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Abstract. We develop a dynamical approach to infinite volume directed polymer
measures in random environments. We define polymer dynamics in 1+1 dimension
as a stochastic gradient flow on polymers pinned at the origin, for energy involving
quadratic nearest neighbor interaction and local interaction with random environ-
ment. We prove existence and uniqueness of the solution, continuity of the flow, the
order-preserving property with respect to the coordinatewise partial order, and the
invariance of the asymptotic slope. We establish ordering by noise which means that
if two initial conditions have distinct slopes, then the associated solutions eventu-
ally get ordered coordinatewise. This, along with the shear-invariance property and
existing results on static infinite volume polymer measures, allows to prove that for
a fixed asymptotic slope and almost every realization of the environment, the poly-
mer dynamics has a unique invariant distribution given by a unique infinite volume
polymer measure, and, moreover, One Force – One Solution principle holds. We
also prove that every polymer measure is concentrated on paths with well-defined
asymptotic slopes and give an estimate on deviations from straight lines.
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1. Introduction

1.1. Background. The goal of this paper is to initiate the study of infinite volume
directed polymer measures in random potential from a dynamical point of view, with
the help of infinite-dimensional stochastic gradient flows in random potentials.

The term directed polymers applies to a variety of mathematical models of monomer
chains subject to local self-interactions and interactions with random environment,
see [Gia07], [dH09], [Com17] and references therein.

For finite chains (often viewed as time-parametrized paths), random polymer mea-
sures are usually defined as Gibbs distributions with reference measure being the
distribution of a random walk and with Boltzmann–Gibbs weights given by the po-
tential accumulated by random walk paths from the random environment. This can
be done most naturally when either both endpoints are fixed (point-to-point poly-
mers) or when only one of them is fixed (point-to-line polymers).

Directed polymers are essential in the study of some basic PDEs with random
forcing. The classical Feynman–Kac formula for solutions of the Cauchy problem for
the linear heat equation with multiplicative potential can be interpreted in terms of
integration with respect to a polymer measure. In turn, one of the basic nonlinear
systems, the Burgers equation in dimension d ∈ N with viscosity κ

2
> 0 and external

forcing f = f(t, x),

∂tu+ (u · ∇x)u =
κ
2

∆xu+ f,

(∇x is the gradient and ∆x is the Laplace operator with respect to x ∈ Rd) considered
on gradient vector fields can be reduced to such a heat equation by the Hopf–Cole
transformation.

In recent papers [BL19], [BL18] the polymer approach to the Burgers equation on
the line (d = 1) with random kick forcing f = −∂xF given by a random potential

F (t, x) = Fω(t, x) =
∑
n∈Z

Fω,n(x)δn(t),

with kicks (Fn) being i.i.d. weakly mixing stationary processes was instrumental in
the study of the ergodic properties of that random dynamical system.

The central part of the program realized in [BL19] was working with thermody-
namic limits of the polymer measures in the random forcing potential. Denoting the
space of polymer chains with asymptotic slope v ∈ Rd by S(v), in the one-dimensional
case, it was shown that for each v, with probability one there is a unique mea-
sure on infinite paths concentrated on S(v) and satisfying the Dobrushin–Lanford–
Ruelle (DLR) condition. The latter requires (see [Sin82] or [Geo88]) that the finite-
dimensional distributions conditioned on the complementary (infinitely many) coor-
dinates coincide with the point-to-point polymer measures defined as the Boltzmann–
Gibbs measures for finitely many degrees of freedom via the usual exponential for-
mula: given the temperature T = κ, the potential F : N×R→ R, and the endpoints
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x0, xn ∈ R, the Lebesgue density of the point-to-point polymer probability measure
on the path (x0, x1, . . . , xn) is given, up to a normalizing factor, by

exp

{
− 1

T

( n∑
i=1

V (δix) +
n∑
i=1

Fi(xi)

)}
,

where δix = xi−xi−1 and V (r) = |r|2/2. We give a more detailed technical definition
in Section 5.

Loosely speaking, these measures can be viewed as Gibbs measures on semi-infinite
polymer chains/paths x : {0} ∪ N→ Rd, with energy E(x) defined by

(1.1) E(x) =
∑
i∈N

V (δix) +
∑
i∈N

Fi(xi),

This series does not converge, but its increments under local perturbations of poly-
mers are well-defined.

Due to the presence of the quadratic term V (δix) (which in fluid dynamics terms
can be interpreted as the kinetic energy of the particle following path x, so that at
time i it is located at xi), these infinite volume Gibbs measures can also be viewed
as (tilted) Discrete Gaussian Free Field in a random potential. They were shown to
be limits of a broad class of sequences of finite volume polymer measures. Besides
point-to-point, point-to-line polymers, this class includes point-to-distribution ones
where we fix one endpoint and the distribution of another point.

Crucially, these thermodynamic limits or infinite volume polymer measures are
then directly used in [BL19] to construct global stationary solutions of the Burgers
equation with kick random forcing, prove their uniqueness, and show that they serve
as skew-invariant one-point random attractors, thus proving the One Force — One
Solution principle (1F1S) on each ergodic component composed of functions with
fixed average (coinciding with the slope of the polymer). The existence-uniqueness
and other properties of IVPMs are central in the approach of [BL19] to the global
solutions of the Burgers equation. It is a powerful approach resulting in a more
detailed and precise description of the basin of attraction and mode of convergence
to the global solution given by the 1F1S than in more recent papers [DGR19], [Dun20],
where the same circle of problems was approached with PDE methods at the level of
the Markov semigroup.

In [BL18], showing that IVPMs asymptotically concentrate near one-sided infinite
minimizers of the random Lagrangian action as the temperature goes to zero, was
in the core of the argument that the global stationary solutions of randomly forced
Burgers equation with zero viscosity studied in [Bak16] and [BCK14] are inviscid
limits of positive viscosity global solutions, and thus the inviscid limit also holds for
the invariant distributions.

Describing thermodynamic limits — and thus finding to which extent the local
interactions define the macroscopic state of the system — is a fundamental problem
for Gibbs distributions. There is a growing interest to IVPMs in random environment,
especially in connection with the study of Busemann functions playing the role of
global solutions of appropriate analogues of the Burgers/KPZ equations. Besides
[BL19], [BL18], see [BK10], [GRASY15], [GRAS16], [ARAS20], [JRA20a], [JRA20b]
studying lattice polymer models.
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In [BK18] a new notion of generalized polymer based on stochastic control is intro-
duced in the hope that it will be useful in studying a broader class of random systems
from the KPZ universality class.

For general kinetic energies or local self-interaction potentials V and in higher di-
mensions the problem of existence and uniqueness of IVPMs in S(v) for a fixed v (i.e.,
with given asymptotic slope) is open and so is the problem of existence and unique-
ness of infinite one-sided geodesics (minimizers or ground states of the energy E)
in S(v). In this paper, we develop a dynamical point of view that can be useful in
addressing these issues.

A fundamental feature of a finite volume Gibbs measure known at least since the
analysis of the Fokker—Planck equations in [Kol37] is that it is a unique invariant
measure of a stochastic gradient flow with potential given by the energy function. To
remind the reader what this means, suppose that E : RNd → R is a smooth energy
function of Nd coordinates of N particles described by d coordinates each and T > 0
is the temperature parameter such that for the inverse temperature β = T−1,

Z =

∫
RNd

e−βE(x)dx <∞.

Then the Gibbs measure

µ(dx) =
e−βE(x)

Z
dx

is a unique invariant probability distribution for the diffusion process solving the SDE

(1.2) dX(t) = −∇E(X(t))dt+
√

2TdW (t),

where W (t) = (W1(t), . . . ,WNd(t)) is the standard Nd-dimensional Wiener process
with independent components. Moreover, the stochastic dynamics (1.2) is reversible
with respect to the Gibbs distribution µ.

It is natural to expect that a similar property holds for infinite volume (N = ∞)
Gibbs distributions including IVPMs. This suggests the following natural plan for ad-
dressing the existence/uniqueness issue for IVPMs corresponding to the case V (r) =
|r|2/2 in higher dimensions d ≥ 2 (and, in principle, more general V ). The existence
arguments from [BL19]–[BL18] translate to higher dimensions easily since they are
mostly based on the shear-invariance property of the directed polymer measures due
to the quadratic form of V . Thus for a given v, with probability one, there is an
IVPM on S(v). It is an invariant measure for the associated infinite-dimensional sto-
chastic gradient flow, and to prove its uniqueness, it is sufficient to prove that there
are no other invariant distributions. This unique ergodicity on S(v) seems plausible
because some forms of irreducibility and regularity of transition probabilities hold.
For the irreducibility/controllability/accessibility property one can show that for any
x ∈ S(v) and any open set O in S(v) in an appropriate metric there are controls (noise
realizations) that bring the stochastic trajectory from x to O. Certain regularity of
transition probabilities perhaps short of the strong Feller property should follow from
the elliptic nature of the additive noise forcing all the coordinates independently. It is
also plausible that a similar approach based on reversible Markov chains might work
for lattice polymers.

We reserve this program for a future publication and note that even the identity be-
tween Gibbs and invariant distributions is far from trivial in infinite dimensions. Be-
sides the fact that the DLR formalism for infinite volume Gibbs measures (see [Sin82]
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or [Geo88]) does not provide their explicit representations, one must also deal with
infinite-dimensional gradient flows, probability distributions, and diffusions, and the
Fokker–Planck equations must be made sense of in infinite dimensions if one wants
to use them. In several cases, these complications have been overcome, and infi-
nite volume Gibbs measures have been studied as invariant for reversible dynamics
in infinite-dimensional configuration spaces, see [Fri82], [Lig85], [FS97], [AKRT01]
[BRW04], [JK19].

The results and techniques from these papers do not apply to our polymer setting.
A distinctive feature of our setup is that the energy function is generated by an
unbounded random stationary potential in d+ 1 dimensions. We note though that in
the case of bounded potentials, the conditions of the theorem on equivalence between
the Gibbs and invariance properties from [Fri82] are satisfied. That result is based on
the analysis of free energy, an approach completely different from ours. The fact that
every IVPM is invariant under (1.2) seems very robust but the converse is harder to
verify directly in our setting. In the bounded potential case, some of our arguments
can also be simplified.

1.2. Main results. We hope that eventually the dynamic polymers that we intro-
duce below in (1.3) or their generalizations will be useful, in a variety of settings,
in understanding the existence-uniqueness and other properties of static IVPMs pro-
viding a direct description of global solutions of the Burgers equation in various
dimensions and under various kinds of forcing (see [BL19] and a discussion of global
solutions for more general Hamilton–Jacobi equations and the associated generalized
polymers in [BK18]). In this paper, rather than using stochastic dynamics to derive
properties of Gibbs measures as the program presented above suggests, we are going
to explore it backwards in the 1 + 1-dimensional setting studied in [BL19], [BL18],
where the existence and uniqueness of IVPMs is known, and prove several results
concerning the dynamics of the associated infinite dimensional stochastic flows.

Thus we assume that d = 1, V (r) = r2/2, and impose just a few requirements on
the random potential (Fk(x))(k,x)∈N×R: (Fk)k∈N form an i.i.d. sequence and (F1(x))x∈R
is a weakly mixing stationary process with finite exponential moments. We give a
complete set of requirements on the random potential in Section 2.1 including a couple
of additional technical ones such as C2(R)-smoothness of realizations and the presence
of large almost flat regions that is needed to prove an ordering by noise theorem.
Here we just note that a broad class of stationary processes is covered including
asymptotically decorrelating Gaussian processes and shot-noise type processes with
bounded compactly supported kernels.

In this setting, we study gradient-type stochastic dynamics on infinite polymer
chains x : {0} ∪N→ R pinned at 0 (X0(t) ≡ 0) with Gaussian white noise acting on
all coordinates and a random drift that depends on neighboring coordinates and the
random potential:

(1.3) dXk(t) = −∇kE(X(t))dt+ σdWk(t), i ∈ N,

where σ =
√

2T (the temperature T = κ ∈ (0,∞) is fixed along with the inverse
temperature β = T−1 ), the gradient ∇E(x) is understood as a formal application of
the partial derivative to the formal expression E(x) given in (1.1):

−∇kE(x) = −∂xkE(x) = (∆x)k + fk(xk), k ∈ N.
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where the discrete Laplacian ∆k can be written as
(1.4) ∆kx = δk+1x− δkx = xk−1 − 2xk + xk+1, k ∈ N,
so (1.3) can be rewritten as
(1.5) dXk(t) = ∆kX(t)dt+ fk(Xk(t))dt+ σdWk(t), k ∈ N.

We begin our study with solutions of the polymer dynamics (1.3) on finite time
intervals. We introduce appropriate metric spaces of polymers and prove that the
Galerkin approximations to (1.3) define the dynamics uniquely and show that the
resulting solution maps form a continuous and order-preserving random dynamical
system (RDS), a self-consistent family of solution maps (Φt

F,W )t≥0, associated with
the potential realization F and the noise realization W . Here the order-preserving
property or monotonicity means that if x � y, then Φt

F,Wx � Φt
F,Wy, where � stands

for coordinatewise comparison: we write x � y if xk ≥ yk for all k ∈ N.
We also show that for each v ∈ R, the space S(v) is a.s.-invariant under (Φt

F,W ).
These results are given in Sections 3 and 4 after introducing the setting in Section 2.
Then we study the long-term properties of the polymer dynamics. Let us collect

our main results and state them in the form of one theorem:

Theorem 1.1.
I. For almost all realizations of F : every IVPM is invariant for the Markov process

generated by (1.3).
II. (Unique ergodicity; identity between Gibbs and invariant measures for a fixed

slope; mixing.) For fixed v ∈ R and for almost every realization of the poten-
tial F : (i) the unique IVPM µF,v on S(v) constructed in [BL19] is also a unique
invariant distribution on S(v) for the Markov process generated by (1.3); (ii)
this Markov process is mixing with respect to µF,v.

III. (1F1S.) For fixed v ∈ R and for almost every realization of the potential F , the
RDS generated by (1.3) on S(v) a.s.-admits a unique stationary nonanticipating
global solution serving as a one-point global pullback attractor on S(v).

IV. (Ordering by noise.) For almost every realization of the potential F and noiseW ,
if x1 ∈ S(v1), x2 ∈ S(v2) and v1 > v2, then there is t0 = t0(F,W, x1, x2) > 0
such that Φt

F,Wx
1 � Φt

F,Wx
2 for t > t0.

We prove part I in Section 5. This is a general statement not involving specific
slopes. Once we fix a slope value v ∈ R, much more information is provided by
parts II and III proven in Section 7.

Unique ergodicity (uniqueness of an invariant distribution in part II) implies, in
particular, that if we fix an asymptotic slope v, then for typical initial conditions
with respect to the IVPM µF,v and typical noise realizations, empirical measures for
the dynamics (time averages or normalized occupation measures) converge to µF,v.
Mixing is a stronger property. It means that for every initial condition x ∈ S(v), the
distribution of Φt

F,W converges to µF,v as t→∞.
The 1F1S principle on each S(v) (part III) is a stronger statement which we are

able to prove using the additional structure of the system. In fact, we first prove
that every IVPM is invariant directly, but to prove the converse implication and the
mixing property we have to rely on the 1F1S principle.

It is natural to expect 1F1S (also known as synchronization) in order-preserving
systems (i.e., systems with monotonicity property, which is tightly related to the
maximum principle), one example being the study of the Burgers equation and other
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HJB-type systems, see [BL19] and references therein. Moreover, there are general
theorems deriving synchronization from monotonicity under additional assumptions,
see [FGS17]. However, these additional assumptions (mixing with respect to a unique
invariant distribution and concentration of the measure on intervals) are too restric-
tive to be useful for us before the unique ergodicity is established. So we derive
unique ergodicity and mixing from 1F1S (part II from part III) and not the other
way around.

In fact, we first prove a weaker form of 1F1S in Section 7.2, in terms of sample
Markov measures and then upgrade it to the strong 1F1S in Section 7.3.

The proof of the weaker form of 1F1S relies, in turn, on two properties. One is the
skew-invariance of the dynamics and the IVPMs with respect to shear transforma-
tions. This is the result of our assumption on the quadratic nature of V (r) = r2/2.
We address it in Section 7.1. The other important property (part IV) is a strength-
ening of monotonicity that we call ordering by noise and prove in Section 6.

For a typical random environment, in the absence of noise, there are many local
minima of the potential and the solutions of the deterministic counterpart of (1.3)
with σ = 0 may get stuck at local energy minimizers and never get ordered. Thus
ordering or monotonization phenomenon happens due to the presence of noise.

Other related terms existing in the literature are noise-induced order and order
from noise. The former describes situations where increasing the noise level makes
the leading Lyapunov exponent of the linearization of the stochastic system negative
(so synchronization occurs). The latter is a broader term more relevant for us. It
goes back to [vF03] and reflects the situation where due to noisy inputs the system
has a chance to explore larger parts of the configuration space avoiding local traps
and approaching the ground state. The concept of order from noise is relevant in
Markov Chain Monte Carlo algorithms [Win95], in the stochastic gradient descent in
deep learning [GBC16], in the modern view of biological evolution [Koo11]. In our
setting, we can actually speak of an emerging total order since it is immediate to
generalize part IV to any number of initial conditions with distinct slopes.

We prove the ordering by noise property under the assumption of presence of large
regions where the potential is almost flat. The mechanism of ordering that we exploit
is based on a recurrence property for the polymer dynamics with respect to those
flat regions and comparison of the polymer dynamics with solutions of homogeneous
linear equation on those regions. However, we believe that the ordering holds (perhaps
taking extremely long times) for a broader class of potentials like periodic ones where
our assumption fails.

1.3. Extreme decompositions and transversal fluctuations of polymers.
Part II of Theorem 1.1 falls short of a complete description of the ergodic decom-

position for the Markov process generated by (1.3). It only says that once we fix v,
the measure µF,v is ergodic with probability 1. One could also be interested in joint
behavior for all v ∈ R simultaneously. In principle, it can be more complicated due
to the presence of uncountably many exceptional sets, one per each v ∈ R. However,
a natural conjectural picture for almost every realization of F is the following:

For each v ∈ R, S(v) supports a unique ergodic measure, µF,v; there are no other
ergodic measures, and thus every invariant distribution is a mixture of µF,v, v ∈ R.
Every invariant measure is an IVPM and vice versa. Each ergodic measure is an
extreme IVPM and vice versa. For each v ∈ R, S(v) supports a unique extreme
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IVPM, µF,v; there are no other extreme IVPMs, so that every IVPM is a mixture of
µF,v, v ∈ R.

An equivalent way to state this is to say that two convex sets — (i) all ergodic
measures for polymer dynamics and (ii) all IVPMs — coincide, and the set of their
extreme points (measures that are not mixtures of other measures from the same
set) coincides with {µF,v}v∈R. See [Geo88, Chapter 7] for generalities on extreme
decompositions of infinite volume Gibbs measures.

Moreover, we believe that the conjecture stated above for our model actually ex-
tends to a much broader class of self-interaction energies V (·) and, more generally,
for a broad class of directed polymer models. In Section 5, we prove the following
result towards this conjecture:

Theorem 1.2. For almost every realization of F , the following holds: if (i) µ is
an extreme IVPM or (ii) µ is an ergodic measure for the Markov polymer dynamics
generated by (1.3) and an IVPM, then there is v ∈ R such that µ is concentrated
on S(v). Since every IVPM is a mixture of extreme ones, each IVPM is concentrated
on paths with well-defined slopes.

The results of [BL19] state a.s.-existence of IVPMs concentrated on S(v) simul-
taneously for all v ∈ R and a.s.-uniqueness for individual values of v. The proofs
actually allow to conclude that there are at most countably many non-uniqueness
values of v at the same time which is still short of the conjectural picture above.

For the zero temperature (or viscosity in the Burgers/KPZ terms) case, an anal-
ogous conjecture would be that for almost every potential F and simultaneously for
all v ∈ R, there is a unique one-sided ground state (semi-infinite energy minimizer, or
geodesic) in S(v). Most likely, this is false, in analogy with the a.s.-presence of shocks
in global solutions of Burgers equation, see also [JRAS20], where related questions
were studied for a last passage percolation lattice model.

Theorem 1.2 means that transversal fluctuations of polymer paths under IVPMs
are sublinear. Extending its proof and using the tools developed in [BL19], we are
able to obtain an additional upper bound on transversal fluctuations in Section 5.2:

Theorem 1.3. For every ξ′ > 3/4, there is Q > 0 such that for every v ∈ R, for
almost every realization of F , for µF,v-a.e. polymer path x, |xk − vk| < Qkξ

′ for
sufficiently large k.

In other words, the transversal fluctuation exponent ξ for polymers under any
IVPM is bounded above by 3/4. The KPZ universality suggests that the correct
value for ξ is 2/3, see, e.g., [BK18], but this remains an open problem for our model.
Of course, our estimate matches the upper bound established in [BL19] on ξ defined
for a sequence of polymer measures on paths of growing length.

One expects (see [BK18]) that in dimension 1 + 1, for each v ∈ R the IVPM (and
stationary distribution for the dynamic polymer) µF,v is localized. This localization
statement means that under µF,v the deviations of polymers from a certain path
(fluctuating with the KPZ exponent 2/3) behave like a stationary process. Such
localization statement has been obtained in the more traditional setting of polymers
of growing finite length in [BS20] following the pioneering ideas of [BC20] and using
the topology on the space of measures introduced in [MV16].



DYNAMIC POLYMERS: INVARIANT MEASURES AND ORDERING BY NOISE 9

Acknowledgments. Yuri Bakhtin is grateful to the National Science Foundation
for partial support via grant DMS-1811444. Both authors thank the anonymous
referee for the comments that helped to improve the paper significantly.

2. Setting and notation

2.1. Random potentials. Let us describe the probability space (F,F ,F) of random
potentials defined on N × R. We denote the space of real-valued twice continuously
differentiable functions on R by C 2(R). We define a metric on C 2(R) by

dC 2(R)(γ, γ
′) =

∞∑
n=1

2−n
(

1 ∧ ‖γ − γ′‖C 2([−n,n])

)
where ‖γ − γ′‖C 2([−n,n]) =

∑2
j=0 sups∈[−n,n]

∣∣ dj

dsj
(γ(s)− γ′(s))

∣∣.
We assume that F is the space of functions F : N× R→ R such that Fk : R→ R

is in C 2(R) for each k ∈ N. Let F be the completion with respect to F of the Borel
σ-algebra generated by

(
C 2(R), dC 2(R)

)N. Throughout, for each F ∈ F, we set

f(x) =
(
fk(xk)

)
k∈N =

(
− F ′k(xk)

)
k∈N, x = (x1, x2, . . .) ∈ RN,(2.1)

where F ′k is the first-order derivative of Fk. We assume that the probability measure
F on (F,F) satisfies the following conditions:

— F is invariant under translations defined by

(Θn,aF )m(r) = Fm+n(r + a), (n, a) ∈ (N ∪ {0})× R, (m, r) ∈ N× R.(2.2)

Moreover, (Fk(·))k∈N forms an i.i.d. sequence.
— The action of the group of spatial shifts (Θ0,a)a∈R is ergodic on F. In particular,

for each k ∈ N, Fk(·) is an ergodic process.
— For the inverse temperature β = T−1 = κ−1,

F exp
(
− βF1(0)

)
<∞.

Here and throughout the paper, we use Pξ or P[ξ] to denote expectation of a
r.v. ξ with respect to a probability measure P.

— For some η > 0,

F exp
(
η‖F1‖C 2([−1,1])

)
<∞.(2.3)

— The following holds F-a.s.: for every n ∈ N, every l ≥ 0 and every δ > 0,
there is a ∈ R such that

|fk(r)| ≤ δ, for all (k, r) ∈ {1, 2, . . . , n} × [a− l, a+ l].(2.4)

Remark 2.1. The results of [BL19] on IVPMs were obtained under all these restric-
tions with two exceptions. One is the condition on the C 2-norm in (2.3) replacing a
similar condition on the sup-norm in [BL19] . Another is the “presence of flatness”
condition (2.4) which was not needed in [BL19] at all, and in the present paper is
only used in Section 6 and Section 7. Section 3 and Section 4 are independent of the
results of [BL19] and require only (2.3) and the invariance of F under (2.2).

It is easy to see that the conditions above define a broad class of random potentials
including stationary Gaussian processes with decaying correlations and stationary
processes of shot noise type based on contributions from configuration points of a
Poisson point process.
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The i.i.d. assumption implies that besides the invariance under the action of shift
semigroup Θ = (Θn,a), the measure F is also invariant under the action of the shear
group Ξ = (Ξv), where the shear transformation Ξv, v ∈ R, is defined by

(2.5) (ΞvF )(x) =
(
Fk(xk − kv)

)
k∈N , x ∈ RN.

2.2. Function spaces. For α ∈ (0,∞) and p ∈ [1,∞], we define ‖ · ‖α,p : RN →
[0,+∞] by, for x ∈ RN,

‖x‖α,p =

(∑
k∈N

∣∣∣∣xkkα
∣∣∣∣p
) 1

p

, p <∞,

‖x‖α,∞ = sup
k∈N

|xk|
kα

.

(2.6)

Accordingly, we set

Xα,p =
{
x ∈ RN : ‖x‖α,p <∞

}
.

It can be readily checked that Xα,p equipped with the norm ‖ ·‖α,p is a Banach space.
We mainly work with (α, p) in

Π =
{

(α, p) ∈ (0,+∞)× [1,+∞] : αp > 1
}
.(2.7)

We will often refer to the following obvious statement:

Lemma 2.2. If (xn)n∈N converges to x in Xα,p for some (α, p) ∈ (0,∞) × [1,∞],
then limn→∞ x

n
k = xk in R for every k ∈ N.

Next, we introduce spaces for continuous paths. For two real numbers t1 < t2 and
a Banach space X with norm |||·|||, we denote by C (t1, t2;X) the space of continuous
X-valued functions on [t1, t2] and C (R;X) the space of X-valued continuous functions
on R. We equip C (t1, t2;X) with the norm

‖γ‖C (t1,t2;X) = sup
s∈[t1,t2]

|||γ(s)|||,

and equip C (R;X) with the LU (local uniform) metric

dC (R;X)(γ, γ
′) =

∞∑
n=1

2−n
(

1 ∧
∥∥γ − γ′∥∥

C (−n,n;X)

)
.(2.8)

Here, we used the notation a ∧ b = min{a, b} for real numbers a, b. Later, we will
also write a ∨ b = max{a, b}.

Lastly, for a linear space X we denote the set of linear endomorphisms of X by
L (X); for a Banach space X with norm |||·|||, we denote the set of bounded linear
endomorphisms of X by Lb(X) (omitting the dependence on the norm for brevity).

We often abbreviate a normed space like (X, |||·|||) to X and speak about the topol-
ogy, the Borel σ-algebra of X, or continuity in X, omitting an explicit reference to the
norm. Our main spaces are Xα,p equipped with ‖ · ‖α,p, the real line with Euclidean
norm, and RN with the product topology which is characterized by the coordinatewise
convergence and is metrizable. We note that Xα,p is Polish for p <∞ and RN is also
Polish.
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For a topological space X, we denote by B(X) the associated Borel σ-algebra. It
is easy to see that

Xα,p ∈ B(RN), (α, p) ∈ Π.

Due to the lack of separability in Xα,∞, we need a σ-algebra generated by a weaker
topology. For (α, p) ∈ Π, we introduce

Bα,p = {E ∩Xα,p : E ∈ B(RN)}.(2.9)

We mostly work with the measurable spaces (Xα,p,Bα,p) and (RN,B(RN)). The lemma
below shows that, for p < ∞, Bα,p coincides with the σ-algebra generated by the
strong topology.

Lemma 2.3. If p <∞, then Bα,p = B(Xα,p).

Proof. The result follows from the separability of Xα,p and observations that every
closed ball in B(Xα,p) belongs to B(RN) and that cylindrical sets in B(RN) intersected
with Xα,p belong to B(Xα,p). �

2.3. Noise. Let us describe the probability space (W,W ,W) supporting the two-
sided RN-valued Wiener process. We identify W with (C0(R;R))N, the countable
product of real-valued continuous functions Wk, k ∈ N, defined on R and satisfying
Wk(0) = 0. Under W, the components of W = (Wk)k∈N ∈ W are independent
standard two-sided Wiener processes. We assume that W is complete with respect
to W. For any interval I ⊂ R, we define WI to be the completion of

σ
{
W (r2)−W (r1) : r1, r2 ∈ I; r1 ≤ r2

}
under W. In addition, we define Wt = W(−∞,t], t ∈ R. We call a stochastic process
(Xt)t∈R nonanticipating if it is adapted to the filtration (Wt)t∈R.

The group of time shifts θ = (θs)s∈R acting on W is defined by

θsW (t) = W (t+ s)−W (s), s, t ∈ R.(2.10)

These shifts preserve W. We will also show in Lemma 3.8 that W is a continuous
process in Xα,p under W for all (α, p) ∈ Π.

3. Well-posedness of the SDE

We will consider a slightly more general system than (1.5). Recalling the definition
of f in (2.1), fixing an arbitrary σ =

√
2T > 0 and A ∈ L (RN), we consider the SDE

dX(t) =
(
AX(t) + f(X(t))

)
dt+ σdW (t), t ∈ R,

X(0) = x.
(3.1)

Definition 3.1. For x ∈ RN, A ∈ L (RN), F ∈ F and W ∈ W, we say that X is a
solution of (3.1) and write X ∈ S(x,A, F,W ) if X, AX ∈

(
C (R;R)

)N and

Xk(t) = xk +

∫ t

0

(
AkX(s) + fk(Xk(s))

)
dt+ σWk(t), k ∈ N, t ∈ R.(3.2)

Here, Aky = (Ay)k for y ∈ RN.
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Note that this is a pathwise definition, it does not involve any stochastic integrals
or probability at all. We are mostly interested in the forward solutions (t ≥ 0) but
solving the equation backwards (t ≤ 0) also makes sense for bounded operators A,
see below.

For a topological space X, we denote

S(x,A, F,W ;X) = S(x,A, F,W ) ∩ C (R;X).

The following well-posedness result will be proved in the next section. We recall the
definitions of Π in (2.7) and Bα,p in (2.9).

Theorem 3.2. There are full measure sets F0 ∈ F and W0 ∈ W such that the
following holds. Let (α, p), (α′, p′) satisfy

(3.3) (α, p), (α′, p′) ∈ Π; p′ <∞; (α′ − α)p′ > 1.

Let

(3.4) A ∈ Lb(X
α,p) ∩Lb(X

α′,p′).

Then, there is a map

Φ : R×Xα,p × F0 ×W0 → Xα,p

with the following properties:
1. Measurability: Φ is (B(R) × Bα,p × F × W , Bα,p)-measurable, and progressively

measurable, i.e., for every t ∈ R, the restricted map

Φ|It : It ×Xα,p × F0 ×W0 → Xα,p

is (B(It)× Bα,p ×F ×WIt , Bα,p)-measurable, where It = [0 ∧ t, 0 ∨ t].
2. Solving the SDE: for each (x, F,W ) ∈ Xα,p × F0 ×W0, the map Φ(·, x, F,W ) is a

unique solution to (3.1) in the sense that{
Φ(·, x, F,W )

}
= S(x,A, F,W ;Xα,p).

3. Continuous dependence: for each F ∈ F0, the map

R×Xα,p ×W0 3 (t, x,W ) 7→ Φ(t, x, F,W ) ∈ Xα,p

is continuous. Here W0 is endowed with the topology induced from C (R;Xα,p).
4. Cocycle property: for each F ∈ F0 and W ∈W0, the maps

Φt
F,W = Φ(t, ·, F,W ) : Xα,p → Xα,p(3.5)

satisfy
i. Φ0

F,W is the identity map on Xα,p,
ii. Φt+s

F,W = Φt
F,θsW ◦ Φs

F,W for all s, t ∈ R.

Remark 3.3. The sets F0 and W0 are described in Lemma 3.7 and Lemma 3.8,
respectively. In particular, we have 0 ∈ F0 and 0 ∈W0.

Remark 3.4. Throughout the paper, in a slight abuse of notation, we will not
distinguish between F , W and their restrictions to F0 and W0. The same goes for
the restrictions of measures F and W to those σ-algebras.

3.1. Preliminary results. We denote by C a positive constant, which may vary
from instance to instance.
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3.1.1. Conditions for the Cauchy property and convergence.

Lemma 3.5. Suppose Xn ∈ S(xn, An, F n,W n;Xα,p) for all n ∈ N and for some
(α, p) ∈ (0,∞)× [1,∞]. Further assume

— (xn)n∈N is Cauchy in Xα,p;
— (W n)n∈N is Cauchy in C (R;Xα,p);
— for each T > 0, there are C > 0 and real (δk,j)k,j∈N with limk,j→∞ δk,j = 0

such that the following holds for all m,n ∈ N and s ∈ [−T, T ],

‖AmXm(s)− AnXn(s)‖α,p ≤ δm,n + C‖Xm(s)−Xn(s)‖α,p.(3.6)

— for each T > 0, there are K, υ > 0 and real (δ′k,j)k,j∈N with limk,j→∞ δ
′
k,j = 0

such that the following holds for all m,n ∈ N and s ∈ [−T, T ],

‖fm(Xm(s))− fn(Xn(s))‖α,p ≤ δ′m,n +K inf
N∈1+N

(
N−υ + ‖Xm(s)−Xn(s)‖α,p logN

)
.

(3.7)

Then, the sequence (Xn)n∈N is Cauchy in C (R;Xα,p).

Proof of Lemma 3.5. For convenience, we write ‖ · ‖ = ‖ · ‖α,p and X = Xα,p in this
proof. By the definition of the metric in (2.8), we only need to show that (Xn)n∈N is
Cauchy in C (−T, T ;X) for any fixed T > 0. We only prove the Cauchy property in
C (0, T ;X); the other part is similar.

Recalling K from (3.7), we choose κ ∈ N large enough to ensure

−υ +K
T

κ
< 0.(3.8)

Set Tj = j
κ
T , for j = 0, 1, 2, . . . , κ. The plan is to show the Cauchy property of

(Xn)n∈N in C (Tj, Tj+1;X) iteratively. By Definition 3.1, the solution Xn satisfies

Xn(t) = xn +

∫ t

0

(
AnXn(s) + fn

(
Xn(s)

))
ds+ σW n(t),

understood in the sense of (3.2). For t ∈ [0, T1] we write

‖Xm(t)−Xn(t)‖

≤ ‖xm − xn‖+

∫ t

0

(
‖AmXm(s)− AnXn(s)‖+ ‖fm(Xm(s)− fn(Xn(s))‖

)
ds

+ σ‖Wm(t)−W n(t)‖,

and apply Gronwall’s inequality, (3.6), and (3.7) to obtain

‖Xm −Xn‖C (0,T1;X)

≤
(
‖xm − xn‖+ σ‖Wm −W n‖C (0,T1;X) + δm,n + δ′m,n +KT1N

−υ
)
e(C+K logN)T1 .

For any ε > 0, by (3.8), we can set N large enough to ensure

KT1N
−υe(C+K logN)T1 =

(
KT1e

CT1
)
N−υ+KT1 < ε.

With this choice of N , for sufficiently large m,n, we also have(
‖xm − xn‖+ σ‖Wm −W n‖C (0,T1;X) + δm,n + δ′m,n

)
e(C+K logN)T1 < ε.

The last three displays imply now that (Xn)n∈N is Cauchy in C (0, T1;X).
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To proceed, let us assume that (Xn)n∈N is Cauchy in C (Tj−1, Tj;X) for some j ≥ 1.
For each n and t ≥ Tj, we have

Xn(t) = Xn(Tj) +

∫ t

Tj

(
AXn(s) + fn

(
Xn(s)

))
ds+ σW n(t)− σW n(Tj).

Analogously, Gronwall’s inequality together with (3.6) and (3.7) implies

‖Xm −Xn‖C (Tj ,Tj+1;X) ≤
(
‖Xm(Tj)−Xn(Tj)‖+ σ‖Wm −W n‖C (Tj ,Tj+1;X)

+δm,n + δ′m,n +KT1N
−υ
)
e(C+K logN)T1 .

Similar to the analysis on [0, T1], we first take N sufficiently large and then m,n
sufficiently large to obtain the Cauchy property in C (Tj, Tj+1;X). This completes the
inductive step thus proving that the sequence (Xn)n∈N is Cauchy in C (R;Xα,p). �

We also need a convergence version of Lemma 3.5 which can be proved analogously:

Lemma 3.6. Suppose Xn ∈ S(xn, An, F n,W n;Xα,p) for all n ∈ N ∪ {∞} and for
some (α, p) ∈ (0,∞)× [1,∞]. Further assume

— limn→∞ x
n = x∞ in Xα,p;

— limn→∞W
n = W∞ in C (R;Xα,p);

— for each T > 0, there are C > 0 and real (δk)k∈N with limk→∞ δk = 0 such
that the following holds for all n ∈ N and s ∈ [−T, T ],

‖AnXn(s)− A∞X∞(s)‖α,p ≤ δn + ‖Xn(s)−X∞(s)‖α,p.

— for each T > 0, there are K, υ > 0 and real (δ′k)k∈N with limk→∞ δ
′
k = 0 such

that the following holds for all n ∈ N and s ∈ [−T, T ],

‖fn(Xn(s))− f∞(X∞(s))‖α,p ≤ δ′n +K inf
N∈1+N

(
N−υ + ‖Xn(s)−X∞(s)‖α,p logN

)
.

Then, limn→∞X
n = X∞ in C (R;Xα,p).

3.1.2. Properties of the random potential.

Lemma 3.7. Let F0 ⊂ F be the set of potentials F with the following properties:
(1) there is a positive constant C > 0 such that

|fk(r)| ≤ C(1 + log k + log+ |r|), k ∈ N, r ∈ R,

where log+ = log∨0;
(2) for every (α, p) ∈ Π (see (2.7)), every M > 0 and every u, c ∈ R, there are

C, υ > 0 such that

‖f(x)− f(y)‖α,p ≤ C inf
N∈1+N

(
N−υ + ‖x− y‖α,p logN

)
,

holds for all x, y ∈ RN satisfying ‖x−z‖α,p, ‖y−z‖α,p ≤M where z = (ku+c)k∈N.

Then, F0 ∈ F and F(F0) = 1. In addition, F0 is invariant under the action of the
shift semigroup Θ defined in (2.2) and the shear group Ξ defined in (2.5).

In the remaining part of this section, we often apply Lemma 3.7(2) with u, c = 0
to x, y ∈ Xα,p satisfying ‖x‖α,p, ‖y‖α,p ≤M .
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Proof of Lemma 3.7. We use the Borel–Cantelli lemma and the completeness of F
to verify the claim. First, we construct a full measure set of potentials having prop-
erty (1). For k ∈ N, n ∈ Z and c ∈ R, set

ξk,n = exp

(
η sup
r∈[n,n+1]

|F ′k(r)|
)
.

Using (2.3), the invariance of F under (2.2) (so Fξk,n = Fξ1,0), and the Markov
inequality, we have∑

k∈N,n∈Z

F
{
ξk,n > k2(|n|+ 1)2

}
≤

∑
k∈N,n∈Z

Fξk,n
k2(|n|+ 1)2

= Fξ1,0

∑
k∈N,n∈Z

1

k2(|n|+ 1)2
<∞.

The Borel–Cantelli lemma implies the existence of a full measure set F̃ ∈ F such
that for each F ∈ F̃ there is κ ∈ N such that ξk,n ≤ k2(|n|+ 1)2 for all k, n satisfying
k + |n| > κ. Hence, for all k, n satisfying k + |n| > κ, we have

F ′k(r) ≤ 2η−1
(

log k + log(|n|+ 1)
)
≤ C(log k + log+ |r|), r ∈ [n, n+ 1].

Since each Fk is continuously differentiable, we can adjust the constant C > 0 in this
inequality to ensure that

F ′k(r) ≤ C, r ∈ [n, n+ 1]

holds also for k and n satisfying k + |n| ≤ κ. Hence, property (1) holds for all
potentials in F̃.

Now we turn to property (2). We first construct a full measure set F̂ and then
show that the desired property holds on F̂.

Let M ′, α′ ∈ Q ∩ (0,∞), u′, c′ ∈ Q, and

z′ = (ku′ + c′)k∈N.(3.9)

For γ′ > 0 to be specified later, we set

ak = M ′kα, bk = γ′ log k, k ∈ N.(3.10)

Consider the event

Ek =

{
sup

(r,r′)∈[−ak,ak]2

|fk(r + z′k)− fk(r′ + z′k)|
|r − r′|

≥ bk

}
∈ F .

Form,n ∈ Z with evenm−n, we set Bm,n = (m,n)+{(s1, s2) : |s1|+|s2| ≤ 1}. These
sets cover R2. The number of Bm,n withm = n and intersecting [−ak, ak]2 nontrivially
is bounded by Cak. For (r, r′) ∈ Bm,n with m = n, we have (r, r′) ∈ (m,n) + [−1, 1]2.
Hence, for such (m,n), by (2.3) and the invariance of F under (2.2), we have

F

{
sup

(r,r′)∈Bm,n

|fk(r + z′k)− fk(r′ + z′k)|
|r − r′|

≥ bk

}
≤ F

{
sup

(r,r′)∈[−1,1]2

|f1(r + z′k)− f1(r′ + z′k)|
|r − r′|

≥ bk

}
≤ Ce−ηbk .
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The rest of [−ak, ak]2 can be covered by at most Ca2
k many Bm,n with m 6= n. Note

that for (r, r′) ∈ Bm,n with m 6= n, we must have |r − r′| ≥ 1. Hence, if m 6= n, we
get, by (2.2) and (2.3), that

F

{
sup

(r,r′)∈Bm,n

|fk(r + z′k)− fk(r′ + z′k)|
|r − r′|

≥ bk

}
≤ F

{
sup

r∈m+[−1,1]

|fk(r + z′k)| ≥
1

2
bk

}
+ F

{
sup

r′∈n+[−1,1]

|fk(r′ + z′k)| ≥
1

2
bk

}
≤ Ce−

η
2
bk .

Applying the union bound, we obtain

F(Ek) ≤
∑

m,n: B(m,n)∩[−ak,ak]2 6=∅

F

{
sup

(r,r′)∈Bm,n

|fk(r + z′k)− fk(r′ + z′k)|
|r − r′|

≥ bk

}
≤ Cake

−ηbk + Ca2
ke
− η

2
bk .

To have
∑

k∈N F(Ek) <∞, we only need to ensure∑
k>1

a2
ke
− η

2
bk = M2

∑
k

k2α′− 1
2
η′γ′ <∞.

It suffices to make sure that
1

2
η′γ′ − 2α′ > 1,

which is possible by choosing γ′ sufficiently large. Then, the Borel–Cantelli lemma
implies that there is a full measure set FM ′,α′,u′,c′ such that for each F ∈ FM ′,α′,u′,c′
there is a constant κ > 0 such that

sup
r,r′∈[−ak,ak]

|fk(r + z′k)− fk(r′ + z′k)|
|r − r′|

< bk, k ≥ κ.

For k < κ, we can find a large constant C > 1 such that the left-hand side of the
above display is bounded by C. Hence,

sup
r,r′∈[−ak,ak]

|fk(r + z′k)− fk(r′ + z′k)|
|r − r′|

< C(1 + bk), k ∈ N.(3.11)

Now, we set

F̂ = F̃ ∩
⋂

M ′, α′∈Q∩(0,∞)
u′, c′∈Q

FM ′,α′,u′,c′(3.12)

where F̃ is the full measure set on which property (1) holds.
Since in the following we will need an approximation argument, let us summarize

the above for convenience: on F̂, for every M ′, α′ ∈ Q ∩ (0,∞), u′, c′ ∈ Q and
z′ = z′(u′, c′) defined in (3.9), there is γ′ > 0 such that (3.11) holds for ak, bk given
in (3.10).

Now let us now show that property (2) holds on F̂. Let z, (α, p),M, u, c be given
in the statement of (2). For simplicity, we write ‖ · ‖ = ‖ · ‖α,p. For all x, y ∈ RN

satisfying ‖x− z‖, ‖y − z‖ ≤M , the definition of the norm in (2.6) gives that

|xk − ku− c|, |yk − ku− c| ≤Mkα, k ∈ N.
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Then, we fix some u′, c′ ∈ Q sufficiently close to u, c, and some M ′, α′ ∈ Q ∩ (0,∞)
sufficiently large to ensure that, for all such x, y,

|xk − z′k|, |yk − z′k| ≤ ak, k ∈ N(3.13)

for z′k and ak given in (3.9) and (3.10), respectively.
To estimate ‖f(x)− f(y)‖, using (3.13) and (3.11), we get

|fk(xk)− fk(yk)| ≤ C(1 + bk)|xk − yk|.(3.14)

By property (1), we also have
|fk(xk)− fk(yk)| ≤ C(1 + log k + log+ |xk − z′k|+ log+ |z′k|

+ log+ |yk − z′k|+ log+ |z′k|) ≤ C(1 + log k),
(3.15)

where (3.13) is used in the last inequality. We distinguish two cases: p < ∞ or
p = ∞. In the first case, taking any natural number N > 1 , applying (3.14) to
k ≤ N and (3.15) tor k > N , we obtain

‖f(x)− f(y)‖p =
∑
k∈N

|fk(xk)− fk(yk)|pk−αp

≤
∑
k≤N

C(1 + bk)
p|xk − yk|pk−αp +

∑
k>N

C(1 + log k)pk−αp

≤ C(1 + bN)p‖x− y‖p + C
∑
k>N

k−αp+δ

≤ C(logN)p‖x− y‖p + CN−αp+1+δ,

where we fix some δ ∈ (0, αp−1). If p =∞, then applying (3.14) to k ≤ N and (3.15)

to k > N , we obtain

‖f(x)− f(y)‖ = sup
k∈N
|fk(xk)− fk(yk)|k−α

≤ sup
k≤N

C(1 + bk)|xk − yk|k−α + sup
k>N

C(1 + log k)k−α

≤ C(1 + bN)‖x− y‖+ CN−α logN

≤ C logN‖x− y‖+ CN−α+δ,

for some δ ∈ (0, α). Hence, property (2) holds on F̂.
In conclusion, the set F̂ defined in (3.12) is measurable and has full measure as

a countable intersection of full measure sets, and the properties (1) and (2) hold
for each F ∈ F̂. Hence F̂ ⊂ F0. By the completeness of F , we conclude that
F0 ∈ F and F(F0) = 1. Checking the invariance under the action of Θ and Ξ is
straightforward. �

3.1.3. Properties of the noise.

Lemma 3.8. Let W0 = W̃ ∩
(⋂

α,p∈Π C (R;Xα,p)
)
where W̃ is the set on which Wk

satisfies the law of the iterated logarithm for every k ∈ N, i.e, for every W ∈ W̃,

lim sup
t→±∞

|Wk(t)|√
2t log log t

= 1, k ∈ N.

Then W0 ∈ W and W(W0) = 1. In addition, W0 is invariant under the action of the
time shifts θ = (θt) defined in (2.10).
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Proof. Let (α, p) ∈ Π. If p < ∞, then applying the Minkowski integral inequality
and estimates of Gaussian moments, we can obtain, for q > 2,

W
∥∥W (t1)−W (t0)

∥∥q
α,p

= W

(∑
k∈N

∣∣Wk(t1)−Wk(t0)
∣∣pk−αp) q

p

≤
(∑

k∈N

(
W
∣∣Wk(t1)−Wk(t0)

∣∣q) pq k−αp) q
p

≤ C|t1 − t0|
q
2 .

Due to q/2 > 1 and the completeness of Xα,p, the Kolmogorov–Chentsov continuity
theorem implies that t 7→ W (t) is Hölder-continuous in Xα,p, W-a.s. If p = ∞, we
choose q > 0 so large that q > 2 and αq > 1. Then, using bounds for Gaussian
moments, we have

W
∥∥W (t1)−W (t0)

∥∥q
α,∞ = W

(
sup
k∈N

∣∣Wk(t1)−Wk(t0)
∣∣qk−αq)

≤
∑
k∈N

(
W
∣∣Wk(t1)−Wk(t0)

∣∣q)k−αq ≤ C|t1 − t0|
q
2 .

We take the intersection of all these full measure sets indexed by rational α, rational p
and p =∞. This set is thus measure and contained in

⋂
α,p C (R;Xα,p). By the com-

pleteness ofW , we conclude that
⋂
α,p C (R;Xα,p) ∈ W and W

(⋂
α,p C (R;Xα,p)

)
= 1.

On the other hand, the law of the iterated logarithm is a classical result implying
W̃ ∈ W and W(W̃) = 1. Checking the shift-invariance of W̃ is straightforward, and
the proof is completed. �

3.2. Existence and uniqueness. Henceforth, we fix F0 from Lemma 3.7 and W0

from Lemma 3.8. We approach the infinite-dimensional polymer dynamics using
Galerkin approximations.

Definition 3.9. For (x,A, F,W ) ∈ RN × L (RN) × F ×W, a sequence (X(n))n∈N
is called a sequence of Galerkin approximations of S(x,A, F,W ) if, for all n ∈ N,
X(n) ∈ S(x,A(n), F (n),W (n)) where

A(n) =
(
1{k≤n}Ak

)
k∈N , F (n) =

(
1{k≤n}Fk

)
k∈N , W (n) =

(
1{k≤n}Wk

)
k∈N .(3.16)

Note that if X(n) ∈ S(x,A(n), F (n),W (n)), then X(n) satisfies.

dX
(n)
k (t) =

(
AkX

(n)(t) + fk(X
(n)
k (t))

)
dt+ σdWk(t), k = 1, . . . , n,(3.17)

X
(n)
k (0) = xk, k = 1, . . . , n,

X
(n)
k (t) = xn, t ∈ R, k > n

The last display indicates that X(n) is essentially an n-dimensional SDE. For every
F ∈ F0, each coordinate of f has slow growth given in Lemma 3.7 (1) and is locally
Lipschitz. Using this and the growth of sample paths given by the law of iterated
logarithm stated in Lemma 3.8, we can apply the Picard–Lindelöf theorem (a slight
modification of [Tes12, Theorem 2.5] is sufficient for our purpose) to obtain the exis-
tence and uniqueness of solutions to (3.17) for every (F,W ) ∈ F0 ×W0. Therefore,
the following holds.

Lemma 3.10. For each (x,A, F,W ) ∈ RN ×L (RN) × F0 ×W0, there is a unique
sequence of Galerkin approximations of S(x,A, F,W ).
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Proposition 3.11 (Convergence of Galerkin approximations). Suppose that A, (α, p),
and (α′, p′) satisfy (3.3) and (3.4). Then, for each (x, F,W ) ∈ Xα,p × F0 ×W0, the
sequence of Galerkin approximations of S(x,A, F,W ) converges in C (R;Xα′,p′) to
some X ∈ S(x,A, F,W ;Xα′,p′).

Proof. For convenience, we write ‖ · ‖ = ‖ · ‖α,p, X = Xα,p, ‖ · ‖′ = ‖ · ‖α′,p′ and X′ =
Xα′,p′ . We want to prove that the sequence of Galerkin approximations (X(n))n∈N of
S(x,A, F,W ) is Cauchy in C (R;X′) using Lemma 3.5 applied to (α′, p′).

Step 1. The definition of norms in (2.6) implies

|yk| ≤ ‖y‖kα, y ∈ X.(3.18)

Then, we get

‖y‖′ =

(∑
k∈N

∣∣∣∣ ykkα′
∣∣∣∣p′
) 1

p′

≤ ‖y‖

(∑
k∈N

k(α−α′)p′
) 1

p′

≤ C‖y‖, y ∈ X

where in the last inequality we used (3.3). Therefore, X ⊂ X′ and ‖x′‖ ≤ C. Since
the Galerkin approximations are essentially finite dimensional, we obtain

X(n) ∈ S(x,A(n), F (n),W (n)) ∩ C (R;X) ∩ C (R;X′),

for A(n), F (n),W (n) given in (3.16).
Step 2. Let us show that (W (n))n∈N is Cauchy in C (R;X′). By Lemma 3.8, we

have W ∈ C (R;X). By (3.18), for each T > 0, there is C > 0 such that

sup
n, k∈N, s∈[−T,T ]

|Wk(s)k
−α| ≤ C.

Then, for s ∈ [−T, T ], we have(
‖W (m)(s)−W (n)(s)‖′

)p′
=

m∨n∑
k=(m∧n)+1

∣∣∣∣Wk(s)

kα′

∣∣∣∣p′ ≤ C
m∨n∑

k=(m∧n)+1

k(α−α′)p′ .

Hence, due to (3.3), the sequence (W (n))n∈N is Cauchy in C (−T, T ;X′) for each T > 0
and thus Cauchy in C (R;X′).

Step 3. Let T > 0. We show that ‖X(n)‖C (−T,T ;X) is bounded uniformly in n.
Lemma 3.7 (1) implies

‖f (n)(y)‖ ≤ ‖f(y)‖ ≤ C(1 + ‖y‖), y ∈ X.(3.19)

From the definition of the norm in (2.6), we can get

sup
n∈N
‖A(n)‖Lb(X) ≤ ‖A‖Lb(X) <∞.(3.20)

The definition of W (n) gives

sup
n∈N
‖W (n)‖C (R;X) ≤ ‖W‖C (R;X) <∞.

These along with (3.17) yield

‖X(n)(t)‖ ≤ ‖x‖+

∫ |t|
0

C
(
1 + ‖X(n)(s)‖

)
ds+ σ‖W (t)‖.(3.21)

Gronwall’s inequality gives

‖X(n)‖C (−T,T ;X) ≤
(
CT + ‖x‖+ σ‖W (t)‖C (−T,T ;X)

)
eCT ≤ C, n ∈ N.
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For convenience, we rewrite the above as

sup
n∈N
‖X(n)‖C (−T,T ;X) ≤ C.(3.22)

Step 4. Let us verify condition (3.6). The triangle inequality yields∥∥A(m)X(m)(s)− A(n)X(n)(s)
∥∥′

≤
∥∥A(m)

(
X(m)(s)−X(n)(s)

)∥∥′ + ∥∥(A(m) − A(n)
)
X(n)(s)

∥∥′.
The first term on the right is bounded by C‖X(m)(s)−X(n)(s)‖′ due to (3.20) with
X replaced by X′. Assuming n ≥ m, the second term can be expanded as(∥∥(A(m) − A(n)

)
X(n)(s)

∥∥′)p′ =
n∑

k=m+1

∣∣∣∣AkX(n)(s)

kα′

∣∣∣∣p′ .
Using (3.22), A ∈ Lb(X) and (3.18), we have

sup
n,k∈N, s∈[−T,T ]

∣∣∣∣AkX(n)(s)

kα

∣∣∣∣ ≤ C.

Setting δm,n =
(∑m∨n

k=(m∧n)+1(Ckα−α
′
)p
′) 1

p′ , we have limm,n→∞ δm,n = 0 due to (3.3).
Then, the above two displays imply∥∥(A(m) − A(n)

)
X(n)(s)

∥∥′ ≤ δm,n, m, n, s ∈ [−T, T ].

Hence, we conclude that∥∥A(m)X(m)(s)− A(n)X(n)(s)
∥∥′ ≤ C‖X(m)(s)−X(n)(s)‖′ + δm,n,

for all m,n ∈ N and s ∈ [−T, T ], verifying (3.6).

Step 5. We verify (3.7). By (3.22), there is M > 0 such that ‖X(n)(t)‖ ≤M for all
n ∈ N and t ∈ [−T, T ]. Let y, y′ ∈ X satisfy ‖y‖, ‖y′‖ ≤ M . This along this (3.18)
yields

|yk|, |y′k| ≤Mkα, k ∈ N.(3.23)

The triangle inequality yields

‖f (m)(y)− f (n)(y′)‖′ ≤ ‖f (m)(y)− f (n)(y)‖′ + ‖f (n)(y)− f (n)(y′)‖′.(3.24)

Due to p′ <∞, by the definition of f (n), (3.23) and Lemma 3.7 (1), the first term on
the right of (3.24) can be bounded by(

m∨n∑
k=(m∧n)+1

|fk(yk)|p
′
k−α

′p′

) 1
p′

≤ C

(
m∨n∑

k=(m∧n)+1

(
1 + log k + log+ |yk|

)p′
k−α

′p′

) 1
p′

≤ C

(
m∨n∑

k=m∧n

k−α
′p′+ε

) 1
p′

for some ε satisfying ε ∈ (0, α′p′−1). Set δ′m,n to be the last term in the above display,
and we have limm,n→∞ δ

′
m,n = 0.

For the second term on the right of (3.24), we can apply Lemma 3.7 (2) to see that
it is bounded by

‖f(y)− f(y′)‖′ ≤ C(N−υ + ‖y − y′‖′ logN).
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Replacing y by X(m)(s) and y′ by X(n)(s) in the above three displays yields (3.7).

Step 6. Combining the results from previous steps, we can apply Lemma 3.5 to see
that (X(n))n∈N is Cauchy in C (R;X′). By the completeness, the limit denoted by X
exists in C (R;X′). In particular, Lemma 2.2 implies

lim
n→∞

X
(n)
k (s) = Xk(s), k ∈ N, s ∈ [−T, T ].(3.25)

Due to A ∈ Lb(X
′) and the same lemma, we also have limn→∞AkX

(n)(s) = AkX(s)
for each k and s. Using the continuity of each fk, we can pass to the limit for each
k in (3.17) to see that X satisfies (3.2), namely, X ∈ S(x,A, F,W ). This completes
our proof. �

Lemma 3.12 (Existence). Suppose that (α, p), (α′, p′), and A satisfy (3.3) and (3.4).
Then, for each (x, F,W ) ∈ Xα,p × F0 ×W0,

S(x,A, F,W ;Xα,p) 6= ∅.

In particular, the limit of the Galerkin approximations of S(x,A, F,W ) in C (R;Xα′,p′)
belongs to S(x,A, F,W ;Xα,p).

Proof. As before, we write ‖ · ‖ = ‖ · ‖α,p, X = Xα,p and X′ = Xα′,p′ . By Proposi-
tion 3.11, there is a solution X ∈ S(x,A, F,W ;X′) and there is a sequence Galerkin
approximations (X(n))n∈N satisfying

lim
n→∞

X(n) = X in X′.

It remains to show that X ∈ C (R;X).
Step 1. Let us show that X(t) ∈ X for all t. Recall the estimate (3.22) and the

pointwise convergence (3.25). If p < ∞, invoking Fatou’s lemma, we can see that,
for each T > 0, there is C > 0 such that

sup
t∈[−T,T ]

‖X(t)‖ ≤ C.(3.26)

If p =∞, then (3.22) implies that, for each T > 0, there is C > 0 such that

|X(n)
k (t)| ≤ Ckα, n ∈ N, k ∈ N, t ∈ [−T, T ].

By the pointwise limit (3.25), we have

|Xk(t)| ≤ Ckα, k ∈ N, t ∈ [−T, T ],

which also gives (3.26)
Step 2. We show t 7→ X(t) is continuous in X. Due to X ∈ S(x,A, F,W ) and

Definition 3.1, we know that X satisfies (3.2). Then, by A ∈ Lb(X), we have, for
t0, t1 ∈ [−T, T ] satisfying t0 ≤ t1,

‖X(t1)−X(t0)‖ ≤
∫ t1

t0

(
C‖X(s)‖+ ‖f(X(s))‖

)
ds

+σ‖W (t1)−W (t0)‖.
Along with (3.19) and (3.26), this display implies

‖X(t1)−X(t0)‖ ≤ C|t1 − t0|+ σ‖W (t1)−W (t0)‖.
From this and Lemma 3.8, we can deduce X ∈ C (−T, T ;X) for any T > 0. Therefore,
X ∈ C (R;X). �
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Lemma 3.13 (Uniqueness). For each (α, p) ∈ Π, and each (x,A, F,W ) ∈ Xα,p ×
Lb(X

α,p)× F0 ×W0, the set S(x,A, F,W ;Xα,p) contains at most one element.

Proof. Let X, Y ∈ S(x,A, F,W ;Xα,p). Then for any T > 0, there isM > 0 such that

‖X‖C (−T,T ;Xα,p), ‖Y ‖C (−T,T ;Xα,p) ≤M.

Then, by Lemma 3.7 (2), there are constants K, υ > 0 such that

‖f(X(s))− f(Y (s))‖α,p ≤ K
(
N−υ + ‖x− y‖α,p logN

)
, s ∈ [−T, T ].

This allows us to apply Lemma 3.6 by setting

xn = x, W n = W, An = A, F n = F, n ∈ N ∪ {∞};
δn = δ′n = 0, Xn = X, n ∈ N; X∞ = Y,

and conclude that X = Y . �

Corollary 3.14. Let (α, p), (α′, p′), and A satisfy (3.3) and (3.4). For each (x, F,W ) ∈
Xα,p × F0 ×W0, the set S(x,A, F,W ;Xα,p) is a singleton and its unique element is
the limit of the Galerkin approximations of S(x,A, F,W ) in C (R;Xα′,p′).

3.3. Proof of Theorem 3.2. The existence and uniqueness results in the previous
subsection guarantees that the map Φ(·, x, F,W ) sending (x, F,W ) to the unique
solution in S(x,A, F,W ;Xα,p) is well-defined. Hence, (2) is verified. The cocycle
property (4) is valid due to the uniqueness of solutions and the invariance of W0

under θ, see Lemma 3.8. Corollary 3.14 and Lemma 2.2 imply that the sequence
of Galerkin approximations converges to the solution coordinatewise. The Galerkin
approximations are obviously progressively measurable. Therefore, passing to the
limit, we can verify the measurability property (1). Lastly, the lemma below implies
the continuous dependence property (3).

Lemma 3.15. Let (α, p) ∈ Π and suppose A ∈ Lb(X
α,p), F ∈ F0,

Xn ∈ S(xn, A, F,W n;Xα,p), n ∈ N ∪ {∞},
lim
n→∞

xn = x∞ in Xα,p, lim
n→∞

W n = W∞ in C (R;Xα,p).

Then, it holds that limn→∞X
n = X∞ in C (R;Xα,p).

Proof of Lemma 3.15. In view of Lemma 3.6, it suffices to verify that for each T > 0,
there are K, υ > 0 such that, for all N ∈ N and s ∈ [−T, T ], we have

‖f(Xn(s))− f(X∞(s))‖α,p ≤ K
(
N−υ + ‖Xn(s)−X∞(s)‖α,p logN

)
.

Using a Gronwall inequality argument similar to the one that we used to obtain (3.22),
we can find M > 0 such that

‖Xn‖C (−T,T ;Xα,p) ≤M, n ∈ N ∪ {∞}.

The desired result immediately follows from this and Lemma 3.7 (2). �

4. Dynamics of infinite polymers

We recall the discrete Laplacian ∆ = (∆k·)k∈N given in (1.4) and the Dirichlet
boundary condition X0(t) ≡ 0. It is immediate that ∆ ∈ L (RN). The next basic
result can be checked directly using the definition of norms given in (2.6).

Lemma 4.1. It holds that ∆ ∈
⋂

(α,p)∈[0,∞)×[1,∞] Lb(X
α,p).
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Remark 4.2. Due to Lemma 4.1, all results of Section 3 hold for solutions of the
following SDE which is a special case of (3.1) with A = ∆:

dX(t) =
(
∆X(t) + f(X(t))

)
dt+ σdW (t), t ∈ R,

X(0) = x.
(4.1)

The random dynamical system (Φt
F,W ) generated by (4.1) is called the polymer

dynamics (we interpret elements of RN as polymers). The goal of the section is to
prove that this system is monotone and preserves slopes of polymers.

Recall that full measure sets F0 ∈ F and W0 ∈ W are described in Lemma 3.7 and
Lemma 3.8, respectively. We consider solutions to (4.1) in the space

L = X1,∞(4.2)

with norm ‖ · ‖L = ‖ · ‖1,∞. The explicit formula for this norm is given in (2.6) for
α = 1 and p =∞.

For v± ∈ R, we introduce the set

S(v−, v+) =
{
x ∈ RN : v− ≤ lim inf

k→∞

xk
k
≤ lim sup

k→∞

xk
k
≤ v+

}
.

The set of polymers with the asymptotic slope v ∈ R is given by
S(v) = S(v, v).

The space L is complete, and, for any choice of parameters v, v±, sets S(v−, v+) and
S(v) are closed in ‖ · ‖L, and hence also complete. In addition, S(v) (for any v) is
separable under ‖ · ‖L.
Proposition 4.3. Let real numbers v− and v+ satisfy v− ≤ v+. For each (x, F,W ) ∈
S(v−, v+)× F0×W0, the set S(x,∆, F,W ;L) contains exactly one element Φ·F,Wx =
Φ(·, x, F,W ), which satisfies

Φt
F,Wx ∈ S(v−, v+), t ≥ 0.

In particular, we have Φ·F,Wx|[0,∞) ∈ C
(
0,∞;S(v−, v+)

)
.

Here, the LU metric on C
(
0,∞;S(v−, v+)

)
is defined similarly to (2.8), and S(v−, v+)

is endowed with the metric induced by ‖ · ‖L.
A special case of Proposition 4.3 for v− = v+ is the forward invariance of slope:

Corollary 4.4. If x ∈ S(v) for some v ∈ R and (F,W ) ∈ F0 ×W0, then the unique
solution (Φt

F,Wx)t∈R satisfies Φt
F,Wx ∈ S(v) for all t ≥ 0.

4.1. Monotonicity. We introduce the following partial order. For x, y ∈ RN, we
write

x � y, if and only if xk ≤ yk, k ∈ N,
and x � y provided y � x. We also write

x ≺ y, if and only if xk < yk, k ∈ N,
and x � y provided y ≺ x.

Lemma 4.5 (Monotonicity). Suppose
X ∈ S(x,∆, F,W ;Xα,p), Y ∈ S(y,∆, F,W ;Xα,p),

with (α, p) ∈ Π, x, y ∈ Xα,p, F ∈ F0 and W ∈ W0. If x � y, then X(t) � Y (t) for
all t ≥ 0.
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Proof of Lemma 4.5. It suffices to show that X(t) � Y (t) for all t ≥ 0 when x ≺ y.
To extend this to the general case x � y, we can find a sequence (Xn)n∈N in Xα,p such
that limn→∞ x

n = x in Xα,p and xn ≺ y for all n ∈ N and then use the continuity
established in Theorem 3.2 to take limits in Xn(t) � Y (t), t ≥ 0.

Henceforth, we assume

x ≺ y.(4.3)

Consider Galerkin approximations X(n) and Y (n) of S(x,∆, F,W ) and S(y,∆, F,W ),
respectively, given in Definition 3.9. Corollary 3.14 implies that

lim
n→∞

X(n) = X, lim
n→∞

Y (n) = Y, in C (R;Xα′,p′),

for some (α′, p′) ∈ Π with p′ <∞. Using Lemma 2.2, we obtain

lim
n→∞

X
(n)
k (t) = Xk(t), lim

n→∞
Y

(n)
k (t) = Yk(t), t ∈ R, k ∈ N.

Hence, it suffices to prove

Y
(n)
k (t) > X

(n)
k (t), k ∈ N, t ≥ 0.(4.4)

To this end, we set Z(t) = Y (n)(t)−X(n)(t). Let

τ = inf
{
t ≥ 0 : min

k=1,...,n
Zk(t) ≤ 0

}
.

We want to show that τ = ∞. Suppose τ < ∞. Then the continuity of individual
coordinates of Z implies that there is m such that

Zm(τ) = 0.(4.5)

We claim

∆mZ(τ) = 0.(4.6)

Indeed, suppose ∆mZ(τ) 6= 0. Since Zm(τ) = 0 and Zk(s) ≥ 0 for all k and s ≤ τ ,
by the definition of ∆m, we must have ∆mZ(τ) > 0. Note that, for all t1 ≥ t0 ≥ 0,

(4.7) Zm(t1)− Zm(t0) =

∫ t1

t0

(
∆mZ(s) + fm(Ym(s))− fm(Xm(s))

)
ds.

Using the continuity of Zm and the continuity of fm(Ym(·))−fm(Xm(·)) which is equal
to zero at s = τ , we obtain from (4.7) that Zm(τ)−Zm(τ−r) > 0 for sufficiently small
r > 0. However, the definition of τ implies that Zm(τ − r) > 0 and thus Zm(τ) > 0,
which contradicts (4.5). Therefore, we must have (4.6).

The definition of ∆m and (4.5), (4.6) imply Zm−1(τ) = Zm+1(τ) = 0. Repeating
the argument in the above paragraphs, we get ∆m−1Z(τ) = ∆m+1Z(τ). Iterating in
this fashion, we obtain Zk(τ) = 0 for all k = 1, 2, . . . , n, n + 1, which is impossible
because (3.17) and (4.3) imply

Zn+1(τ) = Y
(n)
n+1(τ)−X(n)

n+1(τ) = yn+1 − xn+1 > 0.

By contradiction we conclude that τ =∞. The definition of τ ensures that Y (n)
k (t) >

X
(n)
k (t) for k = 1, 2, . . . , n and t ≥ 0. Now, (4.4) follows from this, (4.3) and that

Y
(n)
k (t) = yk, X

(n)
k (t) = xk for all k > n and all t. �
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4.2. Invariance of slopes. To prove Proposition 4.3, we will need solutions to the
(homogeneous discrete) heat equation

ẋ = ∆x.(4.8)

This equation can be viewed as a special case of (4.1) with zero potential F ≡ 0 and
zero noise W ≡ 0.

Definition 4.6. If x ∈ Xα,p for some (α, p) ∈ Π, we denote by S·x : R → Xα,p the
unique element in S(x,∆, 0, 0;Xα,p), i.e., the solution of the homogeneous discrete
heat equation (4.8).

Remark 4.7. By Remark 3.3 and Remark 4.2, S is well-defined and, due to (4.2),
belongs to C (R,L).

Recalling the definition of norms in (2.6), we introduce

‖ · ‖∗ = ‖ · ‖ 3
4
,2.(4.9)

We need the following result, which will be used again later.

Lemma 4.8. For each F ∈ F0, T > 0, M > 0 there is a finite constant C > 0 such
that

sup
t∈[0,T ]

‖Φt
F,Wx− Stz‖∗ < C

holds for all x, z ∈ L satisfying ‖x‖L ≤ M and ‖x − z‖∗ ≤ M , and all W ∈ W0

satisfying supt∈[0,T ] ‖W (t)‖∗ ≤M .

Proof of Lemma 4.8. We denote by C a finite positive constant depending only on
T and M ; it may change from line to line. Let x, z,W satisfy the conditions of the
lemma. For brevity, we write X(t) = Φt

F,Wx and Z(t) = Stz. By Corollary 3.14 ap-
plied to (α, p) = (3

4
, 2) (see (4.9)), there are (α′, p′) ∈ Π and Galerkin approximations

(X(n)) and (Z(n)) such that

lim
n→∞

X(n) = X, lim
n→∞

Z(n) = Z, in C (R;Xα′,p′).(4.10)

Due to (3.17), ‖x− z‖∗ ≤M , and the continuity of each coordinate of X(n)−Z(n),
the function

t 7→ ‖X(n)(t)− Z(n)(t)‖∗
is finite and continuous. Subtracting the equations for Xn and Z(n) from one another
and using the boundedness of ∆ (see Lemma 4.1) we obtain, for t ∈ R,

‖X(n)(t)− Z(n)(t)‖∗ ≤ ‖x− z‖∗ +

∫ |t|
0

(
C‖X(n)(s)− Z(n)(t)‖∗ + ‖f (n)(X(n)(s))‖∗

)
ds

+‖W (n)(t)‖∗.

The norms ‖X(n)(·)‖L satisfy an inequality similar to (3.21). Moreover, using the
definition of the norm in (2.6), we can see that ‖W (t)‖L ≤ ‖W (t)‖∗ for all t. Gron-
wall’s inequality implies now that |X(n)

k (s)| ≤ Ck uniformly in n, k and s ∈ [0, T ].
This along with the definition of f (n) in (3.16) and Lemma 3.7 (1) yields

sup
s∈[0,T ], n∈N

‖f (n)(X(n)(s))‖∗ ≤ C.
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Lastly, the definition of W (n) in (3.16) implies

sup
t∈[0,T ], n∈N

‖W (n)(t)‖∗ ≤M.

Combining these estimates and applying Gronwall’s inequality we obtain

sup
t∈[0,T ], n∈N

‖X(n)(t)− Z(n)(t)‖∗ ≤ C.

Lemma 2.2 and (4.10) imply the coordinatewise convergence of X(n)(t) − Z(n)(t) at
each t ∈ [−T, T ]. Invoking Fatou’s lemma, we deduce the desired result from the
above display. �

It remains to prove Proposition 4.3.

Proof of Proposition 4.3. Theorem 3.2 gives the existence and uniqueness of X =
Φ·F,Wx ∈ S(x,∆, F,W ;L). We want to show that X(t) ∈ S(v−, v+) for all t ≥ 0. The
idea is to compare X with solutions of the homogeneous heat equation (4.8) and use
Lemma 4.5.

Due to x ∈ S(v−, v+), for each ε > 0, we can find mε ∈ N satisfying

xk ∈
(
k(v− − ε), k(v+ + ε)

)
, k ≥ mε.(4.11)

We set

zk =

{
xk, k ≥ mε,

k(1
2
v− + 1

2
v+), k < mε.

(4.12)

This implies the existence of Cε > 0 depending on ε such that ‖x−z‖∗ < Cε. Applying
Lemma 4.8, we obtain

‖X(t)− Stz‖∗ ≤ Cε,t, n, k ∈ N,(4.13)

where Cε,t depends on ε and t.

We compare S·z with straight rays. Let y+, y− ∈ L be given by

y±k = k(v± ± ε), k ∈ N.

By (4.11) and (4.12), we have y− � z � y+. Lemma 4.5 implies

Sty− � Stz � Sty+, t ≥ 0.

Using Remark 4.7, we can verify Sty± = y± for all t ∈ R (in other words, y± is a
stationary solution of the heat equation). Therefore, the above gives

(Stz)k ∈ (k(v− − ε), k(v+ + ε)), k ∈ N, t ≥ 0.(4.14)

To finish the proof, we combine (4.13) with (4.14) to see that, for every t ≥ 0 and
ε > 0,

Xk(t)

k
∈
(
v− − ε− Cε,tk−

1
4 , v+ + ε+ Cε,tk

− 1
4

)
, k ∈ N.

Hence, we have X(t) ∈ S(v− − ε, v+ + ε) for all t ≥ 0 and all ε > 0. Sending ε → 0,
we conclude X(t) ∈ S(v−, v+) for all t ≥ 0. �
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5. Infinite volume polymer measures

In this section, we introduce infinite volume polymer measures (IVPMs) follow-
ing [BL19] and obtain first results on their connection to the polymer dynamics stud-
ied in the previous sections. We also obtain several results concerning the extreme
decompositions of these measures complementing the results of [BL19].

Here we are mostly interested in IVPMs with a fixed endpoint which we place,
without loss of generality, at 0 ∈ R.

For x ∈ RN, we introduce projections x≤n = (x1, x2, . . . , xn) and x≥n = (xn, xn+1, . . . ).
The following definition is the standard DLR (Dobrushin–Lanford–Ruelle) con-

dition stating that conditional distributions for an infinite volume Gibbs measure
conditioned on the configuration outside a finite volume are given by the classical
Boltzmann–Gibbs definition.

Definition 5.1. For each F ∈ F, β ∈ (0,∞) we denote by PF,β the collection of
probability measures µ on (RN,B(RN)) satisfying the following property: for every
n ∈ N, there is a probability measure ν on R{n+1,n+2,n+3, ... } such that

µ(dx) = ρ(xn+1; dx≤n)ν(dx≥n+1),(5.1)

where

ρ(xn+1; dx≤n) =
e−βEn(xn+1;x≤n)

Zn(xn+1)
dx≤n ,

Zn(xn+1) =

∫
Rn
e−βEn(xn+1;x≤n)dx≤n ,

En(xn+1;x≤n) =
1

2

n∑
k=0

(xk+1 − xk)2 +
n∑
k=1

Fk(xk) .(5.2)

The elements in PF,β are IVPMs in the random environment F at inverse temper-
ature β. For v ∈ R, we denote by PF,β(v) the collection of measures in PF,β which
are concentrated on S(v). We also set PF,β(∗) = ∪v∈RPF,β(v). In other words, under
each IVPM in PF,β(∗), the asymptotic slope is well-defined and constant.

The existence and uniqueness result from [BL19, Theorem 4.2] can be stated as
follows:

Theorem 5.2. Let β ∈ (0,∞) and v ∈ R. Then there is a full measure set Fβ(v) ∈ F
such that Pβ,F (v) is a singleton {µβ,v,F} for every F ∈ Fβ,v.

From now on we fix an arbitrary β ∈ (0,∞) and suppress the dependence of various
objects like PF = PF,β, F(v) = Fβ(v), or µv,F = µβ,v,F on β. Sometimes it is also
convenient to omit the dependence on F .

5.1. Invariance of IVPMs. For a measurable space (X,B), we denote by Mb(X,B)
the space of bounded B-measurable real-valued functions on X. Recall the definition
of Bα,p in (2.9). By Remark 4.2 and Theorem 3.2, for each F ∈ F0 and (α, p) ∈ Π,
the polymer dynamics (Φt

F,W ) defines a Markov semigroup (P t
F )t≥0 = (P t)t≥0 on

φ ∈Mb(X
α,p,Bα,p) given by

P tφ(x) = Wφ
(
Φt
F,Wx

)
, φ ∈Mb(X

α,p,Bα,p), x ∈ Xα,p.

The goal of this subsection is to show the invariance of IVPMs with respect to (P t)t≥0.
This is stated in the proposition below, which corresponds to part I in Theorem 1.1.
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Proposition 5.3. Let F ∈ F0. If for some (α, p) ∈ Π, µ ∈ PF satisfies

(5.3) µ(Xα,p) = 1,

then the restriction of µ to (Xα,p,Bα,p) is invariant under the Markov process defined
by the polymer dynamics. Equivalently,∫

P tφ(x)µ(dx) =

∫
φ(x)µ(dx), t ≥ 0, φ ∈Mb(X

α,p,Bα,p).

Remark 5.4. For any v ∈ R, we have S(v) ⊂ L = X1,∞. Using the definition of B1,∞

in (2.9) and the above proposition, we can see that if µ ∈ PF is supported on S(v),
then µ viewed as a measure on (S(v),Bv) is invariant under the polymer dynamics.
Here Bv is the σ-algebra induced by B1,∞ on S(v), given by Bv = {E ∩ S(v) : E ∈
B(RN)}. Now, by the separability of S(v) and arguments similar to those in the proof
of Lemma 2.3, we have that Bv = B(S(v)), the latter being, in accordance with our
notation in Section 2.2, the Borel σ-algebra generated by the metric on S(v) induced
by norm ‖ · ‖L and making S(v) a Polish space.

Proof of Proposition 5.3. We denote by Φt
n,F,Wx, n ∈ N, the Galerkin approximation

(see Definition 3.9) of Φt
F,Wx for x ∈ Xα,p. Invoking Lemma 3.10, we can define a

sequence of approximation semigroups
(
(P t

n)t≥0

)
n∈N by

P t
nφ(x) = Wφ(Φt

n,F,Wx), t ≥ 0, φ ∈Mb(X
α,p,Bα,p), x ∈ Xα,p.

By (3.17) with A replaced by ∆, the projection (Φt
n,F,Wx)≤n satisfies

d(Φt
n,F,Wx)≤n = −∇x≤nEn

(
xn+1; (Φt

n,F,Wx)≤n
)
dt+ σdW≤n(t)(5.4)

where ∇x≤n is the gradient taken with respect to x≤n. The following lemma describes
the dissipative behavior of En.

Lemma 5.5. For each F ∈ F0, each n ∈ N and each xn+1 ∈ R, there are constants
C1, C2 > 0 such that

−y · ∇yEn(xn+1; y) ≤ C1 − C2|y|2, y ∈ Rn.

Proof. Recalling the formula (5.2), we can rewrite ∇En(xn+1; ·) as

−∇yEn(xn+1; y) = −Ay + b(xn+1) +
(
fk(yk)

)n
k=1

, y ∈ Rn,(5.5)

where b(xn+1) = (0, 0, . . . , 0, xn+1) and A is an n×n matrix whose diagonal entries are
2, super-diagonal and sub-diagonal entries are −1, and the rest are 0. For example,
when n = 4, we have

A =


2 −1 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −1 2

 .

We claim that A is positive definite. Setting θ = π
n+1

and using classical trigonometric
identities, we can verify that λm = 2 − 2 cos(mθ) is an eigenvalue of A with the
eigenvector vm = (sin(mθ), sin(2mθ), . . . , sin(nmθ)) for each m = 1, 2, . . . , n. This
implies y · Ay ≥ 2(1 − cos( 1

n+1
π))|y|2, for all y ∈ Rn. Plugging this into (5.5) and

using Lemma 3.7 (1) to control fk, we obtain the desired result. �
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Continuing the proof of Proposition 5.3, let us fix F ∈ F0. It is classical (c.f.
[RT+96, Theorem 2.1]) that the condition stated in Lemma 5.5 is sufficient to guar-
antee that ρ(xn+1, ·) is an invariant measure for dynamics generated by (5.4). Since
(Φt

n,F,Wx)≥n+1 = x≥n+1 for t ≥ 0 (see (3.17)), we obtain∫
Wφ
(
Φt
n,F,Wx

)
ρ(xn+1, dx≤n) =

∫
φ(x)ρ(xn+1, dx≤n), φ ∈Mb(X

α,p,Bα,p).

and due to (5.1)∫
Wφ
(
Φt
n,F,Wx

)
µ(dx) =

∫
φ dµ, φ ∈Mb(X

α,p,Bα,p).(5.6)

Then, we want to take the limit on the left-hand side of (5.6). Let us pick any
(α′, p′) satisfying (3.3). Then, Corollary 3.14 implies that Φ·n,F,Wx converges to Φ·F,Wx

in C (R;Xα′,p′) for every x ∈ Xα,p and every W ∈W0.
Fixing an arbitrary t > 0 and recalling (5.3), we obtain by Lemma 2.2 that Φt

n,F,Wx
converges to Φt

F,Wx coordinatewise (i.e., in the topology on Xα,p induced by the
product topology on RN) for µ-a.e. x and every W ∈ W0. Hence, we can send
n→∞ in (5.6) for any bounded function φ : Xα,p → R continuous in that topology
to see that ∫

Wφ
(
Φt
F,Wx

)
µ(dx) =

∫
φ dµ.

Recalling the definition of Bα,p in (2.9), we can extend this identity to any φ ∈
Mb(X

α,p,Bα,p), which completes the proof of Proposition 5.3. �

5.2. Extreme IVPMs have asymptotic slopes. For µ ∈ PF , we say that µ is
extreme or that µ is an extreme point of PF , if µ is not equal to sν1 + (1 − s)ν2 for
any s ∈ (0, 1) and any distinct ν1, ν2 ∈ PF .

The following result is a part of Theorem 1.2.

Proposition 5.6. There is a full measure set F∗ ∈ F such that for every F ∈ F∗, all
extreme points of PF belong to PF (∗).

Before we prove this proposition, let us give a corollary. Proposition 5.6 and the
extreme decomposition ([Geo88, Theorem (7.26)]) applied to the Polish space RN

imply that every IVPM is a mixture of IVPMs concentrated on paths with well-
defined and constant asymptotic slope, for almost every realization of F :

Corollary 5.7. Let F ∈ F∗. If µ ∈ PF , then there is a probability measure Πµ on
PF (∗) such that

µ =

∫
PF (∗)

ν Πµ(dν).

To prove the proposition, we need a lemma on the straightness of the polymer
measure µ. For x ∈ RN and k ∈ N, we define

xout(k) = {(m,xm) : m > k}.

For (k, r) ∈ N× R and η > 0, we define

Co(k, r, η) = {(m, r′) ∈ N× R : |r′/m− r/k| ≤ η}.
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Lemma 5.8. Let δ ∈ (0, 1
4
). There is a full measure set F∗ ⊂ F0 and a constant

Q > 0 such that for every F ∈ F∗ and every µ ∈ PF , we have µ(B) = 1, where

B =
{
x ∈ RN : ∃n ∈ N, ∀k ≥ n, xout(k) ⊂ Co(k, xk, Qk

−δ)
}
.

Proof of Proposition 5.6. Fix F∗ in the above lemma and let µ be an extreme point
of PF for some F ∈ F∗. By [Geo88, Theorem (7.7) (a)], we know that µ(A) ∈ {0, 1}
for every set A in the natural tail σ-algebra on RN. Since x 7→ lim infk→∞

xk
k

and
x 7→ lim supk→∞

xk
k

are measurable with respect to the tail σ-algebra, they must
be µ-a.s. constant. Denote them by v− and v+, respectively. We want to show
v− = v+ ∈ R. Let B be the set given in Lemma 5.8 and we have µ(B) = 1. For every
x ∈ B, the definition of B yields the existence of n = n(x) such that∣∣∣xk′

k′
− xk

k

∣∣∣ ≤ Qk−δ, k′ ≥ k ≥ n,(5.7)

Hence, (xk
k

)k∈N is Cauchy in R, and thus v+ = v− ∈ R. �

It remains to prove Lemma 5.8. The next result is a consequence of (5.1) applied to
[BL19, Theorem 9.1] which concerns finite volume polymer measures with arbitrary
length and arbitrary terminal measures.

Lemma 5.9. For eachM ∈ N and each υ ∈ (0, 1−2δ), there are F(n)
1 = F(n)

1 (δ,M, υ) ∈
F for n ∈ N, and Q = Q(δ) > 0 such that

(1) for all γ ∈ (0, 1− 4δ), there is n1(M,γ) ∈ N such that

P(F(n)
1 ) ≥ 1− e−nγ n ≥ n1(M,γ);

(2) on F(n)
1 , there is n2(M,υ) ∈ N such that

µ
(
B(n,M, υ)

)
≥ 1− e−nυ , n ≥ n2(M,υ),

where

B(n,M, υ) =
{
x ∈ RN : xout(k) ⊂ Co(k, xk, Qk

−δ), ∀k ≥ n with (k, xk) ∈ Co(M)
}
,

with Co(M) = {(k, r) ∈ N× R : |r| ≤Mk}.
Proof of Lemma 5.8. To apply Lemma 5.9, let us set n(M) = n1(M,γ) ∨ n2(M,υ).
Taking

F∗ =
⋂
M∈N

⋃
n≥n(M)

F(n)
1 (δ,M, υ)

and noticing that

B ⊃
⋂
M∈N

⋃
n≥n(M)

B(n,M, υ)

we obtain the desired result. �

Lastly, using Lemma 5.8, we can prove the following result on the transversal
fluctuations of polymer paths under IVPMs, which is a restatement of Theorem 1.3.
Theorem 5.10. For every ξ′ > 3/4, there is a full measure set F∗ ∈ F and a constant
Q > 0 such that for every F ∈ F∗, v ∈ R, µ ∈ PF (v), and µ-a.e. polymer path x, we
have |xk − vk| < Qkξ

′ for sufficiently large k (depending on x).
Proof. Let F∗ and B be given by Lemma 5.8 for δ = 1−ξ′. We have µ(B∩S(v)) = 1.
For each x ∈ B ∩ S(v), we have (5.7) for sufficiently large k and k′ satisfying k′ ≥ k.
Sending k′ →∞, we complete the proof. �
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5.3. Ergodic IVPMs have asymptotic slopes. We recall the definition of L
in (4.2). For A ∈ B1,∞ and a probability measure µ on (L,B1,∞), we say that A
is µ-invariant under a Markov semigroup (P t) if P t1A = 1A, µ-a.s. A (P t)-invariant
probability measure µ on (L,B1,∞) is said to be ergodic if µ(A) ∈ {0, 1} for every
µ-invariant A. The following result complements Proposition 5.6 in Theorem 1.2.

Proposition 5.11. There is a full measure set F∗ ∈ F such that the following holds:
if F ∈ F∗ and µ ∈ PF satisfying µ(L) = 1 is ergodic for the Markov semigroup gener-
ated by the polymer dynamics on (L,B1,∞), then there is v ∈ R such that µ(S(v)) = 1.

Proof. Let F∗ be given by Lemma 5.8 for some δ. Let F ∈ F∗ and let µ ∈ PF
be ergodic. For real v− ≤ v+, Proposition 4.3 implies that S(v−, v+) is µ-invariant
and thus µ(S(v−, v+)) ∈ {0, 1}. Therefore, G = σ{S(v−, v+) : v− ≤ v+}, a σ-
algebra on L, contains only sets of measure 0 and 1. The random variables v̄− =
lim infk→∞

xk
k
, v̄+ = lim supk→∞

xk
k

are well defined on L, finite, and G-measurable.
Therefore, there is a set A with µ(A) = 1 such that v̄+ and v̄− are constants on A,
and it remains to show that v̄− = v̄+ ∈ R. We have µ(A∩B) = 1, where B is given in
Lemma 5.8. For every x ∈ A ∩ B, the definition of B ensures that there is n = n(x)
such that (5.7) holds. This implies that (xk

k
)k∈N is Cauchy in R. Since x is also in A,

we must have v̄+ = v̄− ∈ R. �

6. Ordering by noise

We recall the solution operator Φt
F,W defined in (3.5) and the relations �, �, ≺, �

introduced in Section 4.1.
The following is our monotonization result which is the precise statement of part IV

in Theorem 1.1:

Theorem 6.1 (Ordering by noise). For almost every realization of F , there is a full
measure set W(F ) ∈ W with the following property: for every u, v ∈ R satisfying
u > v, x ∈ S(u) and y ∈ S(v), there is a stopping time τ = τ(x, y, F ) ≥ 0 with
respect to (W[0,t])t≥0 such that, for every W ∈W(F ), we have τ <∞ and

Φt
F,Wx � Φt

F,Wy, t ≥ τ.(6.1)

The proof consists of three parts. We first prove the monotonization for solutions
of the homogeneous discrete heat equation (see Definition 4.6).

For u, a ∈ R, we denote by ru + a the polymer chain given by (ru + a)k = uk + a
for all k ∈ N. It can be viewed as a ray with slope u shifted by a. In particular,
we write ru = ru + 0. Recalling that we impose the Dirichlet boundary condition
X0(t) ≡ 0 on the polymer dynamics, we note that these rays are actually broken near
the origin, so (except when a = 0) they are not preserved by the homogeneous heat
flow S introduced in Definition 4.6.

Lemma 6.2. For a, b > 0, and x = ra − b, there is T ∈ (0,∞) such that STx � 0.

Then we use our assumption (2.4) on the presence of large regions where the
potential is almost flat together with this lemma to prove that for almost every F ,
the monotonization happens with positive probability.

For x, y, z ∈ RN, we write

y ∈ Jx, zK if x � y � z.
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Lemma 6.3. For every u, v ∈ R satisfying u > v, every c > 0 and every h ∈
(0, 1

2
(u− v)), there is T > 0 such that

W
{

ΦT
F,Wx � ΦT

F,Wy, ∀x ∈ Jru−h − c, ru+h + cK, ∀y ∈ Jrv−h − c, rv+h + cK
}
> 0

holds for each F ∈ F1, where F1 is the intersection of F0 given in Theorem 3.2 with
the full measure set on which (2.4) holds.

Remark 6.4. This lemma is trivially true with T = 0 for the case c = 0. For c > 0,
the initial conditions x and y may fail to satisfy x � y.

The last part is the following recurrence result.

Lemma 6.5. For every u, v ∈ R satisfying u > v, there is a full measure set F(u, v) ∈
F such that the following holds. For every x ∈ S(u), y ∈ S(v), h > 0 and F ∈ F(u, v)
there is a constant c > 0 and a full measure set W(x, y, h, F ) ∈ W such that for every
W ∈W(x, y, h, F ) there is a sequence of finite times tj →∞ satisfying

Φ
tj
F,Wx ∈ Jru−h − c, ru+h + cK, j ∈ N,

Φ
tj
F,Wy ∈ Jrv−h − c, rv+h + cK, j ∈ N.

Proof of Theorem 6.1. Let F2 = F1 ∩
(
∩u′<v′, u′,v′∈Q F(u′, v′)

)
, where the sets F1 and

F(u′, v′) are taken from the above lemmas. This is a full measure set. Let us fix
F ∈ F2 and construct the set W(F ).

By the continuity of t 7→ Φt
F,Wx in (3) of Theorem 3.2 and the standard time

discretization argument (see the proof of [RW94, Theorem 8.3]), we can deduce that
the polymer dynamics defines a strong Markov process. The continuity also ensures
that τ(x, y, F ), the first nonnegative time for Φt

F,Wx � Φt
F,Wy to hold, is a stopping

time. Along with Lemma 6.3 and Lemma 6.5 by setting h = 1, this ensures that for
every u′ > v′, every x′ ∈ S(u′) and y′ ∈ S(v′) there is a full measure set W̃(x′, y′, F ) ∈
W on which τ(x′, y′, F ) <∞.

Let

W(F ) = W0 ∩
⋂
u′>v′

u′,v′∈Q

⋂
a′,b′∈Q

W̃
(
ru
′
+ a′, rv

′
+ b′, F

)
.

Now, for arbitrary real u > v, x ∈ S(u) and y ∈ S(v), we set τ = τ(x, y, F ). We fix
some u′, v′, a′, b′ ∈ Q, and set x′ = ru

′
+ a′ and y′ = rv

′
+ b′ to ensure u > u′ > v′ > v,

x � x′ and y′ � y. By Lemma 4.5, we have Φt
F,Wx � Φt

F,Wx
′ and Φt

F,Wy
′ � Φt

F,Wy for
all t ≥ 0 andW ∈W0. On W(F ), we have τ(x, y, F ) ≤ τ(x′, y′, F ) <∞ by the above
construction. Lastly, (6.1) is a consequence of the definition of τ and Lemma 4.5. �

6.1. Proof of Lemma 6.2. We need the next lemma, which states that if the initial
condition is convex, then the solution stays convex.

Lemma 6.6. Suppose x ∈ Xα,p for (α, p) ∈ Π (see (2.7)). If ∆x � 0, then ∆Stx � 0
for all t ≥ 0.

Proof. Fix any n ∈ N, we consider the n-th Galerkin approximation given by

ẏk(t) = ∆ky(t), t ∈ R, k ∈ {1, . . . , n},(6.2)
yk(0) = xk, k ∈ {1, . . . , n},
yk(t) = xk, t ∈ R, k ≥ n+ 1.(6.3)
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By this definition, ∆ky(0) = ∆kx ≥ 0 for all k ∈ {1, . . . , n}. Set

τ = sup
{
t ≥ 0 : ∆ky(s) ≥ 0, ∀s ≤ t, ∀k ∈ {1, . . . , n}

}
.

We want to show τ =∞. Now suppose τ <∞. Then, there is m ∈ {1, . . . , k} and a
sequence of positive numbers (tj)j∈N, which satisfies limj→∞ tj = 0, such that

∆my(τ + tj) < 0, j ∈ N.
We comment that the existence of m and (tj)j∈N relies on the finite dimensionality of
Galerkin approximations. By continuity of t 7→ ∆my(t) and setting j →∞, we have

∆my(τ) = 0.(6.4)

Recall the definition of the discrete Laplacian in (1.4). The above two displays imply

ym+1(τ + tj)− ym+1(τ) + ym−1(τ + tj)− ym−1(τ) < 2
(
ym(τ + tj)− ym(τ)

)
.

Sending j →∞, we obtain

ẏm+1(τ) + ẏm−1(τ) ≤ 2ẏm(τ).

If 1 < m < n, then, using (6.2) and (6.4), we have

∆m+1y(τ) + ∆m−1y(τ) ≤ 2∆my(τ) = 0.

Since the two terms on the left are nonnegative due to the definition of τ , we must
have

∆m+1y(τ) = ∆m−1y(τ) = 0.

Similarly, we can deduce ∆2y(τ) = 0 if m = 1, and ∆n−1y(τ) = 0 if m = n. Iterating
this, we obtain ∆ky(τ) = 0 for all k ∈ {1, . . . , n}. Using this and (6.3), we can
compute yk(τ) = k xn+1

n+1
. It is easy to see that y(τ + ·) is a stationary solution of (6.2)

when only the first n coordinates are considered. Hence, ∆ky(τ + t) = 0 for all t ≥ 0
and all k ∈ {1, . . . , n}, which contradicts the assumption τ < ∞. We thus deduce
that ∆ky(t) ≥ 0 for all t ≥ 0 and all k ∈ {1, . . . , n}.

Corollary 3.14 implies that the sequence of Galerkin approximations x(n)(·) con-
verges to S·x in C (R;Xα′,p′) for some (α′, p′) ∈ Π. Then, Lemma 2.2 yields that
x

(n)
k (s) converges to xk(s) in R for each s ∈ [0, t] and k ∈ N. In the previous para-

graph we know that ∆kx
(n)(s) ≥ 0 for all n, all k ≤ n and all s ≥ 0. Passing to the

limit, we obtain the desired result. �

Back to the proof of Lemma 6.2, consider x satisfying its conditions. It is easy
to see that ∆x � 0. By Lemma 6.6, this implies ∆Stx � 0 and thus d

dt
Stx � 0 for

all t ≥ 0. In other words, Stx is nondecreasing in t. Let z = ra. Then z = Stz is
a stationary solution of the heat equation, and we also have x � z. Invoking the
monotonicity result of Lemma 4.5 applied to zero potential and zero noise, we have
Stx � z for all t ≥ 0. The monotone convergence theorem gives the existence of x∗
such that (Stx)k converges to x∗k ∈ R as t → ∞ for all k ∈ N. Sending t → ∞ in
(St+1x)k = (Stx)k +

∫ 1

0
∆kS

t+sx ds for each k, one can see that ∆x∗ ≡ 0. Hence it
can be computed iteratively that x∗k = kx∗1 for all k ∈ N.

Due to our assumptions on x, there is m such that

xk > 0, k ≥ m.(6.5)

Since Stx is nondecreasing, the coordinatewise convergence of Stx to x∗ implies x∗k > 0
for k ≥ m. This gives x∗1 > 0 and thus x∗k > 0 for all k. Lastly, due to this convergence,
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there is T > 0 such that (STx)k > 0 for all k < m. Since (6.5) holds and the function
t 7→ Stx is nondecreasing, we can conclude Stx � 0 for all t ≥ T . This completes the
proof. �

6.2. Proof of Lemma 6.3. The idea is to use the property (2.4) first, finding a
sufficiently large region where the potential F is almost flat. Then, we use the
noise W as a control to bring Φt

F,Wx and Φt
F,Wy into that region and keep them

there over a period of time. Finally, we compare them with certain solutions of the
homogeneous discrete heat equation which is possible due to the smallness of the
influence of the potential in that region, and conclude by using Lemma 6.2.

The next lemma ensures that the controls we need as described above form a set
of positive probability.

Lemma 6.7. For every a ∈ R and t1, t2 satisfying t2 > t1 > 0, there is M > 0 such
that, for all ε > 0,

W

(
∞⋂
k=1

Ak

)
> 0,(6.6)

where

Ak =
{

sup
t∈[0,t1]

|Wk(t)| ≤Mk
1
8

}
∩
{

sup
t∈[t1,t2]

|Wk(t)− a| ≤ ε2k
1
8

}
, k ∈ N \ {1},

A1 =
{

sup
t∈[0,t1]

|W1(t)| ≤M
}
∩
{

sup
t∈[t1,t2]

|W1(t)− (t− t1 + 1)a| ≤ ε2
}
.

Proof. It is sufficient to prove (6.6) for small ε. Our choice of M must at least ensure
W(Ak) > 0 for all k. For this, taking into account the continuity of Wk(t) at t = t1,
it suffices to have

(a− ε2k
1
8 , a+ ε2k

1
8 ) ∩ (−Mk

1
8 ,Mk

1
8 ) 6= ∅, k ∈ N,

which is guaranteed by M > |a|. Let us fix such M .
Using the independence of Wk, we have W(∩∞k=1Ak) =

∏∞
k=1 W(Ak). To show that

this product is positive, it suffices to prove
∞∑
k=1

− logW(Ak) <∞.(6.7)

Note that for k large, there are C1, C2 > 0 such that

W(Ack) ≤ W
{

sup
t∈[0,t2]

|Wk(t)| ≥ C1k
1
8

}
≤ 2e−C2k

1
4 .

Hence, for k large, we have

− logW(Ak) = log
(
1−W(Ack)

)−1 ≤ log(1− 2e−C2k
1
4 )−1 ≤ C3e

−C2k
1
4 ,

and (6.7) follows. �

Proof of Lemma 6.3. For brevity, we write X(t) = Φt
F,Wx and Y (t) = Φt

F,Wy. By
Proposition 4.3, we have X, Y ∈ S(x,∆, F,W ;L) and by Remark 4.7, we know
S·z ∈ S(z,∆, 0, 0;L) whenever z ∈ L.

Step 1. We introduce basic deterministic objects and choose the size of the region
where the potential is almost flat. By Lemma 4.5 applied to zero random potential
and noise allowed by Remark 3.3, if x ∈ Jru−h − c, ru+h + cK, then Stx � St(ru−h − c)
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for all t ≥ 0. On the other hand, Lemma 6.6 implies that ∆St(ru−h − c) � 0 for all
t ≥ 0. Since St(ru−h − c) satisfies the heat equation, we have d

dt
St(ru−h − c) � 0 and

thus St(ru−h − c) � ru−h − c for all t ≥ 0. Hence, we obtain

Stx � ru−h − c, t ≥ 0.(6.8)

Similarly, for all y ∈ Jrv−h − c, rv+h + cK, we also have

Sty � rv+h + c, t ≥ 0.(6.9)

Let us choose δ > 0 to satisfy u− h− 2δ > v+ h+ 2δ and consider ε ∈ (0, δ ∧ 1). For
L > 0, we set

x(1) = ru−h−δ − L, y(1) = rv+h+δ + L.(6.10)

In view of (6.8) and (6.9), we can choose L large so that

(Stx)k − εk
3
4 ≥ x

(1)
k , (Sty)k + εk

3
4 ≤ y

(1)
k , k ∈ N(6.11)

holds for all t ≥ 0, for all ε < 1, all x ∈ Jru−h− c, ru+h + cK, all y ∈ Jrv−h− c, rv+h + cK.
Additionally, we set

x(2) = ru−h−2δ − L, y(2) = rv+h+2δ + L.(6.12)

By Lemma 6.2 applied to S·(x(2) − y(2)), there is T > 0 such that

STx(2) − STy(2) = ST (x(2) − y(2)) � 0.(6.13)

We move on to choosing some parameters. We fix n large enough to guarantee∑
k≥n+1

(log k)2k−
3
2 ≤ ε4.(6.14)

We set l to be

l = n
(
‖x(1)‖L + ‖y(1)‖L +K

)
eKT .(6.15)

Here the large constant K > 0 will be specified later. By the condition (2.4) with
δ = ε4

n
, there is a ∈ R such that

|fk(s)| ≤
ε4

n
, (k, s) ∈ {1, 2, . . . , n} × [a− l, a+ l].(6.16)

Step 2. For a in (6.16), we define a by ak = a, k ∈ N. We set

t0 = ε2.(6.17)

We want to show that with this definition of t0, for sufficiently small ε, with positive
probability, X(t0) and Y (t0) are ε-close to St0x+ a:

‖X(t0)− St0x− a‖∗ < ε,(6.18)

‖Y (t0)− St0y − a‖∗ < ε.(6.19)
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Here the norm is given in (4.9). We apply Lemma 6.7 with t1 = t0 and t2 = t0 +T ,
where T is given by Lemma 6.2, to see that, with positive probability,

sup
t∈[0,t0]

|Wk(t)| ≤Mk
1
8 , k ∈ N,(6.20)

sup
t∈[0,T ]

|Wk(t0 + t)− a| ≤ ε2k
1
8 , k ∈ N \ {1},(6.21)

sup
t∈[0,T ]

|W1(t0 + t)− (t+ 1)a| ≤ ε2.(6.22)

The first coordinate is special because (∆a)k is nonzero only for k = 1. Hereafter,
we fix any realization W in W0 satisfying (6.20)–(6.22). In the following, C stands
for a constant uniform in all such W . In particular, (6.20)–(6.22) imply

sup
t∈[0,T ]

‖W‖L ≤ sup
t∈[0,T ]

‖W‖∗ ≤ C.(6.23)

By Lemma 4.8, we obtain

sup
t∈[0,t0]

‖X(t)− Stx‖∗ ≤ C.(6.24)

Subtracting a from both sides of the equation that X(t0)− St0x satisfies, we have

‖X(t0)− St0x− a‖∗ ≤
∫ t0

0

C‖X(s)− Ssx‖∗ds+

∫ t0

0

‖f(X(s))‖∗ds+ ‖W (t0)− a‖∗.

Due to X(s) ∈ C (R;L), by Lemma 3.7 (1), we can verify sups∈[0,t0] ‖f(X(s))‖∗ ≤
C. By this, (6.17) and (6.24), the two integrals on the right of the above display
are bounded by Ct0 = Cε2. Due to (6.21)–(6.22) applied at t = 0, it can seen
that ‖W (t0) − a‖∗ ≤ Cε2. Using these estimates in the above display we obtain
‖X(t0) − St0x − a‖∗ ≤ Cε2. Hence, (6.18) holds for sufficiently small ε. Similarly,
(6.19) is valid.

Step 3. We study the behavior of X(t0 + t) and Y (t0 + t) for t ∈ [0, T ]. The
key results are (6.26), (6.27) and the corresponding ones for Y . The estimate (6.18)
implies

Xk(t0) ≥ (St0x)k + a− εk
3
4 , k ∈ N.

In view of (6.11), this shows X(t0) � x(1) + a. Let

X(1)(t0 + t) = Φt
F,θt0W (x(1) + a), t ≥ 0,

i.e., X(1)(t0 + ·) ∈ S(x(1),∆, F, θt0W ;L) satisfies

X(1)(t0 + t) = x(1) + a +

∫ t

0

∆X(1)(t0 + s)ds

+

∫ t

0

f(X(1)(t0 + s))ds+W (t0 + t)−W (t0).

(6.25)

Then, Lemma 4.5 implies that

X(t0 + t) � X(1)(t0 + t), t ≥ 0.(6.26)

Let us show that

sup
t∈[0,T ]

‖X(1)(t0 + t)− Stx(1) − a‖∗ ≤ ε.(6.27)
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We set â = −∆a, i.e., recalling the definition of ∆ in (1.4), â1 = a and âk = 0 for all
k ≥ 2. We have

∆X(1) = ∆(X(1) − a)− â.(6.28)

This, (6.25), and the fact that Stx(1) solves the heat equation imply

X(1)(t0 + t)− Stx(1) − a =

∫ t

0

(
∆
(
X(1)(t0 + s)− Ssx(1) − a

)
+f(X(1)(t0 + s))

)
ds+W (t0 + t)− tâ−W (t0).

Therefore,

‖X(1)(t0 + t)− Stx(1) − a‖∗ ≤
∫ t

0

C‖X(1)(t0 + s)− Ssx(1) − a‖∗ds

+

∫ t

0

‖f(X(1)(t0 + s))‖∗ds+ ‖W (t0 + t)− tâ−W (t0)‖∗.
(6.29)

Lemma 4.8 applied toX(1)(t0+·) and S·x(1) yields supt∈[0,T ] ‖X(1)(t0+t)−Stx(1)‖∗ ≤ C,
which implies

sup
t∈[0,T ]

‖X(1)(t0 + t)− Stx(1) − a‖∗ ≤ C.

From (6.21)–(6.22), we see that

sup
t∈[0,T ]

‖W (t0 + t)− tâ−W (t0)‖∗, sup
t∈[0,T ]

‖W (t0 + t)− tâ−W (t0)‖L ≤ Cε2.(6.30)

To estimate the integral involving f , we want to use (6.16). For this, we need

X
(1)
k (t0 + t) ∈ [a− l, a+ l], k ∈ {1, 2, . . . , n}, t ∈ [0, T ].(6.31)

so let us estimate X(1)(t0 + t)−a. An estimate similar to (3.21) holds for X(1)(t0 + ·)
with ‖ · ‖ replaced by ‖ · ‖L. Using (6.23) and Gronwall’s inequality, we have

sup
t∈[0,T ]

‖X(1)(t0 + t)‖L ≤ C.(6.32)

This and Lemma 3.7 (1) yield

sup
t∈[0,T ]

‖f(X(1)(t0 + t)‖L ≤ C.(6.33)

By (6.28) and (6.25), we have

‖X(1)(t0 + t)− a‖L ≤ ‖x(1)‖L +

∫ t

0

C‖X(1)(t0 + s)− a‖Lds

+

∫ t

0

‖f(X(1)(t0 + s))‖Lds+ ‖W (t0 + t)− tâ−W (t0)‖L.

Using (6.33) and (6.30) along with Gronwall’s inequality, we obtain

sup
t∈[0,T ]

‖X(1)(t0 + t)− a‖L ≤
(
‖x(1)‖L +K

)
eKT(6.34)

where the constant K is determined only by ‖∆‖Lb(L) and f , so it does not depend on
the shift parameter a. Thus we can use this K in (6.15). Now, from (6.15) and (6.34),
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we deduce (6.31). The latter, along with (6.14), (6.16), (6.32) and Lemma 3.7 (1),
implies that

‖f(X(1)(t0 + s))‖2
∗ ≤ ε4 + C

∞∑
k≥n+1

(log k)2k−
3
2 ≤ Cε4, s ∈ [0, T ].

Inserting this and (6.30) into (6.29) and applying Gronwall’s inequality, we arrive at

sup
t∈[0,T ]

‖X(1)(t0 + t)− Stx(1) − a‖∗ ≤ Cε2(1 + T )eCT .

Hence, (6.27) holds for sufficiently small ε.

Step 4. We want to deduce that monotonization happens, namely, X(t0 + T ) �
Y (t0 + T ). From (6.27), we have

X
(1)
k (t0 + t) ≥ (Stx(1))k + a− εk

3
4 , k ∈ N, t ∈ [0, T ].(6.35)

By (6.10), (6.12), we have x(1) − x(2) = rδ and thus

Stx(1) − Stx(2) = Strδ = rδ, t ≥ 0.

Initially, we have already required ε < δ, which gives

(Stx(1))k − (Stx(2))k ≥ εk
3
4 , k ∈ N, t ≥ 0.

This together with (6.26) and (6.35) implies

X(t0 + t) � Stx(2) + a, t ∈ [0, T ].

Symmetrically, the same arguments yield

Y (t0 + t) � Sty(2) + a, t ∈ [0, T ].

Therefore, we have

X(t0 + t)− Y (t0 + t) � Stx(2) − Stx(1), t ∈ [0, T ],

and X(t0 + T )− Y (t0 + T ) � 0 follows from this and (6.13).
Note that by our construction in Step 1, the desired inequality ΦT

F,Wx � ΦT
F,Wy

holds with this choice of T on the event of positive probability described in (6.20)–
(6.22) simultaneously for all x ∈ Jru−h − c, ru+h + cK and all y ∈ Jrv−h − c, rv+h + cK,
which completes the proof of the lemma. �

6.3. Proof of Lemma 6.5. We recall the sets F(v) = Fβ(v) introduced in Theo-
rem 5.2. We set

I(u, v) = (u+ Q) ∪ (v + Q),

F(u, v) =
⋂

w∈I(u,v)

F(w).

Then, we have F(F(u, v)) = 1. By Theorem 5.2, if F ∈ F(u, v), then for each
w ∈ I(u, v), there is a unique IVPM µw = µw,F concentrated on S(w). For x ∈ RN,
we define

C�x = {y ∈ RN : y � x},
C�x = {y ∈ RN : y � x}.

(6.36)

Lemma 6.8. Suppose F ∈ F(u, v), w,w′ ∈ I(u, v) and x ∈ S(w). If w′ > w, then
µw′(C

�x) > 0. If w′ < w, then µw′(C�x) > 0.
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Proof. By symmetry, we only need to prove the first part. We denote

B≥n = {y ∈ R{n,n+1,...} : yk ≥ xk, k ≥ n},
B<n = {y ∈ R{1,...n−1} : yk ≥ xk, k < n}.

For every y ∈ S(w′), there is n such that y≥n ∈ B≥n(x). So let us find n such that

(6.37) µw′{y : y≥n ∈ B≥n(x)} > 0.

Using regular conditional probabilities and decomposing

µw′(dy) = µw′,<n(dy<n| y≥n)µw′,≥n(dy≥n),

we can write
µw′(C

�x) =

∫
B≥n

µw′,≥n(dy≥n)µw′,<n(B<n; y≥n).

The lemma now follows once we notice that (6.37) means that µw′,≥n(B≥n) > 0 and
that µw′,<n(B<n; y≥n) > 0 for all y≥n since µw′,<n(dy<n| y≥n) is a finite-dimensional
Gibbs distribution equivalent to the Lebesgue measure. �

Lemma 6.9. Suppose F ∈ F(u, v), w,w′ ∈ I(u, v) and x ∈ S(w). If w′ > w, then
there is an ergodic invariant measure νw′ concentrated on S(w′) such that νw′(C�x) >
0. If w′ < w, then there is an ergodic invariant measure νw′ concentrated on S(w′)
such that νw′(C�x) > 0.

Proof. Since S(w′) is a Polish space, the ergodic decomposition µw′ =
∫
ν Π(dν) holds.

Since the ergodic measures ν are absolutely continuous with respect to µw′ and hence
concentrated on S(w′), the claim of the lemma follows from Lemma 6.8. �

Proof of Lemma 6.5. First take a number h′ ∈ (0, h) ∩Q and use Lemma 6.9 to find
ergodic invariant measures νu−h′ , νu+h′ , νv−h′ , νv+h′ on S(u−h′), S(u+h′), S(v−h′),
S(v + h′) satisfying

(6.38) νu−h′(C
�x), νu+h′(C

�x), νv−h′(C
�y), νv+h′(C

�y) > 0,

Let us fix ε > 0 and find a constant c > 0 sufficiently large such that

(6.39) νu−h′(C
�ru−h−c), νu+h′(C

�ru+h+c), νv−h′(C
�rv−h−c), νv+h′(C

�rv+h+c) > 1− ε.
For A ∈ B(RN), r ∈ R, δ > 0, we denote

(6.40) B(r, A, δ) =

{
z ∈ S(r) : W

{
W : lim sup

T→∞

1

T

∫ T

0

1A(Φt
F,W z)dt > 1−δ

}
= 1

}
,

By the ergodic theorem and (6.39), we have

νu−h′
(
B
(
u− h′, C�ru−h−c, ε

))
= 1,(6.41)

νu+h′

(
B
(
u+ h′, C�r

u+h+c, ε
))

= 1,(6.42)

νv−h′
(
B
(
v − h′, C�rv−h−c, ε

))
= 1,(6.43)

νv+h′

(
B
(
v + h′, C�r

v+h+c, ε
))

= 1,(6.44)

Let us now take independent initial conditions xu−h′ , xu+h′ , xv−h
′
, xv+h′ distributed

according to νu−h′ , νu+h′ , νv−h′ , νv+h′ .
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Due to (6.38) and (6.41)–(6.44), we have

νu−h′ × νu+h′ × νv−h′ × νv+h′(B) > 0,

where

(6.45) B =
(
C�x × C�x × C�y × C�y

)
∩
(
B
(
u− h′, C�ru−h−c, ε

)
×

× B
(
u+ h′, C�r

u+h+c, ε
)
× B

(
v − h′, C�rv−h−c, ε

)
× B

(
v + h′, C�r

v+h+c, ε
))
.

In particular, B 6= ∅, so we can take some (xu−h
′
, xu+h′ , xv−h

′
, xv+h′) ∈ B. We have

xu−h
′ � x � xu+h′ ,

xv−h
′ � y � xv+h′ ,

so that due to monotonicity of the flow,

Φt
F,Wx

u−h′ � Φt
F,Wx � Φt

F,Wx
u+h′ ,

Φt
F,Wx

v−h′ � Φt
F,Wy � Φt

F,Wx
v+h′ .

This means that if Φt
F,Wx

u−h′ ∈ C�r
u−h−c, Φt

F,Wx
u+h′ ∈ C�r

u+h+c, Φt
F,Wx

v−h′ ∈
C�r

v−h−c, and Φt
F,Wx

v+h′ ∈ C�rv+h+c, then Φt
F,Wx ∈ Jru−h − c, ru+h + cK and Φt

F,Wy ∈
Jrv−h − c, rv+h + cK.

Therefore, using the definition (6.40) in (6.45), we obtain

W
{

lim sup
T→∞

1

T

∫ T

0

1Jru−h−c,ru+h+cK(Φ
t
F,Wx)1Jrv−h−c,rv+h+cK(Φ

t
F,Wy)dt > 1− 4ε

}
= 1.

Choosing arbitrary ε < 1/4 and denoting by W(u, v, h, F ) the full measure set in the
above display, we complete the proof. �

7. One Force — One Solution Principle

The goal of this section is to prove parts II and III of Theorem 1.1. After auxiliary
statements on shear invariance, we first prove a weak form of 1F1S in Theorem 7.6.
The unique ergodicity claim of part II is part 6 of Theorem 7.6. The claim of ex-
istence and uniqueness of stationary nonanticipating global solution in part III of
Theorem 1.1 is part 5 of Theorem 7.6. The attractor property of the global solu-
tion in part III of Theorem 1.1 is Theorem 7.9. The mixing property in part II of
Theorem 1.1 is Corollary 7.11.

7.1. Shear-invariance. Just like the Burgers equation dynamics studied in [BL19],
the polymer dynamics is skew-invariant with respect to the shear semigroup. For
brevity we speak of shear-invariance. To state this property, we first recall the defini-
tion (2.5) of the shear transformations group Ξ = (Ξv)v∈R acting on functions defined
on N× R such as potentials and their derivatives. We also need to define the action
of the same group on polymers themselves: for v ∈ R and x ∈ RN,

(Ξvx)k = xk + kv, k ∈ N.

Lemma 7.1. For all potentials F ∈ F0, for all noise realizations W ∈ W0, all
(α, p) ∈ Π all initial conditions x ∈ Xα,p, all times t > 0, we have

Φt
ΞvF,WΞvx = ΞvΦt

F,Wx.
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Proof: The shear transformations do not affect the noise realizations, so to check
that X ∈ S(x,∆, F,W ;L) implies ΞvX ∈ S(x,∆,ΞvF,W ;L) it suffices to note that
the drift in right-hand side of (4.1) transforms appropriately:

∆kΞ
vx = (xk−1 + (k − 1)v) + (xk+1 + (k + 1)v)− 2(xn + kv) = ∆kx, k ∈ N,

and ΞvF ∈ F0 with
(Ξvf)k((Ξ

vx)k) = fk(xk), k ∈ N.
The lemma now follows from the uniqueness of solutions. �

This is an important property which, along with monotonicity, and distributional
invariance of potentials under shear transformations, helps us to study invariant dis-
tributions for polymer and in particular, establish 1F1S. The idea of the lack-of-space
argument for the following statement goes back at least to [HN97, Lemma 6]. It has
been used in uniqueness arguments in [BCK14, Bak16, BL19].

Lemma 7.2. Suppose (Xv)v∈R is a stochastic process on a probability space (Ω,A,P)
with a.s.-nondecreasing in v right-continuous realizations, and with stationary incre-
ments. Then, for every v, P{X(v+) 6= X(v−)} = 0.

Proof: Denoting Av = {X(v+) 6= X(v−)}, noting that p = pv = P(Av) does
not depend on v due to our stationarity assumption, and choosing any probability
density g with respect to the Lebesgue measure on R, we obtain, changing the order
of integration:

p =

∫
R
g(v)pvdv =

∫
R
g(v)P(Av)dv =

∫
R
g(v)P1Avdv = P

∫
R
g(v)1Avdv = 0

since a monotone function has at most countably many discontinuity points. �

Our strategy to prove uniqueness of various objects is based on identifying intervals
of their possible values with upward jumps of appropriate random monotone functions
satisfying the conditions of Lemma 7.2 due to shear invariance thus showing that those
intervals collapse into single points.

7.2. Weak 1F1S. Our argument is based on sample measures also known as Markov
measures. This notion was first introduced in [LY88], see also [Arn98, Section 1.7
and Chapter 2] and [Cra91].

Suppose (P t) is a Markov semigroup on a Polish metric space (X, d) with an
invariant distribution ρ. Suppose further that (P t) generated by a continuous random
dynamical system (Φt

W ) on a white-noise probability space (W,W ,W) with a group
of measure-preserving automorphisms θt via

P tg(x) = Wg(Φt
Wx), x ∈ X, t ≥ 0, g ∈Mb(X).

The white-noise property means that maps Φs1,t1
W ,Φs2,t2

W , . . . ,Φsn,tn
W are independent

for all n and all disjoint (s1, t1], . . . , (sn, tn], where

Φs,t
W = Φt−s

θsW .

Then there is a θ-invariant set Ŵ of probability 1 such that the weak limit

(7.1) ρW,t = lim
s→−∞

ρ(Φs,t
W )−1

exists for allW ∈ Ŵ and all t ∈ R. Here, for a measure µ and a measurable function h,
µh−1 denotes the pushforward of µ under h: µh−1(A) = µ(h−1(A)).

It is useful to single out t = 0 and set ρW = ρW,0.
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The sample measures (ρW,t)W∈Ŵ , t∈R describe the distribution worked out by the
random dynamics given the history of the noise. They have the following properties:
(i) for all W ∈ Ŵ and all t ∈ R, ρW,t = ρθtW ;
(ii) for all t ∈ R, ρW,t is Wt-measurable and independent of W[t,∞).
(iii) for all t1, t2 ∈ R satisfying t1 < t2,

(7.2) ρW,t1(Φ
t1,t2
W )−1 = ρW,t2 ;

(iv) For all t ∈ R
ρ(·) = WρW,t(·).

We can apply this concept to the IVPM µv,F constructed in Theorem 5.2 because
it is invariant under the polymer dynamics Markov semigroup and concentrated on
S(v) which is a Polish space (see Proposition 5.3 and Remark 5.4). In agreement
with (7.1), we will denote the associated sample measures by µv,F,W,t.

The idea is to approach a form of 1F1S through the ordering by noise property
which helps to compare the sample measures concentrated on distinct S(v), in com-
bination with the shear invariance.

We begin with definitions related to supports of measures. For a Borel measure ν
on R, we denote the leftmost point in its support by

supp−(ν) = sup{r ∈ R : ν{r′ : r′ ≤ r} = 0} ∈ R ∪ {−∞},
and the rightmost point in its support by

supp+(ν) = inf{r ∈ R : ν{r′ : r′ ≥ r} = 0} ∈ R ∪ {+∞}.

We define the coordinate operator πk : RN → R by πkx = xk. For a measure µ on RN,
a point x ∈ (R ∪ {−∞})N is called the lower boundary for the support of µ if

xk = supp−(νπ−1
k ), k ∈ N,

and x ∈ (R ∪ {+∞})N is the upper boundary for the support of µ if

xk = supp+(νπ−1
k ), k ∈ N.

We recall the definition 6.36.

Lemma 7.3. If µ1 and µ2 are two probability measures on RN satisfying

(7.3) µ1 × µ2{(y1, y2) : y1 � y2} = 1,

then
µ1(C�x) = µ2(C�x) = 1,

where x ∈ RN can be taken as either the lower boundary for the support of µ2 or the
upper boundary for the support of µ1.

Proof: We take x to be the lower boundary for the support of µ2 and z to be the
upper boundary for the support of µ1. Then −∞ < zk ≤ xk < +∞ for all k ∈ N,
i.e.,

(7.4) z � x,

since the violation of this for some k would imply that there is r satisfying xk < r < zk,
and we would have µ1{y : yk > r} > 0 and µ2{y : yk < r} > 0, so

µ1 × µ2{(y1, y2) : y1 6� y2} ≥ µ1 × µ2{(y1, y2) : y1
k > r > y2

k} > 0,

contradicting (7.3).
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By definitions of x and z there are x′, z′ ∈ RN such that x � x′ and z′ � z.
Combining this with (7.4), we obtain that x ∈ RN.

Suppose µ2(C�x) < 1. This means that for some k ∈ N, we have µ2{y : yk <
xk} > 0, a contradiction against the definition of xk. A similar argument applies to
µ1(C�z) ≤ µ1(C�x), completing the proof. �

Lemma 7.4. There is a full measure set F̃ ∈ F such that the following holds. For
each F ∈ F̃ and each v1, v2 ∈ R satisfying v1 < v2, suppose that µ1, µ2 are two
probability measures on RN which are

— concentrated on S(v1) and S(v2), respectively;
— invariant for the polymer dynamics Markov semigroup on S(v1) and S(v2),

respectively.
Then there is a full measure set W(µ1, µ2, F ) ∈ W and an RN-valued nonantici-

pating process (x(t, F,W ))t∈R such that, for all t ∈ R and all W ∈W(µ1, µ2, F ), the
sample measures for µ1 and µ2 satisfy

(7.5) µ1,W,t(C
�x(t,F,W )) = µ2,W,t(C

�x(t,F,W )) = 1.

Moreover, x(t, F,W ) can be taken to be either the lower boundary for the support of
µ2,W,t or the upper boundary for the support of µ1,W,t.

Proof: Due to Theorem 6.1, we can take a set of full measure F̃ such that for all F ∈
F̃ and all (x1, x2) ∈ S(v1)×S(v2), ordering happens on a full measure set W(F ) ∈ W .
By the invariance of µ1 and µ2, the sample measures in display (7.5) are well-defined
on a full measure set W̃(µ1, µ2, F ). We take W(µ1, µ2, F ) = W(F ) ∩ W̃(µ1, µ2, F ).

Let us introduce the following measure of departure from the domination prop-
erty (7.5): for two measures ν1 and ν2 on RN, we define

q(ν1, ν2) = ν1 × ν2{(x1, x2) : x1 6� x2}.

In particular, if one can find sets A1 and A2 satisfying A1 � A2 (i.e., x1 � x2 for all
x1 ∈ A1, x2 ∈ A2) and ν1(A1) = ν2(A2) = 1, then q(ν1, ν2) = 0.

Let us now introduce Q(t) = W[q(µ1,W,t, µ2,W,t)]. The right-hand side does not
really depend on t due to the stationarity, so Q(t) = Q(0) for all t. For all t > 0, we
have

Q(t) =W[µ1,W,t × µ2,W,t{(x1, x2) : x1 6� x2}]
=W[µ1,W,0(Φt

F,W )−1 × µ2,W,0(Φt
F,W )−1{(x1, x2) : x1 6� x2}]

=W[µ1,W,0 × µ2,W,0{(x1, x2) : Φt
F,Wx

1 6� Φt
F,Wx

2}]
=1−W[µ1,W,0 × µ2,W,0{(x1, x2) : Φt

F,Wx
1 � Φt

F,Wx
2}]

=1−W[µ1,W,0 × µ2,W,0{(x1, x2) : x1 � x2}]
−W[µ1,W,0 × µ2,W,0{(x1, x2) : x1 6� x2; Φt

F,Wx
1 � Φt

F,Wx
2}]

=Q(0)−W[µ1,W,0 × µ2,W,0{(x1, x2) : x1 6� x2; Φt
F,Wx

1 � Φt
F,Wx

2}],

so for all t > 0 we have

W[µ1,W,0 × µ2,W,0{(x1, x2) : x1 6� x2; Φt
F,Wx

1 � Φt
F,Wx

2}] = 0,

which, due to the choice of F guaranteeing ordering, and independence of W0 and
W[0,∞) implies that, for W ∈ W(µ1, µ2, F ), µ1,W,0 × µ2,W,0{(x1, x2) : x1 6� x2} = 0,
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i.e.,
q(µ1,W,0, µ2,W,0) = 0, W ∈W(µ1, µ2, F ).

This also implies that for all m ∈ Z,

q(µ1,W,m, µ2,W,m) = 0, W ∈W(µ1, µ2, F ).

Due to the monotonicity of the cocycle and the skew-invariance property (7.2), we
can conclude that

q(µ1,W,t, µ2,W,t) = 0, t ∈ R, W ∈W(µ1, µ2, F ).

Now we can apply Lemma 7.3 to construct x(t, F,W ), which completes the proof of
the lemma. �

We will need the following lemma on shear invariance.

Lemma 7.5. For every v1, v2 ∈ R, the following holds:
1. There is a set F′(v1, v2) ⊂ F(v1) ∩ F(v2) such that F(F′(v1, v2)) = 1 and for every
F ∈ F′(v1, v2),

µv2,Ξv2−v1F = µv1,F (Ξv2−v1)−1.

2. There is a set B′(v1, v2) ⊂ B(v1, v2) such that F×W(B′(v1, v2)) = 1 and for every
(F,W ) ∈ B′(v1, v2) and all t ∈ R,

µv2,Ξv2−v1F,W,t = µv1,F,W,t(Ξ
v2−v1)−1.

Proof: The first part follows from (i) the fact that shear transformations preserve
the Gibbs property of finite-volume polymer measures (this is Lemma 5.2 of [BL19])
and (ii) the uniqueness of IVPMs (our Theorem 5.2 or Theorem 4.2 of [BL19]). The
second part follows from the first one, the fact that infinite volume polymer measures
are invariant under the polymer dynamics (Proposition 5.3) and the shear-invariance
property of the dynamics (Lemma 7.1). �

The sets B′(v1, v2) do depend on slopes v1, v2. It is hard to make a statement valid
for all v1, v2 at the same time, so we will need to use monotonicity and countable sets
of v.

Before stating a result on stationary global solutions, let us recall some terminology.
A process (x(t))t∈R is called stationary if its distribution does not change under time
shifts. It is called a global solution for (Φt

F,W ) if there is a set A of probability 1 such
that

(7.6) Φt,s
F,Wx(t,W ) = x(s,W )

whenever t < s and W ∈ A. A stationary nonanticipating global solution (x(t))t∈R is
said to be unique in a space L if for any other stationary nonanticipating global
solution (y(t))t∈R with values in L, there is a set A′ of probability 1 such that
x(t,W ) = y(t,W ) for all t ∈ R and all W ∈ A′.

Theorem 7.6. There is a random field xn(v, t) = xn(v, t, F,W ), t ∈ R, v ∈ R,
n ∈ N, defined on (F0×W0,F ×W ,F×W) and, for each v ∈ R, a set C(v) ∈ F ×W
satisfying F×W(C(v)) = 1 such that the following holds:
1. For all n ∈ N, t ∈ R, the process {xn(v, t)}v∈R has right-continuous paths and

nonnegative stationary increments in v.
2. For all v ∈ R, (F,W ) ∈ C(v), t ∈ R, n ∈ N, v is a continuity point of xn(v, t).
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3. Let us define x(v, t) = x(v, t, F,W ) = (xn(v, t, F,W ))n∈N. Then, for all v ∈ R,
(F,W ) ∈ C(v), t ∈ R, we have

µv,F,W,t = δx(v,t,F,W ).

4. For all v ∈ R, (F,W ) ∈ C(v), t ∈ R, we have x(v, t) ∈ S(v).
5. For any fixed v ∈ R and F-a.e. potential F , (x(v, t))t∈R is a unique stationary

nonanticipating global solution of the polymer dynamics in S(v).
6. For any fixed v ∈ R and F-a.e. potential F , µv,F is a unique invariant measure for

the polymer Markov semigroup (P t) on S(v).

Part 6 is one of the claims in part II of Theorem 1.1. Part 5 is one of the claims in
part III

Remark 7.7. This theorem, together with the definition of the sample measures,
implies weak convergence of µF,v(Φs,t

F,W )−1 to δx(v,t,F,W ). Since the initial condition in
this statement is not arbitrary (it is distributed according to µF,v) and the convergence
to x(v, t, F,W ) is only distributional, this is a weaker form of 1F1S. We will upgrade
our theorem to the true 1F1S on each S(v) in the next subsection.

Remark 7.8. We conjecture that, with probability 1, the right-continuous and non-
decreasing in v process x(v, t, F,W ) actually has no discontinuity points on the entire
real line (this is a strengthening of part 2 of the theorem).

Proof: Let us fix t, n, and for any countable dense set V ⊂ R define
xn(v, t, F,W, V ) = lim

V 3v′↓v
supp+(µv′,t,F,Wπ

−1
n ), v ∈ R.

Due to Lemma 7.4, there is a set A(V ) ∈ F ×W of probability 1 on which this func-
tion is well-defined, real, nondecreasing and right-continuous. On the zero-measure
complement of this set we can set, say, xn(v, t, F,W, V ) = v. Due to Lemma 7.4,
for any two countable dense sets V1, V2 ⊂ R, xn(v, t, F,W, V1) = xn(v, t, F,W, V2)
for F×W-a.e. (F,W ), so one can view xn(v, t, F,W ) as uniquely defined up to zero-
measure modifications depending on a particular choice of V . Next, since (µv,t,F,W )v∈R
is shear-invariant (Lemma 7.5), we obtain that xn(v, t, F,W ) is a process with sta-
tionary increments in v, which proves part 1 for a fixed t. It is also automatically
valid for countably many t but we will need to extend this to uncountably many.

Now we can apply Lemma 7.2 on jumps of stationary monotone processes to con-
clude that for each fixed v ∈ R, xn(v, t, F,W ) is continuous at v with probability 1.
Together with Lemma 7.4, this implies that the support of µv,F,W,tπ−1

n is one point
xn(v, t, F,W ). The point x(v, t, F,W ) = (xn(v, t, F,W ))n∈N has to belong to S(v)
because µv,F,W,t is supported by S(v). Considering all t ∈ Z simultaneously, we com-
bine countably many exceptional zero measure sets into a single one and see that
parts 1–4 hold true simultaneously for all those values of t.

Since sample measures always satisfy (7.2), we obtain (7.6) for t ∈ Z and s− t ∈ N.
We can now use this and (7.2) to define x(v, s, F,W ) for noninteger s. This defines
a global solution in agreement with parts 1–4 of the theorem. Part 3 now implies
that the process (x(v, t))t∈R is stationary and nonanticipating, completing the proof
of existence in part 5 of the theorem.

Let us prove part 6. Let ρ be an invariant measure for for (P t) on S(v). Then its
sample measures ρF,W,t are well-defined on a set of full measure. Let us fix some t,
e.g., set t = 0. Due to Lemma 7.4 applied to ρ and µv′,F for v′ ∈ Q, we also have that
with probability 1, for every v1, v2 ∈ Q such that v1 < v < v2, the support of ρF,W,t
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is squeezed between x(v1, t, F,W ) and x(v2, t, F,W ). Since the probability that v is
a discontinuity point of the monotone function v 7→ x(v, t, F,W ) is zero, we obtain
that with probability 1, ρF,W,t is uniquely defined as the delta measure at

x(v, t, F,W ) = lim
Q3v1↑v

x(v1, t, F,W ) = lim
Q3v2↓v

x(v2, t, F,W ).

i.e., ρW,t = µv,F,W,t. Therefore, ρ is also uniquely defined and must coincide with µv,F .
To prove the remaining uniqueness claim in part 5 of the theorem, we assume that

there is another nonanticipating global stationary S(v)-valued solution x′(v, t, F,W ).
Its distribution is invariant under (P t), so this distribution must coincide with µv,F .
For the sample measures for µv,F , we have µv,F,W,t = δx(v,t,F,W ) on the one hand, and
µv,F,W,t = δx′(v,t,F,W ) on the other hand, which implies our claim and completes the
proof. �

7.3. True 1F1S. The attractor property in part III in Theorem 1.1 is restated below
in a more precise way.

Theorem 7.9. Let v ∈ R. Then, for F×W-a.e. (F,W ), we have

lim
t→−∞

‖Φt,s
F,Wy − x(v, s, F,W )‖L = 0, y ∈ S(v), s ∈ R,

where x(·, ·, ·, ·) is the family of global solutions constructed in Theorem 7.6.

Remark 7.10. One can view x(·, s, F,W ) as a global solution in the space of func-
tions of v. Theorem 7.9 has an obvious extension for simultaneous convergence to
x(v, s, F,W ) over countable sets of values v. Requiring that y = y(v) is a nondecreas-
ing function of v (i.e., y(v1) � y(v2) for v1 < v2), one can make a stronger claim of
convergence at every point of continuity of x(·, s, F,W ). If in addition the continuity
conjecture in Remark 7.8 holds, then the convergence will hold at all points v ∈ R
without exception.

Proof: Due to the skew-invariance identity (7.6) and the continuity of the flow, it
suffices to consider only s = 0. Theorem 7.6 implies that on the set

(7.7) D(v) =
⋂

v′∈v+Q

C(v′)

of probability 1, for all v′ ∈ v+Q, invariant measures µv′,F and their sample measures
µv′,F,W are well-defined.

Let us fix v′ ∈ v + Q satisfying v′ < v and define

Ly(v
′) = C�y ∩ S(v′), y ∈ S(v).

Let us now take any y ∈ S(v) and denote a = µv′,F (Ly(v
′)). Lemma 6.8 implies that

a > 0.
By the definition (7.1) of sample measures, the definition (7.7) of D(v) and The-

orem 7.6, we obtain that on D(v), for each ε > 0, there is tε,− > 0 such that for all
t > tε,−,

µv′,F (Φ−t,0F,W )−1(Oc
ε(x(v′, 0, F,W ))) < a/2,

where

(7.8) Oε(z) = {z′ ∈ RN : zk − kε < z′k < zk + kε, k ∈ N}
denotes the open ε-neighborhood of a point z in ‖ · ‖L. Therefore, for each t > tε,−,
there is z(t) ∈ Ly(v

′) such that z′(t) = Φ−t,0F,W (z(t)) ∈ Oε(x(v′, 0, F,W )). Using
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z(t) � y and the order-preserving property of the flow, we obtain that for all t > tε,−,
we have z′(t) ∈ Oε(x(v′, 0, F,W )) and Φ−t,0F,Wy � z′(t). Due to (7.8), this implies

(7.9) Φ−t,0F,Wy � Ξ−εx(v′, 0, F,W ), t > tε,−.

A similar argument implies that there is tε+ > 0 such that

(7.10) Φ−t,0F,Wy � Ξ+εx(v′, 0, F,W ), t > tε,+.

Since ε > 0 and v′ ∈ v + Q are arbitrary, we obtain for all k ∈ N:

lim inf
t→∞

(Φ−t,0F,Wy)k ≥ lim
v+Q3v′↑v

xk(v
′, 0, F,W ).

lim sup
t→∞

(Φ−t,0F,Wy)k ≤ lim
v+Q3v′↓v

xk(v
′, 0, F,W ).

Using the a.s-continuity of x(·, 0, F,W ) at v we conclude that with probability 1, for
each k ∈ N

(7.11) lim
t→∞

(Φ−t,0F,Wy)k = xk(v, 0, F,W ).

It remains to upgrade this to convergence in ‖ · ‖L. Let us fix an arbitrary δ > 0
and set ε = δ/3 and v′± = v ± δ/3. Since x(v′±, 0, F,W ) ∈ S(v′±), we can find n ∈ N
such that for k ≥ n,

(x(v′−, 0, F,W ))k ≥ k(v′− − ε),
and

(x(v′+, 0, F,W ))k ≤ k(v′+ + ε).

So we have
(Ξ−εx(v′−, 0, F,W ))k ≥ k(v′− − 2ε) ≥ k(v − δ)

implying

inf
k≥n

(Ξ−εx(v′−, 0, F,W ))k − kv
k

≥ −δ,

and, similarly,

sup
k≥n

(Ξ−εx(v′+, 0, F,W ))k − kv
k

≤ δ.

Combining these estimates with (7.9) applied to v′ = v′−, (7.10) applied to v′ = v′+,
and (7.11) applied to k < n, we obtain

lim sup
t→∞

‖Φ−t,0F,Wy − x(v, 0, F,W )‖L ≤ 2δ.

Since δ > 0 is arbitrary, this completes the proof. �

It remains to state a corollary on mixing which, together with part 6 in Theo-
rem 7.6, yields part II in Theorem 1.1.

A Markov semigroup (P t) on a space X is called mixing with respect to a (P t)-
invariant measure µ if the associated transition probabilities P t(x, dy) converge weakly
to µ(dy) as t→∞, i.e., limt→∞ P

tg(x) = µg for all continuous bounded functions g
and all x ∈ X.

Corollary 7.11. Let v ∈ R. For F-a.e. F , the Markov semigroup (P t) is mixing with
respect to µv,F .
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Proof: By Theorem 7.9 and the bounded convergence theorem, for each x ∈ S(v),

P tg(x) = W[g(Φt
F,Wx)] = W[g(Φ−t,0F,Wx)]→ µv,F g,

and the corollary follows. �
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