S;}; of
compact subsets of S, which covers S modulo #*, and such that S; = fi(Z;) for injective
Lipschitz maps f; with uniformly positive Jacobian on R*. By Theorem 3.1,

ME(S;) = HF(S)) for every i. (3.5)
We pick N so that
N
H’f(S\ U Si) <5, (3.6)
i=1

for § to be chosen depending on o, and set
N
§* =5\ (SO ulJ sl-) . (3.7)
i=1

Next, we further distinguish points in S* depending on their distance from UZ]\L 0 Si- More
precisely, for any arbitrary A € (0,1) we define the compact set

N
S = 8\ UM( U Si) , (3.8)
i=0
and then we apply the Besicovitch covering theorem to cover
S C U B)\n(yj)’ (3'9)
Jje€J

where J is a finite set of indexes, each y; € 5™, and each point of S** belongs to at most
¢(d) distinct balls in the covering. Notice that

N
U Ban() < U\ S
jeJ i=0
SN JBagly;) < S
jeJ

Furthermore, B, /iy ¢(25) C f~1(Bxy(y;)) for some z; € Z such that y; = f(z;). The
lower density bound (3.2) then yields

c(An)k
#O T < S (20 Brgins(a)
< S HH(Z0 7 (B )
Jje€J
< @ (20 (UBuw))
JjeJ
< EdHNZN NS

12



However,

HNZNfHS) = HYNZnf (S NF)+HNZn S\ F)
< (S +HNZ\(FUZy)) <v(S)+o,

provided we set
V= fﬁ[HkL(Z N F)] .
Since JZf > 0 on F, we have, for any Borel set A C R

JZf dH°
v(A) = / / dH*(y /
“) zrrnf-1(a) JZf wnzor JZf

so that v << H¥. Therefore a suitable choice of § = §(c) in (3.6) gives

v(S*) <o
and we have thus proved that
#(J) < C(d,c,Lip(f)) o A nF. (3.10)
We can now conclude the argument. From the definition of S* it follows that
N
S=Jsius, (3.11)
i=0
and thus that
c | JUn(S)uU,(S*)  foralln>0. (3.12)

On the other hand, by the definition of S**

N
Up(S*) C U(S™) U Ugaryn(Si) (3.13)
=0
which, together with (3.9), gives
N
Un(S) € | Uasryn(Si) U [ By n () - (3.14)
=0 jeJ
By means of (3.10) we achieve
9l < Z Ua+xn(S)l + Cd, e, Lip(£)) o ATF (1 + 098, (3.15)

so that, dividing by wq_z %%, taking the limit as » — 0%, and using (3.4) and (3.5) we
obtain

UMF(S) < 1+ N ’fZ’H’f )+ C(d, k, e, Lip(f)) o A7 (1 + N)?

=1 (316)
< L+ NTFHS) + C(d by, Lip(f) o A8 (1 + M)
The conclusion follows by letting first & — 0" and then A — 0. O

We close this section by proving a useful localization statement.
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Proposition 3.7 (Localization of Minkowski content). If Z is a compact and H*-rectifiable
set in RY such that

MA(Z) =1 (Z),

then U E
i Lm0

whenever E is a Borel set with H¥(K NOE) = 0.

=H¥NZNE)

Proof. If we set

_ ﬁd'—Un(Z)

n 1.
wd—imd k

p="H""Z,

then we just need to prove that, as n — 07, u, = in R To this end, we first consider
an open set A, set A, = {x € A :dist(z,0A) > n}, and notice that, for n < nq,

Un(Z) N A] _ [U(Z 01 Ap)
wa—kn4F T wgpn®k
Un(Z 1 Ay
wq—pnd=k

so that, by [AFP00, Proposition 2.101] and since Z N A,, is compact and HFE-rectifiable

pn(A4) =

liminf 1, (A) > H*(Z N A,,) .

n—0+
Letting 79 — 07 we get
lim inf p,,(A) > p(A) VA C RY open. (3.17)

n—0+

Since M*(Z) = H¥(Z) means that p,(R?) — p(R?) as n — 0T, we find that, for every
compact set H C RY,

p(H) = p(RY) — p(A) > lim, pg(RT) = Tim inf p1,,(A) > Tim sup p,, (H) , (3.18)
n—

n—0+ n—0t

where we have used (3.17) with A = R\ H. By a standard criterion for weak-star
convergence of Radon measures, (3.17) and (3.18) imply that y, — pin R?asn — 07, O

4. UNIFORM LOWER DENSITY ESTIMATES

The application of Theorem 3.4 to K (where (K, F) is a generalized minimizer of ¢(¢)),
requires proving uniform lower density estimates for cl (K) (recall that K is compact
relatively to €, not to R"™!). Now, it is a consequence of the analysis carried out in
[KMS19] that there exists a radius r, > 0 such that

H"(K N By(x)) > wpr™, Ve e K,r <r.,B.(r) CC Q. (4.1)

However, the lower density estimate in (4.1) is not sufficient to apply Theorem 3.4, because
its radius of validity degenerates as x approaches cl (K) \ K = cl (K) N 0. We thus need
an improvement, which is provided in the following theorem.

Theorem 4.1 (Uniform lower density estimates). If (K, E) is a generalized minimizer of
P(e) = Y(e, W,C), then there exist ¢ = c¢(n) > 0 and ro = ro(n, W, |A|) > 0 such that

H"(K N By(x)) >cr” Vo e cl(K),Vr <rg. (4.2)
Here X is the Lagrange multiplier of (K, E), as introduced in Theorem 1.4-(1).
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The proof of Theorem 4.1 starts with the remark that the integral n-varifold V' naturally
associated to (K, ) has generalized mean curvature in L>° and it satisfies a distributional
formulation of Young’s law. More precisely, letting V' be the n-varifold V = var (K, 0)
defined by K with multiplicity function

1 ifxe€ed*FE
O0(z) = .
2 ifzre K\O'FE,

then

IV =H""(QNO'E)+2H" (K \J'FE)
and, by considering (1.12) in Theorem 1.4 on vector fields compactly supported in 2, we
see that V has generalized mean curvature vector H =)\ lorgvp in Q. Actually, (1.12)

says more, since it allows for vector fields not necessarily supported in 2, provided they
are tangential to 0€, i.e. (1.12) gives

/divKXd||V|| _ /X AV VX € CHQR™) with X v = 0 on 9. (4.3)

The extra information conveyed in (4.3) is that, in a distributional sense, V' has contact
angle 7/2 with 9. The consequences of the validity of (4.3) have been extensively stud-
ied in the classical work of Griiter and Jost [GJ86], and their work has been recently
extended to arbitrary contact angles by Kagaya and Tonegawa [KT17]. In particular, if
so € (0,00) is such that the tubular neighborhood U, (0W') admits a well-defined nearest
point projection map I1: Uy, (OW) — OW of class C! then [KT17, Theorem 3.2] ensures
the existence of a constant C' = C(n, s9) such that for any = € U, 5(0W)Ncl(2) the map

oy IVUB @) + IVIB ) e m

e (0, 6
r € (0,0/ =

is increasing, where

Bi(z)={y eR"™: jeB(x)}, §=1Iy) + Iy -y (4.5)
denotes a sort of nonlinear reflection of B, (x) across OW. In particular, for z as above
the limit .

V(B V(B
o) =t WIBD) + [VI(B @)
r—0% Wy, T
exists for every x € Uy, (0W) Ncl(Q), and the map = — o(z) is upper semicontinuous
in there; see [KT17, Corollary 5.1]. The uniform density estimate (4.2) will be deduced
as a consequence of the above monotonicity reault, together with the following simple
geometric lemma:

(4.6)

Lemma 4.2. Suppose that x € Us,(OW), and p > 0 is such that dist(z,0W) < p and
B,(x) C Ugy(OW). Then:
B,(x) C Bsy(x) . (4.7)
Proof of Lemma 4.2. See [KT17, Lemma 4.2]. O
Proof of Theorem 4.1. First observe that (4.2) holds with ¢ = wj, for all x € K\ U, 5(0W)
as soon as r < min{r,, so/6}. Therefore, we can assume that
x € cl(K)NUs,6(0W). (4.8)

Also note that for points as in (4.8) it holds o(x) > 1: by upper semicontinuity of o on
Usy/6(OW) Nl (£2), we just need to show this when, in addition to (4.8), we have x € K,
and indeed in this case
"(KNB
o(x) > lim A (7))

r—0+t wp T

>1

15



thanks to (4.1). Now we fix r < ro = min{r., 5s0/6}, and distinguish two cases depending
on the validity of

dist(xz,OW) > (4.9)

Cﬂlﬁ

If (4.9) holds, then by (4.1)
H (K N By (2)) > H'(K 1 Byys(@) > wn (£)
so that (4.2) holds. If dist(z, 0W) < r/5, then, thanks to the obvious inclusion B, /5(x) C
Us,(0W) we can apply Lemma 4.2 with p = r/5, and (4.7) yields Br/5(a;) C B, (z). Hence,
by exploiting o(x) > 1 and (4.4) we get
T

cnr" < o(r)wy (3)n

< (VB (@) + IVI(Bys())) PO
<2|V[[(By(x)) MO0 <8 U (K N B, (),
up to further decreasing rg. U

Corollary 4.3. Let (K, E) be a generalized minimizer of (), and let f: R"t1 — R+l
be Lipschitz. Then

L Un(f el () 0 B
n—07+ 2n
whenever E is a Borel set with H"(f(cl (K)) N0E) =

= H"(f(cl(K)) N B) (4.10)

Proof. Immediate from Theorem 3.4, Proposition 3.7 and Theorem 4.1. (]

5. MINIMALITY WITH RESPECT TO LIPSCHITZ DEFORMATIONS

In this section we complete the first step of our strategy, by proving the Almgren
minimality of the exterior collapsed set.

Theorem 5.1. If (K, E) is a generalized minimizer of ¥(g), B,(x) CC Q\ 1(E), and
f R R s o Lipschitz map with {f #id} C B,(x) and f(B,(z)) C B,(z), then
H"(K N By (x)) < H"(f(K)N B (x)).

As explained in the introduction, an important tool in the proof is the construction of
one-sided neighborhoods of K. This point is discussed in the following lemma, which is,
in fact, an extension of [KMS20, Lemma 3.2] (which corresponds to the case U = ().

Lemma 5.2. Let K C Q be a relatively compact and H™-rectifiable set, let E C Q be an
open set with QNcl(0*E) = QNOE C K, and let U CC Q\ cl(E) be an open set. Suppose
that ¥ C K is a closed subset with empty interior relatively to K such that K\ X is a
smooth hypersurface in 0 such that there exists v € C° (K \ %;S") with v(z)*+ = T,(K\ %)
at every x € K \ 3. Set

M=K\ (XUdFEuUcl(U)),
and decompose M = My U My by letting
My=(K\X)\ (c(E)Uc(U)), M =(K\YL)NE.
Let ||Apf||(x) be the mazimal principal curvature (in absolute value) of M at x. For given
n,0 € (0,1), define a positive function u: M — (0,n] by setting
u(:p):min{n,diSt(x’EuaEUCl(U)UW), o }
2 [ Anl|()

(5.1)
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FIGURE 5.1. The construction in Lemma 5.2 gives a one-sided neighborhood of
K away from cl(E) U cl(U) U W, thus defining an open set Fs, which contains
K\ cl(U) in its boundary, and which collapses onto K \ cl(U) as n — 0.

and let
Ay = {z+tu(z)v(z): v € My,0<t <1},
A = {x+tulz)v(x): zeM,0<t <1},
Fs,, = AgU(E\cl(A4y)).

Then, Fs, C Q\ cl(U) is open, OFs, is H"-rectifiable, and

K\c(U) Cc QNoFs,\cl(U), (5.2)
0Fs,NnoU C KnNoU. (5.3)
Moreover,
lim |F5,AE|=0 for every ¢, (5.4)
n—0t
and

limsup H" (2N OFs, \ cl(U))
n—0+

(5.5)
< (1+0)" (’H”(Q NO*E) + 2H"(K \ (cl (U) U a*E))) .

Without losing sight of the general picture, we first prove Theorem 5.1, and then take
care of proving Lemma 5.2.

Proof of Theorem 5.1. Let us recall from [KMS20, Lemma 3.1], that if M is a smooth
hypersurface in R™*!, then there exists a closed set J C M with empty interior in M such
that a smooth unit normal vector field to M can be defined on M \ J. Combining this fact
with Theorem 1.4-(ii), we find that if (K, E) is a generalized minimizer of ¢(¢), then there
exists a subset® ¥ C K, closed and with empty interior relatively to K, such that K \ X is
a smooth orientable hypersurface in R"*!. We shall denote v a smooth unit normal vector
field on K\ X.

Let us fix p > 7 such that B,(z) cC Q\ cl (£) and
H"(K NOB,(x)) =0. (5.6)
Since f(K)NO0B,(x) = K N0B,(x), we can apply Corollary 4.3 to find

o ) 0 By(a)
t—0+ 2t

= H(f(K) N By(w)).

3This set ¥ could be much larger than the singular set of K, but is denoted with same letter used for
the singular set of K since the notation should be clear from the context.
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By applying the coarea formula to the distance function from f(K), see e.g. [Magl2,
Theorem 18.1, Remark 18.2], we find that v(t) = |U(f(K)) N B,(x)| satisfies

¢
olt) = [ WO () N By (@) .
and is thus absolutely continuous, with
v'(n) =H" (8(Un(f(K))) N Bp(m)) , for a.e. 7> 0;
moreover, again for a.e. n > 0,

Up(f(K)) is a set of finite perimeter

5.7
whose reduced boundary is H"-equivalent to 9[U,(f(K))]. (5:7)

Therefore, for every t > 0 there are points of differentiability n;(¢),n2(¢) € (0,t) of v such
that (5.7) holds at n = n1(t),n2(t), and

v(t)
i) < 52 <)),
Picking any sequence t; — 0", and correspondingly setting n; = n1(¢;), we thus find

lim inf 1" (9(Uy, (£(K)) 1 By(x)) < i (U (FD)) 0 By ()]

Jj—00 j—o0 tj

= 2H"(J(K) N By(x)). (5.8)

We also notice that since {cl (U, (f(K)))}; is a decreasing sequence of sets with monotone
limit cl (f(K)), we have

lim H" <8Bp(x) Al (U ( f(K)))) =" (aBp(x) nel( f(K))) — H"(OB,(z) N K) =0,

Jj—0o0
(5.9)
again thanks to (5.6). We now pick 0 € (0,1), and define {G;}; by letting

Gj = (Un, (f(K)) N By(x)) UF; C Q, (5.10)
with Fj = Fs, as in Lemma 5.2 with U = B,(z). Since
0G; < (9(Us, (FUK)) N By(w)) U (el (Uy, (F(K))) N OB,(x) ) UOF; (5.11)
by (5.7) we see that G is H"-rectifiable for every j. Next, we make the following claim
Q2N 0G; is C-spanning W for every j, (5.12)
which implies that G is a competitor for the problem v (|G}|). In this way, by
EAG, ¢ (BAF)UU,(f(K)),

and by (5.4) we find that |G;| — € as j — oo, and since 1(¢) is lower semicontinuous on
(0,00), see [KMS19, Theorem 1.9], we conclude that

H(QNOE) +2H (K\O'E) = 9(e) < lminf y(G;)
< liminf H"(209G;).
In turn, (5.11) implies that
H'(Q00G;) < H'(OUy, (f(K))) N By(w)) + H" (el (Uy, (F(K))) N 0B, (x))
+ H"(OF; N Q\ cl (B,(x))) + H"(OF; N 9B,(x)),

(5.13)
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and thus, thanks to (5.6), (5.8), (5.9), (5.3) and (5.5), we have that

H'(QNO'E)+2H" (K \ 0'E)

S2H"(f(K)NBy(x)) + (1 +9)" {’H"(Q NO*E) 4+ 2H"(K \ (cl(By(x)) U 8*E))} .
By using again (5.6) and letting § — 07 we deduce

H"(K N By(x)) < H"(f(K)N By(x)).
To complete the proof we are thus left to prove our claim (5.12).
Given v € C we want to show that
YNQNIG; # 0. (5.14)

If vN (K \ cl(By(z))) # 0, thenby(52)Wealsohave'yﬁ(Qﬁ8 \ cl(B,(z))) # 0,
and (5.14) holds. We can then suppose that v N (K \ cl(B,(x))) = 0, so that, since K is
C-spanning W, vy N K Nl (B,(x)) # 0.

If there is zg € YN K NOB,(x), then necessarily zg € 0G;. Indeed, G; NOB,(x) = () by
construction, so that zo ¢ Gj; on the other hand, since {f # id } CC B,(z), we have that
wo € f(K), and thus z¢ € cl (Uy, (f(K)) N By(x)) C cl(Gj).

Hence we can assume v N (K \ B,(z)) = 0, and thus the existence of zg € vy N K N
B,(x). By [KMS19, Lemma 2.2], there exists a connected component 7y of v N cl (B,(x))
which is diffeomorphic to an interval, whose end-points p, ¢ belong to different connected
components of 0B,(x) \ K, and such that vy \ {p,q} C B,(z). Arguing as in [DLGM17,
Proof of Theorem 4, Step 3|, we conclude that in fact p = f(p) and ¢ = f(q) belong
to the closures of distinct connected components of B,(x) \ f(K), and thus there exists
yo € (70 \{p,¢}) N f(K). Let u be the function u(y) = dist(y, f(K)NB,(x)), and consider
its restriction to the interval vo. If min{u(p),u(q)} < 7;, then either p or g belongs to
OB, (z)Nel (Uy, (f(K))NB,y(x)) C 0G;. Otherwise, both u(p) > n; and u(q) > n;, whereas
u(yo) = 0, and thus, by the intermediate value theorem, vo N B,(x) N (U, (f(K))) # 0.
Thus 79 N IG; # 0, and the proof is complete.

Proof of Lemma 5.2. Let us recall that we have set
M = K\ (XUoEUcd(U))= MyUM,
My = M\cl(E)=(K\Z)\ (d(E)uc(U)),
My, = MNE=(K\Y)NE,
and
Ao = g(Mo x (0,1)), Ay = g(My x (0,1)), F=Fs, =AU (E\cl(A)),
where g : M x R — R""! and u : M — (0,7] are defined by setting
) dist(z, X UOE Ucl (U) UW) )
min {1 2 Jrmie)

u(z) =
g(z,t) = z+tu(z)v(z).
We divide the argument in two steps.
Step one: In this step we prove (5.3) as well as
F is open with FF C Q\ cl(U), (5.15)
(K \ el (U)) U {:13 (@) v(): x e M} —QNF\ c(U). (5.16)

Notice that (5.16) immediately implies (5.2), while (5.4) follows from FAE C Ay U
cl (A1) C I,(K) and the fact that, as n — 0T, |I,(K)| — |K| = 0. Therefore in step two
we will only have to prove the validity of (5.5).
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Since My and M; are relatively open in M and w is positive on M, it is easily seen
that Ap and A; are open, and thus that F' is open. Since M C Q\ cl(U) and u(z) <
dist(z, WUcl (U)) for every z € M, we deduce that Ay = g(My x (0,1)) € 2\ cl(U); since
trivially £ C Q\ ¢l (U), we have proved (5.15).

As a preliminary step towards proving (5.16), we show that, for k = 0,1, we have
MyU{z+u(z)v(z):ze My} C QNoA, ¢ KU{z+u(x)v(z):xe My}. (5.17)

The first inclusion in (5.17) is due to the fact that if y = z+sv(x) for some x € M and |s| <
1/||Aa|(z), then z and s are uniquely determined in M and [—1/||Aas[(2), 1/[| A ||(2)].
The second inclusion in (5.17) follows because if y € QN 0Ag, then y is the limit of a
sequence x; + tju(x;) v(zr;) with ¢; € (0,1), z; € My, t; — to € [0,1] and z; — z¢ €
cl(My). If zg € cl (M) \ M, C SUOE Ucl(U)UW, then u(xzj) — 0 and therefore
y=wxo € K. If g € My, then clearly ¢ty € {0,1}: when ¢ty = 0, then y = 29 € K; when,
instead, tg = 1, then y = xg + u(xo) v(zg) for g € M}, as claimed.

We prove the inclusion D in (5.16) by showing that actually
ONIF C Ku{x+u(az)1/(az):x€M}. (5.18)

Since the boundary of the union and of the intersection of two sets is contained in the
union of the boundaries, and since the boundary of a set coincides with the boundary of
its complement, the inclusion d(cl (A;)) C 0A; gives

QNOF C Qﬁ(8A0U8[E\c1(A1)]) c Qﬁ(8A0U8EU8[R”+1\CI(A1)])
~ an (8A0U8EU8(CI(A1))> C QN (IEUOAGUIA,) . (5.19)

Hence, (5.18) follows from QN IE C K and (5.17).

We prove (5.3), i.e. 9FNOU C KNOU. Indeed, MNcl (U) = ) and u(x) < dist(z, cl (U))
for every x € M give

wNn{z+u@)v(z):zeM} =0,
so that (5.3) follows immediately from (5.18).

Finally, we complete the proof of (5.16) by showing the inclusion C. Since ¢l (U)NIE = ()
and M = K\ (XUJE Ucl(U)), this amounts to show that

Mu{x—i—u(m)y(m):xEM} C QNoF\c(U), (
Y\ (OEUc(U)) c QNoF\cl(U), (5.21
ONOE < QNaF\d(U). (

Proof of (5.20): Since My N (cl(E)Ucl(U)) =0, M; C E, and u(z) < dist(z,0EUcl (U)
for every x € M, we find

g(Mo x [0,1]) N (cl(E)Ucl(U)) =0, g(M; x [0,1]) C E. (5.23)

Let us notice that, if X, Y ¢ R*™!, V < R™! is open, and X NV = Y NV, then
VNOX = VNAY. We can apply this remark in the open sets V = E and V = R*""\cl (E),
together with AgNecl(E) =0 and A; C E (both consequences of (5.23)), the definition of
F=AqU(E\cl(Ay)), and cl (U)NE =0, to first deduce that

(OF)\ cl(E) = (040) \cl(E),  ENOF = ENJA,,
and then that
((8A0) \ (I (B)ud (U))) U (E N 8A1) cOF\ cl(U). (5.24)
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Since (5.17) and (5.23) give
g(My x {0,1}) C QN 9oAy\ (cl(E)ucl(U)), g(M; x{0,1}) Cc ENdA;, (5.25)
we deduce (5.20) from (5.24) and (5.25).

Proof of (5.21): since M; = (K \ ¥) N E and ¥ has empty interior in K, we find that
cl(My)NE = KnNE. At the same time, M C QNIF \ cl(U) gives My NE C ENJF and
thus cl (M) N E C ENOJF: hence,

YNE C KNE = cd(M)NE C QNoF\cl(U).

Setting for the sake of brevity T'=Q \ (cl (E) Ucl(U)), so that T is open, we notice that
My = (K\2)NT implies SNT € QN el (M) T = K NT, while M € QN IF \ el (U)
and Mo =M NT give QNcl(My)NT C T NOF; hence

S\ (cl(E)ucl(U)) ¢ K\ (cI(E)ucl(U)) C QNIF\ (cl(E)ucl(U)).
By combining the last two displayed inclusions, we obtain (5.21).

Proof of (5.22): since F' and E coincide in the complement of cl (Ap) U cl (A4;), and since
OENcl(U) =0, we have

QNIE\ (cl(Ag) Ucl(4r)) = QNIF\ (cl(Ag)Ucl(A)Ucl(U)) € QNIF\cl(U).

Now let y € QN OE Ncl(Ay): since Ay = g(M; x (0,1)) and y &€ g(M; x [0,1]) by
(5.23), we find that y is in the closure of My, and thus of M, relatively to K: thus
y e Qnecl(M)\cl(U); at the same time, by (5.20), we have M C QNIF \ ¢l (U) and thus
Qncl(M)\c(U) Cc QNOF \ cl(U); combining the two facts,

QNIENcl(4)) CcQNIF\cl(U).
We argue similarly to show that QNOENcl(Ag) C QNIF \ cl(U) and thus prove (5.22).
Step two. We prove (5.5). First, we notice that thanks to (5.16)

HY(QNOF\ cl (U)) < HMEK \ el (U)) + H”({x @) v(z)x e M}) . (5.26)
Since dist(z, X UOE Ucl(U) UW) > 0 and ||Ap|[(x) < oo for every x € M, we find that
M, ={zeM: ux)=n}= {x e M: |Ayl|(z) < % dist(z, SUIEUCL (U)UW) > 277}

is monotonically increasing towards M as n — 0. Moreover, z — = + u(z)v(z) =
x +nv(x) is smooth on M,, and if ; are the principal curvatures of M with respect to v,

Hn({x+u(m)1/(x) tx € Mn}) = /M H(l—i—nm) < (T+0)"H" (M) < (146" H"(M).
ni=1

(5.27)
Letting n — 0%, g(M, x {1}) = {x + uw(z)v(z) : x € M,} is increasingly converging to
g(M x{1}) ={x +u(z)v(z) : x € M}, so that (5.27) yields

H'{x+u(z)v(z): xe M}) < (1+0)"H" (M), (5.28)
and therefore from (5.26) we deduce
limsupH"(QNOF \ cl(U)) <H" (K \cl(U))+(14+0)"H"(M). (5.29)

n—07+

Finally, (5.5) follows from (5.29) once we observe that M = K \ (X UOJE Ucl(U)) C
K\ (0*E Ucl(U)), so that

HUE N\ L(U) +HY M) = HYQNIE) +H (K \ (0"E Ucl(U))) +H"(M)
< HMQNOE) £ 2H (K \ (0°E Ucl (U))),

as required. O
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FIGURE 6.1. The construction in step one of the proof of Theorem 6.1.

6. WETTING COMPETITORS AND EXCLUSION OF POINTS OF TYPE Y

By Theorem 5.1, K is an Almgren minimal set in Q\ ¢l (E). As we shall see in the next
section, this property is compatible with K containing (n — 1)-dimensional submanifolds
of Y-points, that is, points such that K is locally diffeomorphic to a cone of type Y in
R™ 1. The goal of this section is to show that, for reasons related to the specific properties
of the variational problem (¢), such points cannot exist. As explained in detail in the
next section, this bit of information will prove crucial in closing the proof of Theorem 1.5.

Theorem 6.1. If (K, E) is a generalized minimizer of 1(g), then there cannot be zy €
K\ cl(E) such that there exist a € (0,1), a CH®-diffeomorphism ® : R**1 — R+ with
®(0) = zg, and 19 > 0 such that, setting A = ®(B,,),

<1>((Y1 xR”—l)mBm) —ANK, (6.1)
and, in addition,
V(I)(O) =1d, ||V(I)_Id||CO(BT) < C’I"a, Vr <rg. (6.2)

Proof. The proof is achieved by showing that, up to decrease the value of r(, there exist a
constant cy = cy(n) > 0 and a set G C 2 with

Geé&, |Gl=¢e, QNOIG is C-spanning W, (6.3)

such that

H'(QNOG) < F(K,E)—cyry . (6.4)
The set G, defined in (6.36) below, is constructed in three stages, that we introduce as
follows. We pick x* € QN 0*FE, so that, by Theorem 1.4, we can find an open cylinder
Q* of height and radius r* > 0, centered at z*, and with axis along vg(z*), such that
E N Q* is the subgraph of a smooth function u defined over the cross section D* of Q*,
and such that the graph of w has mean curvature X in the orientation induced by vg(z*)
(here X is the Lagrange multiplier of (K, E)). Up to decrease ry and r,, we can make sure
that A = ®(B,,) and Q* lie at positive distance, so that modification of (K, E') compactly
supported in these two regions will not interact. We then argue in three stages: in the first
stage (first three steps of the proof), we modify (K, F) by replacing the collapsed surface
K N A with an open set of the form ®(A,), where A, C B,, is constructed so to achieve
an O(rf)-gain in area, at the cost of an O(rjt!)-increase in volume — this is possible, of
course, only because we are assuming that o is a Y-point; in the second stage (step four
of the proof), we construct a one-parameter family of modifications {F;}4e(o,4,) of E, all
supported in Q*, with |E;| = |E| — t, and such that the area increase from OF to 0E; is
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of order O(t); in the final stage, we apply Lemma 5.2 to the element of I constructed in
stage one, and then use the volume-fixing variation of stage two to create the competitor
G which will eventually give the desired contradiction.

Step one: There exist positive constants vy and ¢y, such that for every > 0, there is an
open subset Ys" C Bs C R? such that

Y'NnBs Yy, (V) NdBs =Y'NoB;, (6.5)
V5| = vo 02, HYUOY) = 2HY (Y N Bs) — ¢o 6. (6.6)

This results from an explicit construction, see Figure 6.1. By scale invariance of the
statement, we can assume that § = 1. Let {4;}3_, = Y N OBy, and let {P o, P35, P13}
be defined as follows: for 4,5 € {1,2,3}, i < j, P, ; is the intersection of the straight lines
¢; and ¢; tangent to dB; and passing through A; and Aj;, respectively. We also let §; ;
be the closed disc sector centered at F; ; and corresponding to the arc A;A;. Finally, we
define

Y =Y =B\ S5, (6.7)
1<J

It is easily shown that (6.5) holds with

0022(2\/5—77), co=6-7mV3. (6.8)

Step two: We adapt to higher dimensions the construction of step one, see the set A,
defined in (6.12) below. We assign coordinates = = (z,y) € R? x R*~! to points # € R"*1,
so that (0,%) is the component of the vector  along the spine of the cone Y! x R"~!
R2xR"! and |z| is the distance of 2 from the spine. We observe that, if p: R"*! — R*~1
denotes the orthogonal projection operator onto the spine, then the slice of B, with respect
to p at y € R"~! is given by

0,y) + B? if |y| < ro
B,, N p_l(y) = {( ) Vrg—lyl? v (6.9)

0 otherwise,

where Bg is the disc of radius p in R? x {0}. Analogously, the slice of (Y! x R"~1)n B,,
with respect to p at y is

0,9) +Y!'n B2 if |y| < n
( y) \/W |y| 0 (6.10)

(Y'xR*"YNnB,Nnp 'y = ,
0 otherwise .

For 7 € (0,1/2) to be chosen later, we pick g € C2°([0,00)) such that

g=7 in [0,7], g=0 in [1,00),
0<g(t)<vV1—t%inl0,1), ¢ <0and |¢g'| <27 everywhere,

and set g,,(s) = 19 9(s/ro), see Figure 6.2. Next, let U,, define the open tubular neigh-
borhood

Ury = {x = (2,9) € R"™ . |y| < rp and |2| < gr0(|y|)}7 (6.11)

and notice that U,, C By, by (6.9) and the properties of g. Finally, we define the set

Ay = {x = (z,y) ER": Jy| <rpand z € Y;O(\yl)}' (6.12)
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TTO .

TTo To

FIGURE 6.2. The dampening function g,,. The set U,, is obtained by rotating
the graph of g,, around the spine of Y1 x R"~1.

We claim that A, is an open subset of Uy, (thus of B,,), with H"-rectifiable boundary,
and such that

(Y' xR NHNnU, c A, (6.13)
1A, < C(n)uvg 7“8“, (6.14)
H'(OA,,) < 2H" ((Yl x R 1) N UTO) —C(n)corh. (6.15)

Only (6.14) and (6.15) require a detailed proof. To compute the volume of A,,, we apply
Fubini’s theorem, step one, and the definition of g,,, to get

Bl = [ gl = [ ooy =wrg [ gl an.
By B BY

70
Similarly, we use the coarea formula (see e.g. [AFP00, Theorem 2.93 and Remark 2.94))
to write

HM(0A,,) —2H"((Y! x R 1) NnU,,)

M (2) e
= dy/ -2 H(Y NB dy
/B,@O—l v oy Coa (VP 0p(z) g ( e (1)

(6.16)

where VP20 p is the tangential gradient of p along dA,,, and where C,,_1(L) is the (n—1)-
dimensional coarea factor of a linear map L: R® — R"~!. Standard calculations show that,
for every y € B}%‘l,

_n-1
Cn—l(vaATOp(z)) = (1 + |97/ﬂo(|y|)|2) : for #'-a.e. 2 € 8}/;0(@0 )
so that (6.16) allows to estimate
H"(0A,,) — 2H"((Y'xR"Y)nU,)

A= | * 1 1 2
S /%llol ((1 +4:T ) 2 H (8};T0(‘y|)) _27‘[ (Y ﬁBgro(‘yD)) dy

= (+ar = w @y - 21 (Y BY) 7 /Bn_lg(|w|)dw,
1

and thus by (6.6) and provided 7 is sufficiently small depending on n, ¢y and H (YN B?),
H'(O8) =2 (Y X R) N0 < =D [ olfudu,
Bl

which gives (6.15).
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FIGURE 6.3. The volume-fixing variations constructed in step four. The surface
St has been depicted with a bold line.

Step three: By step two and the properties of ®, we have that ®(A,,) is an open subset of
o(U,,) C ®(B,,) = A with H"-rectifiable boundary 0®(A,,) = ®(0A,,), and such that

KNoU,,) = <I>((Y1 « RN Uro) CB(A,) (6.17)

thanks to (6.13). Moreover, up to possibly taking a smaller value for rg, (6.14) and
(6.15), together with the area formula and (6.2), guarantee the existence of constants
vy =vy(n) >0 and cy = cy(n) > 0 such that

[©(Ary)
U,

| vy r8+1, (6.18)
H"(0(®(Ar))) = 2H" (K N ®(Ur,))

<
< =3eyry - (6.19)
Step four: We recall the following construction from [KMS20, Proof of Theorem 2.8]; see
Figure 6.3. Fix a point 2* € QN J*E, and let v* = vg(z*). Theorem 1.4 guarantees then
the existence of a radius r* > 0 such that, denoting by @* the cylinder of center z*, axis
v*, height and radius r*, and by D* its n-dimensional cross-section passing through x*,
we have cl (Q*) Ncl (®(By,)) = 0 and

Enc(Q*) = {z—l—hu* czec(DY), —r"<h< v(z)} , (6.20)
KNecl(Q") =9ENc(QY) = {z+v(z) v zed (D*)}, (6.21)

for a smooth function v: cl(D*) — R solving, for A < 0 (the non-positivity of A is not
important here, but it holds thanks to the main result in [KMS20]),

—div <L> =\ on D*, max |v| < L (6.22)
V14 |Vo|? cl(D~) 2
We choose a smooth function w: ¢l (D*) — R with
w=0 on dD*, w>0 on D*, / w=1, (6.23)
and then define, for ¢t > 0, an open set V; by setting
Vt:{z+h1/*: zED*,v(z)—tw(z)<h<v(z)}. (6.24)

For t small enough (depending only on r* and on the choice of w) we have that V; C ENQ*,
with

oViNoR* =KnNo*={z+v(z)v": z€dD*} . (6.25)
Furthermore, if we let Sy denote the closed set
S, = {z +(0(2) — tw(2)) v z € cl(D*)} , (6.26)

it is easily seen that for t < tg
Vil =t,  H™(S;) =H"(S;Ncl(Q*)) =H"(OENC(Q*)) — At+O(t?),  (6.27)
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where we have used fD* w=1,w =0 on dD* and (6.22). In particular, setting

B, =E\d(V), (6.28)
we have (see [KMS20, Equation (3.37)])
|Et| = |E| —t, 8Etﬁcl (Q*) :St, (629)

so that (6.27) reads
HM(OE, N el (Q%)) = H(OE Nl (Q*)) + |\t + O(t?). (6.30)

Finally, if needed, we further reduce the value of ry (this time also depending on |\A|) in
order to entail

H"(OF; Ncl (Q) <H"(OE N (Q*)) +eyry  Vi<22vyrgtt. (6.31)

Step five: Without loss of generality, we can assume that r* < dist(z*, cl (K) \ 0*F)/2. In
this way, provided 7 is small enough in terms of r*, we can enforce that

I)(cl (K)\ 0*E) and cl (Q*) lie at positive distance. (6.32)

We thus apply the construction of Lemma 5.2 to (K, E') with the open set U = ®(U,,),
and correspondingly define the function v and the sets My, M1, M, Ay, A1. After choosing
¢ and 7 sufficiently small in terms of rg, we can achieve

(@A) Ul (A) Nl (@) =0, [dg| + [Ay| < X0 (6:33)
H'{z+u(x)v(z): xe M}) <H"(M)+cyry. (6.34)
Since cl (Ag)Ucl (A1) C I,,(K \ OF), the first condition in (6.33) is immediate from (6.32),

while the second condition follows from |I,,(K)| — |cl (K)| =0 as n — 07. Finally, (6.34)
is satisfied for § sufficiently small (in terms of 79, n and H"(K)) thanks to (5.28).

Step siz: We apply step four with
t=|®(Ar)| + |Ag| — 41| € (0,20y 7] . (6.35)

In particular, (6.31) holds for the corresponding set F;, and we can finally define the
competitor

G=®(A,)UF, where FF'= Ay U (Ey \ cl(Ay)). (6.36)

We verify now that G satisfies the properties (6.3) and (6.4). First, we observe that
o(A,,) C ©(U,,), whereas, by Lemma 5.2 and given that E; C E, one has F' C '\
cl(®(U,,)), so that ®(A,,) and F are two disjoint open subsets of Q. In particular,
G C Q is open and, as a consequence of (6.29) and (6.35),

Gl = [2(Ar)[ + [F| = [®(Ary)| + [Ao| + [Et| — |cl (A1)]
= |2(Ary)[ + [Ao| = |cl (A1) + |E| — ¢ (6.37)
= |E.

Since 0G C J[®(A,,)] U OF, recalling the last inclusion in (5.19) (which in the present
case holds with E; in place of E) and noticing that cl (®(4,,)) C Q, we obtain

QNG C 9B(A,,) U {Q N <8A0 UOA; U aEt)} : (6.38)

and, in particular, 0G is H"-rectifiable. Moreover, for k = 0,1, by (5.17) and by I,,(K \
OE)Ncl(Q*) =0, we get

ONdA, C K\ (®(Uy,) UQ*) U {x ) v(z): z e Mk}
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while

QNOE, C [Q2NOENc(QY)]U[QNIE)\ cl(Q)]
- St [K\( ( ro)UQ)]

so that the C-inclusion in the following identity
QNG = JB(A,) U (K \ (B(Uy) U Q")) U S, U {x+u(az)y(az) ze M} (6.39)

follows from (6.38). To complete the proof of (6.39) we will show that

0®(A,) C QNOG, (6.40)

Kno@U,)) c QNoG, (6.41)
MU{z+u@)v(x): ze M} C QNOG, (6.42)
Y\ (OEUCc(®(U,,))) C QNIG, (6.43)
(QNIE)\cl(Q") C QNIG, (6.44)

Sy C QNoG. (6.45)

Proof of (6.40): it readily follows from the fact that cl (®(A,,)) € Q2N cl(G) together
with FNcl(®(A,,)) =0. Proof of (6.41): since K NA(®(U,,)) C 2\ G, we only have to
prove that K N 9(®(U,,)) C cl(G). Since K Ncl(®(U,,)) = (Y x R* )Nl (®(U,,)),
any ¥ € K N9(®(U,,)) is a limit of points ®(z;,) with 2z, € (Y! x R*1)NU,, C A,
by (6.13). In particular, x is a limit of points in ®(A,,) C G. Proof of (6.42), (6.43),
and (6.44): since E; \ cl(Q*) = E \ cl(Q*), the sets appearing on the left-hand sides of
(6.42), (6.43), and (6.44) are all subsets of QN IF \ cl (®(U,,)) as a consequence of (5.20),
(5.21), and (5.22), respectively. Proof of (6.45): By construction G N Q* = E; N Q* so
that Q* N 0G = Q* N OEy; since S; C cl(Q*) N OE; we conclude the proof of (6.45), and
thus of (6.39).

Conclusion: We first prove (6.4). Without loss of generality assume that r* is such that
H"(O*FE UoQ*) = 0. By (6.39), (6.19), (6.31), (6.34), and the fact that M C K \ (OE U
cl (®(U,,))), we find

H'(QANOG) < H"(0P(A,,))

FH"((QNIE)\ Q") + H"((K\ 0"E) \ ©(Up,))

+H"(Sy) + H'({z +u(z)v(z) : x € M})
2HY"(KN®U,,)) —3cyry

FH"((QNIE)\ Q") + H"((K\ 0"E) \ ©(Up,))

+H"(O*ENc(QY)) +eyry +H' (M) +ceyrg

< 2HMK\O'E)+H'"(QNO'E) —cy g,

IN

that is (6.4). To complete the argument we finally prove that Q N 9G is C-spanning W.
To this aim, pick v € C. If yN K \ (®(Uy,) UQ*) # 0, then also v N IG # 0 by (6.39). If
YN K NQ* # (), then also yNIE N Q* # (), and thus also v N S; # () as a consequence of
[KMS19, Lemma 2.3] since S; is a diffeomorphic image of 0E Ncl (Q*): hence, yNIG # 0,
again by (6.39). We can therefore assume that v N K \ ®(U,,) = 0, and thus, since K
is C-spanning W, that there exists x € yN K N ®(U,,) C vN ®(A,,), where in the last
inclusion we have exploited (6.17). Since ®(A,,) is contractible and, as consequence of
¢ < oo, v is homotopically non-trivial in €2, v must necessarily intersect R"*1\ ®(A,,),
and thus, by continuity, v N 0®(A,,) # 0. Since 0P(A,,) C 2N IG, we have completed
the proof. O
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7. REGULARITY THEORY AND CONCLUSION OF THE PROOF OF THEOREM 1.5

7.1. Blow-ups of stationary varifolds. We say that 1} is an integral n-cone in R"*!
if Vo = var (C,fp) for a closed locally H"-rectifiable cone C in R"™! (so that Az € C
for every x € C and A > 0), and a zero-homogenous multiplicity function 6y (so that
Oo(Az) = bp(z) for every z € C and A > 0). The importance of integral cones lies in
the fact that if V' is a stationary integral n-varifold in some open set U, zg € sptV and
r; — 07 as j — oo, then, up to extracting a subsequence of r;, there exists an integral
n-cone Vj such that

(Lro,r]-)ﬁv — Vo,
in the varifold convergence (duality with CO(U x G*1)), where ¢, ,(y) = (y — x)/r for
z,y € R" 1 and r > 0; moreover, V} is stationary in R?*!, and the collection of such limit
stationary integral n-cones for V' at zq is denoted by

Tan(V, zg) .
We recall that if Vjy = var (C, 6y) € Tan(V,xg), then
Ov(z0) = Oy, (0) > Oy (y),  VyeC.

Correspondingly, the spine of the integral n-cone Vy = var (C, 6) is defined as
$) = {y e R 0y, (y) = O, (0) }

as it turns out, S(Vp) is a linear space in R"™! and it can actually be characterized
as the largest linear space L of R™™! such that Vj is invariant by translations in L, i.e.
(10)sVo = Vo for every v € L, where 7,(y) = y + v for all y € R*""1. It is easily seen
that if dim S(Vg) = k € {0, ...,n} and, without loss of generality, S(Vp) = {0} *F+1 x R¥,
then there exist a closed (n — k)-cone Cg in R"“**! and a zero-homogeneous multiplicity
function ¢y on Cy such that

C =Cj x R¥, Oo(z,y) = ¢o(2) for H* *-a.e. z € Cy, for every y € R¥
and such that Wy = var (Cy, ¢p) is a stationary integral (n — k)-cone in R*~**+1 with
Ow,(0) = O1,(0),  S(Wy) ={0}.

The concept of spine leads to defining the notion of k-dimensional stratum of a
stationary integral n-varifold V' as

SkV) = {x csptV:dimS(Vo) <k, Ve Tan(V,x)} ,

where the classical dimension reduction argument of Federer, see [Sim83, Appendix A],
shows that
dimy(S*(V) <k Vk=0,...n. (7.1)

Moreover, we have the following key result by Naber and Valtorta.

Theorem 7.1 ([NV15, Theorem 1.5]). If V' is an integral stationary n-varifold in an open
set U of R"1, then S¥(V) is countably k-rectifiable in U for every k =0, ...,n.

7.2. Regularity of Almgren minimal sets and proof of Theorem 1.5. We recall
that M is an Almgren minimal set in an open set U C R"*! if M C U is closed relatively
to U and

HA(M 0 By(x)) < H'(f(M) (1 By () (7.2)
whenever f is a Lipschitz map with {f # id} cC B,(z) cC U and f(B,(z)) C B(z).
An immediate consequence of (7.2) is that the multiplicity-one n-varifold V' = var (M, 1)
associated to M is stationary in U. The Almgren minimality of M implies that the set of
tangent varifolds to V' is simpler than it could be in general: indeed, varifold tangent cones

28



to Almgren minimal sets have multiplicity one, and their supports are Almgren minimal
cones:

Theorem 7.2 ([Tay76, Corollary 11.2]). If M is an Almgren minimal set in U C R*TL
xg € M, and Vy = var (C,0y) € Tan(var (M,1),xy), then 8y = 1 on C, and C is an
Almgren minimal cone in R™H1,

In particular, setting
Tan(M, zg) = {C C R": V) = var (C, 1) € Tan(var (M, 1),m0)} ,
and, correspondingly, S(C) = S(V}) for every C € Tan(M, x),
we have that
S*(M) = {aco € M :dimS(C) <k, VC & Tan(M, :1:0)}
is countably k-rectifiable in R"*! thanks to Theorem 7.1.

Remark 7.3 (Smoothness criterion). If Tan(M,zg) contains an n-dimensional plane,
then M is a classical minimal surface in a neighborhood of M as a consequence of Allard’s
regularity theorem [All72] and of the fact that V' = var (M, 1) is an integral stationary n-
varifold. As a consequence, the singular set > of M in U, defined as the maximal closed
subset of M such that M \ ¥ is a smooth minimal surface in U, can be characterized as
the set of those zy € M such that Tan(M, xg) contains no plane.

The next important fact is that one can completely characterize Almgren minimal cones
in R? and R3:

Theorem 7.4. [Tay76, Proposition 11.3] If C is an Almgren minimal cone in R?, then,
up to rotations, either C = {0} x R or C =Y. If C in an Almgren minimal cone in R?,
then, up to rotations, either C = {0} x R?, or C=Y! x R, or C = T?.

Corollary 7.5. If M is an Almgren minimal set in U C R and C € Tan(M, zo)
for some xg € M, then, up to rotations, either C = {0} x R", or C = Y! x R*~! or
C=T2?xR"2 ordimS(C) <n — 3.

Proof. One needs to notice that if C = Cg x R¥ is an Almgren minimal cone in R*!, then
Cy is an Almgren minimal cone in R"*+1 and combine this fact with Theorem 7.2 and
Theorem 7.4. U

If M is an Almgren minimal set in U, C is an Almgren minimal cone in R"*! o € (0,1)
and xg € M, then we say that M admits ambient parametrization of class C1'® over
C at zg, if there exist » > 0, an open neighborhood A of z, and a C'®-diffeomorphism
@ : R*T! — R"F! such that, ®(0) = x¢, V®(0) = Id and

®(B,NC)=MNA. (7.3)
The main result contained in [Tay76] can be formulated as follows:

Theorem 7.6 ([Tay76]). If M is an Almgren minimal set in U C R3 and xg € M, then
either M is a classical minimal surface in a neighborhood of xg, or M admits an ambient
parametrization of class C® over C at xg, where, modulo isometries, C € {Y! x R, T2}.

Remark 7.7. The analysis of Almgren minimal sets in R? is noticeably simpler, and
it yields the stronger conclusions that M is locally isometric either to a line or to Y
a detailed proof can be easily obtained, for example, by minor adaptations of [Magl2,
Section 30.3].

We are finally in the position to prove Theorem 1.5.
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Proof of Theorem 1.5. Let (K, E) be a generalized minimizer of 1(¢). By Theorem 5.1,
M = K \ cl(F) is an Almgren minimal set in U = Q \ cl (). By Corollary 7.5 we have
that M = R U 3, where R is a smooth, stable minimal hypersurface in U \ X, and
is a relatively closed subset of M such that if zg € ¥ and C € Tan(M, xg), then either
C =Y! x R*! (modulo isometries), or dim S(C) < n — 2.

If C=Y! x R""! € Tan(M, z¢), then
Vo = var (C, 1) € Tan(V, x0)

where V' = var (M, 1) is an integral stationary n-varifold in U. By Simon’s Y-regularity
theorem [Sim93], see e.g. [CES17, Theorem 4.6] for a handy statement, M can be locally
parameterized over Y! x R"~! near z(, in the sense that there exist » > 0, an open
neighborhood A of xgp, and a homeomorphism @ : (Y! x R""')N B, — M N A with
®(0) = x and mapping the spine of Y! x R"~! into XN A, such that, denoting by {H;}?_,
the three n-dimensional half-planes whose union gives Y x R®~!, the restriction of ® to
H;N B, is a Ch“-diffeomorphism between hypersurfaces with boundary. An application of
Whitney’s extension theorem (which is usually mentioned without details in the literature,
see e.g. the comments in [Tay76, Pag. 528] and [Sim93, Pag. 650]; we notice that a
simplification of the proof of [CLM16, Theorem 3.1] gives the desired result) allows one
to extend ® into an ambient parametrization of M over Y x R”~! in a neighborhood
of xg. However, Theorem 6.1, excludes the existence of such ambient parametrization.
Therefore we conclude that Y! x R"~! cannot belong modulo isometries to Tan(M, zq)
for any x9p € ¥. As a consequence, dim S(C) < n — 2 for every C € Tan(M, zy), and
thus ¥ = S"~2(M). By Federer’s dimensional reduction argument (7.1), we conclude in
particular that

HH(R) = 0.

In summary, V = var (M, 1) is a stationary integral n-varifold in U, whose regular part is
stable thanks to (1.11), and whose singular part is H"~!-negligible. The regularity theory
of Schoen, Simon and Wickramasekera [SS81, Wicl4] allows us to conclude then that ¥ is
empty if 1 < n < 6, is locally finite in U if n = 7, and coincides with S*~7(V) if n > 8.
In particular, if n > 8 then ¥ is countably (n — 7)-rectifiable in U by Theorem 7.1. This
completes the proof of the theorem. O

We close with a few technical comments on how the regularity theory for varifolds and
Almgren minimal sets has been applied in the above argument.

Remark 7.8. In the physical cases n = 1 and n = 2, which are clearly the most important
ones for the soap film capillarity model, one does not need to use the full power of the
regularity theory contained in [Sim93, SS81, Wicl4]. Indeed, once M = K \ cl(F) has
been shown to be an Almgren minimal set in 2\ cl (E), Taylor’s theorem (i.e., Theorem
7.6 above) shows that if ¥ is non-empty, then M admits an ambient parametrization over
Y! x R* ! at some of its singular points, thus triggering a contradiction with Theorem
6.1.

Remark 7.9. The following argument allows to use [SS81] in place of [Wicl4] (notice that
[Wicl4] relies on [SS81]). Going back to the application of Corollary 7.5 to M = K\ cl (E),
and after having excluded the existence of Y points thanks to [Sim93] and Theorem 6.1,
we are in the position to say that if C € Tan(M, ), then either C = T2 x R"~2? modulo
isometries or dim S(C) < n — 3. In the former case, a direct parametrization argument
away from the spine of C (in the spirit of [CES17, Lemma 4.8]) implies the existence of Y-
points near zp, and a contradiction with Theorem 6.1. We thus conclude that dim S(C) <
n — 3 for every C € Tan(M,zq), zg € ¥, and thus that H"2(X) = 0. By [SS81], an
integral stationary n-varifold V' in R"*! whose regular part is stable and whose singular
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set is H" 2-negligible is such that the singular set is empty if 1 < n < 6, and coincides
with S"~7(V) if n > 7 (and thus it is countably (n — 7)-recitifiable by Naber-Valtorta).

8. LOCAL FINITENESS OF THE HAUSDORFF MEASURE OF THE SINGULAR SET

In this section we sketch the arguments needed to improve the countable (n — 7)-
rectifiability of X, proved in Theorem 1.5, into local finiteness of the (n — 7)-dimensional
Minkowski content, and thus, in particular, into local H" "-rectifiability; see Remark 1.6.
Towards this goal, we will need to introduce the following notion of quantitative strat-
ification of the singular set of a stationary integral varifold.

Let distyar be a distance function of the space of n-dimensional varifolds in B; € R™*!
which induces the varifold convergence. Let V be a stationary integral n-varifold in a ball
B,(r) C R"™ with o € spt(V). For any 6§ > 0, we say that V is (k, §)-almost symmetric
in B,.(z) if there exists a k-symmetric integral n-cone V; (i.e. dim S(Vy) > k) such that

diStvar ((LLT)ﬁVLBl, ‘/OLBl) <.
For k € {0,...,n} and § > 0, we define the (k, §)-quantitative stratum S¥(V) by

SkV) = {a: espt(V): Vis not (k+1,d)-almost symmetric in B, (x)
for all » > 0 such that V is stationary in BT(:E)} .

We can now recall the following theorem from [NV15]:

Theorem 8.1 (See [NV15, Theorem 1.4]). Let §, A > 0. There exists Cs = C(n,\,0) >0
such that if V is an integral stationary n-varifold in By C R with ||V ||(B2) < A then

L(S¥V) N B,| < Csrti=k forall0 <r<1. (8.1)
In particular, H*(SE(V) N By) < Cs. Furthermore, S¥(V') is countably k-rectifiable.

Remark 8.2. The countable k-rectifiability of S¥(V') claimed in Theorem 7.1 is in fact
a corollary of the countable k-rectifiability of the quantitative strata S(’;“(V) together with
the fact that
Sty =Jssv). (8.2)
6>0

We are now in the position to show that, under the assumptions of Theorem 1.5, if
n > 7, then X has locally finite (n—7)-dimensional Minkowski content, and thus it is locally
H"~"-finite. Since we can cover any open set compactly contained in €\ ¢l (E) by a finite
number of balls Bs,. (z;) such that B, (x;) are pairwise disjoint and By, (z;) C 2\ cl (E),
we can directly focus on obtaining an upper bound on the (n — 7)-dimensional Minkowski
content of ¥ in B whenever B is an open ball with 3B C Q\ cl (F), where 3B denotes the
concentric ball to B with three times the radius. To this end we claim that

30 > 0 such that ¥ N2B C S}~ "(V)N2B.
Indeed, thanks to Theorem 8.1 this claim implies

I.(2)nN B‘ < Csr® for all 0 < r < radius(B),

and thus H"~"(XN B) < Cs for a constant Cs = C(n, H"(K N2B),J), from which the local
H"~"-finiteness of ¥ follows. To prove the claim we argue by contradiction and assume
the existence of a sequence §, — 01 and points z;, € ¥ N 2B such that z;, ¢ S(’{‘h_7(V).
Assuming that radius(B) = 1 for simplicity, so that V is stationary in Bj(xj) for every h,
the definition of quantitative strata then yields a sequence 7, of scales 0 < r;, < 1 such that
V' is (n — 6, 6p)-almost symmetric in B,, (z5): in other words, there are integral n-cones

31



Wi, with dim S(W},) > n — 6 such that, setting K} = (K — xp,)/r, and V), = var (K}, 1),
we have distyay (VoL B1, Wi B1) < dp,. Since the weights ||V]|(By) are uniformly bounded
as a consequence of the monotonicity formula, each V}, is stationary in By, and 6, — 07,
a (not relabeled) subsequence of the varifolds V,,LB; converges, as h — oo and in the
sense of varifolds, to a stationary integral n-varifold which is the restriction to B of an
Almgren minimal cone C in R"*! with dim S(C) > n — 6. By Remark 7.3, C cannot
be a plane, as otherwise K would be smooth in a neighborhood of zj for all sufficiently
large h, a contradiction to x;, € X. In particular, C is singular at the origin, and since
dim S(C) > n — 6 it must be H"~%(Sing(C)) = oo, if Sing(C) denotes the set of singular
points of C. We claim that

H" 1 (Sing(C)) = 0. (8.3)

If this is true, then we can apply again [Wicl4] and conclude that dimy(Sing(C)) <
n — 7, a contradiction. We prove (8.3) by showing that C cannot have points of type Y.
Otherwise, there would be a point y € C N By such that, modulo rotations, the (unique)
tangent cone C, to C at y is Y! x R"~1. Since varifold convergence of stationary integral
varifolds implies Hausdorff convergence of their supports, for every § > 0 there exists
o € (0,dist(y,0B1)) such that, for all sufficiently large h,

hd (spt((y,0)5Vh) N B, (YL xR 1N By) <6

where hd denotes the Hausdorff distance. By Simon’s Y-regularity theorem, K} admits
an ambient parametrization of class C1® over Y! x R"! in B, /2(y), and thus, in turn,

there is a point in K at which K admits an ambient parametrization of class Cb® over
Y! x R a contradiction to Theorem 6.1. U
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