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Abstract. This paper is concerned with the relationship between forward—backward stochastic Volterra integral equations (FBSVIEs,
for short) and a system of (nonlocal in time) path dependent partial differential equations (PPDEs, for short). Due to the nature of
Volterra type equations, the usual flow property (or semigroup property) does not hold. Inspired by Viens—Zhang (Ann. Appl. Probab.
29 (2019) 3489-3540) and Wang—Yong (Stochastic Process. Appl. 129 (2019) 4926-4964), auxiliary processes are introduced so that
the flow property of adapted solutions to the FBSVIEs is recovered in a suitable sense, and thus the functional It6 formula is applicable.
Having achieved this stage, a natural PPDE is found so that the adapted solution of the backward SVIEs admits a representation in terms
of the solution to the forward SVIE via the solution to a PPDE. On the other hand, the solution of the PPDE admits a representation in
terms of adapted solution to the (path dependent) FBSVIE, which is referred to as a Feynman—Kac formula. This leads to the existence
and uniqueness of a classical solution to the PPDE, under smoothness conditions on the coefficients of the FBSVIEs. Further, when
the smoothness conditions are relaxed with the backward component of FBSVIE being one-dimensional, a new (and suitable) notion
of viscosity solution is introduced for the PPDE, for which a comparison principle of the viscosity solutions is established, leading
to the uniqueness of the viscosity solution. Finally, some results have been extended to coupled FBSVIEs and type-II BSVIEs, and a
representation formula for the path derivatives of PPDE solution is obtained by a closer investigation of linear FBSVIEs.

Résumé. Cet article étudie les relations entre les équations intégrales de Volterra forward-backward stochastiques (FBSVIE) et un
systeme d’équations aux dérivées partielles, non locales en temps, dépendant des trajectoires (PPDE). Du fait de la nature des équations
de type Volterra, la propriété habituelle de flot, ou de semigroupe, n’est pas vérifiée. Influencés par les travaux de Viens—Zhang
(Ann. Appl. Probab. 29 (2019) 3489-3540) et Wang—Yong (Stochastic Process. Appl. 129 (2019) 4926-4964), nous introduisons des
processus auxiliaires tels que la propriété de flot de solutions adaptées aux FBSVIE peut étre retrouvée en un sens approprié, de sorte
que la formule d’1t6 fonctionnelle peut étre appliquée. Puis, nous exhibons une PPDE naturelle telle que la solution adaptée de la SVIE
backward admet une représentation en termes de la solution de la SVIE forward via la solution de cette PPDE. Par ailleurs, la solution
de la PPDE admet une représentation en termes de la solution a la FBSVIE (dépendant de la trajectoire), ce que nous interprétons
comme une formule de Feynman—Kac. Ceci conduit a I’existence et I’unicité d’une solution classique a la PPDE, sous des conditions
de régularité pour les coefficients de la FBSVIE. De plus, sous I’hypothese que la composante backward de la FBSVIE est de dimension
1, on peut affaiblir ces conditions de régularité en introduisant une nouvelle notion de solution de viscosité pour la PPDE, et établir un
principe de comparaison de ces solutions qui implique leur unicité. Enfin, certains résultats sont étendus a des FBSVIE couplées et des
BSVIE de type 11, et une formule de représentation des dérivées des trajectoires des solutions de la PPDE est obtenue par un examen
approfondi des FBSVIE linéaires.
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Keywords: Forward backward stochastic Volterra integral equation; Path dependent partial differential equation; Feynman—Kac formula; Viscosity
solution; Comparison principle

1. Introduction

Let (2, 7, F,P) be a complete filtered probability space, W a d-dimensional standard Brownian motion, F = {F;};>0
the natural filtration generated by W augmented by all the P-null sets in F and T > 0 a fixed time horizon. Consider the
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following (decoupled) forward—backward stochastic differential equation (FBSDE, for short): given initial data (¢, x) €
[0, T] x R,

Xt =x+ [T, Xp N dr + [} o(r, X2 d Wy,
t,x t,x T t,x yt,x t,x T t,x selt,T], (11)
Yot =g Xy + [ fO XPN YN 20Ny dr — [ 20t dW,
where the coefficients b, o, f, g are deterministic functions. Such an FBSDE is associated with the following terminal
value problem of a partial differential equation (PDE, for short):
u(t, x) + 5 u[d2 u(t, x)o (1, x)0 T (1, X)] + deu(t, )b(t, x)
+f(t’xv u(t9x)78xu(tsx)a(t3x)):07 (tvx)e[o’ T]Xan (12)
u(T,x)=gkx), xeR".

By the seminal works Peng [48] and Pardoux—Peng [47], we have the nonlinear Feynman—Kac formula, representing the
viscosity solution to PDE (1.2) by the adapted solution to FBSDE (1.1):

ut,x)=Y"*, (t,x)e[0,T] x R", (1.3)

and on the other hand the adapted solution (Y**, Z"*) to the backward stochastic differential equation (BSDE, for short),
namely the second equation in (1.1), has the following representation formula via the solution to PDE (1.2):

YO =u(s, XpY),  Z{Y=0wu(s, Xp%)o (s, X0Y), selt, T, (1.4)

provided u is smooth. The key for this PDE approach is the flow property, also called semigroup property and can be
viewed as a type of time consistency, of the FBSDE. That is,

tx __ s,Xt‘x t,x _ yru(r,);t.x t,x _ ru(r,)t,x
Xt =X00 Yo =Y , Z,t =17 , t<s<r<T, (1.5)

where (Y70t Z’*“("');t’x) is the solution to the BSDE on [¢, ] with terminal condition Y, = u(r, Xﬁ’x). ‘We remark
that this approach remains effective for coupled FBSDEs (namely b, ¢ may depend on (Y, Z)); see Ma—Protter—Yong
[44], and even for more general situations, where u plays the role of the decoupling field for the forward—backward
equations.

In this paper, our objective is to consider the following decoupled forward—backward stochastic Volterra integral
equation (FBSVIE, for short) with solution triple (X;, Yz, Zﬁ), 0<t<r<T:

t t
X[ZXI+/ b(tsrvxr)dr+/ U(t1r9Xr)dWr1
0 0 t €0, T]. (1.6)

T T
Yt:g(r,XT)+f f(er X,,Yr,zj)dr—[ ZLdw,,
1 t

Here, the coefficients b, o, f involve two time variables; the initial condition is a continuous path x € C([0, T]; R");
and the terminal condition g depends on ¢ as well. A special case of the forward SVIE is the fractional Brownian mo-
tion, where x =0, b =0, 0 = K (t,r) for some deterministic kernel K. FSVIE has received very strong attention in
recent years due to its applications in rough volatility models; see, for example, Comte—Renault [10], Gatheral-Jaisson—
Rosenbaum [30], El Euch—Rosenbaum [26,27] and Viens—Zhang [60]. On the other hand, BSVIE has become a popular
tool for studying many problems in mathematical finance. For examples, Di Persio [18] on stochastic differential utility,
Yong [69], Wang—Yong [64] and Agram [2] on dynamic risk measures, Kromer—Overbeck [38] on dynamic capital al-
locations, Wang—Sun—Yong [62] on equilibrium recursive utility and equilibrium dynamic risk measures, to mention a
few. More interestingly, in recent years, time-inconsistent problems have attracted many researchers’ attention. Among
others, the time-inconsistency could be caused by the time-preferences of the decision-makers, which can be described by
nonexponential discounting. See the seminal paper by Strotz [59], and early follow-up works of Pollak [53] and Laibson
[39]. For the recent works of time-inconsistent problems relevant to the nonexponential discounting, we mention Karp
[37], Ekeland—Lazrak [22], Yong [71], Wei—Yong—Yu [67] and Hernandez—Possamai [34]. It is worthy of pointing out
that the most suitable dynamic recursive cost functional allowing nonexponential discounting should be described by a
BSVIE, as indicated in Wang—Yong [63]. We remark that the BSVIE in (1.6) is also called type-I BSVIE in the literature.
A more general type-Il BSVIE, where f depends not only on ZZ, but also on Z, appears naturally as an adjoint equation
when one studies stochastic maximum principle for controlled FSVIE; see Yong [68,70].
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Our goal of this paper is to extend the PDE approach to FBSVIEs. This on one hand will help us to understand the
structure of FBSVIEs, and on the other hand is helpful for numerical computation of these equations. As mentioned,
the PDE approach is based on the flow property of the equations. Unfortunately, due to the two time variable structure,
neither FSVIE nor BSVIE satisfies the flow property in the standard sense: for 0 <t <s <T,

N s N s
XY#XI_F\/‘ b(s,r,Xr)dr+f G(SvraXr)dWra YI#YS‘_'_\/. f(t7r7Xr7YraZ;)dr_/. Z;{dWr
t t t t

Our work is built on Viens—Zhang [60], Yong [72] and Wang—Yong [65]. By introducing auxiliary two-time variable
processes X, 17; (see (2.6) and (2.11) below), [60] recovers the flow property of the FSVIE in certain sense, and [65,72]
recover the flow property of the BSVIE. We remark that in [60] the backward equation is a standard BSDE, while in
[65,72] the forward equation is a standard SDE. Putting together allows us to adopt the PDE approach to FBSVIE (1.6).
We note that the associated PDE will intrinsically depend on the paths of X F’”, and thus it becomes a path dependent
PDE (PPDE, for short). Then, with a little extra effort, we can actually handle path dependent FBSVIEs, namely b, o,
f, g depend on the paths of X, as we will do in the paper. We shall emphasize though, even for the state dependent case
(1.6), our results in the paper are new.

To be precise, we shall introduce a two-time variable function U (t,s,x); 0 <t <s < T, x € C([0, T]; R"), which
satisfies the PPDE with terminal condition U (¢, T, X) = g(¢, X):

S

1
U (t,s,%) + E(BfXU(t, 5,%), (07,7 01 ) ) + (U (1,5, %), b1
+ f(t,5,%,U(s,5,%), (U (¢, 5,%), 07,77)) = 0. (1.7)

Here, dyU, 32, U are the first- order and second-order Fréchet derivatives with respect to the perturbation of X[y 7}, and
forp =b,0, (p[SS”XT] refers to the path {¢(r, s, X)},<[s,7]. Then we have the following relationship, which extends (1.4):

denoting X’ := X, 110, (r) + X/ 1;1.71(r),

Y, = U(t, t, Xt) Zl = (BXU(I, s, )A(b) U[SS:X;), and fS’ = U(t, s, )2*) (1.8)

and similarly we can extend (1.3) to this case (see (3.6) below), and thus establish the Feyman—Kac formula for (1.7).
Besides the key flow property, a crucial tool in this analysis is the functional It6 formula, initiated by Dupire [21] in
standard SDE setting and extended to the SVIE setting by [60]. The PPDE (1.7) has several important features:

e The state variable x has a continuous path on [0, 7], and thus is infinite dimensional.

e U depends on two time variables (¢, ). In particular, the equation at (z, s, X) involves the value U (s, s, X), and thus is
nonlocal in the first time variable ¢.

e Alternatively, noting that (1.7) does not involve derivatives with respect to the first time variable 7, then we may
view ¢ as a parameter instead of a variable. That is, we may view (1.7) as a system of PPDEs with parameter ¢
and solution {U(t, -, -)}s¢[0,71. Then this is an (uncountably) infinite dimensional system of PPDEs, which are self-
interacted through the diagonal term U (s, s, X).

We next prove the existence of classical solutions to PPDE (1.7), provided the coefficients are smooth enough in an
appropriate sense, and thus establish the above connection between PPDE (1.7) and FBSVIE (1.6) rigorously. We remark
that Peng—Wang [51] obtained the classical solution in the form u(z, x|o ;}) for a PPDE corresponding to PDE (1.2),
associated with the path dependent version of the FBSDE (1.1). Our result generalizes [51] in several aspects. First, in
[51] u(t, x10,¢1) depends on the path only up to #, in particular the path derivative dxu there involves only the perturbation
of x;, and thus is actually a finite dimensional derivative, while our path derivative is indeed a Fréchet derivative. Next, u is
finite dimensional, while as mentioned (1.7) can be viewed as an infinite dimensional system. Moreover, when restricted
to the state dependent case, the PPDE in [51] reduces back to the standard PDE (1.2), but (1.7) has the same features
that both the state x and the solution U are infinite dimensional. We also obtain a representation formula for the path
derivative dx U (¢, s, x), which is interesting in its own right and is new in the literature.

The more challenging part is the viscosity solution theory for PPDE (1.7), in the case that Y is scalar but the coefficients
are less smooth. Note that the state space C ([0, T']; R") is not locally compact, so the standard viscosity solution theory
of Crandall-Ishii—Lions [15] does not work here. Moreover, we have some intrinsic adaptiveness requirement on the
dependence of the path, which prevents us from applying the viscosity solution theory in infinite dimensional space;
see, for example, Crandall-Lions [16], Li—Yong [41] and Fabbri—-Gozzi—Swiech [28]. One exception in this direction is
Ren—Rosestolato [55], which however requires some stronger type of regularity and is overall still not satisfactory for our
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purpose. We shall follow the approach proposed by Ekren—Keller—Touzi—Zhang [23], where the pointwise optimization in
[15] is replaced with an optimal stopping problem under certain nonlinear expectation, and thus the comparison principle
can be obtained without requiring the local compactness of the state space. Our PPDE (1.7) has two major differences from
[23]. First, the nonlinear expectation used in [23] relies on a family of semi-martinagle measures, while our state process X
is not a semimartingale. Second, the PPDE in [23] is one-dimensional and the comparison principle for classical solutions
(if they exist) is quite straightforward, but as mentioned PPDE (1.7) is nonlocal (or viewed as infinite dimensional), and in
fact the comparison principle fails in general even for classical solutions. Nevertheless, we shall propose a new notion of
viscosity solution to PPDE (1.7) and establish its well-posedness, including the comparison principle, under an additional
assumption that f is nondecreasing in y. We note that this monotonicity condition is essentially the proper condition
required in [15] for elliptic equations. For a standard parabolic equation like (1.2), this condition is redundant because it
is implied from the Lipschitz condition by a standard change variable argument. However, the change variable argument
fails for (1.7) because of its nonlocal structure. We also note that Wang—Yong [64] proved the comparison principle for
BSVIEs under the same monotonicity condition. As in the standard literature, since viscosity solution is a local notion
(even with some nonlocal feature here), its comparison principle is much more challenging.

Finally, we investigate briefly two more general FBSVIEs, the coupled FBSVIE (with b, o depending on Y') and the
type-II BSVIEs, and extend the representation formula in these cases. The more detailed studies on these equations are
left for interested readers. We note particularly that our new representation formula for dxU relies on a linear type-II
BSVIE. For this purpose, we establish a duality result for linear path dependent FSVIE, which covers the corresponding
results in Yong [68,70] and Peng—Yang [52], and provide an explicit solution for linear BSVIEs, which generalizes the
result of Hu—@ksendal [36].

The rest of this paper is organized as follows. In Section 1.1, we provide a literature review on the closely related topics.
Section 2 collects some preliminary results, which will be used in the paper. In Section 3, we establish the connection
between FBSVIEs and PPDEs, and prove the existence of classical solutions under appropriate conditions. Section 4
is devoted to the viscosity solutions of the PPDE. We extend some results to coupled FBSVIEs and type-II BSVIEs in
Section 5. Finally in Section 6, we obtain a representation formula for the path derivative oxU (t, s, X).

1.1. Literature review on some related topics

For FSVIEs, we first refer to Nualart [45] for a comprehensive exposition of fractional Brownian motion, which is a very
special case of FSVIEs. In the state dependent case, the well-posedness of FSVIEs can be found in Berger—Mizel [8].
Since one cannot apply the Burkholder—Davis—Gundy inequalities for stochastic Volterra integral equations, the well-
posedness of path dependent FSVIEs is actually more involved, and we refer to the recent work Ruan—Zhang [57]. There
has been a growing number of publications on rough volatility models, for which FSVIE is a convenient tool. Besides
[10,26,27,30,60], a partial list also includes Abi Jaber-Larsson—Pulido [1], Alos—Leon—Vives [3], Bayer—Friz—Gatheral
[6], Bennedsen—Lunde—Pakkanen [7], Chronopoulou—Viens [9], Cuchiero—Teichmann [17], Fouque-Hu [29], Gatheral—
Keller—Ressel [31] and Gulisashvili—Viens—Zhang [32].

BSVIE was first introduced by Lin [42] in a special form. The general form, including type-II BSVIEs, has been
studied systematically by Yong [68,70], followed by Djordjevic—Jankovic [19,20], Shi—-Wang—Yong [58], Wang—Yong
[64], Wang—Zhang [66], Overbeck—Roder [46], Hu—@ksendal [36], Wang—Yong [65], Popier [54], Hernandez—Possamai
[35], to mention a few. In particular, we note that Hamaguchi [33] proved the well-posedness of coupled FBSVIEs
over small time horizon. The well-posedness of coupled FBSVIEs over arbitrary time horizon is still open, to our best
knowledge. We also refer to [2,18,34,38,61-63,69] again for some applications of BSVIEs.

The notion of PPDE was first proposed by Peng [49]. A crucial tool is the functional Itd formula, initiated by Dupire
[21] and further developed by Cont-Fournié [11,12]. In the semilinear case, Peng—Wang [51] obtained the classical
solution and Ekren—Keller—Touzi—Zhang [23] established the viscosity solution theory. The viscosity solution approach
of [23] has been successfully extended to the fully nonlinear case by Ekren—Touzi—Zhang [24,25], Ren—Touzi—Zhang [56]
and Ren—Rosestolato [55]. We also refer to Barrasso—Russo [4], Cosso—Russo [13], Leao—Ohashi—Simas [40], Lukoyanov
[43], Peng—Song [50] for some related works, in particular to Cosso—Russo [14], Zhou [75] for some recent interesting
developments and to the book Zhang [74] for more references. We shall remark though that the PPDEs in all the above
works are in the semimartingale setting. Our PPDE is associated with SVIEs, and the corresponding functional It6 formula
was proved by [60]. Another closely related work also beyond semi-martinagle setting is Barrasso—Russo [5], which
studies the so-called decoupled mild solution for a PPDE associated with Gaussian processes.

2. Preliminaries

Let T > 0 be the time horizon, Q := C([0, T]; R?) the canonical space, W the canonical process (namely W (w) = w), P
the Wiener measure (namely W is a standard d-dimensional Brownian motion under P), and [F := FW¥ augmented with
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the P-null sets. Denote
T=[0,7], T>=[0,T]x]I0,T],

T2 ={(t,5)|0<s<t<T}, Ti={t,9|0<r<s<T}.

[T3R L]

Here, “_" indicates the left neighborhood of 7, and “}” indicates the right neighborhood of ¢. For any Euclidean space H
(say, R", Rmxd etc.), let

T
Lg(O, T;H) = {90 [0, TIxQ—H ‘ ¢ is F-progressively measurable, E/o |<p(s)|p ds < oo}

Our state space is X := C([0, T']; R"), equipped with the uniform norm:

x]|= sup |x/], VxeX 2.1
t€l0,T]

In this section, we review and present some basic results concerning forward and backward SVIEs, including a
continuous-norm estimate for the adapted solution to a class of BSVIEs. Moreover, among other things, we shall in-
troduce two auxiliary processes X and Y so that the flow property of the adapted solutions can be established in an
extended sense. It turns out that such a property will play an essential role in proving the relation between FBSVIEs and
PPDEs.

Before going further, we make a convention which will be used in the rest of the paper. For any map ¢ : T? x X x H x
Q — H, where H and H are any Euclidean spaces (could be R”, R™ x R™*¢ etc.), we simply say that ¢ is progressively
measurable if

ot 1, X, h,0) =@, r, X n, hywpn), VX h,0)eT? x X x Hx Q, (2.2)
and the above map is measurable. In the above, T? can be replaced by ’]I‘i; also some independent variables can be absent.
2.1. The well-posedness and flow property of FSVIEs

Given x € X, consider an FSVIE:

t

t
X,:X,+/ b(t,r,Xi)dr—I—/ o, r,X)dw,, treT. (2.3)
0 0
We shall assume the following.

Assumption 2.1. The map (b, o) : T2 x X — R” x R"*? is progressively measurable satisfying:

(i) For some constant Cy > 0, |b(t,r,0)| + |o(t,r,0)| < Co for all (t,r) € T2 .
(i) The map x+— (b(t, 1, X), o (¢, r, X)) is uniformly Lipschitz continuous under the norm || - ||.
(iii) The map ¢ — (b(¢, r,X), o (¢, r, X)) is differentiable, with 9,6 and 9,0 also satisfying the conditions as in (i) and (ii).

The following result follows from Ruan—Zhang [57].

Proposition 2.2. Under Assumption 2.1, FSVIE (2.3) admits a unique strong solution X such that X is continuous in t
and the following estimate holds true: for any p > 1,

E[IX17] < C,[1 + IxI7]. 2.4)

We remark that due to the first time variable ¢ in o, one cannot directly apply the Burkholder—Davis—Gundy inequalities
in the Volterra setting. Assumption 2.1(iii) helps us to get around that. In the state dependent case: 0 = o (¢, r, X,) (b can
be path dependent, although in the literature, typically, it is also state dependent), the well-posedness of (2.3) follows
from standard arguments; see, for example, Berger—Mizel [8]. The pathwise continuity of X as well as the norm estimate
(2.4) hold true for b, o satisfying weaker continuity in the spirit of (2.9) below. The arguments are similar to those of
Proposition 2.4 below and we skip the details. It will be interesting to see if it is possible to weaken Assumption 2.1(iii)
in the path dependent case.
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Note that X is neither a Markov process nor a semimartingale. Even worse, in general the flow property fails in the
following sense: for fixed ¢,

N S
Xs;éXt—i—/ b(s,r,X.)dr+/ o(s,r,X)dWwW,, se@,T]. (2.5)
t

t

One may refer to this as the time inconsistency. To overcome this deficiency, Viens—Zhang [60] introduced an auxiliary
process with two-time variables:

t !
Xf:xs—i—/ b(s,r, X.)dr~|—/ o(s,r,X.)dW,, (t,s)e']I‘i. (2.6)
0 0

This process enjoys the following nice properties:

e For fixed s, the process [0, s] > f )Zf is an F-semimartingale with X f =X
e For fixed ¢, the process [¢, T] > s — X is F;-measurable and continuous;
e The flow property holds in the following sense: for any [F-stopping time ,

~

S )
X, =X, +f b(s,r,X.)dr +/ o(s,r,X)dW,, selr,T]. 2.7
T T
We remark that, in the state dependent case as in (1.6), (2.7) implies

N N
xs=xg+/ b(s,r,Xr)dr—i—/ o(s,r,X,)dW,, (t,5)€T2.
t t

One can easily see that, conditional on X t[t’T], X|0,r) and X ;7] are conditionally independent. So this can be viewed as a
generalized Markov property.

2.2. The well-posedness and flow property of BSVIEs

Consider the following path dependent BSVIE:

T T
Y, =g, X)) +f fle,r. XY, Z)dr —f ZLdw,, teT, (2.8)
t t
where Y is m-dimensional, and hence Z is (m x d)-dimensional. We shall assume

Assumption 2.3. The map f : ']I‘?|r x X x R™ x R™*4 _ R™ is progressively measurable and the map g : T x X — R
is Fr-measurable satisfying:

(i) For some constant Cy > 0, it holds
| f(t,7,%,0,0)| + |g(t,x)| < Co[1 + IxII], V(%) €Ti xX;

(i) The map (y, z) + f(¢t,r, X, y, z) is uniformly Lipschitz continuous;
(iii)) The map ¢ — (f(¢t,7,X,y,2), g(t, X)) is locally uniformly continuous in the following sense: for some modulus of
continuity function p,

|f(t—8,r,x,y,z)—f(t,r,x,y,z)| + |g(t—8,x)—g(t,x)|

< C[L+ I+ Iyl + 12l]o®).  Y(.rx.y.2) €T3 x X x R" x R"*4, 5 € [0, 1]. (2.9)

Proposition 2.4. Under Assumptions 2.1 and 2.3, BSVIE (2.8) admits a unique strong solution (Y, Z) such that Y is
continuous in t and the following estimate holds true: for each p > 1,

IE[ sup |Y,|P + sup ]E[(/ 7! ds) ]gc,,[1+||x||P]. (2.10)

0<t<T 0<t<T
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The proof of the well-posedness of BSVIE (2.8) is standard and could be found in Yong [70], where the pathwise
continuity of ¥ was proved for a more general BSVIE, but under much stronger technical conditions. Our arguments for
the pathwise continuity and the above estimate (2.10) seems to be new in the literature. We note that (2.9) is much weaker
than Assumption 2.1(iii), because f is state dependent on (Y, Z). To facilitate the proof, we introduce the following
standard BSDE parameterized by ¢ € T with adapted solution (17 ’ Zt):

T T
Y;=g(t,x.)+/ f(Mr,r,X,,Yr,zﬁ)dr—f ZLdw,, sel0,T]. (2.11)
N

N

Proof. First, from [70] we know (2.8) admits a unique solution (Y, Z) such that Y € ]L]ZF(O,T;R'") and Z' €
L%(t, T; R’"Xd). Compare (2.8) with the following linear BSDE on [¢, T']:

T T
Ygzg(t,x_)+/ f(mr,r,x,,Y,,z;)dr—/ ZLdW,, selt,T].
s

N
It is obvious that ¥/ = ¥, and Z! = Z". This implies that (Y, Z') satisfies (2.11). Then we have
Y =Y, Z'=7!, (t,reT. (2.12)

Next, by (2.4), (2.9) and the standard BSDE arguments, we have

P

) ,
sup B[ sup 717+ ( [ 24P as) "] < 1+ 1w
0

0<t<T LO<s<T (2.13)
ey 1
\Yi =Y | <Cp[1+ (E[IX1P]) 7 ]o(jt = ']), as.Ve,t',seT.
Note that Z,’ , }7;,’ and E,[]| X||?] are pathwise continuous in s, then we have
~ o~ 1
sup| 71 — F7'| < C, [ 1+ sup(E[IXIP])7 [p (e = ']). s, Ve, €T, (2.14)
seT seT
Note that, by (standard) Doob’s maximum inequality,
1
E[sugEs[uxup]] < Cp(E[IX1PP])? < Cp[1 + IIx)17] < oc.
NS
Let {#;};>1 be the rationals in [0, T']. There exists an 2] C 2 such that P(2) =1, IZ” (w) is continuous in s, and
sup|Yi — ¥ (@) < Cp@)p(1ti — 1j1), Vi, ), Yo € 2,
seT
: (2.15)
where  Cp(w) i= [1 n sup(IEs[||X||p])F](a)) <00, VoeQ.
seT
For any t € T, by (2.14), there exists an ' C  such that P(Q") = 1 and
sup|V! — ¥¢'|(@) < Cp(@)p(lt —1;1), Vj,VoeQ NQ. (2.16)
seT
For any (¢, s) € T2, we define
V! () :=limsup ¥y (0), weQ. 2.17)
lj—)l
By (2.15), we see that the above lim sup is actually a limit for w € ;. Then, for any w € 1,
Y!(w) is continuous ins,  sup|¥! — ¥!'|(@) < Cp(@)p(|t —1|), Vi1 €T. (2.18)

seT
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SoY is (uniformly) continuous in (z, s) € T2 for all w € ;. Moreover, by (2.16) we have
Y (0)=Y!(w), VseT.VoeQ NQ. (2.19)

Since P(Q' N Q) =1, so Y is a desired version of Y, ’, and thus, by always considering this version, ¥ Y!is jointly
continuous in (z, s), a.s. In particular, this implies that Y; =Y/ Y! is continuous in t,as.
Finally, applying the standard BSDE estimates on (2.11) we have

T
Y17 = |Y/| < CpEz[l +IX)P +/ |Yr|f’dr}, as.
t

Since ¢ — Y; is continuous almost surely, we obtain from the Doob’s maximum inequality that

T :
E| sup |Yt|P]sc,,(E[1+||X||2P+/O |Yr|21’er < Cp[1+1xI17].

0<t<T

where the second inequality thanks to (2.4) and the first line of (2.13). This, together with the first line of (2.13) again,
implies (2.10). ]

Similar to the forward case, in general the flow property fails in the following sense: for fixed s,
Y £Ys + /S fe.r XY, Z)dr — fs ZLdw,, te€]l0,s). (2.20)
t t
However, we may recover the flow property by utilizing the auxiliary process Y:
Y, =¥+ / Flt.r X Yy, Z) dr — / ZLdW,, te[0,s]. 2.21)
t t

2.3. The functional Ito formula

The materials in this subsection follow from Viens—Zhang [60]. Recall X := C(T; R") and define
X :=C([r, T, R");
R (2.22)
X:= D(T; R”) = {X : T — R™ | x is right-continuous with left-limits}.

Clearly, X is a subset of X. Also, hereafter, for any 1 € X;, we automatically extend it to be zero on [0, t), still denote it
by 1. Then X; C X. Next, we define

A:=TxX, K::{(I,X)ETXX:XH,’T]EX,}, d((t,x),(t’,x’)) ::|t—t/|+||

with 1 ||X]| = sup;er X/ for x € X. It can be shown that d is a metric under which A is a complete metric space. Now, let
co (A) denote the set of all functions u : A — R, which are continuous under d. For anyueC 0(A) and given (t, x) € A,
define

u(t+8,x) —u(t,x)

oru(t,x) = %if% 5 , (2.23)

provided the limit exists, and define dxu (¢, X) as the Fréchet derivative with respect to X|(; 7], namely dxu(f,x) : X; — R
is the linear functional satisfying the following:

u(t,x+n) —u(t,x) = (0xut,x),n)+o(lnl), V¥neX. (2.24)
It is clear that this is equal to the Gateux derivative:

t, —ul(t,
(ot 0, )= tim "OXEED LD gy o (2.25)

Similarly, we define the second-order derivative 82 1 (f,X) as a bilinear functional on X; x X;:

(Bxu(t, x + ), n') = (dxu(t, x), ') = (82u(t, %), (n, 7))+ o(Inl), Vn,n' €X,. (2.26)
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Definition 2.5. Let CLZ(K) denote the set of u € CO(X) such that d;u, oxu, afxu existon T x X and satisfy:

(i) There exist constants ¥ > 0 and C > 0 such that, for any (¢, x),

|dut, )|+ sup |(du(t.x),n)| + sup ((agu(t, %), (n,1))] < C[1+ Ix]*].
neXy.Inll<1 0. €y, Il I’ <1

(ii) For any n,n" € X, d;u(t,x), (dxu(t,x), nlp.71)> (Oxxtt(t,X), M. 77, 0'|[2.77)) are continuous in (¢, x), where the
continuity in ¢ always means right continuity.
(iii) There exist « > 0 and a modulus of continuity function p such that

[(oxete(2, %) = o (,X), G )| < [1+ 1%+ x| Tl o (Jx = x'[)-

We remark that the function u will be involved in some backward equations, so both in (2.23) and in Definition 2.5(ii)
the time regularity is only required to be from right. We note that [60] assumes (dxu (¢, X), 1|z, 7]), €tc. is continuous in
¢, but actually it can only be right continuous because of the indicator function in »|[;,7] and in all the arguments in [60]
only right continuity is used. For any uy, us € C1’2(X), if u; = uy on A, by [60] we have, for any (¢,x) € A and n € X,

al‘ul(tv X) = 8tu2(ta X)’ <8XM1(I,X), 7]) = (8XM2(I,X), 77>’

. o 2.27)
(8xxul (,x), (77’ 77)) = (aXXMZ(tv x), (’77 77))

Definition 2.6. Let C LZ(A) be the set of functions u : A — R such that there existsa#r € C ;‘2(1/() satisfying u =7 on A.
For such a case, define

du(t,x) = 9,(t, X), axu(t, X) = xa(r, X), 02 u(t,x) =020(1,x), V(t,X)€A.

We emphasize that, by (2.27), afxu(t, x) is well-defined (or say independent of the choice of &) only on (5, 1), rather
than on general (1, ). However, this is sufficient for our purpose.
Define, forx € X, n € X;, ¢ : T2 x X — RF with appropriate dimension k,

X & m(s) :=XsLjo,1) () + 05, 71(s), s €T ¥ i=9(s,1,%), selt, Tl (2.28)

The main result of [60] is the following functional It6 formula.

Proposition 2.7. Suppose Assumption 2.1 holds. Let X be the solution to FSVIE (2.3), X be the auxiliary process defined
by (2.6) and u € CL*(A). Then, viewing X, (w) € X,

du(r, ') = |:8tu(t, )+

X

02u(t, ). ("%, 0" X)) + (u(r, X'), b"X)} dr

[\

+<8Xu(t,}?’),ot’x)th, where X' := X @, X,. (2.29)
2.4. FBSVIEs with random coefficients

For later purpose, we shall consider a more general FSVIE with random coefficients:
v t v v t v
X, =x; +/ b(t,r,w,X.)dr + / o(t,r,w,X)dW,, teT. (2.30)
0 0

Assumption 2.8. Let (b,5): T2 x @ x X —> R" x R"™9 pe progressively measurable satisfying:

(i) The map x+> (l;(t, r,w,X), 6 (t, 7, w, X)) is uniformly Lipschitz continuous under the norm || - ||.
(i) The map ¢t +— (b(z,r, w,X), & (¢, 1, w, X)) is differentiable with (9;b, 9,0 also satisfying (i), and

15 = sup E[|b@t,r,- 0" +|5G,r,-, 0 +[8,b,r,-, 0| +|85¢r,-,0]"] < oo. (2.31)
(t,r)eT?

We have the following result, also due to [57].
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Proposition 2.9. Under Assumption 2.8, FSVIE (2.30) admits a unique strong solution X such that X is continuous in t
and the following estimate holds true:

E[||)?||P] <Cpllmli? +15],  where 1}} is defined in (2.31). (2.32)

Similarly, we consider a more general BSVIE with random coefficients:

T T
Yt =§(l,a))+/ f(t,r,a), Yr,Z’[‘)dr—‘/‘ Z;{dWra IGT (233)
t

t

Assumption 2.10. The map f Ti X  x R x R™*4 _ R™ is progressively measurable and the map g : T x Q — R”
is Fr-measurable satisfying:

T p
)= supE[(/ |f,r, -0, O)|dr> + 2, .)|”] <00, (2.34)
t

teT

and the map (y, z) — f (t,r,w, Yy, z) is uniformly Lipschitz continuous.
From Shi-Wang—Yong [58], we have the following standard result.

Proposition 2.11. Under Assumption 2.10, BSVIE (2.33) admits a unique strong solution ()V’, 7) such that the following
estimate holds true:

. T, 5 y y
sup ]E|:|Yt|p + </t |Z;|2ds) :| < C,,Ig, where 15 is defined in (2.34). (2.35)

0<t<T

Another important property of BSVIEs is the following comparison principle, due to Wang—Yong [64]. For y, y € R™,
wesay y <yify; <y;,i=1,...,m.

Proposition 2.12. For k =1, 2, let f k gk satisfy Assumption 2.10 and (1? k 7k be the solutions to the corresponding
BSVIE (2.33). Assume fl < fz and g' < g%. Assume further that, either for k =1 or k =2, fk is nondecreasing in y (in
the componentwise sense), and fl.k does not depend on zj, for i # j, where z; € RY is the jth row of z € R™*4 . Then we
have )V’,l < ?,2, 0<t<T,a.s.

3. The path dependent Feynman-Kac formula

In this section, we are going to establish the relations between PPDEs and FBSVIEs.

3.1. From PPDE to FBSVIE

Recall the FSVIEs (2.3)—(2.6) and BSVIEs (2.8)—(2.11). Recall (1.7), let us introduce the following system of PPDEs:

LU(t,5,%) :=,U(t,5,%) + 3 (03U (1,5.%), (05X, 0°%)) + (U (¢, 5, %), b*¥)
+ f(t,5,x,U(s,5,%), (U(t,5,%),05%) =0, (t,5,x) e T2 x X, (3.1)
U, T,x) =g, %), (% el0,T]xX,

where, for ¢ = b, o, ¢** is defined by (2.28). As we see in (2.29), x will correspond to X & X s, rather than X. However,
due to the required adaptiveness, one has

o XX = s, X @, X) =0(r.s. X) =¥, rels, T forg=b.o.

We emphasize that the derivatives in LU (¢, s, X) are with respect to (s, X) only. As mentioned in Introduction, since (3.1)
involves the diagonal value U (s, s, X), it is nonlocal in the first time variable 7. Alternatively, if we view ¢ as a parameter
rather than an independent variable, then (3.1) is an (uncountably) infinite dimensional PPDE system self-interacted
through U (s, s, X).
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We call U € CO(T2 x X) a classical solution to the PPDE (3.1) if U(r, ) € CL*([r, T] x X) for all € T, where

C}r’z([t, T] x X) is defined in the spirit of Definitions 2.5 and 2.6, but restrict to s € [¢, T] only, and (3.1) is satisfied in
the classical sense.

Theorem 3.1. Under Assumptions 2.1 and 2.3, if the PPDE (3.1) has a classical solution U, then, for any (t,s) € ’]I‘?|r
and recalling the X in (2.29),

Y =U(t,s,X*), Y, =U(t0X), z'=Z=(U(s X*), 0" 3.2)
Proof. Fix t. Applying the functional 1t formula (2.29) to U (z, -, X'), we have
dU (1,5, X*) = 8,U (1,5, X*) ds + (8xU (1, 5, X*), b*X) ds
5B (5, R, (0,05 ds + (35U (15, K)o,
Since U satisfies the PPDE (3.1), the above implies that
dU(t,5,X%) =~ f(t,5, X, U(s,5,X°), (U (1, 5, X*), 0% X)) ds + (U (1, 5, X*), 0> X ) d W. (3.3)

Note that U (¢, T, X) = g(¢, T, X), integrating (3.3) over [z, T] we have

T
U1 X') = (1. T. X) +/ Fltr X U X7, (00 (0 r. X). 0™ X)) dr
t

T
—/ (0xU (t, 7, X", 0" X)dW,.
t

That is,/\(?,, Z) :=A(U(t, t, f(\t), (kU (t, s, )?‘Y), OS’X>) satisfies BSVIE (2.8). Then, from the uniqueness of BSVIEs we
obtain ¥ =Y and Z = Z, hence the last two formulae in (3.2). Moreover, by substituting these into (3.3), we have

dU(t,s, X*)=—f(t.s, X, Ys, Z) ds + ZL dW;.
This clearly implies the first formula in (3.2). O
3.2. From FBSVIE to PPDE
In this subsection, we proceed with the opposite direction: constructing U (7, s, X) by using FBSVIEs. We emphasize

again that the x here corresponds to X @, X;.
First, for any (s, X) € A, denote Xls’X =X, [ € [0, s], and consider the following FBSVIE:

1 1
Xl“‘:xl+/ b(l,r,Xf"‘)dr+/ o(l.r, X2)dW:

s . s ’ lels, T]. (34)
Yf*":g(l,X_S’X)+/l f.r X.S’X»Yrs’xvzﬁ’s’x)dr_/l Zptrdw,,

Next, given (t, s, X) € ']I‘f_ x X, consider the following standard FBSDE:

r r
Xt =x +/ b(l,r', X>X)dr' +/ o(l,r',X**)dW,, s<r=<I<T;
N N

rl
3 ; 3 r (3.5)
Y/ ¥ =g(t, X5¥) +/ Fer, X2% Y5, 205 dr — f Z5XdW,, lels, Tl
l I
We now define
Ut,s,x) = Y% (1,5,x) € T2 x X. (3.6)

It is obvious that Zt’s’x is o (W, — Wy, r € [s, [])-measurable, so the above U (¢, s, X) is deterministic.
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Theorem 3.2. Under Assumptions 2.1 and 2.3, if the function U defined by (3.6) is continuous in all variables and, for
any fixed t, oxU (1, -), 8 U (t, ) exist and satisfy the requirements in Definition 2.5 (in the sense of Definition 2.6), then
U is a classical solutlon ofthe PPDE (3.1).

Proof. First, note that U(s, s, x) = Yo" = Y5*. Forany s <r <[ < T, by (2.7) we have

X =X XX where )?f;x’r = (X" @, X5Y) = X0 g0 () + )N(f”f,l[rj] (r'). (3.7)
Then by the uniqueness of BSVIEs and BSDEs we have
VX = U, RN), TSRS U, R, (3.8)
.8, X

We next establish the representation for Z,
VAR (oxU (2., 5(\5’“), ar’)?s’x'r), as.,s<r<T. (3.9)
Fix§ >0andlets =s9 <--- <s, =T be such that As; :=s; — s;_1 < 6. Denote
Y= U(t, Sitl, S(\S’X’r), Z! = <8XU(t, Sitl )?S’X’r), ar’)?s'x’r), r € [si,Sit1]

Note that (Y)", Z}") is F,-measurable. Fix ¢ and then apply the functional Itd6 formula (2.29) to U(t, s;41, X 1) (with
time variable fixed), we get

dy" = B(a;fxu(t, s, XO%), (0K om ) L acU (8, 51, XY, b)?)} dr + Z"dW,.

Denote AY” :=Y" — Y%, AZ" := 7" — Z"**. Note that AY{  =0,and

dAY = A(t, r, XSXT Y SX 7 4 AZ!)dr+ AZ!dW,, where

U 1 I _ R (3.10)
f.rXy 2):= 5(3fo(t, sit1, %), (07X, 0" 0)) + (0xU (1, 5i41.%), "%) + f(1,1, X, y, 2).
By standard BSDE arguments we have
Si+1 2
n«:[ sup |AY! [ +/ Az} dr:|
Si SI=S8j4+1 Si
(3.11)
Si+1 2
< CIE|:</ |t r, XEXT Y sx Z”)|dr> } <C[1+IIx**]8Asi41.
i
where « is the generic order of polynomial growth in Definition 2.5. Thus
[Z/ |Z85% — (05U (£, 5141, X*%T), o™X zdr:| < C[1+[Ix[[**]s.
Send 6 — 0, by the (right) continuity of 03U we obtain (3.9).
Moreover, set 51 :=s + &, by (3.10) again we have
s+
Ut,s+6,x)—U(t,s,x)=AY] :—E|:/ f(t,r, X5XY5X, Z;’)dr:| — R(6), (3.12)
s

where

ft.rxy,2) = %(a,fo(t, %), ("%, 0" %)) + (U (1,1, D), b"X) + f (1,1, R, y, 2),

s+6 .
R(5):= EU [f(t.r, XX Y%, Z8 + AZ)) — f(e.r, XSX, Y0¥, Z0) ] dr
N

s+4
+/ [F(t.r, XS ¥5%,Z8) = f(t,r, X5, Y,S’X,Z;’)]dr].
s
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By (3.11) and the regularity of U, we have
IR < CSE[fS+5|AZf|2dr] +0(8%) = C[1+ x**]8° + o(8?).
s
Divide the both sides of (3.12) by 6 and send 6§ — 0, by the desired continuity we see that d;U (, s, X) exists and
—0,U(t,5,x) = f(t.5,x,U(s,5,%), (U (t,s,%),0"))
= %(a,fo(z, 5,.%), (7%, 0%%)) + (U (1, 5,%), b*¥) + f(t.5,%x,U(s, 5, %), (U (1, 5,%), 0")).

This implies that d;U (¢, s, X) has the desired regularity and LU (¢, s, X) =
Finally, clearly U (¢, T, x) = t Tx =g(t,T,x), thus U is a classical solution of PPDE (3.1). O

3.3. Classical solutions of the PPDE

In this subsection, we provide some sufficient conditions so that the function U defined by (3.6) has the desired regularity,
and thus is the unique classical solution of the PPDE (3.1).

We first note that, since the derivatives of U involve cadlag paths, we shall assume the coefficients b, o, f, g can be
extended to X, and we will use the same notations. The derivatives of f with respect to (y, z) and those of (b, o, f, g)
with respect to the first time variable ¢ are in the standard sense, while those with respect to the second time variable will
not be needed. Given an adapted function ¢ : A — R, the derivative with respect to x is the Fréchet derivative as a linear
operator on X:

o(t,x+n) —(t,x) = (D, %), n) +o(lnl)- (3.13)

We emphasize that in (2.24) and (2.26) the perturbation path 7 is on [¢, T] whlle here 7 is on [0, T'] (actually on [0, #]
due to the adaptedness). Similarly, we define D?¢ as a bilinear operator on 2 X x X.

We say Do is bounded if |(Dp(t,x), n)| < C|in| forall (¢,x,n) € A x X and Dy is continuous if, for any n € X the
mapping (¢,X) € A - (Do(t, x), 17) is continuous. Similarly, D?¢ is bounded if |(D2 @, x), ', M) < ClI7'llln|l and
continuous if (¢,x) € A (D?¢(t,x), (', 1)) is continuous. When the mapping x € X Dy(t,x) is continuous, one
can easily show that

1
w(t,ern)—w(t,X):/ (De(t, x4 6n), n)db. (3.14)
0
Moreover, we may switch the order of differentiation: 9; Do = Da; ¢, if one of them is continuous.

Assumption 3.3. Assumptions 2.1 and 2.3 hold, and the dependence of b, o, f, g on x can be extended to K, stilled
using the same notations, such that

(i) For ¢ = b, 0, g, ¢ is twice differentiable in x with bounded derivatives, and D2<p is uniformly Lipschitz continuous
in x;
(ii) f isjointly twice differentiable in (x, y, z) with bounded derivatives, and the second-order derivatives are uniformly
Lipschitz continuous in (X, y, z);
(iii) b, o are differentiable in the first time variable ¢, and 9;b, d;0 satisfy the requirements in (i).

Theorem 3.4. Under Assumption 3.3, the function U defined by (3.6) is the unique classical solution of PPDE (3.1).

Proof. By Theorem 3.2, it suffices to verify the required regularities of U. We shall repeatedly apply Propositions 2.9
and 2.11. In the proof, we may abuse the notations AX, b, etc., and we may omit the variable w. We proceed in three
steps.

Step 1. In this step, we show that

(U (t,5,%),n) =V, Y%, (s,x) €At <s,n€X,, (3.15)
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where (V, X*¥, V,,Y”‘,an;’*s*x) solve the following linear system with random coefficients on [s, T]: denoting
V,X; ™ :=0forl €0, s],

! [
VnX;’X =n ~|—/ <Db(l, r, XS,X)’ VnX‘”‘)dr +/ <DO’ (l, ., Xs,x)7 VnXS’X>dWr;
s N
T
V¥ =(Dg (I, X*¥), vy X*¥) - / V, 2R AW,
[
T
" [l [(DF O Vo XWX+ 8y FOVRY 4 0. F OV Zp X (Lr XWX Y, 20 dr (3.16)
T ~
TR L
[
T
+‘/IA [(Df()’ VnXS»x> + Byf(,)vn y}qu + azf(')vni,{’s’x] (t, rXSX, Y:’x, i}{'s'x) ir.

Indeed, first by Propositions 2.9 and 2.11, and by standard BSDE arguments (see, e.g., [74, Chapter 4]) we see that the
above system (3.16) is well-posed, and

E[| v, XX|P] < Cplinll”;
P

, ;
sup E[!V T+ (/ !Vnzi*&"!zdr)z]prE[anX“‘H”]scpnnn";
lels,T] 1

T 2 (3.17)
g sup (9,5 + ([ 92enPar) ]
le[s,T] s
= CoE[[Vp x|+ Cp sup B[|Vu ¥ |"] < Cplinl”
[s,T
Next, denote
A XSX . — Xs,x+n _XSX _y xSX A ?t,s,x o ?t,s,x+n _ )'7t,s,x v/ ?t,s,x
n = n E n = n )
and similarly for A, Y*¥, A,]ZI’S’X, AUE"S'X. Then A,]X;’X =0forl/ e€[0,s],and for! € [s, T],
. !
Anxf”‘—/ b(l,r, A X“‘)dr+/ (1, r, ApX>X) dW,;
N
T T
AYS N =g (1, Ay XSY) +/ (L7, Ay X5X, A YEX, Ay ZESX) dr —/ Ay ZESXdw,; (3.18)
l )

T T
AgY[ X =g (r, Ay XSY) +/ (t.r, A XX, A Y5 A Z”X)dr—/ Ay Zp X dWy,
) )

where, for ¢ = b, 0, g,

(LrX) =l r, X**+ V, XX +x) — (I, r, X>*) = (De(l, r, X>¥), V, X*¥);

S«

Fl,r X, y,2) = fLr, XS+ VXX 4 X, VXV, V5% 4y, ZL5X 4 v, Z05% 4 7)
— [f() + (Df()’ V,,XS’X) + Ay OOV, Y5+ azf(,)vnzi,s,x] (l, r, X5 YSX, Zﬁ’s’x).
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Again by Propositions 2.9 and 2.11, recalling (3.14) we have
E[| X)X ] < Cpsup Y E[|6@. .00 + 3,6 7. 0)]"]
@r ¢=b,0
! p
= Cp sup Z ]EH/ <D¢(l’ r, X5% 4+ QVWXS,X) _ Dgo(l, r, X‘Y’X), VnXS’X>d9
0

() oo
p}

1
+ / W[(Do(l.r, XX + 0V, X*X) — Do(l, r, X*¥), V, X*¥)] d6
0

< CLE[[|V, X*X|*P] < Cplinl*”.

T P
sup E[’AnYls’x|p+ (/ \A,,Zﬁ*“*"\zdr> 2}
le[s,T] l

T P
<C, sup E |§(l,A,,X”)|p+(/ |f(1,r,A,,XS»X,0,0)|dr) }
lels,T] L [

and

r T P
<C, sup E |gw(1,0)|”+</ |f(1,r,0,o,0)ydr) +HA,7X“H”]
le[s,T] L [

T p
<C, sup E (f (||V,7XS’X||+’V,7Yrs’x|+|V,,Z£’S’X|)2dr> +||A,,X”‘||p}
le[s, T] L l

<Cplnl*”.

Then it follows from standard BSDE arguments that

T p
g sup 2,7+ ([ 8,20 Par) ]
lels,T] K
T p
< CP]E|:|§(t, Ay X*N)|P + </ |f(t,r, A, X%, AnYr‘"X,O)|dr) ]
N

T P
§CP]E|:|§(1‘, AXTN) [P 4 ( / (1F(ts . A, X5%,0,0)| + |A,7Y,S~X|)dr> }
N

< CLE[] A x| "]+ Cr, sup ]EHAan"‘V’] <Cplnl?.
€[s,

In particular, taking / = s, this implies
UG s, x+0) = U, 5,%) = V7% = [A, V05X < Clnll,

which exactly means (3.15).
Step 2. Denote

G(1.x) :=(Dg(l. X*¥).X) + (D?g (L. X*¥), (Vi X**, V, X*¥));
F(l,r.x,y,2) =[(Df ). X)+ 3 fOy+0.f()z

+ (D2 F ), (Vi X5, Vy X5%)) + 8, (DF (), Vy XS ¥)V, Y%

+0:(DF (), Vy XXV ZEX 4 (Day f (), Vi XUX)V Y5 4 07 f (OV, YXV, ¥
0L VY3V ZLSX (Do f (), Vy XSX)\V Z05X 4 07 f () Vy VXV, Z05

+ aZZZf(.)vn/zfﬁ,s‘,XVnZ’l’,S,X] (l, r, XS,X YS,X ZZ,S,X).

P e
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Following similar arguments as in Step 1, we can show that
(02Ut 5.%), (1. 1)) = Vy , YE5%, (s,x) €At <5, neX,, (3.19)

with Vn/,n?””‘ solving the following linear system on [s, T']: denoting V,?/,,YX;’X :=0forl €0, s],
1
Vi X7 =f [(Db(l, 7, X*X), Vi n X5%) +(D?b (1, r, X*¥), (Vi X5, V, X5%))] dr
N
I
+/ [(Do (1,7, X*%), Vy , XX+ (D?0 (I, 1, X5, (Vi X5%, V, X5¥)) ] d W
N
T
V¥ ¥ =Gl Vi X*¥) = / Vi Zp X AW,
I
T
+ / F(L,r, Vi n X%, Vo o Y5X, V0 ZE5%) drs
I
_ T
VY] ¥ =G (1L Vi X) — / Vi Zyt X dW,
I
T
+fl F(t,r, Vo g X%, Vo (Y35, Yy Z15%) dr.

Step 3. It remains to show that U, oxU (¢, -) and 8 U (t -) have the desired regularity required in Theorem 3.2. We
emphasize that these functions here are already deﬁned in X.

Step 3.1. We first show the continuity in x. Fix (s, X) € K, t<s,andXx € X. By abusing the notation, denote Ay XX :=
XSXHX _ x$X and similarly for the other terms, and

o(lr,X) =l r, X**+X) —p(l,r,X>¥), forg=b,0,g;

F(r Xy 2) o= Fllr XN YN gy 295 4 2) (L r X% PN, Z55%)
We can see that
Av X =x;, 1€][0,s];

1 1
AX/X;’X:fo b(l,r,AX/XS'X)dr+/ o(l,r, AxX>X)dW,, [€ls,TI;
N N

and Ay Y55, AgY!sx satisfy equations similar to the last two equations in (3.18). Following the same arguments as in
Step 1, we can easily show that

\U(t,s,x+X) = U(t,5,%)] < vx e X. (3.20)

Similarly, for any fixed 5, n’ € X; with ||5], ||#’|| < 1, one can show that V,,Y;’x’x and Vn/’,]?;’x’x are uniformly
Lipschitz continuous in x; that is, for any x’ € X,

(U (t, 5. x+X) = U (t,5,%), )| + [(04U (1.5, x +x) — 82U (¢, 5,%), (1, n))| = C||x'|. (3.21)

Step 3.2. We next show the right continuity in s. Recall (3.7) and (3.8), we have

~ o ~ s+8 - s+8
Y/ P =U (s +8, X955 + / Fr X5 Y% 2% dr — / Zr X dw,,
[ l



Path dependent Feynman—Kac formula for FBSVIEs
for [ € [s, s + §]. Then by Propositions 2.9 and 2.11, we get
U, s,%) — Ut s +8,%]|

= B[|E, [V * — U@, 5 +8,%)][]

s+8 2
< CE[|U(t, S48, X% _ U@, s 48,9 + (/ | f(r.r, XX 75X, 'Z§~S~X)|dr) }
N

T5.X,54+8 _ o2 s 5,x |12 5,x|2 St,5,x |2
= CE||X [Fe [ (X P [ 2 dr
N
<C(1+Ix]%)s.
Thus
Ut s +8,%) —U(t,s,x)| < C(1 + |x])V/6.

Similarly, fix n € Xy, by (3.5), (3.7) and (3.8) again, we have

~

1,8,X
VoY

15X — lim l[17”*"*“7 — Y15 = lim l[U(t, S8, XOXFENSHD) _yy(y 5 4 5, X))

e—>0¢& s+8 s+3 e—>0¢&

= (8XU(t, s+ 4, S(\S’X’SJ'"S)’ ans,x,sﬁi)’

where

TS,X,5+8 . 1. 1 8. X+en,s+8 8, X,5+8
VX := lim —[X; - X

1 TS.X+¢& o
s n $,X
ney X - X

= lim _[ 548, s+5,l]

e—>0¢& e—>0¢&

s+8 s+8
=771+/ (axb(lv r, XS’X), VUXS’X>dV+/ (axo'(l, r, XS’X), VnXS’X>dWr7
N s

with V, X** determined by (3.16). From the above and (3.16), note that, for / € [s, s + 8],

s+38
VnYlt,s,x — <8XU(I, 546, Xs,x,s+6)’ VUX_Y,X,S-HS) o /l V,;Z,[,’S’X dWr

s+6 -
" / [(DF ). VX X) + 8y f OV Y + 0 f OV Zp>X] (.7, XS, Y25 Z10Y) dr.
T

Then similar to (3.22) we have

(05U (2, 5, %), m) — (U (1, 5 +8,%), )|

= ’V,’?St’s’x — (3XU(I, S + 8, X)’ 77)|2

< C]E[\(axu(r, 548, XN v, X9 _ (3 U (1,5 +8,%), )|

s+8 - 2
! (/ (DS O Vu XX 40y f OV T + 82 f OV 27| dr) ]

< CE|:H)?s,x,s+a _ X”2an§s,x,s+s H2 + ” an(‘s,x,wa _ 77”2
s+6 2 ) - 2
<8 [T [P 9,2 P
S
< C(1+ [IxI1?)Imlls.
Thus

(BxU (2,5 +8,%),n) — (3xU (2. 5, %), n)| < C(1 + IIx]1) Inl|/3.

619

(3.22)

(3.23)
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Similarly, by using (3.19) we can show that
32U 8 ")) = (02U "))l <c( "Tinl+/s
(05U (s +8,%), (1, n)) = (95U, 5. %), (0", n))| < C(1+ Ix1) ||| InlIV/s.
Step 3.3. Finally, by (2.9) and standard BSDE arguments we have
UG =8,5,% = Ut,5,0| = V75X =¥ < C(1+|Ixll) p(8).
This, together with (3.20) and (3.23), implies that U is continuous in all variables (¢, s, X). O

Combining Theorems 3.1 and 3.4, under Assumption 3.3, the path dependent Feynman—Kac formula of FBSVIEs is
established in the contexts of classical solutions. In Section 6.3 below, we shall obtain a more explicit representation
formula for oy U (t, s, X).

4. Viscosity solution of the PPDE

Inspired by Proposition 2.12, in this section, we investigate viscosity solutions for the PPDE system (3.1) in the case

m = 1. Since the state space X is not locally compact here, we shall take the approach of Ekren—Keller—Touzi—Zhang

[23], rather than the standard approach of Crandall-Ishii—Lions [15]. However, we shall emphasize that the paths here are

on the whole interval [0, T'], due to the Volterra nature of the state process, which is different from the setting in [23]. In

particular, our work covers the PPDE in Viens—Zhang [60] (under some stronger technical conditions though).
Throughout this section, we shall assume the following.

Assumption 4.1. Let Assumptions 2.1 and 2.3 hold and m = 1. Moreover,
(1) f, g are bounded and uniformly Lipschitz continuous in X.

(i1) f is nondecreasing in y.

We remark that the monotonicity condition in Assumption 4.1(ii) is essentially the proper condition in [15] for elliptic
PDEs. For standard parabolic PDE like (1.2), such a condition is redundant because, for any Lipschitz continuous function
f,u(t,x) == e u(t, x) will satisfy a PDE whose corresponding f is nondecreasing in y whenever A is large enough.
However, due to the two-time variable structure, this change variable technique does not work for PPDE (3.1). Indeed, if
we remove the monotonicity condition, the comparison principle may fail even for classical solutions.

Let CS(TI‘Z+ x X) denote the set of functions U : ’H‘i X X — R such that U is bounded, uniformly continuous in all
variables, and progressively measurable. Following the arguments in the proof of Theorem 3.4, Step 3, we have the
following.

Lemma 4.2. Under Assumption 4.1, the function U defined by (3.6) is in C}?(Tﬁ_ x X).

To introduce our notion of viscosity solutions, for any U € Cg(’]l"%r x X) and ¢ € CLZ(A), define
Ly¢(t,s,x):=[Lydl(t,s,x)
= 359 (s,X) + %(a,%xms, X), (65%,0°%)) + (0xp (s, %), b**)
+ f(t.5,%x,U(s,5,%), (0xp (s, %), 0%¥)). 4.1
We emphasize that we use U (s, s, X) instead of ¢ (s, X) inside f. It is clear that, for any fixed ¢,
LyUi(t,s,x)=LU(t,s,x), whereU,:=U(t,-). 4.2)
For any s € T and L > 0, denote F* := {F!},¢[5.77 With F5 := o (W; — Wy, [ € [s,r]). Let T be the set of F*-stopping

times, 7, the subset of 7 € 7 such that T > s, a.s., UsL the set of ¥-progressively measurable processes on [s, T']
bounded by L, and

r ] r
m? ::exp(/ 91dW1—§/ |91|2dl>, rels,T1,6 eUr. (4.3)
s s
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Given U e C?(T%r x X) and (¢, 5,X) € Ti x X, denote
ALU 1,5, %) = {d) € C_lf([s, T1x X;R) | 3 € 7, such that

_ — 0= i . Orp VS.X, T .
$60 ~Uls 0 =0= inf int E[M{1g ~ Uil(e X))
L (4.4)
AU (5,0 =9 € (15, TI x X R) | 31 € T, such that

$(s.x) — U(t,5,x)=0= sup sup E[M’[$— U,](x, )?Ss”)]].

geUl n>teTy
We note that, if ¢ € ALU (¢, s, x) with the corresponding H € ’7;“‘, then for any 6 € L{YL and H > t € T, we have
M?1p — Uil(s,x) =0 < E[M?[p — U;)(z, X)) (4.5)
Definition 4.3. Let U € C)(T% x X).
(i) We say U is an L-viscosity subsolution of PPDE (3.1) if
Lye(t,s,x)>0 forany (1,5 %) € T3 x Xand any ¢ € ALU (1, 5,%). (4.6)
(i) We say U is an L-viscosity supersolution of PPDE (3.1) if
Lyd(t,s,x) <0 forany (t,s,X) € Ti x X and any ¢ € XLU(I, s, X). 4.7

(iii) We say U is an L-viscosity solution of PPDE (3.1) if it is both an L-viscosity subsolution and an L-viscosity
supersolution. Moreover, we say U is a viscosity solution of PPDE (3.1) if it is an L-viscosity solution for some
L>0.

For consistency, we say U is a classical subsolution (resp., classical supersolution) of PPDE (3.1) if U(:) €
CL2([S, T] x X; R) and satisfies

LyU(t,s,x)=LU(t,s,x) > (resp. <)O0.
From now on, we let
L denote the Lipschitz constant of f with respect to z. (4.8)

We first have the consistency result.

Proposition 4.4. Assume U € CY(T% x X) and U(t, -,-) € CL*([t, T] x X). Then U is a classical subsolution of PPDE
(3.1) if and only if it is a viscosity subsolution of PPDE (3.1).

Proof. We first assume U is an L-viscosity subsolution for some L. Clearly U, € ALU (t,s,x). Then LU(t,s,Xx) =
Ly U (¢, s,x) >0, which implies that U is a classical subsolution.

On the other hand, assume U is a classical subsolution. For any ¢ € AU (¢, s, x) with the corresponding H € Tt
applying the functional Itd formula we have

a9l T7) = -+ 5(650. (7,0 + (50, 5) | RO5) o) T2,

=[Lyp@,) — f(t,, UG, (¢, )] (r, XX7) dr + (0xp, o) (r, XSX7) dW,.. (4.9)
Similarly, we have
AU (r, X*XT) = [LU @, ) — f(t, - U, ), (8xUr, 0 )] (r X557 ) dr + (05U, 07) (r, X557) d W,
Denote

AY, :=[¢ — Ul(r, X*),  AZy:=(dl¢ — Uil o7)(r, X5).
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Then

d[AY, 1= [Ly¢ — LUN(t, r, XX ) dr — 6, AZ, dr + AZ, dW,,
for some || < L. This implies that

d(MIAY,) = MO Lud — LUN(t,r, X% dr + MY AZ, AW,

where Mf is defined by (4.3). Then, for any t < H, by (4.4) (or (4.5)) we have
T
0 <E[MIAY, — M!AY,] = ]EU ME(Lug — LUN(t,r, X**T) dri|.
N

Since T >t is arbitrary and Ly ¢ — LU is continuous, using the fact that LU (¢, s, x) > 0, we have
0=<[Lygp— LU, s,x) < Lyp(t,s,X),
implying the viscosity subsolution property. U
Next, we have the following existence of the viscosity solutions to PPDE (3.1).

Theorem 4.5. Under Assumption 4.1, the function U defined by (3.6) is an Lo-viscosity solution of PPDE (3.1).

Proof. Without loss of generality, we shall only verify the viscosity subsolution property. Fix (¢, s, X) € Ti x X. Recall
(4.9) and (3.5), and denote

AY, = g(r, XSX) = VISX AZ = (g, 0 )(r, XOXT) = Z15X,
Then

d(AY,) = {[Lug(t.) = f(t.- UG ). (0xp. 07))] (r. X**7)
+ f (e XS YEN ZE N dr + AZ, dW,.

Recall (3.7) and (3.8), the above implies
d(AY,) = Lyd(t,r, X*)dr — 6, AZ, dr + AZ, dW,,
for some || < Lg. Then, for the M? defined by (4.3),
d(MIAY,) =M Lyg(t,r, X3*T)dr + MO AZ, aW,.

Recall (3.8) again that AY, = [¢ — U,](r, 5(\“‘”). Then, for any t < H, by (4.4) (or (4.5)) we have
T
0 <E[MIAY, — M AY,] = EU MILye(t,r, X5) dr].
S
Since t >t is arbitrary and Ly ¢ is continuous, we obtain Ly ¢ (¢, s, x) > 0. ]

The key for the viscosity solution theory is the following partial comparison principle.

Theorem 4.6. Let Assumption 4.1 hold and Uy (resp., Us) be a viscosity subsolution (resp., supersolution) of PPDE
3.1). Assume U (¢, T,x) < Us(t, T,Xx) for all (t,x) € A. If one of Uy, Uj is smooth, then Uy < U;.

Proof. Without loss of generality, we assume that Uy is a classical supersolution. Fix § > 0, which will be specified later.
We shall first prove U (t, s, X) < U (¢, s, x) whenever s € [T — §, T]. Assume by contradiction that

c:= sup [U; — Us](t, s,x) > 0. (4.10)
s€[T—-48,T],t€[0,s],xeX
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Then there exists desired (79, so, x°) such that [U; — Ua](to, 50, X°) > % > (. Fix ¢ and denote

V(s.X) = [U) — Usl(to, 5. X) — ————[T —s],  ¥(s.X):= sup sup E[MV (z, X**7)], (4.11)
4(T — s0) teTs g0

where X**7 and Mf are defined by (3.7) and (4.3), respectively. Similar to Lemma 4.2, v is bounded and uniformly

continuous in (s, x). Moreover, by standard BSDE results (see [74], e.g.), Vs := ¥ (s, S(\SO’XO’S ) is the solution to the
following reflected BSDE:

T T
Vo= V(T ) Lo [C1zdr = [ 2w+ ke - K
S S

4.12)
V= V(s, X05), [V — V(5. X0X)]dK, =0.
Denote
ot = infls > 50 Yy = V(s X0X)). (4.13)
Then dK, = 0 for s € [so, 7*]. From (4.11), we note
Vi = V (s0, X0X50) = V (50, x°) = [U} — Ua](t0, 50, X°) — 2 > 2 >0, (4.14)
Vr = (Ui — Usl(to, T, X0X"T) <. (4.15)

Then it is clear that P(t* < T) > 0. Indeed, if P(t* < T') =0, we have d Ky = 0 and the reflected BSDE (4.12) becomes
a standard BSDE. Then the terminal condition (4.15) implies )y, < 0, which contradicts (4.14). Therefore, there exists
w* € © such that

™(@*) <T and (s x*)=V(s* x*), wheres*:=1%(0"),x*:= fSO’XO’S*(w*).
Now define

d(s,x) 1= Ug(to,s,x)+4 (T —s)+ ¥ (s*,x*).

c
(T — s0)
Then ¢ € CLZ([SO, T] x X), ¢(s*,x*) = U (ty, s*, x*), and, for any 6 € L{YI;O and any t € Ty,
E[ME[¢ — Ui(t. )](s. X )] = (s*, x*) —E[MIV (s, X* X 5)] > 0. (4.16)
That is, ¢ € AXU, (19, s*, x*), and thus by the viscosity subsolution property of U; we have
0< £U1¢(t0, s*, x*)

= [asqs + %(a,fx (o7, 07)) + (0xp. B) + £ (20, -, Ui (s™, "), (axqs,a'))}(s*,x*)

S S— [a Us(to -)+1(a2 Us(10, ), (07, 0"))+ (0xUa (10, -). b)
4T —so) |0 707 atrer e e

+ f(to, -, Ui (s*, ), (9xUa (10, -),a'))](s*,x*). 4.17)
Recall (4.10) we have
U, (s*, s*, X*) < Uz(s*, s*, X*) +ec.

Let L denote the Lipschitz constant of f with respect to y. Then, by Assumption 4.1(ii) we have

1
0< —% + [8SU2(to, D+ 5(a,%xUz(to, ), (07, 07)) + (0 Ua (10, ), b7)
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+ f(l‘(), Y Uz(s*, -), <3XU2(ZQ, s 0>)] (S*, X*) + Lc

& C
= LU, (to, s*,X*) — — + Lc < Lc — —,
2(t0, 57, X7) g PrRe=teT

thanks to the supersolution property of U;. Set § := ﬁ, we obtain the desired contradiction, and hence Ui (¢, s, X) <

Uy (t, s, x) whenever s € [T — 8, T].

Now consider the PPDE (3.1) on [0, T — 8]. Since U, (t, T — 8,x) < Up(¢t,T — §,x) for all (z,x) € [0, T — §] x X,
by the same arguments as above we can show that U (¢, s, x) < Ux(t, s, x) whenever s € [T — 25, T — §]. Repeat the
arguments backwardly in time, we show that U; < U, over the whole space. 0

Our final result in this section is the following comparison principle.

Theorem 4.7. Let b, o satisfy the requirements in Assumption 3.3 and f, g satisfy the requirements in Assumption 4.1. Let
U, (resp., Ua) be a viscosity subsolution (resp., supersolution) of PPDE (3.1). Assume U (t, T, x) < g(t,x) < Us(¢t, T, X)
forall (t,x) € A, then Uy < U; on ’]I‘%_ X X.

Proof. Without loss of generality, we shall assume U (¢, T, X) < g(¢,x) and prove only Uy < U, where U is defined by
(3.6). We shall approximate (f, g) by (f,, 1), which satisfy Assumption 3.3. However, since x is a path, the standard
mollification does not work and the approximations may not be uniform in terms of x. In particular, we may not have
Ui(t,T,x) < g,(t,x) for all (¢, x) € A. Therefore, instead of directly applying the partial comparison principle, we will
follow its arguments. As in Theorem 4.6, it suffices to prove U;(¢, s,x) < U(t,s,x) for s € [T — 8, T'], where § := SLL.
Assume by contradiction that, for some sg € [T — 8, T'], tp < sp and xV e X,

c:= sup [U—-Ul,s,x) >0 and [U;— U](to,so,xo) >
se[T—8,T1,t€[0,s],xeX

. (4.18)

[\ N}

We now mollify (f, g). By first discretizing x € X, one can easily construct f;, g, such that, for each n, f,, g, satisfy
Assumption 3.3, and

1
te "

2y,
(1,5)€T V2

4.19)
where OSCs(x) := sup |X; — X].

l1—s]<é

By Theorem 3.4, the PPDE (3.1) with coefficients (b, o, f;, g») has a classical solution U,,. As in (4.11), fix #y and denote

Vi (s, X) = [Uy — Un(t0, 5, %) — ———[T — 5], Yn(s,%) := sup sup E[MIV,(z, X**7)]. (4.20)
4(T — s0) €Ty oeu™o

Denote further V! := ¥, (s, X SO’XO’S). Then (4.12) and (4.13) become:

T T
Vi = Vu(T, XS0~X°~T)+LO/ |z;’|dr—/ Z'dW, + K} — Kl;
N N

A (s, Yso,xo,s)7 [y;’l —v, (s, ?.So,xo,s)] dK" =0; 4.21)

o =infls = 50 Y = Vi (s, X0¥) |

Note that
ysno > Vn(SO, )?So,xo,so) — Vn(so, XO) =[U, — Un](SO,XO) . 2 > % - Un](S(), XO),
y; =[U; - Un](lo, T, )?SO’XO'T) <[U - Un](lo, T, )’Zso,xo,T).

By (4.19) and noting that x € X, one can easily show that

lim E[|OSC 1 (X*0*"7)| +|U — Uy (10, 7, X*0X"7)] =0, forany t € Ty,. (4.22)
n—oo n
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In particular, for any ¢ > 0 small, this implies that, for n large enough,
V=550 and E[|V[1nag] <e
50 — 8 T {yTZO} -
Denote 07 := Losign(Z7). Note that dK|' =0 for s € [s0, 7,/], then y" = [Mgn n ] Thus

< Vi =E[M7 Vi Lig<ry + M7 YVilig—)]
<E[ME Vi <r) + M7 Vilig=r)liyr=0)]
< C[ P(r < T)+JE]_

Then, for ¢ > 0 small, we have

2
]P’(r: < T) > % for all n large enough. 4.23)

Moreover, by (4.19) and (4.22), we have E[|A, |2] <& forn large enough, where

~ 0 ~ 0 _*
Ay = sup sup|fu — fI(t, 5, X%y, 2) + U — Uyl(to, 7, X50% ™), (4.24)
s€[sg,T1,t€[0,s] ¥:2

which implies that
1
P(A, >g)<— [1A,] ]

Together with (4.23), for ¢ < %, we have P({t) < T} N {A, <¢€}) > 0, for all n large enough. Therefore, there exists w;:
such that

™(w)) < T, An(wp) <&, and P (sh, x5) = Va(si, x3),
where s, =1, (), X = xoox"si (o).

n n

Now define

C
$n(s,X) := Uy (o, 5, %) + m(T —5) 4+ Y (sy, x5).

Similar to (4.16)—(4.17), we have ¢, € AX0U| (19, s*,x*) and then, recalling that T — 5o < § = ﬁ,

n><n

1
0<—2Lc+ |:85Un(to, )+ E(a,%xun(to, ). (07,07)) + (0xUn(t0. ), b')

+ f(to’ s U] (S;lka ')a <8XUn(t07 ')a O—>)} (S:a XZ)
Since Uy, is a classical solution of the corresponding PPDE, this implies

2Le < [f(t0. - Ur(sy ). {xUn to. ). 7)) = futo, - Unsyy. ) (0xUn (t0, ). 7)) s %5).

Then, by (4.24) and recalling A, (w}) < &, we have
2Le < [ f (0, Ur(sy. ). (&xUn(to, ). 07)) = f(t0, - U (sy. ). (8xUn 0, ). 7)) | (577, X3) + Ce.

Note further that (4.18) leads to Uy (s;\, s;, X)) < U(s;r, s, X*) +c, and since f is Lipschitz continuous and nondecreasing
in y, we have 2Lc¢ < Lc + Ce, and thus Lc < Ce. This is a desired contradiction since € can be arbitrarily small, thus
Ui(t,s,x) <U(t,s,x) whenever s € [T — 4§, T].

Now similar to the end of Theorem 4.6, we can show that U; < U over the whole space. O
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Remark 4.8. In Theorem 4.7, the assumptions imposed on b, ¢ are somewhat strong.
(1) In [23] and the subsequent works [24,25], general semimartingale measures are used to define the corresponding set
of test functions AU In this paper, X is not a semimartingale and inside U we need to use X, so in (4.4) we are using

the exact process X. Consequently, we are not allowed to mollify (b, o), which will change the process X. Therefore, we
assume b, o are smooth so that, together with mollified ( f;;, g»), the corresponding PPDE has a classical solution U,,. It
will be desirable to allow the X in (4.4) to have more general distributions, in the spirit of [24,25]. Then it may become
possible to mollify (b, o), and even to allow b, o to depend on some controls. We shall leave this to future research.

(ii) If X = B is a fractional Brownian motion (with the Hurst parameter H # %), namely b =0 and o (¢,7,X) =
o (t,r), following our arguments we may prove our results without Assumption 2.1(iii) and Assumption 3.3(iii). Thus,
in the setting that the randomness of f, g comes from some fractional Brownian motions, the viscosity theory of the
corresponding PPDEs still holds true.

5. Coupled forward backward SVIEs and type-II BSVIEs
In this section, we investigate briefly two more general BSVIEs.
5.1. Coupled FBSVIEs

We now consider the following coupled FBSVIEs:

X, =%+ [y b(t,r, X, Y,)dr + [jo(t,r,X.,Y,)dW,, €T,

5.1
Yo=gt, X)+ [1 fa,r, X, Y, Zdr — [T ZLdW,, €T, e-b

and the associated PPDE:

QU (t,5,%) + (02U (t,5,%), G*%,5°%) + (U (1, 5,%), b*¥)
+ ft,s,x,U(s,s,x), (0gU(t,5,x),05%) =0, (1,5)¢€ T2 ,xeX, (5.2)
U, T,x)=¢gk, T,x), teT,xeX,

where, for ¢ = b, o, @S’X =, s,x,U(s,s,x),rels, T].

When T is small, Hamaguchi [33] proved the well-posedness of FBSVIE (5.1) with the forward being a SDE. Fol-
lowing Ma—Protter—Yong [44], in this subsection we prove the well-posedness of (5.1) for arbitrary 7', provided PPDE
(5.2) has a classical solution. The existence of such classical solution, as well as the well-posedness of (5.1) in general,
remains a challenging problem and we shall leave it for future research. For simplicity, in the following result we do not
specify the precise technical conditions.

Theorem 5.1. Assume b, o, f, g are sufficiently smooth with all the related derivatives being bounded. If PPDE (5.2)
has a classical solution U with bounded oxU , then the coupled FBSVIE (5.1) admits a unique strong solution (X, Y, Z)
and the following representation holds:

Yo=U(t6,X'), 2 =(oU(ts X*),5%5), (5 eT?,
(5.3)

t

'
where X':=X & X;, X! ::xs+/ b(s,r,XA,Y,)dr+/ o(s,r, X.,Y)dW,.
0 0

Proof. We proceed in two steps. Fix an arbitrary 7.
Step 1. We first show the existence. Let § > 0 be a small number which will be specified later. Introduce a mapping ®
on ]L]ZF([O, 8]; R™) by ®(y) := Y?, where, for any y € L%([O, 81; R™),

t t
X,y=xt+/ b(t,r,X.y,yr)dr+f o(t,r, XY,y )dW,, 1€[0,8];
0 0

t '
X?”s =X +/ b(s, r, XY, yr)dr +/ a(s, r, XY, y,)dWr, selt, Tl 5.4
0 0

XV=x" @, X}, Y} =U(r,1, X¥"), 1€l0,8].
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We emphasize that here we do not need to assume 7' < §. We shall show that ® is a contraction mapping when § is small
enough.

Indeed, lety,y’ € ]L%([O, 3]; R™). Denote Ay .=y —y', AX := XY — XY, and similarly for the other notations. First,
applying Proposition 2.9 one can easily have

)
IE[ sup |Ax,|2]5c1EUO |Ayr|2dr] (5.5)

0<t<é

Then by standard SDE estimates we have

8
E[\Aij]z]gm[/ |Ayr|2dri|, 1e[0,8],se[t, T1.
0

Moreover, since 9;b, d;0 satisfy the desired regularity, following the arguments in [57] we have

)
IEI[ sup |AX§'|2]§CE[/ |Ay,|2dr], 1 €10, 8].
selt,T] 0

This, together with (5.5), implies that

)
]E[ sup |AX§|2]§C]E[/ |Ay,|2dr], t €10, 8].
s€[0,T] 0

Therefore, since dxU is bounded,
s
E[|AY:*] < CE[|aX'|*] < CE[/ |Ayr|2dr:|, 1 €10,4],
0

and thus

§ $
E[/ |AYt|2dt:| < CaEU |Ay,|2dt}.
0 0

Choose § := %, we see that ¢ is a contraction mapping. Consequently, ® has a unique fixed-point y*. Denote X} := X I

X5 =XV 10,8l s el T1.
Next, we introduce another mapping $; on ]LIZF([S ,28]; R™) by ®,(y) := Y?, where, by abusing the notation, for any
y € LE([8,28]; R™),

t t
Xty:XZ‘”—i-/ b(t,r,X*@(;X,Y,y,)err/ o(t,r, X* @ XY,y,)dW,, 1€[8,25];
8 )

' '
X7 :X;’S—i—/ b(s,r, X* Ps X_y,y,)dr—f—/ o(s,r, X* s X_y,y,)dW,, selt, T, (5.6)
s s

XV =Xt XY@, X}, Y i=U(t,, XV, 1e[s,26].

Following the same arguments, we can show that &, is also a contraction mapping, and thus we may extend the unique
fixed-point y* to [0, 28]. Repeat the arguments and we will obtain a fixed-point y* € IL,]ZF([O, T1; R™) such that

t t
Xf:x,—i—/ b(t,r, Xf",y;k)dr+/ a(t,r, X,*,yf)dWr, tel0,T];
0 0

t t
Xf‘5=x3+/ b(s,r, X,*,yf)dr~|—/ a(s,r, X?‘,yf)dWr, selt, Tl 5.7
0 0

X*i= X* @, )?t*, y; = U(t,t,jf\*”), te[0,T].

Now applying the functional Itd formula (2.29) on U (t, s, X ) and utilizing the PPDE (5.2), one can easily see that
(X*, y*) satisfy FBSVIE (5.1) and the representation (5.3) holds true.
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Step 2. We next show the uniqueness. Let (X, Y, Z) be an arbitrary solution, and X, Y, X be defined in an obvious

way: X':= X ®, X,, and

t t
Xf:xs-{-/ b(s,r, X.,Y,)dr—}—/ o(s,r, X.,Y,)dW,,
° ° (t.5) € T2.

T T
Ystzg(t,Xi)+/ fler, XA,Yr,Zﬁ)dr—v/ Z,dW,,
s s

s, (X,y) .

Now denote ¢, =o(r,s,X,y),r€ls,T],foro =b,0, and

Vi=U(tt.X"), YVi=U(sX), 2= (U(s X*),o"*1)
AY:=Y-Y, AY=Y-Y, AZ=Z-2Z

Applying the functional It6 formula (2.29) and then utilizing the PPDE (5.2), we have

dyi = th‘dWY + |:3SU + %(8)%)((]’ (O’S’X’YS, o-st’YS)) + <3XU, bs,X,Y;):| (t, s, ?S)ds
=Z{dW; + B<8§XU’ (05X T g5 XE)) 4 (3, bS*X’YS)} (1.5, %) ds

- [0 @ E TN 00 BT+ 7D 05T |15, ) s,
Then

dAY! = AZLdW, + %[(8§XU, (XY g XX _ (2 U, (6% 555)) (1,5, X*) ds

+ (06U b5 BN (15, R ds + [£( Yoo Z8) = £ Vo (00,5 D] (1,5, X¥) ds.

Noting that A3~J’T =0, by standard BSDE arguments, this implies

T T —~
183 + [ lazPar < cxl [ (AT ot o
N S

+1AY, 2+ [T L = (oxU (1,7, X7), 575

2+ ”br,X,Y, _Z;r,)?' 2

)dr].
Note that, for ¢ = b, o,

o2 =T = s [olor X1 = ol0r XU R)| = €103,
elr,T

128 — (0,U (1,7, X7), 5" %) < |AZ!] + |[0xU (¢, 7, X7), "XV —57%")

< |azi|+ o —5"

<|AZl|+ClAY.

Then
e[ la3+ [ |aziar | <e] [ [claTi+cian -+ cladziar)
which implies
a3 P)<eflaFif + [ |aziPar] < cal [ [avP+1avPlar]
: S
Now applying the Gronwall inequality we obtain

T
E[|aY! "] < CE[/ |Ay,|2dr}, selt, T

(5.8)

(5.9)
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Set s =t at above, we have

T
E[|aV:?] =E[|ad!]*] < CE[/ |Ay,|2dr] te[0,T].

t

Apply the Gronwall inequality again, we have AY = 0. Plug this into (5.9) and then to (5.8), we see that AY=AZ=0.
In particular, this implies that y := Y is a fixed point in Step 1. By the uniqueness of the fixed point, we see that Y is
unique, which implies immediately that X and Z are also unique. U

5.2. Type-1I BSVIEs

Let X be the solution to FSVIE (2.3). In this subsection, we consider the following type-II BSVIE:

T T
Y,:g(t,X.)—i—/ f(,r, X.,Y,,z;,z;)dr—/ Z dw,,
! ! teT. (5.10)

t
Y, =E[Y,]+ / ZLdw,,
0

We note that here f depends on both Z! and Z!, where Z/ for ¢ <r is determined by the martingale representation of ¥;.,
as in the second line of (5.10). The F-adapted solution to (5.10) is called an M-solution, with M referring to martingale.
By Yong [70], under suitable conditions BSVIE (5.10) admits a unique M -solution. Inspired by Wang—Yong [65], we
introduce the following PPDE:

WV (t,5,%) + 50XV (t,5,%), (055, 05%)) + (3 V (1,5,%),b°%) =0, (t,5) T2,
o, U(t,s, x,x)+ %(foU(t, 5, X, %), (6%, 0%%)) + (U (¢, 5, X, X), b*¥)

+ f(t, 5, %, U(s,5,%,X), (0cU (1, 5,X, %), 05%), (3 V (s,1,X),0"%)) =0, (t,5) T2,
Vit t,x)=U(,t,X,X), U@, T,xX,x)=g(t,x), teT,x,xeX.

(5.11)

Note that here V : T2 x X — R™ andU:’JI‘gF X X x X— R™,

Theorem 5.2. Assume b, o, f, g are sufficiently smooth with all the related derivatives being bounded, and let X, X, X
be determined by FSVIE (2.3) in the obvious sense. Assume PPDE (5.11) has a classical solution (V, U) with bounded
derivatives. Then the unique M -solution of BSVIE (5.10) satisfies: forany 0 <r <t <s <T,

Y, =U(tt.X"X"), Z'=(U(ts, X' X*),0%%),  Zl=(V(,rX),o") (5.12)
Proof. Define Y, Z as in (5.12) and 175 =U(,s, X!, )?S), ?,’ =V@,r, )?’) for 0 <r <t <s < T. We shall verify that

they satisfy BSVIE (5.10). R
First, fix ¢, and apply functional Itd formula (2.29) on V (¢, r, X"); r € [0, t], we have

dy! = [a,v + %(a,%xv, (o" %, 0" %))+ (3xV, b’*X)} (t,r, X")ds + ZLdW, = ZLdW,,

where the secon/q equality is due to (5.11). Since I?f =Y, this verifies t/lle sgcond line of (5.10).
Next, fix (¢, X"), and apply functional Itd formula (2.29) on U (¢, s, X', X*); s € [t, T], we have

47" = [aSU LU (0 )+ (0 bs’X):| (5. R, XY ds + 2L dW,
=—f(t,s, Y, Z,, Z})ds + Z, dWj,

where the second equality is also due to (5.11). This verifies the first line of (5.10) immediately. U

6. Probabilistic representation of o, U (¢, s, X)

In this section, we shall investigate linear FBSVIEs more closely and then use it to obtain an explicit representation
formula for ox U (¢, s, X).
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6.1. A duality result for linear FSVIE

For the ease of presentation, in the rest of the paper we restrict to one-dimensional processes only. However, all our results
hold true in the multiple dimensional situation, and we provide a multiple dimensional setting in Remark 6.4 below.

Note that the dual space of C([0, T]) consists of signed measures on [0, T] (see [73], p. 119, e.g.). That is, for a
continuous linear mapping @ : C([0, T']) — R, there exists a unique function F on [0, T] with finite variation such that
(D, n) = fOT ntﬁ(dt). Then we may view the Db, Do in (3.16) as signed measures. For this purpose, in this subsection
we consider the following FSVIE:

t Ky t s
X,:n,+/ / X,b(t,s,dr)ds+/ / X5 (t,s,dr)dW;. 6.1)
0 JO 0 JO

Here, I; o:(,s,rw)e T3 x Q— R are progressively measurable, the adaptedness of w is with respect to the second
time variable s, and the dependence on the third time variable r is right continuous with finite variation. We are interested
in the term

T
IE[ / X, g(dr)], (6.2)
0

where ¢ : T x @ — R is JF7 measurable in @ and right continuous and finite variated in r. Our goal is to find a finite
variated function r € T — ) (r, 0) such that the following duality principle holds:

T T
EU1%5W4=/HJMMU 63)
0 0

This will give us an explicit representation for the linear mapping F:
®=F()=Y(.0). (6:4)

‘We shall approach the problem dynamically. Define, for 0 <t <r <T,
~ r SNt . r SAt
X =, +/ / Xib(r,s,dl)ds +/ / X6 (r,s,dl)dWs. (6.5)
o Jo o Jo

Note that 1, = )?6. In light of (6.3), we want to find 37 such that

T T
]E,[/ X,é(dr)]:f X' Y(dr,1), te[0,T]. (6.6)
t t

For this purpose, we introduce the following type-II BSVIE:

T
ytzg(z)_/ [é(r,s,dZ)ji(dr,s)+&(r,s,dl)Z(dr,s)]ds—f 2@t 5)dWy;
t<i<s<r<T ! (6.7)

t
i(t,s)zy,—/ Z(t,r)dW,, 0<s<t.

We emphasize that, for fixed ¢,

e The mapping s € [0, 1] — 37(2 s) is an [F-martingale;
e The mappings s € [+, T] — (V(s, 1), Z(s,t)) are JF;-measurable and finite variated.

The second requirement above, of course, will add difficulty for the existence of solutions, which we shall leave for

future research.

Theorem 6.1. Let X and ), 37, Z be the solution to (6.1) and (6.7), respectively. Then (6.6) holds, and in particular
(6.3) holds.
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Proof. We shall only prove (6.3), the arguments for (6.6) are similar.
Since 7 is continuous, by taking time partitions we have

N-1

T
/0 w30 = fim 3 [Ji41,0) = I, 0.

Now fix a time partition with large N, by the second line of (6.7), we see that

N-1

T N-—1
/0 10~ Y [Fti1,0 = 5, 0]n, = 3 B[, — Yl
i=0

t N . t N
E[[yt,+.—yt,.][xt,.— f / Xb(ts, s, dryds — / / Xr&(r,-,s,dmdmﬂ
0 0 0 0

]E|:[yl‘i+| - yl‘i]‘)(f,' - [y(tl'-'r]’ ti) - y(tl'v tl)]

t § . 1 s
/ / Xrb(ti,s,dr)ds+/ / Xré(ti,s,dr)dWSH
o Jo o Jo

(=}

=

-1

!
i

=

-1

Il
N

X
— <o

N—1 i N s .
- E[[yzi+l—y,i]x,i— /0 [y<z,-+1,s)—y<n,s)][ fo xrb(r,»,s,dm}ds
i=0
1 s
—/ [Z(ti+1,s)—Z(ti,s)]|:/ Xré(ti,s,dr)] ds]
0 0
N—1 T N N
~ Y B[V VX - = D [t = Y t))]
k=0 n O<k<j<i<N-1

x [bti. tj, i) — bt 1, 10| + [Z(tig, 1)) — 2@, t)][S (it trr) — & (1,15, 1) ]| Xy

Here and in the sequel, we are using & to denote a difference of o(1) term when N — co. Then

T T
fo my(dr,m—E[ /O Xté(dt)]

T N— N—1
~ /0 I, 0 — 3 E[[§s) - $a0] ]~ Y B L, (6.8)
k=0 k=0

where, for each k,
I = / [l;(r, s, dl)JAJ'(dr, $)+ao(r,s,dD)Z(dr, s)] ds
<I<s<r<T
—f [l;(r,s,dl)jj(dr,s) —i—&(r,s,dl)Z(dr,s)] ds
tep1 <I<s<r<T

T - . ~ ~
— Z [[6Gi.tj, trr1) — bty 1) [V, 1) — V(i 1))]

k<j<i<N-1
+[6@ivtj, tke1) — 5 (@i 1, ) |[Z i1, 1)) — 21, 1))]]-

One may easily check that

Iy ~ / [[l;(r, s,5) —b(r, s, tk)]jfv(dr, s)+[6(r,s,5) —6(r,s,10) | 2(dr,5)]ds
tr<s<r<T
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— / [[B(r,s,8) = b(r,s, tx3:) ]V (@r, s) + [5 (1, 5, 8) — & (1, 5, k1) | 2(dr, 5) ] ds
p1ss<r=<T

— / [[B(r, s, 1) — b(r, s, 00]V(dr, 5) +[5(r, 5, tis1) — G (r, 5, 1) | 2(dr, )] ds
41 <s<r<T

= / [[l;(r, s,5) —b(r, s, tk)]y(dr, s)+[6(rs,5) =6 (r,s, 1) ]| Z(dr,5)] ds

t<s<r<T

- f [[b(r,s,5) = b(r,s, 1] V(dr, s) + [5(r, 5,5) — & (r, 5, 4) | Z(dr, s)] ds
tkt1 <S<r<T

t T
_ / et 1 / [[[;(n 5.5) = b(r.s, tk)];)N)(dr, s)+[6(r,s,5) =& (r, s, 00| Z(dr, 5)]ds.
t s

Substituting the above into (6.8) implies that

N-1

T T v T . ~
/ n3(d1,0) - E[ / X,§<dt)] ~ Y E[ / / [[505.5) — b, 5. 0)]Fdr. 5)
0 0 k=0 179 s
+ [6(r, s,8)—o(rs, tk)]Z(dr, s)] dsX,ki|. (6.9)

Using the fact that the finite variated function is a.e continuous, we get

Um[b(r,s,s) — b(r,s, )] = im[& (r,5,5) — 5 (r,5,4)] =0, forae.s.
i ts ti s

Then from (6.9) we see that (6.3) holds true by letting N — oo. O

Remark 6.2. In the state dependent case, the measures are degenerate:

b(t,s,dr) =b(t, $)8,(r), o(t,s,dry=o(t,s)8(r), g(dry=g(@r)dr,
with the Dirac measure 6 being defined by

sx=x,, s€[0,T],xeC([0,T]).

Then (6.1) and (6.7) become
t t
X =mn +/ b(t,s)Xyds +f o(t,s)XsdWs;
0 0
T /T N T
Vi=g@) — / / [b(r, s)V(dr,s) +o(r,s)Z(dr, s)] ds — / Z(t,s)dWs; (6.10)
t N t
~ t
y(t,s)zy,—/ Z(t,r)dW,, 0<s<t.
N
Let (Y, Z) denote the solution to the following type-II BSVIE:

T T
Y, =g(1) +/ [b(s.0)Ys +0(s,1)Z(s,1)]ds —/ Z(t,s)dWy;
! ! 6.11)

t
Y, = E[Y,] +/ Z(t,s)dW;.
0

We can easily check that

t 13 13
yz=yo+/ Y, dr, 37(I7S)=ys+/ Es(Y,]dr, Z(t,S)=/ Z(r,s)dr, 0<s=<t<T
0 K K
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satisfy the BSVIE in (6.10). Then (6.3) becomes

T T T T T
E|:/ g(t))(}dt:|:E|:/ Xté(dt)}:/ n,y(dt,O):/ ntE[Yt]dt:E[[ 77th£”]~
0 0 0 0 0

This is exactly the duality in Yong [68,70]. So our result here is a generalization of these works.

Remark 6.3. Our result also generalizes the duality between delayed SDEs and anticipated BSDEs in Peng—Yang [52].
Let (X, Y, Z) denote the solution to the following equations:

dX5 = (s X5 + fis—pX5_,)ds + (0, X5 + 0,9 X5 _)dW,, selt, T +6],
X, =£  X,=0, selt—0,1];

_ (6.12)
—dYy = (usYs + usEs Yool + 05 Zs + 05 Es[Zs 19l + ) ds — Z; dWs, s €t T],
Yo =0y, Zy=P;, sell,T+0],
where 6 > 0 is a fixed delay time. From [52, Theorem 2.1], we get the duality
¢ T T+6 : T
(Y1, 8) =E, |:XT or “l‘/ Xfls ds +/ (Qsirs—g + Ps(}sfH)XS,g ds:| =E |:/ ng(ds):|, (6.13)
t T t

which shows that Y; is an explicit representation of the linear functional & — E;[ ftT Xf g(ds)]. Since FSVIE (6.1) is
more general than the delayed SDE in (6.12), we can also use Theorem 6.1 to give such an explicit representation for
£ E[f" X53(ds)]. Indeed, take

Z;(S,dr)ZMX(SX(F)—F/J,S_Q(SS_@(F), G(s,dr) =0(5)8;(r) + 05—085—0(r), selt+6,T],
b(s,dr) = psds(r), 5(s,dr)=0o(s)8;(r), selt,t+0],
gWdry=I1(r)dr + E [Qrtofir + Pryo6rlir—0,71(r) dr + Q(T)S7(r).

Note that I;(r, s,dr), o(t,s,dr) are independent of 7, the corresponding BSVIE (6.7) reads

T T
Vo= (1) - f w[F(T.5) — Fs. )] ds - / o[ F(T.5) — 5. 9)] ds

+6

T T T
- / ou[Z(T.5) — 2,]ds — / 6o o[Z(T.5) — Z,]ds — / Z,dWy;
T 7+6 T

37(I,S)=yf—/ Z(t,r)dW,, 0<s<rt.

Then it is easy to check

ley(Tvt)_ylﬂ ZIZZ(T’t)_Zl‘v

T

t

Thus Theorem 6.1 covers the duality in [52].
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Remark 6.4. The duality (6.6) still holds true in the multidimensional case, where the FSVIE (6.1) and type-1l BSVIE
(6.7) become

t ps d .t ps )
X,:n,+//Xrb(t,s,dr)ds+2//Xr(}f(t,s,dr)dWS’;
0 JO ; 0 JO
j=1

d d T )
Vi=3() — / [E(r, s.dhY(dr.s)+ Y &I (r.s.dl) 2 (ar. s)i| ds — Z/ ZI(t,s)dW{;
t<I<s<r<T j=1 j=1 t

d t ]
y(tvs)zy[_Z/ Zj(tvr)derv OSSSI,
j=17

with b, 57 : (t,5,r,0) € T2 x Q — R"™" and g: T x Q — R™" being proper maps.
6.2. An explicit solution for linear BSVIEs

In this subsection, we investigate the following linear BSVIE:

T T
V= +/ [a(t, )Yy + B, r)Z]]dr —/ ZLdw,, (6.14)
t t
where £ : Tx Q> R, a, 8 : Ti x € — R are progressively measurable (omitting the variable w).

Proposition 6.5. Assume «, 8 are bounded and sup, .t E[|&|%] < co. Then

T
Y =E |:M’T§, +/ L(t, r)Mp&, dr:|, (6.15)
'
where M is the solution to the following SDE:
dM! = M!B(t,r)dW,, (t,r)eT%; M =1, (6.16)
and
oo N
I'(t,s) !=2Kn(I,S), Ki(t,s) := Mga(t, s), Kny1(t,5) 1=/ K@, r)Ky(r,s)dr. (6.17)
n=1 t

Proof. First, by Proposition 2.11 we see that (6.14) is well-posed. Next, since «, B are bounded, it is clear that
E/[|K;(z,5)|?] < Cy < 0o. Note that

E/[|Kos1.5)[] g(s—t)/ E/[|K1 (¢, )| PEo [| K )[2]] dr
t

Then by induction one can easily show that

C(Y)H-l (s — t)2n

oD and thus EzHF(I,S)|2]§C<oo,

2
]E[HK”_H(I, S)| ] <
We now let (;)7, 2) satisfy the following BSDE:

T T
37§=§t+/ [oz(t,r)yr—i-ﬂ(t,r)g;]dr—/ gr’dWr. (6.18)

Then

V=), zZ=Z.
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Apply It6 formula to the mapping s > M! 37§ on [t, T], we get
_ T
V=Y =1E71[M’T€z +/ Mo(t,5)Vs dS]. (6.19)
t
Moreover, note that
N
Ft,s) =Ki(t,9) + / Ki(t, )T, 5) dr.
t

Then

r T T
Vi = | Mg + f Kl(r,sms[M;sw / r(s,r)M;srdr}ds]
L t Ky

=E

=

r T T T
M’T&—f—/ Kl(t,s)M§§sds+/ Kl(t,s)f F(s,r)M%&,drds]
L t ! s

=E

=

r T T r
M’T&—}—/ Kl(t,s)MSTgsds—i—/ f Kl(t,s)F(s,r)dsMQS,dr}
L t t t

=E

~

r T s
My& +/ |:K1(t,s) —i—/ Kl(t,r)F(r,s)dr]M%és ds]
L ' 1

=E

~

o T
My & —i—/ L, s)M7&s ds] =Y.
L t
This implies that (), Z) satisfy (6.14). The result then follows from the uniqueness of (6.14). ]

Remark 6.6. The representation (6.15) of Y is exactly the so-called variation of constants formula for linear BSVIEs.
A similar result was first obtained by Hu—@ksendal [36] for the linear BSVIEs driven by a Brownian motion and a
compensated Poisson random measure. However, in [36] the coefficients «, 8 are assumed to be deterministic functions
and B(t, r) = B(r) is required to be independent of #. Thus our result is a generalized version of [36, Theorem 3.1].

6.3. Representation of oxU

In this subsection, we assume Assumption 3.3 holds true, and let U be the classical solution to PPDE (3.1), corresponding
to the decoupled FBSVIE (2.3)—(2.8). We shall use type-II BSVIE to provide an explicit representation formula for
oxU (t, s,X), which is determined by (3.15)—(3.16).
We first apply Proposition 6.5 to the middle equation of (3.16) with
T
£ :=(Dg(l, X*¥), V, X*) + / (Df (L, r, X5X, Y5, Z15%), v, XX dr;

Ivs

, X vk opls 6.20
all,ry:=ay f(Lr, XS5 Y%, Z5%), BA.r) =0, f (L, XWX, Y5, Z85Y), Ivs<r; (020

a(t,r) =0, B, r):=0, t<r<s.

Define M., K1(I,r) and T'(, ) by (6.16)~(6.17), then

T
VnYiY’XZ]El[MIT§1+/I F(I,V)M}Erdr}, lels, T].

Note that M! =1 and K, (¢,r) =0 for r € [z, s], thanks to the third line of (6.20). Then, by (3.15) and the last equation
of (3.16) we have

T
KU (t,5,%) = Vy Y% = ]E|:MtTft +/ Mjo(t, 1)V, Y™ dl}
N

T T
=]E[M;s,+/ Kl(t,l)|:Mle;‘1+/ F(l,r)M}f;‘rdr} dl}
s 1
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T r
=E|:M'T§,—|—/ |:K1(t,l)+/ K](t,l)I‘(l,r)dli|M;§rdr:|

S
T
=E|:M’T§, +/ L(t,r)Myé, dri|.
N
Plug the first line of (6.20) into this, we obtain

oxU (t,s,x) = ]]«lj[(GSJK(t)7 ans,xﬂ’

T T
where G**(t) := MtTDg(t, XS’X) +/ I, l)MlTDg(l, XS’X) dl +/ H*(t,r)dr;
N

g (6.21)
,
HSX(t,r) := MLDf (t,r, XWX, Y5X, ZL5X) +/ Tt DMLDf (1, r, X5, Y5, ZL5%) dl.
S
Next, recall the first equation of (3.16). We set
o(t,s,x;t',s",dr') .= Do(t',s', X**)(dr'), foro=b,0;
( )= D' X)) o
g(t, s, x;dt") == G**(1)(dr').
We now introduce the type-IIl BSVIE on [s, T']:
V= g(/) — f [l;(t s,x.;r', s, dl’)f(dr/, s’)
t'<l<s'<r'<T
T
+ &(t, s,x.r', s, dl’)Z(dr’, s/)] ds' — / Z(t’, s/) dWy:; (6.23)
t/

~ t
y(t/’s/) :yt/ _/ Z(t/,r/)dWr/, OSS/ < t/.

s/

By Theorem 6.1, we obtain the following explicit representation formula for o5 U (¢, s, X).

Theorem 6.7. For any fixed (t, s, X) € Ti x X, let Y be determined by (6.23). Then the path derivative of the solution U
to PPDE (3.1) can be represented explicitly as follows:

WU, 5,%X) =V, 5). (6.24)
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