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A B S T R A C T 

Turbulent high-energy astrophysical systems often feature asymmetric energy injection: for instance, Alfv ́en waves propagating 

from an accretion disc into its corona. Such systems are ‘imbalanced’: the energy fluxes parallel and antiparallel to the large-scale 
magnetic field are unequal. In the past, numerical studies of imbalanced turb ulence ha ve focused on the magnetohydrodynamic 
regime. In this study, we investigate externally driven imbalanced turbulence in a collision-less, ultrarelativistically hot, 
magnetized pair plasma using 3D particle-in-cell (PIC) simulations. We find that the injected electromagnetic momentum 

efficiently converts into plasma momentum, resulting in net motion along the background magnetic field with speeds up to a 
significant fraction of lightspeed. This disco v ery has important implications for the launching of accretion disc winds. We also 

find that although particle acceleration in imbalanced turbulence operates on a slower time-scale than in balanced turbulence, 
it ultimately produces a power-law energy distribution similar to balanced turbulence. Our results have ramifications for black 

hole accretion disc coronae, winds, and jets. 

Key words: acceleration of particles – plasmas – relativistic processes – turbulence. 
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 INTRODUCTION  

igh-energy astrophysical systems such as accretion discs, jets,
nd pulsar wind nebulae often comprise collision-less, relativisti-
ally hot plasmas and are likely turbulent (Shakura & Sunyaev
973 ; Sparks, Biretta & Macchetto 1996 ; Balbus & Ha wle y 1998 ;
ester 2008 ). Turbulence in systems with magnetization (the ratio
f magnetic enthalpy to plasma enthalpy) σ � 1 can efficiently
ccelerate particles, as recently demonstrated in particle-in-cell (PIC)
imulations (Zhdankin et al. 2017 , 2018b ; Comisso & Sironi 2018 ,
019 ). Such non-thermal particle acceleration (NTPA) could explain
he power laws seen in spectra of jets, pulsar wind nebulae, and stellar

ass black hole X-ray binary systems (Remillard & McClintock
006 ; Abdo et al. 2009 ; Aleksi ́c et al. 2015 ). 
These previous studies of turbulence in relativistic collision-less

lasmas have assumed symmetric energy injection into the plasma.
o we ver, this assumption is not true in a variety of space and as-

rophysical systems where turbulence is preferentially stirred on one
ide of the system. For example, in an accretion disc–wind system,
urbulence in the disc may shake the footpoint of an open large-
cale magnetic field line, sending Alfv ́en waves predominately away
rom the disc’s mid-plane and into the corona (Chandran, Foucart &
 E-mail: amelia.hankla@colorado.edu 
 National Science Foundation Graduate Research Fellow. 
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chekhovsk o y 2018 ). This asymmetric propagation of Alfv ́en waves
ould impact NTPA. In addition, if efficiently coupled to the plasma,
uch asymmetrically injected electromagnetic momentum could
esult in bulk motion of the plasma – an outflow/wind. Understanding
oth NTPA and the possible formation of an outflow necessitates
tudying turbulence with asymmetric momentum injection – the so-
alled ‘imbalanced’ turbulence. 

Most studies of imbalanced turbulence have focused on the mag-
etohydrodynamic (MHD) regime. Canonical phenomenological
odels for strong, ‘balanced’ MHD turbulence consider ensembles

f counter-propagating Alfv ́en waves with equal energy fluxes along
 background magnetic field (Iroshnikov 1964 ; Kraichnan 1965 ;
oldreich & Sridhar 1995 ; Thompson & Blaes 1998 ; Boldyrev
006 ); see Schekochihin ( 2020 ) for a recent re vie w. Phenomeno-
ogical models for imbalanced turbulence relax the assumption of
qual fluxes, leading to predictions that are ripe for numerical
xploration (Lithwick, Goldreich & Sridhar 2007 ; Beresnyak &
azarian 2008 ; Chandran 2008 ; Perez & Boldyrev 2009 ). Nu-
erical attempts to model imbalanced turbulence in the MHD

e gime hav e pro v en difficult due to questions about the effects
f varying dissipation prescriptions, limited dynamic ranges of
ccessible simulation domains, and limited run times (Beresnyak
 Lazarian 2009 , 2010 ; Perez & Boldyrev 2010a , b ; Mason et al.

012 ; Perez et al. 2012 ). Some numerical studies have extended
eyond standard MHD to the relativistic MHD regime using the
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orce-free assumption that σ � 1 (Cho & Lazarian 2014 ; Kim & 

ho 2015 ). 
Below MHD scales, analytic models of imbalanced kinetic 

urb ulence ha ve recently been formulated in the non-relativistic 
egime (Voitenko & De Keyser 2016 ; Passot & Sulem 2019 ;
ogoberidze & Voitenko 2020 ). These models of collision-less 

mbalanced turbulence can be tested against measurements of the 
olar wind (Chen 2016 ). Meanwhile, numerical studies have made 
pproximations of infinite ion-to-electron mass ratio to model scales 
elow the proton gyroradius (Cho & Kim 2016 ), demonstrated the 
mportance of finite Larmor radius effects on the turbulent energy 
ascade (Meyrand et al. 2021 ), or employed a dif fusi ve model to
tudy turbulence from fluid to sub-ion scales (Miloshevich, Passot & 

ulem 2020 ). A few numerical studies have modelled the fully kinetic 
ollision-less regime with an eye towards the solar wind (Gro ̌selj
t al. 2018 ). Ho we ver, none to our kno wledge hav e e xamined
he ultrarelativistic, collision-less regime relevant to high-energy 
strophysical systems. Studying this regime is important because 
uasi-linear models of turbulent particle acceleration for imbalanced 
HD predict a decrease in the Fokker–Planck momentum diffusion 

oefficient for increasing imbalance, leading to less efficient NTPA 

nd posing a potential obstacle to turbulence as an astrophysical 
article accelerator in some systems (Schlickeiser 1989 ; Chandran 
000 ). 
In this work, we explore imbalanced, relativistic turbulence in 
agnetized collision-less electron–positron (pair) plasmas using 3D 

IC methods (Zhdankin et al. 2018a ). We study how imbalance 
ffects self-consistent NTPA, inaccessible in fluid-based models, and 
ow it introduces an effect entirely absent in balanced models: the 
ransfer of net momentum to the plasma, which in realistic systems
ould form outflows. Though the regime we simulate is particularly 
pplicable to black hole accretion disc coronal heating (Chandran 
t al. 2018 ) and wind-launching, our results should be generally 
pplicable to relativistic astrophysical turbulence where the source 
f perturbations is localized, such as the jets originating from active 
alactic nuclei. 

To frame our study of this numerically and analytically unexplored 
egime of turbulence, we focus on four main questions: 

(i) How does imbalance affect the formation of a turbulent 
ascade? 

(ii) How does imbalance affect the partition of large-scale injected 
nergy into electromagnetic, internal, and turbulent kinetic energy? 

(iii) Does imbalance drive net motion of the plasma? 
(iv) How does imbalance affect NTPA? 

e first introduce the numerical tools and parameters used to describe 
mbalanced turbulence (Section 2). We then present the results of 
D collision-less, relativistic PIC simulations with varying degrees 
f imbalance and ratio of system size to initial Larmor radius that
ddress each of the abo v e questions in order. After first demonstrating
he presence of a turbulent cascade (Section 3.1), we discuss how 

nd why the energy partition changes with imbalance (Section 3.2). 
hen we examine the formation of a net flow via efficient momentum

ransfer to the plasma and provide an analytic framework for under- 
tanding it (Section 3.3). We continue by demonstrating, for the first
ime, the similarity of NTPA in balanced and imbalanced turbulence 
Section 3.4). We check the dependence of our results on simulation 
omain size in Appendix A. We conclude with implications for high- 
nergy astrophysical systems and remaining questions (Section 4). 
 METHODS  

n this section, we will first re vie w physical properties of relativistic
agnetized plasmas (Section 2.1), and then outline the simulation 

uite used to study imbalanced turbulence (Section 2.2). The last 
ubsection discusses various diagnostics that will be used to analyse 
ur simulations (Section 2.3). 

.1 Plasma physical regime 

he plasmas considered in this paper are collision-less, ultrarelativis- 
ically hot, and magnetized. This section discusses the parameters 
hat characterize such a plasma. Throughout this work, we will use 〈·〉
o denote the time-dependent volume- or particle ensemble-average 
f a quantity and – to denote the time-average of a quantity in the
ime interval 10 < tc / L < 20 unless otherwise specified; here L / c is
he light-crossing time of the simulation domain with length L . 

The parameters that characterize an ultrarelativistic, magnetized 
air plasma with 〈 γ 〉 � 1 include: an average total (electron plus
ositron) particle density n 0 , average particle energy 〈 γ 〉 m e c 2 , and

haracteristic magnetic field strength B rms = 

√ 

〈 B 

2 
x + B 

2 
y + B 

2 
z 〉 . 

ere, m e is the mass of the electron (or positron) and 〈 γ 〉 is the a ver -
ge particle Lorentz factor ( γ = 1 / 

√ 

1 − v 2 /c 2 = 

√ 

1 + p 

2 /m 

2 
e c 

2 

or a particle with velocity v, mass m e , and momentum p ). The
undamental physical length scales in this plasma are: the char- 
cteristic Larmor radius ρe = 〈 γ 〉 m e c 2 / eB rms , the plasma skin
epth d e = ( 〈 γ 〉 m e c 2 /(4 πn 0 e 2 )) 1/2 , and the size of the system L .
or a plasma with a Maxwell–J ̈uttner particle distribution f ( γ ) =
2 
√ 

1 − 1 /γ 2 [ θK 2 (1 /θ ) ] −1 exp ( −γ /θ ) , the plasma has a well- 
efined temperature T e = 〈 γ 〉 m e c 2 /3 (assumed equal for electrons and
ositrons) and the Debye length simplifies to λD 

= d e / 
√ 

3 . Here θ
T e / m e c 2 and K 2 ( x ) is the modified Bessel function of the second

ind. The three length scales ρe , d e , and L form two dimensionless
uantities: the magnetization σ = B 

2 
rms / 4 πh = 3( d e /ρe ) 2 / 4 and the

atio of the largest characteristic scale of spatial variation L /2 π
which will be the turbulence driving scale in our study as described
elow) to the Larmor radius ρe . Here h = n 0 〈 γ 〉 m e c 2 + 〈 P 〉

4 n 0 〈 γ 〉 m e c 2 /3 is the characteristic relativistic enthalpy density
nd 〈 P 〉 ≈ n 0 〈 γ 〉 m e c 2 /3 is the (assumed isotropic) average plasma
ressure. The magnetization is related to the plasma beta parame- 
er β = 8 π〈 P 〉 /B 

2 
rms as β = 1/(2 σ ) and determines the relativistic

lfv ́en speed v A = c 
√ 

σ/ ( σ + 1) . Since we consider primarily
lfv ́enic turbulence, the magnetization go v erns ho w relati vistic the

arge-scale turbulent motion is. 

.2 Numerical simulations 

o explore the properties of imbalanced turbulence in a collision-less 
elativistic pair plasma from first principles, we use the electromag- 
etic PIC code ZELTRON (Cerutti et al. 2013 ). ZELTRON samples the
article phase space with macroparticles and evolves them according 
o the Lorentz force la w, pro viding an approximate solution to the
elativistic Vlasov equation. The electric and magnetic fields evolve 
ccording to Maxwell’s equations, with the addition of an externally 
riven volumetric current to Amp ̀ere’s law to generate turbulence, as
iscussed below. 
The physical parameters of the simulations we present are iden- 

ical to those described in Zhdankin et al. ( 2018a , b ) except for
he modifications outlined below to introduce imbalance. Each 
imulation is initialized with an electron–positron plasma at rest 
ith a Maxwell–J ̈uttner distribution function, a uniform background 
agnetic field B 0 = B 0 ̂  z and no initial electromagnetic fluctuations. 
MNRAS 509, 3826–3841 (2022) 
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or each of the simulations, we set the initial magnetization to σ 0 =
.5, yielding a relativistic Alfv ́en velocity v A 0 = 0.58 c and plasma
eta β0 = 1.0. The initial temperature of the plasma is fixed at T e =
00 m e c 2 across all simulations, corresponding to an initial average
article Lorentz factor of 〈 γ 〉 ≈ 300. 
To obtain the largest possible inertial range, the simulation suite’s

hosen numerical parameters maximize the separation between the
arge driving scale L /2 π and the small initial kinetic scales ρe 0 

nd d e 0 , while still resolving the latter. We resolve the initial plasma
ength scales with fixed 
 x = ρe 0 /1.5 = d e 0 /1.22, where 
 x = 
 y =
z is the grid cell length in each direction. The simulation domain

s cubic with periodic boundary conditions and length L ≡ N 
 x ,
here N is the number of cells in a spatial dimension (throughout, N x 

 N y = N z ≡ N ). The time-step is a fraction of the cell light-crossing
ime, i.e. 
 t = 3 −1/2 
 x / c . The simulations are initialized with 32
articles per cell per species. To scan the ratio L /2 πρe 0 , we vary
he number of cells in each spatial dimension, with N = 256, 384,
12, and 768 corresponding to L /2 πρe 0 ∈ { 27.1, 40.7, 54.3, 81.5 } .
hen examining the dependence of results on simulation size, we

lso include three simulations of balanced turbulence with L /2 πρe 0 

 { 81.5, 108.7, 164 } ( N ∈ { 768, 1024, 1536 } ) used in Zhdankin et al.
 2018b ) that are otherwise identical to the simulations presented in
his work. 

The initial equilibrium is disrupted by an e xternally driv en current.
e employ an oscillating Langevin antenna (OLA; TenBarge et al.

014 ) to drive turbulence volumetrically and continually throughout
ach simulation’s duration. The OLA is implemented by adding
he external current to the evolution equation for the electric field
Amp ̀ere’s law). This current generates counter-propagating Alfv ́en
aves. The amplitudes of these counter-propagating waves are mod-

fied to induce imbalanced turbulence, as described in the following
aragraphs. Because of the random nature of the OLA driving, a
ingle simulation may not be representative of the entire ensemble
f possible random seeds. To a v oid basing all our conclusions on
 single data point for each balance parameter, we also present
 statistical study of random seeds. For each balance parameter,
ight values of the random seed are simulated for the domain
ize L /2 πρe 0 = 40.7 ( N = 384). The results of the statistical study are
ompared against the largest simulation domains L /2 πρe 0 = 81.5 ( N
 768). Statistical variation could potentially be reduced in a single

imulation by introducing more than eight driving modes. 
We drive imbalanced turbulence via eight independently evolved,

 xternally driv en sinusoidal current modes. These current modes
reate magnetic field perturbations propagating in opposite directions
long the background magnetic field, i.e. Alfv ́en waves. The driven
urrent modes have the form: 

 

ext 
x ( x , t) = 

2 πc 

L 

2 
Re 

⎡ 

⎣ 

2 ∑ 

j= 1 

(
a j ( t) e 

i k j ·x + b j ( t) e 
−i k j ·x )

⎤ 

⎦ (1) 

 

ext 
y ( x , t ) = 

2 πc 

L 

2 
Re 

⎡ 

⎣ 

4 ∑ 

j= 3 

(
a j ( t ) e 

i k j ·x + b j ( t ) e 
−i k j ·x )

⎤ 

⎦ (2) 

 

ext 
z ( x , t ) = 

2 πc 

L 

2 
Re 

⎡ 

⎣ 

4 ∑ 

j= 1 

(−a j ( t ) e 
i k j ·x + b j ( t ) e 

−i k j ·x )
⎤ 

⎦ . (3) 

he sign of k z dictates the direction of the current mode’s propaga-
ion. Four of the modes have no y -component of their wavevector
nd four have no x -component; four propagate in the + z-direction
nd four propagate in the −z-direction. These wav ev ectors are 

k 1 = k 0 ( −1 , 0 , 1) k 2 = k 0 (1 , 0 , 1) (4) 
NRAS 509, 3826–3841 (2022) 
k 3 = k 0 (0 , −1 , 1) k 4 = k 0 (0 , 1 , 1) . (5) 

ere, k 0 = 2 π / L , so that the driving scale is the largest scale L /2 π . We
nsure ∇ · J ext = 0 to a v oid local injection of net charge. Currents
riven in J ext, x and J ext, y create Alfv ́en waves with magnetic field
erturbations in the y - and x -directions, respectively. The amplitudes
f these currents can be adjusted to create counter-propagating
lfv ́en waves of unequal amplitudes, thus enabling our study of

mbalanced turbulence. 
The external current’s time-dependence is dictated by the coeffi-

ients a j ( t ) and b j ( t ). The coefficient at the ( n + 1)th time-step is found
rom the previous n th time-step as 

 

( n + 1) 
j = a 

( n ) 
j e −iω
t + αj u 

( n ) 
j 
t (6) 

 

( n + 1) 
j = b 

( n ) 
j e −iω
t + βj v 

( n ) 
j 
t. (7) 

he coefficients a j ( t ) and b j ( t ) thus oscillate at frequency ω with ran-
om kicks at each time-step (cf. Langevin equation, hence the name
oscillating Langevin antenna’; TenBarge et al. 2014 ). The initial
oefficients a (0) 

j and b (0) 
j are set to amplitudes A and B multiplied

y random phases φ( a) 
j and φ( b) 

j : a (0) 
j = A e 

iφ
( a) 
j and b (0) 

j = Be 
iφ

( b) 
j . We

et A = B 0 L/ 8 π , which for balanced turbulence achieves δB rms =
 

B 

2 
rms − B 

2 
0 ∼ B 0 . The random kicks u 

( n ) 
j and v ( n ) j in equations (6)

nd (7) are complex random numbers with real and imaginary com-
onents drawn from a uniform distribution between −0.5 and 0.5.
he constant parameters αj and β j are set such that when ensemble-
veraged, 〈| a ( n ) j | 2 〉 = A 

2 and 〈| b ( n ) j | 2 〉 = B 

2 . The complex driving fre-
uency ω has real component ω 0 and an imaginary component −� 0 

hich we set to be non-integer multiples of the Alfv ́en frequency ω A 

2 πv A / L to a v oid initial resonances: ω 0 = (0 . 6 / 
√ 

3 ) ω A ≈ 0 . 35 ω A

nd � 0 = (0 . 5 / 
√ 

3 ) ω A ≈ 0 . 29 ω A . In frequency space, the driving
s a Lorentzian centered at ω 0 with a full-width half-max of � 0 ;
ee TenBarge et al. ( 2014 ) for details. The amplitudes A and B (and
herefore the αj and β j values) are the same for all a j and b j , but the
andom parameters u j , v j , and the initial phases φ( a,b) 

j are different
or each k j . 

We introduce imbalance by adjusting the amplitudes of the currents
ropagating in the −z-direction relative to those propagating in
he + z-direction. The coefficients a j control the currents propagating
n the + z-direction, whereas b j control the waves propagating in
he −z-direction. These currents’ amplitudes are dictated by their
espective A and B amplitudes. To achieve imbalanced turbulence,
e hold A fixed and vary B. We quantify how balanced the turbulence

s via the balance parameter, 

≡ B/ A , (8) 

here B is the amplitude for the −z-modes and A is the fixed
mplitude for the + z-modes. A value of ξ = 1 corresponds to the
anonical balanced case, whereas ξ = 0 corresponds to current
odes propagating only in the + z-direction. Because we drive

urrents rather than Alfv ́en modes, we do not directly control the
xact amplitude of counter-propagating Alfv ́en waves. If ξ = 0
orresponded exactly to the case of Alfv ́en waves propagating in
 single direction, we would not expect turbulence to develop in a
on-relativistic, ideal MHD plasma. Indeed, turning off the random
icks by setting αj = β j = 0 does not result in turbulence for
imulations with ξ = 0 (not sho wn). Ho we ver, with our set-up of
on-zero αj and β j , the ξ = 0 case does become turbulent because the
LA forcing excites counter-propagating Alfv ́en waves. In principle,
ore imbalanced turbulence should be achie v able by, e.g. a decaying
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Table 1. Measured values of the Elsasser fields’ energy ratio r E = 〈 z 2 −〉 / 〈 z 2 + 〉 
for a sampling of balance parameter ξ values. The first number gives the ratio 
for N = 768 and the second gives one standard deviation of the N = 384 
statistical seed studies. Time averages are taken over 5.0 < tc / L < 20.0. 

ξ 0.0 0.5 1.0 

r E 0.72 ± 0.06 0.92 ± 0.14 1.01 ± 0.14 
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urbulence problem or by changing the driving mechanism. For this 
ork, we simply term the ξ = 0 case the ‘most imbalanced’ case. 
We will use the balance parameter ξ throughout this paper to refer

o the degree of imbalance; ho we ver, since ξ measures the imbalance
f the driving mechanism rather than the turbulence, we now 

riefly discuss the relationship of ξ to other methods of measuring 
mbalance. Cross-helicity, an invariant in ideal MHD, measures the 
ifference in the energy densities associated with waves propagating 
ntiparallel (with energy density E + 

and amplitude δB + 

) and parallel 
o the magnetic field (with energy density E − and amplitude δB −).
n ideal, non-relativistic, incompressible MHD, E ± = 〈 ρ| z ±| 2 〉 / 4,
here z ± = δv ± b are the Elsasser fields (Elsasser 1950 ). Here δv 

s the fluctuating plasma velocity, b ≡ δB v A /B 0 is the fluctuating 
agnetic field in velocity units, and ρ is the plasma mass density (not

o be confused with the Larmor radius ρe ). The total energy density is
hen given by E ≡ E + 

+ E − = (1 / 2) 〈 ρ (| δv | 2 + | b | 2 )〉 and the cross-
elicity H c ≡ ( E + 

− E −) / 〈 ρ〉 can be re-expressed as H c = 〈 δv · b 〉 .
ross-helicity is related to the v olume-a veraged z-component of 

he Poynting flux S ( x , t) = ( c/ 4 π ) [ E × B ] under the assumptions
f incompressible, non-relativistic, ideal reduced MHD that δB �
 0 and that the fluctuations δB and δv are perpendicular to the 
ackground field B 0 ̂  z : 

 S z 〉 ( t) = − B 0 

4 π
〈 δv · δB 〉 = − 1 

4 π

B 

2 
0 

v A 
H c ( t) . (9) 

or a single Alfv ́en wave, δv /v A = ±δB /B 0 and thus the magnitude
f the Poynting flux for a single Alfv ́en wave |〈 S z 〉 1 −wave | is 

〈 S z 〉 1 −wave | = 

1 

4 π
〈 δB 

2 〉 v A . (10) 

e can estimate the values of the driven Alfv ́en wave energies in
ur simulations of imbalanced turbulence as E + 

∼ 〈 δB 

2 
+ 

〉 ∼ | a j | 2 
where δB + 

is the amplitude of the magnetic perturbation travelling 
n the + z direction) and E − ∼ | b j | 2 , leading to 

 S z 〉 ∝ H c ∝ 1 − ξ 2 . (11) 

quation (11) will be tested in Section 3.3.2. Normalizing to the 
otal energy, the ‘normalized cross-helicity’ ˜ H c = ( E + 

− E −) / ( E + 

+
 −) (Perez & Boldyrev 2009 ; Chen 2016 ; Meyrand et al. 2021 )
an be estimated as ˜ H c ∼ (1 − ξ 2 ) / (1 + ξ 2 ). Finally, we calculate
he ratio 〈 z 2 −〉 / 〈 z 2 + 

〉 of Elsasser field energies for several ξ (Table 1 ).
hese fields are calculated with v A ( t) = c 

√ 

σ ( t) / ( σ ( t) + 1) using the
nstantaneous magnetization. For our most imbalanced turbulence ( ξ
 0.0), the ratio of energies is about 0.72, whereas for perfectly

mbalanced turbulence the ratio would be zero. The discrepancy 
etween the driving’s imbalance and the turbulence’s imbalance is 
ue to the excitation of counter-propagating Alfv ́en waves (discussed 
n the previous paragraph), and possibly relativistic, kinetic, and 
oving frame effects, which the Elsasser fields we use do not take

nto account. 
The main goal of our study is to determine the impact of imbalance

n the properties of collision-less turbulence. We do so by varying 
he balance parameter ξ between 0 (‘most imbalanced’) and 1 
‘balanced’) at every value of L /2 πρe 0 . 

.3 Energy diagnostics 

n this section, we discuss diagnostics that will be used in Section 3
o partition the energy of the system into four main types. 

The total energy density in the system can be decomposed into the
nergy density E EM 

in the electric and magnetic fields and the total
kinetic plus rest mass) energy density E pl in the plasma particles.
luid quantities provide intuition into the plasma’s behaviour by 
artitioning E pl into internal, net flow, and turbulent flows: 

 pl ( x , t) = E int ( x , t) + E net ( t) + E turb ( x , t) . (12) 

he plasma’s total kinetic, internal, and turbulent kinetic energy 
ensities are calculated for each simulation cell from both the electron 
nd positron macroparticles’ positions and momenta, though they 
ill often be discussed in terms of their volume averages 〈 E pl 〉 , 〈 E int 〉 ,

nd 〈 E turb 〉 , respectively. The net flow energy density E net is a key
uantity for characterizing how efficiently imbalanced turbulence 
an drive a directed plasma flow. It is a global quantity calculated
rom the total momentum in the system. Explicitly, these quantities 
re defined as: 

 int ( x , t) ≡
√ 

E 2 pl ( x , t) − P 

2 
pl ( x , t) c 2 (13) 

 net ( t) ≡ 〈 E pl 〉 ( t) −
√ 〈 E pl 〉 2 ( t) − 〈 P pl 〉 2 ( t) c 2 (14) 

 turb ( x , t) ≡ E flow ( x , t) − E net ( t) , (15) 

here E flow ( x , t) = E pl ( x , t) − E int ( x , t) (equation 8, Zhdankin et al.
018a ) and P pl ( x , t) is the local momentum density of the electron–
ositron plasma. This framework is similar to that in Zhdankin 
t al. ( 2018a ), with the renaming of the ‘bulk’ energy density to
he ‘flow’ kinetic energy density and further breakdown of the 
ow energy density into the energy density associated with the 
et flow of the plasma E net through the simulation domain and the
urbulent motions E turb . Equation (13) for the internal energy density
s analogous to the relativistic energy E of a single particle E 

2 =
 mc 2 ) 2 + p 2 c 2 . In this analogy, the plasma internal energy acts
ike a particle rest mass, the plasma momentum acts as a particle
omentum, and the total plasma kinetic energy acts like a relativistic

article mass. Equation (14) for the net flow energy density uses a
imilar analogy, specifically applied to the quantity v olume-a verages. 

The change in the energy of the plasma and the electromagnetic 
elds comes from the energy injected into the system by the OLA
riving. The energy injection rate 〈 ̇E inj 〉 = −〈 J ext · E 〉 is statistically
onstant in time. Integrating it over time gives the total injected
nergy density up to time t : E inj ( t). Because the injected energy
epends on the amplitude of the driven waves, its value at any given
ime varies with ξ within a factor of two or so (see Section 3.2). To
ccount for this dependence of injected energy on balance parameter, 
e normalize the v olume-a veraged changes in the various energy

omponents by the v olume-a veraged injected energy to obtain energy 
fficiencies: 

 = 


 〈 E int 〉 
〈 E inj 〉 + 


 E net 

〈 E inj 〉 + 


 〈 E turb 〉 
〈 E inj 〉 + 


 〈 E EM 

〉 
〈 E inj 〉 , (16) 

here the terms on the right are the internal efficiency, net flow ef-
cienc y, turbulent kinetic efficienc y, and electromagnetic efficienc y, 
espectively. We use 
 E to indicate the change in a type of energy
ensity since the start of the simulation, i.e. 
 E( t) = E( t) − E(0). 
MNRAS 509, 3826–3841 (2022) 
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Figure 1. A turbulent cascade forms for all balance parameters. (a) The magnetic energy spectra P mag ( k ⊥ ) for L /2 πρe 0 = 81.5 simulations of varying balance 
parameter averaged between times 8.8 < tc / L < 9.9 (comprising five outputs) show an inertial range between k ⊥ ρe ( t ) ∼ 0.1 and 1.0. A break in the spectrum 

at k ⊥ ρe ( t ) ∼ 1.0 indicates the onset of kinetic effects. (b) When compensated by k 2 ⊥ , the spectra for the balanced ξ = 0.75 and 1.0 cases are slightly steeper 
than ∝ k −2 

⊥ , whereas the imbalanced case ξ = 0.0 is slightly flatter. The Elsasser fields’ spectra, shown in dash-dot red lines for ξ = 0, exhibit slightly different 
slopes, with the stronger field ( z + , top line) being slightly steeper than the weaker field ( z −, bottom line). In both panels, shaded lines show one temporal 
standard deviation about the mean. The black dashed lines show the scaling k −5 / 3 

⊥ ; black dotted lines show k −2 
⊥ . The grey lines show the L /2 πρe 0 = 164 balanced 

simulation’s magnetic energy spectrum, taken at t = 8.9 L / c . 
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 RESULTS  

n this section, we investigate how imbalanced turbulence differs
rom balanced turbulence through a series of comparisons. After
emonstrating the presence of a turbulent cascade for all values
f balance parameter (Section 3.1), we examine how the injected
nergy transforms into the plasma’s internal and turbulent energy
Section 3.2). We next turn to the novel aspect of imbalanced
urbulence: the presence of a net flow (Section 3.3). By using
he statistical study of eight random seeds at smaller simulation
omains L /2 πρe 0 = 40.7 to enhance the trends in the largest
imulation domains L /2 πρe 0 = 81.5, we constrain the dependence of
ach of these energy types on balance parameter. We then explore the
ecomposition of the plasma energy into thermal and non-thermal
omponents and how particle acceleration depends on the balance
arameter (Section 3.4). The influence of simulation domain size on
he fluid quantities is explored by varying L /2 πρe 0 in Appendix A. 

.1 Formation of a turbulent cascade 

he spectrum of the turbulent magnetic energy is a common
iagnostic when examining turbulence. Much of the previous work
n imbalanced turbulence in MHD plasmas has examined the power-
aw indices of the two Elsasser fields and how they may or may not
eviate from Goldreich-Sridhar k −5 / 3 

⊥ 

scalings (Goldreich & Sridhar
995 ; Lithwick et al. 2007 ; Beresnyak & Lazarian 2008 ). In this
tudy, we simply calculate the o v erall turbulent magnetic energy
pectrum via: 

 mag ( k ⊥ 

, t) = 

∫ 
d k z d φ k ⊥ 

1 

8 π
( | ̃  B x | 2 + | ̃  B y | 2 + | ˜ δB z | 2 ) , (17) 

here δB z = B z − B 0 , k z are the parallel wavenumbers, φ are the
zimuthal angles, and ̃  · indicates the Fourier transform. 

We find that the magnetic energy spectrum shows the formation of
 turbulent cascade for all balance parameters (Fig. 1 a). The spectra
v eraged o v er the time interval 8.8 < tc / L < 9.9 (corresponding to 5.1
 tv A 0 / L < 5.7), i.e. after the turbulent cascade has fully developed but

efore the plasma’s heating has diminished the inertial range, show
imilar shapes for all values of the balance parameter. The inertial
NRAS 509, 3826–3841 (2022) 
ange forms between k ⊥ 

ρe ( t ) ∼ 0.08 and 0.6 for the most imbalanced
ase; a slightly shifted inertial range beginning at k ⊥ 

ρe ( t ) ∼ 0.15
ather than k ⊥ 

ρe ( t ) ∼ 0.08 for the simulations with more balanced
urbulence ( ξ = 1.0 and 0.75) results from the faster heating at these
alance parameters. The power-law index in the inertial range is
oughly consistent with −5/3, the classic MHD prediction for strong
urbulence (Goldreich & Sridhar 1995 ). Although the magnetic
nergy spectrum better matches the k −2 

⊥ 

scaling characteristic of
eak turbulence in the non-relativistic (Galtier et al. 2000 ) and

elativistic (Ripperda et al. 2021 ; TenBarge et al. 2021 ) regimes,
he turbulence in our simulations is strong. The steeper than 5/3
pectrum is likely due to a small domain size, as found by Zhdankin
t al. ( 2018a ). Identical balanced simulations with twice the domain
ize are consistent with a power-la w inde x of −5/3 (dark grey
ine in Fig. 1 a). Accurately measuring the power-law indices of
mbalanced turbulence via larger domain sizes is beyond the scope
f this study. Below the characteristic Larmor radius ( k ⊥ 

ρe � 1), the
pectrum steepens to another power law that covers a more limited
ange between k ⊥ 

ρe ( t ) ∼ 1 and 2 and is broadly consistent with
he formation of a kinetic cascade with a power-la w inde x of −4
or all values of imbalance (also found in Zhdankin et al. 2018a ),
uch steeper than in the inertial range. Again, ho we v er, pro viding
ore exact values to test against the predictions and measurements

n Schekochihin et al. ( 2009 ) or Zhdankin et al. ( 2018a ) would
equire larger, better-resolved simulation domains. Numerical noise
ominates at scales smaller than k ⊥ 

ρe ( t ) ∼ 2. 
Although determining the precise dependence of the inertial

ange’s slope on balance parameter would require a larger inertial
ange, there are hints that the slope depends on ξ . When the
agnetic energy spectrum is compensated by the scaling k −2 

⊥ 

, the
imulation with balanced turbulence ( ξ = 1.0) has a downward-
loping spectrum, whereas the simulation of turbulence with ξ =
 has a slightly positive slope (Fig. 1 b). Ho we ver, this steepening
s most likely due to increased damping. The balanced simulations
eat up faster (as discussed in Section 3.2), resulting in smaller values
f L / ρe than the imbalanced simulations. Due to the small domain
izes, our simulations cannot distinguish differences in slope caused
y imbalance or dissipation. 
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Figure 2. The amount of energy injected into a simulation depends on its 
balance parameter. The simulations of more balanced turbulence (purple 
and blue) have more injected energy than the simulations of less balanced 
turbulence (yellow and green). Red ×’s indicate the ‘equivalent’ times where 
the same amount of energy has been injected for each simulation (see Table 3 ), 
which all have L /2 πρe 0 = 81.5. 
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Because previous MHD predictions for imbalanced turbulence 
enerally discuss the spectra of the Elsasser fields rather than the 
agnetic energy spectra, we also plot the Elsasser fields’ spectra for

he ξ = 0 case (dash-dot red lines in Fig. 1 b). The larger amplitude
eld appears to have a slightly steeper slope than the smaller 
mplitude field, consistent with previous MHD simulations (Perez 
 Boldyrev 2010b ; Perez et al. 2012 ). However, constraining the

ariation in the power-law index is difficult to quantify with such a
hort inertial range. If the dependence of the Elsasser fields’ energy 
pectra on imbalance persists in larger simulations, it could support 

HD predictions that the spectra’s power-law indices depend on 
mbalance (Galtier et al. 2000 ; Chandran 2008 ). 

Further evidence for the formation of a turbulent cascade comes 
rom comparing the evolution of the energy injected into the 
imulation and the internal energy of the plasma. Whereas the 
ccumulated injected energy increases linearly from t = 0 onward 
Fig. 2 ), the internal energy density does not begin to increase until
bout 2.5 L / c , close to one Alfv ́en-crossing time (see Section 3.2.3,
ig. 3 c). Presumably the energy injected at the driving scale cascades

o smaller scales o v er the time period t = 0 −2.5 L / c until it reaches
he characteristic Larmor radius and dissipates into internal energy 
i.e. the turbulent cascade forms in the first couple of light-crossing

imes. There appears to be an increase in the cascade formation time
or decreasing balance parameter (see Section 3.2.3). 

.2 Partition of the injected energy 

.2.1 Fr ame work for the energy partition 

ecause we drive the plasma in each simulation without an energy 
ink, the o v erall energy of each case increases in time. By adding a
tatistically constant amount of energy at each time-step, the o v erall
mount of injected energy increases linearly in time (Fig. 2 ). The
mplitude of the driv en wav es by definition depends on the balance
arameter ξ (equation 8), and so the amount of energy injected also 
epends on ξ . The increase in injected energy is twice as fast for
he balanced case ξ = 1.0 as for the most imbalanced case ξ = 0.0
Fig. 2 ). This doubling of injected energy occurs because twice as
any modes are driven in the balanced as in the most imbalanced

ase. 
The injected energy converts into various types of plasma energy, 
ach of which will be discussed in the following subsections. Fig. 3
hows temporal evolution of each quantity’s energy density (left- 
and panel) and energy efficiency (right-hand panel). The large- 
cale injected energy cascades to smaller scales in the form of
ulk kinetic and electromagnetic energy until it is dissipated into 
nternal energy, thereby implying that the internal energy should 
ncrease linearly in time during the statistical steady state – and it
oes, as shown in Fig. 3 (c). As stationary conduits for the turbulent
lfv ́enic cascade, we expect both the turbulent kinetic and magnetic
erturbations to fluctuate around steady-state values rather than 
ontinually increasing o v er time. Simulations support this idea of
tatistically steady-state values: the turbulent electromagnetic and 
inetic energies saturate to their mean values around 7.5 L / c and
uctuate thereafter around these values (Figs 3 a and b). These values’
ependence on balance parameter will be explored in Section 3.2.2, 
hile the dependence of the internal energy density’s slope on 
alance parameter is discussed in Section 3.2.3. The final component 
f plasma energy, the kinetic energy of net motion through the
imulation domain, does not have an easily characterized evolution 
Fig. 3 d); its dependence on balance parameter will be discussed in
ection 3.3.2. 
Normalizing the change in each type of energy to the injected

nergy (the energy efficiency; equation 16) allows direct comparison 
etween turbulence with different balance parameters while account- 
ng for the injected energy’s dependence on ξ (Fig. 4 ). By the end
f the simulations at t = 20 L / c , the percentage of injected energy
hat dissipates into internal energy depends on balance parameter, 
arying from ≈80 per cent for the most imbalanced case ( ξ = 0)
o ≈90 per cent for the balanced ( ξ = 1) case. For all balance
arameters, this percentage increases o v er time as the majority of
njected energy converts into internal energy. In contrast, the fractions 
f injected energy that convert into turbulent electromagnetic and ki- 
etic energy (i.e. the electromagnetic and kinetic energy efficiencies) 
ecrease in time as 1/ t , plotted as dashed black lines in Fig. 4 , with
imilar magnitudes for the balanced ( ξ = 1.0) and most imbalanced 
 ξ = 0.0) case. These fits are moti v ated by the discussion in the
revious paragraph; when normalized to the injected energy ∝ t , these
wo types of turbulent energy can be fit to the function A + B / t . The
raction of injected energy that converts into net flow energy differs
y an order of magnitude between the balanced case (1 per cent) and
he imbalanced case (10 per cent). In both cases, ho we ver, the net
o w ef ficiency remains relati vely constant in time, indicating that a
onstant fraction of injected energy converts into net flow energy, 
ith a clear dependence on ξ (also seen in Fig. 3 h). 
With a broad framework for the temporal evolution of internal, 

urbulent kinetic, and magnetic energy in hand, the following sections 
ill explore each type of energy’s dependence on balance parameter 
sing various averages and highlighting statistical variation with the 
andom seed study. 

.2.2 Electromagnetic and turbulent kinetic energy 

fter an initial transient period, the turbulent electromagnetic and 
inetic energies become statistically constant in time (Figs 3 a and
). The turbulent electromagnetic energy increases until it contains 
pproximately the same amount of energy as in the background field
Fig. 3 a). As ξ increases from 0 to 1, 〈 
 E mag 〉 increases by about
0 per cent for turbulence in the largest simulation domain sizes
Fig. 5 a). In contrast, the electric energy density decreases from 10
o 25 per cent of B 

2 
0 / 8 π for ξ = 0.0 to 10–17 per cent for ξ = 1.0 (not
MNRAS 509, 3826–3841 (2022) 
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Figur e 3. Ener gy partition into electromagnetic, turbulent kinetic, internal, and net flow energy depends on balance parameter. Left-hand column: each type of 
energy density evolved over time, normalized to the constant value of the initial magnetic energy density B 

2 
0 / 8 π . The turbulent electromagnetic (a) and kinetic 

(b) energy densities reach a constant value whereas the internal (c) and net flow (d) energy densities increase o v er time. Right-hand column: the change in 
each type of energy density evolv ed o v er time, normalized to the total amount of injected energy density E inj ( t). Summing o v er the four panels on the right 
for each simulation adds to 1. Turbulent electromagnetic (e) and kinetic (f) energy efficiencies decay as ∝ t −1 , whereas internal (g) and net flow (h) energy 
efficiencies saturate at a constant fraction of the injected energy. Note that the net flow energy (h) has a different vertical axis. Colours and markers indicate 
balance parameter. These simulations all have L /2 πρe 0 = 81.5. 
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hown). This decrease in electric energy density could be due to the
ecrease in the plasma velocity, which is approximately the Alfv ́en
peed: E ∼ ( δv / c ) × B ∼ ( v A / c ) B 0 . Faster heating in the balanced
urbulence case leads to smaller v A and hence smaller electric field.
he simulations show that the time-a veraged turb ulent kinetic energy
ensity 〈 
 E turb 〉 also depends on ξ , increasing from 75 per cent of the
ackground magnetic energy for the most imbalanced case ( ξ = 0.0)
o about 125 per cent for balanced turbulence with ξ = 1.0 (Fig. 5 b).
NRAS 509, 3826–3841 (2022) 
he smaller values of 〈 
 E mag 〉 and 〈 
 E turb 〉 in the imbalanced case
esult from the injection of less energy in this case (Fig. 2 ). The
raction of injected energy that converts into turbulent and magnetic
nergy (i.e. the corresponding energy efficiencies) at an y giv en time
s almost independent of balance parameter (Figs 3 e, f), with slightly
igher 〈 
 E EM 

〉 / 〈 E inj 〉 for ξ = 0 compared to ξ = 1. 
To test whether the turbulence is Alfv ́enic, we use the ‘Alfv ́en

atio’ r A ≡ 〈 
 E turb 〉 / 〈 
 E mag 〉 . The Alfv ́en ratio is related to the

art/stab3209_f3.eps
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Figure 4. Time evolution of the energy partition for the balanced case ( ξ = 

1.0; left-hand panel) and most imbalanced case ( ξ = 0.0; right-hand panel). 
Both show a decay in turbulent electromagnetic and kinetic energies and a 
saturation of internal and net flow energy densities; black dashed lines show 

fits to A + B / t , with A and B constants. The imbalanced case has net flow 

energy density about an order of magnitude higher than the balanced case 
and correspondingly lower internal energy density, whereas the turbulent 
electromagnetic and kinetic energy densities are comparable for both balance 
parameters. 
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Table 2. The turbulence in all simulations of balanced and imbalanced turbu- 
lence is approximately Alfv ́enic. The Alfv ́en ratio r A = 〈 
 E turb 〉 / 〈 
 E mag 〉 is 
approximately 1 for the largest simulations ( L /2 πρe 0 = 81.5) for all values of 
the balance parameter ξ . Standard deviations are calculated from the statistical 
seed studies at each balance parameter. 

ξ 〈 
 E turb 〉 / 〈 
 E mag 〉 
1.0 1.1 ± 0.3 
0.75 1.2 ± 0.2 
0.5 1.0 ± 0.1 
0.25 1.0 ± 0.1 
0.0 0.9 ± 0.1 
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esidual energy E r (defined as the difference between the turbulent 
inetic and turbulent magnetic energies) via E r = ( r A − 1)/( r A 
 1). Ideal MHD predicts that the time- and v olume-a veraged

inetic and perturbed magnetic energies in an Alfv ́en wave (and 
hus perfectly imbalanced turbulence) should be in equipartition: r A 
 1. We might expect the same Alfv ́en ratio for turbulence (both

alanced and imbalanced) comprising many Alfv ́en waves – though 
ue to an increase in non-linear interactions, physical plasmas such 
s the solar wind often have an excess of magnetic energy such
hat r A ≈ 0.7 (Chen et al. 2013 ; Chen 2016 ); see Boldyrev &
erez ( 2009 ), Boldyrev et al. ( 2011 ), and Wang, Boldyrev & Perez
 2011 ) for MHD models of this excess. Our simulations show that
oth balanced and imbalanced turbulence are in equipartition to 
ithin error bars (Table 2 ). The standard deviations of mean values

or 〈 
 E turb 〉 and 〈 
 E mag 〉 in Table 2 were calculated for the L /2 πρe 0 

 81.5 and L /2 πρe 0 = 40.7 simulations (nine values for each
alance parameter) and summed in quadrature. These error bars 
uggest that the large-scale ratio of turbulent kinetic to magnetic 
nergies is independent of ξ . Ho we ver, the residual energy may have
igure 5. Trends of the turbulent magnetic and kinetic energy densities with ba
argest domain size L /2 πρe 0 = 81.5 (filled markers) shows a linear trend with balan
especti vely. The statistical de viation is sho wn by the L /2 πρe 0 = 40.7 seed study (u
he same as in Fig. 3 . 
 scale-dependent power-law spectrum with significant dependence 
n imbalance, which we do not address here. The solar wind shows
 clear dependence of the residual energy spectrum’s slope on 
mbalance, with a value of −2 for balanced turbulence and closer
o −1.8 for totally imbalanced turbulence (Chen et al. 2013 ). The
ependence of the residual energy spectrum’s slope on imbalance is 
 major outstanding puzzle that has not been successfully addressed 
y any phenomenological model of imbalanced turbulence thus far. 
Our finding of approximate equipartition indicates that the turbu- 

ence is predominantly Alfv ́enic. In addition to Alfv ́en waves, slow
nd fast compressive modes also contribute to the turbulence. The 
ast modes, introduced by the OLA driving (Zhdankin 2021 ) or non-
inear relativistic wave conversion (Takamoto & Lazarian 2016 ), and 
he slow modes, passively mixed by the turbulence (Lithwick & 

oldreich 2001 ), lead to total density fluctuations on the order of
0–30 per cent of the background density in our simulations (not
hown). Though the presence of fast and slow modes could affect the
lfv ́en ratio, characterizing their contribution is beyond the scope of

his study. 

.2.3 Internal energy 

he increase in internal energy dominates the plasma energy budget 
t late times. Though the initial internal energy starts out at about
hree times the initial magnetic energy for all balance parameters, the
lasmas with balanced turbulence heat up almost twice as quickly 
s the plasmas with imbalanced turbulence (Fig. 3 c). At late times,
bout 80 per cent of the injected energy is converted into internal 
nergy in the imbalanced case ( ξ = 0), slightly lower than the
lance parameter. Quantities are time-averaged from 10 < tc / L < 20. The 
ce parameter for the turbulent magnetic (a) and kinetic (b) energy densities, 
nfilled markers). The dashed lines show linear fits. Colours and markers are 

MNRAS 509, 3826–3841 (2022) 
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Figure 6. The injection efficiency ηinj (a; equation 18) and cascade 
time τ casc (b; equation 19) depend on balance parameter. The largest domain 
size L /2 πρe 0 = 81.5 is shown with filled markers and the statistical deviation 
is shown by the L /2 πρe 0 = 40.7 seed study (unfilled markers). Colours and 
markers are the same as in Fig. 3 . 
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orresponding value of closer to 90 per cent for the balanced case
Fig. 3 g). 

Because the plasma’s internal energy increases linearly after an
nitial transient, we characterize its heating rate (i.e. slope) through
he dimensionless ‘injection efficiency’ parameter ηinj . We define this
rder-unity coefficient as the ratio of the plasma heating rate 〈 ̇E int 〉 ( t)
o a ‘reference’ heating rate 〈 ̇E ref 〉 . We define 〈 ̇E ref 〉 by dividing
he turbulent magnetic energy density, δB 

2 
rms / 8 π , by a characteristic

on-linear cascade time at the outer scale L / δv rms ∼ L /( v A 0 δB rms / B 0 ),
ssuming strong Alfv ́enic turbulence and v A 0 / c � 1. This formulation
ives us an operational definition of the injection efficiency in terms
f quantities that can be directly measured in our simulations at any
oment of time: 

inj ≡ 〈 ̇E int 〉 
〈 ̇E ref 〉 

= 

8 πB 0 L 〈 ̇E int 〉 
δB 

3 
rms v A 0 

. (18) 

he injection efficiency quantifies how efficiently turbulent magnetic
nergy cascades to small scales and dissipates. The heating rate of
he plasma is extracted by fitting the slope of the internal energy in
he interval 5 < tc / L < 20 and converting to the injection efficiency
ia equation (18), taking the value of δB rms as the time-av erage o v er
he same time period. The statistical mean value of the injection
f ficiency v aries from about 1.0 for the most imbalanced case ( ξ =
.0) to about 1.5 for the balanced case ( ξ = 1.0) as seen in Fig. 6 (a),
ith a statistical standard deviation on the order of 0.2. 
As discussed in Section 3.2.2, the magnitude of the magnetic

eld fluctuations depends on balance parameter, which in principle
NRAS 509, 3826–3841 (2022) 
ay influence energy dissipation and the injection efficiency. To
erify that the trend in the injection efficiency ηinj with balance
arameter ξ is not due to the variation of the amplitude of magnetic
nergy perturbations δB 

2 
rms /B 

2 
0 with ξ , we ran a simulation of

mbalanced turbulence with ξ = 0 and a driving amplitude 
√ 

2
imes its canonical value. The magnetic field fluctuation level δB 

2 
rms 

hanges from 0 . 8 B 

2 
0 for the unadjusted amplitude case to 1 . 2 B 

2 
0 

or the increased amplitude case, consistent with the unadjusted
mplitude of the balanced case with the same random seed. The
njection ef ficiency, ho we ver, increases to 1.1 with the increased
mplitude, compared to 0.9 for the unadjusted ξ = 0 case and 1.4
or the unadjusted ξ = 1 case with the same random seed. Thus,
wo simulations with the same level of magnetic field perturbations
ut different balance parameters experience significantly different
njection efficiencies, suggesting that the injection efficiency has an
nherent dependence on balance parameter rather than δB rms . This
esult suggests that the cascade time depends on balance parameter. 

To explore the possibility that the cascade time τ casc depends on
alance parameter, we define 

casc ≡ 〈 
 E EM 

+ E turb 〉 
〈 ̇E int 〉 

. (19) 

he cascade time is normalized to the global Alfv ́en time L / v A ( t ) and
hen time-averaged over 10 < tc / L < 20 (i.e. 5.8 < tv A 0 / L < 11.6).

e expect the cascade time to be on the order of an Alfv ́en time
or an Alfv ́enic cascade, and for balanced turbulence we indeed find
hat the cascade time varies statistically between 0.8 and 1.2 L / v A ( t )
Fig. 6 b). Ho we ver, the cascade time increases to about 2.2 L / v A ( t )
n average for the imbalanced case ξ = 0. The lack of overlap
etween the cascade times of imbalanced and balanced turbulence
uggest that the difference is statistically significant, rather than a
uke of random seeds. A longer cascade time for more imbalanced

urbulence is consistent with Lithwick et al. ( 2007 )’s suggestion that
he dominant waves are less strongly scattered in the imbalanced case.

.3 Net flow energy and momentum transfer 

s a component of the energy not present in balanced turbulence,
e expect the kinetic energy in the net motion of the plasma through

he simulation domain to depend on the balance parameter. In the
alanced case, the statistically symmetric (although not necessarily
omentum conserving) driving should on average lead to no net
otion. In contrast, because imbalanced driving breaks the symmetry

long the background magnetic field, we may expect a non-zero net
ow energy for ξ < 1.0 if the asymmetric wave momentum converts

nto plasma momentum. In a gravitational potential, the net flow that
esults from efficient wave-plasma momentum coupling could form
 wind or outflow. In this section, we first propose a simple model for
he properties of such a net flow (Section 3.3.1) and then compare to
umerical results (Section 3.3.2). 

.3.1 Analytic fr ame work for momentum tr ansfer 

 net flow could result from the efficient transfer of injected wave
omentum into plasma momentum. In this section, we propose that

he net flow velocity should be constant and provide a scaling for its
agnitude. We can write the net flow energy density as 

 net ( t) = ( � net ( t) − 1 ) 〈 ρ〉 ( t ) c 2 ≈ 〈 E int 〉 ( t ) v 2 net ( t ) 

2 c 2 
, (20) 

here the last expression holds for v net ( t ) � c . We have defined the
et Lorentz factor � net ( t) = (1 − v 2 net /c 

2 ) −1 / 2 . 

art/stab3209_f6.eps


Imbalanced turbulence 3835 

m

〈

w  

a  

t  

t  

p
 

l
f  

a
i
d

〈

w
r

�

v

w  

a  

v
e
m

3

I  

a  

w

c
(
e
d  

n  

c  

<  

i  

o  

0
t
i  

B
o  

(  

p
F  

b
s
t  

z
o  

t

Figure 7. The net flow energy efficiency decreases with increasing bal- 
ance parameter. The plotted values are v olume-a veraged and time-a veraged 
from 10 < tc / L < 20. The largest domain size L /2 πρe 0 = 81.5 is shown with 
filled markers and the statistical deviation is shown by the L /2 πρe 0 = 40.7 
seed study (unfilled markers). Note that the outliers for ξ = 0.5, 0.75, and 
1.0 with net flow energy efficiencies a factor of 2 higher than the rest of the 
seed study were run with the same random seed. Colours and markers are the 
same as in Fig. 3 . 
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Analogously, the internal energy density relates to the net plasma 
omentum density as 

 P z , tot 〉 ( t) = � net ( t) 〈 ρ〉 ( t) v net ( t) ≈ 〈 E int 〉 ( t) 
c 2 

v net ( t) , (21) 

here again v net � c in the last expression. In simulations, both E net ( t)
nd 〈 P z , tot 〉 ( t) increase linearly in time (Section 3.3.2). Because these
wo quantities depend on different powers of v net , we deduce that
he net velocity should be relatively constant in time. We test this
rediction in the next section. 
We can understand the net flow as a relativistic effect. As a

imiting case, assume that the maximal asymmetric Poynting flux 
or a single Alfv ́en wave |〈 S z 〉 1 −wave | (equation 10) is injected into
 plasma. If a fraction ε of the momentum density |〈 S z 〉 1 −wave | /c 2 
n this electromagnetic wav e conv erts into the plasma momentum 

ensity 〈 P z , tot 〉 , we have 

 P z , tot 〉 = ε
〈 δB 

2 〉 v A 0 
4 πc 2 

= � net 〈 ρ〉 v net , (22) 

here the last equality follows from equation (21). By writing the 
elativistic mass density 〈 ρ〉 = 〈 γ 〉 m e n 0 , we find 

 net v net = 

〈 δB 

2 〉 
4 π〈 ρ〉 c 2 εv A 0 = 

4 

3 
ε δσ v A 0 (23) 

 net = cε

√ 

16 δσ 2 v 2 A 0 /c 
2 

9 + 16 δσ 2 v 2 A 0 /c 
2 

→ 

4 

3 
ε δσ v A 0 , (24) 

here we have defined δσ = 〈 δB 

2 〉 /(4 πh ) and the last expression
gain holds for v net � c . From equation (24), we see that the net flow’s
elocity approaches 0 as the magnetization goes to 0. Though the 
fficiency ε of converting electromagnetic momentum into plasma 
omentum can never be greater than 1, it could change with σ . 

.3.2 Numerical results for momentum transfer 

n this section, we test the assumptions behind the abo v e calculations
nd demonstrate that our simulations do indeed find a net flow in line
ith the abo v e framework. 
Our simulations find that about 8 per cent of the injected energy 

onverts into net flow energy even in the most imbalanced case 
 ξ = 0.0), a fraction that becomes comparable to the turbulent 
lectromagnetic or kinetic energy efficiencies after the latter two have 
ecayed by a factor of two or more, around 15 L / c (Fig. 4 ). Since the
et flow efficiency fluctuates strongly about a mean value in time, we
ompare different balance parameters by averaging over 10 < tc / L
 20. The result, shown in Fig. 7 , reveals that the net flo w ef ficiency

ncreases with decreasing ξ , as expected. The mean o v er an ensemble
f identical simulations with ξ = 0 and varying random seeds is about
.06, approximately three times as large as that for the balanced 
urbulence (about 0.02). The statistical spread in the balanced case 
s on the order of 0.01, and about 0.03 for the imbalanced case.
ecause energy is a strictly positive quantity and a limited number 
f modes were dri ven, e ven the simulations of balanced turbulence
 ξ = 1.0) have a non-zero (albeit small) net flow energy due to short
eriods of net motion. Notably, there are three prominent outliers in 
ig. 7 in the magnitude of the net flow efficiency in simulations with
alance parameters ξ = 0.5, 0.75, and 1.0. Each of these outlying 
imulations was initialized with the same random seed, suggesting 
hat the particular random phases of the driven modes resulted in non-
ero mean velocity later in the simulations’ evolutions. The presence 
f these outliers demonstrates the need for a suite of random seeds
o tease out statistically robust trends. 
Although the net flow energy density demonstrates the importance 
f the net flow in the o v erall energy budget, it does not contain
nformation about the direction of the plasma’s net motion. To 
ddress this issue, we now examine momentum rather than energy. 
irst, we discuss the injected electromagnetic momentum and look 
t the Poynting flux S = ( c/ 4 π ) E × B . For balance parameters ξ
 1.0, we expect the driven waves’ Poynting flux to be non-zero

long the background magnetic field (‘parallel Poynting flux’; S z ). 
he spatial distribution of the parallel Poynting flux, plotted in 
ig. 8 , is highly non-uniform. Similar to MHD turbulence (Perez &
oldyrev 2009 ), our balanced simulation has local patches of strong
oynting flux and thus high imbalance, highlighting the fundamental 
onnection between balanced and imbalanced turbulence at small 
cales. The total, v olume-a veraged parallel Poynting flux 〈 S z 〉 is
tatistically constant in time and, for the balanced case ( ξ = 1.0),
scillates around zero (Fig. 9 a). After time-averaging over the period
rom 10 < tc / L < 20, the parallel Poynting flux is clearly positive
or imbalanced turbulence and consistent with zero for balanced 
urbulence (Fig. 9 b). The value 〈 S z 〉 ≈ 0 . 2 ( cB 

2 
0 / 4 π ) at ξ = 0.0 is

bout 30 per cent of the limiting value ( δB/B 0 ) 2 v A /c ( cB 

2 
0 / 4 π ) ≈

 A /c ( cB 

2 
0 / 4 π ) ≈ 0 . 58 ( cB 

2 
0 / 4 π ) expected for a single Alfv ́en wave

equation 10). The decrease in the Poynting flux with increasing 
alance parameter agrees well with the quadratic fit predicted by 
quation (11), as shown by the dotted and dash-dot black lines in
ig. 9 (b), though we do not rule out a linear dependence. The same
utliers discussed for the net flow efficiency are present in the parallel
oynting flux. The time- and v olume-a veraged Poynting flux in the x -
nd y -directions are much smaller than the parallel Poynting flux:
ithin 0 . 1 ( c B 

2 
0 / 4 π ) of zero for all balance parameters (not shown),

ndicating that the net electromagnetic momentum is primarily along 
he background magnetic field. 

The injected Poynting flux imparts net momentum to the 
lasma. In agreement with the interpretation in Section 3.2.1, 
he v olume-a veraged parallel momentum 〈 P z, tot 〉 of the plasma
ncreases approximately linearly o v er time (Fig. 9 c). The ra-
io 〈 P z, tot c 

2 〉 / ( 〈 S z 〉 tv A 0 /L ) , shown in Fig. 9 (d), is approximately
onstant in time and fluctuates around values of the order of unity for
n y giv en balance parameter. In this figure, the parallel Poynting flux
as been converted to an electromagnetic momentum density 〈 S z 〉 / c 2 ,
MNRAS 509, 3826–3841 (2022) 
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Figure 8. Even turbulence that is balanced as a whole has spatial and temporal pockets of locally imbalanced turbulence. Slices of the Poynting flux ( c/ 4 π ) E × B 
in the z-direction, taken at the plane z = 0 at time t = 16.1 L / c and normalized to ( c/ 4 π ) B 

2 
0 for balanced turbulence ( ξ = 1.0; left-hand panel) and most 

imbalanced turbulence ( ξ = 0.0; right-hand panel) show variation in the sign of Poynting flux throughout the domain. 

Figure 9. The average parallel Poynting flux is approximately constant in time, whereas the z-momentum of the plasma increases linearly in time. (a) The 
time evolution of the v olume-a veraged Poynting flux ( c/ 4 π ) 〈 E × B 〉 in the z-direction, normalized to ( c/ 4 π ) B 

2 
0 , shows fluctuations around some mean value; 

time-averaging the curves over 10 < tc / L < 20 shows a quadratic dependence on balance parameter (b). The time evolution (c) of the parallel plasma momentum 

shows an increase in time. The ratio 〈 P z, tot c 
2 〉 / ( 〈 S z 〉 tv A 0 /L ) , shown in (d), is of the order of unity for all values of balance parameter. The black dash-dot lines 

show a quadratic fit; the dotted line is a quadratic fit without the outlier seed. The dashed black lines indicate zero. Colours and markers are the same as in Fig. 3 . 
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nd the momentum densities of both the plasma and the electromag-
etic waves are normalized to g 0 ≡ B 

2 
0 / (4 πc), allowing for direct

omparison between the two quantities. The ratio of the volume
verages has been smoothed with a Hanning window to remove arbi-
NRAS 509, 3826–3841 (2022) 
rarily large values due to a small Poynting flux. To further illustrate
he relationship between 〈 S z 〉 and 〈 P z, tot 〉 , Fig. 10 shows their values
t each time snapshot (given by individual dots) for each balance
arameter (shown via marker and colour). In general, the plasma
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Figure 10. The parallel electromagnetic momentum generates and maintains the parallel momentum of the plasma. In these plots, each point corresponds to 
the instantaneous values of the v olume-a veraged plasma momentum along the background magnetic field and the v olume-a veraged parallel electromagnetic 
momentum at a given simulation time. Three periods of time are shown with linear fits of slopes 2.2, 3.9, and 7.4 for (a) 5 < tc / L < 10, (b) 10 < tc / L < 15, and 
(c) 15 < tc / L < 20, respectively. Here, g 0 = B 

2 
0 / (4 πc) is a typical value of momentum density. Colours and markers are the same as in Fig. 3 . 

Figure 11. The net plasma velocity along the background magnetic field depends on balance parameter. (a) The time evolution of the v olume-a veraged 
velocity v net (equation 21) shows values that fluctuate in time around some mean value that depends on ξ ; time-averaging the curves over 10 < tc / L < 20 
shows a dependence on balance parameter (b). The largest domain size L /2 πρe 0 = 81.5 is shown with filled markers and the statistical deviation is shown by 
the L /2 πρe 0 = 40.7 seed study (unfilled markers). Colours and markers are the same as in Fig. 3 . The black dashed lines show zero. 
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omentum dominates o v er the electromagnetic momentum, with a 
ime-dependent ratio given by the slope of the linear fit. The positive
atio shows that a positive v olume-a veraged parallel electromagnetic 
omentum corresponds to a positive parallel plasma momentum, 

s expected if Poynting flux converts to plasma momentum. The 
alanced turbulence’s electromagnetic momentum and plasma mo- 
entum span both positive and ne gativ e values; for more imbalanced

urb ulence, the distrib ution shifts up and right, demonstrating that 
he asymmetric driving of electromagnetic momentum results in 
symmetric net motion of the plasma in the z-direction. 

Using equation (21) to solve for v net shows that v net fluctuates 
round a mean value dependent on balance parameter (Fig. 11 a). 
he net velocity of the plasma with balanced turbulence oscillates 
round zero, never reaching more than 0.2 c . The plasmas with the
ost imbalanced turbulence can reach net velocities up to 0.5 c .
v eraging o v er 10 < tc / L < 20 shows a clear dependence of the net
elocity on balance parameter (Fig. 11 b). As expected, plasmas with 
alanced turbulence experience a time-averaged net velocity near 
ero, though the finite simulation duration means that temporary 
o v ements parallel or antiparallel to the background magnetic field 

re not completely averaged out. Equation (24) predicts a net velocity 
f 0.4 c for the most imbalanced turbulence (plugging in four waves
ith δB ∼ B 0 , and setting σ 0 = 0.5, v A 0 = 0.58 c , and ε = 1),

emarkably close to the values found in Fig. 11 (b). 
Previous studies of imbalanced turbulence appear to exclude the 
ossibility of generating net plasma motion along the background 
agnetic field, either through the assumption of reduced MHD, 

yrokinetics, or force-free description (Perez et al. 2012 ; Cho &
azarian 2014 ; Meyrand et al. 2021 ). As such, this work presents, to
ur knowledge, the first numerical demonstration and investigation 
f net flow due to imbalanced turbulence. Such a large net motion of
he plasma may have implications for driving accretion disc winds, 
articularly if the wind comprises mostly non-thermal particles. 

.4 Non-thermal particle acceleration 

on-thermal particle acceleration can explain high-energy flares 
nd power laws seen in spectra of various astrophysical systems. 
tudying NTPA self-consistently requires PIC simulations. Recent 
IC simulations of turbulence (Zhdankin et al. 2017 , 2018a ; Comisso
 Sironi 2018 , 2019 ) have successfully produced non-thermal 

article populations that result in power-law spectra. Similar results 
ave been produced in PIC simulations of kink-unstable jets (Alves, 
rake & Fiuza 2018 ; Davelaar et al. 2020 ) and the magnetorotational

nstability in accretion discs (Riquelme et al. 2012 ; Hoshino 2013 ;
unz, Stone & Quataert 2016 ), where turbulence may play a funda-
ental role in the particle acceleration. Because power-law spectra 
MNRAS 509, 3826–3841 (2022) 
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Figure 12. Particle acceleration occurs for all values of balance parameter. 
(a) The distribution function of the most imbalanced case ( ξ = 0.0) becomes 
shallower in time from an initial Maxwell–J ̈uttner distribution (purple) to a 
Maxwell–J ̈uttner distribution plus a hard power-law component at later times 
(yellow). (b) Spectra taken at the same time t = 8.0 L / c for different balance 
parameters sho w dif ferent peak energies but similar power-law components. 
The dashed black line shows a Maxwell–J ̈uttner fit to the ξ = 0.0 case. The 
vertical green dash-dot line shows the mean Lorentz factor 〈 γ 〉 extracted from 

this fit. The vertical green dotted line shows the maximum energy γ max . The 
dash-dot black line in panel (a) shows the power-law γ −2.7 , while the dotted 
black line in panel (b) shows γ −3 . Colours are the same as in Fig. 3 . 
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Table 3. Table of ‘equi v alent’ times t eq in L / c where the same amount of 
energy density 10 . 3 B 

2 
0 / 8 π has been injected. Values of the non-thermal 

particle and energy fraction at t eq , shown in the second and third rows, are 
discussed in Section 3.4. Equi v alent times are labelled in Fig. 2 as red ×’s. 

ξ 0.0 0.25 0.5 0.75 1.0 

t eq 20 .0 17 .4 13 .1 9 .4 8 .0 
N non-thermal / N total 0 .20 0 .19 0 .20 0 .21 0 .21 
〈 E nonthermal 〉 / 〈 E pl 〉 0 .54 0 .53 0 .55 0 .54 0 .54 
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re observed in systems with asymmetric energy injection, it is
mportant to understand how imbalance affects particle acceleration.

We find that imbalanced turbulence can accelerate a significant
ortion of the plasma’s particles to suprathermal energies (Fig. 12 ),
uch like balanced turbulence at similar magnetizations σ ∼ 1. Even

he most imbalanced case ξ = 0.0 shows the development of a high-
nergy power-law tail, which hardens and reaches an asymptotic
lope after about 12 L / c (Fig. 12 a). At late times t � 12 L / c , the sim-
lation domain’s boundary conditions limit the maximum attainable
orentz factor to γ max = LeB 0 / m e c 2 , resulting in the ‘pile-up’ of high-
nergy particles at γ max , followed by a sharp cutoff rather than the
ontinuation of the power law to even higher energies (Zhdankin
t al. 2018b ). Visually, the non-thermal distribution matches the
ower-law scaling f ( γ ) ∝ γ −2.7 between 〈 γ 〉 and γ max , shown by
he dash-dot line in Fig. 12 (a). Comparing turbulence with different
alance parameters, we see that more balanced turbulence heats the
lasma more quickly and forms a power-law spectrum faster than
mbalanced turbulence (Fig. 12 b). For particle spectra taken at t =
.0 L / c , the simulation of balanced turbulence ξ = 1.0 has already
eated to a peak Lorentz factor of about 700 and is experiencing
NRAS 509, 3826–3841 (2022) 
ile-up, as shown by the spectrum’s break around γ ∼ 5 × 10 4 . In
ontrast, the most imbalanced case ξ = 0.0 still has a peak Lorentz
actor of around 400 and its power-law index has not yet reached an
symptotic value (Fig. 12 b). 

Because of the different rates at which energy is injected into
imulations with different balance parameters, it may be more
eaningful to compare particle spectra not at the same fixed absolute

ime, but rather at ‘equi v alent times’ when a fixed amount of energy
as been injected. For definiteness, we take this time to coincide
ith the end ( t = 20 L / c ) of the simulation for the most imbalanced

ase, ξ = 0, corresponding to an injected energy of 10 . 3 B 

2 
0 / 8 π .

he equi v alent times for the simulations v ary from 8 L / c for the
alanced case ξ = 1.0 to 20 L / c for the most imbalanced case ξ =
.0 (Table 3 ). When compared at these equi v alent times, particle
pectra for different ξ essentially collapse to a single universal
urve (Fig. 13 a). In particular, the peak Lorentz factors and the
ower-law tails up to γ ≈ 10 4 become nearly indistinguishable.
his similarity suggests that NTPA operates similarly in balanced
nd imbalanced turbulence when considered on appropriate time-
cales. In particular, the non-thermal segments of the distribution
unction match the power-law scaling f ( γ ) ∝ γ −3 (dotted line) for
ll values of balance parameter, suggesting that imbalanced and
alanced turbulence accelerate particles with the same asymptotic
pectra. Finer differences appear at higher energies when the spectra
re compensated by γ 3 ; whereas the balanced cases ξ = 1.0 and 0.75
losely follow this γ −3 scaling in the interval 200 � γ � 4 × 10 4 , the
ore imbalanced cases are never quite flat and appear to more closely

ollow the scaling γ −2.7 (dash-dot line), as shown in Fig. 13 (b). This
ower-la w inde x of −2.7 matches the power-la w inde x of balanced
urbulence particle spectra in smaller box sizes (Zhdankin et al.
018b ), suggesting that pile-up contaminates the spectra. Because
he equi v alent times for the simulations of imbalanced turbulence
re much longer, the high-energy pile-up could be due to a small
ubpopulation of particles whose stochastic scattering events pushed
hem to higher ener gies. Lar ger simulation domains are needed to
etermine what influence the high-energy particle pile-up could have
n the particle spectra at lower energies. 
The partition of the plasma particles’ energy 〈 E pl 〉 ( t) into thermal

nd non-thermal components further demonstrates that non-thermal
articles are energetically important in the system. The fraction of
on-thermal particles is calculated by subtracting the Maxwell–
 ̈uttner distribution that best fits the total, box-averaged particle
istribution up to the peak Lorentz factor from the total distribution
unction. This fraction reaches 20 per cent of the total number of
articles at 20 L / c for the ξ = 0 case (Fig. 14 a). The balanced
ase’s fraction of non-thermal particles is larger, reaching 25 per cent
f the total number of particles by the same time. At 20 L / c ,
he energy in these particles comprises 55 per cent of the total
lasma energy in the imbalanced case, as compared to 65 per cent
or the balanced case (Fig. 14 b). At equi v alent times, the non-
hermal fractions of particles and energy do not vary more than

art/stab3209_f12.eps
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Figure 13. At equi v alent times, the po wer laws of imbalanced turbulence 
are slightly flatter/harder than balanced turbulence. (a) The particle energy 
spectra at equi v alent times (see Table 3 ) show a similar mean energy and 
similar power laws until γ ∼ 10 4 . The dashed black line shows a Maxwell–
J ̈uttner fit to the ξ = 0.0 case. (b) Compensating by γ 3 reveals that more 
imbalanced turbulence ( ξ = 0.0, 0.25, and 0.5) has flatter power laws than the 
more balanced turbulence with ξ = 0.75 or 1.0. The vertical green dash-dot 
line shows the mean Lorentz factor 〈 γ 〉 extracted from the Maxwell–J ̈uttner 
fit. The vertical green dotted line shows the maximum energy γ max . The black 
dash-dot line in panel (b) shows the spectrum compensated to γ 3 , while the 
dotted black line shows the power-law γ −3 + 3 (a constant). Colours are the 
same as in Fig. 3 . 

Figure 14. The partition of plasma energy 〈 E pl 〉 into thermal and non-thermal 
components shows a moderate increase with the balance parameter at any 
given time. Both the fraction of particles with non-thermal energies (a) and 
the fraction of total plasma energy density 〈 E pl 〉 contained in such particles 
(b) are calculated by fitting a thermal Maxwell–J ̈uttner function to the low- 
and medium-energy particle distribution at each time and subtracting the fit 
from the total particle distribution. Colours are the same as in Fig. 3 . 
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 per cent across balance parameters (Table 3 ), suggesting that
article acceleration by imbalanced turbulence is just as efficient as 
cceleration by balanced turbulence. For comparison, the fractions 
or the balanced simulations are slightly smaller than those found for
imilar simulations of electron–ion plasmas in the relativistically hot 
imit (Zhdankin et al. 2019 ). 

Though highly idealized, quasi-linear theory can explain many 
spects of turbulent NTPA. In particular, the treatment of NTPA 

s a diffusion in momentum space (Schlickeiser 1989 ; Chandran 
000 ) has been justified by measurements of the momentum diffusion
oefficient in PIC simulations of balanced turbulence (Comisso & 

ironi 2019 ; Wong et al. 2020 ) and impro v ed by considering reso-
ance broadening (Demidem, Lemoine & Casse 2020 ). The original 
odels suggest that the diffusion coefficient scales as 1 − ˜ H 

2 
c , which

s supported by test particle simulations of imbalanced MHD turbu- 
ence when parallel acceleration is negligible (Teaca et al. 2014 ). Our
imulations show that imbalance increases the acceleration timescale 
or NTPA, which is broadly consistent with a decrease in the diffusion 
oefficient. It is not clear why this increased acceleration time-scale 
oes not affect the power-law index. 

 CONCLUSIONS  

n this study we investigate, for the first time, imbalanced kinetic
urbulence in a collision-less, magnetized, relativistically hot plasma. 
sing 3D PIC simulations, we simulate a pair plasma driven by

arge-scale external currents, creating Alfv ́en waves propagating 
arallel and antiparallel to the background magnetic field with 
ifferent amplitudes. We demonstrate the formation of a turbulent 
ascade with a similar power-law index for all values of the balance
arameter co v ered by the simulations (Section 3.1). We find that
he energy injected into the plasma by the external driving is not
nly converted into internal energy through small-scale dissipative 
rocesses (Section 3.2), but also drives net bulk motion of the
lasma (Section 3.3). This efficient transfer of momentum to the 
lasma appears as a relativistic effect, resulting in a net plasma
elocity � net v net ∼ δσ v A 0 . We also find efficient particle acceleration 
 v er two decades of particle Lorentz factor even for our most
mbalanced turbulence (Section 3.4). 

Our results on imbalanced turbulence should apply to high-energy 
strophysical systems with asymmetric energy injection, such as 
ccretion disc coronae, relativistic jets, and pulsar wind nebulae. We 
nd that NTPA remains efficient in imbalanced turbulence, meaning 

hat particle acceleration models developed for balanced turbulence 
re still applicable to astrophysical systems with asymmetric energy 
njection. In addition, our finding that the momentum from the driven
lfv ́en waves efficiently transfers to the plasma itself constitutes a
ew mechanism for propelling winds from, for instance, the surface 
f a turbulent accretion disc. This efficient momentum transfer could 
lso amplify existing astrophysical outflows. 

This work represents an important step in studying global 
roperties of imbalanced turbulence in collision-less plasmas. It 
emonstrates a method for driving imbalanced turbulence in PIC 

imulations and develops diagnostics to study the unique aspects 
f imbalanced turbulence, including net motion of the plasma. 
ur study has revealed a number of factors that could influence

he development of imbalanced turbulence and should be further 
xplored: the driving mechanism, the amplitude of magnetic field 
uctuations, and the plasma magnetization, to name a few. Our 
ain findings of efficient NTPA and efficient momentum transfer 
erit further investigation: how are the Fokker–Planck momentum 

iffusion and advection coefficients for NTPA modified by imbal- 
MNRAS 509, 3826–3841 (2022) 
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nce? How does the momentum transfer manifest in a more realistic
ystem with density gradients? Thus far, our finding of a net flow is a
omentum-transfer mechanism, not a wind-launching mechanism.
ore work is needed to determine how the transfer efficiency

hanges with σ and whether the wind comprises the thermal bulk
f particles or non-thermal particles. Simulations of imbalanced
urbulence in non-relati vistic, semirelati vistic, and transrelati vistic
lectron–ion plasmas, particularly rele v ant to accretion flows, will
lso be important for understanding the fraction of energy that heats
lectrons. Understanding these aspects of imbalanced turbulence
ill aid in modelling astrophysical systems with asymmetric energy

njection, such as accretion disc coronae, relativistic jets, and pulsar
ind nebulae. 
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PPENDIX  A:  DEPENDENCE  ON  DOMAIN  SIZE  

f the ratio L /2 πρe 0 is small, the small separation between the
haracteristic scale of kinetic effects and the system size scale could
nfluence the results presented in Section 3. In this appendix, we
xamine the box-size dependence of representative quantities for
xtremal values of the balance parameter ξ = 0.0 and ξ = 1.0
nd for L /2 πρe 0 ∈ { 27.1, 40.7, 54.3, 81.5 } , corresponding to N
 { 256, 384, 512, 768 } . These results also include three very large
imulations of balanced turbulence from Zhdankin et al. ( 2018b )
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igure A1. The injection efficiency and Poynting flux along the background
agnetic field depend weakly on simulation domain size within statistical 

ariation. When averaged from t = 5 −14 L / c , the injection efficiency (a) and
oynting flux along the background magnetic field (b) are shown as a function
f L /2 πρe 0 . Both the balanced ( ξ = 1.0; purple circles) and most imbalanced
alues ( ξ = 0; yellow triangles) are mostly within statistical variation of
he L /2 πρe 0 = 40.7 sample of eight random seeds. The black dashed line
ndicates zero. 

ith L /2 πρe 0 ∈ { 81.5, 108.7, 164 } ( N = 768, 1024, and 1536)
hat are otherwise identical to the other simulations of balanced 
urb ulence. The time-a veraging window has been changed from 10 
 tc / L < 20 to 5 < tc / L < 14, because 14 L / c is the latest time

ncluded in all simulations. Here we focus on the convergence of
nergetic quantities; for convergence of the balanced turbulence’s 
article energy spectra with system size, see Zhdankin et al. ( 2018b ).
We find that the injection efficiency ηinj depends weakly on 

imulation domain size for both balanced and imbalanced turbulence 
Fig. A1 a). The simulations with ξ = 1.0 and L /2 πρe 0 = 81.5 and
64 domains have slightly lower injection efficiencies than those for 
he smallest ( L /2 πρe 0 = 40.7) domains. Kinetic damping of large-
cale fluctuations, which would drain energy faster than turbulence 
lone, may explain the larger ηinj for smaller domain sizes. For ξ = 

, the L /2 πρe 0 = 54.3 simulation’s ηinj is within the statistical spread
f the L /2 πρe 0 = 40.7 simulations’ injection efficiencies, whereas 
he L /2 πρ = 81.5 injection efficiency is slightly below. The time-
e 0 
veraged Poynting flux shows a weak positive trend with increasing 

igure A2. The magnetic and turbulent kinetic densities are weakly de-
endent on simulation domain size. When averaged from t = 5 − 14 L / c ,
he magnetic energy density (a) and turbulent kinetic energy density (b) are
hown as a function of L /2 πρe 0 . Both the balanced ( ξ = 1.0; purple circles)
nd most imbalanced ( ξ = 0; yellow triangles) values are mostly within
tatistical variation of the L /2 πρe 0 = 40.7 sample of eight random seeds. 

omain size (Fig. A1 b). Though the L /2 πρe 0 = 81.5 domain size for
he imbalanced ξ = 0 case has a value higher than the largest L /2 πρe 0 

 40.7 value, the difference is only about 0 . 05 ( cB 

2 
0 / 4 π ) (about

5 per cent), within two standard deviations of the statistical variation
hown by the L /2 πρe 0 = 40.7 study. 

The turbulent and magnetic energy densities show a slight depen- 
ence on simulation domain size (Fig. A2 ). Both quantities’ values
or L /2 πρe 0 � 54.3 are consistently about 15 per cent greater than
he largest value of the statistical ensemble of L /2 πρe 0 = 40.7, ξ =
.0 simulations. Though the imbalanced turbulence simulations do 
ot appear to exhibit a trend in turbulent kinetic energy with box size
Fig. A2 b), the L /2 πρe 0 = 81.5, ξ = 0 case’s value for magnetic
nergy is noticeably higher (20 per cent) than the L /2 πρe 0 = 54.3
alue, which lies within the statistical spread of the L /2 πρe 0 = 40.7
nsemble study (Fig. A2 a). 
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