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Understanding the mechanisms of structural evolution, espe-
cially for nuclei far from the beta stability line, is a major 
challenge in nuclear science1,2. In this context, a rich terri-

tory for studies of basic nuclear concepts is the neutron-deficient 
region around mass number A = 80 (ref. 3). The properties of the 
nuclei in this region change rapidly with varying proton and neu-
tron numbers. Indeed, some of these nuclei are among the most  
deformed in the nuclear chart and exhibit collective behaviour, 
while others show non-collective excitation patterns characteristic 
of spherical systems.

The appearance of strongly deformed configurations around 
80Zr has been attributed to the population of the intruder g9/2 orbit-
als separated by the spherical N = Z = 40 subshell closure from the 
upper pf shell. This particular shell structure results in coexisting 
configurations of different shapes predicted by theory4–9. In particu-
lar, for the nucleus 80Zr, spherical and deformed (prolate, oblate and 
triaxial) structures are expected to coexist at low energies, and their 
competition strongly depends on the size of the calculated spherical 
N = Z = 40 gap10. Experimentally, 80Zr has a very large quadrupole 
deformation parameter β2 ≈ 0.4 (refs. 11,12) indicating that the nucleus 
is prolate in shape. Within the mean-field theory, this has been 
attributed to the appearance of a large deformed gap at N = Z = 40 in 
the deformed single-particle spectrum5. Consequently, the nucleus 
80Zr can be viewed as a deformed doubly magic system.

In addition to shape-coexistence effects, 80Zr is a great laboratory 
for isospin physics. Having equal numbers of protons and neutrons, 
this nucleus is self-conjugate, so it offers a unique venue to study 
proton–neutron pairing, isospin breaking effects and the Wigner 
energy reflecting an additional binding in self-conjugate nuclei and 
their neighbours13,14.

The mass of an isotope is a sensitive indicator of the underly-
ing shell structure as it reflects the net energy content of a nucleus, 

including the binding energy. Hence, doubly magic nuclei are 
substantially lighter, or more bound, than their neighbours. 
Owing to a lack of precision mass measurement data on 80Zr and 
its neighbours, it is difficult to characterize the size of the shell 
effect responsible for the large deformation of 80Zr. To this end, 
we performed high-precision Penning trap mass spectrometry of 
four neutron-deficient zirconium isotopes (80–83Zr) and analysed 
the local trends of the binding-energy surface by studying several 
binding-energy indicators. To quantify our findings, the experi-
mental patterns were interpreted using global nuclear mass mod-
els augmented by a Bayesian model averaging (BMA) analysis15, as 
described in Methods.

Experimental procedure
The 80–83Zr isotopes are highly neutron-deficient unstable radio-
isotopes of zirconium with half-lives ranging between 4.6 s and 
42 s (ref. 16), so they must be produced in specialized facilities and 
probed using fast and sensitive instrumentation. A schematic of 
the experimental set-up and procedure is shown in Fig. 1. The 
Zr isotopes were produced at the National Superconducting 
Cyclotron Laboratory’s Coupled Cyclotron Facility via projectile 
fragmentation of a 140 MeV u−1 92Mo primary beam impinged 
on a thin Be target. The produced Zr nuclei were separated from 
other fragments by the A1900 fragment separator17 and sent to 
the advanced cryogenic gas stopper18, where they were stopped 
as ions. The ions were extracted from the gas stopper as a 
low-energy (30 keV Q−1) continuous beam and selected by their 
mass-to-charge ratio (A/Q) using a dipole magnet. The ions were 
then sent to the Low Energy Beam and Ion Trap (LEBIT) facility19. 
80,82Zr ions were sent as singly charged oxides (A/Q = 96 and 98, 
respectively) and 81,83Zr ions were sent bare and doubly charged 
(A/Q = 40.5 and 41.5, respectively).
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On entering the LEBIT facility, the ions first passed through the 
cooler and buncher20, where they were accumulated, cooled and 
released as short bunches to the LEBIT 9.4 T Penning trap21. A series 
of purification techniques (described in Methods) were used to 
ensure that nearly pure samples of the ion of interest were used for the 
measurement. A schematic of the LEBIT set-up is shown in Fig. 1b.

In the Penning trap, the mass mion of an ion with charge q was 
determined by measuring the cyclotron frequency νc = qB/(2πmion) of 
the ion’s motion about the trap’s magnetic field, which has a strength 
B. The cyclotron frequency νc was measured using the time-of-flight 
ion cyclotron resonance (TOF-ICR) technique22, as shown in  
Fig. 1 and described in Methods. The theoretical line shapes22 for 
the TOF-ICR spectra were fit to the data, allowing determination of 
the cyclotron frequency. A sample 80Zr16O+ TOF-ICR spectrum and 
its theoretical line shape are shown in Fig. 1c.

Before and after each measurement of the ion of interest, mea-
surements of a reference ion were performed to calibrate the mag-
netic field. The reference ions (41K+, 85,87Rb+) were provided by an 
offline ion source. The masses of the ions of interest were obtained 
from the ratio (R) of the cyclotron frequencies of the reference ion 
(νc,ref) and the ion of interest:

R =
νc,ref
νc

=
mion/qion

(mref − qref me)/qref
, (1)

where qion is the charge state of the ion of interest, me is the mass of 
the electron and mref and qref are the atomic mass and charge state of 
the reference species. The atomic mass m of the Zr isotope of inter-
est is calculated from the mass of the measured ion, accounting for 
removed electrons and molecular counterparts, where applicable. 
The results of the measurements are presented in Table 1 and com-
pared with the atomic mass evaluation of 2020 (AME20)23. Further 
details on the measurement, calibration and uncertainty determina-
tion procedures are provided in Methods.

Our mass measurement results are in good agreement with the 
mass values recommended by AME2023, and provide an improve-
ment of one order of magnitude or more to the precision of the 
80,81,83Zr masses. The AME20 values for 81–83Zr are derived mainly 
from previous high-precision mass measurements. Penning trap 
mass measurements of 82,83Zr form the basis of the AME20 mass 
values for these isotopes24,25, while a recent storage ring measure-
ment26 dominates the AME20 mass of 81Zr. Our measurement of 
82Zr has the largest discrepancy from AME20, with a value 1.5σ 
lower. The mass of 80Zr listed in AME20 is an extrapolated value 
calculated from neighbouring known nuclei using smooth trends of 
the mass surface. It is worth noting that two previous mass measure-
ments of 80Zr have not been included in the AME. A measurement 
with only a single event27 yielded a mass excess of −55.5 (1.5) MeV. 
The second measurement28, albeit more precise with a mass excess 
of −55,647 (150) keV, has not been included in the AME, because 
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Fig. 1 | The experimental procedure. a, The radioactive Zr isotopes are produced from the fragmentation of an accelerated 92Mo beam as it collides with a 
Be target. The fast fragments of interest are separated, stopped and delivered at low energies to the LEBIT facility, where the experiment is performed. b, 
At LEBIT, the ion beam is accumulated into low-emittance bunches, which are sent to the Penning trap mass spectrometer for a mass measurement. In the 
trap, the ion is subjected to a radiofrequency field and then expelled towards a timing detector. When the frequency of the applied field matches the ion’s 
cyclotron frequency (νc), the motion of the ion in the trap is resonantly excited, which translates into a shorter time of flight to the detector.  
c, Sample time-of-flight spectrum of an 80Zr16O+ molecular ion obtained by scanning the applied radiofrequency field. The dip in time of flight allows for 
the determination of the ion’s cyclotron frequency, and thus its mass. The red curve is an analytical fit to the data. The error bars represent the statistical 
uncertainty of the time-of-flight measurement, and the light blue band shows the 1σ uncertainty of the cyclotron frequency determination. See main text 
and Methods for details.

Table 1 | Results from our mass measurements

Isotope Ion Ion ref. ¯R Mass excess AME2023 Difference
80Zr 80Zr16O+ 85Rb+ 1.129,829,01 (99) −55,128 (80) −54,760 (300)a −370 (310)
81Zr 81Zr2+ 41K+ 0.987,971,08 (13) −57,556 (10) −57,524 (92) −32 (93)
82Zr 82Zr16O+ 87Rb+ 1.126,770,338 (31) −63,618.6 (2.5) −63,614.1 (1.6) −4.5 (3.0)
83Zr 83Zr2+ 41K+ 1.012,274,829,7 (85) −65,916.33 (65) −65,911.7 (6.4) −4.7 (6.5)

The mass excesses are relative to the mass number of the isotopes of interest. The weighted average frequency ratio, R̄, between the ion of interest (Ion) and the reference ion (Ion ref.) is presented. The 
results are compared with the mass excesses recommended by the AME2023. All mass excesses are in kiloelectronvolts (keV). 1σ uncertainties are shown in parentheses. aExtrapolated value based on 
trends of the mass surface.
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other isotopes measured in the same experiment were in disagree-
ment with more recent high-precision results.

The anomalous mass of 80Zr
Our mass measurement of 80Zr reveals that this nucleus is substan-
tially more bound than expected from systematic trends. Indeed, 
high-quality extrapolations of the mass surface towards 80Zr have 
been produced by the AME collaboration and others; this has been 
especially motivated by the astrophysical importance of this nucleus 
for X-ray bursts29. Our mass value is 370 (310) keV/c2 more bound 
than the extrapolated value from AME2023, and 950 (260) keV/c2 
more bound than the Lanzhou extrapolated value26.

To study the impact of our measurement, we employed various 
binding-energy differences (described in Methods), adopting our 
mass values for 80–83Zr. All other masses used in the calculations 
were taken from AME20 unless stated otherwise. Along the N = Z 
line, nuclei are known to be exceptionally well bound as neutrons 
and protons occupy the same shell model orbitals. Therefore, a use-
ful indicator is the double mass difference δVpn (refs. 30,31), as defined 
in Methods.

In Fig. 2a,b, we show δVpn for the N = Z + 2 and N = Z sequences, 
respectively. For nuclei away from N = Z, the overall behaviour of 

δVpn is well described by the macroscopic mass formula31,32 (MMF), 
δVpn ≈ 2(asym + assymA−1/3)/A, where asym and assym are, respectively, 
the symmetry and surface-symmetry energy coefficients. In the 
MMF plotted in Fig. 2a, we used asym = 35 MeV and assym = −59 MeV, 
which were determined by a fit to the data, neglecting the outliers 
at A = 58, 82 and 102. Along the N = Z sequence, δVpn is strongly 
impacted by the Wigner energy13, the behaviour of which is more 
convoluted. Moreover, mass data beyond N = Z are scarce in the 
investigated region. Consequently, if some masses required for the 
δVpn determination were not experimentally available, we used the 
recommended values from AME2023 instead.

Although δVpn is expected to vary smoothly overall, fluctua-
tions around the average trend carry important structural informa-
tion30,31,33. Binding-energy outliers, especially those found in magic 
nuclei along the N = Z line, result in δVpn deviations for both N = Z 
and N = Z + 2 sequences. Considering the N = Z + 2 results with our 
masses, the value of δVpn for 82Zr (which is reliant on the mass of 
80Zr) is a clear outlier, being 185 keV lower than the MMF trend. 
This anomaly is similar to those found in 58Ni and 102Sn that are 
associated with the increased binding energies of the doubly magic 
self-conjugate nuclei 56Ni and 100Sn. The increased binding energy 
of 80Zr also impacts the N = Z trends, resulting in increasing values 
of δVpn for Zr and Mo.

Analogous outliers can also be found by inspecting other mass 
filters at 80Zr, such as the two-proton shell gap δ2p, commonly 
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employed in tests of shell closures34,35. The δ2p mass filter as a func-
tion of proton number for both the N = Z and N = Z + 2 sequences 
is shown in Fig. 3 (additional discussion is provided in Methods).

The results shown in Fig. 2 provide compelling empirical evi-
dence for the existence of a deformed shell closure in 80Zr. One 
needs to bear in mind, however, that 80Zr is a self-conjugate sys-
tem and some additional contribution to its binding energy comes 
from the Wigner energy. Usually, the Wigner term in even–even 
nuclei is parameterized as EW = aW|N − Z|/A. As discussed in ref. 13  
and Methods, the Wigner-energy coefficient W(A) = aW/A can be 
empirically extracted from the values of δVpn. Our data, shown in 
Fig. 4, indicate that the value of W(A) at 80Zr and 56Ni is locally 
enhanced, in contrast to the gradually decreasing trend for heavier 
N = Z nuclei that is well captured by the value of aW = 47 MeV 
obtained in ref. 13. A note of caution is in order: some contribution 
to the local increase of the empirical value of W in 80Zr and 56Ni can 
be attributed to the enhanced binding due to their shell structures. 
The contributions of the Wigner energy and shell structure will be 
disentangled with another mass filter in the following paragraph.

Experimental masses offer a way to assess the size of the deformed 
N = 40 single-particle gap. This can be done by employing the fil-
ter Δe(N = 2n)36, which provides an estimate of the single-particle 
energy gap en + 1 − en at the Fermi level. Figure 5 shows Δe for the 
Zr isotopic chain (see ref. 37 for applications of Δe to the K and Ca 
chains). Some masses of proton-rich Zr isotopes needed to deter-
mine Δe are not known experimentally, so these have been taken 
from mass relations of mirror nuclei by Zong and others38. It is seen 
that Δe reaches a maximum for 90Zr at the spherical magic number 
N = 50 and a local maximum for 80Zr at the deformed magic num-
ber N = 40. Because the latter value can be affected by the Wigner 
energy, we removed the binding-energy contribution from EW by 
applying two models: EW(1)39 and EW(2)13. The resulting correc-
tion to Δe practically affects only the N = 40 value. As discussed 
in Methods, the expression EW(1) is well localized at N = Z and 
reduces Δe by ~300 keV. The expression EW(2) decreases linearly 
with the neutron excess, and the corresponding reduction of Δe is 
~1.1 MeV. Even in this case, the energy gap at N = 40 is a factor of 
2–3 larger than Δe for 42 ≤ N ≤ 48. Although the size of this gap is 
reduced compared to the spherical N = 50 gap, it is characteristic 
of a deformed shell closure. The strong shell effect comes from the 
self-conjugate nature of 80Zr as the deformed proton and neutron 
shell effects reinforce one another.

Bayesian analysis of mass models
To obtain improved theoretical mass predictions in the 80Zr region, 
we conducted a Bayesian statistical analysis combining Gaussian 

process extrapolation and BMA40 of 11 theoretical global mass mod-
els following the same procedure as in refs. 15,41. The BMA frame-
work uses the collective wisdom of the models, constrained by data, 
to make predictions and quantify uncertainties. Details of the indi-
vidual models and the BMA methodology are provided in Methods.

The BMA predictions for δVpn are shown in Fig. 2a,b. The 
predictions for N = Z + 2 are well constrained outside the region 
38 < Z < 50 due to the wealth of experimental mass data. In the 
region 38 ≤ Z ≤ 50, the BMA results are consistent with the AME20 
data and the MMF trend. At Z = 40, the experimental δVpn value, 
which includes our 80,82Zr mass results, falls just within the error 
band. The BMA result for δVpn along the N = Z line in the region 
Z > 30 does not agree with either the AME20 extrapolations or 
the experimental value at Z = 40. Two of the models, FRDM201242 
and HFB-2439, which include the phenomenological Wigner term, 
perform slightly better than the density functional theory (DFT) 
models. However, they still fall short of the experimental trends, 
probably due to underestimation of the Wigner energy. Indeed, 
the value of aW in FRDM201242 is 30 MeV, which is much less than 
the aW = 47 MeV representing the average trend seen in Fig. 4. The 
Wigner energy EW(1) of HFB-24 is even smaller. The BMA predic-
tions for δ2p are shown in Fig. 3a,b and trends similar to those seen 
in the δVpn results are observed.

In summary, the interplay between theory and experiment was 
crucial in understanding this region of the nuclear chart. Although 
the deformed shell gap at N = Z = 40 was predicted over 30 years 
ago4,5, a lack of precise experimental data has prevented a quanti-
tative assessment of the gap’s size until now. To further refine the 
deformed shell closure, high-precision mass measurements in this 
region are needed, which will be made possible with next-generation 
radioactive ion beam facilities and mass measurement techniques.
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Methods
The TOF-ICR technique for cyclotron frequency determination. In a Penning 
trap, an ion is confined in space by the superposition of a weak axially harmonic 
electric potential and a strong homogeneous magnetic field, oriented in the axial 
direction. In the absence of the electric field, the ion performs a circular motion 
about the axis of the magnetic field at cyclotron frequency νc, the measurement of 
which allows the determination of the mass of the particle. The introduction of the 
electric field disturbs the cyclotron motion, which is split into two independent 
radial components: the reduced cyclotron and the much slower magnetron 
precession (with frequencies ν+ and ν−, respectively). The ‘free’ cyclotron frequency 
is determined by measurement of the νc = ν+ + ν− sideband. This quantity is nearly 
invariant with respect to fluctuations in the trapping electric field, which grants 
Penning trap mass spectrometry great accuracy43.

In the TOF-ICR technique, the sideband is determined by applying an external 
quadrupole radiofrequency field (with frequency νRF) to the ion, which converts 
one eigenmotion into another. The ion is initially prepared in a pure magnetron 
motion, which, at LEBIT, is done through the Lorentz steering technique44. On 
application of the external field, if the resonant condition νRF = ν+ + ν− is met, the 
conversion from pure magnetron motion to pure reduced cyclotron motion occurs. 
The conversion is probed by measuring the ion’s time of flight from the trap to a 
microchannel plate detector outside the magnetic field. If the ion in the trap is in 
a pure reduced cyclotron motion, which holds greater kinetic energy, the time of 
flight is reduced. Figure 1b provides a schematic of the TOF-ICR set-up.

In a typical TOF-ICR procedure, νRF is scanned to characterize the resonant 
reduction of the time of flight, generating spectra such as the one shown in Fig. 1c. 
The width of the resonance, which determines the precision of the νc measurement, 
is inversely proportional to the time for which the external excitation field is 
applied. In the measurements described herein, both continuous22 and Ramsey45 
radiofrequency quadrupolar excitation schemes were used, with excitation times 
ranging from 50 ms to 1 s. The cyclotron frequency is determined through an 
analytical fit to the time-of-flight spectrum, the line shapes of which are described 
in the literature for both used excitation schemes22,45.

Mass determination from cyclotron frequencies. Here we describe in greater 
detail the procedure used to extract atomic mass values for the isotopes of interest 
from the measured cyclotron frequencies. As explained in the main text, each 
measurement of the cyclotron frequency νc of the ion of interest is interleaved by 
measurements of the cyclotron frequency of the reference ion, νc,ref. Reference ions 
were chosen as singly ionized species of widely available stable alkali atoms whose 
masses (mref) are well known in the literature23, as well as whose A/Q is close to the 
ion of interest to avoid large mass-dependent systematic shifts in the calibration 
procedure. The frequency ratio (1) for each measurement of νc was calculated 
using the time-interpolated cyclotron frequency from the reference measurements 
to the time of the measurement of the ion of interest. In total, three measurements 
of R were performed for the 83Zr2+–41K+ pair, six for the 82ZrO+–87Rb+ pair, five for 
the 81Zr2+–41K+ pair and four for the 80ZrO+–85Rb+ pair. The masses of each ion of 
interest (mion) presented in Table 1 were calculated with equation (1), using the 
average of multiple frequency ratios ( R̄) weighted by their uncertainties.

The atomic masses (m) of the Zr isotopes of interest were calculated using 
m = mion + qme − mmol, where mmol is the atomic mass of the molecular counterpart 
(16O in the case of 80,82Zr only). The electron binding energies and molecular 
binding energies of 80,82ZrO+ were disregarded as they are on the order of 
electronvolts, which is several orders of magnitude lower than the statistical 
uncertainty of the measurement. Mass excesses, defined as the difference between 
the atomic mass and the isotope’s mass number, are reported in Table 1 for the 
measured Zr isotopes.

Evaluation of uncertainties. Uncertainties related to the extraction of cyclotron 
frequencies from the fits dominate the statistical error budget. Systematic errors 
arise from magnetic field inhomogeneities, trapping potential imperfections 
and a possible misalignment between the trap and magnetic field46. These 
errors result in a shift in the average frequency ratio, which scales linearly with 
the difference in mass between the ion of interest and the reference ion. The 
mass-dependent shifts in R̄ have been measured at the LEBIT facility and found 
to be ΔR̄ = 2 × 10−10 u−1 (ref. 47). This shift has been folded into the ratios and 
uncertainties reported in Table 1.

Other systematic errors on the individual measured frequency ratios R must 
be taken into account separately. Nonlinear magnetic field fluctuations in time can 
result in calibration errors. This effect has been studied at LEBIT and leads to a 
shift in R at a level below 1 × 10−9 per hour48. Measurement times ranged from 3 h 
for 80Zr to 15 min for 83Zr. This uncertainty was folded into the ratio uncertainties, 
although it had a negligible effect on the final error estimate. Special relativity can 
have an effect on the cyclotron frequency ratios49, but this error was negligible 
compared to the statistical uncertainty. Ion–ion interactions were minimized using 
several methods. Before entering the trap, the ion bunches from the cooler and 
buncher were purified using a time-of-flight filter to only allow ions with a specific 
mass-to-charge ratio to enter the trap. Once captured in the trap, ions were further 
purified against isobaric contamination using targeted dipole cleaning50 and the 
stored waveform inverse Fourier transform (SWIFT) technique51. Additional  

ion–ion interactions were taken into account by performing a count-rate class 
analysis on each dataset whenever possible52. The count-rate class analysis  
only led to a shift in the 83Zr ratio (ΔR = 9.8(7) × 10−9). This shift has been  
included in the value reported in Table 1. Finally, Birge ratios were calculated to 
determine whether inner or outer uncertainties were reported for the final  
mass uncertainties53.

Binding-energy indicators. To extract quantities of interest for the experimental 
mass surface, we used various binding-energy differences (mass filters)54,55. These 
include the following.

The double mass difference δVpn (refs.30,31,33) is given by

δVpn(N, Z) =
1
4 [B(N, Z) − B(N − 2, Z)

− B(N, Z − 2) + B(N − 2, Z − 2)]

=
1
4 [S2p(N, Z) − S2p(N − 2, Z)].

(2)

The Wigner energy coefficient in an even–even nucleus with N = Z = A/2 (ref. 13)  
is given by

W(A) = δVpn(A/2, A/2)

−

1
2
[

δVpn(A/2, A/2 − 2) + δVpn(A/2 + 2, A/2)
]

.
(3)

The two-proton shell gap δ2p (refs. 34,35) is given by

δ2p(N, Z) = 2B(N, Z) − B(N, Z + 2) − B(N, Z − 2)

= S2p(N, Z) − S2p(N, Z + 2).
(4)

The three-point mass difference ∆(3)
n  (ref. 36) is given by

∆
(3)
n (N, Z) =

(−1)N
2 [2B(N, Z) − B(N − 1, Z) − B(N + 1, Z)]

=
(−1)N

2 [Sn(N, Z) − Sn(N + 1, Z)]
(5)

The single-particle energy splitting Δe (ref. 36) is given by

Δe(N, Z) = en+1 − en = 2
[

∆
(3)
n (N = 2n, Z) − ∆

(3)
n (N = 2n + 1, Z)

]

= (−1)N[Sn(N, Z) − Sn(N + 2, Z)].
(6)

In the above equations, B is the (positive) nuclear binding energy, obtained 
from the atomic mass of the nucleus. S2p is the two-proton separation energy

S2p(N, Z) = B(N, Z) − B(N, Z − 2), (7)

and Sn is the one-neutron separation energy

Sn(N, Z) = B(N, Z) − B(N − 1, Z). (8)

Wigner-energy parameterizations. The Wigner-energy contribution to the total 
binding energy produces an additional binding for nuclei close to N = Z. In the 
HFB-24 mass model39, the Wigner term has been parameterized as

EW(1) = VWe−λW

(

N−Z
A

)2

+ V′

W|N − Z|e−
(

A
A0

)2

, (9)

where VW = 1.8 MeV, λW = 380, V′

W = −0.84MeV and A0 = 26. In this model, 
EW rapidly decreases with |N − Z| when moving away from the N = Z line. In the 
traditional parameterization of EW:

EW(2) = −aW
|N − Z|

A
, (10)

one assumes that EW = 0 at N = Z and linearly decreases with the neutron excess. In 
this work, we adopt the value of aW = 47 MeV from ref. 13.

Nuclear models. In this study we considered nine models based on nuclear DFT: 
SkM*56, SkP57, SLy458, SV-min59, UNEDF060, UNEDF161, UNEDF262, D1M63 and 
BCPM64. Two additional mass models commonly used in nuclear astrophysics 
studies were also considered: FRDM201242 and HFB-2439.

Three of these models (SkM*, UNEDF0 and FRDM2012) predict large, 
prolate ground-state deformation for 80Zr around β2 = 0.39, in agreement with 
experiments. HFB-24 predicts an oblate deformed ground state, whereas all 
the remaining models predict a spherical ground state. Such variations in the 
predicted ground-state deformation are manifestations of the near-lying coexisting 
configurations with different shapes expected theoretically, as discussed in the 
main text. It is important to notice that, although the relative positions of the 
different minima strongly depend on the underlying interaction10 and beyond-DFT 
correlations8, the energy shifts between the deformed ground-state configuration 
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and the spherical minimum are relatively small10. As a consequence, the absolute 
impact of shape coexistence in the predicted mass value is expected to be minor 
and can be absorbed by the statistical correction.

Bayesian model averaging. The binding energies B(N, Z) predicted by nuclear mass 
models were used to compute the two-proton separation energies (equation (7)),  
which were then used to compute the δVpn mass differences.

For each model employed, we construct the statistical emulator δemS2p  of 
separation energy residuals:

δ
em
S2p (N, Z) := Sexp2p (N, Z) − Sth2p(N, Z). (11)

The predicted separation energies are then given by Sem2p (N, Z) = Sth2p(N, Z) + δemS2p . 
The Bayesian analysis (training and testing) was performed using only 
experimental data from AME2023, without the inclusion of AME20 extrapolated 
values. Seven nuclei (48Ni, 54Zn, 84Zr, 86Mo, 90Ru, 92Ru and 94Pd) placed at the 
dataset outer boundary were excluded from the training set and were used as 
independent testing data to compute the BMA evidence weights. For 48Ni and 54Zn 
we employed the experimental Q2p values from ref. 65 and ref. 66, respectively. Our 
dataset thus consists of 152 points (xi, yi), where x ≔ (Ni, Zi) and yi := δemS2p (xi). 
Following the Bayesian methodology described in ref. 15, we constructed emulators 
for separation energy residuals δGP(N, Z) using Gaussian processes (GPs), 
δGP(x) ∼ GP(μ, kη,ρ(x, x′)), over the bi-dimensional domain x. The GP is 
characterized by its mean function and covariance kernel, taken respectively as a 
constant μ and squared-exponential covariance kernel

kη,ρ(x, x′) := η
2e−

(Z−Z′)2

ρZ
−

(N−N′)2

ρN ,

where ρZ and ρN are the correlation ranges along the proton and neutron directions, 
respectively. The advantage of considering the mean μ as a GP hyperparameter has 
been discussed in ref. 41.

We add to the model a term accounting for statistical uncertainties, assumed 
independent, identically distributed and scaled by a parameter σ. Because the 
experimental uncertainty is small compared to the model uncertainty, following 
ref. 67, we have chosen to fix the parameter σ to the experimental errors from 
AME20. This yields

yi = δ
GP

(xi) + σϵi . (12)

Thus our GP model is parameterized by the five-dimensional vector θ ≔ (μ, η, ρZ, 
ρN, σ).

Posterior distributions for the GP parameters are obtained via Bayes’ equation:

p(y|θ) :=
p(θ|y)π(θ)

∫

p(θ|y)π(θ)dθ
, (13)

where p(θ|y) is the likelihood of the statistical model (equation (12)) and π(θ) the 
prior on its parameters. Priors were taken as weakly informative, as described in 
ref. 15. Samples from the posterior distributions of the GP parameters were  
drawn from iterations of a Monte Carlo Markov chain. These samples of the 
residuals’ emulators were in turn used to produce samples of two-proton  
separation energies and mass filters, as well as derive statistical predictions 
(averages and corresponding correlated uncertainties along with full  
covariance matrices).

In a second stage of the analysis, we ensemble the emulators built from each 
individual nuclear model according to their BMA weights, namely the posterior 
probability for each model to be the hypothetical true model, assuming it is one 
of them, given priors on model weights and data. Although the classical BMA 
literature68 relies on the same data y as used for the individual model’s training, for 
this step we prefer to use new ‘testing’ data y* (48Ni, 54Zn, 84Zr, 86Mo, 90Ru, 92Ru and 
94Pd) located at the outer boundary of the training set and excluded from the GP 
training. This ensures that the weights better reflect the extrapolative power of the 
models and reduces overfitting. Formally, we can write15 these BMA weights as

wk = p(Mk|y∗) =
p(y∗|Mk)π(Mk)

∑11
ℓ=1 p(y|Mℓ)π(Mℓ)

, (14)

where π(Mk) are prior model weights and p(y|Mk) are the model evidences 
obtained by integrating the likelihood equation over the parameter space. For our 
GP emulators, this gives

p(y|Mk) =

∫

p(y|θk,Mk)π(θk,Mk)dθk. (15)

We assume uniform prior weights, which are, from a statistical standpoint, the 
unique non-informative prior distribution in this set-up. To speed up computations 
and increase stability69, the evidence integrals are calculated using the Laplace 

approximation68, where it is assumed that the posterior is Gaussian with the same 
mean and standard deviation. The resulting model evidences are

p(y|Mk) ≈ exp
[

−

∑

i

(yexpi − y(k)(xi))
2

2σyk (xi)2

]

, (16)

where y(k) are the individual model emulators’ predictions, σyk (x) the 
corresponding uncertainties and i runs over the retained set of nuclei69.

The model weights (rounded to two decimal digits) are wk = 0.01 (SkM*), 
0.04 (SkP), 0.12 (SLy4), 0.16 (SV-min), 0.07 (UNEDF0), 0.11 (UNEDF1), 0.20 
(UNEDF2), 0.05 (BCPM), 0.21 (D1M), 0.00 (FRDM) and 0.00 (HFB-24). The final 
BMA predictions are calculated as

y(x) =

∑

k

wky(k)(x) (17)

and the associated uncertainties as

σ
2
y(x) =

∑

k

wk(y(k)(x) − y(x))2 +
∑

k

wkσ
2
yk (x). (18)

This last equation conveniently splits the uncertainties into the uncertainty on 
the model choice and the uncertainty on the individual models’ parameters, and 
highlights what would be lost if a single model were used. The estimated S2p values 
with corresponding uncertainties and covariances are then employed to calculate 
δVpn and δ2p using equations (2), (4) and (7).

Finally, Fig. 3 displays the two-proton shell gap δ2p (4). For the N = Z + 2 
sequence, the BMA prediction agrees with experiment within the estimated 
uncertainty. For N = Z, the anomalous mass of 80Zr results in an increase of δ2p 
above the baseline. Similar to what is seen in Fig. 2b, the HFB-24 and FRDM2012 
models that include the Wigner-energy correction lie slightly below the data 
points. As discussed earlier, this suggests that the Wigner energy term is 
underestimated by both models.

Data availability
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are available from the corresponding author upon reasonable request.

Code availability
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