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Abstract: Topological relations and direction relations represent two pieces of the qual-
itative spatial reasoning triumvirate. Researchers have previously attempted to use the
direction relation matrix to derive a topological relation, finding that no single direction
relation matrix can isolate a particular topological relation. In this paper, the technique
of topological augmentation is applied to the same problem, identifying a unique topo-
logical relation in 28.6% of all topologically augmented direction relation matrices, and
furthermore achieving a reduction in a further 40.4% of topologically augmented direction
relation matrices when compared to their vanilla direction relation matrix counterpart.
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1 Introduction

In the seminal work of qualitative spatial reasoning, Kuipers [25] declared that three par-
ticular types of classifications can be applied to qualitative spatial vocabulary:

e topology, the set of properties of a collection of objects that do not change under rubber
sheet geometric approaches (including containment and connection) [16,39],

e direction, the set of properties that provide a concept of orientation between two or
more objects (including egocentric and allocentric views) [20,21,38], and

e distance, the set of properties that dictate how far two objects are from one another
(including such concepts as near and far) [47].
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Over four decades of research has provided a litany of representations for each of these
types of qualitative descriptors, most notably topology [12,15-17,22,26,28,29,34,37,39,
43,44,46] and direction [4,20,21,32,35,36,38]. While the set of formalizations has grown
drastically in both of these instances, there are relatively few instances where topology and
direction are treated together [8,24,42].

Since direction and topology are intricately entwined together [18], it is essential to
consider how direction relations can be transformed into topological relations and vice
versa. While topological information does not provide much in the way of opportuni-
ties for informing knowledge of direction, the reverse is not true: direction provides con-
text for topological relations, particularly when considering qualitative spatial partitions
that represent a directional view of space, such as the direction relation matrix [21] or the
objects-interaction matrix [4]. Guo and Du [23] have studied the transferability of direc-
tion relations into topological relations in the embedding space of the direction relation
matrix [21], demonstrating that no single direction relation matrix is capable of isolating
a specific topological relation, at best limiting the possibilities to two between a pair of
simple regions.

Dube [8] proposed a spatial formalism to directly pair topological and directional in-
formation called topological augmentation. In this formalism, the binary classification of
intersection from the direction relation matrix [21] is replaced with a topological spatial re-
lation [17] between the embedding tiles derived by the ground object and the figure object
itself, thus conveying knowledge of the intersection of boundaries. This simple change pro-
duces an inflation from 218 realizable direction relation matrices to 3,048 realizable topo-
logically augmented direction relation matrices.

This paper explores to what extent the additional information provided by topological
augmentation facilitates the interchange of directional and topological information for two
simple regions in R?. The remainder of the paper proceeds as follows: Section 2 details
the three central spatial formalisms used in this paper: the 9-intersection [17], the direc-
tion relation matrix [21], and topological augmentation [8]. Section 3 details the work of
Guo and Du [23] to determine how direction relation matrices map to topological relations.
Section 4 presents a theorematic account of both availability of topological relations and
the discernment of topological relations through topological augmentation. Section 5 pro-
vides an analysis of the output of these theorems, demonstrating the gains of topological
augmentation. Section 6 provides conclusions and calls for future work.

2 Spatial formalisms

This paper is based off a foundation of three formalisms: the 9-intersection [17], the di-
rection relation matrix [21], and topological augmentation [8]. The next three subsections
detail these three formalisms as they pertain to this paper. In all cases, we will consider
two objects: a figure object A and ground object B [45].

2.1 9-intersection matrix

The 9-intersection matrix is a qualitative spatial reasoning formalism that is founded upon
three important interrelated topological concepts: interior, boundary, and exterior [17]. To
provide context, these terms are defined as follows [1]:
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Definition 2.1. Let X be a subset of an embedding space S with a defined topology T'. The interior
of X, denoted as X°, is the largest open set O C X.

Definition 2.2. Let X be a subset of an embedding space S with a defined topology T'. The closure
of X, denoted as X is the smallest closed set C such that X C C.

Definition 2.3. Let X be subset of an embedding space S with a defined topology T'. The boundary
of X, denoted as X, is the set B = X \ X.

Definition 2.4. Let X be a subset of an embedding space S with a defined topology T'. The exterior
of X, denoted as X ~, is theset E = S\ X .

Definitions 2.1-2.4 reflect the standard vocabulary that is used to define the 9-
intersection. The 9-intersection matrix records the interplay between the interior, boundary,
and exterior of the figure object A with the interior, boundary, and exterior of ground object
B. All of its elements are declared empty or non-empty. This formalism can be applied to a
wide variety of topological spaces and sets within them. Researchers have studied numer-
ous types of relation sets with this method [7,10,11,14,19,30,33,40,41], however the most
well-known of these sets is the set of relations that pertain to the class of simple region-
region relations, as shown in Figure 1 [17]. This set of relations has a defined composition
table that is strong [13,31]. The composition table is shown as Figure 2.
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(D (D ﬁ(D (D —|(D _l¢ -0 -0 -0 0 -0 (D
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Figure 1: The eight simple region-region relations identified by the 9-intersection [17].
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Figure 2: The composition table of the eight simple region-region relations [13].

2.2 Direction relation matrix

The direction relation matrix is a formalism that is constructed to detail the direction be-
tween a figure object A and a ground object B [21]. It accomplishes this goal by subdi-
viding a space by constructing a minimum bounding rectangle (MBR) around the object
B, extending the lines of the MBR to span the space, and then qualitatively intersecting A
with the subdivisions, called tiles, formed by the subdivision of the space by the MBR and
its extension, as shown in Figure 3. This approach allows for the structure of the formalism
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to resemble the 9-intersection matrix. Barrett [2] applied a similar concept to a more arbi-
trary space defined from the perspective of an airplane pilot. Figure 4 demonstrates which
direction relation matrix symbols are viable for two simple regions.

Figure 3: An example of two objects A and B, such that the MBR of B generates a partition
of space, and A qualitatively intersects it, forming its direction relation matrix.

Section 3 will assess the usage of the direction relation matrix as a mechanism for the
identification of a topological relation between the two objects defining the symbol [23].
Section 2.3 will detail a recent innovation to the direction relation matrix: topological aug-
mentation [8].

2.3 Topological augmentation

Topological augmentation [8] is the marriage of the 9-intersection [17] to the direction re-
lation matrix [21]. While the direction relation matrix focuses on a binary intersection [21],
topological augmentation assigns a qualitative topological relation to each tile in the space
reflecting the relationship between figure object A and that tile. While the direction relation
matrix misses boundary contact, topological augmentation provides this information in a
qualitative way. Figure 5 demonstrates an application of topological augmentation.

To efficiently detail the results of topological augmentation, Dube [8] detailed a set of
congruence classes that can be identified between direction relation matrices. This set of
congruence classes is presented as Figure 6.

Not all topological relations can be applied to any cell in topological augmentation. The
reason for this is two-fold: (1) the tiles Ng, Sg, Eg, Wi, NEg, NWg, SEg, and SWp all
have indefinite extents to account for the infinite expanse of R? in all directions, and (2)
the direction relation matrix and its binary intersections present a set of constraints that
define the topological relations available. While the full set of constraints defining topo-
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Figure 4: The available set of direction relation matrix symbols for two simple regions [21].

logical augmentation is not necessary for this paper (as it will assume valid topologically
augmented direction relation matrix symbols), the most basic of the constraints are [8]:

o If a tile has an empty intersection, the topological relation between the figure object
A and it must be either disjoint or meet,

e If a tile has a non-empty intersection, the topological relation between the figure ob-
ject A and it must be any of overlap, equal, inside, coveredBy, contains, or covers, and

o If a tile is unbounded (as in the first rationale for restrictions to possible topological
augmentation), figure object A may only have topological relation disjoint, meet, over-
lap, inside, or coveredBy to that tile, whereas figure object A may have any topological
relation with a bounded tile.

All other constraints to viable topologically augmented direction relation matrix sym-
bols are constraints that apply across specific combinations and configurations of empty
and non-empty tiles as prescribed by the viable direction relation matrices [8].
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Figure 5: Topological augmentation applied to a pair of objects. The corresponding direc-
tion relation matrix symbol is also shown [8].
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Figure 6: Congruence classes of direction relation matrices [8].

Section 4 will apply topological augmentation to the problem of converting a direction
relation matrix to a topological relation.
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3 Determining a topological relation through the direction
relation matrix

Guo and Du [23] conducted a study motivated by spatio-temporal data mining to attempt
to use the direction relation matrix as a means for determining the available topological
relation between the regions defining the direction relation matrix symbol. This process is
governed by a set of rules that are proven in their work, and presented here. Each proof
(not presented) is directly supported by the composition table of 9-intersection relations
between two simple regions [13].

In each of the forthcoming rules, R4p refers to the non-empty intersections between
object A and the direction tiles. For example, Figure 3 shows Ry = {NWpg,Ng, NEg},
represented in row 2, column 8 of Figure 4, and in congruence class 6 of Figure 5.

Rule 3.1. If Rap represents the direction relation between A and B, and MBR(B) ¢ Rap, the
topological relation between A and B must be either disjoint or meet.

Rule 3.2. If Rap represents the direction relation between A and B, and Rap = M BR(B), then
the topological relation between A and B can be any of disjoint, meet, overlap, equal, inside,
coveredBy, or covers.

Rule 3.3. If R4 is the direction relation between A and B, MBR(B) € Rap, and R ap includes
at most three out of Ng, Sp, Ep, and W g, the possible topological relations between A and B are
disjoint, meet, overlap, and covers.

Rule 3.4. If R 4 is the direction relation between A and B, and {M BR(B), Ng, Sp, Eg,Wgp} C
R g, then the possible topological relations between A and B are disjoint, meet, overlap, covers,
and contains.

By applying these rules to the congruence classes from Figure 6, the set of topological
relations possible for a given direction relation matrix R 45 can be inventoried at the con-
gruence class level, as shown in Figure 7. Any element of the same congruence class may
produce the same topological relations as any other element of that congruence class.

The substantive issue with the direction relation matrix is that the omission of bound-
ary information prevents many topological relations from being distinguished from one
another. In fact, as shown in Figure 7, no direction relation matrix is capable of isolating a
single topological relation. While it can limit the options available in all cases, no identify-
ing conditions are present. Figure 8 provides an example of this problem (from congruence
class 4).

An additional problem with the method of Guo and Du [23] is exposed within Rule
3.3. Having at most three elements of Ng, Sg, E, and W does induce the relation covers
between the collection of tiles and the ground object B, this does not guarantee that all
possible cases are capable of producing all four of disjoint, meet, overlap, or covers. An easy
example of thisis seenin Rsp = {Wg, M BRg, Eg}, the subject of Theorem 3.1.

Theorem 3.1. If Rap includes MBR(B), Ep, and Wp without containing Ng or Sp, then
overlap and covers are the only topological relationships possible between A and B. The same is
true for the orthogonal directional case.

Proof. Consider a hypothetical scenario where Eg and Wg are contained in R4p, but not
Np or Sg (such as Figure 9). Without loss of generality, consider a non-self-intersecting
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Figure 7: Rules from Guo and Du [23] applied to congruence classes.

curve connecting the boundaries of Ep and Wp that does not leave the MBR. By definition
of the MBR, that line must impact the boundary of object B. If B = M BR(B), then disjoint
and meet are not possible as there is no way to connect A to the opposite side of the MBR
without intersecting the object B. Otherwise, consider M BR(B) as an embedding space,
including its boundary. B partitions this space into multiple components, with only one of
them (B) allowed to have a 1-meet relationship with the other partitions. For disjoint or meet
to be possible, A cannot intersect B, thus it must go through a point connecting the exterior
partitions with each other or to a non-empty tile, but thinning A to a single point will
subdivide A° into multiple parts to facilitate crossing over the MBR without intersecting
BY. This is a contradiction to the definition of simple region. O

This assertion impacts several of the congruence classes from Figure 7. Classes 9, 13, 19,
21, 23, 30, and 39 thus have an immediate reduction in their available reductions, yet this
does not allow for unique identification. The updated congruence class designations are
shown in Figure 10.
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Figure 8: An example of two objects producing the same direction relation matrix that have
two different topological relations: disjoint (solid) or meet (dotted).
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Figure 9: Example used for Theorem 3.1. For the object A to meet object B, object A (with
non-zero thickness as it is a simple region) is forced to pass through the common point
between MBR(B), B, and Np without intersecting either B or Ng. The same is true for the
corresponding southern extremity.

4 Applying topological augmentation to the topological de-
termination problem

Since topological relations are ultimately a foundational backbone of our languages
[9,18,27], the inability of the direction relation matrix to transfer to any unique topolog-
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Figure 10: Rules from Guo and Du [23] applied to congruence classes, adjusted as a result
of Theorem 3.1.

ical relation is a major issue. Topological augmentation can be applied to this problem,
something that has at least an opportunity to succeed in topological identification due to
maintaining boundary contact within the formalism.

Similar to Guo and Du [23], topological augmentation defines a set of rules that govern
which topological relations can result from a topologically augmented direction relation
matrix symbol. Topological augmentation’s rules, however, differ insofar as it has a larger
diversity of symbols from which to work. The following rules can be established using the
terms of topological augmentation.

Rule 4.1. The relation equal is only possible if the relation to the MBR is coveredBy or equal and
at least all of Ng, Sp, Eg, and W are meet.

Proof. The relation equal requires both A and B to be the same. The coveredBy or equal asser-
tion is the exact relation between an MBR and the object that defined it [37]. Since A must
be restricted to the minimum bounding rectangle in this case and must maintain boundary
contact with all four edges of the MBR, by default, it must then hold the relationship meet

JOSIS, Number 23 (2021), pp. 1-23
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with each of the four listed tiles, as the MBR also holds the relation meet with these four
tiles as well. O

Rule 4.2. The relation inside is only possible if all neighbors of the MBR have relation disjoint and
the relation to the MBR tile is also inside.

Proof. The relation inside between A and B can be determined specifically through compo-
sition of rel(A, B) to rel(B, MBR(B)) to rel(MBR(B),tiles). inside ; (coveredBy or equal) = inside
and inside ; meet = disjoint. O

Rule 4.3. The relation coveredBy is only possible if all neighbors of the MBR have relation disjoint
or meet.

Proof. Like 4.2, this can be asserted through composition. Since covered By allows for bound-
ary contact between A and B, A can thus intersect the boundary of the MBR, and thus the
boundary of any neighboring tile. (inside or coveredBy) ; (coveredBy or equal) = (coveredBy or
inside) and (coveredBy or inside) ; meet = (disjoint or meet). O

Rule 4.4. The relation contains is only possible if all four edge neighbors of the MBR are overlap.

Proof. This can be demonstrated through composition as well. The relation between A and
the MBR is contains ; (coveredBy or equal) = (contains, covers, overlap). If the relationship
between A and the MBR is contains, then all neighbors of the MBR must have relation
overlap as contains ; meet = (contains, covers, overlap), but covers and contains are not possible
between A and a partially bound area. If the relation is covers, then the possibilities are
(meet, overlap, covers, contains). We have already demonstrated that covers and contains are
not possible. The instance of meet in this resulting answer space can only exist for the
ordinal direction tiles, as A contains B forces the A to extend beyond the MBR in every place
where B contacts the MBR, which must extend into the cardinal directions. If the relation
is overlap, the possibility of disjoint is added, which is no different than the exclusion rule
for meet. O

Rule 4.5. The relation covers is only possible if all four edge neighbors individually are not disjoint
with respect to A.

Proof. Like Rule 4.4, the worst case scenario for this rule is the case when A is the MBR.
In this case, A has defined relation meet with any of the other tiles. Any extension of A
such that it maintains boundary contact with B will still satisfy covers, even if it moves the
four edge neighbors beyond meet in the conceptual neighbourhood graph in the direction
of overlap. O

Rule 4.6. The relation overlap is only possible if the MBR has relation overlap, coveredBy, or
inside.

Proof. The relation overlap dictates that the object A must share points with the object B, but
both A and B must have points that remain separate from one another. If A inside MBR,
then B automatically has points that are not part of A, as B must contact the boundary
of its MBR. Unless B is equal to the MBR, it is trivially possible for A to extend in some
direction beyond B, thus allowing it to have points not in common with B, yet still in the
MBR. By the same token, if A coveredBy MBR, then A has room to grow within the MBR.
So long as B is not the MBR, it too has room to grow. If A overlap MBR, then so long as A
partially intersects B, then overlap is possible. O
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Rule 4.7. A relation cannot be disjoint if (1) the opposite edge neighbour to an overlap is not
disjoint and both of the remaining edge neighbors are meet or disjoint (Figure 11a), (2) a corner
tile not edge-adjacent to a non-empty intersection has relation meet and the MBR and at least one
other tile is non-empty (Figure 11b), or (3) there are tiles with relation meet on opposite sides of the
MBR with no additional non-empty intersections (Figure 11c).

meet

]
! 1
i
! i
i
' meet H

i
! 1
i

i
i

i

Figure 11: Three possible cases from Rule 4.7: (a) Rule 4.7.1, (b) Rule 4.7.2, and (c) Rule 4.7.3.
In (a), the object presents a barrier to attaining the slots necessary on both sides of the MBR.
In (b), the object again creates a barrier to reaching the opposite side of the MBR as it cannot
enter the two tiles that share an edge with it. Finally, in (c), the object again precludes the
crossing as the object is not allowed to leave the tile in this case in any direction.

Proof. As shown in Figure 11, all three of these scenarios present an instance where the
object must cross the MBR without leaving it. As soon as the object reaches the MBR, it
must intersect B’s boundary to continue as it is not allowed to leave to go around it as it
has disjoint or meet as its neighbour (Figure 9). O

Rule 4.8. A relation cannot be meet if the opposite edge neighbor to an overlap or a meet is
not disjoint and both of the remaining edge neighbors are meet or disjoint and both corner tiles
adjacent to the opposite edge neighbor are not meet (Figure 11a), or all four corners are meet while
both edge neighbors are strictly disjoint (Figure 9).

Proof. The rule has two parts. The first is equivalent to Rule 4.7, just applied to meet instead
(Figure 11). If the object were allowed to attain the corner points as its edge intersections,
then the relation meet is possible. The second part of the rule prohibits the corner tile from
being the intersection, as that common boundary point is shared amongst the four adjacent
tiles, precluding disjoint in any of them. O

Rule 4.9. If the relation between the object and the MBR is disjoint, then the relation disjoint is
the only possible relation between the two objects.

Proof. By composition, disjoint ; (covers or equal) = disjoint. O

JOSIS, Number 23 (2021), pp. 1-23
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Rule 4.10. If the relation between the object and the MBR is meet, the relations meet and disjoint
must be possible.

Proof. By composition, meet ; (covers or equal) = (disjoint or meet). O

5 Analysis of topological augmentation rules applied to the
topological determination problem

The rules derived in Section 4 provide a mechanism by which to further understand the
possibilities from within each of the congruence classes. In this section, the rules from Sec-
tion 4 are applied in two manners: (1) can the relation be exhibited between A and B in that
class (which is already known from Section 3), and (2) can the relation be identified between
A and B, independent of the A and B defining the topologically augmented direction rela-
tion matrix symbol? Both tables will consider each specific topological augmentation that
can apply to a direction relation matrix symbol as an individual entity.

5.1 Symbols that have a topological relation as a consequence

Figure 13 dictates the mapping of topological relations identified in Section 3, but gives
a number of topological augmentations for which that symbol may occur. The numbers
presented in Figure 13 are derived explicitly from the rules in Section 4. To demonstrate
the process, consider the topological augmentation presented in Figure 12. To summarize,
the following are the applications of the rules to Figure 12.

e I
| |
' I
! overlap meet meet |

I
| |
i ________________________________ I

1
| |
' I

I
v overlap overlap meet |
| |
i ________________________________ I

I
| |
' I
! disfoint meet meet |

1
| |
AR NSRRI U

Figure 12: Test case to demonstrate the application of Rules 4.1-4.10.

e Rule 4.1 does not apply as the MBR does not have relation coveredBy or equal, nor is
the relation in Wp meet, therefore the topological relation cannot be equal.
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e Rule 4.2 does not apply as the MBR does not have relation inside, nor is the relation for
any of N, Sg, Ep, and Wg meet, therefore the topological relation cannot be inside.

e Rule 4.3 similarly does not apply as the MBR does not have relation coveredBy or
inside, nor is the relation for all of N, Sg, E, and W meet or disjoint, therefore the
topological relation cannot be coveredBy.

e Rule 4.4 does not apply as there exists at least one relation in Ng, S, Ep, and Wg
that is not overlap, therefore the topological relation cannot be contains.

e Rule 4.5 applies as none of N, S, Ep, and Wg have relation disjoint, therefore the
topological relation can be covers.

e Rule 4.6 applies as the MBR has relation overlap, therefore the topological relation can
be overlap.

e Rule 4.7 applies, as the object is sandwiched between Np and Sg to reach Ep from
W g, therefore the topological relation cannot be disjoint.

e Rule 4.8 does not apply as the two corner tiles N Ep and SEp are meet, therefore meet
is a possibility as the topological relation.

e Rule 4.9 does not apply as the MBR does not have relation disjoint.

e Rule 4.10 does not apply as the MBR does not have relation meet.

From this inventory, the relations meet, overlap, and covers can be attained from this
topological augmentation of a congruence class 8 direction relation matrix. This reduces
the total by one for possible relations, eliminating disjoint.

5.2 Identifying the topological relation from a particular topologically
augmented direction relation matrix symbol

While Figure 13 always demonstrates a reduction from Guo and Du [23], it does not an-
swer the question as to whether or not topological augmentation can determine the actual
relation between two regions A and B. To do that, Figure 14 is presented to mirror Figure
13, determining how many relations are uniquely identified by a topological augmenta-
tion from that congruence class. Like in Figure 13, Figure 14 treats each class as if it were
represented by a single symbol.

5.3 Analysis of the tables

Figures 12 and 13 have detailed how the relations are distributed amongst individual con-
gruence classes of the direction relation matrix when topological augmentation is applied.
Now the following questions can be addressed:

e What percentage of topological augmentations reduce the overall topological diver-
sity exhibited within a particular direction relation matrix symbol?

e What percentage of topological augmentations allow each of the particular topologi-
cal relations?

e What percentage of topological augmentations uniquely identify a single topological
relation?

e What percentage of topological augmentations identify each of the particular topo-
logical relations?
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5.3.1 Topological reduction

To answer the question of topological reduction, we first must scale up the numbers in
Figure 12 by the number of symbols in the particular congruence class. This number can
be found in previous work [6]. We can then consider the reduction number to be all topo-
logically augmented symbols which do not contain all of the symbols reflected in the con-
gruence class. The resultant table can be found in previous work [6]. As a function of these
appropriate scalings, 2,128 of the 3,084 topological augmentations (69%) reduce the number
of topological relations as prescribed by Guo and Du (with the addition of Theorem 3.1).

5.3.2 Prevalence of topological relations

To answer the question of topological prevalence, we again can refer to the same tables
as suggested in Section 5.3.1. Instead of being concerned with reduction, we are solely
concerned with the presence of a particular topological relation within the table. The results
are as follows, in order of topological prevalence:

overlap — 2,432 occurrences (78.9%)
meet — 1,906 occurrences (61.8%)
disjoint — 1,808 occurrences (58.6%)
covers — 1,104 occurrences (35.8%)
contains — 98 occurrences (3.2%)
coveredBy — 47 occurrences (1.5%)
equal — 17 occurrences (0.6%)
inside — 1 occurrence (0.1%)

This list has a few interesting qualities. Certain relations are incredibly specific, such as
inside and equal, while others such as overlap, meet, disjoint, and covers are highly available.
With respect to neighbourhood graphs, this list is not symmetrical, however, in all cases
boundary contact is more prevalent than not when considering its corresponding RCC-5
abstraction [3].

5.3.3 Topological identification

Using a similar technique, we can also consider the percentage of topological augmen-
tations that identify a particular topological relation unambiguously. These topological
augmentations represent the ultimate prize for direction and topological reasoning: the
exchange of information across models for free. Unlike reduction, however, we need not
consider what is paired with what, as identification already suggests decoupling. By using
the same scale factor for symbol cardinality, we can determine that 882 topological aug-
mentations (28.6%) identify a particular topological relation. While this is roughly two of
every seven, this is a substantial increase from Guo and Du. 39 of the 45 congruence classes
contain at least one topological augmentation that will identify a topological relation.

5.3.4 Prevalence of identification

Following the same course as Section 5.3.2, we now consider the amount of times a partic-
ular topological relation is identified by a topological augmentation. The list is as follows:
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e overlap — 594 occurrences (19.3% overall, 67.3% of all identifiers, 24.4% of all overlap
occurrences)

o disjoint — 209 occurrences (6.8% overall, 23.7% of all identifiers, 11.6% of all disjoint
occurrences)

e covers — 144 occurrences (4.7% overall, 16.3% of all identifiers, 13.0% of all covers oc-
currences)

e contains — 1 occurrence (0.1% overall, 0.1% of all identifiers, 1% of all contains occur-
rences)

While we saw before that particular relations were incredibly specific, that specificity
is not enough to identify the relations. Curiously, covers can be identified, but not meet or
coveredBy. Similarly, inside cannot be identified, however disjoint and contains can. Unsur-
prisingly, most occurrences of any topological relation are not identifiable, with no single
topological relation surpassing the 28.6% overall rate.

6 Conclusions and future work

Guo and Du [23] studied the interplay of the direction relation matrix [21] and topological
relations [17] to identify whether or not the direction relation matrix could stand in some
cases as a surrogate for topology, or the degree to which the direction relation matrix could
effectively limit the topological variability present, similar to the effect of compositions
on the universal relation [13]. They found that there were no instances where a direction
relation matrix could stand for a topological relation, though in all cases, it was better
than nothing insofar as the universal relation was never encountered. Guo and Du’s work
missed a fundamental rule (as added in Section 3), but even if enforced, would not lead to
topological determination, thus not negating their claim.

In this paper, we applied topological augmentation [8] to this problem space, hoping to
find topological augmentations that would further reduce the results of Guo and Du [23]
to a more limited set of topological relations, or perhaps in an ideal world lead to an exact
topological relation. It was demonstrated that in 69% of topological augmentations, the
results from Guo and Du for their corresponding direction relation matrix symbol was re-
duced by at least one topological relation, a sizable gain. The research also demonstrated
that for some 28.6% of topological augmentations, a precise topological relation could in
fact be determined, including results from 39 different congruence classes representing 202
of the 218 realizable direction relation matrix symbols. While certain classes fare better
than others—both in reduction and determination—there is an importance to this connec-
tion between direction and topology. When topology fails human beings in our decision
making processes, we often move toward directions to catch us. This can be seen in the
list of prepositions in the English language: the two dominant areas in the classification
of prepositions that are spatial in nature are topological and directional as opposed to dis-
tance [27]. Any instance where topological reasoning can be additionally inferred creates
stronger reasoning systems on a spatial level.

Topological augmentation is but a fledgling technique, meaning that there are numer-
ous ways to expand this work. Such areas include:

¢ Using topological augmentation for purposes that are not based on simple regions,
such as for line-region relations [33],
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e Using topological augmentation in spherical embedding spaces, opening up addi-
tional possibilities [14], and

e Developing a GIS implementation of the theory by exploiting known pieces of GIS,
including the MBR function and the topological query operators [5].
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