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We present a preliminary analysis of 𝐼 = 1 𝜋 𝜋 scattering at the physical point. We make use of

the stochastic variant of the distillation framework (also known as sLapH) to compute the relevant

two-point correlation matrices using a basis of single and multihadron interpolating operators to

estimate the low energy spectra. We perform the Lüscher analysis to determine the scattering

phase shift which is finding good agreement with the experimentally obtained phase shifts.
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quark-line type dilution scheme 𝑡0/𝑎 𝑁𝜂 𝑁𝑒𝑣

fixed (TF,SF,LI16) 4 random 6 1536

relative (TI12,SF,LI16) interlaced 2 1536

Table 1: Dilution scheme, source times 𝑡0, number of noise sources 𝑁𝜂 and number of Laplacian eigenvectors

𝑁𝑒𝑣 used to estimate quark propagation in the computation of the spectrum on Ensemble E250.

Distillation Setupȷ We employ the stochastic LapH method to treat all-to-all quark propa-

gators [35, 36]. In the stochastic LapH framework, one computes the low modes of the three-

dimensional gauge-covariant Laplacian and the quark sources are random vectors in the subspace

spanned by these 𝑁𝑒𝑣 eigenvectors. A stochastic estimate of the perambulator is obtained from

𝑁𝜂 noise sources, and we employ noise partitioning techniques [37, 38] to reduce the variance of

the stochastic estimator. Two different types of quark lines have been evaluated to calculate the

correlation functions. Quark lines emanating from a time slice and ending at all time slices of

the lattice (‘fixed lines’) are estimated employing full time dilution (denoted TF in [36]), while

quark lines starting and ending on the same time slice (‘relative lines’) are estimated using sources

interlaced in time (TI). In addition we use interlacing in the Laplace eigenvectors index (LI) and full

spin dilution (SF). This dilution scheme is utilized on 4 evenly separated source time slices. The

setup is detailed in Table 1. A total of 3072 solutions of the Dirac equation per gauge configuration

have been performed using the the DFL_SAP_GCR solver implemented in the openQCD package1.

In order to avoid potentially small eigenvalues during inversion, the gauge links are stout smeared

before computing the eigenvectors with parameters (𝜌stout, 𝑁stout) = (0.1, 36). For this preliminary

study, we have used 210 gauge configurations which are well separated in the Monte Carlo chain to

alleviate autocorrelations.

Interpolating operatorsȷ In our study, we have incorporated for the operator basis the follow-

ingȷ

𝜌+( ®𝑃, 𝑡) =
1

2𝐿3/2

∑︁

®𝑥

𝑒−𝑖
®𝑃 · ®𝑥𝑑Γ𝑢(𝑡) , (1)

where Γ = 𝛾𝑖 (1 ± 𝛾4) and linear combinations of 𝜋𝜋 operators of the form,

(𝜋𝜋) ( ®𝑝1, ®𝑝2, 𝑡) = 𝜋+( ®𝑝1, 𝑡)𝜋
0( ®𝑝2, 𝑡) − 𝜋0( ®𝑝1, 𝑡)𝜋

+( ®𝑝2, 𝑡) . (2)

for various { ®𝑝1, ®𝑝2} pairs to make them transform irreducibly. The momenta ®𝑝1 and ®𝑝2 of the

single pions add up to the frame momentum ®𝑃, i.e. ®𝑝1 + ®𝑝2 = ®𝑃 ≡ (2𝜋/𝐿) ®𝑑, where ®𝑑 is a vector

of integers. We will omit the prefactor (2𝜋/𝐿) in ®𝑃 for convenience. The single-pion interpolators

are defined by

𝜋+( ®𝑞, 𝑡) =
1

2𝐿3/2

∑︁

®𝑥

𝑒−𝑖 ®𝑞 · ®𝑥
(

𝑢̄𝛾5𝑑
)

(®𝑥, 𝑡) , (3)

𝜋0( ®𝑞, 𝑡) =
1

2𝐿3/2

∑︁

®𝑥

𝑒−𝑖 ®𝑞 · ®𝑥
(

𝑢̄𝛾5𝑢 − 𝑑𝛾5𝑑
)

(®𝑥, 𝑡) . (4)

1https://luscher.web.cern.ch/luscher/openQCD

3

https://luscher.web.cern.ch/luscher/openQCD










P
o
S
(
L
A
T
T
I
C
E
2
0
2
1
)
5
5
1

𝐼 = 1 𝜋-𝜋 scattering at the physical point Srijit Paul

[7] D. Bernecker and H. B. Meyer, Eur. Phys. J. A 47 (2011) 148 [1107.4388].

[8] N. Asmussen, A. Gérardin, A. Nyffeler and H. B. Meyer, SciPost Phys. Proc. 1 (2019) 031

[1811.08320].

[9] X. Feng, S. Aoki, S. Hashimoto and T. Kaneko, Phys. Rev. D 91 (2015) 054504 [1412.6319].

[10] C. Andersen, J. Bulava, B. Hörz and C. Morningstar, Nucl. Phys. B939 (2019) 145

[1808.05007].

[11] F. Erben, J. R. Green, D. Mohler and H. Wittig, Phys. Rev. D 101 (2020) 054504

[1910.01083].

[12] Fermilab Lattice, LATTICE-HPQCD, MILC collaboration, B. Chakraborty et al., , Phys.

Rev. Lett. 120 (2018) 152001 [1710.11212].

[13] Budapest-Marseille-Wuppertal collaboration, S. Borsanyi et al., , Phys. Rev. Lett. 121

(2018) 022002 [1711.04980].

[14] RBC, UKQCD collaboration, T. Blum, P. A. Boyle, V. Gülpers, T. Izubuchi, L. Jin, C. Jung

et al., , Phys. Rev. Lett. 121 (2018) 022003 [1801.07224].

[15] ETM collaboration, D. Giusti, V. Lubicz, G. Martinelli, F. Sanfilippo and S. Simula, , Phys.

Rev. D 99 (2019) 114502 [1901.10462].

[16] E. Shintani and Y. Kuramashi, Phys. Rev. D 100 (2019) 034517 [1902.00885].

[17] Fermilab Lattice, LATTICE-HPQCD, MILC collaboration, C. T. H. Davies et al., , Phys.

Rev. D 101 (2020) 034512 [1902.04223].

[18] C. Aubin, T. Blum, C. Tu, M. Golterman, C. Jung and S. Peris, Phys. Rev. D 101 (2020)

014503 [1905.09307].

[19] C. Lehner and A. S. Meyer, Phys. Rev. D 101 (2020) 074515 [2003.04177].

[20] S. Borsanyi et al., 2002.12347.

[21] CP-PACS collaboration, S. Aoki et al., , Phys. Rev. D 76 (2007) 094506 [0708.3705].

[22] X. Feng, K. Jansen and D. B. Renner, Phys. Rev. D 83 (2011) 094505 [1011.5288].

[23] C. B. Lang, D. Mohler, S. Prelovsek and M. Vidmar, Phys. Rev. D84 (2011) 054503

[1105.5636].

[24] C. Pelissier and A. Alexandru, Phys. Rev. D 87 (2013) 014503 [1211.0092].

[25] D. J. Wilson, R. A. Briceno, J. J. Dudek, R. G. Edwards and C. E. Thomas, Phys. Rev. D 92

(2015) 094502 [1507.02599].

[26] RQCD collaboration, G. S. Bali, S. Collins, A. Cox, G. Donald, M. Göckeler, C. B. Lang

et al., , Phys. Rev. D 93 (2016) 054509 [1512.08678].

8

https://doi.org/10.1140/epja/i2011-11148-6
https://arxiv.org/abs/1107.4388
https://doi.org/10.21468/SciPostPhysProc.1.031
https://arxiv.org/abs/1811.08320
https://doi.org/10.1103/PhysRevD.91.054504
https://arxiv.org/abs/1412.6319
https://doi.org/10.1016/j.nuclphysb.2018.12.018
https://arxiv.org/abs/1808.05007
https://doi.org/10.1103/PhysRevD.101.054504
https://arxiv.org/abs/1910.01083
https://doi.org/10.1103/PhysRevLett.120.152001
https://doi.org/10.1103/PhysRevLett.120.152001
https://arxiv.org/abs/1710.11212
https://doi.org/10.1103/PhysRevLett.121.022002
https://doi.org/10.1103/PhysRevLett.121.022002
https://arxiv.org/abs/1711.04980
https://doi.org/10.1103/PhysRevLett.121.022003
https://arxiv.org/abs/1801.07224
https://doi.org/10.1103/PhysRevD.99.114502
https://doi.org/10.1103/PhysRevD.99.114502
https://arxiv.org/abs/1901.10462
https://doi.org/10.1103/PhysRevD.100.034517
https://arxiv.org/abs/1902.00885
https://doi.org/10.1103/PhysRevD.101.034512
https://doi.org/10.1103/PhysRevD.101.034512
https://arxiv.org/abs/1902.04223
https://doi.org/10.1103/PhysRevD.101.014503
https://doi.org/10.1103/PhysRevD.101.014503
https://arxiv.org/abs/1905.09307
https://doi.org/10.1103/PhysRevD.101.074515
https://arxiv.org/abs/2003.04177
https://arxiv.org/abs/2002.12347
https://doi.org/10.1103/PhysRevD.76.094506
https://arxiv.org/abs/0708.3705
https://doi.org/10.1103/PhysRevD.83.094505
https://arxiv.org/abs/1011.5288
https://doi.org/10.1103/PhysRevD.89.059903, 10.1103/PhysRevD.84.054503
https://arxiv.org/abs/1105.5636
https://doi.org/10.1103/PhysRevD.87.014503
https://arxiv.org/abs/1211.0092
https://doi.org/10.1103/PhysRevD.92.094502
https://doi.org/10.1103/PhysRevD.92.094502
https://arxiv.org/abs/1507.02599
https://doi.org/10.1103/PhysRevD.93.054509
https://arxiv.org/abs/1512.08678


P
o
S
(
L
A
T
T
I
C
E
2
0
2
1
)
5
5
1

𝐼 = 1 𝜋-𝜋 scattering at the physical point Srijit Paul

[27] D. Guo, A. Alexandru, R. Molina and M. Döring, Phys. Rev. D 94 (2016) 034501

[1605.03993].

[28] Z. Fu and L. Wang, Phys. Rev. D 94 (2016) 034505 [1608.07478].

[29] C. Alexandrou, L. Leskovec, S. Meinel, J. Negele, S. Paul, M. Petschlies et al., Phys. Rev. D

96 (2017) 034525 [1704.05439].

[30] Extended Twisted Mass collaboration, M. Werner et al., , Eur. Phys. J. A 56 (2020) 61

[1907.01237].

[31] Extended Twisted Mass, ETM collaboration, M. Fischer, B. Kostrzewa, M. Mai,

M. Petschlies, F. Pittler, M. Ueding et al., , Phys. Lett. B 819 (2021) 136449 [2006.13805].

[32] M. Luscher, Nucl. Phys. B 354 (1991) 531.

[33] Hadron Spectrum collaboration, M. Peardon, J. Bulava, J. Foley, C. Morningstar, J. Dudek,

R. G. Edwards et al., , Phys. Rev. D80 (2009) 054506 [0905.2160].

[34] D. Mohler and S. Schaefer, Phys. Rev. D 102 (2020) 074506 [2003.13359].

[35] Hadron Spectrum collaboration, M. Peardon, J. Bulava, J. Foley, C. Morningstar, J. Dudek,

R. G. Edwards et al., , Phys. Rev. D 80 (2009) 054506 [0905.2160].

[36] C. Morningstar, J. Bulava, J. Foley, K. J. Juge, D. Lenkner, M. Peardon et al., Phys. Rev. D83

(2011) 114505 [1104.3870].

[37] W. Wilcox, hep-lat/9911013.

[38] J. Foley, K. Jimmy Juge, A. O’Cais, M. Peardon, S. M. Ryan and J.-I. Skullerud, Comput.

Phys. Commun. 172 (2005) 145 [hep-lat/0505023].

[39] C. Michael, Nucl. Phys. B 259 (1985) 58.

[40] J. Bulava, B. Fahy, B. Hörz, K. J. Juge, C. Morningstar and C. H. Wong, Nucl. Phys. B 910

(2016) 842 [1604.05593].

[41] M. Luscher, Commun. Math. Phys. 104 (1986) 177.

[42] M. Luscher, Commun. Math. Phys. 105 (1986) 153.

[43] V. Bernard, M. Lage, U. G. Meissner and A. Rusetsky, JHEP 01 (2011) 019 [1010.6018].

[44] P. Giudice, D. McManus and M. Peardon, Phys. Rev. D 86 (2012) 074516 [1204.2745].

[45] Hadron Spectrum collaboration, J. J. Dudek, R. G. Edwards and C. E. Thomas, , Phys. Rev.

D87 (2013) 034505 [1212.0830].

[46] S. D. Protopopescu, M. Alston-Garnjost, A. Barbaro-Galtieri, S. M. Flatte, J. H. Friedman,

T. A. Lasinski et al., Phys. Rev. D 7 (1973) 1279.

[47] P. Estabrooks and A. D. Martin, Nucl. Phys. B95 (1975) 322.

9

https://doi.org/10.1103/PhysRevD.94.034501
https://arxiv.org/abs/1605.03993
https://doi.org/10.1103/PhysRevD.94.034505
https://arxiv.org/abs/1608.07478
https://doi.org/10.1103/PhysRevD.96.034525
https://doi.org/10.1103/PhysRevD.96.034525
https://arxiv.org/abs/1704.05439
https://doi.org/10.1140/epja/s10050-020-00057-4
https://arxiv.org/abs/1907.01237
https://doi.org/10.1016/j.physletb.2021.136449
https://arxiv.org/abs/2006.13805
https://doi.org/10.1016/0550-3213(91)90366-6
https://doi.org/10.1103/PhysRevD.80.054506
https://arxiv.org/abs/0905.2160
https://doi.org/10.1103/PhysRevD.102.074506
https://arxiv.org/abs/2003.13359
https://doi.org/10.1103/PhysRevD.80.054506
https://arxiv.org/abs/0905.2160
https://doi.org/10.1103/PhysRevD.83.114505
https://doi.org/10.1103/PhysRevD.83.114505
https://arxiv.org/abs/1104.3870
https://arxiv.org/abs/hep-lat/9911013
https://doi.org/10.1016/j.cpc.2005.06.008
https://doi.org/10.1016/j.cpc.2005.06.008
https://arxiv.org/abs/hep-lat/0505023
https://doi.org/10.1016/0550-3213(85)90297-4
https://doi.org/10.1016/j.nuclphysb.2016.07.024
https://doi.org/10.1016/j.nuclphysb.2016.07.024
https://arxiv.org/abs/1604.05593
https://doi.org/10.1007/BF01211589
https://doi.org/10.1007/BF01211097
https://doi.org/10.1007/JHEP01(2011)019
https://arxiv.org/abs/1010.6018
https://doi.org/10.1103/PhysRevD.86.074516
https://arxiv.org/abs/1204.2745
https://doi.org/10.1103/PhysRevD.87.034505, 10.1103/PhysRevD.90.099902
https://doi.org/10.1103/PhysRevD.87.034505, 10.1103/PhysRevD.90.099902
https://arxiv.org/abs/1212.0830
https://doi.org/10.1103/PhysRevD.7.1279
https://doi.org/10.1016/0550-3213(75)90048-6

	Introduction
	Methodology
	Results and Discussion
	Summary

